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Spatial decay of the vorticity field of time-periodic viscous flow
past a body

Thomas Eiter, Giovanni P. Galdi

Abstract

We study the asymptotic spatial behavior of the vorticity field associated to a time-periodic
Navier-Stokes flow past a body in the class of weak solutions satisfying a Serrin-like condition.
We show that outside the wake region the vorticity field decays pointwise at an exponential rate,
uniformly in time. Moreover, decomposing it into its time-average over a period and a so-called
purely periodic part, we prove that inside the wake region, the time-average has the same alge-
braic decay as that known for the associated steady-state problem, whereas the purely periodic
part decays even faster, uniformly in time. This implies, in particular, that “sufficiently far” from the
body, the time-periodic vorticity field behaves like the vorticity field of the corresponding steady-
state problem.

1 Introduction

Consider a (rigid) body, %, translating with constant nonzero velocity, v, in a viscous (Navier—Stokes)
liquid, .Z, that occupies the whole space outside Z. Without loss of generality, we assume that v is
directed along the positive x1-axis, namely, vo, = A e; with A > 0. We also assume that . is subject
to a body force and a distribution of boundary velocity, both being time-periodic of period 7. Then, the
time-periodic dynamics of the liquid around the body are governed by the following set of equations

ou—Au—Xohwu+u-Vu+Vp=f inTxQ,
divu=0 inT x (,
u=1u, onT x 0f, (1.1)
lim u(t,z) =0 forte T,
|z| =00
where ) := R3\ Z is the domain occupied by the liquid. Moreover, u: Tx ) — R3andp: TxQ —
R are velocity and pressure fields of the liquid, f: T x  — R3 is the external body force, and
uy: T x 00 — R3 the velocity field at the boundary. The time-axis is given by the torus group T :=
R /T 7Z, which ensures that all functions appearing in (1-1) are time-periodic with a prescribed period
T > 0. Note that for a body at rest, that is, for A\ = 0, the mathematical and physical characteristics
of the flow are very different from those for A # 0. For this issue, we refer the reader to the recent
papers [13, [14].

Existence, uniqueness and spatial asymptotic behavior of solutions to have been the object of
several recent researches [15] (16} [7]. In particular, under suitable assumptions on the data, these
results provide sharp pointwise algebraic decays for the velocity field and its first spatial derivatives;
see [7] and Theorem below. However, as suggested by physical grounds, the vorticity field w :=
curl u is expected to decay at an exponential rate, at least outside the “wake region"behind £. It is
just to this question that the present paper is devoted.
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T. Eiter, G. P. Galdi 2

More precisely, we shall study the asymptotic behavior of the vorticity field curl u(x, t) for |x| — oo,
uniformly in time. In these regards, we recall that in the case of a steady-state flow, that is, when (v, p)
is a time-independent solution to (1.1), a famous result of CLARK [3] and BABENKO and VASILEV [1]
shows that for || sufficiently large one has

lcurlv(z)| < Cla| 2 e—o5@) (1.2)
for some constants C, a > 0, where
s(z) = |x| + z1.

In particular, this reflects the anisotropic behavior of the fluid flow and translates, in mathematical
terms, the presence of a “wake region"behind . Estimate implies that the vorticity, curl v,
decays exponentially fast on rays {z € R? | z; = 6|z|} for § € (—1, 1], while inside parabolic
regions {x € R3 | s(z) < B}, B > 0, estimate merely yields an algebraic decay rate. Since
time-independent solutions are trivially also time-periodic, one would expect a similar behavior in the
time-periodic case. As a matter of fact, we show that this is indeed true and that the vorticity field
associated to a time-periodic flow is subject to an analogus estimate.

Actually, as proved in [7], if we split « into its time average v and a purely periodic part w : = u — v,
then the decay rates of v and Vv are much slower than those of w and Vw. Thus, also in the
problem at hand, it seems reasonable to derive separate pointwise estimates for the two parts curl v
and curl w of the vorticity curl . In doing so, we are indeed able to show that the time-independent
part v satisfies whereas the other part obeys the estimate

leurlw(t, z)] < Cla| 92 e5@ (1.3)

for all sufficiently large |z|, and therefore decays faster. It is worth emphasizing that we establish this
result for any weak solution to (see Definition [3.1), whose purely periodic part only satisfies the
Serrin-like condition (3.3), provided the data are sufficiently smooth with f of bounded spatial support;
see Theorem[3.2

A main tool in our approach is the introduction of a time-periodic fundamental solution associated
to the vorticity field curl u. The concept of time-periodic fundamental solutions in the field of fluid
dynamics is new and was recently introduced by KYED [20] and GALDI and KYED [16] in the case of a
three-dimensional Navier—Stokes flow, and further extended by EITER and KYED [9] to the general n-
dimensional case. The fundamental solution 1™ introduced there consists of the fundamental solution
F(;\ to the steady-state problem and a second so-called purely periodic part Fi\. Analogously, we
define the time-periodic vorticity fundamental solution gbA as the sum of the corresponding steady-
state fundamental solution gzﬁé and a purely periodic part gbi.

After introducing these time-periodic fundamental solutions, our procedure parallels that of [4], where
DEURING and GALDI studied the vorticity field associated to the steady-state flow past a rotating body.
Note that this problem is directly related to the one investigated here since a time-independent solution
in the frame attached to the rotating body corresponds to a time-periodic solution in the inertial frame.
By means of the above time-periodic fundamental solutions we deduce representation formulas for
u and curl u, which enable us to express u as a fixed point of a nonlinear map Fs of convolution
type; see eq. (6.12). We then establish the existence of a fixed point z = Fs(z) of this map in a
class of functions such that curl z decays in the expected way; see Corollary [8.1]. Successively, we
show that this fixed point is, in fact, unique in the larger class of functions that merely satisfy the
pointwise estimates of u and Vu established in [7]; see Theorem Since w is a fixed point of Fs by
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Spatial decay of the vorticity field of time-periodic viscous flow past a body 3

construction, we thus conclude u = z and that u = v + w satisfies and (1.3). Observe that, in
order to employ the contraction mapping principle, the existence of the fixed point z is established in a
class of functions that satisfy a slightly weaker estimate than that given in (1.3). However, by another
application of the representation formulas via the vorticity fundamental solution, we finally obtain the
asserted decay rates and (1.3). The result just described is proved in the case where €2 is the
whole space R3. However, we show that it can be readily transferred to the case of an exterior domain
by a classical cut-off argument, provided wu, and f are sufficiently smooth, with u, having zero total
net flux at 0€2. We leave it as an open question whether this condition can indeed be removed.

Finally, we observe that some of the intermediate results are contained in the first author’s PhD thesis
[6]. However, they were derived under the stringent assumption that both external force f and solution
u are of class C*°. In contrast, here we merely require summability assumptions on f and u (see
and (3.3)) which represents a rather significant improvement

The paper is structured as follows. After introducing the basic notation in Section [2, we present our
main result on the decay of the vorticity field in Section (3| In Section |4 we recall the notion of a
time-periodic fundamental solution to the Navier—Stokes equations and introduce the concept of a
time-periodic vorticity fundamental solution. Section [5|is dedicated to the study of regularity of weak
solutions to the time-periodic Navier—Stokes problem. The introduced fundamental solutions are em-
ployed in Section[g]in order to conclude a suitable fixed-point equation. After the derivation of appro-
priate estimates for the terms in this equation in Section [7| we finish the proof of the main result in
Section 8

2 Notation

Points in T x §2 for  C R3 are usually denoted by (¢, x) and consist of a time variable t € T and a
spatial variable = € ). For a sufficiently regular function u: T x Q — R? we write 9;u := Oz, u, and
we set Au := 0;0;u and divu := 0;u;. Here we employ Einstein’s summation convention, which
we do frequently in the following. By ¢;; and ¢, we denote the Kronecker delta and the Levi-Civita
symbol, respectively.

For R > 0and r € R3 we set Bp(z) := {y € R?| |z —y| < R} and Bf(z) := {y €
R? | |z — y| > R}, and in the case z = 0 we write B := Bg(0) and B := B#(0). Moreover,
for R > r > O we set B, p := Br N B". For vectors a,b € IR? their vector product @ A b and their
tensor product a @ b are given by (a A b); = €jxearbe and (a ® b) ;1 = a,;by, respectively. Moreover,
we call a subset 2 C R? an exterior domain, if it is the complement of a non-empty compact subset
of R3. Without loss of generality, we always assume that 0 is contained in the interior of R? \ Q.

In order to include the time periodicity in the formulation of the Navier—Stokes equations (1.1), we
formulated the system on T x €. In the case €2 = R?, which plays a prominent role in our approach,
the time-space domain is given by the locally compact Abelian group G := T x R3. The dual group
of G can be identified with G = Z x R3, the elements of which we denote by (k,&) € Z x R3. We
equip the group T with the normalized Haar measure given by

;
Vf e C(T) : /Tf(t)dt:%,/o (1) dt.

the group Z with the counting measure, and GG and G with the corresponding product measures. The
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T. Eiter, G. P. Galdi 4

Fourier transform .% on GG and its inverse ?51 are formally given by
Z, — —i Z ket —ix-€
Falfl(k,§) = / ft,z)e™'T dzdt,
R3
9‘ Z f k é‘ ”kt+im-§ dg

kEZ

This defines an isomorphism % : .7 (G) — y(@) with inverse .7 !, provided that the Lebesgue
measure d¢ is normalized appropriately. Here . () is the so-called Schwartz—Bruhat space, which
is a generalization of the classical Schwartz space in the Euclidean setting; see [2| [8]. By duality, this
yields an isomorphism .Z: ./ (G) — .%'(G) between the corresponding dual spaces .’ (G) and
#'(G), the spaces of tempered distributions.

Foranopenset ) C R3orQ C T x R3and ¢ € [1,00], m € N, we denote the classical Lebesgue
and Sobolev spaces by Lq(Q) and W™4((2), respectively. Moreover, Ll () is the set of all locally
integrable functions, and WIOC(Q) is the subset of Ll (€) with locally integrable weak derivatives.
For an open subset £ C IR?, homogeneous Sobolev spaces are denoted by

D™(Q) := {u € L (Q) | V"u € LYQ)},
where V™ denotes the collection of all m-th weak derivatives of u. We further set

00 (Q) = {p € CF(Q)* | divy = 0},

where CJ°(€2) is the class of compactly supported smooth functions on 2. For ¢ € [1,00] and a
(semi-)normed vector space X, L?(T; X') denotes the corresponding Bochner-Lebesgue space on
T, and

WEH(T x Q) = {u € LY(T; W>)(Q)) | dyu € LY(T x Q) }.

We further define the projections
~ [ftoa Pp=g-r
T

which decompose f € L (T x ) into a time-independent steady-state part P f and a remainder
purely periodic part P, f. One readily sees that P and P, are bounded operators on L¢(T x ) for
all ¢ € [1, 00| and that

Pf =2 0uk)Falf]],  Pof=F5 (1 —6u(k)Falf]],
where 7 is the delta distribution on Z.

The letter C' always denotes a generic positive constant, the value of which may change from line
to line. When we want to specify the dependence of the constant C' on quantities a, b, . . ., we write

C(a,b,...).

3 Main result

As emphasized earlier on, our focus is the pointwise estimates of the vorticity field curl « associated to
a solution (u, p) of (7.1). More precisely, we study the vorticity field of weak solutions to (1.1) defined
as follows.
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Spatial decay of the vorticity field of time-periodic viscous flow past a body 5

Definition 3.1. Let f € L (T x Q)3. A functionu € L (T x Q)3 is called weak solution to (T-1) if

loc loc
i Vu e LT x Q)*%3%,u € L*(T; L5(Q))3, divu=0inT x Q,u = u, on T x 99,
ii. Pru € L>(T;L*(Q))?
iii. the identity
/11‘ . [—u- 0o+ Vu:Vo—2Au-¢+ (u-Vu)-p|dt,z) = fed(t,x)
x

Tx
holds for all test functions p € C55, (T x 2).

Let us explain the choice of the functional class for weak solutions. When €2 = R?, condition i. is
equivalent to u € L2(T; Dy’ (IR%)), where Dy(IR%) is the closure of Cg2,(R®) with respect to the
homogeneous norm ||V-||2. In this case, the class of solutions from Definition [3.1|is the same as
considered in [16] and [7], where the asymptotic behavior of the velocity field u and its gradient Vu
was investigated. Moreover, for any f € L*(T; Dal’Q(R?’)):” the existence of a weak solution in the
above sense was shown by KYED [19]. Therefore, this class of solutions is a natural candidate for
further investigation of the associated vorticity field curl w.

The goal of the present article is to prove the following result.

Theorem 3.2. Let ) C R? be an exterior domain with boundary of class C?, and let A > 0. Let f
and u, be such that

Vg € (1,00) : f e LYT x Q) supp f bounded, (3.1)
u, € C(T; C2(09))* N CY(T; (09))?, / u, -ndS =0, (3.2)
o0

where n denotes the unit outer normal at 0€). Let u be a weak time-periodic solution to (1.) in the
sense of Definition[3.1], which satisfies

Jr € (5,00): Prue L (T x Q). (3.3)

Then there exist constants C, > 0 and a = (A, T) > 0 such that
lcurl Pu(z)| < Cyla| 32 e, (3.4)
lcurl PLu(t, z)| < Cyla] ™2 emos@ (3.5)

forallt € T andx € ().

Remark 3.3. The constant C'; depends on €2, A and on norms of the solution u which, in turn, can
be estimated in terms of the body force f. So, ultimately, C; depends on €2, A and f. If not specified
otherwise, this may always be the case for all other constants C', C; that we will introduce throughout
the paper.

Remark 3.4. In our proof, we need the zero-flux condition (3.2)4 on the boundary velocity w.., which,
instead, is not needed in the particular case of steady-state solutions [3, [1]. Though it is probable
that our result continues to hold if the flux is only “sufficiently small,it is not clear whether the same
conclusion may be drawn for flux of arbitrary magnitude.

Remark 3.5. Condition is merely a technical assumption. As pointed out in [16] for the case
Q) = IR3, it leads to additional local regularity of the solution but does not improve its spatial decay
properties.

Remark 3.6. If f is time-independent, then u = Pu, and our result reduces to that of CLARK [3] and
BABENKO and VASILEV [1]. Actually —as it becomes clear from our proof— in such a case, we do not

need the assumptions (3.2), and (3.3).
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T. Eiter, G. P. Galdi 6

4 Time-periodic fundamental solutions

In this section, we consider the so-called Oseen linearization of (1.1) in the whole space given by

(4.1)

o — Au—Nou+Vp=f inT x R,
divu=0 inT x R?

for A > 0. In [16] [9], a velocity fundamental solution I™* to the time-periodic problem (#.1) was
introduced such that
u=1I"xf

with convolution taken with respect to the locally compact abelian group G = T x R3. It is given by

=TI} ly+ 17, (4.2)
where
I RO\ {0} 5 RYS, I, (2) = 1 (6,62 — 0;0,] /S(M)/2 Loe” dr, (4.3)
’ 4\ 0 T
e (155 (49
€17+ i(Fh = A&) €l

the symbol 11 denotes the constant 1 distribution, and s(x) = |x| + x; as above. In particular, the
fundamental solution I decomposes into a steady-state part FOA and a purely periodic part Fi\. The
steady-state part F& is the fundamental solution to the steady-state Oseen problem

(4.5)

—Av—=Xow+Vp=f inR3
dive =0 inR?

see [12, Section VII.3]. This function shows strongly anisotropic behavior, which is reflected in the
pointwise estimates

la|

Vo e N3Ve>03C > 0V|z| >e: [DEIR(2)| < Cllel(1+s(A\z)] 772 (46)
see [10, Lemma 3.2]. For the purely periodic part FL\ one can show the estimates

Va € NjVr € [1,00) Ve > 03C > 0V|z| > e: DT, 2)||Lr(m) < C]x\_3_‘o‘|; (4.7)

see [9]. Observe that estimate (4.7) does not have an anisotropic character and that the purely periodic
part [} decays faster than the steady-state part .

In order to derive estimates of the solution u from those of the fundamental solution I™*, one thus has
to study convolutions of functions that satisfy pointwise estimates similar to those in and (4.7).
Convolutions of the first type were examined by FARwWIG [10, [11] in dimension n = 3, and later by
KRACMAR, NOVOTNY and POKORNY [18] in the general n-dimensional case. We collect some of their
results in the following theorem, which gives estimates of convolutions with 1 and VI,

Theorem 4.1. Let A € [2,00) and B € [0,00), and let g € L>(R?) such that |g(z)| < M(1 +
|z|)~(1+s(x))~B. Then there exists a constant C = C(A, B, \) > 0 with the following properties:

DOI 10.20347/WIAS.PREPRINT.2791 Berlin 2020



Spatial decay of the vorticity field of time-periodic viscous flow past a body 7

1 If A+ min{l, B} > 3, then
113 * g(@)] < CM(1 + J2]) (1 + s(A\x))] . (4.8)

2 If A+ min{l,B} >3 and A+ B > 7/2, then
IV * g(x)| < CM[(1+ |z])(1+ s()\x))}_gﬂ.

Proof. These are special cases of [18, Theorems 3.1 and 3.2]. O

An analogous result for convolutions with I'} and V1™ was derived in [7].

Theorem 4.2. Let A € R and g € L>°(T x R3) such that |g(t, z)| < M(1 + |x|)~*. Then for any
e > 0 there exists a constant C = C'(A, X\, T, &) > 0 with the following properties:

1 IfA > 3, then

Vie| > e 1T} *6 g(t,2)| < CM(1+ |a])~2. (4.10)

2 If A >4, then
Vig| >e: ||V *gg(t,z)| < OM(L+|z])~" (4.11)
Proof. We refer to [7, Theorem 3.3]. O

Next we derive a fundamental solution for the vorticity field curl w. For u = F’\*f a direct computation
yields

(curlw)m = mniOnl g e * Pfe + EmniOnl? jo * fo = EmneOn®y * P fo+ EmneOnd) * fo

with
1
Mz) = —s(A2)/2 4.12
¢0 (13) 47T|l’| € I ( )
O =75 { L= %a(k) : (4.13)
* @ LleP —ire + ik
In conclusion, we obtain
culu(t.o) = [ V6t~ 5.0~ 9) A f(s.y) i) @.14)
G
where
¢t =gy ® 1r + ¢} (4.15)

We have thus found an integral formula for the vorticity curl w. We call ¢* the vorticity fundamental so-
lution. As for the velocity fundamental solution 1™, the vorticity fundamental solution ¢* decomposes
into a steady-state and a purely periodic part, which can be analyzed separately. A direct computation
leads to the the following estimate of V¢ .

Theorem 4.3. There exists C = C'(\) > 0 such that for all z € R3 \ {0} it holds

V) ()] < C (|22 + |2 *2s(\a)/?) o750/, (4.16)
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Proof. The estimate follows directly by taking derivatives in and using the identity |V [s(\z)]|” =
22\%s(x) /||, O

The remainder of this section is dedicated to the derivation of an analogous estimate of V¢’ . More
precisely, we show the following result.
Theorem 4.4. There exist constants C' = C'(\, T, q,v) > 0 and C3 = C3(\,T) > 0 such that for
ally € (0,1),q € [1, 1) andx € R*\ {0} it holds
—(1+42 -
161 ¢, @) gy < Cla] =027 ek, (4.17)
IV (, ) famy < Claf~E 27 el (4.18)

For the proof of Theorem [4.4| we represent ¢ in a different way. From .Z5" = Z; ' ® F.," we
conclude the identity

_ EugTP)
o) (t,x) = Fp't [k (1= 6z(k)) I ()] (t), (4.19)
where .
.=z} [ }
! FLIEP? = ine +in
is the fundamental solution to the equation
inv—Av—Xow=f inR> (4.20)
This function is explicitly given by
1 )
Fg’)‘: R*\ {0} — C, Fg’)‘(x) = eiVHlel-gm (4.21)

47|

forn # 0and p:= p(n, A) := (A/2)* +in € C \ R; see [9, Lemma 3.3]. Here /~ is the square
. . . . . . . . . r],)\
root of z with nonnegative imaginary part. We first derive pointwise estimates of /7.

Lemma 4.5. Letny > 0. Then there exists Cy = Cy(\, 1) > 0 such that

1
[T ()] < O]t ezl (4.22)
VI ()] < C (|22 + \nlélwl_l) e Calnl el (4.23)

for allm € R with || > ny andx € R\ {0}.

Proof. As in [9, Lemma 3.2], we show the existence of a constant Cy = C4(\, 19) > 0 such that
[\l 1
m(v=p) = 5 = Cufn|*
for || > no and n = (\/2)? + in. We thus have

4 A 1Al 5
eiV=Hlzl=511 | < o~ Im(V=p)lzl+ 5 |z] < e~ Caln|Z x|

This directly implies (4.22). Computing derivatives and employing this estimate again, we further de-
duce

VI ()] < Ol ™+ [2] 7 (V=p] + [A])) e Gl 1],

which implies by using |A| < 2|y/—p| < C]n\% for || > no. O

DOI 10.20347/WIAS.PREPRINT.2791 Berlin 2020



Spatial decay of the vorticity field of time-periodic viscous flow past a body 9

Now let x € C*(R), 0 < x < 1, with x(n) = Ofor || < 1 and x(n) = 1for |n| > 1. For o € Nj
with || < 1,7y € (0,1) and z € R3 \ {0} define the function

2
Mas: RO R, maa(n) = x()|n"DI " (). (4.24)

We show that m,, . is an L?(R) multiplier and give an estimate of the multiplier norm by means of the
Marcinkiewicz Multiplier Theorem.

Lemma4.6. Leta € N} with|a| < 1,7 € (0,1) andz € R*\{0}. Thenm,, . is anL4(R) multiplier
for any q € (1,00), and there exist constants C' = C'(\, T, q,c,7y) > 0and Cs = C5(\,T) > 0
such that

175 e Pl 1] oy < Clrl ™72 el £ oy,

HLq(R)
Proof. At first, let « = 0. From (4.22) we conclude
. ()] < CxOll el eI < |12 el 2
for || > . Moreover, differentiating 1} 7oA with respect to 77, we obtain
s ’)\ , ,
0,50 " (@) < Clo/ =l 2l | "™ @)] < Clal el [ (@),
so that yields
o)l < X I " @) + [l T " @) + Xl 8,1 ™ (@)
< C(nlal ™ + W*z) et < O] Ol 2
for > 1 Collecting these estimates and utilizing my . =0 for < =, we have
nl = 3 (1 U
[mo.2 ()] + [18ymo.c(n)| < Cla| 7 &=l (4.25)
with C5 = /m/TCy/2forallnp € R.
Next consider the case a = ¢ for some j € {1, 2, 3}. Then (4.23) leads to
a0 < OX)Inl(j2] 72 + ol ™) e CFIE T < Claf 272 - Cuprit i
for || > . Moreover, a straightforward calculation yields
21\ 1 ELINSN _1 2Zm A
10,0, " (2)] < C(Iul ™2 + [2) [T ™ (@) < C(In7> + |2 ) [ 1 7 (@),
so that we can employ Lemma [4.5|to estimate
00y Dymac ()| < [ (9,07 " (@) + a9, 1f " )|
™ 0,0, " (@)
< Ol kel + e ™ + [y ) e F o
< Cla| 2% e Gl3 22| % 2|2
for || > 1. Collecting these estimates and utilizing m,, .(17) = 0 for || < 3, we have
Mz ()] + NOyMaw(n)] < O|$|7272’y e~ ol (4.26)
with C5 = /7 /T C4/2 as above.

By the Marcinkiewicz Multiplier Theorem (see [17, Corollary 5.2.5]), the assertion is now a direct

consequence of (4.25) and (4.26). O
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Using this result, we establish the pointwise estimates of qbi asserted in Theorem by means of the
so-called transference principle for Fourier multipliers.

Proof of Theorem[4.4. It suffices to consider ¢ € (1, 00). Due to (4.19), we have
D3¢l (@) = Py [Mo o Fulp,]] (4.27)
with
Moo(k) = (1= 8(R)) [KDOLT @), oy = Z [k s (1= 02(k)) k[ 7].

First, note that M, , = m..|z. Since m, . is a continuous L(R) multiplier by Lemma the
transference principle (see [5, Theorem B.2.1] or [8, Theorem 2.15]) implies that M, , is an Lq(T)
multiplier for any ¢ € (1, 0c) and that

| [Mo Zr[ 1] oy < Cla| 7172 =G0 | £| .

Moreover, we have ¢., € L?(T) provided ¢ < 1/(1 — =), which is a direct consequence of [17,
Example 3.1.19] for example. Finally, the assertion follows from (4.27). O

5 Regularity results

Here we collect some results concerning the regularity of weak solutions to and its linearization,
which is given by
Ou—Au—XNou+Vp=f inTxQQ,
divu=0 inT x €, (5.1)
uw=1u, onT x JN.

First of all, we derive the following regularity theorem for solutions to (5.) in the case P f = 0.

Lemma 5.1. Let Q C R? be an exterior domain of class C?, let u, be as in 3.2), and let f €
LY(T x §2) for some q € (1,00). Assume Pf = 0 and that u is a weak solution to (5.1), that is,
u=1u,onT x 9, divu = 0 and

/ [—u- O+ Vu:Veo—Nu-p|dt,z) = f-pd(tx) (5.2)
TxQ

TxQ

for all p € C3,(T x Q). Assume that u € L>°(T;L*(Q))* and Vu € L*(T x Q)**°. Then
u € Wh24(T x Q)3, and there exists p € 14(T; D"4(2)) such that (u, ) is a strong solution to

(5.1).

Proof. First of all, using classical arguments (see [12, Section III.3] for example) one can show the
existence of a function U € W24(T x Q)3 such that U = u, on T x 92 and div U = 0. Moreover,
since P f = 0, by [15, Theorem 5.1] there exist z € WH*4(T x Q)® and p € L(T; D*(Q2)) such
that Oz —Az—MNoz+Vp=f—-—0,U—-AU - X\o,U inT x Q,
divz =0 inT x €, (5.3)
z=10 on T x 0f).
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Spatial decay of the vorticity field of time-periodic viscous flow past a body 11

Then (4, p) := (z + U, p) solves (5.7), and for the completion of the proof it remains to show u = .
For this purpose, we employ a duality argument. Let 1 € C°(T x €2)3. By [15, Theorem 5.1] there
exist functions w € WH22(T x Q)>NW24 (T x Q)% and q € L2(T; D*?(Q)) N LY (T; D47 (Q2)),
where ¢’ = q/(q — 1), which satisfy

dw — Aw + \Noyw+Vqg="Prp inT x Q,
divw =0 inT x €, (5.4)
w=0 on T x 0.

By a standard density argument one shows that we can let ¢ = w in the weak formulation (5.2). Then,
by an integration by parts, we get

/TQ(u—ﬂ)-led(t,:L‘):/ (u—1a) - (Bw — Aw + Adw + Vq) d(t, z)

TxQ

:/ [u- Qw4+ Vu: Vw — Aju - w] d(t, z)
T
_ / (0, — AT — A+ Vp) - wd(t, )
Tx

= frw— f-w=0.
TxQ TxQ

Since Pu = Pu = 0, we thus conclude
| wewwden = [ @-n-Pedea s [ -2 Pwdt) =0
TxQ TxQ TxQ
for arbitrary ¢ € C5°(T x )3, which implies u = @ and completes the proof. O

Based on this result for the linearized problem (5.1), we can now show that the additional integrability
condition assumed in (3.3) leads to higher regularity of the weak solution.

Lemma 5.2. In the hypotheses of Theorem[3.4 we have u = v + w, withv = Pu, w = P, u such
that

Vg € (1,00) : v € D*4(Q), Vr € (%l,oo] cv e DM(Q), Vs € (2,00 veELQ), (5.5)
Vg € (1,00) : we WH(T x Q). (5.6)

Moreover, there exists a pressure field p with
Vg € (1,00) : p € LY(T;D"(Q)) (5.7)

such that (1.1) is satisfied in the strong sense.

Proof. At first, observe that v is a weak solution to the steady-state Navier—Stokes problem

—Av—Xhv+v-Vo+Vp=Pf—-Plw-Vw] inQ,
dive =0 in €2, (5.8)
v = Pu, on 0f).
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Holder's inequality and Definition[3.1]yield w - Vw € L(T; L3/2(Q)) N L2(T; L'(Q)). Therefore, we
have Pf — P(w - Vw) € L*(Q) N L32(Q), and [12, Lemma X.6.1] implies

3 4
Vge (1,=]: veD*(Q), ¥re (=,

5 3 3]: veD(Q), Vs€(2,00): v €L(Q) (5.9)

and the existence of p € D™(Q2) for all ¢ € (1, %] such that is satisfied in the strong sense.
Moreover, w is a weak solution to
ow—Aw - Xhhw+Vqg=P,f—v-Vw—w-Vo—P (w-Vw) inT x Q,
divw =0 inT x €, (5.10)
w = Pu, onT x 00.

By a standard interpolation argument, the assumptions from Definition impIy w € LY3(T x Q).
Since v € L'%3(Q) by (5.9) and Vu € L2(T x Q) by assumption, this implies

Pif—v-Vw—w-Vo—P(w-Vw) € L(T x Q) (5.11)

for s = 5/4. Now Lemmashows that there exists q such that
w € WH4(T x Q), q € LY4(T; D"/4(Q)), (5.12)
and holds in a strong sense. Starting from (5.12), we now employ a boot-strap argument to

conclude the proof.

If w € Wh24(T x Q) for some g € (1, 15/8), then the embedding theorem from [{5, Theorem 4.1]
implies Vw € LY/~ (T x Q). In virtue of (3:3) and (5.9), this implies w- Vw, v-Vw € L*(Tx Q)
for L = -+ 1 — 3. Moreover, [15| Theorem 4.1] yields w € L3%/®=9(T; L14/(15-89)(Q2)), so that
w - Vv € L* by (5.9). In total, we thus obtain for ; = 2+ — 5, and Lemma 5.1|leads to the
implication

15 1 1 1 11
dge(l,=)  weW(TxQ) = Vo€ [-+-—=,-]: we W*T xQ). (5.13)
8 S q r 5Hq
Ifw € WH24(T x Q) for some g € [5/3,5/2), then [15, Theorem 4.1] yields w € L°%/®~20(T x Q)
and Vw € LC~9(T x Q), which implies w - Vw € L*(T x Q) for all ;- € [2 — 2, 2]

Hence we have P(w - Vw) € L*(Q2), and another application of [12, Lemma X.6.1] in view of (5.9)
yields Vv € LY(Q) forall t € [4/3,15/4] and v € L{(Q) for all t € (2, 00]. We thus conclude
w- Vo e L2(T x Q) for L € [l—l l+3] and v - Vw € L*3(T x Q) for - € [+ — £, ¢ + 3],

q 15’
In particular, we obtain (5-11) for 1 = 2if g < 15/7, andl—a——|fq>15/7 By Lemma
[5.1] this implies
5 15 1 2 31
3 -, =] WHIT x Q) = V-€[-—-,= WH(T x 5.14
qe(3,7] w e (T x Q) Se[q 5,q] w e xQ), (5.14)
15 5 1 1 2 1
3 WH(T x Q) =V-€[-—-—, -]: Wh2S(T x Q). (5.15
g€ [F5) weWHITx0) =V e[~ ] we W (Tx0). 619

Arguing in a similar fashion, one shows the further implications

5 1 1 11
Jq € [5,5) cw € WH(T x Q) = v; € (5 -t 5] cw e WHH(T xQ), (5.16)
Jge€[5,00): we WH(T x Q) = Vs € [g,00): we W-*(T x Q). (5.17)

DOI 10.20347/WIAS.PREPRINT.2791 Berlin 2020



Spatial decay of the vorticity field of time-periodic viscous flow past a body 13

Using now as starting point, we can iteratively employ (5.13)—(5.17) to obtain w € WH2*(T x
Q) forall s € [5/4, 00). Firstly, this yields w - Vw € L>®(T x Q),sothat Pf —P(w-Vw) € L)
for all ¢ € [1,00). Now is a direct consequence of [12, Theorem X.6.4]. Secondly, this shows
that holds for all s € [1, 00), whence Lemmal5.1]implies (5.6). Finally, the claimed regularity
of p = p + q is a direct consequence. This completes the proof. O

6 The fixed-point problem

In this section we derive a suitable fixed-point equation satisfied by weak solutions in the whole space,
and we introduce the necessary functional framework. More precisely, the main focus of the subse-
quent analysis lies on the study of problem (T.7) when € = R3, namely,

ou—Au—Nohu+u-Vu+Vp=Ff inT xR,
divu=0 inT x Rg, (61)
lim u(t,z) =0 forteT.

|z| =00

The case of an exterior domain will be treated at the end of the last section.

We begin to observe that asymptotic properties of weak solutions to (6.1) were studied in [16] and [7],
where the following decay estimates of u and Vu were derived.

Theorem 6.1. Let A\ > 0 and f € LI(T x R3) forallq € (1,00) and let supp f be compact. Let
u be a weak solution to (6.1) that satisfies [3.3) for 1 = R3. Then there is Cy > 0 such that for all
(t,z) € T x R? the function u satisfies

|Pu(z)| < Cy [(1 + |x|) (1 + s()\x))r , (6.2)
VPu(z)| < Co(1+ |2]) (1 + s(Ax))] 2. 6.3)
PLu(t, )| < Co(1+ |2]) 77, (6.4)
IVPLu(t, )| < Cy(1 + |z) (6.5)

Proof. Under the assumption f € C°(T x R3)3, this result was shown in [7, Theorem 4.5] based
on estimates of the velocity field v derived in [16]. However, a careful study of the proofs shows that
these results continue to be valid under the stated weaker assumption on f. O

To derive a suitable fixed-point equation, we exploit the following representation formulas that result
from the time-periodic fundamental solutions introduced in the previous section.

Proposition 6.2. Let u be a weak solution as in Theorem[6.1| Then
D%y = DT x [f — curl u A u] (6.6)

forall o € Ng with || < 1. In particular, the steady-state part v := Pu and the purely periodic part
w := P u satisfy

D%v = DIy * [Pf — curlo Av — P(curlw A w)], (6.7)
D%w = DT * [PLf —curlv Aw — curlw A v+ P (curlw A w)]. (6.8)
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Moreover, we have

curlu(t, z) = / Vor(t — s,z —y) A [f —curlu A u} (s,y)d(s,v), (6.9)
G

and

curlv(z) = [ Vey(z —y) A [Pf — curlo A v — P(eurlw A w)](y) dy, (6.10)
R3

as well as

curlw(t,x):/ngi(t—s,x—y)/\[PLf—curlv/\w
G (6.11)

— curlw A v — P (curlw A w)] (s, y) d(s, y).

Proof. Since u-Vu = 1V (|uf*) +curl uruand IV (|uf*) = div (I"*|ul*) = 0, the equations
(6.6), and are direct consequences of [7, Proposition 4.8]. The remaining identities follow
by applying the curl operator to both sides of these formulas and repeating the computations from
Section 4l O

Remark 6.3. In view of Proposition and the pointwise estimates of ¢* from Theorem and
Theorem [4.4) we can explain, at this point, the origin of the pointwise estimates stated in Theorem
Comparing and (4.16), we see that the asserted decay rates of the steady-state parts curl v
and V ¢} coincide, which is the optimal result one can expect to derive from equation for general
f € C(G)3. In contrast, the asserted decay rates of the purely periodic parts curl w and I'7 given in
and (4.18), respectively, do not coincide. The reason is due to the presence of the term curl v Aw
in (6.11). By assuming the—to some extent—optimal decay rate for curl v, the pointwise estimate
of w from implies
lcurlv A wl(t, z) < Cla| Y2 emosOe)

In the end, this term dominates the decay of the right-hand side of (6.11) and thus the pointwise
estimates of curl w. As a result, the decay of curl w is slower than that of V¢ but, however, still
faster than the decay rate of the steady-state vorticity field curl v.

Proposition[6.2]yields fixed-point equations for « and curl u and the respective steady-state and purely
periodic parts, which we now decompose in an appropriate way. Let y € C(R; [0, 1]) with x(s) =1
for [s| < 5/4 and x(s) = 0for |s| > 7/4.For S > 0 define ys € C5°(R3;[0,1]) by xs(z) :=
x(S7!|x]), and fix Sy > 0 such that supp f C T x Bg,. For S € [25;, 00) we express as the
sum of two terms, namely

u=1I"x [— (1 —Xs)curlu/\u} + I« [f—xgcurlu/\u].
Due to supp(1 — xg) C B, this yields
ulpxps = Fs(ulrxps) + Hs, (6.12)

where
Fs(z) = (F’\ * [— (1 — xg)curlz A z})ths,

Hs = (F)‘ * [f—XScurlu/\u])]Tst.
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Spatial decay of the vorticity field of time-periodic viscous flow past a body 15
We set A(z) := — curl z A z and
Ao(2) :=PA(z) = —curl 29 A zg — P(curl 2, A 2,), (6.13)
A (2) =PLA(z) = —curl zg A zp —curl z) A zg—Po(curlzy Azy), (6.14)
with 2o := Pz and z| = P, z. For (¢, x) € T x B* from Proposition[6.2 we then obtain
DYPFs(2)(z) = DETY * [(1 — XS)AO(Z)] (x), 6.15)
DOP  Fs(2)(t,z) = DO = [(1 — xs)AL(2)] (L, ), (6.16)
curl PFg(z)(x) = / Vo (z —y) A (1 — xs)Ao(2)] () dy, (6.17)
R3
curl P, Fs(z)(t,x) = VoL (t—s,2—y) A [(1—xs)AL(2)](s,9)d(s,y), (6.18)
TxR3
and
DyPHs(x) = Dyl + [Pf + xsho(u)](2), (6.19)
DYP Hs(t,x) = Dgfj} * [Plf + XSAJ_(U)] (t,z), (6.20)
cul PHs(a) = [ Voo =) [PS + xsAo(u)] () do 621)
R3
curl PJ_HS(ta ZL’) = / V¢i\(t — 5T — y) A [PJ_f + XSAJ_(U)} (57 y) d(S, y) (6.22)

TxR3

In the next step we introduce the functional framework for the analysis of the fixed-point equation
6.12). Lete € (0, 411> and fix a radius S > Sy. We define the following (semi-)norms, which take into

account different decay rates of the steady-state and the purely periodic parts:

3/2

z€BS

Ms(2) := esssup [|a:|(1 + s(2))|Pz(x)| + [|x|(1 + 5(1:))} |V772(x)|}

+ esssup [|x|3|m<t,x>| ¥ |x|4|vm<t,x>|],

(t,x)eTxBS

NE( L 3/2 s(Kz)
3(2) :=esssup |z|" e 5 |curl Pz(z)|
xEBS
9/2—¢ =Kz
+ esssup |z e 115 |curl Py 2(t, x)|,
(t,x)eTxBS

where K = }lmin{)\, C3} with C3 from Theorem The function spaces associated to these

(semi-)norms are given by

Mg :={z¢€ WEH(T x BY) | Ms(z) < oo},

loc

§i={z€ Mg |N5(z) < o0},
which are Banach spaces with respect to the norms
[2]lms == Ms(2),  |zllag :== Ms(2) + Ng(2),

respectively.
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Remark 6.4. Let us explain the terms appearing in these definitions. The definition of Ms<2) is chosen
to capture the asymptotic behavior of u and Vu described in Theorem A justification for the
denominator 1 4 .S in the exponential term in the definition of Ng(z) is given by Lemma [7.1| below.
The choice of the constant K ensures the validity of the inequalities

o2s(Kx) < es(kw)/Q’ e2s(Kx) < ng\ocI’ (6.23)

so that the exponential term can be related with the exponential terms in the decay rates of ngé and
ngj from Theorem and Theorem respectively. Moreover, the second term in the definition
of N5 (z) contains the factor ||”* % instead of ||, which one would expect, in view of the as-
serted estimate (3.5). Later on we shall see that this discrepancy is necessary to ensure that Fs is a
contraction in the underlying function space.

7 Estimates

In this section, we collect estimates of H ¢ and Fs(z) with respect to the (semi-)norms introduced
above, which ensure that z — Fg(z) + Hg is a contractive self-mapping when we choose S suf-
ficiently large. We begin with the following elementary lemma, which explains the term 1 + S in the
definition of N%(2).

Lemma 7.1. Leta, S > 0. Ifz,y € R3 with |y| < 25, then

s(ax)

e*S(a(I*y)) < 64“ e 1+5 (7.1)

alz|

emale—ul < 20 o~ T (7.2)

Proof. For |y| < 25 we have s(ay)/(1+S) < 2aly|/(1+ 5) < 4a. Together with s(a(z —y)) >
s(ax) — s(ay), this implies

_sla(e—y)) s(az)  s(ay) staz) 4o

efs(a(xfy)) S e 115 S e 1+S e1+s S e 1+S e

Similarly, we have |y|/(1 +S) < 2, which implies

alz—y| alz|  aly| alz|

e~ alz—yl <e 15 < e TS elts <e 145 e

This completes the proof. O

We further employ the following lemma in order to estimate convolutions of functions with anisotropic
decay behavior.

Lemma 7.2. Let A € (2,00), B € [0,00) with A + min{1, B} > 3. Then there exists C' =
C(A, B) > 0 such that for all z € R? it holds

/Rg (L4 = y) (1 s = )] (W4 [y) 1+ () dy < O+ [a)) 7,

Proof. See [4], Theorem 5]. O

The next lemma treats convolutions of functions that are homogeneous in space.
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Lemma 7.3. Let A € (0,3), B € (0,00), @« € (0,00). Then there exists a constant C' =
C(A, B,«a) > 0 such that for all = € R? it holds

/3 o=y~ T 4y )P dy < C(L+ J2)) .
R

Proof. For x = 0 the integral is finite, so that it remains to consider = # 0. We split the integral into
two parts

I= / o~y A el 4 ) dy,
Bz /2()

I — / & — [~ e (1 4 [y))~B dy,
Blel/2(z)

which we estimate separately. On the one hand, since |z — y| < |z|/2implies |y| > |z|—|z — y| >
|z| /2, we have

B O e [ oyl e dy < Ot a7,
R3
where the integral is finite due to A < 3. On the other hand, we obtain

I, < C’e_o‘|x|/4/ ele=ul/2 gy < C el < C(1+ |z
R3

This completes the proof. O

Since our assumptions do not provide pointwise information on the body force f, we estimate the
convolutions of the fundamental solutions with f in a different way, which leads to the following lemma.

Lemma 7.4. There exists a constant C' > 0 such that for « € Ny, |a| < 1, we have

gl
DI+ Pf(x)| < Cfl=|(1+s(\2))] 2, (7.3)
| DY PLf(t, )| < Oz 71 (7.4)
| / Ved(z — ) A PF(y)dy| < Ol e 550, (7.5)
]R3
‘ Vo (t—s,x—1y) ANPLf(s,y)d(s, y)‘ < C’|x|79/2 e_2(13+§<‘)> ) (7.6)

TxR3
forallt € T and |x| > 2.5.
Proof. For |x| > 25, > 2|y| we have
(14 2XS0)(1 + As(z —y)) > 1+ As(x) + 2ASp — As(y) > 1+ As(x)

and |z — y| > |x| — |y| > |z|/2 > So. Therefore, and supp f C T x Bg, imply

DI« Pf(z)| < © / [l — (1 + As(z — )] T 1PF(y)] dy

Bs,

gCU:U](l—i—)\s(x))}_l_lg/ Pf(y)|dy,

Bs,
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which yields (7.3). Using Hélder's inequality in time and (4.7), for any ¢ € (1, c0) we obtain in a similar
way

q—1

q Ta 1/q
Der Pt < [ ( / |D3fi<s,x—y>|q-lds) ( / mﬂs,yn%s) dy

1/q
<c \x—yr?’"“'( / \ﬂf(s,y)|qd8) ay
T

Bs,

1/q
g0|x|3'a'( / / |Plf<s,y>|qudy) |
So

which shows (7-4). In virtue of the estimates (#.16) and (4.18) and Lemma|7.1}, for || > 25, > 2|y|
we further derive

Vo3(a—y)| < Clo =yl 7 e O < Cla| 2 w5,
—C3|z|

IVOY (- — y)luaery < Clo —y| ™ e Cale=ul2 < |72 72507

From these estimates we conclude (7.5) and (7.6) with the same argument as above. O

After these preparations, we show in the next two lemmas that the norm of H g in both Mg and N§
is bounded by a constant independent of S > 25,

Lemma 7.5. There exists a constant Cs > 0 such that for all S € [2.Sy, c0) we have
Ms(Hs) < Cs.
Proof. From the decay estimates of u and Vu from Theorem [6.1|we conclude

< C[(1+ |2))(1 + s(2)] ", (7.7)
< C(1+ |z])~92 (7.8)

s () Ao(u) ()
[xs(x) AL (u)(t, )

By Theorem [4.1]and Theorem these estimates and the formulas (6.19) and (6.20) together with
Lemma|7.4]imply

forallt € T and |x| > Sy. Collecting these, we arrive at the claimed estimate. O

Lemma 7.6. There exists a constant C; > 0 such that for all S’ € [2.Sy, c0) we have

NS (Hs) < Cr.

Proof. Atfirst, let z € R3 with |z| > 25. For |y| < 75/4 we have

v =yl =[] = |yl = [x] = 75/4 > |o| = 7[z[/8 = |x|/8 = §/4 = So/2.
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From and Lemma[7.1] we then conclude
Ve (x — )| < C(jz —y| > + |z — y| *s(A(& — y))1/?) e *Aemw)/2
<C(1+]e—y 21+ s\ —y))) ) e O/

s(Az)

<Cl1+]z—y) (1 +s(\z — )] eims |
In virtue of (6.21), and we thus obtain

eurl PHs(2)] < C / VéA (@ — )| [PF + xsAo(w)| (v) dy

Brs/a

< Oz e 10550
e / Ol = o) (U sl =)] [+ gD+ s()] " dy

for || > 25 > 45,. By estimating the remaining integral with the help of Lemmaand employing
(6.23), we deduce

_ s(Kz) 73/2
lcurl PHg(x)| < Ce™ 155 |z (7.9)
for |z| > 25.1f.S < |z| < 25, then Lemmal(7.5yields

cwrl PHs(2)| < C|VPHs(2)| < C[(L+]al) (1 + s(2)] " < Cla ™.

Since |z| < 25 implies s(Kz)/(1 4+ 5) < 2|Kz|/(1 4+ 5) < 4KS/(1 + S) < 4K, we have
1 < et e=s(K2)/(145) g0 that also holds for S < |z| < 2S.

Now let us turn to curl P, Hg. From (4.18) and (7.2), for |y| < 2.5 we conclude

Cgle—yl _ Calz|

V¢/\ t—s,x—y ds < (7:(:—3/_5/2e*fe*2(1+3)7
T L

so that (6.22), (7.6) and (7.8) lead to

lcurl P, Hs(t, z)| < C / (VoL (t — s, —y)| |PLf + xsAL(u)|(s,y) dsdy

B7S’/4

< C’x‘—g/Q 2<1+so) 1Ce” 2<1+5) / lz—y|” 5/2 —Csla— y\/2(1 + |y~ 9/2 dy.
The remaining integral can be estimated with Lemma|[7.3] Further using (6.23), we end up with

_ C3lel s(Kz) _
leurl PLHg(t, x)| < Ce 2049 |z % < Ce 1o |z| /2P
for |z| > S > 2S5y and t € T. A combination of this estimate with (7.9) finishes the proof. O
In the next two lemmas we provide appropriate estimates of Fg(z). Observe that, in contrast to Hg,

this term depends on the (unknown) function z. In order to eventually obtain a contraction for large S,
we factor out the term .S~¢ in the estimates.

Lemma 7.7. There exists a constant Cs > 0 such that for all S € [2Sy, 00) and all z1, zo € Mg we
have

Mg(Fs(21)) < CeS ™ Mg(21)?, (7.10)
Ms(FS(Z’l) — fs(Zg)) < CgSiE (Ms(zl) + Ms(ZQ))MS(Zl — 22). (7.11)
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Proof. For z € Mg we immediately deduce

(1= xs(2))Ao(2) ()] < OM(2)2(1 — xs(@))[(1+ |2)(1 + s(2))]
< OS™*Mg(2)(1 + |a|)"¥/2*5(1 + s(2)) ™52,
(1= xs(2)AL(2)(t, 2)] < CMs(2)*(1 — xs(@)(1+ |a|) "
< CS™*Mg(2)2(1 + |a|) /2

for |z| > S. By Theorem [4.1] and Theorem [4.2] from these estimates and the formulas (6.15) and
(6.16) we conclude

[PFs(2)(x)] < CS~Mg(2)2[(1 + |z])(1 + s(x))] ",
IVPFs(2)(x)] < OS~*Mg(2)?[(1 + |z)(1 + s(2))] %,
PLFs(2)(t, )] < CS™Mg(2)2(1 + |a]) 2,
IVPLFs(2)(t,z)| < CSMg(2)*(1 + |z|)~*.

Collecting these estimates, we obtain (7.10). The inequality (7.17) is proved in the same fashion. [

Lemma 7.8. There exists a constant Cy > 0 such that for all S € [2Sy, 00) and all z1, zo € N§ we
have

N§(Fs(z1)) < CoS™"Mg(21)Ng(21), (7.12)
NG(Fs(z1) — Fs(22)) < CoS™ (|21l + llz2llne) 121 — 22w (7.13)

Proof. For z € N5 we have

(Kz)

(1= xs(2)) Ao (2) ()| < OMs(2)NG(2)(1 = xs(@)) ]2 (1 + s(w)) e 15

s(Ka (7.14)
< O~ Ms(2IN5(2)|al ™75 (1 4 s(2)) ™ o 555,
(1= xs(2))AL(2)(t, 2)| < OMg(2)Ng(2)(1 — xs(x ))\xl 9/2 _ﬁ? »

< O~ My(2)N5 (a1 e 4%

for |x| > S. Exploiting the representation formula (6.17), we can employ (4.16) and (7-14) to estimate

|curl PFg(z)(x \<C/ Vo (z —y)| |(1 = xs(y))Ao(2)(y)| dy
< OS™*Mg(2)N5(2) (I + I2),

where

1 —s(Ey)

_ s(A\(z—y)) _
I ZZ/ o —y| e T |y (L 4 s(y) e T dy,
BSOBSO()

s(Ky)

—3/2 _sQ@-w) | _5/94e 1 -
Bim [ [l gl = )] e S L s() e
BSNBS0(z)

To give estimates of these integrals, we first note that by s(A(z — y)) > s(Ax) — s(Ay) and (6:23),
we have

Cs(AM@—y) _ s(Ky) s(Az) sQy)  s(Ky) _s(K=)
T e 118 < e 145 gI(ts) ¢ 115 < @ 149 (7.16)
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for all z, y € R3. On the one hand, exploiting this estimate and that |z — y| < Sy < |z|/2 implies
ly| > |z| — |z — y| > || — So > |x|/2, we conclude

s(Kx) _ _ s(Kw) —
I} <Ce 155 |z 5/HE/ v —y| Py < Cem i |2
Bs, ()

for x| > S > 2S,. On the other hand, due to and the fact that |y| > S > 2S5, implies
ly| > C(1 + |y|), we obtain

s(Kz) — _ € _
B et [t fe = ulste )] 0 D () dy
Rf}

< (Ce Sii{;) |;p|_3/2

by Lemma[7.2] From the estimates of /; and /5 we deduce

leurl PFs(2)(2)] < OS™Mg(2)N5(2) e 55 || /2.

Now let us turn to the purely periodic part P, Fg(z). From (with ¢ = 1 and v = 1/4) we
conclude

Vo (t—s,x—1y)|ds < Cg;_y*5/2e—03\w—y\'
g L

With formula (6.18) and estimate (7.15) we thus obtain

el PLFs()(0) < C [ [ VL = 5.0 = 0)] [ (1 = xs(n) A (). s

< O57*Ms(2)Ng(2) /BS =y /P sl 72 oYy,
By we have
R 2 < o5 @) o2 < e - ey
This yields

lcurl Py Fs(2)(t, z)|

< CS~Mg(2)Ng(z) e~ 55 / eyl oS -9 gy
R

Employing Lemma|[7.3|to estimate the remaining integral, we end up with

curl P, Fo(2)(t, )| < CSMg(2)N5(z) e 155 [o] /2,

In total, we have thus shown (7.12). Estimate (7.13) is derived in the same way. O

8 Conclusion of the proof

After the preparatory results from the previous section, we now prove the existence of a function
z € N§ satisfying the fixed-point equation

z = ./TS(Z) +Hs
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provided S > 25 is chosen sufficiently large. Afterwards, we show uniqueness of this fixed point in
the function class M. Since u|r,ps is another solution to this fixed-point equation and belongs to
M by Theorem we then conclude that z coincides with u|r,gs. This yields the decay rate of
the vorticity field asserted in Theorem up to a factor \x|_E for the purely periodic part. Returning
to the representation formula (6.11), we finally omit this factor and complete the proof of Theorem

To begin with, for S € [2.Sy, 00) consider the closed subset
BS = {Z € ./VE ’ HZHN§ < Cﬁ +C7—|- 1}
of the Banach space N&. Choose S; € [25, 00) so large that for all S' € [S1, 00) we have

(Cs + Cy)(Cs + C7 +1)257° < 1,

1
(Cs+Cy)(Ce+Cr4+1)S° < 1

Thus, we obtain the existence of a fixed point of z — Fs(2) + Hs.

Corollary 8.1. Forany S € [S}, o) there is a function zg € Bg with zg = Fs(zs) + Hs.

Proof. By the Lemmal7.5] Lemma|[7.6] Lemmal7.7]and Lemma7.8|and the choice of S, the mapping
Fs: By —>Bs, F5<Z) = f5(2)+7‘[s

is a well-defined contractive self-mapping for any S > S;. The contraction mapping principle thus
implies the existence of the asserted fixed point zg € Bg of F. O

Next we show that zg coincides with u|p s for S sufficiently large. This yields pointwise estimates of
Uu.

Lemma 8.2. There exists Sy € [S1, 00) such that for all S € [S,, 00) we have
_ s(Kz)
lcurl Pu(x)| < (Cs + Cr + 1) |z 3/2 o155 ,

s(Kx)

lcurl PLu(t, )| < (Co + Cr + 1)|x| /2= e 155

forallt € T andx € BS.

Proof. For S > 25, we set Ug := u|r,ps. By Theorem[6.1]lwe know Us € Mg with Mg(U) < Cs,
and by (6.12) we have Us = Fs(Us) + Hg forany S > 2S,. Now let S > S; and let zg € Bg be
the function from Corollary [8.1] Then Lemma|[7.7]implies

MS<ZS — US) = Ms<./_"5(25) — fs(Ug)) S Cgsiz_:(l\/[s(Zs) + MS(US))MS(ZS — Us)
S Cgsif_:((jﬁ + 07 + 1+ CQ)MS(ZS - Us)

Choosing Sy € [S, 00) such that for all S’ € [S5, 00) we have

Cs(Co+ Cr+1+Co)S™ <

Y

DO | —

we conclude Mg(zs — Ug) < Mg(zs — Ug)/2 and hence Mg (zg — Ug) = O forall S € [Sa, 00).
This implies zg = Ug = u|r«ps. In particular, we have Ng(u|ryps) = N5(zs) < Cs + C7 + 1 for
all S € [S,, 00). This completes the proof. O
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Another application of the convolution formula (6.11) enables us to omit the term ¢ in the estimate of
curl P u, which yields the estimates from Theorem|3.2]in the case (2 = R3.

Theorem 8.3. Let A > 0 and let f € LY(T x R3)? forall ¢ € (1,00) have bounded support. Let
u be a weak time-periodic solution to in the sense of Definition[3.1, which satisfies (3.3). Then
there exist constants C, > 0 and a = a(\, T) > 0 such that the estimates and hold for
all (t,z) € T x R>.

Proof. We decompose u = v+w into steady-state part v := Pu and purely periodic part w := P u.
Since curl u is bounded by Theorem|[6.1] Lemma|8.2]implies

lcurlv(z)| < C(1 + |z|) =32 e72s@),

(8.1)
lcurlw(t, z)| < C(1 + |z]) "%/t e

forall (t,7) € T x R3, where a = (1 + S3) ' K. In particular, this implies (3.4), and for (3.5) it
remains to remove ¢ in the second inequality. Due to Theorem the estimates (8.1) further yield

|curlv(y) A w(s,y) + curlw(s, y) A v(y) + Poleurlw A w](s,y)| < C(1+ ly|) %2 emsw)

forall (t,z) € T x R3. Moreover, by Theorem [4.4| we have
/ VL (t— 5,2 —y)|ds < Clw —y| el
T
Using these estimates and in the representation formula (6.11), we conclude
_ _Calz| _
lcurlw(t, z)| < Clz| ™/ e 20F50 +C’/ |z — y| P2 e CBlevl(1 4 |y|) 2 e gy,
R3

Due to 2s(K ) < Cj|z|, we have

s(Ky) _ s(Kx)
> —
1485, — 145, as(z),

1
5Ol =yl +as(Ay) 2 s(K(z —y)) +
and we obtain
lcurlw(t, z)| < C(1 + |z]|) 2 e @

0ot [ ooy PRI gy dy,
R3

where we used (6.23). We estimate the remaining integral with Lemma|[7.3] which leads to (3.5) and
completes the proof. O

Finally, we employ a classical cut-off argument to extend the result to an exterior domain and to finish
the proof of Theorem

Proof of Theorem[3.2 First of all, Lemma [5.2] implies the existence of a pressure field p such that
(u, p) is a strong solution to (1.1) satisfying (5.5)—(5.7). Fix radii R > r > 0 such that 92 C B, and

let y € C>(IR?) be a cut-off function such that x(z) = 0 for |z| < r and x(x) = 1 for |x| > R. By
the divergence theorem, div . = 0 and (3.2), we have

/ u-dea::/ div(u(x—l))dxz—/ u-ndS =0.
B, g Br o9
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Therefore, there exists a function V with V'€ Wh24(T x R?)3 for all ¢ € (1, 00) and supp V' C
T x B, g such that divV = u - Vx; see [12, Section 111.3] for example. We define U := yu — V'
and ‘P := xp. Then U € L"(T x R3) for some r € (5, 00) and U is a weak solution to

U —AU = XU +U-VU+VP=F inT x R?,
divU=0 inT x R3, (8.2)
lim U(t,z) =0 forteT,

|z|—o0

in the sense of Definition [3.1] where F' € L¢(T x R?)? for all ¢ € (1,00), and supp F is compact.
Now the assertion follows from Theorem|[8.3|and the identity U (¢, z) = u(¢, z) for |z| > R. O
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