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Stochastic systems of particles with weights and"
approximation of the Boltzmann equation. The Markov
process in the spatially homogeneous case

Wolfgang Wagner

Institute of Applied Analysis and Stochastics
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D-0-1086 Berlin, Germany

December 3, 1992

ABSTRACT. A class of stochastic systems of particles with variable weights is stu-
died. The corresponding empirical measures are shown to converge to the solution
of the spatially homogeneous Boltzmann equation. In a certain sense, this class of
stochastic processes generalizes the "Kac master process” ([4]).
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1. INTRODUCTION

We are concerned with stochastic systems of the form
(gin(t),vin(t)), t=1,...m,(¢), teT. (1.1)

The limiting behavior of the system (1.1) is studied as the parameter n tends to
infinity. The number of elements in the system is denoted by m,(¢), where t € T,
T C [0,00), is the time parameter. The elements v;,(¢t) € R® are considered as
"particles” (or "velocities”), and the elements g; ,(t) € [0,1] - as "weights”. The
empirical measures corresponding to the system (1.1) are defined as

mn(t)

it ) = Y Gim(t)6us (e (), » (1.2)

i=1

where § denotes the Dirac measure.

A simple model of the type (1.1) was studied in Illner and Wagner [3] and cal-
led "random discrete velocity model”. This model was discrete in time, ie. T =
{kAt; k£ = 0,1,2,...}, At > 0. Also, a time-independent set of ”discrete veloci-
ties” (vin, t =1,...,n) was used. The random evolution of the weigths (g;.(¢), 7 =
1,..,n), t € T, was defined on the basis of a Broadwell-type equation. It has
been proved that the empirical measures (1.2) approximate (as the number of dis-
crete velocities tends to infinity) the solution of the time-discretized and spatially
homogeneous Boltzmann equation

f(t + Atyw) = f(t,v)-{-At/]Ra alw/Sz de g(v,w, €) X
(1.3)
X [f(t;'"*('u)w: e)f(t, v (w,v,e)) — f(t;”)f(t’w)]:

£(0,v) = fo(v), (1.4)
where ¢t € T and v € R3. The symbol S? denotes the unit sphere in the Euclidean
space R®, the positive measurable function ¢ is called the collision kernel, and v*
denotes the collision transformation

v*(v,w,e) =v +e(e,w—v), v,weR? eecS§ (1.5)

where (.,.) on the right-hand side of (1.5) is the scalar product in R®.

The precise formulation of what ”approximation” means is the following. Let p
denote the bounded Lipschitz distance between two finite measures v; and v,, which
is defined as

p(n,02) = sup | [ o(o)(do) = [ o(o)wa(d)) (1.6)



where D = {p: R®* - [0,1]; |e(z) — ¢(y)| < ||z — y||}. Consider the measures
A(t,dv) = f(t,v)dv, teT, (1.7)

where f is the solution of Eq.(1.3), (1.4). Under some assumptions concerning the
collision kernel ¢ it has been proved that

lim E®p(pa(2),A(#)) =0, VteT,

while a certain stability condition holds. The symbol E(™ denotes the mathematical
expectation. :

The main result of this paper is the construction of a stochastic system of the
form (1.1) such that the empirical measures (1.2) converge (in the sense described
above) to the exact (i.e. without a time-discretization error) solution of the spatially
homogeneous Boltzmann equation

0
&f(t,v) = /}dewfs‘zdeq(v,w,e)x

(1.8)
X [f(t, v*(v,w,e))f(¢,v*(w,v,e)) — f(t,v)f(t,w)] )

£(0,v) = fo(v), (1.9)
where ¢ > 0 and v € R3.

The stochastic system contains certain free parameters that do not influence the
convergence result. For a special choice of these parameters, the system (1.1) is
closely related to the "master process” introduced by Kac in his famous paper [4] on
the mathematical foundation of kinetic theory.

The paper is organized as follows. Section 2 contains the definition of the stochastic
model. The precise formulation of the convergence result is given in Section 3. After
some technical preparations collected in Section 4, the convergence result is proved
in Section 5. In the proof, ideas from Skorokhod [5], Arsen’yev [2], Smirnov [6], and
Wagner [7] are used. Some special cases are considered in Section 6. In particular,
the relationship between the stochastic model introduced in this paper and the Kac
model is discussed. Comments concerning some open problems conclude the paper.

2. THE MODEL

We introduce a stochastic system of the form (1.1) as a sequence of Markov jump
processes

(0w, t20), . (1)
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For a fixed n, the state space of the process z(™ is

7= U (0vn)xR)". (2.2)

1<m<N(n)

The positive numbers N(n) and y(n) are bounds for the number of particles in the
system and for the weights of the particles, respectively.
The process 2(™ is defined by its infinitesimal generator

(AP8)z) = T [ deD®(z,i,5,e) [BIO(z,5,5,e) — B2, (23)

where @ is a bounded measurable function on the state space, and the state is of the
form z = ((g91,v1), .-, (Gmy Vm)) € Z(™ .

The function D™ is supposed to be nonnegative, measurable, and such that the
jump intensity

)= 3 /§ _de D™(z,4,5,¢) (2.4)
1<i<j<m

is bounded, i.e.

™(z) <z, Vze Z™ | for some constant 7{") (2.5)

maz *

The jump transformation J(™ is defined as follows,

J(n)(z i ] e) — ((.617'51)7 teey (gm+27ﬁm+2)) ) if m+2< N(n) ) (26)
T z , otherwise,
Vi ) if k < m,
Uk = Uk(2,1,7,€) = S v*(vi,v5,e) ,if k=m+1, : (2.7)
v*(vj,vi,e) ,if E=m+2,
where v* is the collision transformation given in (1.5), and
Gk , if kSm7k7£7'>]:
gk = gk(z)i7j7 e) = Y9k — G(n)(zyi)jy e) 3 lf k = i7j7 (28)
G (z,1,7,€) Jif k>m.

The function G™ is supposed to be nonnegative, measurable, and such that

G (z,1,5,€) < y(n) " gigs, (2.9)
for all z = ((g1,v1), -, (gm, Vm)) € Z(M, 1 < 1,5 <m, e € S%.

The pathwise behavior of the process (2.1) is the following.
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At a given state z = ((g1,v1), -+, (gm,Um)), the process waits a random time expo-
nentially distributed with the parameter 7(")(z).

Then, it performs a jump into a state z distributed according to the probability
distribution

1
7r(")(

P™(z,dz) = ) /5 deD™ (2,5, 5, €)6 sm(a i) (d2), (2.10)

z) 1<i<j<m
where 7(") is defined in (2.4).

If m > N(n) — 2, then P(")(2,d3) = §,(d3), i.e. the jump is fictitious. Otherwise,
the jump looks as follows. A random pair of indices (¢, ) is chosen according to the
probabilities

1
n(™)(2) Js2

deD™(z,1,7,€). (2.11)

A random direction vector e is generated according to the probability density

D™)(2,1,4,€) de
Jsz de DM (z,1,7,€) "

(2.12)

A collision is performed with the particles v; and v;, and the vector e. The post—
collisional velocities v*(v;,v;,€) and v*(vj,v;,e) are added to the system. A part
G(")(z,i,j, e) of the weights of the pre-collisional velocities is given to the post—
collisional velocities. Condition (2.9) assures that the weights remain in the interval

[0,7(n)].

3. THE CONVERGENCE RESULT

The following properties of the collision kernel g of the Boltzmann equation (1.8)
are assumed, for arbitrary v, w,v;,v, € R® and e € §?,

q(v,w,e) = q(w,v,e), (3.1)
q(v,w,e) = q(v*(v,w, e),v*(w,v,e),e), (3.2)

where v* is defined in (1.5),
L2 de Q(v) w, e) S Qmam ) (33)

- [, dela(os,w,¢) = alvs,w, )| < Quffor — vl (3.4)



The function fy a.ppea.ring in the initial condition (1.9) is supposed to be such that

/Ra [v]12 fo(v)dv < oo - (35)

We refer to Arkeryd [1] concerning the following results. Under the assumptions
(3.1)-(3.3) there exists a unique solution f(¢,v) € L'(R3), ¢ > 0, of Eq.(1.8), (1.9)
for every nonnegative function fo € L'(R®). Moreover, if the function f, satisfies
condition (3.5), then certain conservation properties hold, namely

LBt oo = [ G)fao)dv, VE20, i=0,1,2, (3.6)
where
po(v) =1, Pi(v)=v, Po(v)=]v]’, VweR’. (3.7)

The following assumptions concerning the parameters of the stochastic model
(2.1)-(2.9) are made;

— number of particles at the beginning:
m.(0)=n, Vn=12..; (3.8)
— bound for the number of particles:
N(n)=cyn, VYn=1,2,..., forsome constantcy >1; (3.9)
- bound for the weights of the particles:
1

y(n) =cyn™", VYn=1,2,..., for some constantc,. (3.10)
Concerning the function D(™) it is assumed that
/sz de D(")(z,i,j, e)<cpn™', Vn=1,2,.., forsome constantcp, (3.11)
and
D("’)(z,i,j, e)G(")(z,i,j, e) = q(vi,vj,€) gi g5, (3.12)

for all z = ((g1,v1), -+, (Gmyvm)) € 2™, 1 < 4,5 <m, e € $*. Notice that assum-
ption (3.11) implies (2.5), with
= 2N N, (3.13)

max 2
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Theorem 3.1. Suppose the assumptions (3.1)~(3.5) concerning the parameters of
the Boltzmann equation and the assumptions (3.8)—(3.12) concerning the parameters
of the stochastic model to be fulfilled. }

Let A(t), t > 0, be the measures related to the solution of Fq. (1.8), (1.9) via the
formula (1.7), and pn(t), t > 0, be the empirical measures (1.2) associated with the
stochastic system (1.1).

Suppose that

sup E™ / I[9]|24(0, dv) < oo (3.14)
n R3 ’
and
i, Bp(a(0), 4(0)) = 0. (3.15)
Then,
| lim E™ sup p(pna(t), M(t)) =0, (3.16)
n—eo te[0,At]
for all
At< - [i (1- i)] . (3.17)
Cp LCN CN

4. TECHNICAL PREPARATIONS

Let B(R?), Co(R?), and C(R?), respectively, denote the spaces of bounded measu-
rable, bounded continuous, and bounded Lipschitz continuous functions on R3. The
207105 [|¢]ee = 51D, g [(»)] and

ol = s { ol s, =200}

are used. Let M*(R3) denote the space of finite positive measures on R3.
We will use the following abbreviations,

(oy0) = [ (o) uldv), | (4.1)

B()(0w,€) = 9(0"(0,0,)) + 9(0"(w,0,0)) = p(o) ~ plw),  (42)
Ble)(w,w) = [ deav,w,e) (@), w,e), (43

Blp,v) = [ | [ Blo)w,w)r(dv)u(dw), (4.4)
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where v,w € R%, e € §?, ¢ € B(R?), v € M+(R?), and v* is defined in (1.5).

Lemma 4.1. Suppose assumptions (3.1)—(3.3) to be fulfilled. Let A(¢),t >0, be the
measures related to the solution of Eq. (1.8), (1.9) via the formula (1.7).
Then, the following equation is satisfied,

(M) = (0, MO) + [(dsBloA(s), 20, VoeB®).  (45)

Proof. From (1.8), (1.9) one obtains the equation

(0, A(2)) = (p,A(0)) + /Ot ds _/].Rs dv /}R3 dw /82 de p(v) q(v,w, €) X

X [(5,0"(0,w,)) {5, " (w,v, €)) — F(5,0)f(s,w)] .
A substitution of the integration variables
(v,w) — T(v,w) = (v*(v,w,e),v(w,v,e€)) ,

which has the property that 72 is the identity, yields the assertion. [

Lemma 4.2. The function §* defined in (4.2) has the following properties,

B (p)(v,v,e) =0, (4.6)

B* (@) (v, w,e) = B*(¢)(w, v, €), (4.7)

B*(@)(v,w,e)| < 4llellw, @ € BR), (4.8)

18*(0)(v1,w, €) = B*(0)(v2, w, )l S 4[lglle flor —wall, @ €CL(R),  (4.9)

for all v,w,c R3, e € S2.

Proof. Properties (4.6)—(4.8) are obvious consequences of the definitions (4.2) and
(1.5). Property (4.9) is shown as follows,

18*()(v1, w, €) — B*(¢)(v2, w, €)| <
ol [llv* (v1,, €) — v* (w2, w, )| + [[0* (w, v1, &) = 0" (w, va, e)]| + [|vs — vll] <
< 4oz llvr = vell,
where (1.5) has been used. [J



Lemma 4.3. Suppose assumptions (3.1) and (3.3) to be fulfilled.
Then, the function 8 defined in (4.3) has the following properties,

:8(90)(”) ’LU) = IB((P)(w7 ’U) ) (4'10)

18(¢) (v, w)] < 2|¢]lo0 Qrmac (4.11)
for all v, w, € R3, ¢ € B(R?).
If, in addition, assumption (3.4) is fulfilled, then the following inequality holds,

16()(v1, w) = B(¢)(va2, w)| < 2|lpl|L(@rmaz + Q) [l — v2], (4.12)
for all vi,va,w € R3, o € Cr,(R?).
Proof. The properties (4.10) and (4.11) are obvious consequences of (3.1), (4.7), (3.3),
and (4.8). Property (4.12) follows from
1
Iﬂ((ﬁ)(vl,UI) - IB(W)(U% ’lU)l S /82 de |q(v17 w, e) - Q('Uz, w, B)IEI,B*((P)(’Ul, w, E)l +

1 * *
L, dealve,w, )3 18 (@) (w1, w,€) = B() vz, w, )]
< 2|lelleo Qrllor = all + 2]lpllz @rmas [[v1 = vall,
where (4.8), (4.9), and the assumptions (3.3), (3.4) have been used. [

Lemma 4.4. Suppose assumptions (3.1) and (3.3)'to be fulfilled.
Then, the function B defined in (4.4) satisfies the inequality,

1B(e0, v)| < 2|0l @maz ¥(R?)*, Vi € B(R®), » € M*(R’). (4.13)
If, in addition, assumption (3.4) is fulfilled, then the following property holds,
|B(,v1) — B(p,v2)| < 2[|@l|(Qmaz + QL) p(v1,v2) [11(R®) + v5(R%)],  (4.14)
for all ¢ € CL(R?), vy,v, € MH(R?). '

Proof. Property (4.13) is an immediate consequence of (4.11). To prove (4.14), we
consider the function

Pule, v)(v) = | Ble)(v, w)v(dw),

where £ is defined in (4.3) and v € M*(R3). One easily obtains from (4.11), (4.12)
that

1B1(p, v)(0)] < 2|lloo @rmaz v(R?)

and

I:Bl((Pa V)(Ul) - 181((10: I/)(Ug)l <2 H‘PHL(Qmam + QL) ||’l)1 - U2|| V(RB) .
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Consequently,

1B1(2, )iz < 2]/l (Qmas + QL) v(R?). (4.15)
Using (4.10), (4.15), and the definition (1.6), one obtains
|B(g, 1) = B(p, )| < ‘
< [(Balps 1), v1) = (Bulp, 1), va)| + [(Ba(ip, v2), 11) — (Balp, v2), va)| <
< 2|lpll(@maz + Q) p(v1, v2) [11(R?) + 12(R%)],
where (.,.) is defined in (4.1). O

For any r > 0, we consider the function x, on R?,

1 ol <,
Xe(@)={r+1=|oll , ol €lrr+1],
0 el 27 +1.
For ¢ € B(R?), we denote
or(v) = p(v) x:(v), veER. (4.16)

Lemma 4.5. Let ¢ € C(R3).
Then,

le-llz < 2|lellz, Vvr>o0. (4.17)
Proof. Obviously, ||¢r|le < ||¢|le. The assertion follows from

lor(v) = @r(w)] <
< le(w)xe(v) = @(v)xe(w)] + [ (v)xr(w) — (w)x-(w)]
< lleelloo llv = wll + llellz [l — ]l
where the Lipschitz property of the function x, has been used. [

Given ¢ € B(R?®), we introduce the function

F(‘P)(Z) = igﬂ p(vi), 2z=((91,91), - (gm,Vm)) € Z(n)‘, (4.18)

=1

Notice that

F(p)(2™(8)) = (0, un(t)) - (4.19)
Let 94 denote the indicator function of a set A.
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Lemma 4.6. Conservation of mass, momentum, and energy holds for the empirical
measures (1.2) associated with the stochastic system (1.1), ..

(i, in(t)) = (i, un(0)), VE>0, §=0,1,2, (4.20)
where the functions 1o, 1, and 1, are defined in (3.7).
Proof. Using the definitions (2.6)-(2.8) and (4.2), we find that
F(o)(J™(2,3,5,€)) = F(p)(2)+
(4.21)
+ﬁl{m5N(n)—2}(m) G(n)(z» i,7,e) B*(®)(vi,vj, ),

forallze€ Z™, 1<i<j<m, ec§?. Thejumps of the process 2(™(t) are of
the form z — J()(z,1,4,€). Thus, one obtains from (4.19), (4.21) that

(0, a(1)) = (0, 1a(0)), V>0,
if
B*(¢)(v,w,e)=0, Yo,weR® ecS’.
This is fulfilled for ¢ =4;, +=0,1,2. O

Lemma 4.7. Let ¢ € B(R®). Suppose assumptions (3.1), (3.3), and (3.12) to be
Fulfilled.
Then,

(@, un(t)) = (w,#n(O))Jr/OtdsB(so,ﬂn(S))—

(4.22)
— [ 45 T3 (ma5)) B, n(5)) + Ma5)(0),
where Mn(p)(t) is a martingale such that |
18 L2)(#)] < 21l ot {0, RI[L + ¢Q mactt o0, R?)] (4.23)
and
E® [M(0)(£)]* < 8l0ll% ¥(n) @maz t B [ya(0, R (4.24)

Proof. Since the function F'(¢) defined in (4.18) belongs to the domain of definition
. of the infinitesimal generator (2.3), the following representation holds,

Flp)(e(0) = F(p)(=(0) + [ ds AP(P(@))(2(s)) + Malo)(t),  (4.25)
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where M,(¢)(¢) is a martingale, and

E® o)1) = B [ ds [A(R(o)?) — 2 F () AP ()] (2(s)) . (4.26)
We obtain from (2.3) and (4.21) that
AF@)) = Y [ deDM(zi,4,¢) x
xﬂ{mSN(n)—Z}(m) G(n)(z7 %7, e) 5*(90)(7]1'7 Vjs e) .
Now we use (3.1), (3.12), (4.7), and (4.6) to obtain
AD(F()(2) = Tgmenim-23(m) i 9: 9; /§2 de g(vi, vj, €) %ﬁ‘(‘#)(vi,%e)

,5=1

= Yimerm-21(m) D g: 95 B(¢)(vi,v5) -

$,7=1
From (4.19), (4.25) we obtain

(@, a(2)) = (o, pn(0)) +
(4.27)

+ [ ds Gomantey-2y(n()) Bl () + Malip)(8),

and assertion (4.22) follows.
Moreover, it follows from (4.27) and (4.13) that

[Ma(@)(B)] < llelloo n(t,R?) + [[0]loo 11 (0, R®) + /Ot ds 2 Qmaz [|#lleo [a(s, R?))*.

According to Lemma 4.6, we obtain assertion (4.23).
To show (4.24), we derive from (4.21) that

F(p)*(J™(2,1,4,€)) = F(¢)*(2)+
+ 2 F((P)(z) ﬂ{mSN(n)—-Z}(m) G(n)(z3 i)j: e) ,B*((P)('Ub Vj, 8) +
. . * 2
+ ﬂ{mSN(n)-2}(m) [G(n)(z;z).ﬁ e):B (‘P)(viavj: e)] .
Consequently, we obtain from (2.3) that

AP(F(o))(2) = 2 F(p)(2) AP (F(p))(2)+
(4.28)

+ 5 [ de D™z, ) Ymanir-ny(m) [6(z,5,5,€) B() iy vs,c)]

1<i<i<m
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It follows from (2.9) that

G™(z,i,5,€) < 7(n). (4.29)
Applying (3.12), (3.3), (4.8), and (4.29), we conclude from (4.28) that the function
appearing on the right-hand side of (4.26) satisfies the inequalities

0< [A(’?)(F(q,)z) —2F(yp) A(")(F(go))] (2) < 16|92, Qmazv(n) % @j g,-> :

Consequently, assertion (4.24) follows from (4.26), and Lemma 4.6. O

The following lemmas are related to the estimation of the probability that the
number of particles in the system becomes close to the bound N(n).

Lemma 4.8. Consider a Markov jump process z(t) gien by the generator

(46)(2) = 7(2) | P(,d2)[9(2) - #(2)], z€ 2, (4.30)
and suppose that the jump intensity is bounded, i.e.
T(2) € Taz < 0, Vz € Z. (4.31)

Let ot) denote the number of jumps of the process z(t) on the time interval [0,1).
Then,

Prob(a(t) > c¢) < Prob(é > ¢c), VceR, (4.32)

where the random variable ¢ has a Poisson distribution with the parameter t Tmaz.

Proof. The assertion of the lemma is intuitively clear. To prove it formally, one
considers the extended Markov process (z(t), a(t), 8(¢)),t > 0, given by the generator

(Ag)(z,,8) = /ZA&/R{W(z)P(z,d2)5a+1(d&)5ﬁ+1(dﬁ~)+
+Hmaz — 7(2)] 8:(dZ) 64(d&) 8p11(dB)} [#(2, & B) — é(2, 2, B)] -

The jump intensity for the extended process is constant, 7(z,,8) = Tmaz. With
probability W_Zf_(m%’ the process jumps into the state (Z,a« + 1,8 4 1), with probability
(1 - fﬁmf);) — into the state (z,a,8 + 1). If o(0) = B(0) = 0, then a(t) < B(2),

Vt > 0, and G(t) has a Poisson distribution with the parameter ¢ Tmag. O
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Lemma 4.9. Let the random variable ¢ have a Poisson distribution withvthe para-

meter T.
Then,

T
E )
Proof. The assertion follows from the properties of the Poisson distribution F ¢ =
E (¢ — E£)? = 7, and Chebyshev’s inequality. O

Prob(¢ > 7+ C) < VC > 0. O (4.33)

Lemma 4.10. Consider the process (2.1). Suppose that assumption (2.5) is fulfilled
with

7 < cx N(n), for some constantc,. - (4.34)
Suppose that
lim N(n) = oo, (4.35)
and
lim Prob™ (mn(O) > K N(n)) =0, forsomex € (0,1). (4.36)
Then,

lim Prob®™ (mu(t) > N(n)—k) =0, Vk=1,2,..,

n—oo

forall t < lz_T:

Proof. Let an(t) denote the number of jumps of the process z(™)(¢) on the interval

[0,). Then, | |
mn(t) < ma(0) + 2 an(t). (4.37)
Using (4.37), one estimates
Prob™ (mu(t) > N(n) — k) =
= Prob™(mn(t) > N(n) — k; ma(0) > & N(n)) +
+Prob™ (ma(t) > N(n) — k;  ma(0) < £ N(n)) < (4.38)
< Prob™ (ma(0) > & N(n)) + Prob™ (k N(n) + 2 a(t) > N(n) — k) ,

for any k= 1,2,.... The first term on the right-hand side of (4.38) tends to zero as
n — oo because of assumption (4.36).

Lemma 4.8 is to be applied to estimate the second term on the right-hand side
of (4.38). The generator (2.3) has the form (4.30) (cf. (2.10), (2.4)). Assumption
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(4.31) is fulfilled with Tmes = cx N(n) because of (4.34). Consequently, we obtain
from (4.32),

Prob® (s N(n) + 2a(t) 2 N(n) - k) < Prob (¢ > %[N(n) (1-m) = #]) ,(439)

where ¢ is a random variable having a Poisson distribution with the parameter
tex N(n).

The probability on the right—hand side of (4.39) is estimated via Lemma 4.9. The
positivity of the expression

S V() (L~ %) K] — tcx N(n)

is assured as n — oo by assumption (4.35), provided that 1 — x — 2t ¢, > 0. Thus,
we obtain from (4.33), with T = t ¢, N(n),

dtc, N(n)

Prob(")(nN(n) +2a,(t) > N(n)—k) < N (L =k —2tc) — K2

Thus, the second term on the right-hand side of (4.38) tends to zero as n — oo
because of assumption (4.35) provided that ¢t < 3%, O

5. PROOF OF THEOREM 3.1

Let B,, r > 0, denote the ball with the radius 7 in R3. Using (4.5), (4.22), and
(4.16), we obtain the estimate

(e, 1n(t)) — (@, A($))] <
[{@rs 1a(2)) = (@rs AEN] + (@ = @r, Ba(E)] + [{p — 0, A(R))] <

< ery £a(0)) = (o, A(0))] +fot ds | B(wr, pn(s)) — Bler, A(s))| +

+ [ ds Gomo (-2 70()) 1Bor, ()] + M) (8)] +
[, R\ B,) + At R\ B,)] [[lleo
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for any ¢ € B(R®). Now we apply (4.13), (4.14), and (4.17) to obtain
p(en(), A1) < 2p(kn(0), A(0)) + _
+ [ ds4(Qumas + Q) p(1n(), A(5)) [n(s, R) + A(s, RY)] +

+/t ds ﬂ{m>N(n) 2}(mﬂ(s))2Qmam [/Ln(s R3)]2 +
4 sup [Mal)(O)] + nlt, B2\ B,) + AL, RO\ B,).

llellz<1

It follows from (4.20), (3.6), and the monotonicity of m,(s) with respect to s that
¢ v
1), 2(8)) € 4(Quoe + Q1) [1n(0,B) + AO,RY)] [ (), M)+

+2 p(pn (0), M0)) + 2 Qrmaz [1n(0, B%)]” At (s nimy-23(mn( A2)) +
+ sup sup |Mn(e,)()| + sup un(t R*\B,) + sup A(t,R*\B,),

€008 [lellz <1 tefo, sefo,Ad
for all t € [0, At], At > 0. Notice that
“un(0,R) < ¢,, Vn, (5.1)
according to (3.8) and (3.10). Now we conclude from Gronwall’s inequality that
sup p(m(th M) < O [p(n(0), N(0)) + (52)

te[0,At]
+gmswn)-23(ma(AL)) + sup sup [ Ma(e,)(t)] +
te[0,At] [lel|n<1

+ sup pa(t,R*\ B, )+ sup )\(t R*\ B,)|,
te[0,A¢] tefo,A

where the constant C; does not depend on 7 and n.
The next step is the estimation of the mathematical expectation of the terms on

the right-hand side of (5.2).
Using Chebyshev’s inequality, (4.20), and assumption (3.14), we estimate the term

1
E™ sup p.(¢t,R®\B,) < E™ sup = 3[[’u]]z,un(t,dv)

tef0,At] te[0,A¢] T
C
= SO [ ol hn(0,d0) < 20 (53)

where the constant C, does not depend on n and 7.
Analogously, using (3. 6) we obtain

sup A(t,R®\B,) < —/ I[0][2A(0, dv) . (5.4)

te[0,At]
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Lemma 4.10 is to be applied to estimate the term E(")ﬂ]{m>N(n)_2}(mn(At)). Con-
dition (4.34) is fulfilled with ¢, = 2 because of (3.13). Condition (4.36) is fulfilled

forallk € (L 1) because of (3.8) and (3.9). Assumption (3.9) also assures condition

cn?

(4.35). Consequently,

lim Prob®™ (mn(t) > N(n) —2) =0, (5.5)

) n—oo
for all t < L 1 (1— L)
cp cN cN

Finally, we estimate the term E(™ SUP;e(o,a8] SUP|jpflp <1 [Mn(pr)(¢)]. Notice that
the set D, = {¢r;|l¢|lz < 1} is compact in C(IB,._HB. Consequently, for any € > 0,
there exists a finite set of functions (¢;) from C(B,;1) such that, for any ¢ € D,,
min; ||4 — ;|| < €. The functions (v;) are continued by zero to the space R3. From
the inequality

| M) ()] < |Ma(ipr — )()| + | Ma(shi) ()], V2,

we obtain the estimate

|Ma(p:)(8)] < min |Ma(pr — $)(2)] + D | Ma(:)(2)] <

< mp MO+ M) (5.6)
Using (4.23) and (5.1), we derive from (5.6) that
sup sup (Ml (D) < Coe+Y sup |Malehi)(H)], (5.7
te[0,At] Jle|| <1 i t€[0,A¢]

where the constant C3 does not depend on n, 7, and . Applying the martingale
inequality, (4.24), and (5.1), we obtain from (5.7) that

E™ sup sup |Ma(p,)(t)l < Cae+Ca 3 [dillew v(n)'/?, (5.8)

te[0,A¢] |le|lL <1

where the constant C4 does not depend on n, r, and .
Using (3.15), (5.5), (5.8), (3.10), (5.3), (5.4), and (3.5), we conclude from (5.2)

that

- () Cs

limsup B sup p(pn(t), A(t)) < — + Cse,

n—oo te[0,A¢) T
where the constant Cs does not depend on r and ¢, provided that At satisfies (3.17).
Since r and ¢ are arbitrary, the assertion of Theorem 3.1 follows.
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6. EXAMPLES AND COMMENTS

The stochastic model described in Section 2 contains certain free parameters, na-
mely the bound N(n) for the number of particles in the system, the bound (n) for
the weights of the particles, the initial state 2(")(0), the function D(™ influencing
the jump intensity (2.4), and the function G(™) determining the part of the weights
transfered to the post—collisional velocities during a jump. Certain restrictions con-
cerning these parameters have been introduced in Section 3 in connection with the
convergence theorem. It will be illustrated now that there still remains considerable
freedom in the choice of the parameters of the stochastic model.

First we consider the functions G and D(™). Let § be a positive measurable
function of the same arguments as the collision kernel g. We introduce the function

6, sve) =) | eS| g, (6.1)
for some a € [0,1]. Condition (2.9) takes the form
q(v,w,e)* < §(v,w,e)*, VYv,weR® ec§. (6.2)
It follows from (3.12) that
D")(z,1,5,€) = 7(n) la(vi, vj, )]~ [4(vi, vj, €)] (6.3)

Condition (3.11) takes the form

ey [ dela(v,w, )" (v, w,e)1* S cp, Vo, € R, (6.4)

for some constant cp .

Example 6.1. In the case o = 0, we obtain from (6.1), (6.3), and (3.10) that
G(")(z,i,j, e)= c;l n g; g;
and
D™ (z,4,j,€) = cyn™" q(vi, v, €).
Condition (6.2) is trivial. Condition (6.4) is fulfilled if
cp 2 Cy Qmaxz,

according to (3.3).
If, in addition,
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then we obtain a model, in which the number of particles with non—zero weights
remains constant. If two such particles collide, they give their weights to the post—-
collistonal particles.

Example 6.2. In the case a = 1, §(v,w,€) = Gmaz, Yv,w € R® e € §?, we
obtain from (6.1), (6.3) and (3.10) that

G245, €) = &' 1 Gt 4(vir vir €) 95 95
and
DM (z,4,4,e) = ey Grma -
Condition (6.2) reduces to
q(v,w,€) < Gmaz, Yo, wER? ec$S?.
Condition (6.4) is fulfilled if
cp 2 4T ¢y Gmaz ,

where 4w is the surface measure of the unit sphere.
We obtain a model, for which the jump intensity (2.4) depends only on the number
of particles, i.e.

m(m — 1)
2n ’

The jump parameters1 <1 < 7 < m and e € S? are distributed uniformly (cf. (2.11),

(2.12)).

7™ (2) = 47 ¢y Gmaz z=((g1,v1), -, (grm, Vm)) € Z(.

Condition (3.14) concerning the initial state of the system follows from assumption
(3.5), if one starts with independent samples v; ,(0), 72 = 1, ...,n, of the appropriately
normalized initial density fo, and constant weights

gin(0) =n7" ./11&3 dv fo(v), 1=1,..,n.

However, it is also possible to start with a deterministic approximation of the initial
measure A(0) such that condition (3.14) is fulfilled.

The convergence result (3.16) has been proved only for time intervals with a length
satisfying condition (3.17). This condition suggests the choice ¢y = 2. In this case,
the restriction of the time interval takes the form At < [4 ¢y Qmaz] ™! in Example 6.1,
and At < [16 T ¢y @maz) ! in Example 6.2, respectively.
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Finishing the paper, we mention two problems, which are important for possi-
ble applications of the model in the context of stochastic particle methods for the
numerical treatment of the Boltzmann equation.

In order to extend the convergence result to larger time intervals, one should intro-
duce a certain mechanism to reduce the number of particles in the system. A specific
example of such a mechanism has been given in [3], but this problem needs further
investigations. In particular, the constant c¢,, which has no specific function in the
present model, since the maximum of the weights decreases in time, might be helpful
in this direction. Notice that after a reduction of the system to the particles with
non-zero weights Example 6.1 reduces to the "master process” known from [4].

For numerical applications, it is necessary to replace the random waiting time
with the parameter (2.4) by certain approximations. For instance, in Example 6.2, a
simple approximation is obtained when replacing the random time by its expectation
[4 T Cy Qrmaz 'l%";_—ll -
useful (cf. [7], concerning the case of particle systems with constant weights) for

proving convergence for modified processes with certain approximations of the time
scale.

The uniformity in time of the convergence result (3.16) is
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