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The moving frame method for iterated-integrals: Orthogonal
invariants
Joscha Diehl, Rosa Preif3, Michael Ruddy, Nikolas Tapia

ABSTRACT. We explore the algebraic properties of a generalized version of the iterated-sums signa-
ture, inspired by previous work of F. Kiraly and H. Oberhauser. In particular, we show how to recover
the character property of the associated linear map over the tensor algebra by considering a deformed
quasi-shuffle product of words on the latter. We introduce three non-linear transformations on iterated-
sums signatures, close in spirit to Machine Learning applications, and show some of their properties.

1. INTRODUCTION

A central problem in image science is constructing geometrically relevant features of curves that are
robust to noise. In this sense, rigid motions of space make up a natural group of ‘nuisance’ transfor-
mations of the data. For this reason, rotation- and translation-invariant features are often desired, for
instance, in Human Activity Recognition [33, Section 6] or in matching contours [43]. Classically dif-
ferential invariants such as curvature have been used [22] for this purpose, and more recently integral
invariants of curves have been of interest [12, 15]. In this work we construct a rotation-invariant rep-
resentation of a curve through its iterated-integral signature by applying the Fels-Olver moving frame
method. We show that this yields sets of integral invariants that characterize the truncated iterated
integral signature up to rotation.

In [6,8], the author used the collection of all iterated integrals to characterize smooth curves, and in [31]
the author extended this construction to more irregular curves. The modern term for this collection of
iterated integrals of a curve is the iterated-integral signature. The iterated-integral signature has since
been used in various applications such as constructing features for machine learning tasks (see [9]
and references therein) and shape analysis [5, 29].

The Fels-Olver moving frame method, introduced in [14], is a modern generalization of the classical
moving frame method formulated by Cartan [3]. In the general setting of a Lie group G acting on a
manifold M, a moving frame is defined as a G-equivariant map from M to G. A moving frame can be
re-interpreted as a choice of cross-sections to the orbits of G, and hence a unique canonical form for
elements of M under G. Thus the moving frame method provides a framework for algorithmically con-
structing G-invariants on M that characterize orbits and for determining equivalence of submanifolds
of M under G.

The moving frame method has been used to construct differential invariants of smooth planar and
spatial curves under Euclidean, affine, and projective transformations, and, in certain cases, these
differential invariants lead to a differential signature which can be used to classify curves under these
transformation groups [2]. The differential signature has been applied in a variety of image science
applications from automatic jigsaw puzzle assembly [23] to medical imaging [19]. Also in the realm of
image science, the moving frame method has been used to construct invariants of grayscale images
[1,42].

We consider the induced action of the orthogonal group of rotations on the log-signature of a curve,
which provides a compressed representation of a curve obtained by applying the log transform to the
iterated-integral signature, and provide an explicit cross-section for this action. We show that for most
curves and any truncation of the curve’s log-signature, the orbit is characterized by the value on this
cross-section. As a consequence a curve is completely determined up to rigid motions and tree-like
extensions by the invariantization of its iterated integral signature induced by this cross-section.
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J. Diehl, R. Preif3, M. Ruddy, N. Tapia 2

This yields a constructive method to compare curves up to rotations and to evaluate rotation invariants
that characterize the iterated integral signature under rigid motions. These invariants are constructed
from integrals on the curve, and hence are likely to be more noise-resistant than their differential
counterparts such as curvature. One can easily set up an artificial example where this is visible.
Consider for instance the circle of radius n=3/2 given by the parameterizationy : [0, 1] — R? where

y(t) = (x(¢), y(t)) = COS,(:/ZM)’ sin(n237/rznt) |

which as n — oo, converges to the constant curve (at the origin). Now the curvature of this curve does
not converge (in fact, it blows up). In contrast, the iterated integrals do all converge (to zero) since y
converges in variation norm. Then, also the invariants built out of the iterated-integrals (Section 4)
converge to their value on the zero-curve. On this toy example these integral invariants are hence
more “stable”.

Additionally, in contrast to the methods in [12], the resulting set of integral invariants is shown to
uniquely characterize the curve under rotations, and moreover, does so in a minimal fashion. Since
the iterated integral signature of a curve is automatically invariant to translations, this provides rigid
motion-invariant features of a curve which can be used for applications such as machine learning.

This work is structured as follows. In Section 2 we detail background on the iterated-integral signature
and the moving frame method, as well as some facts about algebraic group and invariants. We take
a slight detour in Section 3 and consider the orthogonal action on the second order truncation of the
log-signature over the complex numbers. Using tools from algebraic invariant theory, we construct the
linear space which will form the basis for the cross-section in the following section. We also provide an
explicit set of polynomial invariants that characterize the second order truncation of the log-signature
under the orthogonal group. In Section 4 we construct the moving frame map for paths in RY. In
particular, in Section 4.1, we outline our procedure and results in simple language for paths in R2. In
Section 5 we detail the moving frame map for planar and space curves, compute some of the resulting
integral invariant functions, and illustrate this procedure on particular curve. Finally in Section 6 we
discuss some of the interesting questions that arise as a result of our work.

2. PRELIMINARIES

2.1. Thetensoralgebra. Let d > 1 be aninteger. A word, or multi-index, over the alphabet {1, ..., d}
isatuple w = (wq,...,wy) € {1,...,d}" for some integer n > 0, called its length which is de-
noted by |w|. As is usual in the literature, we use the short-hand notation w = wy - - - w,, where
the w;, words of length one, are called letters. The concatenation of two words v, w is the word
VW = vq---vawy---wy of length [vw| = n + m. Observe that this product is associative and
non-commutative. There is a unique element of length zero, called the empty word and denoted by e.
It satisfies we = ew = w for all words w. If we denote by T(Rd) the real vector space spanned by
words, the bilinear extension of the concatenation product endows it with the structure of an associa-
tive (and non-commutative) algebra. We also note that T([Rd) admits the direct sum decomposition

(o)

T(RY) = @spanR{w C|lw| =k}

k=0

There is a commutative product on T([Rd), known as the shuffle product, recursively defined by
elllw =w= wlleand

viwwi=(viwwi)i+(viww)i.
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The moving frame method for iterated-integrals 3

The commutator bracket [u, v] = uv — vu endows T([Rd) with the structure of a Lie algebra. The
free Lie algebra over R9, denoted by g(R9), can be realized as the following subspace of T (R9),

Q(Rd) = é W,
n=1

where W, = spang{1,...,d} = RY and W1 = [Wi, W, ]. There are multiple choices of bases
for g([R{d), but we choose to work with the Lyndon basis. A Lyndon word is a word w such that
whenever w = uv, with u, v # e, then u < u for the lexicographical order. We denote the set of
Lyndon words over the alphabet {1, ..., d} by £4. In particular, w with |w| > 2 is Lyndon if and only
if there exist non-empty Lyndon words v and v such that u < v and w = uv. Although there might
be multiple choices for this factorization, the one with v as long as possible is called the standard
factorization of w. The Lyndon basis b,, is recursively defined by setting b; = i and b,, = [b,, b,]
for all Lyndon words w with |w| > 2, where w = uv is the standard factorization.

Example 2.1. Suppose d = 2. The Lyndon words up to length 4, their standard factorizations and the
associated basis elements are

w u 1% by,

1 — | — 1

2 — | — 2

12 1 2 [1,2]
112 | 1 12 [1,11,2]]
122 | 12 | 2 [[1,2],2]
T2 v P12, 1,211
11220 1 1221 [1,1171,2],2]]
122211221 2 | [1[71,2],2],2]

Elements of the dual space 7 (R9)) := T(R9)* can be identified with formal word series. For F €
T (R?)) we write
F = Z(F, WHIW.
w

In particular, we have no growth requirement for the coefficients (F, w) € R. The above expression
is meant only as a notation for treating the values of F on words as a single object. This space can be
endowed with a multiplication given, for F, G € T (R9)), by

(1) FG=)

Observe that since there is a finite number of pairs of words v, v such that uv = w, the coefficients of
F G are well defined for all w, so the above formula is an honest element of T (R?)). It turns out that
this product is dual to the deconcatenation coproduct A: 7 (R9) — T(RY) ® T (RY) given by

Aw = Zu@v,

uv=w

w.

D (Fu)Gv)

uv=w

in the sense that
(FG,w) =(F ® G, Aw)
for all words. This formula is nothing but eq. (1) componentwise.

There are two distinct subsets of T ((R9)) that will be important in what follows. The first one is the
subspace g((R?)) of infinitesimal characters, formed by linear maps F such that (F,u LI v) = 0
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J. Diehl, R. Preif3, M. Ruddy, N. Tapia 4

whenever u and v are non-empty words, and such that (F,e) = 0. It can be identified with the dual
space

a(R?) = g(RY)" = | | W
n=1
It is a Lie algebra under the commutator bracket [F, G] = FG — GF. The second one is the set

€((RY)) of characters, i.e., linear maps F such that (F, uLLiv) = (F,u){(F,v)forallu,v € T (RY).

We may define an exponential map exp: g(R9)) — €(R?)) by its power series

1
exp(F) = ZEFH'
n=0 '

On a single word, the map is given by

=0

@p(Flwm = | S (Fn)(Fovm.

and since F vanishes on the empty word, all terms with n > |w/| also vanish, so that the sum is always
finite. Therefore, exp(F) is a well defined element of T ((R9)). It can be shown that the image of exp
is equal to €((RY)) and that it is a bijection onto its image, with inverse log: €(R9)) — g((RY))
defined by

& (_1)n—1 )
log(G) = Z T(G —€)
n=1

where ¢ is the unique linear map such that (£, e) = 1 and zero otherwise.
Finally, we remark some freeness properties of the tensor algebra and its subspaces. Below,
T+(Rd) — @(Rd)@)n
n>0

denotes the reduced tensor algebra over RY. The following result can be found in [16, Corollary 2.1].

Proposition 2.2. Let¢: T*(RY) — R be alinear map. There exists a unique extensiong: T (RY) —
T (R®) such that

(p@p)oA=Aog

andmod = ¢, wherem: T(R®) — R® denotes the projection of T (R®) onto R, orthogonal to Re
and @, ., spang{w : |w| = n}. Moreover, it is given by

lwl

gw) =) > B(n)-- ).

k=1 Vi Ve=w

By transposition, we obtain a unique map ®: T (R®)) — T (RY)) such that
P(FG) = d(F)D(G)
forall F, G € T ((R®)). In particular,

|wl

(2) O(F) =)D, D, (F.e(v)-p(v))|w.

w  \k=1 Vi ve=w

DOI 10.20347/WIAS.PREPRINT.2796 Berlin 2020



The moving frame method for iterated-integrals 5

2.2. The iterated-integrals signature. The iterated-integrals signature of (smooth enough) paths
was introduced by Chen for homological considerations on loop space, [7]. It played a vital role in the
rough path analysis of Lyons, a pathwise approach to stochastic analysis, [32]. Recently it has found
applications in statistics and machine learning, where it serves as a method of feature extraction for
possibly non-smooth time-dependent data.

Let X : [0, 1] — RY be a rectifiable path.' Given a word w = wy - - - w,,, define

3) IS(X), w) = / / Xy, (81) -+ Xy, (sp) dsq -+ -ds, € R.

O<sy<<sp<i

This definition has a unique linear extension to T (R9). We obtain thus an element l1IS(X) € T (RY)),
called the iterated-integrals signature (IIS) of X.

It was shown by Ree [40] that the coefficients of IIS(.X) satisfy the so-called shuffle relations:
IS(X), v){NIS(X), w) = lIS(X), v LI w).

In other words, I1S(X) € €(RY)).

As a consequence of the shuffle relation one obtains that the log-signature log(l1IS( X)) is a Lie
series, i.e., an element of g((R9)). Moreover, the identity 1IS(X) = exp (log(lIS(X))) holds. The
log-signature therefore contains the same amount of information as the signature itself; it in fact is a
minimal (linear) depiction of it.2

The entire iterated-integrals signature 11S(.X) is an infinite dimensional object, and hence can never
actually be numerically computed. We now provide more detail on the truncated, finite-dimensional
setting.

For each integer N > 1, the subspace In C T ((R9)) generated by formal series such that (F, w) =
0 for all words with |w| > N is a two-sided ideal, that is, the inclusion

INT(R) + T(RY) Iy C In

holds. Therefore, the quotient space T<n(R?)) := T(RY)/Iy inherits an algebra structure from
T (R9)). Moreover, it can be identified with the direct sum

N

Ten (RY) = P spang {w : |w| = k}.

k=0
We denote by proj : T(R?)) — T<n((R?)) the canonical projection.

Denote with g<n ((R?)) the free step-N nilpotent Lie algebra (over RY). It can be realized as the
following subspace of T<x (R?)), see [17, Section 7.3],

N
a<n (RY) = (P Wi,
k=1

where, as before Wy = spang{i : /i =1,...,d} = RY and W,,1 = [Wi, W,]. In the case of
N = 2 this reduces to

W, & Wp = R @ so(d, R),

'Continuous with finite one-variation.
2Minimality follows from Chow’s theorem, [17, Theorem 7.28].
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J. Diehl, R. Preif3, M. Ruddy, N. Tapia 6

where we denote with so(d, R) the space of skew-symmetric d X d matrices. Indeed, an isomorphism
is given by

0 Cio -+ Cig
C
, o —ci2 0 - e
(4) Z cii+ Z ci i1, 7] »— ,
1<7<d 1<i<j<d ¢,
\ —C1q —Cyq - 0

We remark that the coefficients ¢; and c: ; are the coordinates® with respect to the Lyndon basis (see
Example 2.1).

The linear space g<n ((R9)) is in bijection to its image under the exponential map. This image, denoted
Cn(RY) = expa<n(RY)), is the free step-N nilpotent group (over RY). It is exactly the set of
all points in TSN(IRd) that can be reached by the truncated signature map, that is (see [17, Theorem
7.28))

Cn(RY) = {proj_y IS(X) | X : [0, T] — R?is rectifiable} ¢ Ty (R?)).

Example 2.3 (Moment curve). We consider the moment curve in dimension 3, which is the curve
X :[0,1] — R3 give as

X = (t, %, 83).
It traces out part of the twisted cubic [20, Example 1.10], see also [26, Sect. 15].

We calculate, as an example,

1 s
(ISS(X),32):/ / 3r2dr2sds
o Jo
1

2
:2/ stds = =.
0 5

The entire step-2 truncated signature is

1 1 4 3
5% &
projx 1S(X) = ([ 1].[ 2 2 B[
- TAVAESE.
4 70 2
and the step-2 truncated log-signature is
1 1
1 0 3 %
proj, logIS(X) =[|1],[-+ O 0
- 1 _? -1 0
4 10

2.3. Invariants. In this work we are interested in functions on paths that factor through the signature
that are invariant to a group G acting on the path’s ambient space RY. We will mainly focus on
G = 04(R), acting linearly on R?. The action of A € G on an R%valued path X is given by
AX:[0,1] > R t— AX;.

Using Proposition 2.2, we can extend the action of G on RY to a diagonal action on words. The
matrix AT acts on single letters by

$ar() = D @i,

J

3These are often referred to as coordinates of the first kind, see [38]

DOI 10.20347/WIAS.PREPRINT.2796 Berlin 2020



The moving frame method for iterated-integrals 7

and we set ¢p47(w) = 0 whenever |w| > 2. By Proposition 2.2, this induces an endomorphism
da7: T(RY) — T(RY), satisfying

(5) Gar (i1 -+ wp) = par(wr) - - par (wn).
In particular, ar(ui) = ¢at(u)dar (1) for all words u and letters i € {1,...,d}. In order to be
consistent with the notation in [12], we will denote the transpose map justby A: T (R9)) — T (RY)).

Lemma 2.4. The map ¢pa7: T (RY) — T (RY) is a shuffle morphism, that is,
Gar (Ul v) = dar(u) W par(v)
for all words u, v.
Proof. We proceed by induction on |u| + |v| = O. If |u| + |v| = O then necessarily v = v = e, and
the identity becomes
Par(elie) =dar(e) =e=elle =g, (e) LLdar(e),
which is true by definition. Now, suppose that the identity is true for all words v’, v/ with |u’|+|v’| < n.

If |u|+|v| = n we suppose, without loss of generality, that u = v’ 1, v = v’ for some (possibly empty)
words u’, v/ with |u’| + |v’| < n. Then

Gar (UL V) = Par (Ui WV )
= Gar(u' WV )Par (1) +par (Ui WV)Par (1)
= (Pam(U) W Par(v' 1)) Par (1) + (Pam (/1) W par(v'))Par(5)
= Gar(u'1) W Par (v )
= $ar(u) W dar(v). O
Remark 2.5. Lemma 2.4 is a special case of [10, Theorem 1.2].

Corollary 2.6. Let A € G.

1 The character group is invariant under A, thatis, A - €(R9)) c €(R?)).

2 The restriction of A to g(R?)) is a Lie endomorphism. In particular, the free Lie algebra is
invariant under A, thatis, A - g(R9)) c a((R?)).

3 log : €(R?) — g((RY)) is an equivariant map.

Proof.

1 Let F € €(R9), and u, v be words. Then
(A-F,ulv) =(F,par(uLlv))
= (F,ar(u) W dar(v))
= (F,@am(u))(F,bar(v))
=(A-F,u){A-F,v),

thatis, A - F € €((RY)).

2 Since A- (FG) = (A- F)(A- G), Ais automatically a Lie morphism. Now we check that
A - F € g(RY) whenever F € g((R?). Itis clear that (A - F,e) = (F,e) = 0. Now, if u, v
are non-empty words, then

<A F,Ul_l_l V> = <F,(£AT(U|_|_| V)>

= (F,ar(u) W Par(v))
=0,

DOI 10.20347/WIAS.PREPRINT.2796 Berlin 2020
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ie. A-F e g(R?).
3 Let G € €((R?)). Then, since A - £ = & we get

0g(A-G) = #(A .G-eg)
n=1
b (_1)n—1 ;
:A-;—n (G-¢)
= A -log(G). O

In particular, we easily see that (see also [12, Lemma 3.3])
(6) HS(A- X) = A-lIS(X).

The same is true for the truncated versions, and we note that, in the special case of 932((Rd)), under
the isomorphism in eq. (4), the action has the simple form

(7) A-(v, M) =(Av,AMAT),

where the operations on the right-hand side are matrix-vector resp. matrix-matrix multiplication. It
follows from Corollary 2.6 and (6) that log(IIS(AX)) = A - log(lIS(X)). As already remarked, log is
a bijection (with inverse exp). To obtain invariant expressions in terms of 1IS(.X) it is hence enough to
obtain invariant expressions in terms of log(IIS(.X)). Going this route has the benefit of working on
a linear object. To be more specific, IS( X)) is, owing to the shuffle relation, highly redundant. As an
example in d = 2,

< IS(X), 1>2 + < IS(X), 2>2 =2 < IS(X), 11+ 22>.

Now, both of these expressions are invariant to O,(R). The left-hand-side is a nonlinear expressions
in the signature, whereas the right-hand-side is a linear one. To not have to deal with this kind of
redundancy we work with the log-signature. We note that in [12] the linear invariants of the signature
itself are presented. Owing to the shuffle relation, this automatically yields (all) polynomial invariants.
But, as just mentioned, it also yields a lot of redundant information.

Example 2.7. We continue with Example 2.3. The rotation

010
A=10 0 1],
100
results in the curve
£2
Y, = AX; =| ¢
t
Its step-2 truncated signature is
1 13 1 1 1 4 3
. 511 509 84T .
proj<o IS(Y) = || 1 15 7 1 =|A|1 ,A§ 7 1 A" | =A-projc, IS(X).
1\ 1 2 Vs % 2
The step-2 truncated log-signature is
(0 &% —%
proj<o log lIS(Y) = || 1], —11—0 0 —z]||=A-projcylogliS(X).
JAE § o

DOI 10.20347/WIAS.PREPRINT.2796 Berlin 2020



The moving frame method for iterated-integrals 9

In the present work, we consider general, nonlinear expressions of the log-signature. That way, we
use the economical form of the log-signature, while still providing a complete — in a precise sense —
set of nonlinear invariants.

2.4. Moving frame method. We now provide a brief introduction to the Fels-Olver moving frame
method introduced in [14], a modern generalization of the classical moving frame method formulated
by Cartan [4]. For a comprehensive overview of the method and survey of many of its applications
see [13,37]. We will assume in this subsection that G is a finite dimensional Lie group acting smoothly
on an m-dimensional manifold M.

Definition 2.8. A moving frame for the action of G on M is a smooth map p : M — G such that
plg-z)=p(2)-g7".

In general one can define a moving frame as a smooth G-equivariant map p : M — G. For simplicity
we assume G acts on itself by right multiplication; this is often referred to as a right moving frame. A
moving frame can be constructed through the use of a cross-section to the orbits of the action of G
on M.

Definition 2.9. A cross-section for the action of G on M is a submanifold K € M such that K
intersects each orbit transversally at a unique point.

Definition 2.10. The action of G is free if the stabilizer G, of any point z € M is trivial, i.e.
G, ={geGlg-z=2z}={id},

where id € G denotes the identity transformation.

The following result appears in much of the previous literature on moving frames (see, for instance, [36,
Thm. 2.4]).

Theorem 2.11. Assume that Let G be an action on M and assume that

() The action is free, and around each point z € M there exists arbitrarily small neighborhoods
whose intersection with each orbit is path-wise connected.

If K is a cross-section, then the map p : M — G defined by sending z to the unique group element
g € G such that g - z € K is a moving frame.

Remark 2.12. The equivariance of the map p : M — G such that p(z) - z € K can be seen from the
factthatp(z)-z = p(g-z)-(g-z) forany g € G. Since G is free this implies that p(z) = p(g-2) - g,
and hence p satisfies Definition 2.8.

Similarly, in this setting, a moving frame p specifies a cross-section defined by K = {p(z) - z € M}.
This construction can be interpreted as a way to assign a “canonical form” to points z € M under the
action of G, thus producing invariant functions on M under G.

Definition 2.13. Let p : M — G be a moving frame. The invariantization of a function F : M — R
with respect to p is the invariant function ¢(F') defined by

((F)(2) = F(p(2) - 2).

Given a moving frame p and local coordinates z = (zy,..., Zym) on M, the invariantization of the
coordinate functions ¢(z1), . . ., t(zn) are the fundamental invariants associated with p. In particular
we can compute ¢(F) by

t((F)(z1,....,z2m) = F(L(z1),...,t(zm)).

DOI 10.20347/WIAS.PREPRINT.2796 Berlin 2020



J. Diehl, R. Preif3, M. Ruddy, N. Tapia 10

Since ((I)(z) = I(z) for any invariant function I, the fundamental invariants provide a functionally
generating set of invariants for the action of G on M. Suppose further that G is an r-dimensional
Lie group and that p is the moving frame associated to a coordinate cross-section K defined by
equations

Z1 =Cly...,Zr = Cy
for some constants ¢y, ..., ¢,. Then the first r fundamental invariants are the phantom invariants
C1,...,Cr, While the remaining m — r invariants {I1,...,I,_,} form a functionally independent

generating set. In this case we can see that two points z1, zo € M lie in the same orbit if and only if
Li(z1) = I1(z22), ..., Is(z1) = Is(22).

Example 2.14. Consider the canonical action of SO, (R) on R?\{(0,0)}. This action satisfies the
assumptions of Theorem 2.11 and a cross-section to the orbits is given by

K={(x.y)|x=0,y >0}
The unique group element taking a point to the intersection of its orbit with K is the rotation

Y —X

x2+y? w/Xzﬂ,z
X Y
x2+y? w/Xzﬂ,z

The fundamental invariants associated with the moving frame p : R?\{(0,0)} — SO2(R) are given

by
((x) =0 1(y) =+/x2+y2

Thus any invariant function for this action can be written as a function of ¢( y), the Euclidean norm. One

can check that indeed for an invariant I (x, y), one has I(x, y) = I(0,+/x2+ y2). This additionally
implies that two points are related by a rotation if and only if they have the same Euclidean norm.

p(x,y) =

In practice it is difficult or impossible to find a global cross-section, and thus a global moving frame, to
the orbits of G on M. For instance in the above example, the origin was removed from R? to ensure
freeness of the action. If the action of G on M satisfies condition (x) from Theorem 2.11, then the
existence of a local moving frame around each point z € M is guaranteed by [14, Thm. 4.4]. In this
case the moving frame is amap p : U — V from a neighborhood z € U of M to a neighborhood of
the identity in V' C G. The fundamental set of invariants produced are also local in nature and thus
only guaranteed to be invariant on U for elements g € V.

The condition (*) in Theorem 2.11 can be relaxed in certain cases. In [25, Sec. 1] the authors outline
a method to construct a fundamental set of local invariants for actions of G that are only semi-regular,
meaning that all orbits have the same dimension. In particular Theorem 1.6 in [25] states that for
a semi-regular action of G on M, there exists a local coordinate cross-section about every point
z € M. In a neighborhood U containing z, such a linear space intersects transversally the connected
component containing z of the orbit G - Z at a unique point for each z € U.

Remark 2.15. Note that if every sufficiently small neighborhood about z does not have path-wise
connected intersection with each orbit, a local cross-section about z necessarily intersects some orbit
at infinitely-many points. The algebraic actions that we define in the next section are automatically
semi-regular on a Zariski-open subset of the target space (Proposition 2.16(c)), and hence a local
cross-section exists. Since orbits are algebraic subsets, a local cross-section is a linear space of com-
plementary dimension intersecting transversally each orbit about z transversally, and hence in finitely-
many points. Thus a free algebraic group action necessarily satisfies condition (*) from Theorem 2.11.
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2.5. Algebraic groups and Invariants. In this work, we will be in the setting of an algebraic group
G acting rationally on a variety X. In other words G is an algebraic variety equipped with a group
structure, and the action of G on X is given by a rational map ® : GX X --> X. Here we outline some
key facts and results about algebraic group actions and the invariants of such actions, following [39]
for much of our exposition. Unless specified otherwise, both G and X are both varieties over the
algebraically closed field C.

The orbit G - p of a point p € X under G is the image of G X {p} under the rational map @ defining
the action, and hence is open in its closure G - p under the Zariski topology.*

The following proposition summarizes a few basic results on orbits of algebraic groups that can be
found in [39, Section 1.3].

Proposition 2.16. For any point p € X, the stabilizer G, is an algebraic subgroup of G and G - p
satisfies the following:

(a) The orbit G - p is a smooth, Zariski-open subset of G - p.
(b) The dimension of G - p satisfies dim G - p = dim G — dim G, where dim G, = dim T,(G - p).
(c) The dimension of G - p is maximal on a non-empty Zariski-open subset of X .

For an arbitrary field k, the polynomial invariants (for the action of G on the variety X) defined as a
form a subring of k[ X] defined by

k[X1C ={f e k[X]|f(g-p)=Ff(p), foral geG,peX}
and the rational invariants form a subfield of k (.X') given by
k(X)C ={fek(X)|f(g-p)="F(p), forall geG,pe X}

respectively. Constructing invariant functions and finding generating® sets for C[X]G is the subject
of classical invariant theory [30,35,41]. In [21] Hilbert proved his finiteness theorem, showing that for
linearly reductive groups acting on a vector space V the polynomial ring C[V]G is finitely generated
leading him to conjecture in his fourteenth problem that C[X]G is always finitely generated. In [34]
Nagata constructed a counter-example to this conjecture. For C(X)G, however, a finite generating
set always exists and can be explicitly constructed (see for instance [11, 24]). Furthermore a set of
rational invariants is generating if and only if it is also separating.

Definition 2.17. A set of rational invariants 7 ¢ C(X)° separates orbits on a subset U C X if
two points p, g € U lie in the same orbit if and only if K(p) = K(q) for all K € I. If there exists a
non-empty, Zariski-open subset X where 1 separates orbits then we say 1 is separating.

Proposition 2.18. For the action of G on X, the field C(X)C is finitely generated over C. Moreover
asubset I ¢ C(X)C is generating if and only if it is separating.

Proof. The backward direction holds by [39, Lem. 2.1]. By [39, Thm. 2.4] there always exists a finite
set of separating invariants in C(X)G, and hence a finite generating set. Additionally this finite set
can be rewritten in terms of any generating set, and hence any generating set is also separating. O

Under certain conditions the polynomial ring C[X]G is also separating, as the following proposition
from [39, Prop. 3.4] shows.

*The Zariski topology on an affine space k9 is the topology where closed sets are given by subsets of the form
V(A,....fs) ={(x1,....xq) € kK| fi(x1,...,Xq) = ... = fs(x1,...,xq) = 0} for some collection of polynomials
f1 ..... f;Ek[X1,...,Xd].

5By a generating set for k [X]C, we refer to a subset of k[ X]€ that generates k[ X]€ as a polynomial ring. Similarly
a generating set of k(X)€ is a subset that generates k (X)C as a field.
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Proposition 2.19. Suppose the variety X is irreducible. There exists a finite, separating set of invari-
ants I C C[X]C if and only if C(X)C = QC[X]C where QC[X]C = {g( flge C[X]G}.

One way to understand the structure of invariant rings is by considering subsets of X that intersect a
general orbit.

Definition 2.20. Let N C G be a subgroup. A subvariety S of X is a relative N-section for the
action of G on X if the following hold:

m There exists a non-empty, G-invariant, and Zariski-open subset U C X, such that S intersects
each orbit that is contained in U. In other words, we have that #(G X S) = X, where closure
is taken in the Zariski topology.

m Onehas N ={ne G|nS = S}.

We call the subgroup /N the normalizer subgroup of S with respect to G. The following proposition
summarizes a discussion in [39, Sec. 2.8].

Proposition 2.21. Let S be a relative N -section for the action of G on X. Then the restriction map
Rx—s: C(X) — C(S),
induces a field isomorphism between C(X)C and C(S)N.

Corollary 2.22. Let S be a relative N -section for the action of G on X and I < C(X)€ a set such
that Rx_s(I) generates C(S)N where Rx_,s is the restriction map from Proposition 2.21. Then T
is a generating set for C(X)°.

Relative sections can be used to construct generating sets of rational invariants for algebraic actions
as in [18], which the authors refer to as the slice method. Similar in spirit to the approach in [25],
considerations can be restricted to an algebraic subset of X.

We end the section by considering algebraic actions on varieties defined over R, where the issue
is more delicate. For instance Proposition 2.18 no longer holds in this setting (see [28, Rem. 2.7]).
Suppose that X (R) and G(R) are real varieties with action given by ® : G(R) x X(R) --» X(R)
and that X and G are the associated complex varieties. Then ® defines an action of G on X.

Proposition 2.23. The field R(X (R))°®) jies in C(X)C.

Proof. If f € R(X(R))®®), then the rational function f (g - p) — f(p) is identically zero on G(R) x

X (R), and hence is identically zero on G x X. Thus f € C(X)°C. O
Corollary 2.24. IfI = {I,..., I} ¢ R(X(R))°® generates C(X)C thenI generates R(X (R))°®.

Proof. Suppose that 7 generates C(X)C and that f € R(X (R))°®). Then there exists a rational
function g € C(y1, ..., ys) suchthat f = g(Iy,..., Is). We can decompose g as g = Re(g) + i -
Im(g) where Re(g), -Im(g) € R(y1,..., ys). Since f is a real rational function

2f = [Re(g) +7-Im(g)] + [Re(g) — 7 -Im(g)] = 2Re(g).
Thus g must lie in R(y1, ..., ¥s) proving the result. O

Proposition 2.25. Suppose that R(X (R))C®) separates orbits for the action of G(R) on X (R).
Then so does any generating set for R(X (R))°®).
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Proof. Suppose that 7 = {I3, I, ...} generates R(X (R))°® and that R(X (R))°®) separates
orbits. Then for any two points p1, p2 € X (R) if

Ii(p1) = I1(p2), I2(p1) = I2(p2), - - .

for all invariants in 7, then we also have I(p;) = I(p) for any invariant I € R(X(R))°® as T
generates R(X (R))°®)_ Thus p; and p; lie in the same orbit under G(R). O

3. ORTHOGONAL INVARIANTS ON g<2((R9))

In this section we take a closer look at the action of O4(R) on g<2(R9) = R @ so(d,R). In
particular we construct an explicit linear space of complementary dimension intersecting each orbit in
a large open subset of this space. To achieve this, we consider the associated action of the complex
group O4(C) on the space C? & so(d, C) where

04(C) = {A € GL4(C) | AAT =id}.

As described in Section 2.5, we can consider Og(R) and R? & so(d, R) as the real points of the
varieties O4(C) and C? @ so(d, C).
Remark 3.1. The real Lie group

04(R) := {A e R : AAT =id},
can be considered as a subset of the Lie group

04(C) = {A e C™: AAT =id}.
We note that O4(C) is a complex Lie group, in contradistinction to the Lie group

Uy = {AeC™: A"A =id},

where A* is the conjugate transpose of A. Even though it Uy contains matrices with complex entries

it is a real Lie group.

By investigating the associated complex action, we can utilize tools such as the relative sections
described in Definition 2.20, and then pass these results down to the real points. As before in (7) the
action of O4(C) on C? @ so(d, C) is given by

8) A-(v,M) = (Av, AMAT).
Proposition 3.2. For any v € C? such that v12 +...+ v§ # 0, there exists A € O4(C) such that

v = Av satisfiesvi =...=vg_1=0andvy # 0.

Proof. The function (d — 1)(v12 +...+ vg) can be written as the sum of all pairwise sum of squares,
ie.

d
(d—1)(V12+...+V§):ZZVI-2+VJ-2.

i=1 j#i

Suppose that v12 +...+ Vg # 0 and there exists some v; # Owhere 1 </ < d — 1. Otherwise we

are done by choosing A as the identity. By the above equation, there exists a pair of coordinates v;
and v; such that v7 + v # Owhere 1 </ <j < d.

Choose the matrix A € O4(C) defined by
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1 k=¢C+#1i,j
L k=t=ij
ake = —% k:i,gzj
Vi . .
Look=jt=i
0 otherwise

2

where w is an element of C that satisfies w* = V/'2+Vj2' The transformation A is the complex analogue

to a Givens Rotation which only rotates two coordinates. Then for Av = v we have that vy = v, for
k #1i,j,vi=0,and v; = w # 0. This process can be repeated until v is of the desired form. O

Remark 3.3. The orbits in C¢ under O4(C) that satisfy v12 +- 4 v§ = 0 contain the origin in their
closure.

We construct a sequence of linear subspaces of C?eo so(d, C) given by

Li={(v,M) eC?®s0(d,C)|vi =+ = vy =0},
Li={(v,M) € Li_1 | mig-i+2) = -+ = M(g-i)(d-i+2) = O}

for2 </ < d — 1. In particular the subspace L := L4 is given by pairs (v, M) of the form

0 mi2 0 . 0
8 —Mm1y 0 mo3 Ce 0
9) vV = M = 0 -my3 O
Vg 5 m(d-1)d
0 0 v TMg-1)d 0

Example 3.4. For d = 4, elements in L are of the form

0 % ok % %
0 P
( O’ % * = )’
* % %k % %
elements in L, are of the form
0 * x % 0
0 * x x 0
( O1’10 * % =% )
* 0 * *x =%
and elements in L3 are of the form
O\ /[« = 0 O
0 x % x 0
( O’l0 * x = ).
* 0 0 * =

We will show that these form a sequence of relative sections for the action of Og4(C) on C? @ so(d, C)
(see Definition 2.20), and hence need to specify the normalizer subgroup for each L;.
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The group O;(C), for 1 < i < d appears as a subgroup of O4(C) in several natural ways, in particular
the subgroup obtained by considering elements that rotate some fixed subset of / coordinates and fix
the remaining coordinates. For B € O;(C), denote

B 0

E(B) =
(10) (B) 0 0

0

0

0 b
0 0 1

a matrix rotating the first / coordinates and fixing the last d —/. The set of such E ( B) forms a subgroup
of O4(C) isomorphic to O;(C) which we will denote

i
4(C).
Note that O’ (C) c O'}'(C).

Proposition 3.5. Let1 < i < d and B € O;(C). The image of the coordinates m;s1y, Ma(i+1), - - - » Mi(j+1)
under the action of E (B) € O,(C) on (v, M) € C? & so(d, C) is given by

m1(i+1)
ma(i+1)
miji+1)
the standard action of O;(C) on a vector in C'.
Proof. This follows from (8). O

Consider the subgroup
W = {diagonal matrices with diagonal entries lying in {—1, 1 }} C 04(C).
The action of an element of W changes the sign of various coordinates of (L so(d, C). We define
the subgroup N;(C) of 0% (C) as
N;(C) :=0,(C)-W ={g-h|g € OL(C),h e W}.

Note that /V;(C) contains matrices of the form

B O 0

0 =+1 0
(11) ,

0 O 0

0 O +1

with B € O’ (C).

Proposition 3.6. For1 < i < d, the normalizer of L; is equal to Ng_;(C).

Proof. It is immediate that Ny_1 (C) leaves the space L invariant. Considering
0
X = ( ol M) € L1,
1
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we see that for g € O4(C) to have
gx € Ly,
we must have gjg = g4i =0,/ =1,...,d — 1. This proves the claim for / = 1.

Let the statement be true for some 1 < / < d — 2. First, the normalizer of L;,1 is contained in L;.

Diagonal entries of =1 leave every L; invariant, so it remains to investigate the matrix B in (11). Now
by Proposition 3.5 B acts by standard matrix multiplication on the vector (m1(,-+1), R m,-(,-+1))T. We
can hence apply the argument of the case L1 to deduce that Ny_(;+1)(C) is the normalizer of L ;1.

O

We now show that L is a relative W -section, by constructing a sequence of relative sections for the
action, drawing in our inspiration from recursive moving frame algorithms (see [27] for instance).

Proposition 3.7. The linear space L is a relative W -section for the action of O4(C) on C?@so(d, C).
In particular there exists a set of rational invariants

(12) Iy={f,...,f;} c C(C? @ sn(d,C))%®

such that if we define the non-empty, Zariski-open subset

d
(13) U= {(v, m) € C? @ so(d, C)

fk(V, M) * O}
k=1

we have that L intersects each orbit that is contained in U. Furthermore we can restrict each invariant
to obtain

mfi=vie.+V2
. — m2 2 .
mfil,, = MY (g—iva) T T Mig_ivt)(d-iv2) for2 <i<d.
— m2
mfyl = my,.
Proof. By Proposition 3.2, outside of i = [|v||? = O, there exists a rotation A € O4(C) such

that A - (v, M) € Ly. Thus, by Proposition 3.6, L1 is a relative Ny_1-section. We also have that
file, = vg. We proceed by induction. Suppose that for each pointin U; = {[1,_; fx(p) # O} there
exists a rotation A € O4(C) suchthat A- (v, M) € L;.

By Proposition 3.6, the linear space L; is a relative N4_;-section and, by Proposition 2.21, there exists
a field isomorphism p; : C(C9 & so(d, C))°?(©) — C(L,;)Ne~i. Using proposition 3.5, one can show

that on L; the polynomial mf(d_l.m o+ m%d_l.m(d_m) lies in C(L;)Ne-. Let fi,1 be the unique

element in € C(C? @ so(d, €))% such that fiy; = p~" (mf(d_m) ..+ m%d_l.ﬂ)(d_m)).

By Proposition 3.2, for any (v, M) € L, outside of f,1, there exists a rotation A € Ny such that
A-(v,M) € Ljiq1. Thus for any (v, M) outside of U1 = {H'/<+=11 fx(p) # 0} there exists a rotation
A € O4(C) such that A - (v, M) € L;41. Using Proposition 3.6, again, we see that L;,1 is a relative
N,_;_1-section.

We can continue this induction until we have fy_; where fy_1|., , = m?, + m2,. Finally note that the
polynomial m?, lies in C(L)". Since L is a W -section there exists f; € C(C? & so(d, C))°¢(©

such that f4|, = m?,. o

In particular the above proposition implies that L is a relative W -section for the action of O4(C) on
C? @ so(d, C), and hence the function fields C(L)" and C(CY & so(d, C))%¢(©) are isomorphic.
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By examining the action of W on L and the structure of C(L)W we can therefore glean information
about the action of O4(C) on C? @ so(d, C). Consider a diagonal matrix D € W given by

W1 0 0
0 Wy ... 0
D=. . :
0 0 o Wy

where w; € {—1,1} for 1 </ < d. Then the image of a point in C?@s0(d,C) (orin R @ so(d, R))
isD - (v,M) = (v, M) where
(14)

0 Wi1Wwomi2o 0 0
8 —W1Wami2g 0 WoWw3mo3 0
Vv = . M = 0 —WoW3mo3 0
Wavg : Wa-1WdM(d-1)d
0 0 e —Wd-1WadM(d-1)d 0

Proposition 3.8. The action of W on L N U is free.

Proof. Suppose that the action is not free. Then there exists D € W such that D - (v, M) = (v, M)
and D is not the identity. Necessarily we have that for some 1 < / < d -1, w; = —1. Since

WiWis1Miix1) = M1y and mjp) # 0, then wiyy = —1. Using a similar argument, wj2 = —1
and so forth. However w,vy = vy, where vy # 0, implying that wy = 1 which is a contradiction. 0O

Corollary 3.9. The action of O4(C) on U c C? @ so(d, C) is free.
Proof. By Proposition 3.7, each orbit on U meets the linear subspace L. We show that the stabilizer

of a point in L N U is identity. This is sufficient to prove the result, as any two points in the same orbit
have isomorphic stabilizer groups.

Let (v, M) € L and consider g € G such that g - (v, M) = (v, M). By Proposition 3.6 g must lie in
W . However, by Proposition 3.8, the only element of W fixing a pointin L N U is the identity. |

Since we have that w? = 1forany 1 </ < d, clearly
: 2 2 2
(15) Iw = {v}, My(d-1) - ., My}
is a set of invariant functions on C(L)".
Proposition 3.10. The set Iy separates orbits and is a generating set for C(L) w.
Proof. Consider the map F : L N U — C? defined by evaluating the invariants in 7y on L N U a

non-empty, Zariski-open subset of L. We show that every fiber of this map is exactly an orbit of W'.
Consider any (v, M) € L N U; then set of points in the fiber of its image is given by

FUF(v,M)) ={(",M) e LNU |73 =v2 m2, =m?,. ..,mfd_w = mfd_nd}

={(V,M) e LNU| Vg =%vg, M12=2tMig...,M(d-1)d = £M(d-1)d}-

We can individually change the sign for any coordinate of (v, M). To change the sign of only v4 one
can act by the matrix D € W such that w; = —1forall 1 </ < d. Similarly for m;(;,1) we can act
by the matrix D € W such that wy = —1for 1 < k < j and wy = 1 otherwise. This implies that

the above set is exactly the orbit of (v, M) under W, and hence 1}y is separating on L N U. Then by
Proposition 2.18, Iy, generates C(L)". ]
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Corollary 3.11. The set I in (12) is a minimal generating set of rational invariant functions for C(C9@®
s0(d, C))°¢©) and separates orbits.

Proof. By Proposition 3.7 L is a relative W-section for the action of O4(C) on C? & so(d, C), and
1, restricts to the set of invariants 7y, in (15) for the action of W on L. By Proposition 3.10, the set
Iw is a generating set for C(L)", and hence by Corollary 2.22 T4 is a generating set for C(C? &
so(d, C))°4(©) . By Proposition 2.18, I also separates orbits.

By Corollary 3.9, the action of O4(C) is free on a non-empty, Zariski-open subset of C? & so(d, C).

Thus the maximum dimension of an orbiton C¢@so(d, C) is dim(O4(C)) = d(dz_”. By [39, Corollary,

Section 2.3] the transcendence degree of C(C? @ so(d, C))%¢(©) js @ — w = d, and hence

any generating set must be at least of size d, implying that Z; is minimal. ]

Remark 3.12. One can prove similar results for the special Orthogonal group SO4(C) using the
same procedure. Propositions 3.2 and 3.5 also hold for SO4(C). By replacing W with the subgroup
W N SO4(C), it can be shown that L intersects each orbit of SO4(C) on U and that the action is
free.

The above results for the action of O4(C) on C? @ so(d, C) help uncover the structure of the action
of Og4(R) on R? & so(d, R). First we show that the intersection of the set U defined in (13) with
R? @ so(d, R) is a non-empty and well-defined Zariski open subset of RY @ so(d, R).

Proposition 3.13. The set Iy in (12) is a subset of R(R? @ so(d, R))%/®)_ in particular

Ur = [UNRY®s0(d,R)],
is a well-defined and non-empty Zariski open subset of RY @ so(d,R), and

Lg = [LNR? @ s0(d,R)]
intersects each orbit (under O4(R)) contained in Ug.
Proof. In the proof of Proposition 3.7, each function f; is obtaining by taking the inverse image of a real
invariant function under the field isomorphism p; : C(C? & so(d, C))%¢(©) — C(L;)Ne-. The func-
tion f; can be decomposed f; = hy+1I - hy, where hy and h; are elements of R(Rdeaso(d, R))Od(R),
and hence by Proposition 2.23, are elements of C(C? @ so(d, C))°(©). Thus h; |, = fi|L,. Since

pi is a field isomorphism, f; must define the same rational function as h1, and hence is an element of
R(RY @ so(d, R))%¢®),

Note that Proposition 3.2 also holds for any v € R, ie. by applying Gram-Schmidt to a linearly
independent set of d vectors {v, v1, ..., Vq_1} in R9. Thus if f; (v, M) # O, there exists a rotation
A € O4(R) suchthat A - (v, M) € L1 N RY & so(d, R). Similarly as in the proof of Proposition 3.7
we can proceed by induction. Suppose (v, M) € L; "R @ so(d, R) and fi,1(v, M) # 0. Then we
have that

m$+...+m2¢0.

By Proposition 3.5 we can find a rotation A € Ny_;(C) such that A - (v, M) € L;.q. Therefore if
(v, M) € Ug, there exists a rotation A € O4(R) suchthat A- (v, M) € L. O

The following follows directly from Proposition 3.9
Corollary 3.14. The action of O4(R) on Ug ¢ R @ so(d, R) is free.

Proposition 3.15. The set Iy generates the invariant function field R(RY & so(d, R))°%¢®) ang
separates orbits on Ug.
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Proof. The fact that 7, generates R(R? & so(d, R))%?(® follows from Propositions 3.7, 3.13 and
Corollary 2.24. Using a similar argument as in Proposition 3.10, we can see that iy in (15) separates
orbits for the action of W on Lr N Ug. By Proposition 3.13, any orbit on Ug meets Lk, and the Z4
restrict to Zyy on L. Thus 1, is separating on Ug. O

We finish the section by constructing an explicit set of invariant polynomial functions that generate
C(C? @ so(d, C))%©). Consider the map
¢x: C? @ so(d,C) — C?
(v, M) — MF¥y.

Then for the action of A - (v, M) we have that

bk (A- (v, M)) = bs ((AV,AMAT)) — (AMAT)* Ay = AM*y.

Thus the polynomial obtained by the dot-product of ¢y with itself is an invariant function on c?e
so(d, C) under O4(C). We will show that the set of polynomial invariants (defining a - b := }’; a; b;)

(16) IM:{V-V,MkV-MkV,|1Sk<d}
generate the field C(C? & so(d, C))%(©) by restricting them to L.

Lemma 3.16. Consider a matrix M of the form as in (9). Then for 1 < k < d, M* satisfies

k
(@) M*(d - k,d) = l_[ M (d-i)(d—i+1)s
i=1
(b) M*(i,d) =0fori < d -k,
(c) M*(i,d) € Q[mg—j)g—j+1) |1 <j < k] fori > d — k.

Proof. We proceed by induction. For k = 1, M' = M. Then M satisfies (a)-(c), since M(d—1, d) =
M(d-1)(d) and M (i, d) = Ofori < d — 1. Now suppose that (a)-(c) hold for M*=1. We have that for
Mk = MM*

M*(1,d) = miM*71(2,d)
M*(i,d) = =mi1 ;M¥ (i = 1,d) + mi M (i + 1, d)
M*(d,d) = -m(g_1)aM*"(d = 1, d),

where 1 < i < d—1. Note that MX (i, d) is linear combination of MX~1(i—1, d) and M*~1(i+1, d).
By the induction hypothesis we know that M*~1(j,d) = 0ifi < d — k+1, and hence M¥(i,d) =0
when/+1 < d— k+ 1, or equivalently when i/ < d — k. This proves (b).

Suppose that i > d — k. Then MX (i, d) is linear in the terms

ml'—1,i’ mi,/+1’ Mk_1 (I - 1ad)7 Mk_1 (I+ 1’d)a

where mj_1,; and m; ;41 are of the form mg_j)(4-j+1) for T < j < k. By the induction hypothesis,
the latter two terms are polynomials in mq_jy(4-j+1) where 1 < j < k — 1, proving (c).

Finally suppose that i = d — k. We have that
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M¥(d - k,d) = ~mg_g-1.44M*(d =k = 1,d) + My_k g—rs1 M (d = k +1,d).

By the induction hypothesis we know that

k-1
M d—k+1,d) = | | mg—iyg-i+1y and M ' (d—k-1,d) =0,
(d=i)(d=i+1)
i=1

which proves (a). O

Lemma 3.17. The polynomials obtained from restricting the functions in 1, to L generate the invariant
rational function field C(L)" .

Proof. First note that to restrict the polynomials in 7y, to L, we can assume that (v, M) are of the
form in (9) and then compute the inner product. Then we can easily see that

_ 2 _ 2.2
v-vlL=v}; and MV~MV|L—Vdm(d_1)d.

2

This implies that v§ and m are rational functions of v - v|, and Mv - Mv|,. We proceed by

(d-T)d '
induction on /: suppose that m%d—/)(d—m) is a rational function of v - v|,,Mv - Mv|.,...,M'v -

Miv| forall 1 < < k. By Lemma 3.16, we know that

MKy - MKy|, = v§

]

k
2 2
Mg ivid—ist) T Vad (M(a-1)ds Md=2)(d-1)s - - - s M(d-k+1)(d-k+2)) -
=1

2
(d—i)(d—i+1)

I liesin C(W)L. By the induction hypothesis and Proposition 3.10, I is a rational function of

Since M- MXvy|, is an invariant function, as well as v2 and m for 1 </ < d, the function
d

V-V, Mv-Myv|, ... MKy Mk_1v|L.
Thus we can rewrite the above equality to

MKy . MKy — V§I(V~V|L,MV-leL,...,Mk_1v~Mk‘1v|,_)

k-1
2 2
Vg l_[ M a-iy(d—i+1)
i=1

2
(d—i)(d—i+1)

_ 2
= M ad—k)(d—k+1)"

By the induction hypothesis each m for 1 </ < k is a rational function of

v-vle, Mv-Mv|., ... ,Mk_1v-Mk_1v|L,

2

(d—k)(d—k+1) is a rational function of

This implies that m

vovle, Mv-Mv|, ... ,Mv MKy,

Therefore each element of 1, can be written as a rational function of polynomials in Zy; restricted to
L. By Proposition 3.10, Ty restricted to L is a generating set for C(L)". O

Proposition 3.18. The set of polynomial invariants I in (16) generates both C(C?@so(d, C))°4(©)
and R(RY @ so(d, R))%¢®) and also separates orbits on C? & so(d, C) and R? & so(d, R).
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Example 3.19. By Proposition 3.18 the field of invariants R(R3 x so(3, R))%*®) is generated by
veov=vievie?

My - Mv = (miavi — mazv3)? + (mi3vi + masva)? + (miava + mi3vs)?

2
2 2 2 2
M<y - My = (m12m23V1 — miami3vy — (m13 + moy3 )V3)
2
2 2
+ (m13m23V1 + mi2mi3v3 + (m12 + m23 )Vz)

2
2 2
+ (m13m23V2 — mia2ma3Vv3 + (m12 +m3 )V1) .

Proof. By Proposition 3.7 L is a relative W-section for the action of O4(C) on C? & so(d, C), and
by Proposition 3.10 Ty is a generating set for C(L)". Thus by Lemma 3.17 and Corollary 2.22, Ty,
generates C(C? & so(d, C))%¢(©). By Corollary 2.24 Ty, generates R(R? @ so(d, R))%¢®).

By Proposition 2.18 Iy, separates orbits on C? @ so(d, C). By Proposition 3.15 there exists a sep-
arating set of invariants in R(R? @ so(d, R))%®) and hence R(R? & so(d, R))%®) separates
orbits. Therefore, by Proposition 2.25, T, separates orbits on R @ so(d, R). |

4. O4(R)-INVARIANT ITERATED INTEGRAL SIGNATURE

4.1. Moving frame on g<,((R?)). In this section, we construct a moving frame map for the action of
02(R) on g<,((R?)), and show how this can be used to construct O, (R)-invariants in g<,((R?)) and
hence in the coefficients of the iterated-integral signature of a curve X.

First consider the action on g<2((R?)) = R? ® [R?, R?]. We can denote any element of <> ((R?))
as c<2 with coordinates c1, ¢, and c¢12. Through the isomorphism in (4) we can consider c<2 as an

element of R? @ s0(2, R),
_ _ C1 0 C1?2
CSQ_(VaM)_ ((Cz),(—C]z 0)),

and with action as in (7). We will now show that O,(R) is free on g<7((R?)) and the following sub-
manifold
K = {c<2 € 92(R?) | ¢1 = 0;¢,¢12 > 0}

is a cross-section for the action. Similarly to Example 2.14, we start by defining the group element

e = (e 7).

C c
2 2
c + c;

which is defined outside of {c; = ¢, = 0}. For any such element c<» € g<»((R?)), we have that

0 0 ¢
A(CSZ)'CSZZ(( c12+c§)’(—012 O) )

Unlike in Example 2.14, the action is not free on R2, the submanifold defined by ci =0,¢c, >0is
not a cross-section, and A(c<2) does not define a moving frame map. This is due to the fact that a
reflection about the y-axis will fix v, but change the sign of M. Thus to define a moving frame map we
must consider the diagonal action of O2(IR) on all of g< ((R?)), not just the action on g<1 (R?)) = R2.
The map p : U — 07(R) given by
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peey) = — (sgn(mz)@ —sgn(mz)m)

(o] (%)
\Je2+c?

defines the group element p(c<2) such that p(c<2) - c<2 € K where
0
U =feca = (voM) v # (0] 2 %0 < neal®D.

Note that K and U are subsets of L and Ur respectively, both defined in Proposition 3.13. The
(unique) intersection point of the orbit O2(R) - c<2 and K'is p(c<2) - €<2. Since the action is free on
g<2((R?)) (Corollary 3.14), the map p defines a moving frame with cross-section K. This immediately
implies that the coordinates of p(c<2) - ¢<7 are invariants for the action of O2(R) on g<o ((R?))®:

\Je2+ 2 el

Furthermore any two elements c<7, <2 € g<2((R?)) are related by element of O, (R) if and only if

\/012+c§ = \/512+6§ and |cio| = |é1sl.

For any path X in R?, let c<o(X) denote the element of g<2((R?)) given by proj-,(log(11S(X))).
Then we can define the “invariantized” path Y := p(c<2(X)) - X. The above statement implies that
for any two paths X, X, we have that c<2(Y) = c<o(Y) if and only if there exists some g € O,(R)
such that

g - c<2(X) = c«(g - X) = e<«2(X).
In particular, since the log map is an equivariant bijection, the same holds true for the 1S of a path
under the projection proj<,.

Given a path X starting at the origin, the values of ¢ (X), ¢2(X) correspond to x and y values of
X (1). Similarly the value of ¢12(X) corresponds to the so-called Lévy area traced by X (see [12,
Section 3.2] in the context of classical invariant theory). Thus the moving frame map applied to such
a path X, rotates the end point X (1) to the y-axis (and reflects about the y-axis if the Lévy area is
negative).

The resulting invariants on gsz(([R{Q)) are perhaps unsurprising, but the above method also yields
Og(ﬂ?)-invariants on g<,((R?)) for an arbitrary truncation order n. We can similarly define a map
p: U C g<n(R?) — O2(R) by

p(cen) = — (Sgn(?z)@ —sgn(cmz)m
CQ 1 2

1+C

NN

forany c<, € U where

0 = proig,_, ., (U) € g<n((R?).
Since 02(R) acts diagonally on the whole of g<,((R?)), 5 is a moving frame map on g<,((R?)) with
cross-section K where

K = projZ}_, , (K) C g<n(R?)).

Then the resulting coordinate functions of p(c<n) - €<, € g<,(R?)) are also O,(R) invariants for
the action on g<,((R?)) (see Section 5 for a more detailed investigation of these invariants), and
hence O2(R) invariants for paths in R2. Furthermore for any truncation order n and paths X, X €
R2, we have that c<,(Y) = c<,(Y) if and only if there exists some element of O2(R) such that

5The constant functions are referred to as the phantom invariants.
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g - €<n(X) = c<,(X). The following is then true by induction and the fact that the log map is an
equivariant bijection.

Proposition 4.1. Let X, X be paths in R? such that c<o(X) := proj<,(log(lIS(X))), c<2(X) :=
proj<,(log(11S(X))) are elements of U. Define

Y =plcaa(X))- X, Y :=p(e<a(X)) - X.
Then 1S(Y) = IS(Y) if and only if there exists g € O2(R) such that IS(g - X) = IS(X).

Therefore two paths, starting at the origin are equivalent up to tree-like extensions and action of O, (R)
if and only if IS(Y’) = IIS(Y'). In this sense, the moving frame map p yields a method to invariantize
a path X. In the following section, we show that this construction extends to paths in R,

4.2. Moving Frame on g, ((R9)). As for O2(R) on R?, the action of O4(R) on paths in R¢ induces
an action on its (truncated) signature that coincides with the diagonal action on the ambient space
TS,,(IR"'). The induced action on the log-signature coincides with this diagonal action as well, when
considering a<,((R9)) as a subspace of T, (RY).

Let c<,, be an element of g<,((R9)) with coordinates given by ¢ ,:,.... for m < n. We define the
following submanifold %K of g<,((R?)):

(17) K = {Ci :O,Ci‘(-"+‘|) :O,CJ >O, Cq‘(pr]) >O|1 <i< d—1,1 Sj <I} CQSn((Rd))

Let proj<; : 8<n(R9) — g<2((R?)) be the projection onto the first two levels (Section 2.2).The
projection of this submanifold onto g<2((R?)), proj<, (%) is analogous to the real, positive points of L
in (9) where

0 C12 ... C14
C1
-cio 0 ... ¢
5 . = (V, M)
ey .. e ..
—Cl1qg —C24 ... 0

Similarly we can define the analogue to U in (13). Consider the rational functions on g<,((R9)) given
by

Fi(e<n) = fi(v, M)le:C' Mge=Cyr

for 1 </ < d where f;(v, M) is given in Proposition 3.7. By Proposition 3.13, the functions F; are
rational functions on g<2((R9)) with real coefficients. Then the following is a Zariski-open subset of

a<n(RY)),
US = {c<n € 6<n(R) | Fi(e<y) 20,Vi,1 < < d},

where proj_,(UY) = U if we identify c<o with (v, M) as above. In particular, both U¢ and K are
completely characterized by proj<,(c<p), i.e.

US = proiz) ., (projea(US)) € 02 (R2)
K = proi_h_, ., (Proi<z(K)) € g<n(R?)).

We now show that on the subset U¢ c g<,((R9)) the submanifold K is a cross-section, which
induces a moving frame.

Lemma 4.2. For n = 2 and any point c<; € K N U2, the orbit O4(R) - c<2 and K intersect
transversally.
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Proof. First, we recall that O4(R) - c<2 and K intersect transversally if and only if, at every point g
in the intersection, the tangent spaces 7,(O4(R) - €<2) and 7,%K generate the whole ambient space

a<2(RY)).
Now, at a point g = A - c<2 = (Av, AMAT) in the orbit, the tangent space has the form
(18) Tq(od(R) : csz) = ((HAv, [H, AMAT]) : H € s0(d,R)},
and the tangent space to the cross section is
TeK={ci =0,c(i4+1)=0:1<i<d-1,1<)<i}.

We note that
dd-1)

2 b
so that dim T,% + dim Tq( O4(R) - 032) = dim g<2((RY)). Therefore, we only need to show that

dimT,K =d, dim Tq(Od(R) : Csz) =

TaK N Tq(Od(R) . cSQ) = {0} forallg € KN Oy4(R) - c<2.

Let ([ : 1 <7 < j < d) be the standard basis of so(d, R), thatis, (I ) = 6; k6 — & kSi. It
is not hard to show that the commutation relations

(19) [Fijs Teck+1)] = Tikan) ik + Fike1) )k — T j6i(ka1) = Tik G (k1)

holdforall1 < k < dand1 </ <j < d. By eq. (18), a generic element p € Tq(Od(R) -csz) has
the form p = (HAv, [H, AM AT]) with

H = Z hijTij € s0(d, R).

1<i<j<d
But since g = (Av, AMAT) € K,
d-1
Av = aeéy, A/VIAT = Zﬁkrk,k_,.]
k=1
with @ > 0, and Bx > Oforall k € {1,...,d — 1}. If p also belongs to T4k, then we have in
particular that
d—1
HAv = h,-,de,- = or’ed,
i=1
for some a’ € R, thus hjy = Oforall /i € {1,...,d — 1}. Now we show that h;; = O for all
1<i<j<d-1byinductiononr :=d —1—/.Byeq. (19), we see that
d-1
[H,AMAT] = Z Z hij Bk (Tik+1)iGik + Ti(ks1)Sj .k — Tk j6ik+1) — Tik ) (k1))
1<i<j<d-1k=1

so that
[H,AMAT];4-1 = hig-1B4-1 = 0.

fori € {1,...,d —2}. Therefore, hj y—1 = Oforalli € {1,...,d — 2}, and the claim is proven when
r = 0. Suppose it is true for all r’ < r. Then

[Ha AMAT]i,d—1—r = hi,d—1—rﬁd—1—r =0

forie{1,...,d—=2—-r}, hence hjg_1_, =0foralli € {1,...,d —2—r}. Finally, we have H = 0
thus p = (HAv, [H,AMAT]) = 0.
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We have shown that if g € O4(R) - c<2 N K then dim Tq(Od(R) -csg) +dim T4 K = dim a<2(RY))
and Tq(Od(R) . CSQ) N TyK is trivial. It follows that if g € O4(R) - c<2 N K, then

a<2((RY) = Tq(Od(lR) ~c§2) ® T, K,
and in particular O4(R) - c<2 and K intersect transversally. O

Theorem 4.3. The submanifold K in (17) is a cross-section for the action of O4(R) on U,f’ C
a<n(R?)). In particular K induces a moving frame map.

Proof. We first claim that K intersects each orbit in U,‘,j at a unique point. Denote the linear span of
K as

K:={ci=0,c(:n=01<i<d-1,1<j<i}cagcnl(R).
Note that the action on proj., g<,(R?)) = g<2((R?)) is isomorphic to the action on RY & so(d, R)
given in (7). Thus for any c<, € U,‘,’, by Proposition 3.13 and the diagonality of the action (see
Section 2.3), there exists an element of g € Oy(R) such that g - c<, = €<, € K.

Consider the subgroup Wr C O4(R) of diagonal matrices w with diagonal entries w;; € {-1,1},
1 < j < d. By Proposition 3.6 any element of Wk sends a point in K to K. For any €<, € K, the
action of W on the coordinates proj<,(c<,) = €<2 is given by the following (see (14)):

Cq > WddCa, Ci(i+1) > WiiW(it1)(i+1)Ci(i+1)-

The element w € Wg such that w;; = —1for 1 < j < d changes only the sign on c.. The element
w € Wr where w;; = —1for1 < j <ijandwj; = 1for/ < j < d changes only the sign of ¢; (:.1).
Thus there exists g € Wg such that g - €<, € K, implying K intersects each orbit in U,‘,’.

Now suppose that for some c<, € K, g € O4(R) we have g - c<, € K. We show that this
implies g = id. Since the action of O4(R) on T;(RY) is isomorphic to the canonical action on
RY g € OZ‘WIR) (recall the notation after (10)). By Proposition 3.5, the action of OZ‘WR) on
the coordinates ¢4, €2,4, ..., C(a-1)a Of €<, is isomorphic to the canonical action on RI". Thus
we deduce that g must be in OZ‘Q(R). Iterating, we obtain that g must be the identity, as claimed,
implying that /K intersects each orbit in U,‘," exactly once.

We now show that the intersection with each orbit is transverse. By Corollary 3.14 the action is free
on Uzd, and thus on U,‘,’. Since the action is free on U,f, each orbit O4(R) - c<, is smooth and of
dimension n(n — 1) /2 (see Proposition 2.16). Let c<,, be a point in K. Since K is on open subset of
the linear space K, we have T._ K = K. Since K and O4(R) - €<, are of complementary dimension,
K intersects O4(R) - c<, transversally if and only if the span of their tangent spaces is equal to the
dimension of U?.

Since O4(R) acts diagonally we have that
proj<y (Te., K + Te., (04(R) - p)) = proj<(Te.,K) + proj<y (Te.., (04 (R) - e<p))
= Torojp(e<n) PrOI<2 (%) + Tproj_y(c) (Oa(R) - projes(€<n)) »
where V' + W denotes the span of two subspaces V', W. Then by Lemma 4.2
projep(Te, K + Te_, (04(R) - €<5)) = a<2((R)).
Since for any vector v € Tpo_,(c.,) PrOj<2(K), (v) & g<>3((R?)) is a subspace of Te., K, we have

that Te_, K + Tc_,(Oq(R) - c<p) = d<n(R9). Thus K and O4(R) - p intersect transversally.

C<n

Therefore /K intersects transversally each orbit of U,? at a unique point, and hence by definition is a
cross-section for this action. The free and algebraic action of O4(R) on U,‘,’/ satisfies the hypothesis
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of Theorem 2.11 (see Remark 2.15), and hence there exists a moving frame map p : U,‘,/ — 04(R)
taking each element of U,‘," to the unique intersection point of its orbit and K. O

Remark 4.4. By a similar argument as above, together with Remark 3.12, one can construct a cross-
section for the action of SO4(R) from K. For certain dimensions d, one may have to adjust the
restriction that ¢, > 0.

The proof of Proposition 3.7 provides a road-map for explicitly finding the element of O4(R) taking
any pointc<, € U,§’ to K, and hence p(c<,,) - c<p. By successively applying rotations, one can bring
c<, to the cross-section K. For an example of doing this in practice see Example 5.2.

An important consequence of Theorem 4.3 is the following corollary.

Corollary 4.5. Two elements ¢<p,C<p, € U,‘,’/ lie in the same orbit if and only if they take the same
value on the cross-section K, i.e. if and only if p(c<p) - €<n = p(€<n) - E<p.

Thus to find a unique representative of the orbit of c<, € Ug we can “invariantize” c¢<, by comput-
ing p(c<p) - €<pn, and the smooth functions defining the non-zero coordinates of K N O4(R) - c<,
are invariant functions which characterize the orbit. Note that the cross-section K and the moving
frame only depend on the g<((R?)) coordinates. In particular we have that for any path X such that
c<n(X) = projc,(log(IS(X))) € Uy

p(c<n(X)) = p(proj<p(c<n(X))) = p(c<2(X))

which implies that the “invariantization” of a path Y := p(c<2(X)) - X is well-defined. This is
due to the diagonal nature of the action of O4(R) on g<,((R9)), and the fact that dim(O4(R)) <
dim(g<2((R9))). Since the action of the coordinates on g<»((R?)) is not affected by the higher level
coordinates, we can define a cross-section on g<2((R9)) that extends naturally to a<,((R9)). For
higher-dimensional groups one may have to consider a cross-section on g<3((R?)) or higher.

As a consequence, the infinite log signature (and thus the iterated integral signature) of a path X
under the action of O4(R) is characterized by its value on the cross-section.

Theorem 4.6. For any two paths X, X in RY such that c<2(X) := proj<,(log(IS(X))), c<2(X) =
proj<, (log(11S(X))) are elements of UZ, define

Y = p(c<2(X)) X, Y = p(c<2(X)) X.
Then IS(Y) = IS(Y') if and only if there exists g € O4(R) such that IS(g - X) = IS(X).

5. INVARIANTS OF PLANAR AND SPATIAL CURVES

5.1. Planar curves. In Section 4.1 we detailed a moving frame construction for g<,((R?)) under
02 (R) for any truncation order n. In particular on the subset

Ul = {e<n € 8<n(R?) | (c1, ¢2) # (0,0), ¢12 # 0},
the map p : U2 — Oy(R) defined by

1 sgn(cip)c, —sgn(cio)c
p(cey) = (9(12)2 gn(ciz)e

C (o5}
\Je2 + ¢

for c<, € g<,((R?)) is a moving frame map bring any element of g<,((R?)) to the intersection of its
orbit with the cross-section

K = {c<n € 9<n(RH) | c1 =0,¢5,¢12 > 0} .
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Any path X in R? defines an element c<,(X) = proj<,(log(lIS(X))) € a<n((R?)). Since p(c<p) =
p(c<2), we can define the invariantization of X with respect to O2(R) as Y := p(c<2(X)) - X. The
coordinates of log(11IS(Y')) as functions of the coordinates of log(l1IS(.X)) are invariant functions for
paths under Oz (R).

A basis for g<4((R?)) is given by the coordinates (see Example 2.1)

C4 = (01, C2, €12, €112, €122, C1112, 1122, €1222)-

As detailed before in Section 4.1, we have that

ci(Y)=0, c(¥)=vei(X)2+cX)2%  cia(Y) = ern(X)].

Using the action as defined in Section 2.3, one can compute
ci(X)c122(X) + cr12(X)ca(X)

Ve (X)2+ ¢y (X)?
—c1(X)c112(X) + ci2(X) e (X)

Ve (X)2+ ¢ (X)?
ei1a(Y) = san(c )(01 (X)2¢1202(X) + c1(X)ea(X)€1122(X) +02(X)201112(X))
1112 =sg 12 C](X)2+C2(X)2
—c1(X)2c1122(X) +2¢1(X)c2(X) (€1222(X) = c1112(X)) + c2(X)2c1122(X)

c1(X)? + cy(X)?
ci1(X)?ci112(X) = ¢ (X)CQ(X)Csz(X)+02(X)2C1222(X))
ci(X)% +cy(X)? '

cria(Y) =

c122(Y) = sgn(ci2) (

crin(Y) =

c1222(Y) = sgn(ci2) (

As before, for any two paths X and X starting at the origin, we have that c4(X) is related to c4(X)
under O2(R) if and only if c4(Y) = c4(Y). By inspection, we see that a simpler set of polynomial
invariants also determine the equivalence class of the image of a path X in g<4((R?)).

p1(X) = c1(X)? + co(X)?

p2(X) = ci2(X)?

p3(X) = c1(X)ci122(X) + cr12(X) c2(X)

Pa(X) = c12(X) (=c1(X)c112(X) + c122(X) c2( X))

ps(X) = c12(X) (01 (X)%ci222(X) + 1 (X)ea( X)cri22(X) + Cz(X)Zsz(X))

Pe(X) = —c1(X)2c1122(X) +2¢1 (X)c2(X) (c1202(X) = €1112(X)) + c2(X)2c112

p7(X) = c12(X) (01 (X)%ci112(X) = c1(X)er(X)er12o(X) + CZ(X)QC1222(X))
The value of X on the above invariant set determines the value of c4(Y’). Thus they provide a simpler
invariant representation for ¢4 (X)) = proj4(log(11IS(X))).

Remark 5.1. It is an interesting fact that by adding the invariants c¢1112(Y) and ¢1222(Y’), we get the
much simpler invariant

c1112(Y) + c1222(Y) = sgn(ci2) (c1112(X) + c1222(X)).

In the polynomial invariant set, one can likewise replace either p4 or p7 by
Py (X) = ci2(X)(cr112(X) + c1222(X)).
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5.2. Spatial curves. We can define a moving frame similarly for g<,((R?)). Theorem 4.3 indicates
that the subset of g<,((R3)) defined by

K ={ci=cr=ci12=0,¢3,¢13,¢3 > 0}

is a cross-section for the action of O3(R) on a Zariski-open subset of g<,((R?)). Define the polyno-
mials in basis elements of g<, (R?)),

2, 2. 2
pi(c<n) = cT+c5+c5
pa(c<n) = c2(ch, +cly) +2c1c03(crscy — cize3) + (ch, + €5) +2¢12€1365¢3 + €3 (¢l + €5)

p3(C<p) = €1C23 — C2C13 + C3C12.

Then one can check that the group element A € O3(R) defined by

(20) Ale<n) = B(e<n)C(e<n)
where
sgn(p2(c<n)p3(c<n)) 0 0
B(e<n) = 0 sgn(p2(c<p)) O
0 0 1
and
ci(=ciscoHcizes)—co(ci+c?)  cPeisteicrcotes(ciacrteiscs) _ clepp—ciopcster(ciacoteises)
VP1 (c<n)|p2(c<n)l VPI (c<n)|p2(c<n VP1 (c<n)lp2(c<n)l
C(C<n) — C12C2+Ci3C3 —CiCip+Co3cs —C1C13—C2C23
- |ch(an)| |ch(csn)| | \/ch(csm
1 2 3
Vpi(e<n) Vpi(e<n) Vpi(e<n)

brings any element c<,, € a<,((R?)) such that pi(c<,), p2(c<,) # 0to K. In particular the moving
frame map p : U2 — 03(R) is defined on the Zariski-open set U3 = {p;(c<,), p2(€<p) # 0} C

8<n(R%).
Then for any path X € R3 and Y := p(c<2(X)) - X, the non-zero coordinates of c<o(Y) are

invariant functions given by7
c3(Y) = Vpi(e<2(X)),
lp3(e<n (X))
p1(c<2(X)),

 [ipa(ean0)]
=) =\ e (X))

From this we can conclude that the polynomial invariants p1 (¢<,( X)), p2(c<,(X))?, and p3(c<,(X))?
characterize the equivalence class of c<2(.X) under O3(R).

cio(Y) =

Example 5.2. Continuing with our running example, the moment curve, we have already seen (Example 2.3)

that
1 1
1 0 ¢ ‘11
proj_,logS(X) = ([ 1].[-+ O )
- 1 _i 1 0
2 710

"We note that p3(c<p(X)) is the “signed volume” of the curve, compare [12, Lemma 3.17].
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The matrix
I N 4
Al B EY
Vi Vi V3
is such that
0 S
0 , 603 2042
A - projo, log lIS(X) = \% , —@ ?9 T S0vE
v v
Finally, the matrix
_ 29 _21V3
2v/541 2v/541
B=| 21v3 29 0
2v/541 2+/541
0 0 1
is such that
1
0 0 60V3 0
: 1 V541
B - (A-projcy logliS(X)) = [| O ||~z 0 30v6 || € K-
3 0 _ 541 0
60V6
The figure below shows the effects of these transformations on the path itself.
— X(t)=(t, 2, t3)
A-X(t)
—— B-(A-X(1)
/ _04y
— —0.2

In this sense, this two step process is similar to the iterative process outlined in the proof of Proposition
3.7 of bringing an element of g<2((RY)) to successively smaller linear spaces. The transformation A
brings c<2(X) to L4, then finally to L, by a transformation B. In principle, given a procedure to rotate
an element of R? to a particular axis, this iterative process is quite easy to perform to bring any

c<2(X) for any path X to K, and hence invariantize any path.
Alternatively one can directly use the moving frame map in (20); note that this is equivalent to the
single action by the matrix

17 _93. ]2 29
V3246 1623 3246
C X = BA = 25 _ L _ 21
p(c2(X)) _1?82 2 5 _1082
V3 V3 V3
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The next figure shows the projection of p(c2(X)) - X onto the (x, z) plane. One can check that the
total area under the curve vanishes.

0.03
0.02

0.01

X1(t)

0.00
-0.01

-0.02

6. DISCUSSION AND OPEN PROBLEMS

We conclude with a discussion of some interesting questions arising from this work. We presented
a method to construct O4(R) invariants for a path X from the coordinates of the log signature (or
iterated integral signature) in a way that completely characterizes the orbit of proj, (log(l1IS(X)) (or
proj, (11IS(X))) under O4(R). This procedure also furnishes a quick method to compare equivalence
classes of paths under O4(R) without computing the full set of invariants (see Example 5.2).

In particular Theorem 4.6 is similar in spirit to [12, Conjecture 7.2], where the authors characterize
all linear SO4(R)-invariants in the coordinates of IIS(.X) and ask if these determine a path up to
S0O4(R) and tree-like extensions. The invariant sets we construct are smooth functions in the coor-
dinates of log(11IS( X)), though in many cases we can, by inspection, find an equivalently generating
polynomial set (see Section 5). Polynomials in coordinates of log(11IS(X)) correspond to polynomial
invariants in the coordinates of 1IS(.X'), which yield linear O4(R)-invariants by the shuffle relations.
Thus the conjecture remains open, and more broadly the connection between the two sets of invariants
should be explored.

In Section 3, we investigate sets of separating sets of rational and polynomial invariants for the action
of Og(R) on g<2((R?)). An open question is whether the polynomial invariants we construct, generate
the ring of polynomial invariants for this action. In even more generality questions remain about the
relationship between the polynomial invariants we construct and the ring of polynomial invariants for
the action of O4(R) on g<,(RY)).

Additionally we only consider O4(R)-invariants (and to a lesser extend SO4(R)) in this work. The
dimension of O4(R) implies that to construct a cross-section for the action, one only has to consider
the action on g<2((R?)). For larger groups like GL4(R) one may have to construct a cross-section
using coordinates on g<3((R9)).

The cross section K in Section 4.2 can also be used as a starting point for groups containing O4(R),
since any element of g<2((R?)) can be brought to % by an element of O4(R). For instance if one
considers scaling transformations in addition to orthogonal transformations, changing the conditions
of ¢y, €141y > 00nKtocy =ci(i+1) =0,for 1 <7 < d, likely yields a cross-section.

As mentioned in the introduction, there are many applications of the iterated-integral signature of paths
where finding O4(R)-invariant features could be advantageous. It would be interesting to see if the
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sets of integral invariants constructed, or “invariantization” procedure outlined can be useful for such
applications.
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