ENERGETIC SYSTEMS AND GLOBAL ATTRACTORS FOR THE 3D NAVIER{STOKES EQUATIONS

VADIM G. BONDAREVSKY Isaac Newton Institute for Mathematical Sciences University of Cambridge, Cambridge CB3 0EH, U.K.

e-mail address: teplitz@aol.com

SEPTEMBER 20, 1996

Keywords: Evolutionary equations, uniqueness and global regularity problem, long–time behaviour.

1991 Mathematics Subject Classification: 35Q30, 47H20, 34C35, 58F39, 76F20

1 INTRODUCTION

The problem of uniqueness and global regularity of solutions of the 3–dimensional Navier– Stokes equations (3D NSE) ∂u ∂t − νΔu + (u · ∇)u + ∇p = f, (1.1) ∇ · u = 0, (1.2) u(x, t) = 0, x ∈ ∂Ω, t ≥ 0, (1.3) u(x, 0) = u_0(x), x ∈ Ω ⊂ R^3, (1.4)

is one of the central open issues in Fluid Mechanics [1]–[3] and Partial Differential Equations [4], [5]. The fundamental unsolved question is whether or not solutions of 3D NSE develop singularities and non-uniqueness. Recall that the classical Leray–Hopf small– data–regularity theorem [6]–[8], [9] states that, for a given smooth domain Ω ⊂ R^3 and a given viscosity ν > 0, there exists a small bounded set of data (u_0, f) ∈ V × L^∞(0, ∞; H) generating unique solutions u ∈ C([0, ∞); V )∩L^∞(0, ∞; V )∩L^2_{loc}(0, ∞; V^2) of 3D NSE, — such solutions are called globally regular Leray–Hopf solutions. (Here and below, H denotes the space of divergence–free L^2(Ω)–vector fields satisfying prescribed boundary conditions, while V and V^2 stand for the subspaces of H consisting of H^1(Ω)–vector fields and H^2(Ω)– vector fields, respectively.) The importance of this theorem is that it is the first result which yields an example of a linear space X × Y such that an explicit construction of data (u_0, f) ∈ X × Y generating solutions u = u(x, t), uniquely defined and bounded in the norm of X for all times t ∈ [0, ∞), can be given without any further a priori assumptions on the solutions and/or the domain Ω ⊂ R^3. In particular, it follows from the Leray–Hopf small–data–regularity theorem that, for a fixed small force f ∈ H, 3D NSE generate a dynamical system^1 on a small bounded subset of the space V . Later on,

1Recall [10]–[14] that a dynamical system S, or semigroup, or semiflow, on a subset M of a complete metric space W is a mapping σ : [0, ∞) × M → M, (t, w) → S(t)w ∈ M, such that the folowing three properties hold: 1) S(0)w = w, for all w ∈ M; 2) S(t)S(s)w = S(t + s)w, for all w ∈ M, s, t ∈ [0, ∞); 3) the mapping σ : (0, ∞) × M → M is continuous.

numerous results parallel to the Leray–Hopf small–data–regularity theorem were obtained for other spaces X × Y and/or for other classes of domains Ω ⊂ R^3 (see, e.g., [15]–[27]). A general feature of all these results is that they yield bounded sets of data (u_0, f) ∈ X × Y generating solutions u = u(x, t) uniquely defined and bounded in the norm of the space X for all times t ∈ [0, ∞), — such solutions are called globally X–regular (in particular, globally regular Leray–Hopf solutions are globally V –regular). As a result, 3D NSE were known to generate a dynamical system only on some bounded subsets of the corresponding spaces X. Recently, under precisely the same hypotheses that are used in the Leray–Hopf small–data–regularity theorem, a large unbounded open star–shaped set of data (u_0, f) ∈ V × L^∞(0, ∞; H) generating unique globally regular Leray–Hopf solutions has been constructed in [28]–[29] by using a new general method of finding large sets of data generating global solutions to nonlinear evolutionary equations (in the case of 3D NSE, the method can also be adapted to other spaces X × Y and/or other classes of domains Ω ⊂ R^3). The construction of this unbounded open star–shaped set allows to conclude that, for a fixed small force f ∈ H, 3D NSE generate a dynamical system on a large unbounded open star–shaped subset of V , and the existence of the compact global attractor A ⊂ V of this dynamical system has been proven in [29]–[30]. Since a motivation for the introduction of the notion of a global attractor in the dynamical systems theory is to describe long–time behaviour of solutions of evolutionary equations (see, e.g., [10]–[14]), one can say that the long–time behaviour of solutions generated by the large unbounded open star–shaped set of initial functions u_0 ∈ V has been shown to be described by a small, compact, set A ⊂ V .

An important for applications question is whether or not there exists a linear space (not just a subset of a linear space!) X of initial functions u_0 generating global in time solutions u = u(t, x), t ∈ [0, ∞), long–time behaviour of which can be described by a compact set A ⊂ X. This question was left open. The reason for the difficulty in resolving this question is that the uniqueness and global regularity problem is not solved yet. Because no linear space X of initial functions u_0 = u_0(x), x ∈ Ω ⊂ R^3, generating unique globally X–regular solutions u = u(x, t), t ∈ [0, ∞), is known to exist even for small forces, it is not known whether there exists a linear space X of initial functions for which 3D NSE define a dynamical system on X. As a result, methods and concepts of the dynamical systems theory cannot be directly applied to 3D NSE in an effective way. In particular, the notion of a global attractor, used for description of long–time behaviour of solutions of evolutionary equations generating dynamical systems, is not applicable to viscous incompressible fluids and all established results about global attractors are conditional in the sense that they assume a priori, without justification, that 3D NSE do generate a dynamical system on a hypothetical linear space X of initial functions (usually, the space V is taken for the hypothetical space X); see Sections 9.1 and 9.3 of [3], also [4], [14].

A purpose of the present paper is to address the above question and to establish unconditional results about global attractors for 3D NSE by bypassing the problem of uniqueness and global regularity. In particular, we show that, for a large set of “good”forces, the problem of uniqueness and global regularity is irrelevant for the long–time description of viscous incompressible fluids. In fact, we establish that, for any fixed force f ∈ H belonging to some large unbounded open star–shaped set, 3D NSE possess the compact global attractor A ⊂ H of finite Hausdorff dimension regardless of whether or not solutions of 3D NSE develop singularities and loose uniqueness. However, since the uniqueness and global regularity problem is not solved yet, we cannot talk about a dynamical system generated by 3D NSE on X = H; hence, in this situation, we cannot talk about global attractors in the framework of the dynamical systems theory. Therefore, the first issue we need to resolve is to find an appropriate substitution for the notion of a dynamical system so that to incorporate 3D NSE into the new notion. Second, we need to ensure that the concept of a (global) attractor makes sense for the new notion. Only after having properly generalized the basic concepts of the dynamical systems theory and developed the theory of the new notions, are we eligible to apply them to 3D NSE. The criterion according to which we have to choose the substitution for the concept of a dynamical system is that the new notion should satisfy two opposite requirements:

1) it must be general enough; in particular, it must incorporate 3D NSE with initial functions u_0 = u_0(x) forming a linear space (not just a subset of a linear space);

2) it must not be too general; in particular, it should not loose essential properties of 3D NSE and the theory based on the new notion must be rich enough to allow existence of the compact global attractor of finite Hausdorff dimension for 3D NSE with initial functions u_0 = u_0(x) forming a linear space.

Because of these two opposite requirements, many candidates for the desirable generalization of the notion of a dynamical system do not work. For example, the notion of a multi–valued semigroup^2 (set–valued, or multi–valued, mapping) [31]–[33] certainly could satisfy the requirement 1), but it does not satisfy 2) because it looses some essential properties of 3D NSE (see Remark 3.1 below).

We propose the notion of an energetic system, defined in Section 2, as a suitable candidate for the generalization. This notion is capable of both incorporating 3D NSE and adequate modelling of properties of 3D NSE. The idea behind the notion of an energetic system is to define and study such a set–valued mapping σ on a metric space X that, while σ is not a dynamical system, its restriction on any bounded set K ⊂ X “becomes”a dynamical system in a finite time t_K depending only on K. It is this property of becoming a dynamical system in finite time on any bounded set that is lost by the theory of multi– valued semigroups when applied to 3D NSE. We develop the theory of energetic systems in Section 2. Then, in Section 3, we apply this theory to 3D NSE. In particular, we show that, for a large set of “good”forces f ∈ H, 3D NSE do generate an energetic system on the space H. This allows us to ask whether 3D NSE possess the global attractor on H. Theorem 3.2 below answers this question by stating that, for “good”forces f ∈ H, the energetic system generated by 3D NSE possesses the compact global attractor A ⊂ H of finite Hausdorff dimension. We emphasize that, for any value of viscosity ν > 0 and for any smooth bounded domain Ω ⊂ R^3, the set of “good”forces is open and star–shaped in H and it includes forces of arbitrarily large magnitudes ||f||. (Here and throughout the paper, || · || denotes the norm in H.) In Section 4, we consider the problem of finding a maximal dynamical subsystem (see definition below) of the energetic system generated by 3D NSE. In the case of periodic boundary conditions on a thin domain Ω_ϵ = (0, l_1) × (0, l_2) × (0, ϵ) ⊂ R^3, 0 < ϵ ≤ l_2 ≤ l_1 < ∞, we strengthen a result of Section 3, which describes an unbounded open star–shaped dynamical subsystem of the energetic system generated by 3D NSE on a general bounded smooth domain Ω ⊂ R^3 under the assumption that f ∈ H is small. Namely, a corollary from Theorem 4.1 below states that if the domain Ω_ϵ ⊂ R^3 is thin then even for large forces f ∈ H belonging to some open convex neighborhood of zero in H, there exists a dynamical subsystem S_ϵ defined on a set

2Recall (see, e.g., [31], [32]) that a multi–valued semigroup on a Banach space E is a family {St}t≥0 of multi–valued operators St : E → E such that St+sx ⊂ StSsx, or even St+sx = StSsx, for all x ∈ E and all t, s ∈ [0, ∞). Here StK = ∪x∈K Stx, for all K ⊂ E.

M_ϵ ⊂ H containing an unbounded open star–shaped neighborhood U_ϵ ⊂ V of the origin. Theorem 4.2 yields an explicit construction of U_ϵ. Then, in the case of a bounded smooth domain Ω ⊂ R^3, we establish a necessary condition for a weak Leray–Hopf solution to be a globally regular one. Because of the space limitation, we only state main results; detailed proofs will appear elsewhere.

2 ELEMENTS OF THE ENERGETIC SYSTEMS THEORY

In this section, we introduce basic definitions and outline elements of the theory of energetic systems.

DEFINITION 2.1. We will say that a set–valued mapping σ : [0, ∞) × X → 2^X , (t, x) → S^∗(t)x ∈ 2^X , on a complete metric space X is an energetic system S^∗ on X if the following properties are satisfied:

1) S^∗(0)x = x, for all x ∈ X;

2) for any bounded set K ⊂ X, there exists a time t_K ∈ [0, ∞) such that, for all x ∈ S^∗(t_K)K and all s, t ∈ [0, ∞), one has

S^∗(t)x ∈ X and S^∗(s)S^∗(t)x = S^∗(s + t)x and S^∗(t + t_K)K = S^∗(t)S^∗(t_K)K

and the restricted mapping σ : (0, ∞) × S^∗(t_K)K → X is continuous. Here and below, 2^X is the set of non–empty subsets of X and S^∗(t)M := ∪_{x∈M} S^∗(t)x, for any M ⊂ X, t ∈ [0, ∞). The time t_K will be called the transition time for the set K. Clearly, if t_K is a transition time for K then any t > t_K is so. From now on, we will always assume that S^∗ denotes an energetic system with a fixed choice of t_K, for any bounded set K ⊂ X.

If N ⊂ X then we will denote the restricted mapping σ : [0, ∞) × N → 2^X by S^∗_N and call it the restriction of S^∗ onto N. It can happen that, for some set M ⊂ X, the restriction S = S^∗_M of S^∗ onto M is a dynamical system; in this case we call this restriction the dynamical subsystem of S^∗ defined on the set M and we write S < S^∗.

Clearly, every dynamical system is an energetic system with t_K = 0, for any bounded set K ⊂ X. DEFINITION 2.2. A set L ⊂ X is a gate for S^∗ if any bounded set K ⊂ X passes through L, i.e. there exists a time t^∗ = t^∗(K) ≥ t_K such that S^∗(t^∗)K ⊂ L.

Note that, in contrast to the dynamical systems theory concept of an absorbing set (which has a natural generalization to the case of energetic systems), Definition 2.2 does not require that S^∗(t)K ⊂ L for t > t^∗(K).

A useful property of the notion of an energetic system is that many fundamental concepts of the dynamical systems theory have straightforward generalizations in the framework of the energetic systems theory. For example, we have the following generalizations of the notions of an attractor and global attractor.

DEFINITION 2.3. A non-empty set A ⊂ X is an attractor of S^∗ if:

1) A is an invariant set, i.e. S^∗(t)A = A, t ≥ 0, and

2) there exists an open neighborhood N ⊂ X of A such that, for every x ∈ N , one has dist(S^∗(t)x, A)^{def}= sup_{y∈S∗(t)x} inf_{z∈A} d_X (y, z) → 0 as t → ∞, where d_X is the distance function in X. The largest such neighborhood N is called the basin of attraction of A and is denoted by B(A).

DEFINITION 2.4. An attractor A ⊂ X of S^∗ is global if A uniformly attracts all bounded sets of X, i.e. for any bounded set K ⊂ X one has dist(S^∗(t)K, A) → 0 as t → ∞.

EXAMPLE 2.1. Let X = R. Define a set–valued mapping S^∗ as follows.

S^∗(t)x_0 := e^{−2t}x_0, if x_0 ∈ [−1, 1], t ∈ [0, ∞), e^{−2t}x_0, if x_0 ∈ (1, ∞), t ∈ [0, 1), e^{−2(t−1)} {χ_1, χ_2} , if x_0 ∈ (1, ∞), t ∈ [1, ∞), x_0 + t, if x_0 ∈ (−∞, −1), t ∈ [0, −1 − x_0], −e^{−2(t+1+x0)}, if x_0 ∈ (−∞, −1), t ∈ [−1 − x_0, ∞), where χ_1 = e^{−2}x_0 +^1_{2e2} , χ_2 = e^{−2}x_0 −^1_{2e2} . Then S^∗ is an energetic system on X = R. Note that S^∗ is not a dynamical system on R. For any a ∈ (0, 1), the restriction S^∗_{(−a,a)} is a dynamical subsystem of S^∗. For any bounded set K ⊂ (1, ∞), the minimal transition time is t_K = 1 +^1_2 ln(e^{−2}x^∗ +^1_{2e2} ), where x^∗ = sup_{x∈K} x. For any bounded set K ⊂ (−∞, −1), any time t > −1 − x_∗ is a transition time for K, where x_∗ = inf_{x∈K} x. Despite the fact that S^∗ is not a dynamical system on R, the global attractor for S^∗ exists. In fact, the set {0} is the global attractor.

It is worthwhile to notice that, in general, if S is a dynamical system possessing a (global) attractor A and, for some energetic system S^∗, one has S < S^∗ then A may not be an attractor of S^∗ (see Example 2.2 below, which shows that this can occur even if S^∗ is a dynamical system). On the other hand, if an energetic system S^∗ has the global attractor A and S^∗ happens to be a dynamical system then A is the global attractor of S^∗ considered as a dynamical system.

EXAMPLE 2.2. Let X = R^2. Let S^∗(t)x^0 = x(t; x_0), t ∈ [0, ∞), x^0 ∈ R^2, where x(·; x^0) = (x_1(·), x_2(·)) is the solution of the system of ordinary differential equations

ẋ_1 = −x_1 (2.1) ẋ_2 = x_2 (2.2)

with initial condition x(0) = x^0. Then S^∗ is an energetic system on R^2 which is a dynamical system. The restriction S = S^∗_M , where M = {x ∈ R^2 : x_2 = 0}, is a dynamical subsystem of S^∗ possessing the global attractor A = {0}. However, A is not an attractor of S^∗.

The following general result gives a sufficient condition for an energetic system to possess the global attractor. In the next section, it will be used in a specific situation.

THEOREM 2.1. Let S^∗ be an energetic system on X. Assume there exist a gate L ⊂ X and a dynamical subsystem S < S^∗ defined on a set N ⊂ X such that L ⊂ N. If the dynamical subsystem S < S^∗ has an attractor A ⊂ N uniformly attracting L then A is the global attractor of the energetic system S^∗.

We note that the set–theoretic relation of inclusion induces a partial order in the set of dynamical subsystems of a given energetic system. An interesting intrinsic problem of the theory of energetic systems is the following one.

PROBLEM. Given an energetic system S^∗ on X, find its maximal dynamical subsystem S < S^∗, that is a set N ⊂ X such that S^∗_N is a dynamical system, but no other set containing N possesses this property.

EXAMPLE 2.3. In the example 2.1 above, S^∗_{[−1,1]} is the unique maximal dynamical subsystem of S^∗.

3 APPLICATIONS OF THE ENERGETIC SYSTEMS THEORY: GLOBAL ATTRACTOR OF FINITE HAUSDORFF DIMENSION FOR 3D NSE

In this section, we apply the theory of energetic systems to 3D NSE and we establish the existence of the compact global attractor A ⊂ H. We remark that the existence of a (local) attractor A ⊂ V with the small bounded basin B(A) ⊂ V follows from classical works of Leray [6]–[8] and Hopf [9]. By restricting the class of domains Ω ⊂ R^3 to the special case of thin domains Ω_ϵ = (0, l_1) × (0, l_2) × (0, ϵ) ⊂ R^3, 0 < ϵ ≤ l_2 ≤ l_1 < ∞, this result was improved by Raugel and Sell in [22]–[24]; however, their method cannot be generalized to non–thin domains Ω ⊂ R^3 because it is based on a perturbation argument with respect to the small parameter ϵ > 0. Without the thinness assumption, the existence of a compact attractor A ⊂ V with the large unbounded basin B(A) ⊂ V was established in [29]–[30]. Because the uniqueness and global regularity problem is not solved in the space V (as well as in any linear space of initial functions u_0!), there is no linear space X of initial functions for which 3D NSE are known to generate a dynamical system on X. Therefore, there is no linear space X of initial functions for which we are eligible to talk about global attractors of 3D NSE in the framework of the dynamical systems theory (note that the spaces W_{LH} and W constructed by Sell in [13] cannot be taken as linear spaces of initial functions u_0 = u_0(x) because both W and W_{LH} contain functions depending on time t and, moreover, no linear space of functions u = u_0(x) independent of time is contained in W or W_{LH} ). We emphasize that for the applications (see, e.g., [34], [35]) it is important to know if there exists a linear space X of initial functions u_0 = u_0(x) such that the long– time behaviour of solutions of 3D NSE can be described by a compact set in X of finite Hausdorff dimension. Because of the above difficulties of the dynamical systems theory, neither such space X nor the desired compact set in X are known to exist even in the case of small forces f. Theorem 3.2 below gives the answer to this question in the case of arbitrarily large forces f belonging to some special unbounded open star–shaped set F sitting in the space Y = H. Before we formulate Theorem 3.2, we state Theorem 3.1 which makes us eligible to talk about global attractors for 3D NSE in the framework of the energetic systems theory. More precisely, Theorem 3.1 below describes an energetic system on H generated by 3D NSE.

We need some notation. Given a metric space Y , we let B_Y (0, a) denote the open ball {y ∈ Y : d_Y (0, y) < a} of radius a > 0. Given a self-adjoint operator A = ∫ ∞ −∞ λ dE_λ in a

Hilbert space and a number r > 0, we let L_r(A) denote the projection defined by

L_r(A)^{def}= ∫ δr dE_λ, δ_r^{def}= [−r, r]. If A is the Stokes operator A = −P Δ, where P : L^2(Ω) → H is the orthogonal projection,

then we write L_r for L_r(A) and we denote the first eigenvalue of A by λ_1. Recall [4]–[5] that, in the case of the Dirichlet non–slip boundary conditions (1.3) on a smooth bounded domain Ω ⊂ R^3, one has H = Cl_L2_{(Ω)}{u ∈ C^∞_0 (Ω) : ∇ · u = 0}, V = Cl_H1_{(Ω)}{u ∈ C^∞_0 (Ω) : ∇ · u = 0}, V^2 = Cl_H2_{(Ω)}{u ∈ C^∞_0 (Ω) : ∇ · u = 0}, and 3D NSE (1.1)–(1.4) can be rewritten in the equivalent form of the evolutionary equation u^′ + νAu + B(u, u) = f, (3.1) u(0) = u_0 (3.2)

on the space H, where B(u, v)^{def}= P (u · ∇)v.

Given f ∈ H, we let S^∗(t)u_0 ⊂ 2^H denote the set of values of all weak Leray–Hopf solutions at time t ≥ 0, which are generated by the initial function u_0 ∈ H (these values are well–defined since weak Leray–Hopf solutions belong to the space C_w(0, ∞; H); cf. remark after Definition 8.5 on p. 71 of [4] or remark after the statement of Problem 2.1 in Section 2 of [5]). Let p and s be arbitrary positive numbers such that p < 3/16 and s < 3/4. THEOREM 3.1. For any 3-dimensional bounded smooth domain Ω ⊂ R^3 and any viscosity ν > 0, let α > 0, β > 0, and r_0(ν, Ω, α, β, p, s) > 0 be as in Theorem 1 of [29] and satisfy ν^{−2}(λ^{−1}_1 + 1)β < α/2. Let r ≥ r_0(ν, Ω, α, β, p, s) be so large that r^{s−1} < β. Let f ∈ F_r, where F_r^{def}= {f ∈ H : ||L_rf||^2 < β and ||(I − L_r)f||^2 < r^s}. Then S^∗ is an energetic system on H possessing a dynamical subsystem S < S^∗ defined on a set M_r ⊂ H containing an open convex set U_r ⊂ V of radius r^{p/2}. If ||f||^2 < β then S is defined on a set M ⊂ H containing the large, unbounded open star–shaped, set U ⊂ V given by U = ∪_{r≥r0} U_r. In either case, the ball B_V (0, √ α) ⊂ U_r ⊂ U is a gate for S^∗, and any bounded set K ⊂ H passes through B_V (0, √ α) no later than the moment t = 2(να)^{−1}a^2, where a > 0 is such that K ⊂ B_H (0, a); in particular, t_K ≤ 2(να)^{−1} sup{||u_0||^2 : u_0 ∈ K}. Moreover, for any u_0 ∈ H, there exists t_{u0} < 2(να)^{−1}||u_0||^2 such that S^∗(t_{u0} )u_0 ⊂ B_V (0, √ α). Furthermore, the dynamical subsystem S^∗_{M∩V} < S^∗ is generated by strong solutions of 3D NSE, that is, for any u_0 ∈ M ∩ V , S^∗_{M∩V} (t)u_0 ∈ V is the value of the unique globally regular Leray–Hopf solution at time t ≥ 0, generated by u_0.

COROLLARY. For any force f belonging to the unbounded open star–shaped set F ⊂ H given by F^{def}= ⋃ r≥r0 F_r, 3D NSE generate an energetic system on H.

REMARK 3.1. The fact that 3D NSE generate an energetic system on the linear space H of initial functions u_0 = u_0(x) refers, in particular, to the property 2) of Definition 2.1.

Note that this property would be lost by saying that 3D NSE generate a multi–valued semigroup (set–valued mapping).

Proof of Theorem 3.1 follows from the properties of the set Q = Q_{(α,β,p,s)} constructed in [29]. Here, we will show only that the ball B_V (0, √ α) is a gate for S^∗. Indeed, consider the energy inequality 1 2 d dt ||u(t)||^2 + ν||A^{12} u(t)||^2 ≤ |⟨f, u(t)⟩|, satisfied by all weak Leray–Hopf solutions (see, e.g., Remark 3.3 in [5]). An application of the Young inequality to the term |⟨f, u(t)⟩| = |⟨A^{− 1}2 f, A^12 u(t)⟩| and subsequent integration of the obtained inequality yield ν ∫ t 0 ||A^{12} u||^2ds ≤ ||u_0||^2 + 1 ν ||A^{− 12} f||^2t. By applying the projection L_r and using the Poincaré inequality ||A^{− 1}2 L_rf||^2 ≤ λ^{−1}_1 ||L_rf||^2 and the inequality ||A^{− 1}2 (I − L_r)f||^2 ≤ r^{−1}||(I − L_r)f||^2, we obtain that ν ∫ t 0 ||A^{12} u||^2ds ≤ ||u_0||^2 + 1 ν ( λ^{−1}_1 ||L_rf||^2 + r^{−1}||(I − L_r)f||^2 ) t, which yields, according to our choice of α, β, r, and f, the following estimate ν ∫ t 0 ||A^{12} u||^2ds < ||u_0||^2 + 1 ν ( λ^{−1}_1 β + r^{−1}r^s ) t < ||u_0||^2 + 1 2 ναt. Therefore, for T =^{2||u0||2}_{να} , we obtain 1 T ∫ T 0 ||A^{12} u||^2ds < α, which implies the existence of t_0 ∈ [0, T ) such that ||A^12 u(t_0)||^2 = ||u(t_0)||^2_V < α. QED.

Now, having established that 3D NSE generate an energetic system on H, we are eligible to raise the issue about existence of the global attractor in H for 3D NSE. By using Theorem 2.1, we obtain the following result.

THEOREM 3.2. For any bounded smooth domain Ω ⊂ R^3 and any viscosity ν > 0, let α, β satisfy assumptions of Theorem 3.1. Let f ∈ F. Then the energetic system S^∗ constructed in Theorem 3.1 possesses the compact global attractor A ⊂ H. Moreover, A is compact in V , bounded in V^2 = D(A), and has finite Hausdorff dimension both in H and in V .

4 LOOKING FOR A MAXIMAL DYNAMICAL SUBSYSTEM

In this section, we address the problem of finding a maximal dynamical subsystem of the energetic system S^∗ generated by 3D NSE. From the previous section, we already know that, in the case of a small force f ∈ H, the energetic system generated by 3D NSE supplemented with the Dirichlet boundary conditions on an arbitrary smooth bounded domain Ω ⊂ R^3 possesses a dynamical subsystem S = S^∗_M defined on a set M ⊂ H containing the large unbounded open star–shaped neighborhood U ⊂ V of the origin. Here, in subsection 4.1, we show that if the 3–dimensional domain Ω = Ω_ϵ is thin (i.e. the height of the domain is a small number ϵ > 0) and boundary conditions are periodic, then even for large forces f ∈ H forming an open convex neighborhood of the zero in H , S^∗ possesses the dynamical subsystem defined on a set M_ϵ ⊂ H containing a large unbounded open star–shaped neighborhood U_ϵ ⊂ V of the origin. This result follows from Theorem 4.1 below, while Theorem 4.2 provides information allowing one to construct the neighborhood U_ϵ explicitly.

Since the problem of finding a maximal dynamical subsystem of the energetic system generated by 3D NSE is closely related to the global regularity problem for 3D NSE, we are interested in necessary conditions for a weak Leray–Hopf solution to be globally regular. One such condition is given in subsection 4.2 (Theorem 4.3).

4.1 3D NSE on thin domains

Given a set K ⊂ V × L^∞(0, ∞; H), we will say that K generates globally regular Leray– Hopf solutions if, for any (u_0, f) ∈ K, 3D NSE (3.1)–(3.2) possess a (unique) globally regular Leray–Hopf solution.

In the case of a domain Ω_ϵ = (0, l_1) × (0, l_2) × (0, ϵ) ⊂ R^3, 0 < ϵ ≤ l_2 ≤ l_1 < ∞, with a sufficiently small height ϵ > 0, it was shown [22]–[24] by using a perturbation argument with respect to the parameter ϵ > 0 that, for 3D NSE with periodic boundary conditions on Ω_ϵ, there exists a bounded set R(ϵ) × S(ϵ) ⊂ V × L^∞(0, ∞; H) generating globally regular Leray–Hopf solutions and such that the radius of R(ϵ) × S(ϵ) in V × L^∞(0, ∞; H) is proportional to ϵ^{−s}, where 0 < s <^1_2 is some number. By combining the perturbation method of [22]–[24] with the method [29] of finding large sets of data generating global solutions to nonlinear evolutionary equations, one can show that, under the same hypotheses that are used in [22]–[24], there exists an unbounded open star– shaped set generating globally regular Leray–Hopf solutions and containing R(ϵ) × S(ϵ). In particular, the following theorem holds.

THEOREM 4.1. For any viscosity ν > 0 and any sufficiently thin domain Ω_ϵ = (0, l_1) × (0, l_2) × (0, ϵ) ⊂ R^3, 0 < ϵ ≤ l_2 ≤ l_1 < ∞, there exists a large unbounded star-shaped set Q(ϵ) ⊂ V × L^∞(0, ∞; H) generating unique globally regular Leray–Hopf solutions to 3D NSE supplemented with periodic boundary conditions on Ω_ϵ. Moreover, R(ϵ) × S(ϵ) ⊂ Q(ϵ) and Q(ϵ) = ⋃ p2<0 Q_{p2} (ϵ), where, for each p_2 < 0, Q_{p2} ⊂ V × L^∞(0, ∞; H) is a convex set equal to the closure of its own interior. Furthermore, for any f ∈ S(ϵ), the f–section U(ϵ) = {u_0 : (u_0, f) ∈ Q(ϵ)} of Q(ϵ) is a large unbounded star–shaped set in V which is independent of f, contains R(ϵ), and is represented by U(ϵ) = ⋃ p2<0 U_{p2} (ϵ), where, for each p_2 < 0, U_{p2} (ϵ) ⊂ V is a convex neighborhood of zero, coinciding with the closure of its own interior.

COROLLARY. Let ν > 0 and Ω_ϵ = (0, l_1) × (0, l_2) × (0, ϵ) ⊂ R^3 be sufficiently thin. For any f ∈ S(ϵ) ∩ H, the energetic system S^∗ generated by 3D NSE on Ω_ϵ possesses a dynamical subsystem S^∗_{Mϵ} defined on a set M_ϵ ⊂ H containing a large unbounded open star–shaped neighborhood U_ϵ ⊂ V of the origin. The dynamical subsystem S^∗_{Mϵ∩V} is generated by strong solutions of 3D NSE.

REMARK. The set S(ϵ)∩H is a convex bounded neighborhood of the origin in H coinciding with the closure of its own interior and the radius of the set S(ϵ) ∩ H in H increases unboundedly as ϵ → 0, cf. [22]–[24]. In particular, for small ϵ > 0, S(ϵ) ∩ H contains forces f of large magnitudes ||f||.

The construction of the sets Q_{p2} (ϵ) and U_{p2} (ϵ), p_2 < 0, is given in Theorem 4.2 below. To formulate this theorem, we need more notation.

Let Q_3 = (0, l_1) × (0, l_2) × (0, 1) ⊂ R^3. The dilation (x_1, x_2, x_3) → (x_1, x_2, ϵx_3), (x_1, x_2, x_3) ∈ Q_3 induces the bijective linear map J_ϵ between the set of measurable functions on Q_3 and the set of measurable functions on Ω_ϵ, which is given by J_ϵu(y_1, y_2, y_3) = u(y_1, y_2, ϵ^{−1}y_3), (y_1, y_2, y_3) ∈ Ω_ϵ [22]–[24]. Let P_ϵ be the orthogonal projection which maps L^2(Q_3) onto the L^2–closure H_ϵ of smooth periodic functions u on Q_3 satisfying the conditions ∫ Q3 u dx = 0 and ∇_ϵu^{def}= ∂_1u_1 + ∂_2u_2 + ϵ^{−1}∂_3u_3 = 0. Then, by composing P_ϵ with J^{−1}_ϵ and applying the composition P_ϵJ^{−1}_ϵ to 3D NSE, one obtains the dilated evolutionary NSE on the space H_ϵ [22]–[24]

u_t + νA_ϵu + B_ϵ(u, u) = P_ϵf, (4.1.1) u(0) = u_0, (4.1.2)

where A_ϵ = −P_ϵΔ_ϵ = −P_ϵ(∂^2_1 + ∂^2 + ϵ^{−2}∂^2_3 )(with periodic boundary conditions) and B_ϵ(u, v) = P_ϵ(u · ∇_ϵ)v. Recall also that [23]–[24] make use of bounded monotone functions η_i(ϵ) defined for 0 < ϵ ≤ 1, i = 1, 2, 3, 4, and negative constants p, q_1, q_2, r satisfying the following Hypothesis H*:

1) r > −2, p > −^{29}_{24} , q_1 > −^5_{12} , q_2 > −^5_{12} ,

2) there exist positive constants α_i, β_i such that, for small ϵ > 0,

β_i ≤ η^{−1}_i (ϵ) ≤ (− ln ϵ)^{αi} , i = 1, 2, 3, 4.

Now, if the Fourier series expansion of a function u ∈ L^2(Q_3) is u(x) = ∑ k∈Z3 c^ke^{2πika·x}, where a = (a_1, a_2, a_3) = (l^{−1}_1 , l^{−1}_2 , 1) and ka = (k_1a_1, k_2a_2, k_3a_3), k = (k_1, k_2, k_3) ∈ Z^3, then we set, for any integer K ≥ 0,

M_K u(x) = ∑ k∈Z3,|k3|≤K c^ke^{2πika·x}.

It can be shown that, for any integer K ≥ 0, M_K is an orthogonal projection on L^2(Q_3) commuting with ∇_ϵ and A_ϵ. We note that the projection M_K generalizes the projection M used in [22]–[24]; in fact, M_0 = M. Define ||f||_∞ := ess sup_{0<t<∞} ||f(t)||.

Let ξ_2 = ξ_2(ϵ) be a bounded monotone function defined for 0 < ϵ ≤ 1 such that there exist positive constants α, β satisfying, for small ϵ > 0,

β ≤ ξ^{−1}_2 (ϵ) ≤ (− ln ϵ)^α.

Then we have the following theorem.

THEOREM 4.2. Let η_i, i = 1, 2, 3, 4, p, q_{1,}q_2, and r satisfy the Hypothesis H^∗ and let ξ_2 be as above. Then there exists a number ϵ_∗ > 0 such that, for any ϵ ∈ (0, ϵ_∗) and any p_2 < 0, there exists a number K_0 = K_0(ϵ, p_2) > 0 with the property that (4.1.1)–(4.1.2) have a unique globally regular (strong) solution

u ∈ C([0, ∞); D(A^{12}ϵ )) ∩ L^∞(0, ∞; D(A^{12}ϵ )) ∩ L^2_{loc}(0, ∞; D(A_ϵ))

whenever K_0(ϵ, p_2) satisfy

||A^{12}_ϵ v_0||^2 ≤ ϵ^{q1} η^{−2}_1 ||MP_ϵf||^2_∞ ≤ ϵ^{q2} η^{−2}_2 , (4.1.3)

||A^{12}ϵ w_{1,0}||^2 ≤ ϵ^pη^{−2}_3 ||(M_K − M)P_ϵf||^2_∞ ≤ ϵ^rη^{−2}_4 , (4.1.4)

||A^{12}_ϵ w_{2,0}||^2 ≤ ϵ^{p2} ξ^{−2}_2 ||(I − M_K)P_ϵf||^2_∞ ≤ ϵ^rη^{−2}_4 , (4.1.5)

where v_0 = Mu_0, w_{1,0} = (M_K − M)u_0, w_{2,0} = (I − M_K )u_0.

This theorem yields an explicit construction of the desired sets Q_{p2} (ϵ) and U_{p2} (ϵ), for any p_2 < 0 and any ϵ ∈ (0, ϵ^∗). Indeed, U_{p2} (ϵ) is given by the image (under the map J_ϵ) of the set of initial functions described by the left inequalities in (4.1.3)–(4.1.5), while Q_{p2} (ϵ) is the Cartesian product of U_{p2} (ϵ) with the image (under the map J_ϵ) of the set of forces described by the right inequalities in (4.1.3)–(4.1.5).

4.2 A necessary condition for global regularity of a weak Leray–Hopf solution

Necessary conditions for global regularity of weak solutions yield upper bound estimates for maximal dynamical subsystems of energetic systems generated by 3D NSE. The following theorem gives a necessary condition in terms of some uniform inequalities.

THEOREM 4.3. Let ν > 0 be a positive number and Ω ⊂ R^3 a bounded smooth domain. If, for some τ ≥ 0, a weak Leray–Hopf solution u = u(x, t) of 3D NSE is regular on the interval [τ, ∞), (i.e. u ∈ C([τ, ∞); V ) ∩ L^∞(τ, ∞; V ) ∩ L^2_{loc}(τ, ∞; V^2)) then, for any γ > 0, there exists r_∗ > 0 such that ||(I − L_r)A^{12} u(t)||^2 ≤ γ, t ∈ [τ, ∞), r ≥ r_∗. Moreover, for any r ≥ r_∗, there exists time T_1 = T_1(r) ≥ τ such that ||(I − L_r)A^{12} u(t)||^2 ≤ Dr^{− 12} , t ∈ [T_1, ∞), r ≥ r_∗, where D > 0 is a constant independent of t and r.

ACKNOWLEDGMENTS. Part of this work was supported by the Rosenbaum Foundation while the author was the Rosenbaum Fellow at the Isaac Newton Institute for Mathematical Sciences, University of Cambridge. The theory of energetic systems was presented in the lectures given by the author in June of 1996 at the Weierstrass Institute for Applied Analysis and Stochastics (WIAS), Humboldt University and University of Potsdam; the author would like to thank G. Albinus, H. Gajewski, and W. Höppner for the invitation to visit WIAS and the hospitality during the visit.

REFERENCES

[1] LESIEUR, M., Turbulence in fluids, 2nd ed., Kluwer Acad. Publishers, Dordrecht, 1990.

[2] FRISCH, U., Turbulence: the legacy of A. N. Kolmogorov, Cambridge Univ. Press, Cambridge, 1995.

[3] DOERING, C.R. & GIBBON, J.D., Applied Analysis of the Navier–Stokes equations, Cambridge Univ. Press, Cambridge, 1995.

[4] CONSTANTIN, P. & FOIAS, C., Navier–Stokes equations, Univ. of Chicago Press, Chicago, 1988.

[5] TEMAM, R., Navier–Stokes equations and nonlinear functional analysis, 2nd ed., SIAM, Philadelphia, 1995.

[6] LERAY, J., Etude de diverses équations intégrales nonlinéaires et de quelques problèmes que pose l’hydrodynamique J. Math. Pure Appl. 12, 1–82 (1933).

[7] LERAY, J., Essai sur les mouvements plans d’un liquide visqueux que limitent des parois J.Math. Pure Appl. 13, 331–418 (1934).

[8] LERAY, J., Sur le mouvement d’un liquide visqueux emplissant l’espace Acta Math. 63, 193– 248 (1934).

[9] HOPF, E. Uber die Anfangswertaufgabe für die hydrodynamischen Grundgleichungen Math.

Nachr. 4, 213-231 (1951).

[10] BABIN, A.V. & VISHIK, M.I., Attractors of evolution equations, North-Holand, Amsterdam, 1992.

[11] HALE, J. K., Asymptotic behavior of dissipative systems, A.M.S., Providence, RI, 1988.

[12] LADYZHENSKAYA, O. A., Attractors for semigroups and evolution equations, Cambridge Univ. Press, Cambridge, 1991.

[13] SELL, G. R., Global attractors for the three–dimensional Navier–Stokes equations, J. Dynamics and Diff. Eqs. 8, 1–33 (1996).

[14] TEMAM, R., Infinite–dimensional dynamical systems in mechanics and physics, Springer– Verlag, N. Y., 1988.

[15] FUJITA, H. & KATO, T., On the Navier–Stokes initial value problem I, Arch. Rat. Mech.

Anal. 16, 269–315 (1964).

[16] FABES, E. B., JONES, B. F. & RIVIERE, N. M., The initial value problem for the Navier– Stokes equations with data in L^p, Arch. Rat. Mech. Anal. 45, 222–240 (1972).

[17] FABES, E. B., LEWIS, J. E. & RIVIERE, N. M., Boundary value problems for the Navier– Stokes equations, Amer. J. Math. 99, 626–668 (1977).

[18] GIGA, Y., Weak and strong solutions of the Navier–Stokes initial value problem, Publ. RIMS, Kyoto Univ. 19, 887–910 (1983).

[19] GIGA, Y. & MIYAKAWA, T., Solutions in L_r of the Navier–Stokes initial value problem, Arch. Rat. Mech. Anal. 89, 267–281 (1985).

[20] KOZONO, H. & OGAWA, T., Global strong solution and its decay properties for the Navier– Stokes equations in three dimensional domains with non-compact boundaries, Math. Z. 216, 1–30 (1994).

[21] LIONS, J.-L., Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod, Paris, 1969.

[22] RAUGEL, G. & SELL, G. R., Navier–Stokes equations on thin 3D domains I: global attractors and global regularity of solutions, J. Amer. Math. Soc. 6, 503–568 (1993).

[23] RAUGEL, G. & SELL, G. R., Navier–Stokes equations on thin 3D domains II: global regularity of spatially periodic solutions, in Nonlinear Partial Differential Equations and Their Applications (Edited by H. BREZIS and J.–L. LIONS), pp. 205–247, Longman Sci. Tech., Harlow (1994).

[24] RAUGEL, G. & SELL, G. R., Navier–Stokes equations in thin 3D domains III: existence of a global attractor, in Turbulence in Fluid Flows: A Dynamical Systems Approach (Edited by G. R. SELL, C. FOIAS and R. TEMAM), pp. 137–163, Springer–Verlag, New York (1993).

[25] DEURING, P. & WAHL, W. von, Strong solutions of the Navier–Stokes system in Lipschitz bounded domains, Math. Nachr. 171, 111–148 (1995).

[26] ORLT, M. & SÄNDIG, A. M., Regularity of viscous Navier–Stokes flows in nonsmooth domains, in Boundary Value Problems and Integral Equations in Nonsmooth Domains (Edited by M. Costabel, M. Dauge and S. Nicaise), pp.185–201, Marcel Dekker, Inc., New York, 1995.

[27] WAHL, W. von, The equations of Navier–Stokes and abstract parabolic problems, Vieweg and Sohn, Braunschweig.

[28] BONDAREVSKY, V.G., On the problem of global regularity for 3–dimensional Navier–Stokes equations, C. R. Math. Rep. Acad. Sci. Canada 17, 109–114 (1995).

[29] BONDAREVSKY, V.G., A method of finding large sets of data generating global solutions to nonlinear equations: application to the Navier–Stokes equations, C. R. Acad. Sci. Paris, Sér. 1, 322, 333–338 (1996).

[30] BONDAREVSKY, V.G., Attractors for 3–dimensional Navier–Stokes equations and a new method of finding large sets of data generating solutions to nonlinear equations, in Proceedings of the Second International Conference on Dynamic Systems and Applications (Atlanta, USA, May 24–27, 1995) (Edited by G. S. LADDE and M. SAMBANDHAM), pp. 75–82, Dynamic Publishers Inc., Atlanta (1996).

[31] BABIN, A.V. & VISHIK, M.I., Maximal attractors of semigroups corresponding to evolution differential equations, Math. USSR Sbornik 54, 387–408 (1986).

[32] BABIN, A.V., Attractor of the generalized semigroup generated by an elliptic equation in a cylindrical domain, Russian Acad. Sci. Izv. Math. 44, 207–223 (1995).

[33] GAJEWSKI, H. & GRÖGER, K., Semiconductor equations for variable mobilities based on Boltzmann statistics or Fermi–Dirac statistics, Math. Nachr. 140, 7–36 (1989).

[34] RUELLE, D. & TAKENS, F., On the nature of turbulence, Comm. Math. Phys. 20, 167–192 (1971).

[35] MANNEVILLE, P., Dissipative structures and weak turbulence, Academic Press, Inc., San Diego, CA, 1990.

VADIM G. BONDAREVSKY, ISAAC NEWTON INSTITUTE FOR MATHEMATICAL SCIENCES, UNIVERSITY OF CAMBRIDGE, 20 CLARKSON ROAD, CAMBRIDGE CB3 0EH, U.K.

e-mail address: teplitz@aol.com