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EDP-convergence for a linear reaction-diffusion system

with fast reversible reaction
Artur Stephan

Abstract

We perform a fast-reaction limit for a linear reaction-diffusion system consisting of two diffusion
equations coupled by a linear reaction. We understand the linear reaction-diffusion system as a
gradient flow of the free energy in the space of probability measures equipped with a geometric
structure, which contains the Wasserstein metric for the diffusion part and cosh-type functions for
the reaction part. The fast-reaction limit is done on the level of the gradient structure by proving
EDP-convergence with tilting. The limit gradient system induces a diffusion system with Lagrange
multipliers on the linear slow-manifold. Moreover, the limit gradient system can be equivalently
described by a coarse-grained gradient system, which induces a diffusion equation with a mixed
diffusion constant for the coarse-grained slow variable.

1 Introduction

Considering two species X; and X5, which diffuse in a bounded medium €2 C R? and react linearly
X, = Xs, the evolution of their concentrations ¢ = (cl, 02) can be described by the linear reaction-
diffusion system

él = (51Acl — <O~éCl — BCQ)
Cé = (52AC2 -+ (&Cl — BCQ) (11)

complemented with no-flux boundary conditions and initial conditions, where 01,09 > 0 are diffusion
coefficients for species X; and X5, respectively, and &, 5 > 0 are reaction rates describing the
reaction speed of the linear reaction X; = Xs. The aim of the paper is to investigate system if
the reaction is much faster than the diffusion. To do this, we introduce a small parameter ¢ > (0 and

assume that the reaction rates are given by & = % % B = i\/é Then, the system (1.1) can be

rewritten in an e-dependent reaction-diffusion system

& = 0 A — é (\/%Ci — \/;Cg)
G =0RAG é (\/%C‘i - \/;03> : (1.2)

Reaction systems and reaction-diffusion systems with slow and fast time scales have attracted a lot of
attention in the last years [Eva80, [HvdHPQO0| [Bot03| [BoP10, [BoP11, BPR12, IMuN11l IMiS20, [DDJ20),
MPS20, [PeR20]. Bothe and Hilhorst proved a fast-reaction limit e — 0 for (1.2) in the following form.
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A. Stephan 2

Theorem 1.1 ([BoH02)). Let Q C R? be a domain with Lipschitz boundary. Let ¢ and c5 be weak
solutions of (1.2) with no-flux boundary conditions V¢ - v = 0 on d§2. Thenc¢] — ¢y and ¢§ — co in
L2([0,T] x Q) ase — 0 and we have & = <. Moreover, defining the coarse-grained concentration

B
¢ = ¢1 + c9, then ¢ solves the diffusion equation ¢ = d/Ac¢ with a new mixed diffusion coefficient
3 Bé1+ads
a+p3

Essentially, the proof uses the free-energy as a Lyapunov function to derive e-uniform bounds on the
concentrations ¢; and their gradients V¢;, which is then used to prove convergence towards the slow
manifold {c € [0, 00[? | awc; = Beo}. This proof also works for nonlinear reactions once -uniform
L>°-estimates are established (see [BoH02]). On the linear slow manifold, one easily verifies that the
coarse grained concentration ¢ : "‘gﬁ ¢ = a+502 — ¢, + o solves ¢ = OAG where § = 2tad

a+p
is the effective mixed diffusion coefficient.

In this work, we are not primary interested in convergence of solutions of system (1.2). Instead, we
perform the fast-reaction limit on the level of the underlying variational structure, which then implies
convergence of solutions as a byproduct. Our starting point is that reaction-diffusion systems such
as can be written as a gradient flow equation induced by a gradient system (@, €, R), where
the state space () is the space of probability measures () = Prob(2 x {1,2}) and the driving

functional is the free-energy £(u fQ ZJ BB ( ) w;dx for measures ;1 = ¢ dx, with the

Boltzmann function Eg(r) = r log r—r+1 and the (in general space dependent) stationary measure
w = (wy, wQ)T. The dissipation potential R. that determines the geometry of the underlying space
is given by two parts RZ = Rig + Rieact - describing the diffusion and reaction separately. Since the
pioneering work of Otto and coauthors [JKO98, IOtt01] it is known that diffusion has to be understood
as a gradient system driven by the free-energy in the space of probability measures equipped with the
Wasserstein distance. The corresponding dissipation potential R}, is quadratic and given by

Ry (i1, €) = (/}:MVH dyi

Later Mielke [Mie11] proposed a quadratic gradient structure also for reaction-diffusion systems with
the same driving functional. Geometric properties of that gradient structure were investigated in [LiM13,
GK*20]. Here, we are not interested in that gradient structure, but use a different, the so-called cosh-
type gradient structure, where the reaction part is given by

react a(lu 5) /{;C*(gl (1’) - 52(1')) V d,uld,UQa

with C*(r) = 4(cosh(r/2) — 1). Setting R} = R¢ + R
can now be written as a gradient flow equation

Yeact.c» the reaction-diffusion system (7.2)

it = O¢R:(n, ~DE(1).

Although there are many gradient structures for (see e.g. [MiS20, Sect. 4]) and the cosh-type
gradient structure entails several technical difficulties as defining a nonlinear kinetic relation and not
inducing metric on (), it nevertheless has several significant features. Historically, it has its origin in
[Mar15] where, following thermodynamic considerations, chemical reactions are written in exponential
terms. In recent years, the cosh-gradient structure has been derived via a large-deviation principle
[MPR14l, IMP*17], and it was shown that it is stable under limit processes [LM*17] that are similar to
our approach. Moreover, it does not explicitly depend on the stationary measure w, which allows for an

DOI 10.20347/WIAS.PREPRINT.2793 Berlin 2020



EDP-convergence for linear RDS 3

rigorous distinction between the energetic and dissipative part [MiS20]. This is physically reasonable
because a change of the energy by an external field should not influence the geometric structure of
the underlying space.

The goal of the paper is to construct an effective gradient system (Q, £, R;) and perform the limit
(Q,E,R:) — (Q,E,R;) as € — 0. For this, we use the notion of convergence of gradient systems
in the sense of the energy-dissipation principle, shortly called EDP-convergence. EDP-convergence
was introduced in [DEM18] and further developed in [MMP20, IMiS20] and is based on the dissipation
functional

D7(n) = / Re(p, 1) + R (1,1 — DE())

which, for solutions p of the gradient flow equation describes the total dissipation between initial time
E(11(0)) and final time £(1(T)), and can now be defined for general trajectories 1 € L'([0, 77, Q).
The notion of EDP-convergence with tilting requires I'-convergences of the energies &, £> &y and
of the dissipation functionals 7 L D¢ in suitable topologies, such that for all tilts 7 the limit D
has the form D¢ (1 fo et (10, 1) + Rig(p,m — DE(p)) dt, see Section for a precise
definition. Importantly, the effective dissipation potential R.g in the I'-limit is independent of the tilts,
hence allowing for extended energies. In our situation, the tilts 7 correspond to an external potential
V = (V4, V) added to the energy €. On the level of the PDE, the starting reaction-diffusion system
is extended to a reaction-drift-diffusion system of the form

Vi—-Vo V \ o4
i 1\ div 51VC1 + 5101VV1 \/> \/>
dt \ ¢s o 52VC2 5202 V‘/Z \/E Vi— V2 _ \/> Vo—Vp .

The main result of the paper is Theorem [4.3| which asserts tilt EDP-convergence of (Q, &, R}) to
(Q,E,R:y) as € — 0 where the effective dissipation potential is given by

i = Raig T X{e1=¢2}

where x 4 is the characteristic function of convex analysis taking values zero in A and infinity oth-
erwise. The effective dissipation potential describes diffusion but restricts the chemical potential £ =
(&1, &) to alinear submanifold. The induced gradient flow equation of the gradient system (Q, £, R%;)
is then given by a system of drift-diffusion equations on a linear submanifold with a space and time
dependent Lagrange multiplier A

Cl = div (51VC1 + 5161V‘/1) — A C1 Co

CQ = div (52VC2 + (SQCQV‘/Q) + A ’ ﬁe_vl - ae V2 .

Moreover, as an immediate consequence of Theorem [4.3, we obtain that the effective gradient flow
equation can be equivalently described as a drift-diffusion equation of the coarse 9ralned concentra-
1

tion ¢, see Proposition Introducing the mixed diffusion coefficient 4" = % and the

mixed potential V = — log(a eV + ;$5e7"2), we obtain
¢ = div (5Vw n $Vévf/> ,
which is in accordance with [BoHO02] in the potential-free case V' = const. Moreover, we obtain

a natural coarse-grained gradient structure (Q, g, 7@*) where ) = Prob(£2) is the coarse-grained
state space and £, R* are the coarse-grained energy functional and dissipation potential, respectively.
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A. Stephan 4

Interestingly, this coarse-grained gradient structure (Q, 5’, 7@*) contains the same information as the
effective gradient structure (@, £, R’;), although defined on a smaller state space, see Proposition

The result on tilt EDP-convergence is an immediate consequence of the I'-convergence result of the
dissipation functional 7 (Theorem . The primal dissipation potential R. is given by an infimal
sum consisting of diffusion fluxes and reaction fluxes coupled via a generalized continuity equation,
see Section Theorem foIIows from the following observations: R converges monotonically
to a singular limit R, the primal dissipation potentials /R. degenerate. It is not possible to control
the rates of j1; and [y separately by R., since the reaction flux between both species may become
unbounded. Instead, it is possible to prove compactness for the sum (or slow variable) 11 + 2 by R,
and proving convergence towards the slow-manifold where an equilibration takes place, i.e. ac] —
Bcs — 0. The two pieces of complementary information provide strong convergence of the densities
¢ in LY([0,T] x ). This procedure has been already successfully applied for linear and nonlinear
reaction systems [MiS20, IMPS20] and is here applied to a space-dependent evolution system. A
posteriori we conclude that the limit measure MO has indeed an absolutely continuous representative
using results from [AGSO05]. The construction of the recovery sequence relies on the fact that the limit
dissipation functional can be equivalently written as a functional of coarse-grained variables. Only the
reaction flux, which is present for positive € > 0 and hidden for ¢ = 0, has to be reconstructed. One
observes that diffusion causes the reaction flux on an infinitesimally small scale. Since the dissipation
functional considers also fluctuations which may be not strictly positive and not smooth in contrast to
the solution of the linear reaction diffusion system (1.2), the construction of a recovery sequence is
completed by a suitable approximation argument.

Let us finally mention, that the same results can also be established for reaction-diffusion systems,
where more than two species are involved. Applying the coarse-graining and reconstruction machinery
as developed in [MiS20], a similar I'-convergence result for the dissipation functional can be proved.
For notational convenience we restrict to the two-species situation and briefly discuss the multi-species
case in Section [6] We refer also to [Ste21], where coarse-graining and reconstruction for concentra-
tions as well as the fluxes is developed.

2 Gradient structures

2.1 Gradient systems and the energy-dissipation principle

Let us briefly recall what we mean with a gradient system. Following [Mie16], we call a triple (@), £, R)
a gradient system if

(1) @ is a closed convex subset of a Banach space X

2) £€:0Q — R, :=RU{oo} is afunctional (such as the free energy)

B) R: @ x X — R, is a dissipation potential, which means that for any u € () the functional
R(u,-) : X — R, is lower semicontinuous (Isc), nonnegative and convex, and it satisfies
R(u,0) = 0.

We define the dual dissipation potential R* : Q x X* — [0, co] using the Legendre transform via

R (u,€) = (R(u,-))"(€) = sup {(v,€) = R(u,v)} .
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EDP-convergence for linear RDS 5

The gradient system is uniquely described by (Q, £, R) or, equivalently by (Q, £, R*) and, in partic-
ular, in this paper we use the second representation.

The dynamics of a gradient system can be formulated in different ways as an equation in X, in R or
in X* (the dual Banach space of X), respectively:

(1) Force balance in X*: 0 € 9, R(u, %) + DE(u) € X*,
(2) Power balance in R: R(u, %) + R*(u, —DE(u)) = —(DE(u), u),

(3) Rate equationin X:u € 0;R*(u,—DE(u)) € X.

(Here, O denotes the subdifferential of convex analysis.) Equations (1) and (3) are called gradient flow
equation associated with (@), €, R*). The equivalent formulations rely on the following fact: Let X be
a reflexive Banach space and W : X — R, be a proper, convex and Isc. Then for every ¢ € X™* and
v € X the following five statements, the so-called Legendre-Fenchel-equivalences, are equivalent:

v € Argmin, e x (¥(w) — (€, w)) < U(v) + 07 (§) = (&, v)
< U(v) +¥*(&) = (&, v) PN
v € IU*(E) & § € Argmin, c . (V*(n) — (n,v))

Especially the second dynamic formulation, the power balance (2), is interesting for us. Integrating
the power balance (2) in time form 0 to 7" and using the chain rule for the time-derivative of
t — E(u(t)), we get another equivalent formulation of the dynamics of the gradient system, which is
called Energy-Dissipation-Balance:

T
(EDB)  E&(u(T)) + / [R(u, ) + R*(u, —DE(u))] dt = E(u(0)). (2.1)
0
Equation (EDB) compares the energy of the system at time ¢ = 0 and at time ¢ = T, the difference

is described by the total dissipation from ¢ = 0 to ¢ = 1. This gives rise to another definition: We
define the De Giorgi dissipation functional as

D(u) = /0 [R(u, ) + R*(u, —DE(u))] dt,

foru € Wl’l([(), T}, Q) and extend it to infinity otherwise. The following energy-dissipation principle
provides the definition for solutions of the gradient flow equation, see e.g. [AGS05, Prop. 1.4.1],
[AM*12, Def. 1.1], [MMP20, Thm 2.5].

Definition 2.1. We say u € W!([0, 7|, Q) is a solution of the gradient flow equation (1) or (3)
induced by the gradient system (Q, £, R*), if £(u(0)) < oo and the energy-dissipation balance
holds.

2.2 Definition of EDP-convergence

The definition of EDP-convergence for gradient systems relies on the notion of I'-conver-
gence for functionals (cf. [Dal93]). If Y is a Banach space and I, : Y — R, we write I, LI Iy and
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A. Stephan 6

1. ER 1, for I'-convergence in the strong and weak topology, respectively. If both holds this is called
Mosco-convergence and written as I, LN Iy.

For families of gradient systems (X, &, R. ), three different levels of EDP-convergence are introduced
and discussed in [DEM18| [MMP20], called simple EDP-convergence, EDP-convergence with tilting
and contact EDP-convergence with tilting EDP-convergence with tilting is the strongest notion, since
it implies the other two notions. Here we will only use the first two notions. For all three notions the
choice of weak or strong topology is still to be decided according to the specific problem.

Definition 2.2 (Simple EDP-convergence). A family of gradient structures (@, &, R.) is said to EDP-
converge to the gradient system (Q, &y, Regr) if the following conditions hold:

1 Esgc‘foochX;

2 . strongly I'-converges to D on L([0, 7], Q) conditioned to bounded energies (we write
T .
D. = D), i.e.we

2.1 (Liminf-estimate) For all strongly converging families u. — w in L'([0, 7], Q) which
satisfy Sup,. o ess sup;e(o 1€ (ue(t)) < 0o, we have liminf, o+ D (u.) > Do(u),

2.2 (Limsup-estimate) For all 7 € L!([0,T],Q) there exists a strongly converging family
ue — uin L([0, T, Q) with sup,. ess supyep 1€ (t:(t)) < oo such that we have
lim sup,_,g+ D:(u:) < Do(u).

3 There is an effective dissipation potential R : () X X — R, such that ® takes the form of
a dual sum, namely Do (u) = [, {Reg(u, @)+ Rig (u, —DEosr(w)) }dt.

Similarly, one can also use weak I'- or Mosco-convergence conditioned to bounded energy, which we
. . r M . .
will then write as ©. = Dy and ©. —> Dy. In fact, for our fast-slow reaction systems we are going

M
to prove D, — 9.

A general feature of EDP-convergence is that, under suitable conditions, solutions u of the gradient
flow equation & = O:Rg(u, —DEy(u)) of the effective gradient system (X, &, Regr) are indeed
limits of solutions u° of the gradient flow equation & = J¢R}(u, —DE.(u)), see e.g. [Brai3, Thm.
11.3], [MiS20, Lem. 3.4] and [MMP20, Lem. 2.8].

A strengthening of simple EDP-convergence is the so-called EDP-convergence with tilting. This notion
involves the tilted energy functionals £7 : Q@ > u — &E.(u) — (n, u), where the tilt 7 (also called
external loading) varies through the whole dual space X *.

Definition 2.3 (EDP-convergence with tilting (cf. [MMP20, Def. 2. 14]). A family of gradient structures
(Q, &, R.) is said to EDP-converge with tilting to the gradient system (Q, &y, Regr), if for all tilts
n € X* we have (Q, £, R.) EDP-converges to (Q, 7, Res ).

Clearly, we have that &, L &y implies &7 LN & for all p € X* (and similarly for weak I'-
convergence), since the linear tilt u — —(n, u) is weakly continuous. The main and nontrivial as-
sumption is that additionally

D7 u /0 {R.(u, @) + RE(u,n—DE.(u)) }dt
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EDP-convergence for linear RDS 7

[-converges in L' ([0, T, Q) to D for all ; € X* and that this limit D is given in R & R*-form with
Reg via

D1(u) = /0 [Ret(u, @) + Ry (w,n—DEur () }l.

The main point is that R remains independent of € X*. We refer to [MMP20] for a discussion of
this and the other two notions of EDP-convergence.

3 Gradient system of reaction-diffusion systems

In this section, we present the gradient system (@, &, R:), which induces the reaction-diffusion sys-
tem (1.2). In Section[3.2]we derive the gradient flow equation of the gradient system including general
tilts of the energy. In Section [3.3|we compute the primal dissipation potential K., which is only implic-
itly given via a infimal-convolution, and the total dissipation functional ®, which will be the main object
of interest in Section (4] In Section 3} the computations are basically formal; the precise functional an-
alytic setting is presented in Section which also includes the I'-convergence and EDP-convergence
result.

3.1 Gradient structure for the linear reaction system

Although a gradient system induces a unique gradient flow equation, a general evolution equation
can often be described by many different gradient systems. The choice of the gradient structure is a
question of modeling since it adds thermodynamic information to the system, which is not inherent in
the evolution equation itself. Here, we follow the pioneering work of Otto and coauthors [JKO98|, |0tt01]
who showed that certain diffusion type equations can be understood as a gradient flow equation of the
free energy in the space of probability measures equipped with the Wasserstein distance. Later Mielke
proposed a gradient structure for a reaction diffusion system satisfying detailed balance [Mie11]. For
a system with two species with a reversible reaction detailed balance is always satisfied. For the
reaction part, we use the gradient structure which has been derived via a large-deviation principle
from a microscopic Markov process in [MPR14]. We refer also to [Ren18], where our choice of gradient
structure has been formally derived.

The gradient system (Q, £, RY) is defined as follows: The state space is the space of probability
measure on (@ x {1,2}

Q = Prob(Q x {1,2}) = {p = (pu, pa) € R? : pi; € M(Q), 1 > 0, Zm(Q) =1},

where we assume that 2 C R? is a compact domain with normalized mass || = 1. The driving
energy functional £ : @ — R, := RU {00} is the free-energy of the reaction-diffusion system. It is
finite for measures 11 = (p1, f12) with Lebesgue density ¢ = (¢4, ¢2) only and has the form

2 ¢ ' .
E(p) = {fQ ijl Ep (w—J) wide, ifp=c-de

0, otherwise.

(3.1)

where the Boltzmann function is defined as Eg(r) = rlogr — r + 1 and the positive stationary
measure is given by w = a_-lw(ﬁv a)T. Note that the stationary measure w as well as the energy £
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is e-independent. The derivative of the energy £ is only defined in its domain, i.e. for measures with
Lebesgue density ¢, and has the form

DE(p) = i (loge; —logw,) = Y (log ;—J) .

As the equation splits into a diffusion and reaction part, so does the dual dissipation functional. We
define

R:(Ma g) = Rthf(:ua g) + R:eact,a (:uv 5)

where
1 2
Ri(§) 1= 3 | 36198 )
j=1

Rier(1:6) 1= = [ € (61(0) = ala) d i

where we use the cosh-function C*(x) = 4 (cosh(z/2) — 1) and for measures y with Lebesgue
density ¢ we have d/ji1ji2 := \/c1cod.
The diffusion part R};¢ induces the Wasserstein distance on (). The e-dependent reaction part

R;‘eact’s forces the evolution close to a linear submanifold given by
R:eact,g(u7 _Dg(,u)) =0« acy — ﬁCZ =0.
Note, that since R, - is not 2-homogeneous, it does not define a metric on (). We refer to [PR*20]

which treats similar and general dissipation potentials and understands them as generalized transport
costs on discrete spaces. Note that /R? does not depend on the stationary measure w explicitly, as
highlighted in [MiS20].

3.2 The tilted gradient flow equation

In this section, we derive the gradient flow equation of the gradient system (Q, £, RY). To exploit the
full information of the dissipation potential, we consider general tilted energies. First, we present how
a change of energy by a linear tilt corresponds to a change of stationary measure, and secondly, we
compute the induced gradient flow equation.

Let us first consider two free energies (3.7) with different stationary measures w, w, which may
be space dependent but are assumed to be positive. Assuming a density ;4 = cdz and using
o Jqwidz =3, [, c;dz =1 (where we used [Q2| = 1), we have

2 2
E(p) = Z /Q Ep (%) wdr = Z/Q{CZ log ¢; — ¢;logw; } dz.
i=1 ! i=1

In particular, we conclude that éN’(u) + Z?:1 Jq cilogwidz = E(p) + Z?Zl J, ¢i log widz which
implies
2
E(p) = E(pn) + 2/ ¢; log (%) dz.
i=1 /9 ‘
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EDP-convergence for linear RDS 9

Hence, changing the underlying stationary measure corresponds to a linear tilt of the energy by a two
component potential V' = (V7, V3) where V; = log < ) On the other hand, a tilted energy has a
different stationary measure as its minimum. To compute the new stationary measure, we introduce

tilted energies
2
V() = () + > /Q Vidyu,
=1

where V' € C1(Q, R?) is a two component smooth potential. Moreover, we introduce 7; := e~ "% and
clearly, we have 1; > O on ) C R¢. We compute the stationary state w" by minimizing £ on the
space ( = Prob(2 x {1,2}). We obtain the space dependent stationary measure

1
sz:sz Vi where Z —Z/we Vide . (3.2)

Next, we compute the tilted gradient flow equation ¢ = 9¢R*(, —DEY (1)), which is induced by the
gradient system (Q,EY, R = Riig + Rieact)- First, we observe that £(y1) < oo if and only if
EV (1) < oo. Inserting & = (—DEY (1)), into DRy (11, €), we see that

Oc R (1, ‘>’€:,D5V(#) = —(div(d;e; V(= log(ci/w;) = V;))iz12 = div (6;Ve; + 6:;;VV;)._, 2

which is a system of two uncoupled drift-diffusion equations or Fokker-Planck equations for the con-
centrations ¢; where the fluxes are given by a diffusion part —d,; V¢; and a drift part —d,¢; V'V;.

For the reaction part of the dual dissipation potential, we insert §; = (—DSV(M))i into the term
OcR;; T’T (4, ). On readily verifies the identity (C*) (logp —logq) = {’/;p% for the cosh-function and
conclude

= - o e
¢—c1c2<c*>'<al<sc>—§2<x>>rg:Dmaﬁclcluzxﬁwmm( 2 _ )
#1”1#2772 WaM2 w1

Hence, we get

* * 1 ﬁ 771 « 772
afereact,.e(:u’ ')|g:—D5V(M) = _aEQRreact(:u7 ')|g:—DsV(u) = - (\/;\/%02 - \/%\/acl )

which is linear in ¢ = (c1, ¢2). In vector notation, we get a tilted Markov generator of the form

an2 Bm io v2 V2 Vl
1 {7 vVem Van f
\%4 m 72
aereacts( -D¢& ( )) g an _ [Bm Q v12V2 B V2 Vl c
Bm an2

which has the space dependent stationary measure

1 1
vV _ 1 2\T _ — - —Va T'
w = Z(Oé—i—ﬁ) (577 , Q) ) Z(wle , Wa€ )

Summarizing, the tilted evolution equation has the form
d | _\/Eevlgvg éeV2;V1
Lofa) Z g 01V n 01c:VV; L1 3 ) o ) c1 33
dt \c2 05V ey YOAYAZS c \/Ee n-ve \/Ee Vv, C
B a
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A. Stephan 10

which is a linear reaction-drift-diffusion system with space dependent reaction rates. In the special
case without external forcing V' = const, we get the linear reaction diffusion system (1.2). Note that
the reaction part still inherits symmetry since the product of the off-diagonal elements is constant in
space. In particular, not all general linear reaction-drift-diffusion system with space dependent reaction
rates for two species can be expressed in the form and are induced by the gradient system
(Q, €V, R: = Ry + Riaerc)-

react,e

3.3 The dissipation functional

In this section, we compute the dissipation functional ® ., which consists of two parts: the velocity
part given by the primal dissipation potential R. and the slope-part (sometimes also called Fisher
information) R: (11, —DE(11)). Here, all computations are formal and we always assume that the
measure p has a Lebesgue density c. The precise functional analytic setting is presented in the
Section 4l

The primal dissipation potential R., given by the Legendre transform of the dual dissipation potential
R: = Riig + Re reacts €an be computed via inf-convolution of Raig and Ryeact - First, we compute

both primal dissipation potentials separately. To do this, we introduce the following notation: For a
convex, Isc. function F : X — [0, oo] on a reflexive and separable Banach space X with Legendre

dual F*, we define the function F : [0, co[x X — [0, o] by

E(a,x) = (aF* (1) (z) = {i:(i? x) Eii: 8’

Introducing the quadratic function Q(z) = %|x|% on R, the primal dissipation potential of the diffusion

2
part R} is given by

2
Rair(pt,v) = Z/QQ(CSjcjij)dIa
j=1

where J; is, by definition, the unique solution of the elliptic equation v; + divJ; = O with J - v = 0
115
2 (5j]0j ’

on <. For positive ¢;, we have Q (0;¢;, J;) =

The primal dissipation potential of the reaction part is

E(Vcl”,b)d, for by + by = 0
Rreact,s(ﬂ>b) :{ Q 2 T or by + 0o
0

forby + by £0

where C = (C*)" is the Legendre transform of the cosh-function C*(z) = 4 (cosh(z/2) — 1). Inthe
following, we use the inequality

1
oIl -log(Jr[ +1) < Cr) < 2Jr| - log(|r[ + 1), (3.4)
which, in particular, implies that the Orlicz class for A C R¢ given by

LE(A) := {u e L'(A) : / C(u)dr < oo},
A

is, in fact, a Banach space LE(A) = LE(A) with the norm ||ul|c = SUD [, (o)< | [, v dal.
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EDP-convergence for linear RDS 11

Importantly, functions (5 6 as well as the functionals Rgig, Rreact,c are convex on their domain of
definition.

The primal dissipation potential R. is the inf-convolution of Raig and Rrcact,c, and is given by

Ra (H; U) = inf {Rdlff (Na U1> + 7?'rea,ct 5(,“; u2)}

v=u1-+u2
V1 = —diVJ1 —+ b1

1nf Z/ Q (dj¢j, J;) do + / C (—@,bg(ﬁ)) dz : < vy = —divJy + by
b1 + bg =0

In time-integrated form we get for v = i that

T T
/ Rs (N; N) dt = lnf / {Rdiff (Ma Ul) + Rreact,s (,LL, UQ)} dt
0 0

v=v1+v2

:lng{/UT{jzz;/SZQ((sjcj,Jj)dx+/SZE(@,@(m))}dxdt: (c, J.b) € (gCE)}.

where we introduce the notation of a (linear) generalized continuity equation

. él = —diVJl -+ bl
(c, J,b) € (¢CE) « {51 + by = 0 and { by = —divJy + by }} '

Without the reaction part, fOT R.dt is the dynamic formulation a la Benamou-Brenier of the Wasser-
stein distance in () [BeB00], which can be equivalently written in the form

1 2
Wa(pio, pn)? = inf {/ / D SilosPdu; ¢ g+ div(ugey) = 0, p0 = o, py1 = Ml}
0 Q
7=1

expressed in terms of transport velocities v; = .J;/c;. The Wasserstein distance can be interpreted
as a cost in transporting mass from one measure iy to (1. In our situation fOT R.dt is jointly convex
in ¢, J and b and corresponds to modified cost function which also takes the reaction fluxes into
account. The optimal diffusion fluxes .J; and reaction fluxes b; have to satisfy the generalized continuity
equation. Note that fOT ‘R .dt does not induce a metric on () since the reaction part is not quadratic.

Next, we compute the tilted slope part R (1, —DEY (). To do this, we introduce the relative densi-

ties p*’ of yu w.r.t. the stationary measure w" dz, i.e. p; = w%x = 4, where by (3.2) the stationary
J J

measure is w Zw, ~Vi.Since V € CY(Q,R?) and 2 C R<is compact, 1 is absolutely continu-
ous w.r.t. the Lebesgue measure dz if and only if it is w.r.t. the stationary measure w" dz, . Inserting
¢ = —DEY () = —(log(ci/w;) + Vi)i=12 in the dual dissipation potential R*, we get for the
diffusive part

1
Rise(ie~DE (1) = 5 | Zwv (g e/ + V;) P,

. . . v
Using w)’ = Jw;e™"7, a short calculation shows d;¢; |V (log¢; /w; + Vi)I? = jwy

Hence, we have

R (u, —DEY (1 /Za V‘ d.
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_ o (vpva)

For the reaction part, we use the identity C*(log p — log q) N

and get

2
\/01/771w1 - \/02/772’602
R:eact E( ng - 2/ Vv C1C2 < > dz

\/0102/771w1772w2
9 2
=2 [ futef (ot - ok ) e
€Ja

Summarizing, the total dissipation functional is

T
oY (1) - / Re(p, 1) + RE (1, —V — DE ()t @5

:(c,J,bi)relfgCE {/ {/ZQ (056 dx—l—/C(m bg(l’)) da:} dt}+
/{ /25 V\Vp x+§/g\/m( py—\/g>2dx}dt.

4 EDP-convergence result

In this section we state the EDP-convergence result for the gradient systems (Q), £, R?) to (Q, £, Ris)
and discuss the properties of the effective gradient system (Q, &, RY;). Since the energy £ is e-
independent the major challenge is to prove I'-convergence of the dissipation functional ”DZ which is
a functional defined on the space of trajectories in the state space (). To be mathematical precise, we
first fix the functional analytic setting.

The state space () = Prob(Q2 x {1,2}) is equipped with the p-Wasserstein distance dyy,, where
in our situation either p = 1 or p = 2. Recall that for any compact euclidean subspace £ C RF the
p-Wasserstein distance is defined on the space of probability measures Prob(E) by

dlzp:min/:v—pd:v,
w, (1 1) ein ] |z —y[Pdy(z,y)
where F(,ul, ,uz) is the set of all transport plans with marginals 1! and 2 (see e.g. [AGS05]). The p-
Wasserstein distance de metrizises the weak*-topology of measures, i.e. convergence tested against
continuous functions on E. In the following we will consider either £ = Q or £ = Q x {1,2}.

To define the topology in the space of trajectories on (), we start very coarse, where we under-
stand the trajectories on () as measures in space and time. We denote the space of trajectories by
Leo([0, 77, Q) equipped with the weak*-measureability. The weak*-convergence is defined as usual

by

pe(-) = pl(r) &= Vie{l1,2}, Vo € C(Qx[0,T)) : /O/Qde,u?(x)dt — /O/Qde,u?(x)dt

A finer topology, which enables to prove compactness and evaluate the effective dissipation functional
is then given by the a priori bounds

sup DY (uf) < C, sup esssup E(u(t)) < C.
e€]0,1] £€]0,1] t€[0,T]
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EDP-convergence for linear RDS 13

In fact, as presented in Section these bounds provide that the measures ©° have Lebesgue
densities ¢© which converge strongly in L' ([0, 7] x ©,R2,). Moreover, the limiting coarse-grained
measure [1I' = ,u(l) + ug has an representative which is aBsquter continuous in time with values in
(Prob(2), dyy, ), i.e. there is a function m € L*([0, T such that for all ¢, s € [0,T] with s < t we

have .
d, (0(s), (1)) < / m(r)dr

Each component ,u?, 1 = 1,2 is not a trajectory in the space of probability measure, but in the
space of non-negative Radon measures. Proposition shows that u? is absolutely continuous in
time with values in (M(€2), dyy, ) exploiting the dual formulation of the 1-Wasserstein distance (see
e.g. [Edw11]). This compactness result is comparable to the result of Bothe and Hilhorst [BoH02],
where also strong convergence of solutions ¢ = (¢, ¢3) is proved. In particular, similar to the space
independent situation in [MiS20, [Ste19, MPS20] one cannot guarantee that ;¢ (t) — p°(t) in Q for all
times ¢ € [0, 7] as jumps in time cannot be excluded. Instead the limit 2° = ¢ dx has an absolutely
continuous representative.

4.1 Main theorem

Let us state our main EDP-convergence result. For doing this, we define for V' € C!(Q, R?) the total
dissipation functional on L°([0, T, Q) as

DY (1) = {foT {Re(p, 1) + Rx(u, DEY ()} dt, € AC([0,T],Q), p = cdzx a.e.in[0,T]

00 otherwise.

If © = cdx a.e. in [0, T, then the dissipation functional is given by

/0 Re(p, 1) + RE (1, —V — DE())dt

:(c,Jbl)nfgCE {/ {/ZQ(SCJ’ dx+/C<m bz(:v)) dx} dt}+
/ { /Za VWP dx+§/9\/m(\/g—\/g)2dx}dt, (4.1)

where the infimum is taken over all Borel fluxes J; € M([0,T] x Q,R%),b; € M([0,T] x Q,R)
which satisfy the generalized continuity equation (gCE) in the sense of distributions, i.e.

T
Vi=1,2V¢ € C(]0,T] x Q) //gzﬁcj Vo - Jidedt = //bjgbdxdt,
0 Ja
J-v =0 on0f.

Remark 4.1. Strictly speaking, the functions 6 and C are not defined for measures J;,b; and hence,
the formula for the dissipation functional is a priori not correct. In fact, introducing the related
functional as in Lemma the dissipation functional can be expressed via the densities of .J;, b;.
These densities are in L*([0, 7] x ) as Lemma 5.1 shows. For notational convenience, we identify
the measures with their Lebesgue densities and stick to the above expression (3.5). In Lemma
we, in fact, show compactness for the sequence of measures J;.
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The main result is the I"-convergence of ”DZ to the effective dissipation functional @X which is defined
by

00 otherwise.

oY () = { I Rer (i, f2) + Rig (1, —DEY (u))dt, it u € AC([0,T],Q), pp = cdx ae.in [0, 7]
Vi) =

where

fo(:uv 5) = Rjiiff(ljﬂ 5) + X{§1:§2}(§)7 Reff(,u7 U) = (Reff<,ua ))* (U) (42)
Theorem4.2. LetV € C'(Q2,R?). onL([0, T, Q), we have I -convergence constraint to bounded
energies of Y, i.e. DV 1 DY where

DY (1) = foT Re(p, 1) + Rig(p, =V —DE(p))dt, p e AC([0,7],Q), p = cdz a.e. [0,T]
o otherwise
(4.3)

with

R:ﬂ”(“a 5) = RZiH(Ma 5) + X{£1=£2}(€)a
Rea(p,v) = nf {Rain(p, @) + xo(ur +us)} =

2

| B — —divJi +

— 1nf{ E /QQ((SJ‘C]‘, J])dZL’ DU+ Uy = Oa { Z; — —diz(]; + Z; }} ’
Jj=1

The theorem states that the limit dissipation functional is again of R & R*-form with an effective dissi-
pation potential R ;. The effective dissipation potential R consists again of two terms describing the
diffusion and a coupling, which forces the chemical potential —DEV to equilibration. This equilibration
provides the microscopic equilibria of the densities pV defining the slow manifold of the evolution.

In the Section [5, we will present the detailed proof of this I"-convergence result. In this section, we
discuss the effective gradient system and its induced gradient flow equation. As we will see the asso-
ciated gradient flow equation can be understood as an evolution equation on () and also on a smaller
state space () := Prob(Q) of coarse-grained variables.

As an immediate consequence, Theorem implies that (Q, £, RY) EDP-converges with tilting to
(Q7 57 RZH)

Theorem 4.3. Let Ry be defined by [@.2). Then the gradient system (Q, &, ng) EDP-converges
with tilting to (Q, €, Rig).

Proof. The energy & is e-independent and Isc. on (). Hence, it I'-converges to itself. Theorem 4.2
implies that D) I'-converges to D} and D} is of R & R* structure, where the effective dissipation
potential R is independent of the tilts » = V. Hence, EDP-convergence with tilting is established.

O

4.2 Effective gradient flow equation

In this section, we discuss the effective gradient flow equation that is associated by the limit gradient
structure (@, £, R’ ). Similar to the space-independent situation in [MiS20, MPS20] the limit gradient
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EDP-convergence for linear RDS 15

structure can also be equivalently understood as a gradient structure on a smaller coarse-grained
space of slow variables Q In particular, we obtain an effective gradient flow equation on the original
state space () with a Lagrange multiplier ensuring the projection on the slow manifold, and, moreover,
an effective gradient flow equation in coarse-grained variables. First, we discuss the effective gradient
flow equation with Lagrange multipliers, and secondly, the coarse-grained gradient structure and its
induced gradient flow equation. Throughout the section the potential V' € CI(Q, Rz) is fixed.

4.2.1 Gradient flow equation with Lagrange multipliers

For being brief, the calculations in this section are rather formal. The effective dissipation potential
Rig = Rig + X{e1=¢.) consists of two parts: the first describes the dissipation of the evolution and

the second provides the linear constraint of being on the slow manifold and also the corresponding
Lagrange multiplier. The evolution equation is given by

fu € OcR (1, =V — DE(p)) = O { R (1, =V — DE(1)) + Xqe1 e} (=V — DE()) } -

Following [EKT76], the subdifferential of a sum is given by the sum of the subdifferential, if one term is
continuous, which holds for the first term. For the second term, the subdifferential of the characteristic
function is only definite in its domain, i.e. if

Vi —DE(p)1 = —Vao — DE(n)s,

Cc1
e V1

Cc2

which implies that ;1 = cdx and that their densities satisfy the relation — v, defining
the linear slow manifold. Moreover, on its domain we have for the subdifferential that O (¢, —¢,} =

M(Q) <_11> Hence, we conclude that

o€ 0 Rl =V = DEG) + M) (1)) 525 = -2

Be=V1  ae V2’

which implies the gradient flow equation on the slow manifold with a Lagrange multiplier A = (A1, A2)
for the densities of the form

&1 C2
A+ A =0, ﬁe—Vl = o Vo (4.4)

él = div {(51Vcl + 51C1V‘/1} + )\1<t, l’)
ég = div {62v02 + 52C2V‘/2} + )\2(15, l’) ’

4.2.2 Coarse-grained gradient structure and its gradient flow equation

Now, we discuss the effective gradient structure (Q), £, R’s) in the slow coarse-grained variables. To
do this, we introduce the coarse grained probability measure i = j11 + j1 on €2 and the corresponding
concentrations ¢ := c; + c,. Moreover, we define the equilibrated densities p = pY = pg and the
coarse-grained stationary measure w" = w{ + w}, for which we get ¢ = p}w} + pywy =

A AV A . . e - 2 S1wy +dowy
p¥ (wy +wy) = p"w". We introduce the coarse-grained diffusion coefficient 9" = =122
1 2

~

With this notation, we may define the coarse-grained gradient structure (Q, 5,7@*). On the state
space () = Prob({2), we define
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Sk(n £ * UJY ~ U);/ ~ FoE 1 N S12 9
R*(i1,€) ::Reff(( v i Vu>,(£,£)>=§/g5 IVE*da,  (4.5)

- wy . wy
5(#):=5V( ey Vu).

wl +wy " wl +wl
Introducing the coarse-grained potential V = — log(w) + wY) — log Z = —log(") — log Z =
— log (wle‘Vl + wge‘V2), for which the exponential is given by the weighted arithmetic mean of the

exponentials e™"* and e™"2, i.e. eV = w;e™"" + wye "2 (we used that wy + wy = 1). Easy

calculations show that the energy has for the explicit form
E(p) = / filog i + Vdz.
Q
The coarse-grained dissipation functional is defined by
T
D(i) = [ R+ R (i, ~DEG) L,
0

which incorporates the tilt via the coarse-grained variables. Note, that the coarse-grained dissipation
potential R* depends explicitly on the tilt I/ via the diffusion coefficient §". This is not a contradiction
to tilt-EDP convergence (Theorem[4.3), because in original variables the effective dissipation potential

(4.3) is indeed independent of the tilts. The tilts dependence of R* originates from the energy and tilt
dependent slow manifold.

To relate the dissipation functional @X with the coarse grained dissipation functional @, we first show
that also an equilibration of the fluxes occurs. To do this the following convexity property is important.

Lemma4.4. Let X a  separable and reflexive Banach space and let F: X — R, beconvex and Isc.
Then for the function F : [0, 0o[x X — R, we have

I I I
F (Z CLZ',ZZEZ'> S ZF(CL“IZ)
i=1 i=1 i=1

If F is strictly convex then equality holds if and only if (a;, x;) = (0,0) whenever a; = 0 orx;/a; =
x;/a; whenever a;,a; > 0. Moreover, if F(0) = 0, we have the following monotonicity property

Flay,z) < Fas, z), if a1 > a.

Proof. Let pairs (a;, ;) fori = 1,..., I be given. If a; = 0, then either z; = 0 and the claim has to
be shown for I — 1 -number of pairs, or x; # 0 and the right-hand side is o0 meaning that the claim is
trivial. So let us assume that a; > Oforalli = 1...,I. Then F(a;, ;) = a;F(x;/a;) and the claim
is equivalent to

! a; ! a; S

7 7 % i—1 1
ZI—F(%;/@@') >F Zf—a_ =Fl=
o 21 o D @i G Do @i
which holds since F is convex. If F'is strictly convex then we immediately observe that whenever
a;, a; > 0 we have ‘z— = j—?, and whenever a; = 0 that also z; = 0.

i J
To see the monotonicity property, we observe that F(a, 0) = 0 for all a > 0. Hence, we have
F(al +ag, x) < E(al, x)+ F(ag, 0) = F(al,x),

which proves the claim. O
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EDP-convergence for linear RDS 17

Recalling formula of the effective dissipation functional ’D[‘{ and using the above lemma, we
observe that the velocity part of the dissipation functional @X can now be estimated. In particular,
we will see that the limit dissipation functional @X can be equivalently expressed in coarse-grained
variables ( /i, j) by using that an equilibration of concentrations also provides an equilibration of the
corresponding fluxes. In the reconstruction strategy in Section [5.3] this equilibration is explicitly used

(see and (5.3)).

Proposition 4.5. Let 11 € AC([0, T, Q) with D (1) < oo and ess sup,c (o1& (p(t)) < co. Then
the following holds:

1 We have ® (1) = D (1) where [i = ju, + 15 and

@mz/R )+ R (1, ~DE(R)) dt
- A R V192
—  inf { Ve J) 4 00V VAU 4, dt}
j:ﬁerivj 0 2 P

2 The chain-rule holds for [0, T] 5 t — E(ji(t)) € R, i.e. we have
ds . 5/ :
—E((t)) = (DE(A(L)), at)) -

3 The gradient flow equation of the gradient system (Q, £ , 7@*) is given by
— _div <5ch <—Dé’(ﬂ))) — div <5Vw v Svévx?) , (4.6)
with the potential V = — log @ and stationary measure 0" .

Equation (4.6) shows that the coarse-grained gradient flow equation induced by (Q £ R*) is a drift-
diffusion equation of the coarse-grained concentration ¢ with mixed diffusion constant 5V In particular,
in the tilt free case we have oV =const — 55%‘;52 and we recover the result of [BoHO02].

Proof. To prove Part 1, we first observe that the bounded energy and dissipation for the trajectory

L implies that we have C—l = 6—2 a.e.in [0, 7] x €. Using ¢ = ¢; + ¢, for the densities, we get
A U’Y‘HUX _ wl + 2 |4 *
¢=——p2c; = ——v2cy. The Flsher information Sy (1) := R (u, =V — DE(p)) has the form
1 2
»JVP L[ (Bl e VPR
6V V|V |2d P A_Dé,\
=3 x =R (f1, =DE(f1)). (4.8)
Q pY

Lemmaf4.4]provides that also an equilibration of the fluxes occurs. Indeed, defining the coarse-grained
flux J = J; + Js, we conclude

Y T A P @)
5161 5202 - 5161 +6262 Mé Sé ’ .
wYer;/
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61wY+52w¥

where §V = oV rur = Equality holds if and only if (Ji,¢1) = 0or (Ja,c2) = 0or Jy/d101 =
Wy TWy

Jo/doco = j/gvé. The last condition is equivalent to

s 51w¥ (5211);/

J = Jo (4.10)

51w¥ + §2w¥ L= 51UJ¥ + 52'11};/

which provides an explicit formula for the coarse-grained diffusion flux.

For the dissipation functional that means

IVp
080 = [ | S0 5 [ S
T - R R R 2
> inf / {/Q((Sé,J) dx+—/5wV|V—f)ldx}dt. (4.11)
érdiv=0 Jo Q 2 Jo P

To prove equality, we first observe that j, J1, Jo satisfy the same boundary conditions. Moreover,
the explicitly derived reaction flux by, by from (5.3) shows that the reconstructed fluxes (.J;, J2) from
coarse-grained flux .J is admissible. Hence, we obtain equality

T ~ fa . 1 . 52
OV(u) = inf / {/Q(éé, J) dx+—/5wvﬂdx}dt,
érdivi=0 o LJa 2 Ja P

which proves the first part.

For the chain-rule in Part 2, we refer to the proof [FrL19, Lem 4.8] since we consider the pure diffu-
sive situation. The proof uses a time-regularization argument and convexity of the Fisher-information
following the ideas of [MRS13, Prop. 2.4].

A~

For Part 3, we compute the evolution equation that is induced by the gradient system is (Q, g, 7%*)
We have
R (j1, €) = —div (Svévé) ,
DE(j) = log i+ 1 —logw" —log Z,
5 V Va Vit ~
v (-Dé(@) = —-L + “; = E gy,
f w H
which results in
— div (5VCV( DE(/:L))) = div <5VV6 + 5Vévv> .

O

Note that the coarse-grained gradient flow equation (4.6) is equivalent to the gradient flow equation
with Lagrange multipliers (4.4). Indeed, adding both equations in (4.4) together and using that the
original concentrations can be expressed by the coarse-grained concentrations via

wie*Vi

A

¢ = (4.12)

¢
wie™"1 + wee=V2
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the coarse-grained gradient flow equation with the drift term Y éVV can be readily derived.
Conversely, using (4.12), we see that ¢ = (¢;, ¢;) are on the slow manifold and satisfy (4.4). The cor-
responding Lagrange multipliers A = (A1, A2) can be explicitly calculated. Introducing the difference
of the diffusion constants § = §; — d, and the potentials V' = 1 — V4, we have

wee V2 - - _ B
A = wle_w: 5z (<B0a + (VY —3VVi) - Ver 4y {8297 VVi —5AV:))
- B B B B )
Ao = w1 € ((SACQ + (—51VV + (5V‘/2) -Veg + ¢y {_5lvv YV + (SA‘/Q}> '

wie™ "1 4+ wye V2

We observe that the Lagrange multiplier \; has the same regularity as the right-hand side of the
evolution of ¢;. Moreover, both evolution equations are completely uncoupled but contain a linear
annihilation/creation term, which depends on the potential V' = (Vl, VQ) and the diffusion coefficient
0 = (01, 02). A lengthy calculation shows that indeed we have A; + Ay = 0.

5 Proof of ['-convergence

In this section we prove the I'-convergence result of Theorem As usual, we prove I'-convergence
in three steps: First deriving compactness, secondly establishing the liminf-estimate by exploiting the
compactness, thirdly constructing the recovery sequence for the limsup-estimate.

In the following the next lemma will be useful.

Lemma 5.1. LetF : R* — [0, oo[ be a convex, Isc. function of superlinear growth, i.e. F(r)/r — oo
asr — 00. Then there is a constant kg > 0 such that for any measurable functions W : {3 — RF
and p : 2 — R it holds

/!W\de/F(PyVV)dx—i-kF/pdx.
Q Q Q

Proof. Let W and p be given. We define three measurable subsets of 2:
Q= {z:p(x) =0}, Q= {z:p£ 0, LW <FEW)}, Qo= {z:p#£0, W] > F(LW)}.

Since F is superlinear, there is a constant kg > 0 such that on €2, it holds 1W/p < kg. Hence we can

estimate
%74 W
/\W|dm§/ |W!dx+/ updx—k/ |—|pdx
Q Qo Q P Q P

§/ E(p,W)dx—i—/ F(%W)pdx—i-kp/ pdx
Qo o Qo
S/E(p, W)dx—l—/{:p/pdx.
Q 0
O

Moreover, we need the following classical lemma. It guarantees the necessary regularity for the limits,
and moreover, it provides the desired liminf-estimate.
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Lemma 5.2 (AGS05-Lemma 9.4.3, [AGS05]). Let F' : [0,00[— [0, 0] be a proper, Isc, convex
function with superlinear growth. We define the related functional

otherwise.

(E)dy, if p< 7,
F(u,v):{f"‘ d

Let 11, +° € Prob(A) be two sequences with ;1= = 1i° and v* — ~°. Then
lim inf F(u°, 7)) > F(u°,~°).
e—0

In particular, if the left-hand side is finite then for the limits it holds 11° < ~°.

5.1 Compactness

In this section, we derive the required compactness for proving the liminf-estimate in Section

Recall that for given potential V' € Cl(Q7 R2) the dissipation functional @X is defined on the space
of trajectories equipped with the weak topology, i.e. u° — p° € 1.2°([0, T, Q) if and only if it holds

Vie {1,2}, Vo e C2(Q x [0,T)) : /OT/ngﬁduf(:c)dt%/OT/ngdu?(:c)dt

In the following we want to derive compactness for a sequence ().~ of trajectories, satisfying the
a priori bounds

sup esssup E(p°(t)) < C,  supDY(p°) < C, (5.1)
e>0  t€[0,T] e>0

where the total dissipation functional is

OV (1) = {fo (o i) + RE(i, —DEY (1)dt, p € AC([0,T],Q), i = cdz ae. in [0, T]

otherwise,

and for i = cdx we have

/0 R-(j 1) + R, —V — DE())dt

:(c,J,bi)relfgCE {/ {/ZQ (9565, J; dx+/C(m bz(@) dm} dt}+
/ /Z \Vp}/] /m(\/z \/g> dr dt. (5.2)

Using the bound of the dissipation functional DX(ME) < C, we conclude that there are diffusive fluxes
Je = (J;, J5) and reaction fluxes b° = (b5,b5) such that J& € M(Q,R?), b5 € M(Q,R) and
(e, J¢, b°) satisfies the continuity equation

o él = —diVJl + bl
(c, J,b) € (¢CE) <« {b1 + by = 0 and { ey = —divJy + by }} '
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Moreover, we get bounds:

Ve
//| ddt<C //Qc J7)dadt < C,
pz
2
// (0102 bg(a:))dxdtgc, g/ /(/plv,e_ pzwe) dzdt < C'.
0 Q

Remark 5.3. Following [Man07] a distributional solution (1, .J, B) of the generalized continuity equa-

tion i = —div.J+ B satisfying fOT Jo |Bl+|J]dz < oo can be assumed to be absolutely continuous.
The bounds can be obtained easily using Lemma5.1]for fixed ¢ > 0.

Although the functional is convex in the concentration ¢ and in the fluxes J and b, weak conver-
gence would be sufficient to prove a liminf-estimate using a Joffe-type argument. But, comparing the
situation with the evolution equation, we aim in proving even strong convergence for the densities
& — & inLY([0,T] x Q,R%,). This is done in two steps: First, compactness of coarse-grained
variables, and secondly, conve_rgence towards the slow manifold is shown, which together implies
strong compactness. This strategy has successfully been applied already in the space-independent
case in [MiS20, MPS20]. Moreover, we show that the limit trajectory ° = ’dx has a representative
which is in AC([0, T, Q). Note that it is not possible to prove pointwise convergence 1 (t) — 1°(t)
for all t € [0,T]. Instead, pointwise convergence is only shown for the coarse-grained variables
e S

First, we derive weak compactness in space-time, which immediately follows from the uniform bound
in € and time on the energy.

Lemma 5.4 (Very Weak compactness in space-time). Let (uf).s0, p#° € L([0,7T], Q) satisfy

sup,-q esssup E(u(t)) < C. Thenfora.e.t € [0, T the measure 1i°(t, -) has a Lebesgue density
t€[0,T]

c“(t, ). Moreover, there is a subsequence (not relabeled), such that their densities ¢ are uniformly
integrable in 2 x [0, T| x {1,2} and hence, c; converges weakly in L' ([0, T x Q) to ¢ fori = 1, 2.

Proof. The bound on the energy implies that a.e. t € [0, 7] the measure u°(t,-) has a Lebesgue
density ¢°(t, -). Moreover, the functional & — fOT E(u)dt is superlinear and convex. Hence, it follows

by the Theorem of de Valleé -Poussin that .= are uniformly integrable and hence, (4] converges weakly
in L1([0, 7] x Q) to 1. O

In the following, we are going to derive compactness for the concentrations c; and the diffusive fluxes
J;. It is not possible to get compactness for the fast reaction flux b5 by bounding the dissipation
functional. In particular, pointwise convergence for the measures % () cannot be achieved.

Remark 5.5. To see that compactness for the fast reaction flux b5 is not possible obtain, we set p* =1
constant in [0, 7] x © x {1,2} and b§ = b° constant in [0, 7] x €. Then, a bound means on the
dissipation functional implies a bound

0 >/ / ( 6% b;(x)) do ~ C(%,be) - %C(abs) ~ |b°| log(e|b°] + 1).

Setting b° = —loge, we easily see that |b°|log(c|b°| + 1) — 0 as € — 0, however, b* — oo.
Hence, it is not possible to obtain compactness for the fast reaction flux ;. Later in Lemma the
“converse” statement is proved: If [[ C(b)dzdt < cothen [[ C(,b)dzdt — 0.
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Next, we are going to derive time-regularity for the sequence ().~ in proving compactness for the
coarse-grained trajectories ji° = uf + 5. In particular, we are able to prove pointwise convergence
in time.

Lemma 5.6 (Time Regularity of u). Let (u%)->0, 1 € L°([0, 7], Q) satisfying the a priori bounds
(57). Then the curves t — [i° := u5(t) + u5(t) have e-uniform bounded total variation in the space
Prob(Q2) equipped with the 1-Wasserstein distance, i.e.

K
||| v = sup {Z Wi (t), )5 (tr1)) = 0=ty < -+  <tp < -+ < tlg = T} )
k=1

In particular, by Helly’s selection principle, we conclude pointwise convergence [i°(t) = p5(t) +
ps(t) = f0(t) == pd(t) + pd(t) foralit € [0, T] in Prob(£2) along a suitable subsequence.

Proof. We exploit the dual formulation of the L.!-Wasserstein distance, i.e. integrating against Lipschitz
functions (see e.g. [AGS05]). Take ¢ € C*(Q x {1,2}) with ||¢|lwre@) < 1and ¢ = (¢, ).

= —di b
Using the continuity equations {bl + by = 0 and { “ vy 4 by

¢y = —divJy + by }} we conclude for all
[t1,t5] C [0, 7] that

[ o teter - = [ "6t

t1
to . to 2

g/ /v¢.<Jf+J§) d:cdtg/ /Z\Jﬂdmdt.
t1 JQ t1 Qi:l

By the bound on the dissipation functional, we obtain -uniform bounds on the term fttf Jo Q4;¢5, J;)dadt.
Moreover, we have fQ p§ < lforallt € [0, T]. Hence by Lemmaﬂwe conclude an e-uniform bound
on each addend fttf 0 S22 |J£] dz dt, which by summing up implies that ||/i|| 7y is e-uniformly
bounded. O

Next, the compactness result from Lemma is used in order to prove compactness for the fluxes
and spatial regularity.

Lemma 5.7 (Regularity for the fluxes and spatial regularity). Let (u°).~o with u© € L°([0, 7], Q)
satistying the a priori bounds (5.1). Then the corresponding diffusive fluxes J¢ : [0,T] x Q — R?
converge weakly-star J* = J% in M([0,T] x Q2 x {1,2}) and J? < ). Moreover V"< = V¥
in M([0, T] x € x {1,2}) and Vp§ < . In particular, we conclude that p5 is uniformly bounded
in LY([0, T], WH(Q)), which also implies that ¢¢ is uniformly in L' ([0, T], Wh1(Q)).

Proof. By the bound on the dissipation functional, we get (after extracting a suitable subsequence of
* JE|? * )
e — 0) that J = J°. Moreover, we have fOT Jo %dx < Cand p5 — p) . Hence applying the
J
Lemma we conclude that J? < 1. Similarly, we conclude compactness for the gradients V",
The only thing that remains is to identify the limit. But this is clear by definition of the weak derivatives,

i.e. integrating against smooth test functions, because this is captured in the weak star convergence.
Lemma|5.1|implies that p? is uniformly bounded in L' ([0, T, W' (£2)). O

The spatial regularity and the temporal regularity provides a compactness result by a BV-generalization
of the Aubin-Lions-Simon Lemma.
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Theorem 5.8 ([BaP86, HPR18]). Let X, Y, Z be Banach spaces such that X is compactly embed-
ded inY, and Y is continuously in Z*. Let u® be a bounded sequence in L*([0,T], X) and in
BV ([0,T], Z*). Then (up to a sequence) u¢ strongly converges in L' ([0, T],Y).

In our situation we immediately conclude that ¢ converges strongly.

Corollary 5.9 (Strong convergence of coarse-grained variables). Let (11).~o with u® € L°([0, 7], Q)
satisfying the a priori bounds (5.1). Then the coarse-grained densities c= converge strongly in L1 ([0, T'] x

Proof. Lemma 5.6| provides that ¢ is bounded in BV ([0, T}, W*(£2)*) and Lemma [5.7 provides
that ¢° is bounded in L'([0, 7], W!*((2)). Since the embedding W'(€2) C L'(€) is compact
and the embedding L'(©2) ¢ W1>°(Q)* is continuous, Theorem [5 ylelds that the sequence c* is
compact in L' ([0, 7] x Q). O

It is also clear that we get convergence towards the fast manifold, which results from the Fisher infor-
mation of the fast reaction.

Lemma 5.10 (Convergence towards microscopic equilibrium and strong compactness). Let (1i°)-~o,
pe € L([0,T], Q) satisfying the a priori bounds (5.7). Then there is a subsequence such that
& — ¢ strongly in ([0, T] x Q) and, moreover, it holds p\° = py° a.e. in [0, T] x Q.

2
Proof. The bound on the dissipation functional provides fOT Jo (\/p}/’a — p¥’€> dzdt < Ce.

Hence, we conclude ||y/p)* — \/p;/’EHLZ([QT}XQ) — 0 as € — 0. In particular, we conclude that
p‘l/’o = p;/’o. The strong convergence towards the slow manifold provides strong convergence for the
whole sequence. Indeed, using Cauchy-Schwartz inequality and z — y = (\/_ — \/E) (\/E + \/Z)
we have

oy = o5 lluiqoaixey < IV ey = /o3 S lezomixey 1V 01 + v/ £5  lezqoixe-

The last term can be estimated by the AM-GM inequality

T
I/ 2V 4/ 23 R 2 0.y = / / L +py 42 plvgpgvedxdt<2 / / +p2 dwdt
0

and the right-hand side is bounded since p(t) € @ for t € [0, T]. Hence, we conclude that || p; Ve
P;/’aHLl([o,T]xQ) —0ase — 0.

Using this convergence, we have that also ¢ — ¢! strongly in L' ([0, 7] x ©). Indeed, we have

0., .0 c 0., .0
A +c c &+
e,V _aTo wV(z 1 2)

C; —

i iV Vv i Vv Vv Vv
wy + Wy w; Wy + Wy
15 5 IS IS 15 0 0
—wv(ci G+ 4 g+c 4o )
— Y Vv Vv Vv 1% 1% Vv Vv
w; Wy + Wy w{ + wq wy + wq
S
ST wy’

£ e __ (.0 0
wywy (wy +wy) +w¥—|—w¥ (cl+62 (Cl+62)) ’

and both terms converge strongly to zero as € — 0 by convergence of ¢ — & and ,0‘1/"3 — p;/’f —
0. O
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Finally, we show that the limit uo = ’dx has an absolutely continuous representative in the space
of probability measures. To do this, we exploit the characterization of absolutely continuous curves as
solutions of the continuity equation following [AGS05].

Proposition 5.11. Let (1%).~0, p° € L>°([0, T, Q) satisfying the a priori bounds and let ° be
the limit of the densities c*. Then the coarse-grained slow variable i = 119 + 3 = (& + ¢9) dx €
Leo(]0, T, Prob(£2)) has a representative (in time), which is absolutely continuous in the space of
probability measures equipped with the 2-Wasserstein metric. Moreover, each component ,u? has an
absolutely continuous representative (in time), which is absolutely continuous in the space of non-
negative Radon measures equipped with the 1-Wasserstein metric.

Proof. The coarse-grained measures /i° satisfy continuity equation ff + div(jf) = 0 in the sense
of distributions where J° = Ji + J35 is the coarse-grained diffusion flux. Since the linear continuity
equation is stable under weak convergence, we conclude that also the limits satisfy the same continuity
equation /i +d1V(J°) = 0, where J? is the weak*-limit of J¢ (see Lemma . Using (4.9), the bound
on the dissipation functional implies a bound fo Jo Q& J%)dzdt < co. Let us define the transport
velocity v € M([0,T] x Q,R)

for¢ > 0

forc=0

(S5

I
—
O ol

Then [ [, Q(¢, J)dadt = L [T [ |o[?edadt = L [} [ |6]djidt and the bound on the dissipa-
tion functional implies the bound on the Borel velocity field ||?|;2(z) < co. Hence, by Theorem 8.3.1
from [AGSO05] it follows that ¢ — [i(t) € (Prob(€2), dyy,) has a continuous representative which is
absolutely continuous.

Vv
To prove time-regularity for 11 for i = 1,2, we first observe that p{ = wVw—&in’&’ is a non-negative
1 2

Radon measure. To show that it has an absolutely continuous representative, we proceed as in Lemma
[5.6] and exploit the dual formulation of the 1-Wasserstein distance on the space of non-negative
Radon measures, i.e. integrating against Lipschitz functlons (see e.g. [Eaw11]). Let o € Cl(Q)
with [|¢||wrec(q) < 1. Using the continuity equations ji° + dlv(JO) 0, we conclude for all
[t1,t2] C (0,7 that

[ o tautten) - antion) = /t2<¢,u3>dt— /< L

¢ V+w

// ( ) Jdﬂfdt<0//|Jydxdt

where C' = C'(w, V'). The bound on the dissipation functional provides again that the right-hand side
is bounded for each interval [t1,t5] C [0,7]. Summing up, we conclude that Y has an absolutely
continuous representative, which proves the claim. O

5.2 Liminf-estimate
In this section, we state and prove the liminf-estimate of the I'-convergence result Theorem Once

the compactness is established the proof of the liminf-estimate is comparatively easy.

Theorem 5.12. Let yi° — p° in L®,,([0, T, Q) such that sup_cj 1) Supepo 1) €(1°) < oc. Then,
we have the liminf-estimate

I 5 0
lim inf D (1) = Do(n”),
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where the limit dissipation functional is defined by

oY (1 fo ot (i, 1) + Rig(p, ~DEY (w))dt, p € AC([0,T],Q), pp = cdz a.e. in [0, T]
otherwise

with

o (M 5) = Rgiff(:u f) + X{&l*&}(é)
v = —dile + Uy
Rer (14, v) 1nf{Z/Q5c], J;)dx : u1+u2—0{02:_divj2+u2 }}

Proof. We may assume that . (u®) < C' < oo (otherwise the claim is trivial). For the given curves
t — pf(t) € @ take diffusive fluxes J¢ and reactive fluxes b°, which satisfy the generalized continuity

equation
B ¢ = —divJy + by
(¢, J,b) € (gCE) < {b1—|—bz—0and { Gy = —divy + by }}7

and approximate the infimum in ©_(1°) arbitrarily close, i.e.

T
D) +e > / D (1o, J5, 1)t
0

The integrand D, consists of a velocity and a slope part and both of them split into a reaction and a
diffusion part:

D.(u, J, b) /ZQ (0;¢5,J; dx+/c(m b2(x)>da;+

S T e | o (- )

— Vdn‘f (l/w ) + Vreact 5([% b) + Sdiﬁ (N) + Sreact,s (ﬂ) .

Clearly, we also have fo (pe, J€,b°)dt < C' + & < 0o. By Lemma . we conclude compact-

ness for the densities ¢ — ¢ in L1([0, 7] x Q x {1,2}) and by Lemmathat Je = J%n
M([0,T] x € x {1,2}). Using the lower-semicontinuity result from Lemma5.2] (which implies the
liminf-estimates for Vi and Sgigr) and that Vieact =, Sreact.c > 0, we obtain the estimate

g \
. . 0 V
llrgglf i D.(p)dt > / {/ E Q (5]cj,J] Ydo 4+ = / E d;w }dt.

Let us define A5 = ¢£ + divJs. We conclude convergence for A — A? in the sense of distributions,
and, moreover, we have A5 + A5 — ¢ + ¢ + divJ) + divJ) = 0. Let us define u; := A3 =
& + divJY and up 1= A} = cl—i—deO Then uy +uy = 0, AY + u; = 0and A9 + uy = 0. In
particular, we conclude the pointwise estimate

é1+diVJ1+U1:O
/ZQé,cJ,dex>mf /ZQ(SJCJ,J]O z:Q é+divhy+up =0 :

U1—|—U2:0
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which finally establishes the liminf-estimate

T
liminf/ D.(pf)dt > DY ().
0

e—0

5.3 Construction of the recovery sequence

In this section, we construct the recovery sequence for the functional D(‘{ to finish the I"-convergence
result in Theorem To be precise, we will show the following:

Theorem 5.13. Let ° € 12°([0,T] x Q,R2,) such that the a priori bounds D} (u°) < oo
and ess sup;cjo & (1°(t)) < oo hold. Then there is a sequence (11°).~o, 15 € AC([0,T],Q),
SUD,~. €55 8UDepo € (17 (t)) < 00, such that the densities converge ¢ — ¢ strongly in L' ([0, T'|
Q) x {1,2}) and we have DY (1uf) — Dy (11°).

Using Proposition 4.5, we see that the limit functionals do not contain more information than the
functionals in coarse-grained variables and it holds D} (u°) = @(,&0). Hence, we may reconstruct
the dissipation functional with the corresponding diffusion and reaction flux (.J, b) from the coarse-
grained variables (¢, J).

The dissipation functional @X is defined on the space of general fluctuations around the solution of
the evolution equation (1.2). These fluctuations are neither strictly positive nor smooth. The proof of
the limsup-estimate is done in several steps, which are elaborated in the next lemmas. The bound

@X (uo) < 0o can be assumed without loss of generality because the other case is already treated
in the liminf-estimate.

Proof of Theorem[5.13 We do the reconstruction in three steps using different approximation meth-
ods. We will do the following steps:

1 Proposition shows that for 1.° = dx with sufficiently smooth and positive density c” the
constant sequence 17 = 1° satisfies |D. () — Do (u7)| — 0.

2 Lemmal5.15|overcomes the positivity assumption, i.e. it shows that for all u° = c’dx there is a
positive ¢ such that ¢¥ — ¢ and Do (1) — Do (u) as v — 0.

3 A mollification argument as in [AGS05, Lemma 8.1.10] and stated in Lemma allows us to
overcome regularity by smoothing, which shows D (1Y) — Do () as € — 0.

Hence, defining the recovery sequence 1 := 7, we have

D= (1) = Do(1”)| < 1D:=(1™) = Do ()] + Do (k) = Do ()] + [Do(1”) — Do(u”)]

where the first term tends to zero by the first reconstruction step, the second term tends to zero by the
third reconstruction step and the third term tends to zero by the second reconstruction step, which in
total proves the desired convergence. O

Before performing the three recovery steps in Section [5.3.2, we first illustrate the general idea of

constructing the recovery sequence by forgetting about positivity and regularity issues for the first
moment.
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5.3.1 Construction of recovery sequence for smooth and positive measures

To show the general idea, let us firstly assume that the density of /i is sufficiently smooth and positive,

i.e. we assume that its Lebesgue density satisfies ¢ > é > 0on 2 x [0,7] and has a enough

regularlty that will be specified below. Let J be the diffusion flux which provides the minimum in
D (%) = DY (1) and satisfies ¢ + div(J) = 0. We define the reconstructed variables by

wy wy 1wy s dawy 7
€ = ———6 Cp= b, SR et R _ %Wy
P Y 4wy 2T WV Y P oiw) + GywY 27 5wy + sy
d1 — 0o w) wy > L ( Siw) >
by = div/+J -V ———— ], b= —0. 5.3
! <51w1 + 5221}2 w}/ + w;/ 61wY + (SQ’LU;/ 2 ! (5:3)

The reconstructed concentrations ¢ and diffusion fluxes J = (.J;, J2) are proportional to the coarse
grained concentration ¢ and diffusion flux J , respectively. On the coarse-grained level, which considers
only one species there is no reaction flux anymore. (This changes when considering large reaction-
diffusion system as explained in Section |§[) The reactive flux b = (b, by) is given as a function of
the coarse-grained diffusion flux j, which means that in the limit the diffusion determines the hidden
reaction.

Concerning regularity issues, we immediately observe the following. Since w"" is smooth and positive,
c1, ¢o have the same regularity as ¢ and also .J1, J5 have the same regularity as J. Only the reaction
fluxes b; are a priori not well-defined (e.g. in L!) if div.J and J are not regular enough. This means,
that the reaction flux between the fast-connected species is not well-defined for general .J € M(Q x
[0, T, R?). Note, that regularity assumptions for div.J are not needed if §; = ds, i.e. if both species
diffuse with the same diffusion constant. In particular, in this situation no regularization argument as in

A~ Vv
Lemmal|5.20|is necessary. Moreover, no additional regularity for J is needed if % =0€]0,1]
1 2
is constant. This is equivalent to

1—06, 6
Vi(x) — Vo(x) = log | ———=—— | = const,
) = Valo) = o (52
which means that the potgntials Vi,V giffer in a constant on €). In particular, this implies that for ’Ehe
coarse-grained potential I we have VV = V1V = V5. As we will see, enough regularity for J is
already obtained from bounds on the dissipation functional. Of course, regularity properties for div.J
and J are independent of each other.

So let us assume for the moment that b; is well-defined. Then we conclude (¢, J,b) € (gCE), be-
cause we have
v . SrwY N
é +div)y = ——¢+div (‘/1—1J> =

v v v

wy . s dwy dwy .

S S S VA (L G R (L S T
wy + w¥6+ ((51w¥ + (52w¥> + <51w}/ + (52w¥) v

wy s s Siwy Siwy)
=——— _divJ+ J- divJ = b
wy + wy v =V <51wY + 52w¥) + (51wY + dowy v b

where we used that (¢, j) solves ¢ + divJ = 0. Similarly, we see that ¢o + divJy = by and, by
definition, we have b; + b, = 0. Moreover, boundary properties of J remain for J = (Jy, Jo).

Since - = %, we conclude that DY (1) < Do(p) + fo Jo C (VCSCQ,bQ) dxdt. That means,

1 2
that for proving that the constant sequence u® = p is a recovery sequence, it suffice to show that

DOI 10.20347/WIAS.PREPRINT.2793 Berlin 2020



A. Stephan 28

fOT fQE (VC;CQ,Z@) dxdt — 0 as e — 0. This is, in fact, shown in the next lemma under the

assumption that divj, = LC([O, T] x Q). The proof basically uses the monotonicity property of the
Legendre dual function C(as, b) < C(as, b) as a; > as (see Lemmal4.4), its superlinear growth and
the dominated convergence theorem.

Lemma 5.14. Let¢ € L'(Q x [0,T]) with¢ > & a.e.in[0,T] x Q for a constant C' > 0, and let
J : Q — R? satisty div.J, |.J| € LE([0, T] x Q). Then [/Xe (V?CQ,@) dzdt — 0ase — 0.

C (Cebsy). Moreover,

Proof. Since ¢ > £ a., Lemmayields C (—VC;”, bg) <C (&, b2) = &

we have the estimate
sl Tog(fr| + 1) < C(r) < 2Jr[log(|r| + 1),

which implies

/ / ( ac b2> dzdt < _/ /c Cebg)dxdt</ /21b2|1og(cg\bzy+ 1)dzdt.

By assumption, we have that div.J, |J| € LE([0,T] x Q). Since V e C}() and the Orlicz space

LE([0, T] x Q) is a Banach space, we conclude that by € LE([0,7] x Q). By the inequality for C,
this implies that for ¢ < % the right-hand side is bounded. We show that (for a subsequence) the
integrand converges to zero pointwise a.e. in [0, 7] x ). By the dominated convergence theorem, this

would imply that [ [C (Y22 b,) dzdt — 0 as e — 0.
0 JQ €

To see that the integrand converges to zero pointwise, we firstly observe that by € LC([O, T x Q) C
LY([0,T] x €2), which means that

T T
/ / log(e|bs| + 1)dadt < 5/ / |ba|dxdt — 0.
0 Jo o Ja

Hence, (for a subsequence) log(e|bz|+1) converges pointwise to zero and, thus, also |bs| log(C'e|by |+
1). O

In fact, the above proof is quite robust and already suggests that the same convergence holds even
if ¢ — 0 not to fast somewhere in 2 x [0, 7] and ||b?|| ~ £~ for some o > 0. This is proved in

Proposition[5.21]
In the following, we need to overcome the positivity assumption ¢ > % and the regularity assumption
for J and div.J. The first is done by shifting the density & := 7:(¢ +0), 6 > 0; the necessary

regularity of Jis provided immediately by the bound on the dissipation functional; the regularity of
div.J is achieved by smoothing using that (¢, J) is a solution of the coarse-grained continuity equation
¢+ divJ = 0.

5.3.2 Auxiliary results for construction of recovery sequence for general measures

First, we show how to overcome the positivity assumption. This is done by a controlled positive shift.

Lemma 5.15. For all ° = ¢ dz satisfying Y (1°) = D(i°) < oo there is a sequence (&) of
densities satisfying ¢¥ > v, &7 — ¢ in Ll([() T x Q) such that for their corresponding measures we
have D (i) = Do(17) = Do(p®) = D(u°) asy — 0 and SUD.,¢],1] €88 SUPeo 1€ (17 (1)) <
00.
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Proof. For smally > 0, we define ¢7 := L(é+2’y) where Z,, = 1427|Q| = 1427 > 0is the nor-
malization factor such that [, ¢7da = 1. Hence Zy N\ 1,87 = ¢, SUD-ejo,1) €55 SUPe o, & (t)) <
oo and w.l.o.g. we assume that ¢ > ~y. Moreover, we define J = 1 J Clearly, J¥ v =0o0ndQ

and (&7, j”) solves the continuity equation & + div.J? = 0. We compute the terms in the dissipation
functional D§ (117). We have p¥*7 = L. = Z%C;# Using the bounds sup, .q {V (1/w") ,w"} <
C, we get

R 1 ¢ 1 . 1 .
W= v (o) 2 ()} = 1wl g e

Using the estimates —= < 1, Z% < 1 and the inequality 2zy < \/yz* +

estimate, we get the pointwise estimate

%yQ in the second

VAP 1 (VY[ +29C)° 1 |V + 4 C VY| + 4%

pr 7, pY + 5_7/ Zy pY + 3,_\7/
_ V5V 2270 VeV 44202
Y N
VpY 1

2
AV |12 1 2 2,V
v +ﬁv+2_‘7/(\/§|Vp +ﬁ{270}>+276’w

‘ AV 12

< /f—v(l +/7) + 27wV C*(1 + /7).

T VV'y2
Hence, fo Jo 0¥ w vIve Tl p |

Similarly, we get

T V12 2
//':"dxdt // ] dxdt</ /‘
o Ja 0¢Y 95 (¢ +27)

which implies that [ fQ Q(d¢, J7)dzdt < [ [, Q(d¢, J)dxdt. Hence, we conclude that &7 > ,
& — ¢and D(¢7) — D(¢) asy — 0. O

dzdt — [ [0V Y5 Edzdtas v — 0.

Next, we are going to show that the flux b; = —by can be made sufficiently smooth, i.e. at least in L©
which would allow us to proceed similar as in Lemma[5.74}

Recalling the formula for the reconstructed flux, we have

01 — 0 wy wy .5 Srwy PN
by = d R S L S R '
’ (51wY + dowl wy + wy vJ+J-V 1% v ardivd + J - as

and by = —by, where a; € C*(, R), ay € C%(Q,RY) such that sup, g {|a1(z)], |az(z)|} < C.
In particular, the regularity of by = —by does not depend on a1, a,. We are going to prove that div.J
and .J have enough regularity. The regularity of J follows from the bound on the dissipation functional.
The regularity of div.J is achieved by mollification.

First, we show that .J € L?([0,7T] x (), for some p > 1. Clearly, we have .J € LY([0,T] x Q)
by Lemmaﬂ 1|and the bound on the dissipation functional. To improve the regularity of J we firstly
improve the regularity of ¢ € LP(]0, 7] x €2) which is provided from the bound on the dissipation
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functional D and the energy functional £. The bound on the energy yields ¢ € L>°([0, 7], L}(Q2)).

The bound on the Fisher-information yields again by Lemma [5.1]that ¢ € L([0, 7], W'(€2)) as

in Lemma By the Sobolev embedding theorem, we have the compact embedding W“(Q) C
d

LY(Q), where 1 — 5 > 2 & ¢ < -4 Thus ¢ € L>([0, 7], L*(Q2)) N L*([0, T],La-1(R)). Using
the next classical interpolation result we get ¢ € L”([0, 7] x ) for some p > 1.
Theorem 5.16 (Theorem 5.1.2, [BeL76]). Let X, X, be Banach spaces. Then for the complex inter-
polation spaces, it holds for any 6 €]0, 1]

[Lpl ([07 T]? Xl)a Lp2<[07 T]? X2>]9 = Lpe([oa T]? [X> Y]G):

1-0 | 6

where - = .
Po p1 D2

In our particular situation, we have the following.

Lemma 5.17. Let ;i° € Loy ([0, 7], Q) such that Dy (1°) < 0o and ess sup,cjo € (1°(t)) < oco.
Then the density ¢° is in L ([0, T] x Q) withp = L > 1.

Proof. To apply Theorem[5.16} we first observe that the Lebesgue spaces form interpolation couples.

_d_
In our situation we have p; = 1,ps = 0o, X; = Ld-1(Q), Xy = L(Q). Hence, pg = ﬁ S 1
Moreover, [X, Y]t‘) = [L9(Q), L1 (Q)]g ~ L% (), where .- = 1*9—1—9 Setting ps = gy, we conclude
11_209 =q= d 7- Solving pg = gy for 0, we obtain 6 =

Summarizing, we conclude

and hence py = ¢ = &L > 1.

1+d’ d

¢ e 120, 7], LY(Q) N LY([0, 7], WH(Q)) c L (0,7] x Q). (5.4)
]

Remark 5.18. In particular, if d = 2, then ¢ € L*/2([0,T] x Q) and if d = 3, then ¢ € L*/3([0, T x
Q). lterating the procedure, it is even possible to obtain ¢ € L(@+2)/4(([0,T] x Q)) for d > 2.

Knowing integrability of ¢, we get also better integrability of the fluxes J € L([0,T] x ) for some
p > 1, which follows from the next lemma.

Lemma 5.19.

1 We have for all J € R% and ¢ > 0 that

J|? 1 »
M2 cp>( —)|J\f+1.
¢ p P

2 Let pi® € Lp([0,T] x Q,RZ,) such that Dy (11°) < 0o and esssup,cn & (1°(t)) < oo

and let J € M([0,T] x Q,R?) be the corresponding diffusion flux satisfying the continuity
equation. Then J € LP([0,T] x Q,R?) forp = 242 > 1,
Proof. For proving the first part, let us define for fixed J € R? the function F' :]0, co[— R, F(c) :=
M + cp Clearly, F' > 0 and F(¢) — oo as ¢ — 0 or ¢ — 0o. We compute the minimum. We
have F’( ) = —|J|?c¢™2 4 ¢*~! and hence the critical point is at ¢y = |.J|?/P+1). Inserting c; into
F we get F(c) > F(co) = [J]P|J|7@HD LT+ = (1 4 1)[J[*/® 1), which proves the
claim.
For second part, we use that by Lemma 5.17|we have ¢ € LP([0,T] x Q) for p = 41, This implies

2d+1

by the first part that .J € LP([0, T x €, RY) for p = d+1d+1 = 202 O
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To obtain regularity for the whole reaction flux by = —b, we have to get regularity also for div.J. This
is done by mollifying the solution (¢, J) of the continuity equation ¢ + div.J = 0 in time. We already
now that ¢ : [0,7] — Prob(2) is continuous by Lemma [5.11] With a slight abuse of notation, we
denote by ¢ also a continuous continuation on R such that ¢ € L?(IR, L?(£2) ). Now, we mollify in time
and define ¢<( fR (t — s)ds where . is a positive and symmetric mollifier. Analogously,
we define J¢ by convolutlon i.e. JE fR )1 (t — s)ds. Since the continuity equation is linear,
the smoothed functions (¢ JE) satlsfy again the continuity equation with the same no-flux boundary
conditions.

A

The next lemma shows that the dissipation functional can be approximated by mollifying (¢, J). This
basically uses the convexity of © in (¢, J).
Lemma 5.20. Let 1 € L([0,T] x Q,R%) such that the a priori bounds Dy (1°) < oo and

ess sup,e (.)€ (1°(t)) < oo hold. Let J € M([0,T] x Q,R%) be the corresponding diffusion flux
satisfying the continuity equation. Let 1[16 R - R be a positive and symmetric mollifier. Define

= [p &(s)te(t — s)ds and Je(t = [ J(s)¥c(t — s)ds. Then, we have the energy bound
SUPee}OJ] €SS SUpP;¢ O,T]g( “(t) < oo and

T 2

/{/ZQ5JCJ,J;dx+ /25 vV pj }dt (5.5)
0 Q

—>/ {/ZQ 8;¢), J7)da + - /25 vV ﬂf}dt,

which in particular, implies that ®Y (1) — Dy (u°).

Proof. The energy bound on p€ is trivially satisfied. The convergence for the dissipation functional
(5.5) follows directly as the proof of Lemma 8.1.10 in [AGS05] since the integrand is convex in (¢, J).
O

With these preparations, we are able to show the remaining step in the proof of Theorem The
next proposition shows in analogy to Lemma that the contribution by the reaction flux b5 to the
dissipation functional @Z converges to zero as ¢ — 0.

Proposition 5.21. Let 1i° € L([0, T] < Q, R2,) satisfy the a priori bounds DY (1°) = Dy (j1) < o0
and ess sup,¢(o 1€ (1°(t)) < 0o, and let J € M([0,T] x Q,R%) be the corresponding diffusion
flux satisfying the contmu:ty equation. Let ¢ : R — R be a positive and symmetric mollifier, which

is specified below. Let ¢, J¢ the mollified functions as in Lemma and ¢, J¢ the mollified and
shifted functions as in Lemma

Let 1° be such that ||é€!‘Lﬁ([o,T}XQ) < 6% andy > Ce'= fore — 0, where p is the integrability
exponent of the fluxes as in Lemmal5.19, C' > 0 is a positive constant and A € [0,1[, a € [0,1]
satisfies the inequality d + 1 < 2. Then, we have |D.(u7) — Do(u7)| — 0.

Proof. First, we observe that for given ¢ such a mollifier and these constants «, A satisfying all the
conditions can be easily constructed.

To prove the convergence, we follow the same strategy as in the proof of Lemma Defining the
reconstructed concentrations and fluxes as in ( » we observe that

€ 5 Clﬁcgv €,
D (1) — )| < ————,by7 | dadt.
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Using the bound from below on ¢, and the inequality log(z + 1) < Cﬁxﬁ_l, we get the estimate
= ey’ €y X\ g€y Y “1 A6y
C T,bQ <C(C , by )<Ce C(C’ 662)

< 2Ce b7 |C M log (C My + 1)
< 20~|bgﬁycfﬁ+16A(ﬁﬂ)|be,v|ﬁ—1 < C«’be,y‘ﬁg,\(ﬁ,l)7

where C' = C(C’p,C) By ||| (j0,11x9) we conclude that [|div.J¢|; < Ea,
| we have J¢ € LP([0, T] x ). Together this implies that ||b5 |20, 77%2)

and by Lemma

N eas
< Ea. Hence, we get

’@5(,&677) _ @O(Me,'yﬂ 5 g)\(ﬁ—l)e—ﬁa _ g—m{@d—&—?)a—)\}.

Choosing, A\, a € [0,1] such that d + 1 < % we conclude that the right-hand side converges to

zero, which proves the claim. O

6 Remarks for reaction-diffusion systems involving more species

In the last section, we comment on linear reaction-diffusion systems involving more species. The
evolution equation for concentrations ¢ € R>0, I € Nis given by

c= diag((Sl, c. ,51)AC + Atc

where A° = AS + éAF is a Markov generator (preserving positivity and total mass), which consists
of a slow part and a fast part. The main assumption is the A°satisfies detailed balance with respect
to its stationary measure w?®. Similar to [MiS20, MPS20], we are going to assume that the stationary
vector we satisfies w® — w” as e — 0 and that w® > 0. The positivity of the limit stationary measure
w” means that in the limit the evolution respects all concentrations ¢; and is not degenerate.

The gradient structure is defined on the state space

Q=Prob(Qx {1,--- I} :={pu=(p1,..., 1) ERY - pp; € M(Q), ps >0, 11;(Q) = 1}.

The driving energy functional £, : X — R, has the form

I ¢ € . o
E(p) = {IQ Zj:l Ep (w—§> wjdx’ if p=cdz

00, otherwise.

Y

and the dual dissipation potential splits into two parts

R*(/L 5) Rdlﬁ(” 5) +Rreact(u 5)

Rdlff H, £ /25 |V£J Qd:uJ’ reacte M 5 /ZK/UC* gl éj(x))d\/ Hitls,

1<)

e 1/2
where /ﬁj = A;?j <%> . In particular, the reaction part of the dissipation potential splits into a fast

part and a slow part

react e(lu §) slow s(M7 5) + 1,R’Fast,e(luu 5)

Riyelin€) = [ 37 Cl6a) ~ §(0) Ay, xv € fslow fast).

1<j
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where F;fj are bounded and positive uniformly in € > 0. In particular, we call a reaction and its flux
bij slow if AS; = O(1) and fast if A5; = O(c™"). Due to the detailed balance assumption and by
w® > 0, the distinction between fast and slow reactions is indeed well-defined.

In the remainder of the section, we briefly explain how to generalize the proof of the EDP-convergence
result also for this situation. Major differences occur at two stages, namely in 1) deriving compactness
for slow reaction fluxes, 2) proving the limsup-estimate. The reaction fluxes of the fast reactions are
not seen in the limit and have to be reconstructed in an analogous way as in the 2-species situation.
Firstly, we explain the compactness result and the liminf-estimate. Secondly, we comment on the
limsup-estimate.

6.1 Compactness for slow reaction fluxes and liminf-estimate

Here, we comment on proving compactness and the liminf-estimate for the multi species case. In com-
parison to the previous situation, compactness for the concentrations, by using strong compactness
for coarse-grained variables and convergence towards the slow manifold, can be derived (cf. Lemmas
[5.10). Moreover, compactness of diffusion fluxes and spatial regularity follows, too (cf. Lemma
5.19).

In contrast to the situation of two species connected with one fast reaction, where no slow reaction
fluxes exists, compactness for slow reaction fluxes b5, has to be derived in the multi species case. This
follows immediately from Lemma once compactness of , /cfcj is obtained. At this point it is clear

that weak convergence of ¢© — ¢ is not sufficient. Instead the previously derived strong convergence

0 0.0 :

of ¢ — ¢’ implies by dominated convergence also strong convergence of /c‘;?cj — 4/Gcjin

L*([0,T] x ), and hence, compactness for the slow fluxes b5;. Compactness for fast reaction fluxes
can not be obtained as already mentioned in Remark [5.5] Having proved compactness, the proof of
the liminf-estimate is exactly the same as for Theorem |5.12} since the functional D, is jointly convex
in all variables (c, J, b).

6.2 Equilibration and reconstruction of reaction fluxes und recovery sequence

A crucial observation throughout the proof of the I'-convergence was Lemma which provides
an equilibration of fluxes assuming microscopic equilibria for the concentrations. In Lemma we
derived equilibration for the diffusion fluxes. Similarly, also an equilibration of the slow reaction fluxes
can be derived. In [MiS20] a general operator-theoretic coarse-graining and reconstruction procedure
has been developed. This method can also be applied to derive coarse-grained fluxes and a coarse-
grained continuity equation, see [Ste21]. Importantly for us, as in the reconstructed slow reaction
fluxes depend linearly on the coarse-grained reaction fluxes. The fast reaction fluxes are then of the
form

k(i)
bij = aldivji + agjl- + Z aijbij,
=3
where all functions a; are C°(Q,R"/), where k1 = 1, ky = d and ki; = 1.

In order to prove that the constant sequence for smooth and positive concentrations is indeed a re-
covery sequence, we follow the same reasoning as in the Lemmas and The only difference
comes from the explicit depends on the coarse-grained reaction flux b;;, Using the bound on the limit

dissipation functional (which provides bounds on fUTfQ E(\ /CiCj, I;ij)dxdt) and the next Lemma
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we obtain that l;ij € LE([0,T] x Q) (we refer to [FrM21] for a proof). Since L is an Orlicz-space,
we conclude that the reconstructed fluxes b; are in L. This allows to proceed as in Lemma and
proves the existence of a recovery sequence.

Lemma 6.1 ([FrM21]). Letp > 1. Then, foralla > 0 and B € R we have

C(a,B) > (1 - %) C(B) — ]%ap.

In particular, setting a = ,/c;c; and B = b;; we have

T r _ T p _
/0 /QC(«/CZ‘CﬁbZ’j)dJ]dt + ||’/Cicj||€P([0,T]><Q) z /0 /QC(b”)d.Tdt,

which proves that b;; € L<([0,T] x Q) ifc;, ¢; € LP([0,T] x Q) for somep > 1.
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