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Discrete approximation of dynamic phase-field fracture in visco-elastic
materials

Marita Thomas, Sven Tornquist

Abstract

This contribution deals with the analysis of models for phase-field fracture in visco-elastic materials with dynamic
effects. The evolution of damage is handled in two different ways: As a viscous evolution with a quadratic dissipation
potential and as a rate-independent law with a positively 1-homogeneous dissipation potential. Both evolution laws en-
code a non-smooth constraint that ensures the unidirectionality of damage, so that the material cannot heal. Suitable
notions of solutions are introduced in both settings. Existence of solutions is obtained using a discrete approximation
scheme both in space and time. Based on the convexity properties of the energy functional and on the regularity of the
displacements thanks to their viscous evolution, also improved regularity results with respect to time are obtained for the
internal variable: It is shown that the damage variable is continuous in time with values in the state space that guarantees
finite values of the energy functional.

1 Introduction

This work is concerned with the evolution of dynamic fracture in a visco-elastically deformable solid body occupying a
domain Q C R%, 1 < d € N. The process is monitored within a time interval [0, T]. It is assumed that only sufficiently
small external loadings are applied such that the setting of small strains is admissible. Here the displacement field u :
[0, T] x © — R? characterizes the elastic deformation of the fracturing solid and the linearized strain tensor e(u) :=
%(Vqu VuT) is a feasible measure of strain. To enable the model to capture complicated crack geometries the approach
of phase-field fracture is applied [FM98| [BEM00, MHWT0, [HWT4, [AGDLT5, KMT10], in which the (d — 1)-dimensional
crack surface is approximated by a d-dimensional volume where damage of the material occurs. In the spirit of generalized
standard materials [HN75] the volume damage of the material is modelled with the aid of an internal variable

z2:[0,T] x Q —[0,1],

called here phase-field or damage variable, which accounts for the state of material degradation in each point of the
domain 2 C RY. By taking values in [0, 1], z represents in our notation the volume fraction of undamaged material, i.e.,
z(t, ) = 1if the material is completely sound and z(¢, z) = 0 in case of maximal damage in a material point x € ) at
timet € [0, T]. As it is the case for metals or rubber we assume that healing of the material cannot occur, so that damage
increases over time and hence in our notation z has to decrease in time. This unidirectional evolution is realized in the
model by a non-smooth constraint, enforced by the characteristic function X (_ . o of the interval (—00,0],ie.,

0 ifve(—o00,0],
oo otherwise,

e (0) = { )

and the occurrence of this non-smooth function in the model turns the evolution law into a subdifferential inclusion, resp.

variational inequality. In this work, we will study two different evolution laws for z: A viscous law and a rate-independent

law. On a formal level, the Cauchy problem for phase-field fracture in visco-elastic materials at small strains with a viscous
evolution of damage is given as follows:

pii — div(D(2)e(i) + C(2)e(u)) = fv in (0,T) x €, (2a)

ME+0X (—00,0(2)+3C (2)e(u):e(u) — 4 (1—2) —£divVz 5 0 in (0,T) x Q. (2b)

In @a), p > 0 is the mass density and fy : [0, T] x Q — R? denotes an external volume force. Moreover, in the
parameter M > 0 is the viscosity parameter and ¢ > 0 controls the width of the diffusive crack zone. The evolution laws
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and are complemented by the boundary and initial conditions

u(t) =0 in[0, T] x dpQ (2c)
(D(2)e() + C(2)e(u))n = fs in(0,T) x ONQ, (2d)
Nz-n=0 in(0,T) x 09, (2e)
u(0) = ug in 2, (2f
4(0) = 1o in €, (29)
2(0) = z inQ, (2h)

where ug, g, zo are given initial data. The boundary of {2 is denoted by 02 with outer unit normal n. On the Dirichlet
boundary Op§ there are imposed homogeneous Dirichlet conditions at all times ¢ € [0, T}, i.e., it is assumed that
also up = up = 0 on Ipf2. On the Neumann boundary I := 9N\ OpQ there acts an external surface force
fs: [0, T] X O — R,

In addition to the viscous evolution of z with M/ > 0 in (2b), we will also consider the case of a rate-independent evolution
M = 0in @b). In particular, we will use a vanishing viscosity limit A/ — 0 to prove the existence of solutions for the
rate-independent setting. In order to better explain our methods and results we now define the function spaces

Z:=1'Q), Zy:=L*9Q), X:=HY(Q), Y:=H(Q)NL®9), (3a)

U:={ve H(QRY), v=00n9pQ}, W :=L*(RY), (3b)
and introduce the functionals that lead to the evolution law (2). In particular, we define the viscous dissipation potential for
the damage variable R s : Zpys — [0, 00],

M
Ru(v) = / Ras(v) dz with Ry (v) := ?|v|2 + X(—o00,0] (V) - (4)
Q

The vanishing-viscosity limit M — 0 results in the non-smooth, rate-independent potential R : Z — [0, o], which here
only consists of the unidirectionality constraint,

R(v) := / X (—o0,0] (V) d . (5)
Q
At this point we observe that R indeed is positively homogeneous of degree 1, since R(0) = 0 and R(Av) = AR(v) is
trivially satisfied for all A > 0 and v € Z.

In view of we also introduce the viscous dissipation potential of quadratic growth for the displacements V : X x U —
[0, 00),

V(z;4) == /Q %D(z)e(u) ce(u)dr, (6)

and the kinetic energy K : W — [0, 00),
um;/ﬁm%$ @)
Q2

Moreover, the energy functional £ : [0, 7] x U x X — R associated with system (@) is given by

E(t,u,2) ::/Q(

where we have gathered the volume load fy, from and the surface load fs from in the term

C)e(w):e(w) + (F(1 = ) + §[V2%)) dz — (f(1), uu-. v, @

o=

(), wyuev = /Q Fo®) udet [ fs(t) - uds;

INQ2

the detailed assumptions on the external loadings are specified in (7). Note that £ is a slight modification of the Ambrosio-
Tortorelli functional for phase-field fracture as we will allow C to depend on z in a monotone, but non-convex way to keep
C bounded, cf. assumptions & lateron. Moreover, we will assume both tensors C and D in () to be uniformly
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Dynamic phase-field fracture in visco-elastic materials 3

positive definite for all z € R, so that the material can bear loads and still shows a visco-elastic response even in the state
of maximal damage z = 0. In this way, model (2) captures partial damage of the body, only. In the purely rate-independent
case of quasistatic evolutions, i.e., in the setting of energetic solutions for rate-independent processes the systems given by
(UxZ,E,R)from @), (B), and with an energy of the type (8), were shown in [Gia05] to approximate the Francfort-Marigo
model for brittle fracture [EM38] as ¢ — 0. This model is a variational formulation of Griffith’ energetic approach [Gri21] to
the description of brittle crack growth in terms of competing elastic bulk and dissipative surface energies. Following Griffith’
ideas for brittle solids, such as glass and certain metals, fracture is often modelled as a rate-independent process. This
modelling approach captures the observation that cracks can form and evolve abruptly, much faster than the changes of the
external loadings. In fact, solutions of purely rate-independent damage and fracture models do feature jumps with respect
to time, cf. e.g., [KS12] [RTP15]. More recently, research focus in both engineering applications [BVS™12, [SWKMi4]
SKMT17] and in applied analysis [DMLT16l [DMLT19l IDMLT20} [LRTT18l[Rou19}RT17a,|SS19] is put on the investigation
of dynamic fracture.

As an immediate approach based on well-established models for rate-independent phase-field fracture, the rate-independent
evolution of the damage variable is coupled with a (visco-) dynamic evolution of the displacements as also done in (2). In
order to achieve better stability in numerical simulations, often a viscosity for the damage variable is added to the model, as
we also allow for in if M > 0. Itis the aim of this contribution to better investigate the interplay of the rate-independent
evolution of the damage variable with the visco-elastodynamic evolution of the displacements.

For this, we will now give a suitable weak formulation for system (2). In this setting, we will show the existence of solutions
and study their temporal regularity for both cases M > 0 and M = 0.

Definition 1.1. In the spirit of [RT17a] we call a system that combines the conservative process of elastodynamics with
further dissipative processes a damped inertial system. We denote the damped inertial system with viscous regularization
M > 0 for the damage variable from @) by the tuple (U, W ,Z, V, K, R, £). The damped inertial system obtained
in the rate-independent limit M — 0 is denoted by (U, W,Z,V, K, R, ).

In the viscous case M > 0 a suitable weak formulation for the damped inertial system (U, W, Zy;, V, KC, R, E) is
introduced as follows:

Definition 1.2 (Solutions of (U, W, Z;, V,KC, R, E), viscous case M > 0). A pair (upr, zpr): [0, T] = U x X
is a solution of (U, W, Z s, V, IC, R, E) if it satisfies the following four conditions:

e one-sided variational inequality for zys for almost alit € [0, T):
/Q[%(C’(zM(t))e(uM(t)) e(unt () — (1 = 2ar(8))) + Mg ()] da

+ /EVzM(t)-Vnd;v >0 (9a)
Q

foralln € Y such thatn < 0 a.e. in€);
e unidirectionality: forallt) < to € [0, T] itis zpr(t2) < zar(t1) ae. inQ2; (9b)
o weak formulation of the momentum balance for allt € [0, T] :

p/ m(t) -v(t)de — //uM r)dxdr

/ / (zar)e(tnr) + C(zar)e(unr)] : e(v) dadr (9¢)

p / 2 (0) - 0(0) da + / ) 0() g o dr
forallv € L?(0, T; U) N H' (0, T; L?(Q,RY)) ;

e energy-dissipation balance for almost allt € [O7 T):

IC(UM(t)) + E(t,uM(t), Z]y[(t)) =+ /Ot Q(V(ZM,UM) + RM(Z]\{)) dr (9d)

= K(ug) + £(0,uo, 20) + /0 3t5(r,u(r), z(r)) dr.
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Above, in the term 8,€(r, u(r), z(r)) = —(f(r),u(r))u~ v stands for the partial time-derivative of the energy
functional. We point out that the formulation of the viscous damage evolution in terms of a one-sided variational in-
equality was already used in e.g. [HK11] at small strains and e.g. in [TBW20, [ TBW18] at finite strains. We also refer to the
works [HK11l [BB08, IRR15, [HKRR17], where viscous damage models have been studied also in combination with dynam-
ics and further dissipative effects such as heat transport and phase separation. Moreover, [Rou19] gives a comprehensive
overview on different time-discretization schemes for damage models with viscous evolution and dynamics.

In analogy to the above viscous case, a suitable notion of weak solution for the damped inertial system
(U,W,Z,V,K, R, E) in the rate-independent case M = 0 is given by:

Definition 1.3 (Solutions of (U, W,Z,V, K, R, £), rate-independent case M = 0). A pair (u,z): [0,T] - U x X
is a solution of (U, W ,Z,V, K, R, £) if it satisfies the the following four conditions:

e one-sided variational inequality for z for almost allt € [0, T):

1 1
/ [§C’(Z(t))e(u(t)) ce(u(t)) — Z(l —2(t))|n+4Vz(t) - Vndz >0 (10a)
Q
foralln € Y suchthatn < 0 a.e. in Q;
e unidirectionality: forallt, <t € [0, T] itis z(t2) < z(t1) a.e. in2; (10b)

e weak formulation of the momentum balance for allt € [0, T] :

p/ u(t) - o(t)de — // r)dadr

/ / ) + C(2)e(u)] : e(v) dzdr (10c)

= p [ i(0)- o(0)do + / )0y p

forallv € L*(0, T; U) N H'(0, T; L*(Q,RY)) ;
e energy-dissipation balance for almost allt € [0, T):

’C(ﬂ(t))+5(fau(t)72(t))+/ 2V(z(r); u(r)) dr + R(z(t) — 2(0)) (10d)
p (.
_5/9\11( dz + £(0,u(0) /@ rou(r),z(r)) dr.

Remark 1.4 (Semistable energetic solution of (U, W,Z,V K, R,E)). The tensorial map z — C(z) is assumed to
be non-convex, but with a convexity regime (—oo, z,) with z, > 1, such that C is convex in particular on the interval
[O7 1], see assumptions & for more details. Hence, the map z +— & (t7 u, z) is non-convex in general, but
convex for functions z € X that take values in [0,1] a.e. in Q. In fact, for solutions (u, z) in the sense of Def. it
will be shown in Theorem and for the time-discrete version in Theorem that z : [0, T] — X takes its values
in the interval [0, 1] a.e. in . Hence, convexity of £(t,u(t), ) can be exploited along solutions. This is the reason why
solutions of (U, W ,Z,V, K, R, £) in the sense of Definition also fulfill the following semistability inequality for almost
allt € [0,T):

E(t,ult), z(t) < E(t,u(t),2) + R(2— 2(t)) forallz e X (11)

with € from (8) and R from (). Hence, solutions in the sense of Definition[1.3 are also semistable energetic solutions in
the spirit of [RT17a].

Remark 1.5 (Improved temporal regularity and @d), (70), forallt € [0,T)). LetD, :=={z € Y, 0 < z2(z) <
z« a.e. in 1} denote the convexity regime of C. Thanks to the observations for C discussed above in Remark one
finds for £ from that £(t,u(t), ) : D. — R is even uniformly convex in the following sense: There is a constant
C, > 0 such that for all zg, z1 € D. and for all A € [0, 1]:

E(t,u(t), 2x) + C A1 = N)||z1 — 20l % < AE(t,u(t), z1) + (1 — NE(t, u(t), 20)

where we set 2 := Az1+(1—\)zg. This allows us to deduce improved regularity statements for the solution z by suitably
adapting a general regularity result from [RT17a, Thm. 3.8] for coupled rate-independent/rate-dependent systems. In the
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rate-independent case M = 0 we prove in Theorem an abstract result providing a modulus of continuity to control the
expression ||z(t) — z(s)||x at any times s,t € [0, T| in which the variational inequality and the energy-dissipation
balance are valid. In analogy, for the viscous case M > 0 we deduce in Theorem[6.9 a modulus of continuity to
control a kind of c-variation ), _ ||2(tx) — 2(tx—1)||% for partitions (t1.)ren of any time interval [s,t] C [0, T] with
s,t such that and the energy-dissipation balance are valid. In both cases, M > 0 and M = 0, the modulus of
continuity emerges from terms related to the displacements and to their smoothness in time provided by the viscosity V
from (6). Further exploiting the unidirectionality (10b), resp. (9b), of the damage evolution the modulus of continuity can be
extended to any time t € [0, T) in Corol/ary for the rate-independent case M = 0 and in Corol/ary for the viscous
case M > 0. In this way, one ultimately finds that the map z : [0, T) — X is continuous if M > 0, cf. Theorem|6.1

and even Hélder-continuous if M = 0, cf. Theorem Thus, in contrast to the purely rate-independent case, here in the
coupled rate-independent/rate-dependent setting, the uniform convexity of £ (t, u(t), ) : D. — R rules out that solutions
z have jumps in time, because the regularity of the displacements enhanced by the viscosity V' also improves the temporal
regularity of the internal variable z to a continuous evolution in time with values in the state space X.

Based on these continuity results, also properties (9d), & (1) can be concluded to hold for alit € [0, T), cf. Corollaries
&[6.4 for more details.

Outline of the paper. The purpose of this work is two-fold: On the one hand, as described in Remark[1.5] we investigate
the influence of the coupling of the state variables on their temporal regularity. On the other hand we aim to bring the
analytical approach closer to numerical methods. This is why we carry out the analysis for the existence of solutions in the
sense of Definitions [1.2]and [1.3] for both systems (U, W, Z;, V, K, R, €) and (U, W, Z,V, K, R, E) based on a
full discretization both in space and time. After specifying the basic assumptions on the domain and given data in Section[2]
we introduce in Section[3]the discrete scheme based on a staggered time-discrete method in combination with a Galerkin
approach in space, cf. (25), and we establish the existence of discrete solutions in Proposition[31] In particular, as done for
numerical simulations we understand on the discrete level the discretized version of (U, W, Z;, V, K, R, E) as an
approximation of the system. On the discrete level we also regularize the non-smooth unidirectionality constraint (1) with the
aid of a Yosida approximation. While the fully discrete counterpart to reduces to solving a linear system of equations,
it is more involved to find solutions for the discrete version of the damage evolution due to the nonlinearities stemming
from the nonlinear z-dependence of the elastic tensor C and the Yosida term. The existence proof thus relies on arguments
for nonlinear systems of equations based on Brouwer’s fixed point theorem. We subsequently show that the discrete
solutions obtained by the fully discrete scheme approximate solutions of the systems (U, W, Z;, V, K, Ry, E)
and (U, W,Z,V,K,R,£) in several steps: Based on uniform a-priori bounds in Prop. being independent of the
space-discretization we first pass to a space-continuous but time-discrete problem. In this setting it is possible to show that
solutions satisfy the constraint z € [0, 1] a.e. in {2 and hence lie in the convexity regime D of the energy functional. In this
way one can obtain further uniform a priori bounds for the time-discrete solutions based on energy-dissipation estimates.
Section treats the limit passage from time-discrete to continuous in the case M — 0 and thus provides the existence of
solutions to system (U, W, Z,V, K, R, £) in the sense of Def.[1.3} cf. Theorem Subsequently, Section [6]is devoted
to the viscous analogon with M > 0 fixed and the existence of solutions to system (U, W, Z;, V, K, R, E) in the
sense of Def.[T.2]is obtained in Theorem The abstract results on the temporal regularity of the solutions addressed in
Remark[1.5]are provided in Theorem[5.2for the case M = 0 and in Theorem|[6.2]for the case M > 0. We also point out
that we obtain strong convergence of the discrete solutions thanks to the validity of the energy-dissipation balance &

(9d), cf. Theorems[5.7] &

Comparison with other approaches in literature. For the limit passage from time-discrete to time-continuous in Sections
[fland[6] we adapt arguments from [CRTT18], where the existence of semistable energetic solutions has been shown for a
system coupling rate-independent damage processes in thermo-viscoelastic materials with dynamic effects. This concerns
in particular the proofs of the weak balance of momentum and the energy-dissipation estimates, whereas the limit passage
in the variational inequality for the damage evolution is different here due to the viscous regularization M > 0. For
simplicity, the present work only considers homogeneous Dirichlet conditions and postulates C'-regularity in time for
the external load f, cf. (7). We refer to [(RTT18] for a relaxation to H'-regularity in time and to [CRTT16] for the treatment
of inhomogeneous, time-dependent Dirichlet conditions. We further point to the recent work |[KZ19] which extends the
existence theory for the purely rate-independent setting to discontinuous loads using Kurzweil integrals. We emphasize
that our approach on the discrete level regularizes the unidirectionality constraint in terms of the Yosida approximation.
There are other techniques to provide monotonicity of the damage evolution. In many applications the problem is solved as
an unconstrained minimization and imposed a posteriori by a truncation with the solution from the previous time-step. In a
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M. Thomas, S. Tornquist 6

quasistatic 2d-setting with a viscous regularization for the damage variable it is shown in [ABNT8] that discrete solutions
obtained with this method by unconstrained minimization in an alternate minimization scheme and a posteriori truncation
converge to solutions of a unilateral L2-gradient flow.

We apply a vanishing viscosity method on the discrete level, but we do not develop balanced viscosity solutions in the
sense of [MRS12,IMRS08, |[EMQ6] for general rate-independent systems, or like in [KRZ13| [KRZ15,IKRZ19] in the context
of quasistatic, rate-independent damage models. The main difficulty to apply this approach lies in the stored elastic energy
Jo 3C(2)e(u) : e(u) dz that nonlinearly couples the damage variable with the strains. Solutions u for the displacement
field, naturally found in the space U C H*(); Rd), are not regular enough to make the variational derivative D, £ (¢, z, u)
a well-defined object in the dual space X* or in Z ), in general space dimension d > 2, even if one finds z being bounded
with values in [0, 1] a.e. in §2. Due to this lack of regularity there is no chain rule available to calculate the time-derivative of
the energy and hence, solutions cannot be a priori characterized in terms of an energy dissipation balance. In [KRZ13] or in
[ABN18] in 2d this issue is solved with the aid of an elliptic regularity result [HMWT11] Theorem 1.1, p. 803] which provides
sufficiently improved regularity for the displacements to find a chain rule. However, because of the rate-dependence of the
displacements in problem (2) due to viscosity and inertia such improved spatial regularity results for the displacements are
not available here.

2 Notation and basic assumptions

We denote by L™ the m-dimensional Lebesgue measure for any m € N.

Assumptions on the domain: For the domain {2 we make the assumptions

Q ¢ R%is a bounded domain with Lipschitz-boundary 9, such that 12)
Op§) C 92 is non-empty and relatively open and O (2 := 92\ Ip<L.

Assumptions on the tensors C, D:  The dependence of the material tensors C, D : R — R%X@*@X? on the phase-
field parameter z is realized by functions wc, wp : R — [wp, w*] being prefactors to constant tensors C, D), i.e.,

C(2) == we(2)C and D(2) := wp(z)D forall z € R, (13a)
with constant, symmetric, and positively definite tensors @, D. (13b)

For wc, wp it is further assumed:

e Differentiability & boundedness: wc, wp € C* (R, [wo, w*]) (14a)
with constants 0 < wg < w™,

e Monotonicity: wg:(z) > 0 and wp(2) > Oforall z € R, (14b)

e Locally constant growth: wg(2) = 0 and wp(2) = 0. (14c)

forall z € (—o0,0] U [2*, 00),
e Local convexity: There are z,. € (1,2") and w, € (wp, w") s.th.
we : [0, 2] = [wo, w.] is convex. (14d)

Remark 2.1 (Properties of w¢, wp and consequences). Properties imply the existence of constants 0 < c[% < ¢p
and 0 < 2 < ¢} such that for all (z, A) € R x R™% we have

DA <D(2)A: A< |A and (15a)
QAP <C(2)A: A< L AP . (15b)
Moreover, implies that wc qualitatively is of the form indicated in Fig.

The non-convexity of we on the interval [z, z*] entails that an upper energy-dissipation estimate alike is not available
for fully discrete solutions (u¥,,, 2¥, ),,. It will be only obtained in the limitn — oo for the time-discrete, space-continuous
solutions (u¥, 2k, since it will be shown in Theorem Formula that 2% takes values in [0, 1] C [z, 2*] a.e. in (2.

TYST
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Figure 1: Qualitative shape of w¢c : R —
[wo, w*]: The function is constant on the inter-
vals (—o0, 0] U [2*, 00), monotonously increas-
ing on R, and convex on the interval (—oo, z*)
with z, > 1 but non-convex on [z., z*). The
points zo << 0 and zg > z* will play a role
later in the proof of Theorem Formula (47),
when showing that solutions 2F of the space-

T

continuous problem (2b) are bounded in [0, 1].

Assumptions on the given data: We assume for the external volume force fy in and the surface load fg in
that fyy € C1(0, T; U*) and fs € C1(0, T; L2(Onx 2, R?)). The combination of both forces

(f(t),v>U*’U = <fV(t)aU>U*,U + fs(t) -vdH¥ Lforallv e U (16)
INQ

has the following properties:

e Regularity: f € C*(0,T;U"), (17a)
e Bounded time derivative: sup Hf(t)” < 00. (17b)
t€[0,T] U=

In addition, from the set of initial data in 2f)-(2h) it is demanded that:

Uug € U,
ug € U, (18)
zp € X, zo(z) € 10, 1] for almost all z € Q.

Yosida-regularization: In the discrete setting, the non-smoothness in the dissipation potential R 57 in will be substi-
tuted by a smooth approximation in terms of the Yosida-regularization. For this, the characteristic function x (— 0] in
is replaced by

N.
7w»7§m+wf (19a)
with my: R — [0,00) the maximum function m4 (r) := max{r,0} and N, — oo as time-step size 7 — 0.
Accordingly, R s in (@) will be replaced in the discrete scheme by
M N,
R (v) = o> ol + 7m+(’0)2 (190)

and we write R 57 for the corresponding integral functional. For shorter notation in the proofs lateron, we will also write
m? (r) form (r)? in (T98). We point out that indeed is a regularization of the non-smooth unidirectionality constraint

since d
2r ifr >0,
2 (r) = {

> 0 iftr<o. (20)
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3 Existence of fully discrete solutions

The strategy to find solutions for the systems (U, W, Z, V, K, Ry, E) and (U, W, Z, V, K, R, E) is to consider a
fully discrete scheme at first. The spatial discretization follows a Galerkin approach:

Space discretization: For V € {X,Y, U} let V,, C V, n € N, be finite-dimensional subspaces such that these spaces
form ascending chains, i.e. V,,, C V,,, if n1 < ng, and such that Un>0 V, C V densely.ForV,, =X, andV,, =Y,
the index n € N coincides with the space dimension, while for V;, = U,, the space dimension is supposed to be dn,
since elements u € U,, are vector-valued functions of dimension d. Moreover, PV V — V,, denotes the projection
onto V,, defined by

HPX(v)vaV:liréi‘r/}l |lw—wvl,, forallveV. (1)

Let (¢;)}—1, resp. (cpJ)J 1, be a basis for X,,, resp. U,. Then z € X,, and v € U, are represented by z =
Y1 i u = Z;i L ujp; and we write z = (z;)7_; € R, u = (u;)2; € R for the vectors of coefficients.
Discretization in time: Consider a partition II, = {0 = t2 < t1 ... < t]= = T} of the time interval [0, T] with step

size 7 = tF — k=1 = L. For a sufficiently smooth function v: [0, T] — V we set v¥ = v(tk) for t* € II and we
introduce the discrete apprOX|mat|ons of the time derivatives by

k_ k-1
vl —w
Dok i=— T | (22a)
T
1 . vk — 20kl k2
DZvf := —(D,vf =Dy ) = T —F—T—. (22b)
T T
For the discretization of the external loadings we use an approximation
fr = f(5) (23)
and denote by f¥, the restriction of f* € U* to Uy, where naturally
k. — f¥ stronglyin U* as h — oo forallk € {1,...,N,}and 7 > 0 fixed . (24)

Discrete approximation of (U,W, Zy, VK, R, E): Keep the time step-size 7 > 0 fixed. For the initial data
(zo,uo,uo) from { set 20 == 29, u¥ := up, and u;t = wug — 7. For aII h € N let (22,)n, (u2))n, (u)n
W|th 20 n € Xh, Th, h € Uy, be approximations of the inital data such that 22 h 2%in X, uo — u2in U, and

! S u7linUash — oo. For each T,h >0 flxed using the discrete intial data (2 Th,ugh, Th) our aim is to find
for every time step t* € I1, solutions 2%, € Xy, u¥, € Uy, of the following staggered discrete Galerkin scheme:

0= (DE(th, uf, " 25,) + DRasr(Dr25y,), 1) x x forall g, € Yy, (25a)
0= / (D2 Uy, - U + [D(th)e(DTu’jh) + (C(th)e(u’jh)] te(vy)) da (25b)
Q
— <ffh,vn>U* y foralv, € U,

We state the two results of this section, the existence of solutions (ufh7 Th) for the Galerkin scheme (25) and their uniform

boundedness with respect to the index n € N, cf. Propositions [3.1]and [3.2} the proofs will be carried out subsequently in
Subsections[3.7]and 3.2

Proposition 3.1 (Existence of fully discrete solutions). Let the assumptions (12)—({19) be satisfied. Keep 7 > 0, k €
{1,...,N;}, and n € N fixed. Then there exists a solution (u ’j W T,L) of the Galerkin scheme (25) corresponding to
system (U, W, Z;,V,K, R, E).

Note that, due to assumptions (T3)-(74), the stored elastic energy is non-convex in z on the subinterval [z, z*]. Thus,
one cannot expect to obtain an energy-dissipation estimate alike via convexity arguments. Nevertheless, thanks to
assumptions and (74b), the following uniform a-priori bounds can be obtained for fully discrete solutions (u*, , 2%, ),,
for all k.
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Dynamic phase-field fracture in visco-elastic materials 9

Proposition 3.2 (Uniform a-priori bounds for fully discrete solutions). Let the assumptions of Theorem[3.1] be fulfilled.
Further assume that the discrete initial data (u?), ), (u;;} )n, and (22, ), are uniformly bounded. Then, the fully discrete
solutions (u*, , z*, ) of problem (25) satisty the following uniform a-priori bounds

[ubyllu < C, (26a)
|25, 11z < C. (26b)

with a constant C' = C‘(f7 ug, Uo, 20, T, M, £) depending on f, ug, o, 20, T, M, ¢, but independent of n € N.

3.1 Proof of Proposition [3.1]

In the following, 7 > O and k € {1,..., N, } are kept fixed. Using the notation introduced at the beginning of Section
the Galerkin scheme can be rewritten as a system of (non-) linear equations for the coefficient vectors z*, =
(251 € R, upy, € R

Testing in with basis elements ¢, for Uy, j = 1,..., dn, and multiplying with 72 implies for all j € {1,...,dh}
dn
0=Y k([ peieydot [ (D) + PCEE)ele)  eley) do)
i=1 £ Q

+ /Q p (=20t +uly®) - ;= TD(27y)e(uly, ) < eepy) dz — 7 (f7, @) v U

This is rewritten as matrix-vector multiplication using the coefficient vector u®, :
ek k 203 ( Lk ey
[ ooceda] ubyr [[ (D) + 7T Jelo) : elo)d] @7a)
Q 3,7=1 Q i,j=1
dh
= [ it =)y + D) - elioy) du 7 o]

which is a linear system of equations (M; + Mg)ufh = b. It is solvable since the mass matrices M; and M, are
positively definite by the linear independence of the basis elements and thanks to the assumptions on C,D. Thus,
finding a solution u,, amounts to solving the linear system of equations by directly inverting the mass matrices.

Testing with the basis elements ¢; of Zj,, 7 = 1,...,n, and using the notation F := (wj)?zl, leads to

1 _ _
0= /Q(§(C’(th)e(uf_hl) e(uf )+ %%mi(DTth))de

n n

M 1
+ {/ (* + *)%‘%‘ da:] 2, + {/ Vg -V, dx} z7,
[e) T fg i j=1 9]

i, i,j=1
- /Q(ng;l + %)de
which is a nonlinear system of equations
g(zF,) == f(zh),) + Mazt), + Myzt), —p=0. (27b)
We show now that it posesses a solution for every fixed k, 7, h. To do so, we will make use of the following result:
Proposition 3.3 (|Zei86, Prop. 2.8, p. 53]). Consider the system of equations
g(z) = (9i(2z))}-1 = 0 wherez € R". (28)

Let Br(0) := {z € R", ||z| < R} forfixed R > 0 and || - || a norm on R™. Let g; : Br(0) — R be continuous for
¢t =1,...,n. Further assume that
g(z)-z>0 forallz with|z| = R. (29)

Then has a solution z with ||z|| < R.

DOI 10.20347/WIAS.PREPRINT.2798 Berlin 2020



M. Thomas, S. Tornquist 10

In the following we thus verify that the nonlinear system (27b) satisfies the assumptions of Prop. Here, we write
z= Z?:l zip; and z = (2;)7_,. The continuity of g : R™ — R™ follows by the assumptions of Section It remains to
check condition (29). For that, exploiting the positive definiteness of M3 and M4 one directly estimates

g(z) - z=1f(z) - z+Msz-2+Myz-z—p-z>f(z) 2+ c|z]* — calz|, (30)

where the constant ¢; = (M £) is given by the smallest eigenvalue of (M3 + M) and co = co(2L, 1 zkfl)

T 4%Th
originates from the term M k-1 + FE dz. We now estimate in detail the nonlinear term f(z) - z that involves
9 P = Q T Zrh

the nonlinear functions C’ and -2 <-m3 . For these terms we use that C’ takes its maximum value at z, by (T4) and that in

view of (20)

1
A (A=) E 22 =2 (- ) e+ 5 125 81)

with & > 0 fixed but arbitrary such that (1 — 5-) > 0. In this way we find

z-/ ~C'(2)e(ul ):e(uﬁ;l)E~zdw—|—/ﬂ%%mi(%(z—zf;l))E-zdx

2
i Neo Lo b
z—/ﬁiicmue(um el do = [ 22 (0= 50 1o + e ) s
N, 1. o N, .
> —c3 |Z|—?(1—2*5) j2|” £9(02) — 5;’751:;11 dz

with c3 = c3(ul;!). Now, choose € > 0 such that with ¢; from cr=c; — (1 - 2)L4() > 0. Then, with

Young’s inequality it follows that

2 2
Z co + ¢
04\z|2—(02+03) |z] 264%—M.

Cq
Putting everything together and inserting it into results in
4 2 Cco +c3
g(z)-z> - |z| ( c ) -5 (32)
4
with ¢5 = ¢5(7, zf,:l), more precisely
N, k112
5 = e— z dx
° 27 ‘ Th
and € with the specific choice from above. From this we see that is satisfied for R > % + 2(626%3)2 O
“4

3.2 Proof of Proposition [3.2

We proceed by induction and see that the assertion is satisfied for the initial step k = O thanks to the assumptions made

on the initial data. For any step k € N, suppose that (v} 1),,, (u¥,2),, and (%,!),, are uniformly bounded in their
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Dynamic phase-field fracture in visco-elastic materials 11

respective state spaces. Testing (25a), (25b) with the solutions z¥, and u*, respectively, we estimate

0= <Dz€(tﬁa ih17 Th) + DRJV[T(DTZEh)v th>x*’x
+/ pDIufy - ufy, + [D(2F,)e(Druly) + C(zhy,e(ufy)] « e(uly) dz
)
- <f‘f]'€h’ u¢h>U*,U

1 1
> /Q 57enC (el ) se(uyt) = 5 (1= 22n)zm, + (¥, [* o

/M D Z‘rh) ‘rh+ -4 m+(D z‘rh) ‘rh dLL' (33)
1
+f 2(|u7h|2—f|u7h|2—2 = Gl = ) da
oT
[ L Blelutl? ~ Dletuba) - By etul ) da

U’*]ﬁh”U7

+ /Q Qle(u,) dz — || fAyllo-

where Hélder's and Young'’s inequalities where used to estimate the momentum term. Observe that the first term on the
right-hand side is non-negative since z¥, C’(2¥,) > 0 by assumptions and (T4g); it thus can be omitted to further
estimate from below. For the phase-field term we estimate

/Q L1 = 2R ey do > D125 2o — S£49) @)

and for the viscous dissipation we find the lower bound

/M (Drzfp)zbn + & em3 (D28, )20, da

>(M,&(1,

2T T

(35)
k— R

2 E))HZThH%Z(Q) - %Hzm 1”%2(9) - %HZT}L 1H2L2(Q) )

where again the lower bound on the Yosida-term in was used and & > 0 was chosen such that cg = c(M,T) :=

(QMT (1 - *)) > 0. We setcy = (’7( ) = eN.

by Korn’s |nequallty with constant cx and by Young’s inequality

/Q et do | 74lo.

cg

2
3 llbully = 35 15 o - (36)

“I:hHU 2z -

where § := —F is chosen such that (CT — %) = QCC%( . Using estimates (34)—(36) in and putting all negative terms to
the left-hand S|de results in
1 d C%{ kN2
2210+ 35 1l + (2 || Lo [ ol Y
M 1112 2
+ (? + 07) B HL2(S2) + 2700 H )HLZ(Q)

0
> (co-+ g5 1okl acon + A0 2By + o [l -

since || f¥, ||. < C uniformly for all k, 7, n the above estimate gives a bound on (¥, ), and (uf,), in Z and U
uniformly for all n. € N and fixed 7, k € N, i.e., with a constant C' = C'( f, uo, tio, 20, 7, M, £) as indicated in Z6). [

4 Limit passage from the space-discrete to the space-continuous setting

In this section we keep the parameters M, T > 0 fixed and pass to the limit n — oo with the space discretization. In
particular, we obtain the following result:
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M. Thomas, S. Tornquist 12

Theorem 4.1 (Existence of solutions in the space-continuous setting). Let the assumptions of Proposition[3_1) and[3.3 be
satisfied. Forall T > 0,k € {0,1,...,N;}, n € N Jet (u’jh, z’jh) be a solution of (25). Keep 7 > 0 fixed. Then the
following statements hold true:

1 Foreachk € {1,..., N, } there s a (not relabelled) subsequence (u”, , z¥, ),, and a limit pair (u%, 2¥) € Ux X
such that the following convergence results hold true:

u’jh —ukF  weaklyin U, (87a)
2k, — 2k weakly in X. (37b)

2 Foreachk € {1,...,N.} the limit pair (uf., z’; ) € U x X is a solution of the time-discrete problem
0= (D.EtF w1 2F) + DRy (D,2F), )x-x  foralln €Y, (38a)
0= / (Dfuﬁ e [D(zf)e(DTu’j) + (C(z’j)e(uf)} ce(v)) da — <ff, v>U* U (38b)

Q ;
forallv e U.
3 Assume that the discrete initial data satisfy
0 0 —1 -1 -

uzy, —uy inU and u_, —u;" inU, (39a)
20, — 2% inX. (39b)

Then, in addition to foreachk € {1,..., N;} also the following improved convergence results hold true:

k
T

uk, — uk  strongly in U, (40a)

2k, — 2F strongly in X. (40Db)

4 Suppose that 2%, € [0,1]. Then, foreachk € {1,..., N, } the limit function z* satisfies
zl; €Y, inparticular 0 < zf <lae.inf. (41)

5 LetL € {17 ceey NT}. The time-discrete solutions (u’ﬁ, z’ﬁ)ﬁ;o of satisfy the following upper energy-dissipation
estimate:

L L
K(Dyul) + E(tE ul, 2E) + Z T2V(2%: Douk) + Z 2R s+ (D7 27)
k=1 k=1

L
< K(Dud) + 0, ul, 29) — 7Y (D fFub ) Ly
k=1

Proof of Theorem[d.]l The weak convergence results are direct consequences of the uniform a-priori bounds (26).
The proofs of the remaining statements (38)—(42) will be carried out subsequently in Subsections 45 |

For solutions (u’ﬁ7 z’j)kN;l obtained by solving (38), piecewise constant interpolants v, v, and affine-linear approxima-

tions v, for v € {u, z} are introduced, defined for t € (t*=1 t*], k =1,... N,, by

_ k k-1 t—th Tttt 43
vr(t) =vr, v (t) =07, v (t) = U T (43)

- k=1 4k

In addition, we set for any ¢ € (¢7~1, ¢7]
t(t):=th () :=tF (44)
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Dynamic phase-field fracture in visco-elastic materials 13

and for the stored energy

Elt,u,z) == /Q(

with £ € {&:,E,,E,} depending on the choice of the interpolant for the external force fe {frs frs fr}. In this way,
the time-discrete problem (38) as well as the upper energy-dissipation estimate (42) can be reformulated also for the
interpolants. Here, also discrete integration by parts is used

L L
sk k—1 . . o Rkl
Tg /%mfdx:/(uf'vf—u2~vg)dx—7E /ufy%dz (46)
k=17 Q@ k=174

for any tuple (v¥)E_ | C L?(0, T; L?(£2)), to state the weak balance of momentum for the interpolants. Then, we have

C(2)e(w) : e(u) + (QL,V,@ i §|v,z\2)) de — <f(t), u> (45)

U=, U

N[

0= (D& (t,u,(t),z:-(t)) + DRar(3-(2)),n)x+x  foraln €Y, (47a)
()
0= / Ur(t) - U-(t) — 4, (0) - 0-(0) dz — / / Ur(r — (r)dadr (47b)
/ / (z:(r)e(ur(r)) + C(z-(r))e(u-(r))] : e(v-(r)) dzdr
. (t)
- [ 00y 79
0
for all tuples (v¥) 17, C U setting o(s) := v¥ and v, (s) := titf_lv’j + tli;tv’jfl for s € (t*~1, ¢*], and

0
K (0) + Bl (0 2000) + [ 20005115 0) + Rage(i1 (1))

0
(1) (47d)

< Kl (0) + £0,1,(0) 2, 0) = [ (7:(0.-0)

UrU
Estimate (47d) leads to the following uniform a priori estimates for the time-discrete interpolated solutions:

Proposition 4.2 (Uniform a-priori bounds for time-discrete solutions). Let the assumptions of Theorem[4_1| be satisfied. In
addition, suppose that we have 20 = zg, u® = = o andu; ' = ug— T forall T > 0. For the interpolants constructed by
with the time-discrete limit pairs (u* zk) w1 found in (37), the following a priori estimates hold true with a constant

T T
C > 0 independent of T and M :

lwrll oo 0,750y + el oo 0,750y < C (48a)
[tr || oo (0,722 (02 R2Y) < € (48b)
lurll g 0,770y < €, (48c)
ID7r || L2 7y < O (48d)
”gTHLW(o,T;X) + ”'ETHLoo(o,T;X) <C, (48e)
. C
||ZT||L2(07T;L2(Q)) < ﬁ, (48f)
C
122 L1 0, 1220)) < Nia (489)
lzrl Bv 0,100 + 1122l By (0,700 (02)) < C (48h)
||ZT||L1(0’T;L1(Q)) <C. (48i)

The proof of Proposition is carried out in detail in Section
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4.1 Proof of (38b): Limit passage in the discrete momentum balance

We pass to the limit n — oo in the fully discrete momentum balance (25b). For this, let v € U be a test function of
the space-continuous limit problem and (vp,)p C U such that vy, € Uy, for all h € N are test functions for the
finite-dimensional problems with the property v, — v strongly in U. A sequence (v, ),, with these properties does
exist, since UpenU,, is dense in U by assumption. Now, for the limit passage in (25b), i.e., in

T

k k—1 k—2 k k—1
0 [ it g, b (Dl e(MBTE) ¢ Clbe(ud)]  e(vn) do
Q

- <.f7l—€h7 Un>U*,U s

we see that convergence of the first summand is ensured by the weak convergence of the displacements in U from
and the strong convergence v,, — v in U. For the second and third summand, implies by compactness
that th — z’; strongly in Ll(Q), thus almost everywhere in ) along a subsequence. Then, by continuity of C, D, cf.
assumption (14d), there follows

D(zF, )e(v,) = D(2F)e(v) and C(2F))e(v,) — C(2F)e(v) pointwise a.e.in Q.

Exploiting the uniform bounds on D and C in and (T5b), we conclude the convergence of the integrals using the dom-
inated convergence theorem in a version with n-dependent majorants, cf. [RF17, Sec. 4.4, Thm. 19, p. 89]. Convergence
of the external loading term follows from the strong convergence of the test functions together with strong convergence

(24). This results in (380). O

4.2 Proof of (38a): Limit passage in the discrete phase-field equation

We consider the limit passage n — oo in the discrete problem (252). Let 7 € Y be a test function for the space-
continuous phase-field equation (38a). Let (1),,),, C X, such that 7, — 1 strongly in X and ||, || (o) < ¢, uniformly
for all n € N. Using these test functions we now pass to the limit in (25a), i.e., in

_ ko k—1
0= <Dz57'(t£a Uigla th) + DRJ\/IT (%) ; 7]71,>X*,X

1 _ _ 1
= o §(C/(th)€(ufhl) : e(uihl)ﬁn dz + /Q (fvzljh -V, — 2(1 - Z]:h)nn) dz

zfl—z’:71 NT d 2 z],ﬁL—z’:71
+/ﬂM%nndx+ 97&m+(%)nndx.
For the second and the third integral term on the right-hand side, convergence follows by weak-strong convergence ar-

guments using together with the strong convergence of (7, ),,. For the fourth integral on the right-hand side, that is

d,. 2

ko _k—1
the Yosida-regularization of the unidirectionality constraint, we find with [0) that 2= Lm?% (=2=2=2_)n, convergences

pointwise almost everywhere in €. In addition,
k—1
N-d s (Z]:h_zm )

25—z
> T - ]\@(M)nn

T

Mn

)

which provides an admissible summable majorant. Based on this, one can pass to the limit using the dominated con-
vergence theorem [RE17, Sec. 4.4, Thm. 19, p. 89]. It remains to discuss the limit passage in the first integral on the
right-hand side. For this, observe that the assumptions on wc imply together with the uniform bound on 7, that

[ |we(27) < equi(z:)

k

+h» and thus

for all z
maC' (2K el h) s e(ufy )] < e, C (2 )e(uly ) s e(ufy ).

Arguing by the dominated convergence theorem with n-dependent majorants provides the convergence of the corre-

sponding integral term. Here we explicitly use the strong convergence uf}jl — uﬁ’l in U, cf. (40a), which is proved by
induction in Lemma [4.3]right below. Al in all we obtain (38a). O
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4.3 Proof of (40): Improved convergence

In the following we verify the strong convergence with the aid of two separate lemmata:

Lemma 4.3 (Strong convergence of (u*, ),). Keep k € N fixed. Assume that

fhl —uf™ inU and w2 = ub? inU, (49a)
Zh 28 in L3(Q). (49b)

Then, the fully discrete solutions (u’j h)n satisfy the strong convergence result {0a).

Proof. In a first step we show that

/Q(l]]])(th) +C(2F))e(ul),) s e(ufy,) dz — /Q(%]D)(z’f) +C(zF))e(uf) s e(ul) dz. (50)
For this, we test with u¥, € U,, and rearrange the terms as follows

[ GDeED + ClEt)eluts) s e(uly) da

T

T2 Th

= | bl o 20l — Pl ot /Q ID(E, )e(uly 1)« e(uty) da 51)

+ <ffha“’ih>U*,U

As n — 00 we obtain convergence of all three integrals on the right-hand side by the following arguments: For the
first integral we have convergence due to u’jh — u’; strongly in L2( ) by (37a) and the compact embedding of U
in LQ(Q) together with convergence assumption (49a) on (u’j,:l) and ( ]jh2)n. Moreover, the convergence of the
external loading-term is a consequence of the strong convergence of the external forces in and again (37a). The
limit passage in the dissipation term on the right-hand side is guaranteed by together with the uniform bound on
D, providing that 2D(z¥, )e(uf; 1) — LD(2F)e(uk~1) strongly in L2(£2). With the above arguments and using weak
lower semicontinuity on the left-hand side of (51), we obtain the following chain of inequalities

[ (2D + ClEbetud) - el ar

Q

Shminf/(lﬂ)(th)+(c(th)) (uf)) :e(uf,) dz
Q

n— 00 T

<timsup [ (TD(:E) + C))eludy) s eluy) do

n— o0 (52)
1 1

== —|uf 2 420kt kR e+ / —D(F)e(ut1) :e(uk) da
T Q oT

+(fFub)ue v

_ /Q(ED(Z’;) +C(R))e(uh) - e(uh) de,

T

where the last equality in is due to the fact that solutions (u”, 2¥) satisfy the weak balance of momentum ( with
the test function u* € U. Hence, is proved.

Now, can be used to conclude the desired strong convergence (@0a). Making use of the projection operator PV : U —
U,,, Korn’s inequality, and the positive definiteness of the tensors C and ID, we estimate

el - u’:Hi < ||e (k) = () 20

< 2|e(us) — e(PY >||L2 )+ 20| (PY ) = el

<2$+ ) 1/9 ) + () eluky) = e(PY ) |efuky) = e(PY ()] da
+He(BY @) el 0.
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The latter summand converges to 0 as an intrinsic property of the projection operator. The first summand on the rightmost
side converges to 0 as a consequence of and further weak-strong convergence arguments. Thus, the assertion
follows. O

Lemma 4.4 (Strong convergence of (2, ),,). Keep k € N fixed. Assume that the first of holds true and in addition
also

b 2 inZ, (53)

Then, the fully discrete solutions (z’jh)n satisfy the strong convergence result (40b).

Proof. To find the desired strong convergence we will show that

V21720 < liminf [Vz0,[|7: gy < limsup V20, [|72q) < V271720 - (54)
n—oo n—oo

Here, the first estimate in follows by weak lower semicontinuity and weak convergence (37b) and the second estimate
is immediate. To verify the third estimate in (54) we will make use of the discrete equation (38a). More precisely, we test
with z¥, € Z,, and rearrange the terms as follows

/€|szh|2da:
Q
= [ ABC ) ety o 55)
k k-1 ko k—1
+/ (%(1 — 2Kk, - M Gk, %imi(%)th) dz .
Q

We discuss the limit n — oo for the terms on the right-hand side of (55 . Thanks to the convergence z7;, — z in X by
(376) and by the compact embedding of H! () into L?({2) we have z¥, — 2% in LZ(Q) A similar result also holds true

k _  k—1 Eo_  k—1 k—1
for( ) Note that, by (20), dzm+ (%) = 2(%) for (zF, — th Hh>o and +(%> —
0 for (zT — zkh 1) < 0, hence L?-convergence supplemented by dominated convergence is sufficient to pass to the limit
also in this term. With these arguments the convergence of the second integral on the right-hand side of is ensured.
Instead, the first integral on the right-hand side requires further investigation. Since there is no uniform L°°-bound
available for z*, . we instead exploit the properties of the degradation function w¢. More precisely, properties imply
the estimate

k

Th>

0 < 28 we(2F) < 2*wi(z.) forall 2, € R.

Th

This further implies that
0 < 25, C (zhy)e(uly ') s e(ul ) < 2°C (20 )e(uly ) < e(ulyh) (56)

and the right-hand side of provides a convergent, integrable majorant thanks to (49a). Hence, we can pass to the limit
also in the first integral term on the right-hand side of with the aid of the dominated convergence theorem [RE17, Sec.
4.4, Thm. 19, p. 89]. Since above arguments ensure the convergence of all the integral terms on the right-hand side of
(55), we are entitled to conclude that

1imsup/ (VzE 2 da

n— oo

1 / —1y . —1
== [ O R e da

1 k_ k-1 k_ _k—
kY k 2h—z g N, d, 2 (z8—zF k
+/Q (2(1 - ZT)ZT - MfZT}L - TEm-‘r(f)ZT) dz.

= / (VzE12 .
Q

Here, the last equality stems from the fact that z* satisfies the time-discrete evolution equation with the specific test
function 2% In view of the assertion is verified. O
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Dynamic phase-field fracture in visco-elastic materials 17

Conclusion of We argue with the aid of Lemmata [4.3] [4.4] by induction. For this, we note that prerequisites
and are fulfilled by the initial data thanks to assumption of Theorem Moreover, for each k € {1,...,N,}
prerequisite directly follows from weak convergence result by the compact embedding of Z = H'(£2) into
LQ(Q). Hence, for k = 1 Lemmata provide the strong convergence of the fully discrete solutions (ulh7 zih)n
Now follows by induction. O

4.4 Proof of (41): Boundedness of solutions z* in [0, 1]

We argue with a recursion argument by contradiction. For that, we will assume that z’j_l € [0,1] a.e. in Q, but that
2% ¢ 10,1] onaset B C ) of strictly positive measure. To simplify the argument we will assume that z* (=) for a.a.
x € B takes its values in one of the three intervals [z, 0), (1, 2*] and (z*, zg), see Fig.[1] and deduce a contradiction
separately in each of the three intervals. For this, we will test the time-discrete phase-field equation by a suitable
cut-off of a solution z’j More precisely, this will involve the composition of the Lipschitz-continuous functions max{-, -}
and min{-, -} with Sobolev functions z,g € X = H'(£2). We remark that, indeed max{z, g}, min{z, g} € X for
z, g € X thanks to [MM79].

Case [zg,0): Let z5 < Oasin Fig. p. Suppose that there is aset B; C Qwith £¢(B;) > Osuchthat zo < 2¥ < 0
a.e. in By. We define an admissible testfunction for by 7 = —Pp._ 0(2F) = —min{0, max{zg, 25} }, which is
the projection onto [zg, 0] C R. Then

0= <DZET(t£7 uk—l’ quf) + DRJ\/]T(DTZ5>7 77]>X*7X

T

:/ —%(1—Zf)(—Z@)+DR1\/IT(DTZ§)(_Z®)d$
{zk<z0}
+ / —(1=20)(=27) = V2 + DRas7 (Dr27) (—27) da
{ze<zk<0}
< [ —ta-Heb <o,
By

The last inequality is strict and thus by contradiction it follows that L’d(Bl) = 0. Here and in the following, we also use the
notation {z < g} :={z € Q, 2(z) < g(z)}.

Case (z*,zg): Let1 < z, < z* < zg as in Fig. [l Assume that there is a set By C Q with £L4(By) > 0
such that z* < zF < 25 ae. in By. As an admissible test function for we set ) = Pp..1(zF) — 2* =
min{zg, max{z*, 251} — 2*. Then

0= / — L1 =B (2E = 2*) + (| V2E P + DRy, (D-20) (2% — 2%) da
{zr<zh<zg}
+ /{z®<zk} —11- ") (2q — 2*) + DRasr (D727) (29 — 27%) da

> / —1(1—2F)(2q — 2")dz > 0,
By
where the lastinequality is strictby 1 < z* < zg and the assumption on Bs. We obtain by contradiction that £L¢(Bs) = 0.
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Case (1, z*]: Suppose that there exists a set Bg C Qsuch that L¥(B3) # 0and 1 < zF < 2* ae. in Bs. Let

1= —(Pp »(2F) = 1) = —(min{z*, max{1, 2¥}} — 1) be the test function for (38a), thus

0= / (3C" (zD)e(ul™) s e(ul ™M) (1 — 28) — (1 = 25)(1 = 25) — (| V2} ) dz
{1<zk<z*}

+/ DRy, (Dr2F)(1 = 2* )dx—i—/ DR, (D-2F)(1 — 2*) dx

{1<zk<z*} {z*<zk}

+/ (3C (e =Y s e(ub 1) (1= 2%) — L(1 = 2F) (1 - %)) da
{z*<zk}

< / ~1(1 - M) dx <0,
B3

which leads us to conclude that £L¢(B3) = 0.

Since we require in for the initial datum that zo(x) € [0, 1] for a.e. € €, it follows that the time-discrete, space-

continuous solutions for the phase-field variable are bounded with values in [0, 1] almost everywhere in 2.

k)N

4.5 Proof of (42): Upper energy dissipation estimate for ( B0

O

To deduce the upper energy-dissipation estimate (42), we first test the discrete momentum balance at time-step

ke{l,...,N, }with D uF ie
0= (pD2uf + D& (tF,uF, 2F) + DV(2F; D uk), D uf)u- v

(57)

Here, all the terms involved in are derivatives of convex functionals and we will thus further estimate each of the
terms separately by convexity arguments. We start with the elastic contribution contained in the energy given by the map

u— [o, 3C(2%)e(u) : e(u) dz. By convexity we estimate

/Q(C(zf)e(uf) e(Dyuf)de = %/Q(C(zf)e(u}f) ce(uf —ubN)da
> 2 [ (GG s elul) = SEDE) el ™) da

p lul?

Since also the map u fQ ‘T dx is convex, we can estimate the inertial term in (57) as follows

(pD2u* D uk) - :/pDiu’j -Dyuf dw:/ L D,uf . (D;uf — Dyuf~1)da
oT

1 14 k k=12
> - L _
/ (2\D7uT \D \ )dx

Moreover, the term involving the external loading can be reformulated as

1 _
—(fF Dby v = —;< ok —uh Ny u

1 _ _ _
=—;<k Wy v+ = <fk Lt o u+ = <fk L e

Using relations (58)—(€0) in we arrive at

0= (pD2uF + D&, (t5, uF, 2F) + DV (2 D ub), Drub)ueu
1
27/ (7|D7u§| —7|D k 1|2) der/]D)(Z’:)@(DTuf):e(DTuﬁ)dJT
T Jo \2 Q

+ l/ﬁ (E(C(zf)e(uf) e(uf) — %(C(zf)e(uﬁfl) : e(u’j*l)) e

T 2

1 _ _ _
—;< Fubueu+ = <fk Lub Yy u+ = <fk L Yy o
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Dynamic phase-field fracture in visco-elastic materials 19

Secondly, we test the time-discrete phase-field equation attime-step k € {1,..., N, } with D, 2% i.e,
0= (D& (%, uF=t 25) + DRy, (D, 2F), D, 2F)x x - (62)

We observe that DZS(t’ﬁ, uf‘ﬂ z’j) stems from the following energy contributions: a convex map
zn—>/ 7|Vz\2 (z +1)) da,

the linear contribution z — [, —¢2zdz and the contribution z — [, 3C(2)e(uf™1) : e(uf~1) dz. For this third

ul
contribution we observe that it is convex as well, if z € [0, 2] by (T4d). Since even z* € [0, 1] a.e. in 2 thanks to (@),
this convexity relation is available for estimates in (62). In this way, we may estimate the energy terms in from below
by convexity and linearity as follows

0= (D.& (t",uF~1 2%) + DRy (D, 2F), D, 2 x- x

1 1 k k—1 k—1 1 k—1 k—1 k—1
> — = : — = :
> 2 [ S(CERe ) s et = FEEE et s ) o
1 . Lok 1o e 4igk-1p
1 [ (G = b+ 5IVaAE - G0 = A - V) da
+2RMT(DTZI:)7

where we used that (DR s, (D, 2%), D, 28)x+ x = 2R s, (D, 2F) due to the quadratic growth of the terms involved.

Next, we add and and multiply by 7. Hereby, we also exploit the cancellation of the terms

1 Lk k-1 k-1

+-— 7((:(27)6(“7 ) : e(uT )diC,

T JO 2

which appear in and in with opposite signs. This procedure results in
0> / 210 uk? — 21Dt d
Q
+ T/(Z]D)(zf)e(DTuf) ce(Dyuf) dz + 72R s, (Druk)

" /Q %C(Zf)e(u’j) ve(uy) = %C(zfil)e(uﬁfl) ce(ufl) da

1 { k2 1 k—1\2 { k—12
+/2£(1 2F)2 4 |VZT| dz /%(1 277 +2\VZT |“ dz
—(fF,u >U*U+<fk Lt Yoo + 70 f uE o o
= K(Duk) + E(th w28 + 1 ( V(2E:Druk) 4+ 2R a, (D 2E))
k

T AT
k

— K(Dyjuk=1) — gk, 2N+ 1 (D e v,

(64)

Now we sum overk = 1,..., L for some index L € {1,..., N, }. Exploiting further cancellations in the resulting
telescopic sum ultimately leads to

L
0> K(Druk) + E(th,ul, 2E) + Y 7(2V(2F; Druk) + 2R a7 (D7 25))
k=1

L
— K(Dul) + E(#2,u?, 22 —|—ZT (D ff, ]ﬁ 1>U*Ua
k=1

which is the time-discrete upper energy-dissipation estimate (42). O
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4.6 Proof of Proposition

The proof of the a-priori bounds is based on the upper energy-dissipation estimate (47d). Note that on the left-hand
side in it appears the piecewise constant interpolant &, of the stored energy while on the right-hand side (the time-
derivative of) the piecewise affine-linear interpolant (see definitions in (5)) is used. Both interpolants coincide on nodes
t¥ of a partition I, = {0 =2 < tL... < tN= = T} of the time interval.

To find a uniform bound for the right-hand side of (47d) requires an energetic control of the power of the time-discrete
energy functional £, from [45),

There are constants ¢, ¢ such that for all (u, z) with £(0, u, 2) < co itis
Er (- u,z) € WHY0,T), 0,6, (t, u, 2) exists for a.a. t € (0, T), and satisfies (65)
08+ (t, u, 2)| < E(E7(E, u, 2) + €)

cf. also [MR15] Sec. 2] and [RT17a]. The control of the power allows for the application of Gronwall’s inequality and
thus implies the estimates

57— (tz, u, Z) < (5 (tl, u, Z) + é) exp(é(tg — tl)) — é, (663)
|at(€-,— (tg, u, Z)| S C (tl, u, Z) + é) exp(E(tg — tl)) (66b)

c(&
forallt; <ty € [0, T]and (u, z) € U x X with £(0, u, z) < co. This also provides the absolute continuity of the map
t— E(t,u, 2).
Indeed, it can be checked that assumptions on f allow it to prove for the linear interpolant f, constructed by that
the control of the power (65) is satisfied, analogously to e.g. [Rou06), (8.72), (8.73), pp. 219-220].

Uniform bound on the energy based on (47d): Based on the above ideas we now deduce the uniform bound on the
energy following the lines of [MR15, Sec. 2]. For this we observe that estimate together with provides

K(Drub) + & (t5, ub, 2F) + 7 (2V(25; Duk) + 2R, (D 2F))
<KD ul™ + & (1 uk~ 1,27’?_1)—T(DTff,uf_1>U*7U,
£y
= IC(DTU&?I) + g"'(tﬁil’ u§717 2571) + ath(Svuﬁila Zfil) ds
th=t

<KD ul™hy + & (tF7 1 ul =t AT
tk (67)

<KD ul=h) + & (tF 1 ub =t AT
(KDl ™) + & (¢ b 20 ) (expleth — 1571) — 1)
= (/C(DTuffl) + E (T kT R 4 é) exp(&(th — k1)) —¢
By recursion we thus conclude forall k € {1,..., N, }
K(Douk) + &, (tF ul =&y ¢
< (KC(Dru0) + E-(89,u0, 29) + ) T, exp(a(ts — t57)) ©8)
(IC(D w0) + £-(2, 40, 2)+a) exp(eT)

Exploiting cancellations we also find for all & € {1,..., N, }
K(Dyuk) + &, (tF uk, 2F) + e 4 Z (2V(2;Drul) 4+ 2R - (D-22))

(IC(D w0) + £(12, 40, 2)+é) exp(eT) < C
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with some positive constant C' > 0 independent of 7, M thanks to the assumptions on the external loading and on
the initial data required in Prop.[4-2]

A priori estimates (48): The uniform bound puts us in the position to verify the a priori estimates (48). To this end,
note that

¢ 1
0§§||Vz’:\|iz(m+/ 2E(l—z) dx<f||Vzk||L2 o+ £d( ) (70)

20
forallk € {1,..., N, } thanks to (7). Being non-negative, these terms can be neglected on the left-hand side of for
the derivation of the uniform bounds related to the displacements. For this, coercivity estimate (15b) and the application of
Korn’s and Young's inequality together with the boundedness of f from (17a) allows us to find constants ¢ > 0, ¢ € (0, 1),
C > 0 such that

e(1 =) ||ty
< K(Djuk) + & (tF uk 25y e

) . ) 1
+ ZT(QV(Z# Drul) + 2R (Dr23)) + EHJCT”%([O,T],U*)

<C(1+ 112 q0.m,04y) < C

forall k € {0, ..., N;}. This yields the uniform bound on @, ur. Thanks to this we also read from the bound
on the kinetic energy, which implies because of p > 0 and the definition of the interpolants. Again by the definition
of the interpolants estimate (77) also provides that

N

.
q%/ /|e(u7)\2 dzdr Z (2V(24; Dyul) + 2R (D420)) < C, (72)
0 Q

where we used that Ry, (D, 22) > 0 and the positive definiteness of D. Noting that implies that ||u, (¢)]lu <
Cforallt € [0, T] by the definition of the interpolants, estimate (72) leads with (480) to (480).

We now verify the bound by a comparison argument. For this, we test the discrete momentum balance by
functions v € C°([0, T], U). We estimate for D1, (t) = D2u” for t € (t°=1, ¢*] that

T
IDric iz = sw [ [ oDt o(t) dod
veC?([0,T];U) Q

HUHLZ(O,T;U):l

]
< sup / (Du (b 7 (), 20 (8)) + DV(2rs ir (1)), 0(t) o | 73)
veC([0,T;;U)J0

HU”L2(0,T;U):1

< IC(zr)el@r) L2 qo,miz2@) + ID(Zr)e(ir) 20,72 + 17l L2107

< ctlltr |l 20,50y + Bllir 20,0y + - lz2 om0y < O
where we used the growth property of C, D, the assumptions on the loading, and the already deduced estimates
and (8¢). This proves the bound thanks to the density of C°([0, T]; U) in L%(0, T; U).
We also observe that the bound on Z; and z, now directly follows from (70) and (77). The bound {@8f) on the time
derivative %, follows from the bound on the viscous dissipation potential fOT M|z, (t )||L2(Q) dt < fOT 2R+ (2-(t)) dt <

C provided by (72) when taking into account the definition of the interpolants; we point out the dependence on the viscous
parameter M. The bound (48f) together with (@8€) also yields (48g).

We now turn to the last two bounds and (48i), which remain active even if A/ — 0 and thus allow us to deduce a
rate-independent evolution for the phase-field variable in the limit. We start with @8h): The uniform bound on the viscous
dissipation given by (72) implies

T
T 2 2
C> 7||(DTZT)+||L2([0,T]xQ) 2 T LTFL([0, T] x Q)2 H(DTZT)+||L1([O,T]><Q)5 (74)
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where we applied Holder’s inequality and used that N, = } Taking the square root and making use of the definition of
D. z, we deduce that

N.
2CT = _
LH([0,T] x Q)4 - = 1(Dr2r) llor o) = D IE =257 ooy - (75)
k=1

Hence, we have a control on 2z where the damage evolves in the “wrong” direction, i.e., where it increases.

Next, we expand the quadratic lower order term (1 — z)? = 5. (2% + 1) — 12 and use the linear contribution to deduce
an L'-estimate that depends on the parameter £ but not on M. In this way we obtain

NT
CZ/zE—zIdx:Z/zf_l—zfdx
Q P v¢)
= ( / |z’j_1—z’j| dx — / |z’;_1—z’j| dx).

(5122 (25T <z

k=1
N,
= (/ |zf’1 — z’j| der/ |zf*1 - zf’ d:c)
1 AT k) {zr7t<zh)
ol 2C
§C+2Z/ |2E71 — 2K dow < C +2£971([0, T] x Q) =T,
1 {zEt <2k} T

Hence, the pointwise variation of Z, in time with values in L' (€2) is uniformly bounded and thus follows as well as
by definition of the affine linear interpolants z. O

5 Limit passage from the time-discrete to the time-continuous setting

In this section we discuss the limit passage 7 — 0 starting out from tuples of interpolated time-discrete solutions
(Ur, Ur, Ur, Zr, Zr, 2 ) Of problem (@7).

In the case that also M — 0 we obtain a solution of system (U, W, Z,V, K, Ry, ), more precisely we deduce the
following

Theorem 5.1 (Existence of solutions in the rate-independent limit). Let the assumptions of Theorem[4.1]| and Proposition
be satisfied, and assume that the one-sided variational inequality holds true at time t = 0 for the initial data
(ug,20) € U x X. Consider the viscosity parameter M = M (1) > 0 in @) to depend on T such that M (1) — 0 as
7 — 0. Forall T > 0 let (4r,ur,ur,Zr, 27, 2r) be a tuple of interpolated solutions of problem corresponding to
system

(U,W,Zy, V. K, Rus, E) -

Then the following results hold true:
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1 Then, there exist functions w: [0, T] — U, z: [0, T] — X such that following convergence statements are valid:

Ur, Ur — u  weakly-x in L>(0,T;U), (76a)

ur —u  weaklyin H'(0,T;U), (76b)

U, — U weakly-x in L™ (0,T; L*(Q,R%)), (76¢)

Ur(t), ur(t) = u(t)  weaklyinU forallit € [0, T], (76d)
i, (t) —u(t)  weaklyin L?(Q,R?) foralit € [0, T], (76€)
Zr(t),zr(t) = z(t)  weaklyin X forallt € [0, T], (76f)
Z:(t), z-(t) — z(t)  stronglyin L*(Q) forallt € [0, T], (769)
Zry Zr — 2 weakly=x in L™ (07 T; X) : (76h)

2 The limit pair (u, z) is a solution of (U, W, Z,V, K, R, ) in the sense of Definition anditis0 < z(t,z) <1
fora.a.x € Q and forallt € [07 T]. In addition, the limit (u, z) also satisfies semistablility inequality for a.e.
€ (0,T).
3 The limit function u has the following regularity:

we HY0,T; U)N L0, T; U)nWhee(0,T; L?(Q)) nC°([0,T]; U), (77a)
i€ L*(0,T; U*), and (77b)
S ), )T = L) Zamey — SN 2a gy foralis,t € [0,T], (770)

and, in addition to the regularity = € BV (0, T; L*(2)) N L>°(0, T; X)) the limit function = even satisfies:
z e COV4(0,T); X), (78)

ie, z : [0,T) — X is Hélder-continuous with Hélder-exponent h = 1/4. Hence, (u, z) satisfies the one-
sided variational inequality (10a), semistability inequality (1), and the energy-dissipation balance even for all
te0,T).

4 In addition to convergence results also the following improved convergences hold true:

e(t,) — e(i) strongly in H*(0, T'; U) , (792)
e(ur(t)) — e(u(t)) strongly in'U forallt € [0, T), (79b)
Z:(t) — 2(t) strongly in X forallt € [0, T). (79c)

Proof. The proof of the convergence results will be developed in Section Subsequently the limit passage in the
defining properties of the solutions, cf. Def.[1.3] properties (10), is carried out in Section[5.2] The regularity of u will be
discussed in Sec.when passing to the limit in the weak momentum balance. The Hdlder-continuity of z : [0, T) — X
is developed in Sec. [5.3]and it relies on a general regularity result stated here below in Theorem The continuity of
(u, 2) in time allows it to conclude that the defining properties (T0a), (), and are valid even for all t € [0, T).
Based on this, the improved convergences are concluded in Section O

The proof of the temporal Holder-continuity of z relies on an adaption of a general regularity result for coupled rate-
dependent/rate-independent systems obtained in [RT17a, Thm. 3.8]. Let us point out that for purely rate-independent
systems temporal (H6lder-) continuity stems from enhanced convexity properties of the energy functional for the pair
(u, 2), cf. [MT04,TM10] for more details. For damage models as in the current situation the energy functional is separately
convex, only, so that improved temporal regularity cannot be expected in a purely rate-independent setting. As can be seen
here in Theorem[5.2] in the coupled rate-dependent/rate-independent setting it is sufficient to have uniform convexity with
respect to the rate-independent variable z, because the good regularity of the rate-dependent variable u partially carries
over to z through estimates or (97). In case of a unidirectional evolution of z as for damage it is even sufficient to have
such estimates available for a.e. t € (0, T), only, because the information missing on a null-set N C [0, T) is filled by
unidirectionality to ultimately conclude regularity statement (78); see Sec.[5.3|for more details.
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Theorem 5.2 (Adaption of [RT17a, Thm. 3.8]). Let (U, W,Z,V, K, R, &) be a damped inertial system characterized
by Banach spaces U, Z, and a Hilbert space W, the kinetic energy K : W — [0,00), a dissipation potential V :
Z x U — [0,00), a positively 1-homogeneous dissipation potential R : Z — [0,00], and an energy functional
E:00,T] xUxZ — RU {oo} such that for all t € [0, T| the functional E(t, -, -) takes finite values on (a closed,
convex subset D,, x D, of) V x X with X a Banach space such that X C Z: compactly and V a Banach space such
that V. C U continuously and densely. Further consider the following list of assumptions:

A1) The pair (u, z) : [0, T] — U x Z satisfies a semistability inequality for a.a. t € [0, T]:
E(t,ult), 2()) < E(t,u(t), 2) + R(2 — 2(t)) forallz € Z. (80)
Accordingly, define the L -null set
N :={t €[0,T], (u(t), 2(t)) does not satisfy semistability (80) } - (81)

A2) The pair (u, z) : [0, T] — U x Z satisfies the following upper energy-dissipation estimate
t
K(a(t)) + E(t,u(t), 2(t)) + R(z(t) — 2(s)) + / 2V(z(r);u(r)) dr

< K(u(s)) + E(t,u(s), 2(s)) +/ OrE(ryu(r), z(r)) dr

for all subintervals [s,t] C [0, T] with s,t € [0, T]\V.

A3) uw e W22(0, T; U*) N HY0,T;U) andt > |(ii(t),u(t))u| € L*(0,T).

A4) The energy functional £ complies with the following power control: There are constants ¢, ¢ such that for all (u, z) €
U x Z withE(0,u,z) < coitisE(-,u,z) € WHL(0,T), 0:E(t, u, 2) exists fora.a. t € (0,T), and satisfies

0, E(t,u,2)| < e(E(tu, 2) +¢). (83)
AS5) The functional € (t,u, ) : D, — R is Gateaux-differentiable and uniformly convex, i.e.,

Ja>23C, >0Vte|0,T], V(u,z2), (u,21) € D, x D,V €[0,1],
setting zy := Az1 + (1 — A)zo : (84)
E(t,u, z0) + CA(1 — N)||z1 — 20]l8 < AE(t,uy21) + (1 — AN)E(t, u, 20)
with S a Banach space such that X C S continuously, that may or may not coincide with X or Z.

A6) The functional £(t, -, z) : U — RU{oo} is Hélder-continuous, i.e., there are constants ¢, > 0, (3, € (0,1] such
that for all s,t € [0, T] and for all (ug, z1), (u1, z1) with SUPe(o,7] E(t,u,z1) < E,i €{0,1} we have

=y (85)

|5(t,u1,21) - E(t,uo,z1)| < cillur — ugl
A7) The functional E(t, -, z) : D, — R is Gateaux-differentiable for all (¢, z) € [0, T] x D,. o
A8) 7:he functional £ (t, . z) : Dy, — R complies with the following gradient estimate: There exist constants C, Cs,
C3 > 0ando € [1,00) such that
IDLE(t u, 2)[IT- < CLE(tu, 2) + Collullu + Cs (86)

forall (t,u,z) € [0, T] x U x X with E(t,u, z) < co.
A9) The pair (u, z) : [0, T] — U x Z satisfies the weak momentum balance for allt € [0, T]:

pi(t) + Dy E(t, u(t), z(t)) + Dy V(2(f);u(t)) =0 inU*. (87)

A10) The dissipation potential V : Z x U — [0, 00) has quadratic growth, i.e., there are constants C’l, C’g > 0 such
that for all (z,v) € Z x U . .
V(z;v) > Ci|vl|l = Cs. (88)
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The following statements hold true:

1 Let assumptions A1) and A5) be valid. Then (u, z) satisfies the following improved semistability inequality

E(s,uls), 2(s)) + Cullz(t) — 2(s)[I§ < E(s,uls), 2(1)) + R(2(t) — 2(s)) (89)

forall s € [0, TI\V and for allt € [0, T].
2 Let assumptions A1)— A6) be valid. Then, z complies with the estimate

Cullot) = 293 < Clt =5l + [ pitratular+e.( [ Jalar)™ 0

for all subintervals [s,t] C [0, T] with s,t € [0, T]\V.
3 Let assumptions A1)-A9) be valid. Then, z complies with the estimate

Bu

Cullot) = 2(s)3 < Ol sl + . ([ Nt ) 1)

for all subintervals [s,t] C [0, T] with s,t € [0, T]\V.

4 Let assumptions A1)— A6) be valid and let A1) and A2) be satisfied for all subintervals [s,t] C [s«,ts] C [0, T],
even for all s,t € [s,t.]. Then also estimate is valid even for all s,t € [s.,t.] and hence it implies that
z € CY([s4,t:]; S).

5 Let assumptions A1)-A9) be valid and let A1) and A2) be satisfied for all subintervals [s,t] C [s«,t.] C [0, T],
even for all s,t € [s«,t«]. Then also estimate holds true even for all s,t € [s.,t.] and thus it implies that
z € C([s«, t.]; S). Additionally assume that A10) is valid. Then

Bu
(20)

z € C%"([s,,t.];S) with the Holder-exponent h =

(92)

Proof. In [RT17a, Thm. 3.8] the assumptions A1) and A2) are strengthened to hold for all s, ¢ € [0, T] and consequently it
only ensures statements[4|and[5|of above Thm.[5.2]with [s,., £.] = [0, T]. Moreover, in [RT17al Thm. 3.8] also assumption
A10) on the rate-dependent dissipation is dlfferent There, V:U = [0 oo) is independent of the rate-independent
var/able z but allows for a general p- growth withp > linsteadof p = 2in . Inthis spirit, the wscous dissipation function
f 2V (z(r); 4(r)) dr appearing in is replaced in [RT17a] by De G|org|s expression f V(u(r)) + V*(—(i(r) +
D.E(r,u(r), z(r)))) dr which involves the convex conjugate of the convex potential V : U — [0, 00). We do not
use this expression in due to the quadratic, but z-dependent nature of V. A close perusal of the proof of [RT17al
Thm. 3.8] reveals that above estimates (89), (90), and can be deduced to hold for all s,¢ € [0, T]\N under the
relaxed assumptions that semistability and the upper energy-dissipation estimate are valid for exactly these
s,t € [07 T]\N. In this way, also statements |1| and [2| become valid. Moreover, since we here work in the setting of a
quadratic, z-dependent dissipation V : X x U — [0,00) and use the dissipative term f; 2V (z(r);u(r)) dr in (82),
certain estimates related to can be carried out differently circumventing V*. In this way, also statement [3| of above
Thm. |5.2 can be shown to hold for all s,z € [0, T]\IN. We also refer to Theorem [6.2 and in particular to estimates
(142)—(157) in its proof, where analogous arguments are carried out in the setting of a viscous dissipation potential R s
for z. |

Remark 5.3 (Simultaneous limit and its connection to FE-approximations). It is possible to formulate the defining properties
(10), resp. (9) of solutions in the sense of Def.[1.3, resp. Def.[1.3, already on the fully discrete level. In this context the Yosida
regularization cannot have its full effect such that the discrete damage variable may take values outside of the interval [0, 1]
on sets of strictly positive measure. This entails that the discrete version of the functional z + [, $C(2)e(u) : e(u) dz
is non-convex even for fixed displacements u. Hence, an upper energy-dissipation estimate holds true only up to an error
generated by the non-convexity. In order to find compactness nevertheless, regions of non-convexity have to be controlled.
In [BMTT 20, Section 4] we show that this is indeed possible. Therein, the space discretization is realized with a finite
element approximation in terms of P1 finite elements. Here, apart from the error due to the non-convexity also an error
caused by only approximately solving the nonlinear phase-field evolution equation becomes relevant. The control
of these error terms leads to additional conditions which can be regarded as stopping criteria for an algorithm solving
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the discrete problems. Moreover, the control of the non-convexity errors in the upper energy-dissipation estimate leads to
a coupling relation between time-step size and mesh-size of the FE-space. We mention that it is also possible to show
with an a-posteri argument the existence of a diagonal sequence converging to a solution in the sense of Def. see
[BMT* 20, Sec. 4].

5.1 Proof of Theorem 5.1 Item 1: Convergence statements (76).

Convergence statements for the displacements: The convergence statements forti, u,,u, and
U, follow by standard compactness arguments from the uniform bounds (48a), (48b), and [@8c), at first each of them
with a different limit function and it has to be shown that the limits coincide. For this, note that implies (4., ), to be
uniformly bounded in L2(0, T; U). Then, the identities

ur(t) — g, (t) = (t — tH)u,(t) and ur(t) —ur(t) = (t — tF "D (t) (93)

allow us to conclude that the limit functions of and (76b) coincide. They also coincide with the limit obtained by
convergence as can be deduced from the uniqueness of weak limits when taking into account (76b).

For convergences (76d), which hold pointwise for allt € [0, T), we realize that (u., ), is uniformly boundedin BV (0, T; U)
thanks to the H' (0, T; U)-bound from and the continuous embedding of H* (0, T; U) in BV (0, T; U). By the def-
inition of the interpolants we also find that (4. ), and (u. ). are uniformly bounded in BV (0, T; U). More precisely, we
have the following estimate:

s k k—1 L T T
— - = A = ) t dt
> ottty = 3or || = [ bl o

= Hu‘f'||L1(07T;U) < \/—T||uTHL2(O,T;U) < C’

where the left-hand side of gives the total variation of the interpolants u., and u.,. Then, an application of Helly’s
theorem for Banach spaces [M104, Thm. 6.1] allows us to conclude the pointwise convergences in upon extraction
of a further subsequence. To conclude that (4., ), and (u.), have the same limit pointwise in time that coincides with u
we once more exploit the identities together with the uniqueness of the weak limit already obtained in (76d).

For we adapt the arguments of [RT17b, p. 1536]. There, the key tool is an Aubin-Lions compactness argument,
cf. [Sim87, Cor. 5, p. 86], which now accordingly has to be replaced with a version suited for a time-discretization and
piecewise constant sequences in time (1., ). This time-discrete analogon of the Aubin-Lions lemma is provided by [DJ12,
Thm. 1, p. 3073]. For the argument we observe that the spaces U = H'(Q; R%) c L?(2;R?) c U* form an evolution
triple with U C L?(Q; R?) compactly. Hence, by [DJ12, Thm. 1, p. 3073] we conclude that

w, —u in L*(0, T; L*(Q)) n C°([0, T]; U*). (95)

From this we infer with the following argument: For all t € [0, T|, every subsequence of (1. (t)), is bounded in
L?(2) and admits a further subsequence weakly converging in L*(2) to some limitv;. In view of we have vy = U(t)
identified in U* for allt € [0, T]. Since the limit does not depend on the extracted subsequence, we conclude (76€).

Convergence statements for the damage variable: To verify convergence statements we observe
that the uniform BV -bound justifies the use of a variant of Helly’s Theorem, cf. [MR15, Thm. 2.1.24, p. 72], since
IRIFR () defines a dissipation distance in the sense of [MR15, (D1) and (D2), p. 46]. This provides the existence of an
element z: [0, T) — X withz € BV (0, T; L'()) such that, along a (not relabelled) subsequence, z, (t) — z(t) € X
weakly even in X for allt € [0, T|, which is the first of (76%). By the compact embedding X C L?*(Q2) we thus obtain
the first of (76g). Thanks to the uniform bound we now also conclude that the first of holds true. Hence, the
convergence statements are verified for the sequence (Z; ).

Repeating above arguments for the sequence (z. ). starting from the uniform BV -bound we also find that (2. )+
converges to a limit function z: [0, T] — X in the topologies of and now it has to be shown that z indeed
coincides with z. For this, we may follow the lines of [LRTT18, p. 1341]. We denote by J,, and .J, the countable jump sets
of the two limit functions z,z € BV (0, T; L1 (Q2)). Lett € [0, T] \ (J., U J.,). By the definition of the interpolants we
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lett € J, U .J, and wlo.g. assumet € J.. Then there are sequences (t);, (t;); C [0, T]\ (J5 U J;) such that

th N t.t; Jt Butsince z(t7) = z(t7) fort],t; € [0, T]\ (J. U J.), we find for the left limit that =~ (t) =
lim; o0 2(t;) = lim;j 00 2(t;) = 2z~ and for the right limit that ZH(t) = limj_ 0 z(t;r) = lim;_, g(tj') =zt
This implies that J, = J,. Thus, z = z on the whole interval [0, T| and hence convergence results are
verified. -

have z.(t — T) = z,(t) forall T > 0 and thus as T — 0 if follows z(t) = z(t) forallt € [0, T|\ (Jz, U J.,). Now,

5.2 Proof of Theorem 5.1 Item [2}: Defining properties of the solutions and boundedness = <
[0,1]

In this section we show that the limit pair (u, z) obtained through convergences indeed is a solution of system
(U,W,Z,V,K,R1,E) in the sense of Definition[1.3 For this we will pass to the limit 7 — 0 in problem for the
interpolants (U, , Ur, Ur, Zr, Zr, 27 )+ USiNg the convergence results and thus conclude properties (10). For the limit
passage we will also make use of the following convergence results for the interpolants of the external forces:

fr — f  stronglyin L? (0, T; U*) foralll < p < oo. (96a)
fr=f  weakly-*in L>(0, T; U"). (96b)
f-(t) — f(t)  strongly in U* foralit € [0, T]. (96¢)
fr— f  stronglyin H* (O, T; U*) (96d)

by assumption on the regularity of the external load.

First, it is shown in Section that z takes values bounded in [0, 1] and that it satisfies the unidirectionality property
(10b). Subsequently, Section[5.2.3is devoted to the limit passage in the weak momentum balance ({T0c). We will further
verify in Section that the one-sided variational inequality is valid for the limit pair (u, z). There, we also show
that solutions satisfy the semistability inequality (11). Moreover, Section[5.2.4) establishes the energy dissipation balance

(10d).

5.2.1 Proof of the boundedness of =z and of the unidirectionality of the damage evolution

We first show the boundedness of z, i.e., that
z(t,z) € 10,1] forae.z € Qandallt € [0, T]. (97)

Indeed, this can be concluded with the knowledge that the time-discrete approximants (Z. ), satisfy . (t,x) € [0, 1] for
aex € Qandallt € [0,T] by in Theorem 4.1 The strong L?(Q)-convergence provides convergence in
measure. Hence, assuming that z(t) ¢ [0, 1] on a set B C ) of strictly positive measure leads to a contradiction; thus
is verified.

Unidirectionality (T0B): We verify now that in the time-continuous limit the damage variable has a unidirectional evolution,
ie., forallty <t € [0, T]itis z(t1,x) > z(te,x) fora.a. x € Q, cf. (T0D). For this, assume the contrary, i.e., suppose
that z(t1,x) < z(tz,x) fora.a. x € E, with L*(E) > 0. Hence [}, z(t2) — z(t1) dz =: o > 0. But thanks to the
strong L*(2)-convergence pointwise in time, cf. (76g), and with the aid of the control on the Yosida-regularization we
deduce

0<a= [ (a(t) = 2(t0)s do = Jim [ (5rlt2) = 5:(0)- s

0 g

N
< lim (2 (t2) = Zr (t1))+ | L1@) < }lg})z 1(zF = 27 4l

k=1
2CT
. d+1 / _
< ;!moﬁ ([0, T] x Q) - =0,

which states a contradiction. Hence the assertion is proven. O
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5.2.2 Proof of the weak momentum balance forall ¢t € [0, T] and regularity of the limit function u

Let
o€ L*(0,T; U)Nn HY(0,T; L*(Q,RY)) (98)
be a test function for the weak momentum equation in (T0c). We define
1 [t
E._ —
v = /tﬁl v(r)dr (99)
and set the interpolants v, and v, as in [@3). With this definition there holds
o, — v strongly in L*(0, T; U) (100)
and
v; — v strongly in Hl(O,T;LQ(Q,Rd)). (101)

The latter implies v, (t) — v(t) strongly in L? (2, R?) everywhere in [0, T|. Since (@8) implies thatv € C([0, T], L?(12))
we conclude that also
. (t) — v(t) strongly in L*(, R?). (102)

Limit passage in the weak balance of momentum: In the time-discrete balance of momentum (38b) the acceleration term
is now rewritten using the discrete integration-by-parts formula

L
TZ/ ”dx—/(uf'vf—ﬁ9~v2)dx—72/a’;*l.%";idx
@ k=179
to obtain
tr(t)
P/ Uy (t) - U-(t) — 4, (0) - v-(0) do — / /Ur r— 7)o (r) dz dr

/t " /Q (Zr)e(ir) + C(z)e(u )} IG(UT)dxdr:/ot " (Frr ) ey A

Then, passing to the limit we conclude by weak-strong convergence arguments with the aid of convergences and

(100) that

(103)

p/ Ur(t) - U-(t) — ur(0) - 0-(0) do — p/ 4(t) - v(t) — 4(0) - v(0) dx forallt € [0, T] (104)
Q Q

Moreover, convergences (76b) and (101) lead to

tr(t)
/ /UTT—T <0, (T) dxdr—>,0// r)dzdr, (105)

where the convergence of the translated functions ., follows by an %-argu[nent using the density of smooth and compactly
supported functions in L?(0, T; U). In addition, by we also have fr — fin LP(0, T; U*) for1 < p < oo, and

thus _
RO
/ <fT(7“) ()U dr%/ *Udr
0

follows as well. For the convergence of the quadratic terms, we first realize that convergence (/6g) implies by the dominated
convergence theorem that
Z. — z strongly in L? (07 T, L? (Q)) :

From this together with (100), and with the isometric isomorphism

L2(0, T; L2(Q,R™)) = {@: [0,T) x Q@ = R™, [ ([;,|a(t,2)* dz ) dt < oo},
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where m = d? + 1 it follows that, up to a subsequence,
(Zr(t, ), e(v-(t, 7)) = (2(t, @), e(v(t, 7))
pointwise for almost all (t,x) € [0, T] x §. Then, by continuity of | - |, D and C, cf. (T4a), we obtain for a.a. t € [0, T|
IID(27(t)) + C(2 (1) ]e(v-(1))| = |[D(2(t)) + C(2(t))]e(v(t))]

pointwise almost everywhere in §). In view of and ({5b) a summable L?-majorant is given by (¢}, + ciy) |e(v-(t))]
and we conclude by a version of the dominated convergence theorem with T-dependent majorants, cf. [RF17, Sec. 4.4,

Thm. 19, p. 89], that
Dz (1)) + C(% (1) Je(5(1) = [D(=() + C(2(1)) e (v(1))

strongly in L2((0, T) x Q; R4*?). In view of (76a) and (76b), which imply that e(ii,) — e(u) as well as e(1i,) — (1)
weakly in L?(0, T; L*(, Rdx 4)), it can be concluded by symmetry of D and C, and again by weak-strong convergence
arguments, that

/;X) {D(ZT)e(uT) + C(zf)e(aT)} :e(v,) dz dt — /Ot/Q {D(z)e(ﬂ) + (C(Z)e(u)} :e(v) dz dt.

Altogether we conclude that is satisfied for allt € [0, T]. O
Regularity of the limit function w: So far, convergences provide

ue HY0,T;U)NL>0,T; U)nWh>=(0,T; L*(Q)) .
In view of [Bre/3, Appendix, p. 140] this implies that u : [0, T] — U is absolutely continuous and hence we also have
u e C°0,T);U).

This provides regularity statement (77a). We now turn to regularity statement for ii: From the a priori bound we
infer the existence of a subsequence (1., ), and of an element¢ € L?(0, T; U*) such that D, 1, — & in L?(0, T; U*).
In view of the strong convergences & of the approximating test functions, the discrete integration-by-parts
formula and of the already deduced limits and (T05), we see that

/O T <p D'ru‘r (T)v Uy (T)>U*,U dr

—p/<u7<> 5 (8) — i (0) - v, (0)) o — / t)/uT — )i, (r) da dr
! (106)

/O (P () v(r) o dr

zp/ﬂ(u(t)-v(t) a(0) - v(0)) dz //Q P dz dr

for all test functions v € H(0, T; L2(2)) N L?(0, T; U). This shows that
¢=iie L*(0, T; UY),

and (106) states an integration by parts formula for the limit function u. Moreover, since the spaces U C LQ(Q; Rd) C
U* form an evolution triple, in view of e.g. [Rou06, Lemma 7.3, p. 191] we also have an integration-by-parts formula for

VN Lo Lo
[ it o = Sta i) v - i) i) o
s
1 1.
= HU( )||%2(52;Rd) - 5”“(5)“%2(9;11&!1)'
This concludes the proof of statements (77). O
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5.2.3 Rate-independent evolution of the phase-field variable &

We first show that the limit pair (u, z) satisfies the one-sided variational inequality fora.a.t € (0, T), which provides
a rate-independent evolution law for z. From this, we will deduce by convexity arguments that also semistability inequality
(11) is valid.

Proof of the one-sided variational inequality (10a). We test the time-discrete evolution equation with functions
n € Y with the property n < 0 a.e. in . Then, omitting the negative term [, N (%, (t))4n dzx, one obtains after
rearranging

1 _ . _
/ [72 (1—z(t) + MzT(t)] n+LVZ () - Vnde
Q
1 (107)
> /Q [iC'(iT(t))e(yT(t)) te(ur(t)](—n)dz > 0.
To pass to the limit in this inequality we want to make use of lower semicontinuity arguments on the right-hand side and

upper semicontinuity on the left-hand side. For this we note that the term fQ M 2%, (t)n dx cannot be handled pointwise in
time. Hence, in the following we consider an arbitrary measureable set I C [0, T]. We integrate (T07) over I

/1/9{7%(1 —Z:(t)) + M%(t)}n +UVZ (1) Vypdzdt

1 "(z celu — T
Z/I/QB‘C (z(0)e(ur (1)) : e(ur ()] (~n) dardt,

and aim to pass to the limit in (108) using lower and upper semicontinuity arguments.

(108)

We first discuss the limit passage on the left-hand side by upper semicontinuity. In fact, the limes superior of the left-hand
side of (108) is further estimated by

hrilj:)lp/j/g[_%(l -z (t) + M,éT(t)}n +4VZ(t) - Vndzdt

(109)

T—0 T—0

1
< lim sup// Mz, (t)ndxdt + limsup//[—z(l —Z(t))n+Vz(t) - V| dzdt.
1Ja 1Jo
For the first term on the right-hand side of we exploit the bound that provides
VM ||z 22(0,1:22(0)) < C,

and also use that M (1) — 0 as T — 0. In this way we obtain

lim sup
740

. . . 1
[ [ armasdr] < timsup 81 erlag ey Tl €105

(110)
<limsup VM C [[1]] 12 LYz =0.
710

For the second term on the right-hand side of we find with convergence
1
lim// [~ (=2 @)+ v2()- Yy dr
7-1,0 I1JQ g
1
= /I /Q [_Z(l - z(t))}n +0Vz(t) - Vndzdt.

Thus (110) and (111) provide an estimate for the limit superior of the left-hand side of (108).

(111)

We now aim to pass to the limit on the right-hand side of (108) by weak lower semicontinuity. For this we observe that
property for the degradation function implies that C’' (z) is positive definite. Hence, —nC’(z) is positive semidefinite
thanks to —n > 0 a.e. in ). Invoking the lower semicontinuity result [Dac12, Thm. 3.4, p. 74] we conclude that the
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functional (z,€) — [, (—n)C'(2)e(€) : e(€) dz is lower semi-continuous with respect to convergences and
(76g). Hence,

il |
timint | [5C (50 () s (1) : s (1)) () e
> /Q [5C (=) e(u(®))  e(u(t)] (~n) dz > 0
forallt € [0, T]. Then Fatou’s lemma yields
i it /I /Q [5C (2 (0)e (- (1) = (u- (1)) ()
1, )
> /I /Q[ic (z(t))e(u(t)) .e(u(t))}(fn) dx dt.

Putting together (108)—(112) it follows for the limit that

(112)

/I/Q[%(C' (z())e(u(t)) : e(u(t)) — %(1 —2(t))|n+€Vz(t) - Vndzdt > 0

holds for every measurable set I C [0, T]. This implies that

1 1
/ (bC/(z(t))e(u(t)) ce(u(t)) — Z(l —2(t))|n + V(1) - Vn) dz >0 (113)
Q
for almost every ¢ € (0, T) and for all test functions n € Y withn < 0 a.e. in 2, that is (T0a). O

Proof of the semistability inequality (T1). The one-sided variational inequality is now used to show semistability
(). Thanks to we have 0 < z(t) < 1 a.e. inQ for allt € [0,T]. By assumptions the interval [0,1] is
contained in the convexity regime of the degradation function, so that the functional € (t, -, u(t)) is convex. Hence, for any
test function Z with 0 < Z < z(t) a.e. in Q it follows from by convexity

0 Z <_D26(ta u(t)7 Z(t))7 zZ— Z(t»X*A,X Z 6(ta u(t)7 Z(ﬂ) - 5(2‘," U(t), 2) (1 14)
fora.e.t € (0, T). In view of the definition of R in (B) this implies
E(t,u(t), (1)) < E(t,u(t),2) + R(2 — 2(t)) (115)

forallZ € X with0 < Z2<1ae.inQforaete (0,T). O

5.2.4 Proof of the energy-dissipation balance forae.t € (0,T).

We first pass to the limit in the time-discrete upper energy dissipation estimate by exploiting weak lower semicon-
tinuity arguments on its left-hand side and the well-preparedness of the given data on its right-hand side. Secondly, the
energy-dissipation balance will be concluded by exploiting the already deduced weak momentum balance and
semistability for the limit pair (u, z) in a Riemann-sum argument as commonly used for rate-independent systems, cf.
e.g., [DMFT05,[MR06,[MRT5]. Note that our proofs provide the weak momentum balance to hold for ali t € [0, T], cf. Sec.
whereas the semistability inequality so far has been deduced in Sec. to hold for a.e. t € (0, T), only. This is
why we here as a first step find the energy-dissipation balance to be valid for a.e. t € (0, T), only. Yet, this gives the
basis to apply the regularity result stated in Theorem[5.4 to obtain the temporal continuity of z and thus to conclude that
holds true for all t € [0, T|; we refer to the subsequent Sec. for this proof.

Proof of an upper energy-dissipation estimate for all ¢ € [0, T|: We pass to the limit in by adapting the
arguments of [LRTT18, Lemma 4.4]. We first discuss the limit passage on the left-hand side of exploiting the weak
lower semicontinuity and positivity of the functionals involved. In difference to [LRTT18] in there also appears the
viscous contribution of the damage evolution. For all 7 > 0 this term is non-negative, so that we estimate it from below by
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fot 2Ry (2-(r)) dr > 0. For the viscous dissipation of the displacements we argue by weak lower semicontinuity. For
this, we realize that the map (z,&) — D(z)e(§) : e(§) is continuous and that the map & — D(z)e(§) : e(§) is convex
forall (z,£) € R x R4*4 py the assumptions on regularity and positive definiteness of D in and (T4). Thus, [Daci2,
Theorem 3.4, p. 74] provides the lower semicontinuity of the functional ) with respect to the topologies given by and
[769), so that we find lim inf - 0 V(2. (r); - (1)) > V(2(r);a(r)) > 0 forallr € [0, T], also thanks to the positive
definiteness of D. This justifies the application of Fatou’s lemma, so that we conclude

t-(t) t
lim inf/ 2V(zZ-(r); i (r)) dr > / lim inf 2V(z,(r); @ (7)) dr
0 0

T—=0 T—=0
> /O 2V(2(r); u(r)) dr,

where we also used thatt,(t) > ¢ for allt € [0, T] by construction [@4).

For the kinetic energy we also have lim inf, .o K(u.(t)) > K(u(t)) for alit € [0, T] by the weak convergence
and thanks to the weak lower semicontinuity of the L*(2, R%)-norm.

We now comment on the weak lower semi-continuity of £, : With the same arguments as for ), making use of [Daci2,
Theorem 3.4, p. 74], we deduce that the stored elastic energy (z,u) — [, C(z)e(u) : e(u)da is lower semicontinuous
with respect to the topologies given by and and also that the phase-field energy (z,£) — fQ §|§ |2+ 2le(l —
2)? du is lower semicontinuous with respect to the topologies and (76g). Additionally, the convergence of the external
loading term follows from the strong convergence together with the weak convergence (76d). In this way, we pass to
the limit on the left-hand side of (47d).

As for the right-hand side of [&7d), we realize that K(u,) + & (0, i, (0), 2, (0)) = K(tg) + &-(0, ug, 20) is constant
for all 7 > 0. In the power of the external loadings we pass to the limit using that . (t) > t forallt € [0, T] and also
with the strong H* (0, T; U*)-convergence of (f)r guaranteed by the regularity assumption (17), and the weak
L*°(0, T; U)-convergence of (u. ). In this way we conclude the upper energy dissipation estimate for the limit system
(U, W,Z,V,K,R1,E)

K(0(t)) + E(t,u(t), s(t)) +/0 2V (z(r); u(r)) dr

| (116)
< K(tg) + £(0,ug, 20) +/ Bté'(r,u(r),z(r)) dr.
0

forallt € [0, T]. O

Proof of the energy-dissipation balance fora.e.t € (0,T). We now discuss that even holds as an equality
fora.e.t € (0, T). For this, we follow standard arguments for rate-independent systems, cf. e.g. [DMFT05,|MR06, MR15]
and also [RT174&]] for abstract results on coupled rate-independent/rate-dependent systems, which deduce a lower energy-
dissipation estimate opposite to by exploiting a Riemann-sum argument using the momentum balance and the
semistability inequality of the limit system. We only point out here the main ingredients and refer to [LRTT18, Sec.
4.3] for the details of the calculation.

So far, semistability inequality is valid a.e. in (0, T), only. Hence, lett € (0, T) be such that holds true. Moreover,
it is possible to choose a sequence of partitions (I1y)g with Iy = {0 =t < t} < ... < tg/ % =t} of the interval [0, t]
such that also holds true for the collection of nodes and such that also

Ny t;{;
gfol;/tzl /sz C(Z(tg))e(u(r)) : e(u(r)) dz dr
:/ /C(z(r))e(u(r)) ce(a(r)) dedr;

0 JQ

(117)

for this, see also Remark Semistability inequality for the limit pair (u, z) at time t’;_l is now tested with z(’j, which
is a bounded test function by and ensures z‘hatR(zéC — zg _1) = 0 by unidirectionality property (10b). Summing up
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overk € {1,..., Ny} and taking the limit as 6 |, 0 results in
£(0,u(0),5(0)) < E(t, u(t / / (u(r)) : e(i(r)) dzdr
+/O (), i) / 0.8 (r,u(r) s(r) dr

(118)

where one also uses and that — <f(7’), u(r)>U* v O (r, u(r), s(r)).

)

Secondly, the weak momentum balance attimet is tested by w. This is admissible thanks to the regularity statements
already deduced in Sec. Applying the integration-by-parts formula to the kinetic term then results in

||U( HLZ(QRd) / / w) + C(s)e(u)] : e(w) dxdr
2 (0) 2 a5 / ) ir))pe o dr

Summing up and ultimately yields
Py - 2 Py 2
€(0,u(0), 2(0)) < £(2), ul®), 2(1)) + 5 (D)2 (0,m0) = 5 12022 (0 may

+/Ot/QD(z(T))e(u(r)):e(u(r))dxdr—/Otﬁré'(r,u(r)7s(r))dr,

which is the estimate opposite to (116). In this way, the energy-dissipation balance is deduced to hold for a.e.
te(0,T). O

(119)

5.3 Proof of the temporal Holder-continuity z € C%'/4(]0, T); X) and validity of properties

(T08). () & (100) for all ¢ € [0, T)

To deduce that the limit z has the temporal Holder-regularity assumptions A1)-A8) of Theorem[5.2 have to be checked.
To this end, we collect the corresponding properties of € from (8) and V from (6) in the following

Lemma5.4. LetE andV be given as in (8) and (6) such that assumptions hold true. The following statements
are valid for the energy functional £ :

1 LetD, := {Z € X,0 < Z < z, ae. inQ)} denote the convexity regime of £(t,u, -) in accordance with (T4).
Then for allt € [0, T] andu : [0, T] — U a solution of the energy functional £(t,u(t),-) : D. — R is
uniformly convex. More precisely, it satisfies inequality (64) with the constants o = 2, C, = min { %, 2}, and the
Banach space S = X.

2 The functional E(t, -, z) : U — R satisfies Hélder estimate with B, = 1 and a constant ¢, = ¢, (E, f) > 0.

3 The functional £(t,-,z) : U — R is Géateaux-differentiable and it satisfies the gradient estimate with the
exponento = 2.

Moreover, the dissipation potential V has p-growth forp = 2, i.e.,

V(z;v) > I3, forall(z,v) € Z x U, (120)

C2 ||U

with Korn’s constant Cx > 0 and ¢, > 0 from coercivity assumption (15a).

Proof. To ltem 1., uniform convexity: Recall that the stored elastic energy functional z > [, $C(2)e(u) : e(u) dz is
convex for all z € D, by assumption (T4). Moreover, for the phase-field functional z — [, £|V 2| + % |z[*dz we see
that the quadratic map a + c|a|? satisfies for all a;, az € K € {R, R} and for all A € [0, 1]

c|rar + (1 = Naz|* = Xelar|? + (1 = Nelaz|* = M1 = Nelay — as]?
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From that we conclude the statement when setting a; = Vz; with ¢ = g and a; = (1 — z;) with ¢ = 2@7 fori = 1,2,
and by adding the two results.

To ltem 2., Hélder-continuity of £ : Let (u;, z1) so that SUPe(o,T) E(t,ui, z1) < Efori =0, 1. In view of assumptions

({75b) on C and ({@7) on f we find for all ¢ € [0, T]
t Ul,Zl g(t U0,21)|

= ] / wn) s eun)) = e(uo)) s (un))) do = (F(8),u = uo)u- v

< (Ilml\u +lluollu)llur — uollu + sup [f()][u-ur —uollu < exllus —uollu

te[0,T)

Here we also checked that [|us ||u + [Juollu < 2(E + 200 supeo,1 1f(t )||%J*)1/2 by repeating the calculations for a
priori bound (77).

To Item 3., Gateaux-differentiability of £ and gradient estimate (86): Gateaux-differentiability of the functional u
E(t,u,2) = [,1C(2)e(u) : e(u)dz — (f(t),u)y is clear and we now deduce gradient estimate (86). For this,
we calculate

IDLE(t, u, 2)||u- = sup (DuE(t, u, 2),v)u* U

HUIIU 1

C*
< swp (Fle)lzo el + sup [1£E)o-ollv)
uv”ﬁfil el

L[ et s ctwar— w.a)) "+ s 01

te[0,T]

ct 4C 1 1/2
< max{i:, sup Hf(t)HU*}(TK(/ ~C(2)e(u) : e(u) dz — (f(t),u>U) + 1) 7
2 te[0,T] ce Q2
which shows that || D, E(t, u, 2)||35. < &(¢E(t,u, 2) + 1) and thus establishes (86) with the exponent o = 2. O

Consider now the pair (u, z) : [0, T] — U x Z obtained by convergences (7€). Recall that the results of Sec. and
already provide the semistability inequality and the energy-dissipation balance to hold for a.e. t € [0, T],
ie., forallt € [0, T)\N with the L' -null set N as in (8). Balance also directly implies the upper energy-dissipation
estimate to be valid for all subintervals [s,t] C [0, T] with s,t € [0, T]\N. Thus, assumptions A1) and A2) of
Theorem|[5.3 are satisfied. Moreover, regularity assumption A3) for v is clearly ensured by regularity statements &
(770). In Section we already verified that the weak momentum balance holds true for allt € [0, T|, which gives
A9). We further note that above Lemma also provides the validity of assumptions A5)—A§), and A10) while the power
control A4) can be proven using coercivity of the system energy and the uniform bound on f. Consequently, we are now
in the position to conclude the temporal Holder-continuity z € C*/4([0, T); X) and the validity of properties (T0a), (T7),
and onall of [0, T) as a corollary:

Corollary 5.5. Let the assumptions of Lemma(5.4 be satisfied and let the variational inequality hold true for the
initial datum (g, o). Then the functionals £ and 'V comply with the assumptions A1)-A10) of Theorem and thus, for
the pair (u, z) obtained by convergences (76), inequalities and are valid for all subintervals [s,t] C [0, T] with
s,t € [0, TI\V.

1 Forallt € N N (0,T) there are sequences (t),, C [0, T]\N such thatt,, /'t t} \, tasn — oo and,
27 = lim, 00 2(8,) = lim, o0 2(87) = 27 in X thanks to the validity of inequalities and for
[t t],n €N.

2 Further let R as in (5) encode a unidirectional evolution of the rate-independent variable. Then z(t,") < z f) <
z(t,,) for allm € N and like in the proof of the continuity in the viscous case after atfirst 2~ = 2(t) = 2+

in X, and then with a similar argumentation = € C°([0, T); X).
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3 In addition, let u € C°([0,T],U), as guaranteed by (77a). Then, the one-sided variational inequality (T0a),
semistability inequality (1), and the energy-dissipation balance are valid even for all t € [0, T). Con-
sequently, also estimate is valid for all t € [0, T) and thus ensures the temporal Hélder-continuity z &
CYh ([0, T); X) with the Holder-exponent h = g—; = 1 for 3, = 1 and oo = 2 obtained in Lemma

We point out that the initial time t = 0 is a (H6lder-) continuity point of z, since the variational inequality and thus
semistability are satisfied by assumption. Hence, 0 € [O, T]\N and one obtains the validity of the inequalities
and for intervals [0, t] with t € [0, TI\N. With the arguments of Cor.[5.5, Item 1., one can consider the limitt ,/* 0
and thus conclude that zo = limy_,q z(t) in X thanks to and (@1). Instead, for the final time T it may happen that
T € N, so that and are not guaranteed. Since one can only consider the limit from the left for sequencest \, T,
but not from the right, it is thus possible for z € BV ([0, T], L'(Q)) that z7 := limy_,1 2(t) > 2(T) with z(T) the
value extracted by convergences (76). A solution of that is (Hélder-) continuous on all of [0, T] can be rendered by
replacing z(T) with z . O

5.4 Proof of Theorem 5.1 Item 4;: Improved convergence (79¢)

For the proof of the strong convergence for the sequence (uT)T we referto [LRTT18, L. 4.8].

To conclude the strong convergences and we shall exploit the validity of the energy-dissipation balance
atallt € [0, T) for the limit pair (u, z). More precisely, in view of the weak convergence results i (t) — u(t) in U and
zZr(t) — z(t) in X by and in the separable, reflexive Banach spaces U, X the strong convergence of the
sequences can be concluded if also their norms can be shown to converge, i.e., if it can be shown that

lu()[f < liminf o ()]G < limsup [|a-(0)|1G < [|20]1 (121a)
T7—0 7—0

I2()]% < liminf ||z ()% < Timsup |2 (8)[k% < [lz(8)]% - (121b)
T—0 7—0

While the first set of inequalities in (121) is due to weak convergence and the weak lower semicontinuity of the norms, the
last set of inequalities in (121) will now be concluded with the aid of the energy-dissipation balance of the limit system.

We first carry out the argument for (Z.). to deduce the last inequality in (T27D). For this, at any time t € [0,T), we
rearrange the discrete energy-dissipation inequality as follows

/Q (5 1= 2 0)" + 5 9207 ) ar

(122)

- IC(’U'T(t)) - /Q %(C(ZT(t))eO]T(t)) : e(ﬂT(t)) dz + <f‘r(t)a aT(t)>U*7U
(t)

i, tr(t)
_ /0 MRons (20 (1)) dr — /0 2V (2, (r); s (1)) dr

and we take the limit superior as T — 0 on both sides of (122). By making use of convergences (76), we can pass
to the limit on the right-hand side by weak lower semicontinuity and weak-strong convergence arguments, essentially
by repeating the argumentation of Sec. for the upper energy-dissipation estimate, and we also use the estimate
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. f()fr(t) 2RM(ZT(T)) dr < 0. In this way we find

limsup/Q (%(1 — ZT(t))2 + g \VET(t)|2) dz

710

< K(ia) + E(0.un.20) = [ (7(r).u(r)) o v dr = K((t)
— [ SCCO) - eult) e+ (10, uO) g — [ 2V i) ar
Q 0
—/ (31— =0 + 519200 ) do

forallt € [0, T), where the last equality follows from the validity of the energy-dissipation balance of the limit. This
provides (121b).

To deduce (121a) we repeat the above line of arguments. Accordingly, in the analogon of (122) we keep the stored-elastic-
energy term on the left-hand side and move the phase-field term to the right-hand side. In this term we can also pass to
the limit via convergences (7€) and weak lower semicontinuity, as already argued in Sec.[5.2.4, Thus, we obtain

hrrTllsOup/ -C(z ar(t)) s e(ar(t)) de

< K(ito) + E(0, 0, 20) / (Gl wr = [ 2V Gtryae) dr
~0(®) ~ [ (550=20) + 51V 0 ) do + (70 a0 - o
:/Ql([:(z(t))e(u(t)) ce(u(t)) de.

(123)

2
From this, (121a)) is concluded with the aid of the following lemma:

Lemma 5.6 (Adaption of [CLRTT18| L. 4.7]). Given two constants Cy,Cy with0 < Cy < Cby, let T¢, ¢, denote the class
of tensors C € R4X4xdxd that are symmetric, i.e.,
Cijri = Cjira = Cyjir = Cruyy
positive definite and bounded:
Ci|AP < CA: A< CylAP? forevery A € ngxnil. (124)

LetZ,, be the functional defined by
e) = / Cp(z)e(z) : e(z)dz foreverye € L?(; R¥*Y)
Q

where C,, € L>°(Q; Te, ¢, ) are such that

Cn(z) = Coo(x) fora.e x €}, (125a)
en — €xo weakly in L2 (Q; R*?) | (125b)
limsupZ,(en) < Too(€oo) (125¢)

n—oo

and L. is defined by
Too(e) == / Coo(®)e(x) : e(x)dx foreverye € L*(;RI*?).
Q
Then, lim,,—, o0 Zp(€r) = Zoo (e ) and
en — €so  strongly in L?(€; R4 | (126)
Note that [LRTT18, L. 4.7] states the result for tensors C € L>((0,T) x Q; T, .c,) that additionally depend on time
and for functions e € L?((0,T) x Q;R4*4), so that the functionals Z,,,T are defined by additionally integrating over

(0, T). Accordingly, [LRTT18, L. 4.7] provides strong convergence of (e, ), in L*((0, T) x Q; R¥*%). But the arguments
of the proof remain valid, if we drop the time-dependence as here in Lemma O
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6 Limit passage in the viscous case

We now discuss the limit from time-discrete to time-continuous to obtain solutions for system
(U7 Wa Z]W7 V7 IC7 RM) 5)
with a viscous evolution of the phase-field variable, when the parameter M > 0 is kept fixed in the limit passage:

Theorem 6.1 (Existence of solutions in the viscous limit). Let the assumptions of Theorem[4_1] and Proposition 4.4 be
satisfied and assume that the one-sided variational inequality holds true att = O for the initial datum (ug, z9) €
U x X. Let the viscosity parameter M > 0 in (@) be fixed and let T — 0. For all T > 0 let (tr, Ur, Ur, Zr, 2r, 2, ) be @
tuple of interpolated solutions of problem corresponding to system (U, W, Z, V, K, R, £). Then there holds:

1 There exists a pair (upr,zar): [0, T] = U X Z such that, up to a (not relabeled) subsequence, the solutions
(UryUry Ur, Zry 27, 20 )r CONVerge to (unr, zpr) in the topologies of and additionally also in the following
sense:

2y — 2y weaklyin HY(0,T; Zyy) . (127)

2 The limit pair (unr, zpr) is a solution of (U, W, Z,V, K, Ry, E) in the sense of Definition[1.8 and it is 0 <
zm(t,x) < lforaa x € Qandforallt € [0, T].
3 The limit function u; complies with the regularity properties (77). The limit function z; the has regularity properties

zy € HH(0, T L2(Q)) N L™(0,T; X) N C%((0,T); X) . (128)

4 In addition to the convergence results stated in Item[d} also the following improved convergence statements hold
true:

e(tiy) — e(tar) strongly in H*(0, T; U), (129a)

e(ur(t)) — e(un(t)) stronglyinU forallit € [0,T), (129b)

Z:(t) — zm(t) stronglyinX forallt € [0,T). (129¢)

Proof. The proof of Theorem[6.1]is discussed in Section[6.2]by mainly pointing out the differences to the rate-independent
case given in Theorem The proof of the continuity of z3; in the interval [0, T) with values in X is based on a similar
argumentation as the improved regularity the rate-independent setting, cf. Theorem We state the abstract result for
the viscous evolution below in Theorem[6.2]and verify regularity statement in Section[6.4 O

The proof of the continuity-result stated in Theorem below will be elaborated in detail in Section Compared to
the regularity result in [RT17a, Thm. 3.8], the situation here is different due to a quadratic dissipation R s instead of
a 1-homogeneous rate-independent potential and due to the state-dependence of the viscous dissipation V. The result
is based on the one-sided variational inequality (9a), which is valid for a.e. t € (0,T), only, due to the appearance of
Zym € L2(0, T;Z)s). To estimate this expression we will make use of a Riemann-sum approach relying on a sequence
of partitions I1 := ({t}}, k = 0,...n}),, for which holds true in each of the nodes t};, see Thm. Item 4 and also
Remark[6.3 An outcome of this will be the term

n

Varfy s(z:[s.1]) := lim Y [l2() = 2(61_)lg, a>1, (130)
k=1

with the exponent o > 1 and the Banach space S given by the uniform convexity property ([84). We remark that the

expression Var‘ﬁ,s(z; [s, t]) resembles a variation of power ., which appears in stochastics for o = 2, but differently to

a true variation, in it is not possible to consider the supremum over all the partitions of [s, t}.

Theorem 6.2 (Improved temporal regularity). Let (U, W, Zy;,V, K, R, E) be a damped inertial system characterized
by Banach spaces U, Zy;, and a Hilbert space W, the kinetic energy K : W — [0,00), a dissipation potential
V : Zy x U — [0,00), a quadratic dissipation potential Ryr : Zpy — [0, 00], and an energy functional £ -
[0,T] x U x Zpr — RU {00} such that for alit € [0, T] the functional E(t, -, -) is coercive and takes finite values on
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(a closed, convex subset of) V x X with X a Banach space such that X C Zy; compactly and'V a Banach space such
that V. C U continuously and densely. Moreover, let S be a Banach space such that X C S C Z continuously, which
may or may not coincide with X or Z s . Further consider the list of assumptions A1)-A10) from Theorem where A1)

and A2) are now replaced by:

Al ) The pair (u, z) : [0, T] = U x X satisfies the one-sided variational inequality (T31) for a.a.t € [0, T]:

(D E(t, u(t), z(t)) + DRy (2(1)), mx=x >0 foralin € K(t)
with K (t) C X a closed, convex subset of X. Define the L -null set
N:={te[0,T]| (u(f),2(f)) does not satisty ({31} .

A2 ) The pair (u, z) : [0, T] — U x X satisfies the following upper energy-dissipation estimate
K(u(t)) + €(t, u(t), 2(t)) +/ 2(V(2(r); a(r)) + Rar(2(r))) dr
< K(i(s)) + E(s, uls), z(s)) +/ O E(r,u(r), z(r)) dr

for all subintervals [s,t] C [0, T] with s,t € [0, T]\ V.
The following statements hold true:
1 Let assumptions Al ) and A5) be valid. Then (u, z) satisfies
E(s,u(s), 2(s)) + Cu[|2(t) — 2(s)lg
< E(s,uls), (1) + (DRar(2(s)), 2(1) — 2(s))x- x

forall s € [0, T\N and forallt € [0, T] such that (2(t) — z(s)) € K(s).
2 Letassumptions Al), A2), and A3)-A6) be valid. Then, z complies with the following estimate

C.at) =25 < e [ i)y dr) =)+ / t

(pii(r),i(r))y- y| dr
+ (DR (£(5)), 2(t) — 2(8))x- x — / 2R (2(r)) dr

for all subintervals [s, 1] C [0, T] with s,t € [0, T\N and (2(t) — 2(s)) € K(s).

3 Let assumptions Al), A2) and A3)-A9) be valid. Then, z complies with the estimate
L[t ¢ Bu
Culaft) = )3 < € [ il dr+e. ([ Nt ar)™ + =
t
DR ), (0) ~ 2(5))xe x — | ZRus() dr

for all subintervals [s, 1] C [0, T] with s,t € [0, T\N and (2(t) — 2(s)) € K(s).

(131)

(132)

(133)

(134)

(135)

(136)

4 Let[s«,t.] C [0, T] and consider a sequence of partitions I1 := (I, )pen withII,, = {s. =t <t} < ... <

t = t.} such that

(2(ty) — 2(tp_y)) € K(tp_y) forallk € {1,...,n} andn € N,

n

nlgréoz (DRar(Z(-1)), 2(t7) = 2(t7))x- x — / 2R (2(r)) dr = 0.

k=1 *
Set

Varf (23 s, 1) = Tim 3 [l2(e) — =(_)]J3 -
k=1
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Further suppose for the nodes of I1 that t}} € [0, T] \]\7 forallk € {0,...,n}, andn € N. Assume that estimate
(135) is valid with 3,, = 1 in all the nodes of I1. Then,

ts ts
CVarfys(aifsurt) <o [ i)y drt Ct— s+ [

5 5

(pii(r), a(r))y- y| dr.  (139)

If estimate is valid with 3,, = 1 in all the nodes of 11, then,
C Varf g(2; [s4, ti]) < (C +¢,) /t* |a(r) ||y dr 4+ C(t. — s4) - (139b)
EN
If in addition also assumption A10) is valid, then
O Var (2 [s0,8)) < (C 4 ) (b — 52 il oo, o) + Ot — 52). (13%)

5 Let the conditions of ltembe valid and assume that one of (1393), holds true. For allt € N N (0, T) there
are sequences (£ )1en C (0, T)\N such that
tr A6 BN and (5(5) = (i) ]ls = 0,

zo = lim 2(f;) = lim 2({) =2 inS asl — co.
t l—o00 l—o0 t

(140)

6 Assume that Ry, resp. the closed, convex subset K(t), t € [0, T], encodes a unidirectionality constraint, i.e.,
(2(f) — 2(t)) € K(t) foralli,t € [0,T] with > t. Let the prerequisites of ltem[d| be valid. Suppose that
Zy = LP(Q) and that S € {LP(Q), W™P(Q)} withp,p > 1 andm € N, and such that X C S C Zy,
continuously. Then, itis z; = 2(t) = z:r in'S for allt € (0, T) and for the left- and right-continuous limits of the
sequence (T40). Moreover, there even holds z € C°((0,T); S).

Proof. The proof is carried out in Section[6-1] below. O

Remark 6.3 (Approximation by Riemann sums). For a Banach space V', every f € L*(0,T; V') can be approximated by
Riemann sums, i.e. there exists a sequence of partitions I1,, = {0 = t{ < {7 < ... <t} } such that

lim max t} -t} ;=0 141
rimsoo 12hEN, kT k=l (141)

and lim,, o Zﬁ’gl /. ?71 | f(t%) — f(r)|| dr = O [DMFT05, Lemma 4.12, p. 26]). There is even a freedom of choice

in the selection of the partition because the approximation property also holds true if one takes into account almost all
sequences of partitions with the property ({I41), cf. [MR15, footnote 35, p. 604]. This may be justified by applying for the
L1 (0, T)-integrable functions || f(-)||v : [0, T] — [0, c0) the definition of gauge integrals, e.g. in the sense of Denjoy-
Perron [Maw97, p. 349] or Henstock-Kurzweil [ebPM16, Ch. 4], and the fact that every Lebesgue-integrable function is
gauge-integrable in the sense of Denjoy-Perron [Maw97, p. 385f] or Henstock-Kurzweil [Sch09]. In this way one may
restrict the partitions to those with nodes in [0, T)\IN and thus ensure the prerequisites of Thm. ltem

6.1 Proof of Theorem[6.2; Improved temporal regularity for the internal variable

To Item estimate (134): Based on Al ), we test the variational inequality (T37) at time s € [0, T] \ Nbys— z(s) €
K(s) with Z € X suitably. By the Gateaux-differentiablility and convexity of £ (¢, u, -) ensured by A5), one finds

0 < (D:&(s,u(s), 2(s)) + DR (2(s)), 2 — 2(s))x- x
< E(s,uls), 2) = E(s,uls), 2(s)) + (DRu(2(s)), 2 — 2(s))x- x -
Let now zg, z1 € X such that z; — z(s) € K(s) fori € {0,1} and X\ € (0, 1). Then, for Z = Az1 + (1 — X)zg in (142),
itis Z — z(s) € K(s). Exploiting the uniform convexity estimate (84), it follows
0 <&(s,u(s), 2) — E(s,uls), 2(s)) + (DR (2(s)), 2 — 2(8))x- x
<AE(s,u(s), z1) + (1 = N)E(s,u(s), z0) — AL = N)Cy [|21 — 20llg — E(s,u(s), 2(s)) (143)
+ A DR (2(s)), 21 — 2(8))x- x T (L = A) (DR (2(5)), 20 — 2(8))x- x -

(142)
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Now, the choice zg := z(s) in (143), where clearly z(s) — z(s) = 0 € K(s), leads to
0 <A[E(s,u(s), z1) — E(s,u(s), 2(s)) — (1 = A)Cy ||z1 — 2(s) g
+ (DR (2(s5)), 21 — z(s)>xx] )
Dividing by A > 0 and letting A | O one arrives at
Co 121 — 2(5)13 < (s, uls), 21) — E(s, u(s), 2(5)) + (DRAr((5), 21 — 2(5)) e x -
The choice z1 := z(t) fort € [0, T] such that (2(t) — z(s)) €

Cullz(t) = 2(s)lls < E(s, uls), 2(£) =€ (s, u(s), 2

s) shows the validity of Theorem[6.2, Item[1] that is

K(
(s))+ (DRar(2(s)), 2(1) — 2(s))x- x (144)

To ItemE estimate (135): Let now also t € [0, T|\N. In a first step, the right-hand side of {{44) by adding and
subtracting terms, can be rewritten as

(48 = E(t,u(t), 2(t)) — E(s,u(s), z(s)) + /t 2Ry (2(r)) dr
+ E(s,u(s), 2(t)) — E(t,u(t), z(t))s (145)
+ (DR (2(s)), 2(8) — 2(s))x- x — /: 2R (2(r))dr .
In view of the upper energy-dissipation estimate (133) ensured in 2(2) for s, t € |0, T]\Kf one obtains
{45 < K(u(s)) — K(u(t)) — /t 2V (z(r); a(r)) dr + /t OrE(ryu(r), z(r))dr
¥ (s uls), 2(1)) — E(t u(t), =(1) S (146)
+ (DR (2(8)), 2(t) — 2(8))x- x — /: 2R (2(r)) dr.
Now the terms on the right-hand side of @ will be further estima(ted from above individually. In view of assumption A3)

on the regularity of u, the result [Rou06, Lemma 7.3, p. 191] together with the non-negativity of V(z(r); u(r)), provides
that

K(u(s)) — K(u(t)) — /21/( dr</ | (pii(r U*U|dr (147)

In addition, we make use of the absolute continuity of r — E(r, u, z) and Hélder-estimate (85) for £(t, -, z(t)) provided
by A6), to deduce that

E(s,u(s), z(t)) — E(t,u(t), z(t))
= E(s,u(s), 2(t)) — E(t,u(s), z(t)) + E(t, u(s), 2(t)) — E(t, u(t), 2(t))

/ 0, (r,uls), 2(£)) dr + ¢, [[u(s) — u(®)||

and by the absolute continuity of u we further note that

t
/u( /Hu g dr . (149)

In summary, we conclude for all s, t € [0, T] \ N with (z(t) — ( )) € K(s) that

. Bu
Culle) ~ 26015 < [ 10 i e e ([ o)l o)

—l—/s (&E(r,u( ), 2(r)) — Bré'(r,u(s),z(t))) dr (150)

(148)

e uls) —u(@)lIgy < e

DRy (). 2(0) ~ 2o x — [ 2Raslr)
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where the term involving the partial time derivatives of £ can be further estimated from above by the power control
provided in assumption A4) as follows

/ 0,E (ry u(r), 2(r)) — OE (1 uls), 2(t)) dr
< / (10:E(r,u(r), z(r))| + 18, (r, u(s), 2(t))] ) dr (151)
< / E[E(r,u(r), z(r)) + E(r,u(s), z(t)) + 26] dr <C(t—2s).

Note here that the uniform bound on E(r,u(r), z(r)) + E(r,u(s), z(t)) is guaranteed by the upper energy-dissipation
estimate (133) and the coercivity of € (t, -, +) on (a closed, convex subset of) V x X as claimed in the general assumptions
of Thm. serting (T51) into (T50) proves the validity of estimate (T35) for all s, t € [0, T]\N such that (z(t)—z(s)) €
K(s), that is Thm.[6.3 Item|g

To Item E, estimate (136): To deduce (136) we return to estimate (146) and, instead of using (147), we argue as
follows: Again, by assumption A3) on the regularity of u and [Rou06, Lemma 7.3, p. 191] we have K(1(s)) — KC(u(t)) =

- fst (pii(r), u(r)) - v dr. Moreover, E(r, -, z(r)) is Géateaux-differentiable by A7) and the weak momentum balance
holds true by assumption A9). We thus test by 1 to obtain the identity

/St (Pii(r) + D€ (r, u(r), 2(r)), i)y o dr = — /: W= (t): i(r)) dr
Hence, the kinetic and the viscous terms on the right-hand side of @ amount to
K(u(s)) — K(u(t)) — /: 2V(z(r);u(r)) dr
= /: (=pi(r) + pii(r) + Du&(r,u(r), 2(r)), W(r))y. v dr (152)
_ /: (DuE(r,u(r), 2(r)), (). v dr-

This term is now further estimated with the aid of the gradient estimate provided in A8) in the following way:

/ (DuE(r, u(r), =), i) g dr| < / IDLE( u(r), 2()llg- ey dr

(153)

< / (Cr&(ru(r), () + Co u(r) [ + Cs) 7 i)l dr < € / ()l dr

where the uniform boundedness of u € H'(0,T; U) claimed in A3) was used together with the uniform bound on the
energy provided by the upper energy-dissipation estimate (82). Putting together estimates ({146), (148), (149), (I51), and

(I53) results in
L[t ¢ Bu
Culatt) = 255 < € [ Nt dr+e. ([ Nty ar)™ + Cle =)
t
+ (DR (2(s)), 2(8) — 2(8))x- x —/ 2R (2(r)) dr,
which finishes the proof of estimate forall s, t € [0, TI\N with (2(t) — z(s)) € K(s), i.e., Thm. Itemla
To Item[4, estimates (T39): Consider now a sequence of partitions Il = (IL, ) pen, I, 1= {s. =t <1} < ... <

t =t} with the properties (T37) and such thatt}} € [0, T\N for all the nodes of I1. First, assume that estimate (T35)
is valid with B, = 1 for all the nodes of I1. Hence, using s = t}_,,t = t}} and 3, = 1 in (135), summing up fromk = 1
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ton, and letting n — oo, gives

Ty Ty
O\ Vard g (2[5, £.]) < s / ()l dr + C(ts — 5.) + / (pi(r), i) g o] dr

n

+ lim Y (DRas(2(6 1)), 2(t) — 2(tf-1))x. x —/* 2R (%(r)) dr (155)
k=1 Su

ty ta
= [l dr+ O -5+ [

(pii(r), (1)) | dr

by assumption on the convergence of the Riemann sum in (137b). This shows (139a). Analogously one obtains from
estimate (136) with 3,, = 1 that

T4 T4
CVarfys(zifsn,t) < € [l dr e [ i)y dr+ Ot = 5.)

+ lim Y (DR (2(6 1)), 2(1) = 2(t1))x. x — / 2R (2(r) dr (156)

k=1

—(Cte) / () g dr+ C(ts — s4),

that is (139b). For estimate (139c) we observe from the quadratic growth of V claimed in A10) that we may use
Holder's inequality with power p = 2 for the first term on the right-hand side of (139Db), resp. above in (156). Thus,

ta
O, Varfy g (23 [s., t]) < (C + C*)/ [a(r)lly dr + C(t. — s.)
s (157)

. 1
< (C )t — )7 il o, o0 + Clt = 5),

which is (139c).

To Il‘emlgr existence of S-convergent sequences @: Lett € NN (0, T) and consider a sequence £ \, 0 with
e > 0 and such that — e, £ +¢ € [0, T]\ N. This is possible in view of Remark Assume that one of (T39d),
(1390) is valid. Without loss of generality we here carry out the proof under the assumption that (T39b) is valid together
with growth property from A10); the proof based on or without proceeds in an analogous way. Then, by
assumption, there exists partitions (II, ) ey = {t — e = t5" < 5" < ... < 5" = { + &} with nodes t5" € [0, T]\ V.
Hence, (T396), resp. (T56) above, together with (88) yields that

Varfy g(2; [t—et4e]) = nh_}n;@ Z Hz(ti”) —z( 2@1)";
k=1
1/ - L
<5 ((C+e)@)? il 2o r) + C2

+ Jim > (DR (1))~ )y [ PRar(E() ).

k=1

where we also divided by C,, and used that [t — ¢, + €] C [0, T]. In view of (137b), for allv > 0 and each ¢ > 0 there
is an index n(v, ) € N such that

n

> (DRar (26 1)) (0) = (). x [ 2Raél) < v (158)

k=1

for alln > n(v, €) such that 115, is an admissible partition of [f —¢, t+ €. In particular, also the choice v = ¢ is possible.
In this way, for each ¢ > 0 we have found an index n(e) = n(e,e) € N marking the partition II}, ., and constants
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C1,Cy > 0 such that

n(e)

o 1 A 1.
>l = 2 )lls < 5 (€ +e) @92 il oo ) + C25 +¢)
k=1 *

(159)
1
S 01 (28)§ + CQ&‘ .
Moreover, there is an index k() € {1,...,n(e)} such thatt € [t~ 1> tii(e) |- Hence,
e) 1
Hz(ti?g)) 2(t57 1) Z (57 "8 < C1(22)2 + e
Choosing now a subsequence (g;);en withe; — 0 asl — oo, and ff = til{;) | as well as t}* = t;’(a ) proves

the existence of sequences (f;")ien C [0, T] \ N such that t; S tandt N\ t, and such that also ||z 2(t50) —
Z(tir(bs)q)ns — 0, and thus z;” = lim; . 2(t7) = limy 00 2(8) = zfﬁ i.e., with properties (140). This finishes the
proof of Thm.[6.4 Item[5

To Item@ contmutty of the internal variable: Given the prerequisites of ltem@ for everyt € (0,T) we find sequences
(tl )ien, (tl )ien such thattl Nt andtl \, t, and such that z = = lim;_y0o z(tl ) = limy o0 z(tl ) = Zi inS.
Like in Corol/ary- we now exploit the unidirectionality of R s to show that indeed

— - _ + + .
z; = lggo (7)) =2(t) = hm z(t]) =2 inS. (160)
For this, we argue as follows: Since S C Z; continuously, we also have zT = zf“ in Zyr. Moreover, by the unidi-

rectionality constraint we have (z(t) — z(;)) € K(t;), (2(t1) — 2(,)) € K(&,) and (2(t) — 2()) € K(?).
Hence z(t;) < z(t) = z({}") for alll € N, where < indicates the symbol for the unidirectionality relation. Thus
27 = z(f) = 2z = 27, which implies

27 =z2(l) =z, firstinZp = LP(9). (161)

By assumption, itis S = Wm713(Q) with X C S C Zj. Hence, equality (T61) also holds true in S if m = 0. Moreover,
form > 0 we also find equality (167) to hold true in S by the uniqueness of weak derivatives. This proves (160).

The convergence ([160) along the special sequences (ﬁt)leN C [o, T]\J\~f will be used now to show continuity of z in
(0, T). For that, consider a general sequence

(8")1en € (0,T) such that 8 — tasl — oo, (162a)
i.e., here in particular also s' € N is allowed, and we aim to prove that also
2(8") — 2(t) asl— cc. (162b)

Now, let (t;)jen C (0,T)\ N denote the special sequence (t, )ien with (T60) obtained by the construction in Item@
i.e., we have
t; — tandz(t;) — z(1). (163)

By construction of ltem@ for each j € N there is a partition 117, ., such that{; = "D anat e [t 15"9)] for some
ke{l,...,n(j)} and such that

() i—e
> (DRar(E(8 1)) = (62 x ~ [ R (E)) <e, (164)
k=1 t+e

since n(j) = n(e,e) in view of (158). Similarly, for each &', for alll € N there is also a special sequence (8L);en C

(0,T)\ N such that
8t — &' asi — oo and z(8) — 2(3").
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Let £ € (0, ] be general but fixed. Then, for alll € N there is an index i(l,€) € N and there is an index j(£) € N such
that

foralli > i(l,€) : ||2(8)) — 2(8")|| < &, (165a)
forall j > j(€) : Hz(f]) — 2(%) g <E. (165b)
Now we also fix j > j(€) and we know that there is a partition HZ( ;) such that fj coincides with one of its nodes, in
particular t}- = tiyi(f ) by construction. Then, one finds | € N large enough such that § € [t:"9) £:"9)] and also
g e [t5"9) 4579)] in addition to (T658). Thanks to this, we estimate
Hz(él) — 2(1) s < Hz(él) - z(éi)”s + Hz(éi) — 2(t) ’s
<&+ |26 — 2D + [ 659) — 2
<28+ ||2() — 257D -
where we again used (65). From this, it follows
) — (S < 921 N\ AN en(j) *
[|2(8" z(t)”s <2 (26)* + ||2(8;) — 2(t*"V 1) s) (166)

and it remains to deduce an estimate for the term ||z(8L) — z(tZ(_Jf) |&. Thanks to &L, tZ(_Jf € (0,T) \ N this can be
achieved with the aid of (T36), keeping in mind that here 3, = 1. Hence, it follows that

ol
Sq

o

i)l dr+ O =159

)~ D[ < €+ [

en
tk

y (167)
+ (DRu (079, 2(5) z(tii(lj))>X*,X _/t L ORm(E(r)) dr

en ()
k-1

In order to further estimate from above, we once more make use of the unidirectionality constraint. For this, we
need to distinguish the following two cases: decay, i.e., for allt; < to € [0, T] itis z(t1) > z(t2) a.e. € Q together
with 2 < 0 a.e. in (0, T) x §, and growth, i.e., for allt; < ty € [0,T| itis z(t1) < z(t2) a.e. € Q together with
2 > 0ae in(0,T) x Q. We evaluate these two cases for the times tii(lj ) < gk < tin(j ) In case of decay we
thus have z(tiri(lj)) > 2(8) > z(tin(j)) and hence 0 > z(8l) — z(ti’i(lj)) > z(tin(j)) - z(t?i(lj)). Together with
D’RM(,é(tiTi(f))) < 0 we see that

0.< (DR (290, 23D -2 D)) .

() () () -
./ ,EN En en
< <DRM(Z(tk71] ), 2(t) =2 (6, )>X*,X.

Analogously, in case of growth we haveg(tiri(f)) <z2(8) < z(tin(j)) and hence 0 < z(3l) — z(t?i(lj)) < z(tin(j)) -
2(t5"9)). Together with DRy (2(t5"7))) > 0 we again observe (T88) to hold true.

Inserting (T68) into (I67) and exploiting the additivity of the integral gives

: NP o G gen(i)
A~ En . En EN
C. s == DS < € [ Nl ar+ 6~ 629)
k—
) ) _ tin(j)
+ (DRu (290, 2" = 2(570)) = IR (5(r)) dr (169)
‘ X* X @

tfﬂ(j)
+/k 9Rar(3(r)) dr .
sl

Si
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We add the analogous estimates (T36) for each of the nodes k # k € {1,...,n(j)} to (T69) and divide the result by
C.,. In this way we obtain

(e

< S )

5 4 s
k=1
Kotk
. nG) aen ) ”
A en(j
< i((C—i—c*)Z/tm(j) 1w (7)1 dr+CZ — ")
k=1 Tk-1 k=1
n(j) ) 0 . t;n(j)
eniy en(y en(g c .
b3 (PR 079 -0 - [ R ar)
k=1 k—1
ti“(j)
+ / MR (2(r)) dr)
1 | ite £
< g (@ren [Tl ars o res [T mu @)
t—e 55

=)

1
§01(25)1/2+02€+07/ 2RM(Z(T))dT‘
* 55

Here we used (164) and growth estimate (88), similarly as for (159). Putting this together with (166) we find

) = 2@lg < 227 (@97 + =) - 29|
(@) (170)

<207 ((28)° + C1(2)/2 + o 4 - / 2Rr(2(r) dr)

where £ € (0,¢] and [8L, "] c [£5"9) 15"0))  [i — &, 1 + €]. Hence, by the absolute continuity of the integral, the
right-hand side of (170) can be made arb/trar//y small as e — 0. This shows that indeed (162) holds true for any sequence
(8", € (0, T) with 8" — t € (0,T) asl — oo. Thus we are now in the position to conclude that = € C°((0,T);S). O

6.2 Proof of Theorem[6.1}: Viscous case

We carry out the proof of Thm. following the lines of Sections by pointing out the arguments which have
to be done in a different way due to the presence of the quadratic dissipation potential Ry; : Zpy — [O, oo). In
particular, in view of the uniform a priori bounds (48), the convergence of a subsequence of the interpolated solutions
(UryUry Ur, Zry 27, 20 )+ L0 @ limit pair (upg, zpr) in the topologies is concluded in the same way as already done in
Section Also the boundedness 0 < z,, (t, z) <1forae x € Qandforallt € [0, T} is concluded here like in Sec-
tion om the knowledge of this bound for the approximants (2. (t)), together with the strong L*(2)-convergence
of this sequence ensured by forallt € [0, T].

Proof of Theorem[6.1] Item[1} Convergence statement (127). For fixed M > 0 the uniform a priori bound
2l 1 0,7522(02)) < C/VM

provided in implies the existence of Zz € H 1 (0, T;Zys) such that, up to a subsequence, z, — Z weakly in
H! (O7 T, Z M). It has to be concluded that Z coincides in with zr, the latter already obtained by convergences (76f)—
(76h). Indeed, by the definition of the interpolants @3) it is 2, (t) — Z,(t) = (t — t*)2,(t) forany t € (t*~1, k], andin
view of the bound (48g) it thus follows

/ / Z—zum) vdzdt;%/OT/Q(ZT@)zT(t))v(t)dzdt

< lim/ / TZT t)dadt < hm T||ZTHL2((O mxllvllzo,mx0) =0

T—0
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forallv € L2((0,T) x ), which proves the assertion. O

Proof of Theorem Item 2} Defining properties (9) of the solution. As 7 — 0 the weak balance of momentum
is obtained from its time-discrete version [&7b) thanks to convergences by repeating the lines of Section[5.2.3
Also an upper energy-dissipation estimate for all t € [0, T] can be deduced following the arguments of Section|[5.2.4
by exploiting the lower semicontinuity properties of the functionals K, £(t, -, -), and fot 2V(+; -)dr with respect to conver-
gences (76), the non-negativity of the Yosida-term fot fQ % (27)4 dedr > 0, together with the lower semicontinuity of

the quadratic dissipation fot Jo % (+) dar dr with respect to the weak L?((0, T) x §)-convergence obtained in (127). For
allt € [0, T] this results in the upper energy-dissipation estimate

K (inng (£)) + (b unt (£), 2 (£)) + / 2(V(zarsiag) + Ros (2ar) dr
(171)

t
< K(ug) + £(0, ug, 20) —|—/ 8t5(7°,u(7"), z(r)) dr.
0
The opposite inequality will be deduced below in with the aid of a Riemann-sum argument once the one-sided
variational inequality is verified.

Unidirectionality (9b). The deduction of the a priori bounds was carried out in Section[4.6 and also led to the esti-
mates and (74). The latter yields fOT Jo |Gr)+?dzdr < & = Cr forallT > 0. Hence, by lower semi-continuity

of the map z — fOT Jo [(2)4|? da: dr with respect to weak L?((0, T) x §2)-convergence, it follows by convergence (T27)

T T
0=lim Cr = liminf/ / (2 (1)) 4 > dedr > / / |(2as (7)) 4 |* dadr . (172)
0o Jo 0o Jo

T—0 T—0

Since [;, |(2a1(r))+|> dz > 0 for all+ € [0, T], by the non-negativity of the integrand |(2s(r))+|? we conclude from
that there has to hold [, |(2(r))+|* dz = 0 fora.a.r € [0,T], and also [, (20 (r))+ dz =0 fora.a.r € [0, T]
by Hélder’s inequality. Consider now any interval [s,t] C [0, T]. Then, by the convexity of the function ()1 and Jensen’s
inequality we deduce

/Q(ZM(t)ZMr(<9))+dac/Q(/:2]\4(r)dr)+dxS/slt/g(,éM(r))Jr dzdr =0,

which proves that zps (t) < za(s) a.e. inQ foralls <t € [0, T].

Viscous phase-field evolution foraa.t € [0, T). Also the limit passage in the time-discrete damage evolution
to the viscous evolution is proven similar to the rate-independent case. We thus proceed along the lines of
Section ' Testing with ) € Y such thatn < 0 a.e. in Q, omitting the negative term [, N, (%) ndz, and
integrating over an arbitrary measurable set I C [0, T| one arrives at the inequality (108), i.e.,

/I/Q[*%(l = 5,(1) + Mz ()]0 + £V E(t) - Vndzdt

1 "(z celu — T
Z/1/9[5@ (2 (&) e(ur (1)) : e(ur(£))] (—n) dadt.

To pass to the limit one uses the lower and upper semicontinuity arguments from (109)—(112). Yet, for the limit passage in
the viscous term the argument from (110) is replaced in view of weak convergence (127) by the following

//M?L’Tndxdr%/ Mz ndxdr.
1Ja 1Ja

In this way one obtains the time-integrated one-sided variational inequality

// [5C (eur(0)eunr(®)  e(uar (1) — 5 (1~ 2ae(0) + Magda
I1JQ

+//£V2M(t)~Vndxdt20
1Ja

DOI 10.20347/WIAS.PREPRINT.2798 Berlin 2020



Dynamic phase-field fracture in visco-elastic materials 47

to hold for every measurable set I C [0, T|. From this, we conclude the assertion, i.e., that the one-sided variational
inequality holds true for a.e. t € [0, T).

Energy-dissipation balance fora.a.t € [0,T). In view of (T71) it now remains to show the opposite estimate

IC(’L.L]w(t)) + g(t,’luu(t), ZM(t)) + /O Q(V(Z]W;’L.LM) + R]y[(i]yj)) dr
(173)

> K(iio) + £(0, o, 70) + / &€ (r,u(r), =(r)) dr

Like for the rate-independent setting in Section we will first obtain to hold for a.e. t € [0, T), only. In analogy
to these arguments the proof for also uses a Riemann-sum argument applied to the one-sided variational inequality
that was shown above to be valid for a.e. t € [0, T), only. Let N C [0, T] denote the L!-null set for which
does not hold and consider any t € (0, T]\N . Then, thanks to Remark we find a sequence of (not necessarily
uniform) partitions Il = {0 = tg < té < ... < tév ® = t} with (possibly variable) step-size 0, = t’g — t’; _1,
0 = maxye(1,. N,y |th —ty '] and @ | 0 as Ny — oo such that t} € [0, T)\N and such that

9k Gk

Ne —1 2 2 —1
Zak/(%(c(zM(tlg))\e(uM(tZ DI —le(unr (t5))] +MZM(tlg—l)ZM(tg)—ZM(tZ )) dzdr
k=1 7%
160-0 (174)
.
/ / (—(C(ZM(T)e(uM(r)) :e(itp () +M|2M(r)|2) da dr.
0 Q

Now we test the one-sided variational inequality at time t’g “Lpy 257 sumupoverk € {1,..., Ny} and take the limit
0 — 0. Thanks to the convergence of the Riemann-sums ({74) this results in

£(0,u(0),5(0)) < E(t,u(t), 2(t)) +/0 2R s (2ar(r)) dr
—/ /(C(z(r))e(u(r)) :e(u(r)) dzdr
0 Q
+ [0 dr= [ ot sm)ar

which is the viscous analogon of (118). This is combined with (119), the latter obtained by testing the weak momentum
balance by . This procedure yields (173) and thus proves the energy-dissipation balance to hold for a.e. t € [07 T).

Proof of Theorem Item 3: Regularity & energy-dissipation balance forall ¢ € [0, T), and ltem 4: Improved
convergence (129). For the regularity statements for the displacements we point to Section[5.2.2 where assertion
was obtained based on the convergence results and a priori bound in L*(0,T; U*). Similary, also
the regularity = € H'(0,T; L*(Q)) N L*(0,T;X) in is a direct consequence of convergence results (767)—
together with the weak H' (0, T; Z;)-convergence ({127). We now discuss the last statement of (128), i.e., z €
C°([0,T); X). For this, we consult Theorem The above discussed regularity for u provides assumption A3). We
further note that assumption Al ) is satisfied by with the closed, convex set

K{t):={neY, -1<n<0aeinQ}foralit [0, T|\N.

Similarly, also the upper energy dissipation estimate (133) claimed in assumption A2 ) is valid on [0, T]\]v thanks to (9d).

Moreover, the weak momentum balance holds true for all t € [0, T| and thus yields A9). As already checked in
Section[5.3, in view of Lemmal[5.4 also the properties claimed in assumptions A4)-A8) and A10) apply to system
(U, W, Zn, VK, R, €). Thus, in view of Lemmal5.4 all statements of Theorem[6.4 are valid for

(vaa ZMvvvleR]Vfag) .

In particular, estimates (134) and (739) are valid witha = 2, S = X, and 3,, = 1. Since the dissipation potential R p;
encodes a unidirectionality condition we conclude that z € C°((0,T); X) by Theorem The continuity int = 0 stems
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from the fact that 0 € [0, T]\J\Nf by assumption so that one can deduce continuity from the right following the lines of the
proof of ltems@ and@ Now, by the continuity properties of (u, z) € C([0, T]; U) x C([0, T); X) we see that the validity
of the energy balance can be carried over from [0, T\ N to all of [0, T). We summarize these results in the following

Corollary 6.4. Let the assumptions of Theorem[6.1] be satisfied and let the one-sided variational inequality (9a) hold true
for the initial datum (ug, zo). Then system (U, W, Zy;, V, K, Ras, E) complies with the assumptions Al), A2), A3)-
A10) of Theorem Hence, a pair (u, z) obtained by convergences is continuous with respect to time, in particular
(u,z) € C([0, T]; U) x C([0,T); X), and it complies with the energy dissipation balance foralit € [0,T).

Based on the energy dissipation balance also the improved, strong convergence statements can be concluded
forallt € [0, T) by repeating the arguments of Section|[5.4, O
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