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Distribution of cracks in a chain of atoms at low temperature

Sabine Jansen, Wolfgang Kénig, Bernd Schmidt, Florian Theil

Abstract

We consider a one-dimensional classical many-body system with interaction potential of Lennard-
Jones type in the thermodynamic limit at low temperature 1/ € (0, c0). The ground state is a
periodic lattice. We show that when the density is strictly smaller than the density of the ground
state lattice, the system with N particles fills space by alternating approximately crystalline do-
mains (clusters) with empty domains (voids) due to cracked bonds. The number of domains is of

the order of IV exp(—/3esurf/2) with egys > 0 a surface energy.
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1 Introduction

A fundamental problem in statistical and solid mechanics is to gain insight into the structure of matter
and to derive material properties from basic atomistic interaction models. A complete theoretic un-
derstanding of why atoms at low energy arrange in (almost) periodic patterns and how defects form
appears to be out of reach in full generality to date. In view of this state of affairs, recent years have wit-
nessed remarkable progress under simplifying assumptions and shed light on a number of important
model cases.

A basic, yet non-trivial model problem is given by one-dimensional chains of atoms. Assuming that
particles interact via a classical pair interaction potential such as the Lennard-Jones potential, their
crystallization in ground states at zero temperature has been well understood since the pioneering
contributions [Ven78, IGR79, [Rad84l |RS83|. Even results in a purely quantum mechanical framework
have been obtained more recently in [BLBO2]. Allowing for configurations whose energy is slightly
larger while keeping the temperature to be zero, one is led to considering chains of atoms that may
undergo fracture. Also this regime is well examined by now, in particular for systems with nearest
neighbor (NN) and next-to-nearest neighbor (NNN) interactions, see [BC07, ISSZ11} [Hud13]. In con-
trast to the case of pure nearest neighbor interactions such as [Tru96, BDMG99, [BG02|, such models
show a non-trivial competition between NN bonds lying in the convex region and NNN bonds occu-
pying the concave region of the interaction potential. This, in particular, leads to nontrivial surface
corrections and boundary layers. Extension to more general finite range interactions are considered in
[BLOO06, ISS18], a detailed analysis of boundary layers and surface energies is provided in [JKST20].

We also mention that, by way of contrast, much less is known in higher dimensions, still within the
zero temperature regime. We refer to [HR80, [Rad81), ISmHO5, [TheQ6, [FT15] for crystallization results
for specific pair potentials and to [AFGO0, [FS14, [FS15a, [FS15b] for partial results relating atomistic
models to a corresponding variational continuum Griffith functional.

Still in a one-dimensional setting, in our recent contribution [JKST20] we proved that at small but non-
zero temperature a chain of atoms under positive pressure is well approximated by the corresponding
ground state configuration. In the present article we show that the picture is rather different for a chain
of atoms in thermal equilibrium at small non-zero temperature and vanishing pressure. Indeed, at pos-
itive temperature, no matter how small, there is no global crystallization in one-dimensional systems
for typical interaction potentials. Yet we will see that an alternating pattern of crystalline clusters and
cracks emerges whose statistics can be precisely described in terms of an associated surface/defect
energy.

We assume that atoms interact via a Lennard-Jones type potential, energy minimizers have their
interatomic spacing (in the bulk) equal to the minimizer a > 0 of a Cauchy-Born energy density.
Thermal equilibrium is investigated within the framework of classical equilibrium statistical mechanics
[Rue69, [Pre09]. This means that we study families of probability measures indexed by the number N
of atoms, the length L of the chain, and a positive parameter 3 > 0 called inverse temperature. Each
configuration has probability weight proportional to exp(— U ), with U the energy of the configuration.
Our results are formulated as asymptotic estimates for finite NV, L, /3 but they should be read with the
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Distribution of cracks in a chain of atoms at low temperature 3

following limits in mind: thermodynamic limit L, N — oo at fixed £ = L /N first, low-temperature limit
8 — oo second.

Our main result (Theorem roughly says that for elongated chains i.e. L/N = { > a, and large
3, the chain of atoms typically fills space by alternating approximately crystalline domains with empty
regions of space. By approximately crystalline domain we mean a cluster of consecutive atoms with
spacing approximately equal to the optimum ground state spacing a, except at both ends of the cluster
where boundary layers may form. Empty regions of space occur when two consecutive atoms x; <
x ;41 are separated by a large spacing z; = x,11 — xj, which we call gaps, voids, cracks, or broken
bonds. We identify a surface free energy eéﬁif(ﬁ) for a threshold parameter 12 which corresponds
to a critical length beyond which atomic bonds are considered broken and whose RR-dependence
vanishes for # — oo and show that: (i) The number of cracks (hence also the number of crystalline
clusters) is of the order of Nv/Z — a exp(—3el™.(3)/2), (ii) the typical length of a crack is of the

surf

order of \// — a exp(Bel.(3)/2), and (iii) the typical number of atoms in a crystalline cluster is of

surf

the order of exp(Be”(53)/2)/v/{ — a. A posteriori we will see that this asymptotic behavior is in

surf

fact essentially independent of the choice of R for large 3.

In particular, the number of cracks is not bounded but instead proportional to the number of atoms
in the chain, moreover each crack is of microscopic length even though the length is exponentially
large in 3. This behavior is similar to one-dimensional Ising chains with nearest neighbor interaction
at low temperature [ST90] or with Kac interactions and small Kac parameter [COP93, ICMP18]. For
the Ising model intervals of positive magnetization and negative magnetization play a role analogous
to our crystalline clusters and empty domains.

Let us briefly explain what makes our result demanding. One-dimensional Gibbs measures with finite-
range interactions are easily treated with transfer operators and infinite-dimensional versions of Perron-
Frobenius theory; absence of phase transitions, analyticity of thermodynamic potentials, and decay of
correlations follow right away [Rue69]. The challenge taken up here is to characterize how the objects
whose existence is trivially guaranteed by Perron-Frobenius theory depend on the inverse temperature
B. In principle it should be possible to do so by studying the [3-dependency of the transfer operator.
However, as pointed out by Cassandro, Merola, and Presutti already in the context of the Ising model,
“to carry out the whole program along these lines looks maybe possible but not easy at all” [CMP18].

Therefore we follow a different route and instead map the chain of atoms to an effective model which is
a weakly interacting lattice gas of defects, see Sections[3.2/and[5.1] Sites j of the lattice correspond to
labels of nearest-neighbor spacings. A particle or defect is present in the effective model if the original
bond is broken, i.e., the gap is large. The presence of a defect comes with a small weight gz > 0,
the effective activity, which is related to the free energy of formation of the defect (see Remark [2).
Defects separated by k particles have an effective interaction V(k) which can be written in terms of
the energy of the particles enclosed between cracks (Egs. and (5.3)).

A principal difficulty is to show that the effective interaction between defects can be neglected. This is
achieved with Theorem which is our main technical result, for chains of atoms with NN and NNN
interactions. It crucially relies on bounds on the decay of correlations. Such estimates are highly non-
trivial for interactions beyond nearest neighbors since, as alluded to above, boundary layers will form
and give rise to non-trivial surface energy contributions. In the case of NN and NNN interactions, a
sufficiently strong result has recently been established in [JKST20, Theorem 2.11]. With a view to the
interesting question if our conclusions extend to more general finite range interactions, we formulate
our results in a way that allows for such an adaption subject to sufficiently good decay of correlations
estimates becoming available.

The article is organized as follows. Section[2]describes the model and main results. Section[3|explains
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S. Jansen, W. Kdnig, B. Schmidt, F. Theil 4

key proof ingredients, namely equivalence of ensembles and, on a heuristic level, the effective lattice
gas of defects. In addition it proposes an alternative scenario replacing Theorem[2.3|when some of our
assumptions fail. Section [4]analyzes in detail the corresponding class of effective models. These gen-
eral results are applied in Section [B|to the constant-pressure ensemble, the results for the canonical
ensemble are deduced in Section [6l

2 Model and main results

2.1 Model

Consider NN particles on a line, with positions 0 = z; < x5 < --- < xy = L and spacings
z; = wxjy1 — x;. Neighboring particles and next-to-nearest neighbors interact via a pair potential
v: [0,00) — R U {oo} which is repulsive for short distances (in fact we shall assume the existence
of a hard core) and attractive for spacings larger than a unique energy minimizing bond length. The pre-
cise assumptions are collected in Section below. The total energy of a configuration (1, ..., TN)
is

N-1 N-2

Z U(ZEH_l — ZL‘Z) -+ Z U(ZL‘H_Q — ZL‘Z)

i=1 i=1
Since our analysis extends in a straightforward way to more general interactions involving a finite
number of m € N particles subject to improved estimates on correlations being available, cf. the
discussion in Section |1} we more generally consider

U;VM)(le'-aZN—l): Z 'U(ij—iEi): Z U(Zi+"'+zj_1).

1<i<j<N 1<i<j<N
[7—i]<m [j—i|<m

We allow for m € N U {oco} and specify explicitly whenever m < oo or m = 2 is exploited, but will

sometimes drop the superscript m so as to lighten notation. The canonical partition function at inverse

temperature 3 > 0, with one particle pinned at z; = 0 and anotherat zy = L is

m — (m) Z15.-49%
ZJ(V )(67[/) — / e BUN" (2150, Nﬁl)]l{z1+-~~+zN72§L} dzy -+ dzy_s

N—-1
R+

where we put zy_1 = L — Zjv_f z;. The canonical Gibbs measure is the probability measure Pﬁf)

onQy:={z € Rf_l | 21+ -+ 4+ zy_1 = L} defined by

1

]P)(m,ﬁ) A) =
N,L ( ) Z](\r[n)(ﬁ’L)

(m)
—BU 21y 2N —
/ e PUN T E AN (2, 2aneg) d2 - dawg
AN, L

N—

where Ay 7, C [0, L]V~ 2 is the simplex z; + -+ 2y_2 < Land zy_; := L — Zj:12 z;. Fix an

average spacing ¢ > (. The Helmholtz free energy per particle is
1
(m) T (m)
fB,0) = = lim. N log Z " (B,4N).

The existence of the limit (2.1) and some basic properties are well-known [Rue69, Chapter 3]. More-
over { — f™((,¢) is convex and continuously differentiable [DM67], see also [Rue69, Chapter
3.4.8]. For one-dimensional systems and the pair potentials under consideration, there is no phase
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Distribution of cracks in a chain of atoms at low temperature 5

transition, and ¢ +— [ (3, () is strictly convex and analytic [GMS70, [Dob73] [Dob74, [CO81]. The
above references refer to the model with m = oo; for finite m, such results are easily proven using
transfer operators [Rue69, Chapter 5.6]. The pressure is defined as

o fm
ol

In addition to the free energy and pressure, we provide results on the distribution of interparticle
spacings. We investigate the following objects. Let & > 0 be some large truncation parameter. We
refer to spacings z; > IR as cracks and to groups of particles enclosed between consecutive cracks
as clusters. Let

p(m)(ﬁ7€) - (576) (2.1)

MN(zly---aZN—l) = #{ZG{l,,N—l} 2 ZR}—f—l (2.2)

be the number of clusters. For My = n+1letl <1 < -+ < 7, < N — 1 be the indices i for
which z; > R. We also set io = 0 and 7,11 = V. Let

1 My 1 N-1
= Oir—ir - oy — ————— Tipoo)(24)0,. — 2.3
VN My ; k—ik—1 VN My — 1 jzl (R, )(ZJ) i—R (2.3)

be the empirical distributions of the cluster cardinalities and of the crack lengths (minus R); note that
they are probability measures.

2.2 Assumptions

In this section we introduce and discuss the four assumptions on the pair potential under which we
will be working throughout this article. Their role is threefold. First of all, they ensure that standard
results from statistical mechanics concerning the existence of the thermodynamic limit, continuity of
the pressure and absence of phase transitions in dimension one apply. Second, they ensure the peri-
odicity of ground states and allow for a transfer of the low-temperature asymptotics from our previous
article [JKST20]. Third, for average spacings ¢ larger than the ground state periodicity a, they allow us
to estimate interactions across cracks and to show that cracks do not aggregate.

Assumption 1 (on the interaction potential). The pair potential v : (0,00) — R U {400} with
hard core radius r,. > 0 is equal to +00 on (0, 7y.] and a C? function on (7., 00). There exist
The < Zmin < Zmax < 2Zmin and aq, as > 0, s > 2 such that the following holds.

(i) Shape of v:

Zmax 1S the unique minimizer of v and satisfies v(zmax) < 0. Furthermore, v is decreasing on
(0, Zmax) and increasing and non-positive on (2Zmax, 00).

(i) Growth of v:
v(z) > —agz ®forall z > 0 and v(2) + v(Zmax) — 200 Yo 5(nz) ™% > 0forall z < Zyin.

(iii) Shape of v":

v is decreasing on [Zmin, Zmax| @and increasing and non-positive on [2zyi,, 00).

(iv) Growth of v":

V"(2) > —agz " 2 forall 2 > rpe and v (Zmax) + Y nen 20" (N2Zmin) > 0.
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S. Jansen, W. Kdnig, B. Schmidt, F. Theil 6

(v) Behavior near ry.:

lim,\, v(r) = oo.

(vi) Size of Tpe:

v(r) < Oforallr > 2ry.

Assumptions([T[i)—(v) are rather generic conditions on a pair potential with hard core. They are imported
from [JKST20] and we refer to [JKST20] for a thorough discussion of these assumptions. They also
allow us to estimate interactions across cracks: Indeed, under Assumption []i)—(v), there exists a
constant C' > 0 such that, forany N € N, R > 2., m € NU {00}, and 21, ..., 2y satisfying
2z, > Rforsome k € {1,...,N — 1},

—ZSQ < > v(zi 4 +2z-1) <0 (2.4)
k i,j: 1<i<k<j<N-—1
li—il<m

We leave the elementary proof to the reader. Assumption [f{vi), which relates the hard core radius to
the full repulsive zone of v, is a mild technical assumption which enters in the proof of Theorems [5.7]
and below. In view of the fact that typical next-to-nearest neighbor bonds are attractive it might
be achieved upon enlarging 7, while keeping the essential properties of the model. For compactly
supported potentials, interactions across cracks vanish if R is longer than the interaction range. Our
next assumption ensures this, more generally, it ensures that the entropic push for large crack lengths

wins over the attractive part of the interaction; it enters in Lemma 5.4 below.

Assumption 2 (on the truncation parameter). The truncation parameter R > z.,.. is so large that it
satisfies

B R > supsupp(v) if v is compactly supported,

B C/R*72 < equt/2 otherwise, with C' > 0 as in Eq. (2.4) and et > 0 as in Eq. (2.5) below.

In fact, as our analysis in the second case does not make use of an infinite interaction range, the
second condition is sufficient for compactly supported potentials as well. We distinguish the case
R > supsupp(v) as it allows for an approximation with an ideal lattice gas.

We close this subsection commenting on the role of the interaction parameter m. A restriction to finite
range m < oo is natural for compactly supported potentials with a hard core. Indeed, if v(7) = oo for
r < 7y for some 1, > 0 and v(r) = 0 for r > R*, then any configuration z = (z1, ..., zy_1) with
finite energy satisfies v(z; + - - - + z;_;) = 0 whenever |j — i|rye > R*. Hence, UY™ /<P (2) =
U}Vm)(z). For v with unbounded range a restriction to finite (and in fact small m) is quite common in
atomistic models of solid state physics and indeed less restrictive than a truncation of the potential v
itself as leading order contributions to crack energies are still kept. As our main theorems are proven
for NN and NNN interactions, we introduce the following assumption.

Assumption 3 (on the interaction parameter). Suppose that m = 2.

While most auxiliary results apply to m > 3 as well, Assumption [3|enters in the proof of Theorem 5.7
below, where we need a good control on the (3-dependence of correlations [JKST20, Theorem 2.11].
Improved correlation bounds for general interaction range may help get rid of the restriction, but this is
beyond this article’s scope.
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Distribution of cracks in a chain of atoms at low temperature 7

2.3 Results

In this section, we formulate our two main results on the large-/N behavior of the /N-particle system at
low temperature: Theorem[2.2on the free energy and the pressure, and Theorem[2.3]on the statistics
of cluster sizes, crack lengths, and number of clusters.

First, we need to recall results from [JKST20]. Let

EN == infl UN

RY~
be the /N-particle ground state energy. The following limits exist:

E
eg = lim N e (—00,0) and  egur = lim (Ex — Neg) € (0,00). (2.5)
N N—oo

N—o0

The ground state energy per particle e is characterized with the help of the Cauchy-Born density

m

W(r) = v(kr).

k=1

as eg = inf,~o W(r) = W(a) with @ € (2nmin, Zmax) the unique global minimizer of W [JKST20,
Section 2.1]. The surface energy eq.+ accounts for boundary layers at the end of long chains. The
reader may also think of e, as the energy of a defect consisting of a large spacing z;, see Remark
below.

For positive temperature, analogous quantities and assertions are collected in the following proposi-
tion. The truncated partition function appearing on the left-hand side of (2.6) will play an important role
in the present article.

Proposition 2.1 (JKST20]). Under Assumptions|i|(i)(v), forevery 8 > 0 and0 < p < [v(Zmax)|/Zmax:
there are uniquely defined quantities g..(53,p), g™ (B, p) such that, as N — oo,

surf

1 _
Llog([ e 0TI 4z iz ) = N8 (8,41
6 [O,R]Nfl
(2.6)
Moreover, writing e\ (8) = g\:(83,0), ef™ (8) = g™ (8, 0),
lim ef”(8) = ey  and lim €.(8) = equt- (2.7)

B—00 B—00

In particular, the R-dependence vanishes in the zero-temperature limit. Some technical remarks are
in order. Indeed, Sections 2.2 and 2.3 in [JKST20] assume a fixed positive pressure constant p > 0.
Those results extend to p = 0 or temperature-dependent pressures p = pz — 0 if the integration
is restricted to compact intervals z; € [0, R]. Indeed the positivity of p is only needed to ensure
exponential tightness, see [JKST20, Lemma 5.1 and 5.3]. But exponential tightness comes for free in
compact spaces, the condition p > 0 is no longer needed.

Our first result concerns the asymptotics of the free energy and the pressure as 3 — oo at fixed
elongation /.

Theorem 2.2 (Free energy density and pressure for § — oo at fixed £ > z1,). Under Assump-

tions[TH3:

DOI 10.20347/WIAS.PREPRINT.2789 Berlin 2020



S. Jansen, W. Kdnig, B. Schmidt, F. Theil 8

(a) There exists {* < a such that for all ¢ € ({*,a),

ﬂl;m f(B,0) =W({) >e  and glim p(B,0) = -W'(¢) > 0.

(b) If¢ > a, then, as B — oo,

f(B.0) = ef”(B) - v “ae P12 (1 4 o(1)),

p(B.0) = ﬁ\/%e wrD12(1 4 o(1)).

In particular, limg_, f(58,¢) = W(a) = ey.

The theorem is proven in Section[6.1] The leading-order asymptotic behavior of the free energy density
in both (a) and (b) is written more succinctly with the convex hull W** of W as

W), Le(lt*a),

lim f(3, ) = W™ (() = {W(a) /> g

B—00

We remark that in view of our general assumptions on v we cannot expect the Cauchy-Born rule to
hold near 7}, so that £* > ry,. in general.

Our second result describes in detail the distribution of cracks for elongated chains ¢ > a. The case
¢ < a corresponds to positive pressure and was already analysed in detail in [JKST20]. Define

Qo = eXp(B f;iugw ) _ yr= ae P ®/2(1 4 o(1)). (2.8)

For simplicity we suppress the R-dependence from the notation for ¢z .. We let Geom(p) denote the
probability measure on N with probability weights p(1 —p)*~!, and || - || v the total variation distance
between two probability measures, i.e., || — v||Tv = sup, |pu(A) — v(A)|. Note that both p(3, ¢)
and ¢z behave as exp(—/fesut/2 + o(f)).

Theorem 2.3 (Distribution for 3 — oo at fixed ¢ > a). Suppose that Assumptions[1H3 hold true. Fix
{ > a. Then there exist §;’ > 0 withlimg_,o, 65 = 0,1 = 1,2, and 3y > 0 such that forall § > 3,

lim sup — log ]P’%)KN() Q[},e‘ > q,a,zé}?) < —Q@eé(;)

N—oo

1
lim sup — log ]P)§V)ZN(HVN - Geom(lj’f" )|y > 05 ) qwég)
N—o0 N K

. ]- ~ 1 2
hmsupN logP%jgN(HVN — Exp(Bp(B,£))||rv > 6 )> < —qp. 65( )

N—oo

The theorem is proven in Section

These estimates imply three laws of large numbers for N — 00 under the distribution IP’}B,?L,N at
sufficiently low temperature with exponentially fast decay of the deviation from the mean by some
threshold that is vanishingly small when f3 is large. In particular, the number of clusters, My, behaves
like Nqs,¢(1+O(d5’)) with a probability converging to 1 exponentially fast. Furthermore, the number
of clusters of size k behaves like Nqz(1 — qz,0)" (1 4 O(0’)) for every k € N, and hence the
average cluster cardinality is about 1/¢3 . Moreover, the distribution of a typical crack length (distance
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Distribution of cracks in a chain of atoms at low temperature 9

between neighboring clusters) is approximately an exponential variable with parameter p(, ¢) and
hence on average of size 1/5p(3, ().

Theorem makes no statement about the spacings inside the clusters (however, see [JKST20] for
more precise assertions in the constant-pressure model), but Lemma a) implies that the average
spacing is ~ a. Hence, the NN particles in the interval [0, ¢ N'| are, with high probability, organized into
N g4 clusters that cover each an interval of length a/gg ¢ and the same number of gaps in between,
each with a size = 1/(6p(5,¢)). Since a + gz ¢/ (Bp(B,¢)) ~ £, which follows from a comparison
of Theorem [2.2{b) with (2.8), this explains how the N particles fill up the system of length (V.

We finally remark that our asymptotic estimates are essentially independent of the choice of R. To
leading order this is a consequence of Eq. (2.7). It also follows a posteriori from Theorems
and [2.3| as the crack length, for a fixed R, is exponentially distributed with parameter Sp(3, () =
e ifr)f(ﬁ )/2+0(8) \which is itself exponentially small in 1/3. For any other R’ > R the probablity of
finding spacings which are larger than R but not larger than R’ thus becomes negligible at large 3

exponentially fastin 1/4.

Remark 1. In the elementary case of nearest neighbor models [Tak42] (i.e., m = 1) and smooth v,
one has a = argmin v(r), e\ (8) = —e{”(B) and

surf

1 R
g (B) = 3 10%(/0 e v dr) =e+ log V27 B (a) + O(B3/?),

Bp(B,0) = (1 +o(1) \/QG:ﬁpf;_(ij(ff—) a)

In particular, the R-dependence is explicitly seen to enter in exponentially small correction terms only.

Harmonic approximations in case of more general pair potentials v would require to replace v”(a) by
more complicated terms from Hessians or WKB expansions [Hel02, [SL17], see also [JKST20, Section
2.3]. (For related techniques in the context of computational approximation schemes for the simulation
of atomistic materials see [BLBLP10, IBLPV15||SL17,IBDO20].) We do not pursue this here.

3 Proof ingredients and heuristics

One-dimensional systems are best treated in the constant-pressure ensemble, also called isothermal-
isobaric or NpT ensemble, which does not fix the length of the [V-particle chain but instead fixes the
external pressure. We formulate and prove all the results analogous to Theorems 2.2/ and 2.3 -for the
constant-pressure ensemble in Section [5] (Theorems [5.9)and [5.10) and derive Theorems [2.2] and [2.3]
from them in Section [6l

In the present section, we introduce the constant-pressure ensemble in Section and give in Sec-
tion[3.2 extensive heuristics about what properties are to be expected and how the various quantities
behave and how they are related to each other. We also introduce and explain the effective model to
which we will compare the ensemble when we carry out the proofs in Sections In Section
we give a modification of the heuristics in a case that we are not considering rigorously in the present
article; it leads to a slightly different picture.

DOI 10.20347/WIAS.PREPRINT.2789 Berlin 2020



S. Jansen, W. Kdnig, B. Schmidt, F. Theil 10

3.1 Equivalence of ensembles and pressure-density (stress-strain) relation

The partition function of the constant-pressure ensemble at pressure p is defined as

Qn (B p) = /OOO e M Zx (B, L)dL

RNfl

+

We write @(]f,’p) for the corresponding probability measure on Rf‘l with probability density z =

(21, 2n-1) = Qn(B,p) exp(=B[Un(2) +p thll z;]). The Gibbs free energy (also called
free enthalpy) per particle is

1
=— lim ——1 .
g(ﬂ>p) N1—>H(1>06N OgQN(B7p)
The existence of the limit is well-known, moreover p — ¢([, p) is concave and it is related to the
Helmholtz free energy by the relations [Rue69, Chapter 5.6.6]

9(8,p) = nf(f(8,0) +pf) and  f(B,0) =sup(g(B.p) —pl), (3.2)
p>
which formulate the equivalence of the ensembles at the level of thermodynamic potentials. By stan-
dard results on Legendre transforms, as f([3,-) is strictly convex and continuously differentiable,
g(B,-) is strictly concave and continuously differentiable, moreover

of

_ _ 9
p*_@<57£) — l= ap(ﬁap) (3.3)

Explicit computations on the equivalence of ensembles and the stress-strain (or force-elongation)
relation for one-dimensional systems with nearest or next-nearest neighbor interactions, in a context
closer to applications to materials modelling, are given by Legoll and Leliévre [LL12, Section 2], see
also [BLBLP10].

3.2 Effective gas of defects

An important quantity is the fruncated constant-pressure partition function
v (B.p) = / e AP 4]z, (3.4)
(0,R]F—1

which restricts to small gaps and describes a cluster of cardinality k. Let us give heuristics about its
behavior for large S and how it is used for a description of the entire constant-pressure ensemble
in terms of a decomposition in its clusters and the gaps in between. We assume that 5 — oo and

5])5 — 0.
We look at a realization of the N-particle ensemble with n € {0, ..., N — 1} cracks. For 0 = iy <
1< <’in+1 =N, let

BN(’L) = BN(i17...,in) = {Z = (Zl,...,ZNfl) € Rf_li Zj > Rﬁ] € {il,...,in}}
(3.5)
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be the collection of configurations (chains) that have large gaps (the cracks) precisely at the places
11, ..., 1n. SUppoOse that interaction across cracks can be neglected. It is plausible that Q;R)(ﬂ,pg) ~
e~ PPr_ Then, on the event By (%), the entire chain decomposes into n cracks and n + 1 clusters:

o) n+1

/ o BIUN()4p5 05" 2] 0 A </ o BpsT dr)n H e PP i1
BN (%) R k=1

Set V(k) = Ey — keg — egurs. Notice that

n+1 n+1
Z Eik_ik—l = Neg + (n + 1)6$urf + Z V(Zk - ik—l)- (3.6)
k=1 k=1

Thus setting
eXp<_ﬁ[esurf + pBR]) ~ eXp<_5esurf)
Bps Bpg

q4=4s =

Y

we get
N

Qn (BJ)B) ~ e B(Neotesur) Z 7" Z e~ h St V(ik—ir—1) (3.7)

-1
n=0  1<ij<-<in<N—1

We recognize the partition function for an effective lattice gason {1,2, ..., N — 1} with activity ¢ and
interaction potential (¢, j) — V(j—i). Eachsite j = 1,..., N —1 corresponds to a bond z; between
neighboring particles, and a defect is present at j if z; > R is a crack. If VV was neglected, then the
lattice gas would be ideal, and the right hand side of would be equal to e~ #(Neotesurt) (1 4- )N -1,

Remark 2. The reader may also think of —% log q as the Gibbs free energy of formation of a defect.
Computing free energies of defect formation is a non-trivial task, see e.g. [BDO20] and the references
therein. The Gibbs free energy of defect formation is a sum of two contributions: an energetic con-
tribution eg,+ that accounts for missing interactions across the crack, and an entropic contribution
% log(pp) that comes from integrating over different possible lengths of the crack zj > R. At fixed
pressure only the energetic contribution would survive in the zero-temperature limit, however in our
context the pressure is exponentially small in 5 (see Eq. below) and both the energetic and the
entropic contributions are relevant.

From the definition (2.5) of ey and egy,r we know that V (k) — 0 as k — oo. Hence, we work in
a perturbative regime and need to control that V' is small enough in an appropriate sense. Criteria
for this are well-known. Indeed, according to [Rue69, Theorem 4.2.3], if the quantity ¢C'(3) is small,
where

CB) = e —1],
k=1

then the effect of interactions is negligible, and we may approximate the effective model by the ideal
lattice gas.

In this approximation, under the assumption that ¢C'(/3) is small, we get a number of consequent
crucial approximations. Indeed, the collection of bonds (effective lattice sites) is approximately inde-
pendent, and the probability that site j is occupied (z; > R) approaches the (tiny) number q/(1+q)
(and with the remaining probability 1/(1 + ¢), it is not). As a consequence, the number of particles
in successive clusters becomes geometric with this parameter. Furthermore, the length z; — R of
a crack minus I? is approximately exponentially distributed with small parameter 8pg and expected
length 1//ps. Additional arguments that analyse the energy term show that any length of a spacing
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inside a cluster approaches the ground state spacing a. As a consequence, any spacing is ~ a with
probability 1/(1+ ¢) and = R+ 1/fpg otherwise. In particular, the average length of a spacing then

1S
1
~—— Xa+ g (R—l— )
l+gq l1+q Bps

Assuming that ¢ is very small (low density of defects because of large (3), the only way that a length
¢ € (a,0) can be achieved is that

q s eXp(_/Besurf)
Pps (Bps)?

—{ —a,

which yields

eXp(_Besurf/Q) —Besurt/2
Bps =~ and g~ VI{—ae Powt/e (3.8)
VI—a

Hence, the smaliness of ¢C'() would lead to a complete picture of the behavior of the chain, which
is the one that we describe in Theorems[2.2]and 2.3

The number C'(3) is a common measure in statistical mechanics for the overall strength of the inter-
actions, see [Rueb9, Definition 4.1.2]. However, there is a priori no reason that it be small. In general,
it can go to infinity exponentially fast as 5 — oo. Indeed,

1
liminf — log C > —inf V(k) = — inf (E) — keg — >
%E)g}l 6 0og (ﬁ) = IiIElN ( ) éIElN< k €0 esurf) 2 €9 + Egurf
(recall E; = 0). Under our assumptions on the pair potential, we have E;, > (k — 1)e, for all
k € N [JKST20, Lemma 3.2] and hence egy,¢ + €9 > 0. (In particular, V' (k) > 0, which justifies
the first inequality in the above estimate.) As soon as the inequality is strict, we find that C'(5) — oo
exponentially fast.

Hence, our plan works only if ¢ = g vanishes as 3 — oo fast enough. If the pressure pg goes to
zero not too fast so that 5ps > exp(—LSesws) — O—for example, by choosing pg as in (3.8)—we
see that ¢ = ¢z — 0. A necessary condition for gzC(3) — 0, when g5 is as in (3:8), is certainly
that ey + esurr/2 < 0. This is indeed the case in which we are working in the present article, see
Lemma[B.5land Theorem

3.3 An alternative scenario

Let us present a modified heuristics in the case where esurf/2 > |eo , which we do not handle
rigorously in this article. We still assume that infyen(Ex — keg) = E1 — eg = |egl, as is proved
in [JKST20, Lemma 3.2].

Let us make one more approximation step on the right-hand side of (3.7). We introduce the solution
u = ug of

gp » ufe V) =1, (3.9)
k=1

and introduce an N-valued random variable 7}z which assumes the value £ € N with probability
qauke ™V ®) Then independent copies of T5 play the role of the cardinalities of the clusters. (Notice
that the geometric distribution from Theorem is recovered with the approximation V (k) = 0,
under which ug = 1/(1 4 ¢3).) The right-hand side of can be further transformed using these

variables, which we carry out in Section
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With the ansatz ug =~ exp(—[tz) where tg = exp(—LFesmr/2), and with the help of (3.8), Eq. (3-9)
becomes

o0
Ze—kﬁtﬁe—ﬂ(Ek—keo) ~ Bpg. (3.10)
k=1

Further approximations yield (splitting the sum at £ = 1)

o0 _2ﬂtﬁ _Besurf _Besurf
e e e
Bps ~ e Plag—B(E1—eo) 4 o kBl o= B(Er—keo) ~ o=Bleal | ~ e Pleol
o ,; 1 — exp(—fts) Bts
Hence
.1 : : 1 : 1
lim 1og(Aps) = — Jim min {leo], exur + 5 loa(35) | = —min{leol. benur} = —leol

(3.11)
where we used in the last step that ]eo| < %esurf. (Here is the point at which the heuristics deviates
from the situation considered in this article.) In order to find the expectation of 73, we approximate,
again splitting the sum at k = 1,

oo

S ke kit BBk —ke) 5 -lol 1 exp(—fBesut) | exp(—fBeswt) _ o)
(Bts)? (5t5)°

Hence, using that T}s assumes each k € N with probability qufe™Y*) and recalling that V (k) =
Ey. — key — equrt, We see that the average cardinality of a given cluster is

1 exXp ( _ﬁesurf)
EIT.] ~ ~ oBleol+o(8)
73] Bps  (Btp)? ‘

Accordingly, the average number of clusters is =~ N/E[T3] ~ N exp(—[|eo|). We expect the chain
of atoms to have a length given by the number of clusters times the sum of average cluster length and
average crack length

(aIE[Tg]—FR—FL) zN(a—I—M).

N
E[Tﬁ] 5]95 eXp(_ﬁesurf)

Since our container has length N/, this suggests $ts ~ v/{ — a exp(—/esut/2), in agreement with
our ansatz for ¢4. This leads us altogether to a picture that is slightly different from Theorem 2.3}

B The pressure is Spg ~ e 71l instead of ~# e~ Fesurt/2,
M The fraction of defects is ~ Spz\v/{ — a.

B The cluster size T} is no longer approximately geometric anymore because the dominant con-
tribution to the infinite sum (3.70) comes from bounded k. Put differently, defects tend to gather
at finite mutual distance.

On the other side, the following features are the same in both heuristics:

[ | E[Tﬁ] — 00, and the size-biased law (the cardinality of the cluster containing a given particle)

P(Ty = k) = kP(1s = k)/E[T}] is still comparable to a size-biased geometric law with
parameter exp(—[tz).
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B The crack length has an exponential law with parameter 3pg and hence an average length
~ 1/Bps (but with value =~ exp(f|eg|), see above).

This heuristics provide intuition also in less restrictive situations than under our precise assumptions of
Section In particular, Eq. is applicable with eg,,s = lim infy_, o (E) — keg) when Ej, — keg
is not convergent, which can happen for non-convex interactions where parity plays a role [BCQO7].
The comparison of eyt and ey as well as the evaluation of infkeN(Ek — keo), which in general
need not be equal to |y, are in turn closely related to the location of fracture in zero-temperature
models [BCO7, ISSZ11].

4 Weakly interacting lattice gas

In this section we analyze an abstract lattice gas model motivated by Eq. (3.7). For the reader’s orien-
tation, it is helpful to recall the heuristics of Sections[3.2/and[3.3]until (3.11). We will have no parameter

8.

In Section |4.1| we introduce the model and find some first properties of its free energy in terms of
standard renewal theory. In Section [4.2| we introduce the random variable I' that plays the role of
the number of clusters and derive precise estimates about its distance to the geometric distribution.
Large-deviation principles and the relevant estimates are derived in Section 4.3

4.1 Effective free energy

It is convenient to work with f(k) = e #V(*) — 1 rather than the interaction itself. Thus we assume
that a number ¢ > O andamap f: N — [—1, 0c0) are given such that

e=q) |f(k)| <1 (4.1)
k=1

Put differently, we assume that C' := Y7~ | | f(k)| is finite, and ¢ = ¢/C for 0 < ¢ < 1. We think
of ¢ and € as small numbers, whereas f(k) can be large, at least for small k. Consider the partition
function

Zu(g) =Y _q" > I+ flix — i), (4.2)
n=1 0=ip<---<in=N k=1

It can be studied either directly, using standard tools of statistical mechanics such as cluster expan-
sions, or with the help of standard renewal theory from probability theory; see [Fel71, Chapter XI]. We
are going to use the latter. Let u € (0, 1) be the unique solution of

¢> (1+ f(k)uf = 1. (4.3)
k=1
andlet T, Ty, 15, T3, ... be independent identically distributed random variables with law
P(T =k)=q(1+ f(k))u*, keN. (4.4)
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(Then T; plays the role of the cardinality of the i-th cluster.) The partition function (4.2) of the defect
gas is related to the random variables 7; by

N
ZN(Q) :U_NZ Z P(Tl :il—io,...,Tn:in—in_l).

n=1 0=ig<---<in=N

=u "PEneN: Ty +---+ T, =N).

(Recall that the integers 7, correspond to locations of cracks and the variables T}, count cluster sizes,
i.e., the number of points enclosed between two successive cracks.) It follows from standard renewal
theory that u™¥ Zy(¢) — 1/E[T] as N — oo, hence the effective free energy is given by

. 1
]\}I_I};o Nlog Zn(q) = —logu. (4.5)

It is actually close to log(1 + ¢), as we have that

qe
1—(1 < . 4.6
1= +qul < — (4.6)

Indeed, by a straightforward computation, Eq. (4.3) is equivalent to

q 2211 f(k)uk
1—q322, flk)ur

Then follows from the fact that u € (0, 1) and the monotonicity of x — z/(1 — x) in (—1,1).

1—(1+q)u=qu

In addition to the formula for the free energy, renewal theory also yields an explicit description of
the thermodynamic limit: as N — oo, the bulk behavior is given by a stationary renewal process. In
our setup, this means in particular that the probability that a nearest neighbor bond (i, i + 1) is broken
has probability 1/ where pn = E[T'], and given that the bond is broken, the particle i + 1 belongs to
a k-cluster with probability P(7" = k) (same statement for particle 7).

4.2 Approximately geometric variables

We continue our analysis of the abstract gas model introduced in Section For non-interacting
defects, thatis, V (k) = 0, i.e., f = 0, we have u = 1/(1 + ¢) and the random variable 7" (standing
for the cluster size) has precisely a geometric law. For weak interactions and small ¢, we may expect
approximately a geometric law. In this section we provide explicit estimates.

Lemma4.1. Foreveryr € Nandt > 0,

> le
K (k) e ke < 25
IS S

Proof. Fort € Cwith Rt < 0, let g(t) := ¢ >, |f(k)|e"™ . The function g is analytic on the open
half-plane {t € C: Rt < 0} and bounded by ¢ on the closed half-plane {t € C: Rt < 0}. Let
t = —7q € (—00,0) and r € N. By Cauchy’s formula,

! (2)
o T 9z) 4
g ( ) 2m1 |z—t|=T¢q (Z - t)r+1 :
hence 37,7, ql f(k)[k"e® = g"(t) < rle/(rq)". O
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Let G be a geometric random variable with law IP’(G = k) = q(1 +q) " for k € N. We compare the
laws £(T') and £(G) of T'and G. Let T and (3 be the size-biased variables associated with 7" and
G, ie,P(T = k) = kP(T = k)/E[T] and P(G = k) = kq?(1 + ¢)~*"". Recall the total variation
norm |||ty = D e [14(K)] of a signed measure 1 on N.
Lemma4.2. Ase,q — 0,

1

——(1+0(¢e)) and E[T]= é(l +q+0(g)).

u:
14+¢

Moreover, L
|1T - Gllrv <0(e),  |IT = Gllrv < O(e).

Proof. The estimate on u follows from (4.6) and the assumption (4.1). Next we compute

_ ; KP(T = k) =q ; ke f(k)uk + # (4.7)

Eq. (#.6) shows that eventually u < exp(—¢q/2). Consequently, by Lemma |4.1] the first term on the
right-hand side of Eq. (4.7) is of order O(¢/q). For the second term, set & = (1 + ¢)u = 1 + O(qe)
and note

qu q/(q+1) ¢ 1

= U — =—(14+qg+0O(¢)).
T—aF ~ A0 raR  Wag—ap g0 "1+ 06)

The estimate for IE[T] follows. For the total variation distance, we estimate, using (#-4) and (@),

IT—Gliry = 3[BT = ) = B(G = B)| < 06) + 3 gt it 1]
k=1

k=1

The latter term is equal to

‘;ﬁ(l_m‘ =[r- 1q+ﬁq : 1_a/1[1+q]’:\1‘q+q1—a_a\ =0(e).

It follows that ||7" — G||rv is of order O(e). The size-biased distributions are treated in a similar
way. O

We also need some control of the cumulant generating function of 7" and its Legendre transform. Let

p(t) = log Bl = log (¢ D (1+ f(R)ute™),  I(x) = ¢"(x) = sup(te — (1)), (49

Pt teR

We have p(t) = oo fort > —logu = log(1 + ¢ + o(q)). The function ¢ is a smooth, increas-
ing, strictly convex bijection from (—oo, —logu) onto R. As is well-known, ¢’'(0) = E[T] =: p,
¢"(0) = var(T) (the variance of T), I(x) = 0 and I”(u) = 1/ var[T]. In view of the geometric
approximation, we expect var[T'] ~ 1/¢?, and that the quadratic approximation to I(z) for z ~ p
becomes I(z) =~ 3¢*(x — pt)*. The next lemma provides a corresponding lower bound with some
uniformity as ¢, — 0.

Lemma 4.3. Let u = E[T] = (1 + q + O(g))q ™. Then there exist ¢,6 > 0 such ifq,e € [0, 4],
then, for all x € R with |z — p| < d/q,
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Proof. Fix T € (0, 1). Then for some ¢, d, > 0,and all ¢ < 4,
c
sup E[T%e"] < —.
[t|<tq q

Indeed, for |¢| < 7q and abbreviating w = ue', we have

2quw?
(1 —w)?

E[T%] = q ) K1+ f(k))w* = + a 3ww)2 + qi K2 f (k)w". (4.10)
k=1 k=1

Notice w = (1+¢) (1 4+ O(gq))e' = (1 — g+ O(¢* +e9))(1+7¢+O0(¢*) =1— (1 —7)g +
O(q? + £q). In particular, w — 1. Hence, choosing § = &, > 0 small enough, we find that for all
£,q < 0, we have w < exp(—(1 —7)¢/2)and 1 —w > (1 — 7)q/2. The bound now follows

from (4.10) and Lemma4.1] Noting that
t2
[E[e”] — 1 —tE[T]| < EE[TQe“'T],

and recalling p« = E[T] ~ 1/¢ by Lemmal[4.2] we deduce (note that log(1 + u) < )

o(t) <tp+ —t
2q?
for |t| < Tqand e, q < 4. It follows that
Cr 2 ¢ . 2 2
I(x) > |~;s|1<1p (tr —tp — 2—q2t ) = 50 min (x —p)? (ter/q)?}
7Tq T

If § is chosen small enough, then indeed min{(z—pu)?, (1¢,/q)*} = (x—p)?for [z —p| < d6/q. O

4.3 Large deviations

The system that we wish to investigate can be expressed exactly in terms of a lattice gas of defects
as in Section[4.7]only when interactions across cracks vanish, i.e., for compactly supported potentials,
see Assumption 4 in Section In the general case, we estimate the contribution of interactions
across cracks by some small number \ times the number of cracks, see Lemma [5.1| below. In order
to quantify the effect of this small contribution we use large deviations theory. Providing this is the
purpose of the present section. We keep all the notation from Sections [4.1]and

For the reader’s convenience, we briefly repeat what a large deviations principle (LDP) is, see [DZ98]
for more about this theory. We say that a sequence of random variables Xy with values in a Polish
space X satisfies an LDP with speed N and with lower semi-continuous rate function I : X — [0, o]
if for every open set G C X and every closed subset F' C X,

1 1
: 1 < _; oL > _;
hmsuleogIF’(XNeF)_ 1%f], lgvnilonglogP(XNEG)_ 1gff.

N—oo

The intuitive idea behind this is that P(Xy ~ z) ~ ¢ V() for z € X. Below, we will be working
with X’ chosen as N and the set of probability measures on N and the product of the two.

Let (My)nen be a sequence of N-valued random variables with law

P(Ti+---+Tp = N)
P(My = k) = 411
(My =) SN P(Ty+---+T,=N) @.11)
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fork =1,...,Nand P(My > N + 1) = 0. Thus My counts the number of renewal intervals
between 0 and N given that there are renewal points at 0 and /N. For the chain of atoms, My
corresponds to the number of clusters (= 1 + number of cracks) in an /V-particle chain.

Lemma 4.4. (My/N)nen satisfies a large deviations principle with speed N and rate function

yl(y™), y>0,

J(y> - - IOgU, Yy = 07
00, y < 0.
Moreover for all A € R, .
- AM -1
ngxéoﬁlogE[e N == (=) (4.12)

Proof. We already know from renewal theory [Fel71, Chapter XI] that the denominator in Eq. (4.11)
converges to 1/E[T]. For the numerator, pick t < —logu and let 7,73, T5, . .. be i.i.d. random

variables with tilted law P(T' = k) = exp(tk)P(T = k)/exp(¢p(t)). Then E[T] = ¢/(t) and by
standard renewal theory

N N . . —Nt
ST+ T = N) =Y P(Ty+ -+ T = N) = (1+0(1)) S
o P E[T]

where A = —p(t). It follows that

1
Aim log E[e*V] = —t = —p7!(=A) =t ¢(N).
This proves Eq. @#.12). Now ¢ is a smooth, strictly convex, monotone increasing bijection from (—oo, — log u)
onto R. It follows that ¢): R — (logu, 00) is a monotone increasing bijection and strictly convex as
well. The Gértner-Ellis theorem shows that (My /N ) yen satisfies a large deviations principle with
speed N and rate function J = *. The explicit expression for the Legendre transform /* follows
from I = ¢* and [HUMLO3, Theorem 4]. O

Lemma 4.5. There exist 0 > 0 and ¢, C' > 0 such that the following holds for all €, q, A € (0,0):
With A = {y € R: |uy — 1| > CV/\},

1
lim supN log E | M~ H{MN/NEA}] < —cqA.

N—oo

Put differently, the dominant contributions to E[exp(AMy)] come from A°, i.e., from realizations
where My /N = q(1+ O(V/X) + O(q + ¢)).

Proof. By the Cauchy-Schwarz inequality and Lemma[4.4] we have

2
lim sup NlogE My veay| < —H(—2)) — inf J(y).
N—o0 yeA

Let us estimate —p ' (—2)). Lett = Tq with 7 € [—1/4,1/4]. Recall p(0) = 0 and ¢'(0) = .
Proceeding as in Lemma4.3] we see that

1
[p(t) — pt] < 57 sup [¢"(s)] = O().
s<q/4
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Hence
©0(1q) = pgr +O(7*) = 7(1 + ¢+ O(e) + O(7)) (4.13)

uniformly in |7| < 1/4. We may thus choose a constant A/ > 4 such that in particular ¢(q/M)
and p(—q/M) are bounded away from zero as €,q — 0. Thus we may find 6; > 0 such that if
g,q € [0,61], then |p(£q/M)| > 24;. For |A| < &1, we have —2\ = ¢(7q) for some |7| < 1/M.
We combine with Eq. and find that ' (—2)) = q7 = —2¢\(1 + O(¢ + € + \)). Making &;
smaller if necessary, we may assume ¢ ' (—\) < 4g\ for |A] < d;.

Next we note that J(y) > 0 with equality if and only if y = p~L. Furthermore, because of the strict
convexity of .J,

inf J(y) > min {J(y_), J(y;)},  whereys = (1 £ CV)).

yeA

From Lemma [4.3] the definition of .J in Lemma 4.4, and the identity = ¢~*(1 + ¢ + O(c)) we have

1 1
Tys) 2 5odys (ua' — )" = o d’ys n*CPh = CqC'Q)\(l +O0(q+2+ V).

For small £, \ this is larger than, say ¢qC?\/(4c). Choosing C?/(4c) > 4 wefindinf 4 J+¢ 1 (—2)) >
(C?/8 — 4)g), and the assertion of the lemma follows. O

Next, let
1 U
= e Z or, (4.14)
j=1

be the empirical distribution of 77, . . ., Ths, . Then vy is a random variable with values in the space of
probability measures on N equipped with the topology of weak convergence. Note that on this space
weak convergence is equivalent to pointwise convergence.

Lemma 4.6. There exist 0 > 0 and ¢, C' > 0 such that the following holds for all €, q, A € (0, 0).

With B = {v: [|v — L(T)||ry > V2A},

1
lim sup ¥ logE [e’\MN Lpeny| < —cgA(1+O(g+¢)).

N—o0

Combined with Lemma we see that dominant contributions to E[e*"~] come from realizations
where the total variation distance between the law of v/; and law of the geometric variable GG defined
in Section [4.2]is of the order of O(v/\) + O(e).

Proof. Using Lemma and Sanov’s theorem [DZ98], Chapter 6.2], it is not difficult to see that the
pair sequence (My /N, vn)nen satisfies a joint large deviations principle with speed N and rate
function

v({k }))>

(4.15)

J(y,v) = J(y) + yH (v; L(T)) = ( )+ Z v({k})log BT
k=1
fory > 0and J(y, v) = oo otherwise. Let §, \, C, A be asin Lemma Thus A° = {y: |py—1| <
C'vV/\}. We estimate

E[eM™¥ My yeny] < B[ T veay] +E[MY My e ac,vyeny ]

~ 4.16
< g Neadto(N) 4 o=Ninfyuyeacxnl/ (Wv)=ryl+o(N) (4.16)
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with the help of Varadhan's lemma. On A° x B, we have
Tly.v) = hy = (1= CVA) (H(r £(T)) = ) 2 2! (1= V),
Here we have used Pinsker’s inequality
H(v; £(T)) = 2||v = L(T)|[1v

and the definition of B. The lemma now follows from (4.16). O

Lemmas [4.5 and [4.6] are formulated in terms of the variable 7" only. Combined with the information
that 7" is close to the geometric variable GG introduced in Section we obtain the following.

Proposition 4.7. There exists § > 0 and C, ¢ > 0 such that the following holds for all, g, A € (0,0):

liJrVn SupNlog]E|:e/\MN]1{|MN/N—q|ZCqmax(q757ﬁ)}} < —cqmax(e?) \),
—00

| 1
fim sup - log I [eAMN Ly (@) ey =omax(e /] < —cqmax(e”, A).

N—o0

Proof. Let C,c,e,q be as in Lemmas [4.5| and Let C' > 0. As u = E[T] satisfies g =
14+q+0(e) by Lemma onthe event | My /N —q| > C'qmax(q, £, v/A) we have for sufficiently
small €

M M 1
‘MTN - 1‘ > u)TN —q‘ = lng = 1] = 5C max(g, e, VA)

it C" is chosen sufficiently large. Similarly, on the event ||vy — L£(G)||ry > C'max(g,v/)), by
Lemma [4.2] we have for sufficiently small £ and large C"

vy = L(T)||ev > €' max(e, VA) + [|£(G) = £(T)||ev > %C’ max(e, V).

If ¢ < v/\ we conclude with Lemmas and Fore > v/ we repeat the proofs of Lemmas
and but with modified definitions of the sets A and B (replace \/X by €). O

5 Constant-pressure ensemble

In this section we formulate and prove the analogs of Theorems [2.2)and [2.3]in the constant-pressure
ensemble. Our main results in this section are Theorems and Motivated by the heuristics
from Sectionwe focus on -dependent pressures pg such that

/Bpﬁ — e_ﬂesurf/2+o(ﬁ) as /8 — Q. (51)

Recall that we write QE@) for the Gibbs measure in the constant-pressure ensemble, i.e., the probability
measure on RY ~! with probability density z = (z1, ..., zy_1) — Qn(B,ps) L exp(—B[Un(z) +

Pg Zj\[:—ll 2;]), and the partition function Q) n (5, ps) is given by (B).
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5.1 Effective model

As in (3.4), define the truncated partition function by
P [ A T gy
[0 R]N 1

when N > 2, and set Q" (3,p) := 1. Recall that Assumption I( and [2 I imply that v(r) < 0
for > R. As interactions across cracks are always zero or negative, discarding them decreases
the Boltzmann weight exp(—/£U). Summing over the number and locations of cracks, we get the
inequality

N-1 00 n n+1
Qn(B,p) > QY (B,p) + ( / e*ﬁp’”dr) >, e, .6 62
n=1 YR 1<i1 < <in<N—1k=1

with the conventions 7o = 0 and i,.1 = N. (Ifv = 0 on (R, 00), the inequality (5.2) is in fact an
equality.) With ¢ (5, pg), gsurf(ﬁ,pﬁ) as in Proposition |2.1|we define

V6<k) = _B lOg Q(R)(Bupﬁ) - kg(R)(ﬁtpﬁ) - geurf(/B pﬁ) (53)

fa(k) = exp(=pVs(k)) — 1 (5.4)

" = eXp(—B[gsmfgﬁ,pﬁHpﬂR]) 55)
Ds

For simplicity we suppress the RZ-dependence from the notation for V3, f5, and gg. In this notation,
Eq. (5.2) becomes

N-1 n+1

Qn (B, p5) Z20PH) exp(—BNg™ (B,ps)) Y a5+ > eXp(—ﬁZVg(ik—z’H)).
Pps n=0 0=ig<i1 <-<int1=N k=1
(5.6)
Let 7,71, ... be iid. random variables as in Section |4 with f = fz and ¢ = g¢g. The 3, R-
dependence is suppressed from the notation. Think of T}, = 7, — i1 in Eq. (5.6). Then

N

-1

exp(—pBpsR

QN(ﬁ,pg)—p(mip’B ) eBNg(R)(ﬁ’pﬁ)uéV > P(Ty+---+T,:1 =N), (5.7)
0

n—

with ug = u as in Eq. (4.3). For an upper bound we use Assumption v); set

I exp(B[Cr==2 — pgr]) dr
[ exp(—Bpsr) dr

with C' as in Eq. for v with unbounded support and A\g = 0 if v has compact support. For
ne€Nyand0 =ig < ... < iny1 = N let By(iq,...,1,) be the event that there are exactly n
cracks, located after the particles with labels i1, . . . , 75, as in (3.5). As in we denote by My the
number of clusters in a configuration. To avoid confu3|on we write My 2 for the lattice gas variable from
Eq. (4.11). Also recall the generating function ¢ = ¢z from Eq. (4.8).

g = log (5.8)

Lemma 5.1. Under Assumptions(i)—(v), forall 5 > 0,

—B39"(B,ps) —logug < —Bg(B,ps) < —Bg"™(B,ps) —logus — 5" (=Ag).  (5.9)

DOI 10.20347/WIAS.PREPRINT.2789 Berlin 2020



S. Jansen, W. Kdnig, B. Schmidt, F. Theil 22

Moreover for alln € Ny and0 =19 < - -+ < 1,41 = N,

» ' ] ]PT:._.y"'7T7'L :.n _.TL
S P(Ti+---+T, = N)
In particular,
G (M = 1) < TROLE =t 1) 519

Proof. Estimating interactions across cracks with Eq. (2.4) we have

/ N 1]lBN@L---,in)(Z)e‘B[UN(Z”Pﬁ PRI
RY-

o0 nn+1
A — r
< (e a/ o—Bps dr) H i (Bpg)
R k=1
—BpaR -1
eMn(MeﬁNg(m(ﬁ’pﬁ)ug) P(Ty = iy — o, ..

-aTn—Q—l:in 1—in .
Pps ’ )

(5.12)

We divide by Qx (3, ps), combine with the lower bound (5.7) and obtain the inequality (5.70). The
inequality (5.11) follows by summing (5.10) over all increasing sequences 1 < i < «-- < i, < N.

On the other hand, summing (5.12) over all increasing subsequences 1 < ¢; < --- < ¢, < N and
over n € N we find

n+1

N-1 o .
CNCYRESCICRRED DI Gl e D DU | (/OGS
n=1

1<i1 <+ <in<N-1 k=1

=z

-1

—BpaR —1
oAan (exp(ﬁ Bpg )eﬁNgm)(ﬁ,ps)uéV) P(Ty+ -+ Ty = N)
Dp

Il
o

n

RSV (Memww,pmu@” E[*V¥|P(En: Ty + -+ T, = N).
D

Now (5.9) follows from this, Eq. (5.6), Lemma and the standard renewal result limy _, . P(3n: 11+
+T,=N)=p"'€(0,00). O

For later purpose we formulate a similar bound for the empirical distribution 7y of the crack lengths
defined in (2.3). Let Y}, © € N, be i.i.d. exponential random variables with parameter 3pgs, defined
without loss of generality on the same underlying probability space as the lattice gas variable M]l\g,.
The Y;’s are assumed to be independent of M]l\%. Define

lg 1
D= Mlg—l Z Jy,. (5.13)

=1

Lemma 5.2. Under Assumptions (i)—(v), forall 3 > 0, for alln € Ny, and D a measurable subset
of the set of probability measures on R, we have

N Oy € D, My =n+1) <E

exp(Cﬁ( ME 1)/0 (R+y)~ (+=2) dAlg( ))ﬂ{aﬁeD}ﬂ{M}\%nH}]

DOI 10.20347/WIAS.PREPRINT.2789 Berlin 2020



Distribution of cracks in a chain of atoms at low temperature 23

Proof. We use the notation of Lemma5.1]and its proof. Refining the first inequality in (5.12), we see

N-1 .
/]RN—l ﬂB]\I(il,...,in)(z)e_B[UN(Z)+pB 21 Zﬂ]l{ﬁNGD} dz
+

< (/{ ) exp(ﬁC Z(R +ry) 6D — Bpg Z(m + R)) i sn 5 en) dr)
0,00)"

Jj=1 Jj=1
n+1

< [T @, (B.ps) (514)
k=1

with the help of (2.4). The expression in the second line is rewritten with the aid of the i.i.d. exponential
random variables with probability density function Spg exp(—[Fpsr) as

exp(—npfpsR)
(Bpg)"

Substituting this expression in the second line of (5.14) we obtain

E [exp (C’B Z(R + Y;')_(S_Q)> ﬂ{% 21 0v; €D} |
i=1

_ N-1
/RNI]IBN(Z'L---,%)(z)e BlUN(2)+ps 2255 J]ﬂ{ﬁNeD} dz
+

<E [exp (C’B zn:(R + Yz‘)_(S_Q)> ﬂ{% s 6yieD}}

=1
y <6XP(—ﬁpﬁR) NG

—1
DY) (T = iy — gy o, Tt = st — i
gy dn4l n+1 n)s
6})5 B ( )

compare the third line in (5.12). We divide by @~ (/3, pg), combine with the lower bound (5.7) and
obtain an inequality similar to (5.10):

0 (o € DY Bt i)

n e P(Ty =iy —ig, -, Tosr = ing1 — in
B0 R3] P T )
=1

SV P(Ty -+ Ty = N)

(5.15)

We sum over i1, ..., i,, remember the definition (4.11) of the distribution of the lattice gas variable
M}\%, and exploit the independence of Y; and M}\%. This gives

E\i’pﬁ)(/l/\]v eD, My=n+ 1)

<E [GXP (Cﬁ Z(R + }/;)7(372)) Dexgn éyieD}:| P(My =n+1)
=1

=K

exp (Cﬁ Z(R + Yi)—(s—2)> ]1{% s 6yi€D}]l{M}Vg=n+1}] .
i=1

1 ~1
To conclude, we note that on the event ]\/[1\% =n+ 1, we have % Z?Zl (5yi = z/j\g, and

n

SR+ ¥ = - 1) [ (R ) ). :
0

=1
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5.2 Bounds on effective quantities

In order to apply the results from Section 4, we need to check that gz, Ag, and ¢z > .-, | fs(k)| are
small. We start with ¢z.

Lemma 5.3. Under Assumptions[i|(i)—(v), we have

hm g(R)(ﬁ’p/B) = ey, hm géﬁﬁf(ﬁ’pﬁ) = Egurf > O7 q/B — e_ﬁesurf/Q-‘rO(ﬁ)’
B—o0 B—00

Proof. Inour previous work [JKST20, Theorem 2.5] we investigated the asymptotic behavior of (3, p)
and gsur£(3, p) at fixed p > 0 and for the full partition function Q (3, p). The strict positivity of the
pressure was needed to ensure exponential tightness of measures on RT or Rf as 3 — oo. For re-
stricted partition functions with spacings in [0, R|, exponential tightness comes for free and the results
extend to vanishing pressure ps — 0. The asymptotic relations for g™ (3, pg) and g% (3, pg) follow.
Together with the definition of g3 and our choice of pressure (5.1), this implies the asymptotic

behavior of ¢3. O

Next we estimate \g defined in Eq. (5.8). The following lemma crucially needs Assumption |2 on the
size of the truncation parameter R.

Lemma 5.4. Under Assumptions there exists ¢ > 0 such that \g = O(e~P).

Proof. Clearly \g > 0. For an upper bound, we first observe that exp(3CT~(*=2)) < exp(¥) if and
only if r > (C3/6)"/(*=2) and split the integral accordingly:

Bps / eSO =psr] g
R

(CB/o)M/ =) )
< Bps / 7T e dr + fpg / e
0 (CB/6)1/(5=2)
< QBCR™(2) (1 _ e—ﬁpﬁ[ﬁc/all/“*”) 4

= O(eBCR_(S_Z)5]95(%)1/(8_2)) + 1+ 0(9).

To conclude, we choose d3 = exp(—c;3) such that ¢y := min(cy, equs/2 — CR™G™2 — (s —
2)*101) is positive (which exists because of Assumption , take the logarithm, use the assump-
tion (5.1) on the pressure, and obtain an upper bound A3 < exp(—[Sce + o(5)). O

Next we make sure that eg = qg Y, | fs(k)| vanishes for 5 — oco. Let us first check a necessary
condition. Notice that for every fixed &

fo(k) = e PlBrkeomcsmto] 7 a5 B — o0,

In view of Lemma in order that at least limg_, 5 supy, | f5(k)| = 0, itis necessary that 3 eguf —
(Ex — keg) < 0 forall k € N. The following lemma implies this. It is related to bounds derived
in [SSZ11], see also [BCO7, Remark 2.3].

Lemma 5.5. Suppose that Assumptions[1|(i)—(v) and[3 hold true. Then

E, —ney > leo| > esut/2, n € N. (5.16)
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Proof. Forn = 1 we have E'; = 0, and the first inequality of (5.16) is trivial. By [JKST20l, Lemma 3.2],
the sequence (E,11/n)nen is subadditive and eq = inf,en(E,41/n). Hence, we have, for every
neN\ {1},

En — Nneg = En,1+1 — (TL — 1)60 — €p > —€y = ’€0|.

From [JKST20, Theorem 2.2], we know that the surface energy is smaller than the clamped surface
energy, i.e., €yt < — y - kv(ka). Therefore

Csurt + 260 < — Z kv(ka) + 2 Z v(ka) < wv(a) — Z(k — 2)v(ka).
k=1 k=1 k=2
Since m = 2, the right-hand side equals v(a), which is negative. O

Remark 3. The proof shows that Lemma and thus also the following Lemma is valid for
m € NU{oo} provided v satisfies the estimate v(a) < > /" ,(k —2)v(ka). This is e.g. true for the
Lennard-Jones potential v(1) = =2 — r~% provided s > 3.

For the following lemma, we also need Assumptions|i|vi) and

Lemma 5.6. Under Assumptions[1H3, we have

) 1
lim sup sup (E log Q7 (B, ps) + ng“”(ﬂ,p@) < ep.

B—oo neN

Proof. Letk,n € No. If Upjnt1(21, - . ., 2Zkn) < 00, then every spacing z; must be larger than 7,
and all interactions involving more than one bond z;, e.g., v(zj + ZJ-H), are zero or negative because
of Assumption [T[vi). It follows that

Qgc?n—&-l(ﬁvpﬁ) > Qﬁ:ﬁl(ﬁ>pﬂ)Q;z?1(5apﬁ)> k?n e N.

Hence exp(—B9™ (B, ps)) > Q421 (8,ps)"/" for all n € N. Consequently

sup <% log Q47 (B, ps) + ng(R)(ﬁ,p,a)) < g™ (B,ps) = eo + o(1). O

Theorem 5.7. Under Assumptions[1H3, we have

. IS
lim sup 3 log (Z |f5(l<;)|> < eg + €surt- (5.17)
k=1

B—00

Since |eo| > equr/2 by Lemmal5.5land gz = exp(—fesur/2 + o(1)]) by Lemma 5.3 we obtain
right away the following corollary.

Corollary 5.8. Under Assumptions

5= 43 3| F3(R)| = O(eIoent/) 0,
k=1
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In particular, gg and f; satisfy the condition (4.1), and the results from Sectionare applicable. As a
preparation for the following proofs, we note that the shift-invariant restricted Gibbs measure /fﬁR) at

pressure p on [0, R]Z is given by

lim FZiprts -5 2igr0) Q7 (21, . 21) = / fz, 20 dpg” ((2))ez)

k=00 Ji0,R)t [0,R]%

for all f € C([0, R]*) and sequences i, with i, — oo and k — i, — oo. (The reader is referred to
[JKST20] for details on z;".) In terms of the interaction

Wal(z)ez) = Y vlz+-+ )

j<n,k>n+1
|e—j|<m—1

between a left and a right part of an infinite chain (in particular, W,,((2;)jez) = v(2n + 2n41) if
m = 2) in [JKST20, Proposition 4.9] and its proof one finds the explicit formulae

() (o8Vo+Wal)

Fp
pg” (e9)

M (3, p) = o Png ™ (Bp) o

— (R)
n+1 Bgsurf (B:pp) — eﬁg (B,p) /u(ﬁR) (ﬁWO)

and
(R) (feﬁ[W0+Wn])

(R,B,p)
= 5.18
Qn+1 (f) #ga)(eﬁ[vvﬁwn]) ( )
for f € C([0, R]*) whenever n > m — 1 for the unrestricted quantities Q\"}"), Q,,+1(5, p) which
directly transfer to Q.7 (3, p), Qi7"

Proof of Theorem[5.7. Because of our restriction to spacings in [0, 1], the results from [JKST20] ex-
tend to vanishing pressure pg — 0. This holds true in particular for [JKST20, Theorem 2.11], which
together with Proposition 4.9 and its proof in [JKST20] shows the existence of some constants ¢,y > 0
such that

|fs(k)] <ePe™*  keN.

To see this, we note that [JKST20, Theorem 2.11] gives

(R)( W0+Wn]) >(e'3W°)u(ﬁR>(eﬂW’“)] < e”kHeﬁWf’Hgo < ecﬁef'yk'

| — g

The claim then follows with a possibly larger ¢ from

P QU (5.p2) |- ’w G
exp(—ﬁ[(k + 1) R)(B Pﬂ) + gsurf(ﬁapﬁ (%) (GBWO)]
and the shift-invariance of u}f). By Lemma we have
v (B, ps)
5 B[60+esurf+0(1)]

sup | f, = sup —1}§1+e .

keN 7s(%)1 ken |l exp(—Blkg™ (8, ps) + gswt (6, 8)])
It follows that, for all n € N, by splitting the sum after the n-th summand,

cB—yn
e
|f | < n 1 _I_ eﬁ[eo+eiurf+o(1)]) + X
Z ’ 1 — exp(—7)

Choosing n = C3 for some sufficiently large constant C' > 0, follows. O
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5.3 Number of cracks and empirical distributions

We again use the letter My for the random variable that counts the number of clusters (number of
intervals between cracks) in a finite chain, i.e., My : Rf‘l — Ny, defined by My (z1,...,2n-1) =
#{j: z; > R} + 1l asin Eq. (2.2). The corresponding empircal measures vy and Uy are defined in
Eq. (2:3). Let G be a geometric variable with law P(Gs = k) = q5(1 + qg) %, k € N,

Theorem 5.9. Suppose Assumpt/ons“ 3 hold true. Let pg be as in Eq. (5.1) and s, \g, €3 as in (6.5),
(6-8) and Corol/ary 3 Set d3 := max(+/Ag, €3). Then for suitable ¢, C, By > 0 and all 5 > [y,

1 » M
lim sup — log Q(ﬂ ﬁ)<‘—N — QB‘ > Cyp max{q5,55}> < —CQ5(5§, (5.19)
N—oo N N
1 »
hrnsup—log@w ﬁ><HI/N — Geom (- HTV Cdg) < —cqpdy, (5.20)
N—o0 N
1 »
h]rvn sup log Q(B » <HI/N — Exp(Bps)||rv > Cdg) < —cqsly. (5.21)
—00

It follows in particular that as N — oo, the probability of the event My /N = gz(1 + O(dg))
converges to 1.

Remark 4. The estimate on Uy actually holds true for every d3 > +/Ag. Moreover, for compactly
supported potentials v, we have A3 = 0 and for each j, the distribution of z; — R conditional on
zj > Ris exactly an exponential law with parameter 5pg.

Proof. To avoid confusion we write M}\% and V}\g} for the auxiliary lattice gas variables defined in
Egs. (@.17) and (@#14). The statements for My /N and vy are consequences of Lemma and
Proposition[4.7] More precisely, with A = {n € N: |n — ggN| > CqsN max{qs, 3} }, one has

(Bpﬂ)(MN e A < Z e)\ﬂn (M]l\% _ n) —e )\BE[ ABMNH{M}\E?EA}}
ncA-1

by Lemma5.1]so that (5.19) follows from Proposition[4.7] Likewise, if A denotes the set of probability

measures 7 on N for which || — Geom(Hq )||rv > Cég, then

N-—1
f,’?,e)(,/N €A = Z Z ]1{ ntl g eA}Q(ﬁ " (BN(il’ T ’Z”>)

n+1 = 7‘k: ik—1
n=0 0=41<-<ipy1=N

=E [eAﬂMﬁ ﬂ{uﬁeA}}

by Lemma5.7]and (5.20) follows again from Proposition

For the empirical distribution of crack lengths, let Y7, Y5, . . . be i.i.d. random variables with exponential
law Y; ~ Exp(8ps). The variables are taken independent of 77, 75, . . . and M]l\g,. By Lemmawith

D¢ asin (5.13),

(ﬁ Pg) (MN c B VN c D) Z E [exp <ﬁM]l§/o C(R + r)*(S*Q) dﬁ}\g[(’f’)) ]l{Mlg_nJrl AlgeD}}

n+l1leB

< (E [e2P25M3 |P(M¢ € B, D € D)) v

{M¢eB}
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for every subset B of N and every measurable set D of probability measures on R . Now, similarly
asin (4.15), (M}&/N, ﬁ}\g,) satisfies a large deviations principle with speed N and rate function

J(y,9) = J(y) + yH (V; Exp(Bps))

with J(y) defined in Lemma The proof is completed as in Proposition [4.7] (and Lemmas
and[4.6). O

5.4 Gibbs free energy and stress-strain relation

Let

dg®
= o

10
(ﬁ?p)a L(R)(ﬁap) :———lOgQ<R)(5,p).
k B ap k
Then L\ (8, p) = f[o o (212 dQ{™* is the expected length of a k-cluster at inverse
temperature (3 and pressure p while (3, p) and £ (3, p) represent the average spacings between
consecutive particles in a chain or cluster with infinitely many particles. (In Lemma below we will
see that + L (8, p) — €% (3, p) uniformly in p as k — oc.) Recall that g and p are both of order

exp(—Pesurt /2 + 0(3)).

Theorem 5.10. Suppose Assumptions[TH3 hold true. Then

(B, p) = g—f)w,p), (8, p)

9(8,p5) = 9™ (B ps) — %(1 +0(1)) = e (8) + aps — %3 + o(ps) + 0(qs/B)

and

exp(—Begne(8))
(Bps)?

0(B,pg) = 9B, pg) + o(1) + g—gﬁu +o(1)) =a+o(l) + (1+o(1)).

The proof requires several lemmas.

Lemma 5.11. Suppose Assumptions (i)—(v) and@ hold true. Assume thatpg — 0 as 3 — co. Then

(@) hm,3—>oo SuppE[O,pg] |€(R) (ﬂapﬁ) - &| = 0.
(b) Forsome [3y,c > 0 and all § > [y,

sup sup [Ly”(8,p) — k€™ (8,p)| < ¢B. (5.22)
pE[O,pB] keN

Proof. We first prove (b). Choose ps € [0, ps] and let ME;R) be the restricted Gibbs measure on [0, R]Z
at pressure ps. By (5.18) we have

k
L Zj:l N(ﬁR) (eﬁVVo Zjeﬁwk)
k1 g (€D Wl)

(5.23)

with W,,((2;)jez) = v(2n + 2n41). Proceeding as in Theorem[5.7} we get that for some ¢ > 0 and
all sufficiently large 3,

‘ B (025 PVE) — i (790) 100 () P (P | < BT minGik—d)
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and

’ ) (PVoeVe )~y (6PV0) ut0 (V) | < Be

Since ,ufBR) is supported on |0, R]Z and shift-invariant, for any ¢ we can estimate

k (R) (R)
L (8. p) — k) (zg)| = o=t (7 — 1157 (20) )
k1P P Hg \20)| = M%R)(eﬁ[WO‘FWk})

k—t ecﬂe_’ymln(]zk_]) + II’L;?R) (Zo)ecﬁe_’yk
2

el (15" ()

e

1—e’

< AR( + eler2Moll<)B(2 1 R)

With £ = [(c + 2[[Wolls0)B/71 we obtain | L, (8,p) — kg (20)] < Cp. The estimates are
uniform in p = Pz € [0, p] because the constant 7 is and because ||Wj||oc < 00. In particular we
have £ L (8,p) — ug" (z0) uniformly in p and, in combination with 2.6), 115" (z0) = £ (8, p).
Thus also follows.

Part (a) is now a consequence of [JKST20, Corollary 2.6] since (™ (3, p) = u(ﬁR) (z0). Because of the
restriction to spacings z; € [0, R], the corollary applies to p = pg — 0 as well.

O
Lemma 5.12. Under Assumption[i|and|[3, we have as f — oo,

exp(— el (8))

ot (B ps) = egne(B) + O(Bps)  and g5 = (1+o0(1)) 3
s

Proof. From the definition of L{”(3, p) and '™ (3, p) and Lemma b), we get

1
B

= ’/0 B(Lém(ﬁ,p) — k(™ (8,p)) dp‘ < cBps

‘(_llogQZR)(ﬁ,pﬂ) - W}”(ﬁ,p)) a <

; log @4(8,0) — kel (8))|

for some k-independent ¢ and all sufficiently large 3. Letting k& — oo we find |g: (83, ps) —
esut(B)| < ¢Bpp. This proves the first part of the lemma. The expression for gz follows from the
definition (5.5) of g5 and the fact that 3pg = o(3~") by our choice of pg. O

In order to analyze the system length, we condition on the number My of clusters and express the
system length as a sum of (conditionally) independent random variables. Let T, 75, ... be i.i.d. ran-
dom variables with law as in (4.4), representing the cluster cardinalities. Further let X;, Y; be random
variables with the following properties: The Y;’s are i.i.d. with law Y; ~ Exp(ﬁpg). They are also
independent of the T};’s and the X;’s. The X,’s are i.i.d. and satisfy

b
;cm (ﬁapﬁ)

forall k € N and measurable B C R, and P(X; = 0| 7; = 1) = 1. Notice E[X; | T} = k] =
L;R)(ﬁ,pg). Let

P(X;€B|Ti=k) = / L e ) L Eimialaz
RE!

A =Xi+(R+Y)+Xo+- -+ (R+Y, 1)+ X,. (5.24)
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Then A, represents the system length conditional on the event { M = n} that there are n clusters,
neglecting the effect of interactions across cracks.

Lemma 5.13. Under the assumptions of Theorem[5.10, there exists ¢ > 0 such that for all sufficiently
large f3,

e’\ﬁ"IP’(‘lZYi—— > C\/_> <2 ™. peN,
n =1

Bpsl — Bpg

Proof. We use Markov’s inequality: for 0 < t < pg/2 and some [3-independent constant ¢ > 0, we
have

n

“ n t -n
p( V> (14e ) < o t(4)/805) TT EfelYr] = et (1+0)/(3p5) (1 _ _>
I T [ i

<e(n(-eg; + 5705

Bps Bpgs

In the last line we have estimated — log(1 — s) < s+ £s° for |s| < 1/2. Choosing t = fpge/c (we
may assume without loss of generality that £ /¢ < 1/2), we obtain the upper bound exp(—ne?/(2c)).
A similar argument shows

“ n 2
IP’( Yig—l—a)ge_m/@c).
izl ﬁpfa( )
To conclude, we choose € = V4 \c. O
Lemma 5.14. Under the assumptions of Theorem E[Xi] = (1+0(1)); as 8 — oc.

Proof. We have -
o L. (B,ps)
E|X;| = E|T P(T =k k—’,

X =BT 3 BT = =

where T'is the size-biased variable. Lemmal4.2|tells us that E[T] ~ 1/qs. Since L™ /k < R for all
k € N, Lemmal4.2 also shows

0 . . (R) .
SO (BT = k)~ B(@ = 1) B < pe(@) - (@)l = 0(es) 0.
By Lemmal5.11] for every fixed k; € N,
)ZP T =k (lf .P3) — (7(B,p5)| < BP(C < ) + k%

Since gz — 0 exponentially fast, we have

= 0(fqs) > 0 (B — o).

We let first 5 — oo, then k1 — oo, and find altogether E[X;| ~ éém(ﬂ,pg), and we conclude
with Lemma a). O
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Lemma 5.15. Under the assumptions of Theorem[5.10, there exists ¢ > 0 such that for all sufficiently

large f3,
LY
AB”IP’(‘ § X B[] 2) < 2em
€ € )
1 s =

n € N.

Proof. We use Markov’s exponential inequality as in the proof of Lemma We have, for |t| < g,

1 1
{E[etXi] —1- tE[XzH < §t2E [XZ'QGMX’} i(tR) E[TZe\thT]
Using with ¢ = 24/c_ we find that
At
log E[e"Y] <tE[X;] + —
8¢5

uniformly for small ¢z and |t| < 7qg where 7 € (0, 1) is fixed. It follows that

E[es ]I{X1+---+Xn2nE[X1]+ni}] < eMe Ce (B

)
<exp(n = —t—)).
g 8¢5  qs

With ¢ = ¢y/Ag and t = 4qg+/ A/ c the remaining part of the proof is analogous to Lemma
and is left to the reader. O

Proof of Theorem[5.10. By Lemmal5.1] Eq. (4-12) and Lemma[4.5| we have ¢(8, pg) = ¢ (8, ps)+
% log ug+0O(gAs/ ). By Lemmal4.2\we have log ug = — log(1+qz+O(gqpes)). The first identity
in the asymptotic approximation of g(3, ps) follows. For the second identity, we note that

g™ (8, ps) — e (5):/OPB£(R>(ﬁ,p)dp:(1+o(1))am

where we have used Lemma a)and e”(B) = g™ (3,0).
For the average spacing, we first note that a reasoning analogous to Lemma5.1] shows that for every
B CR,,

N-—1
VO({Fe YT Y s e BY [ My =nt1) < NP € B)

=1

with A,, the random variable (5.24) and on the left-hand side M, stands for the number of clusters of
z. Similarly to the proofs of Lemmas 5.1 and we have

N— n+1
X;’pW({zeRf_l ZZJH{Z<R}€B}‘MNZH+ )<€ABnP<ZX EB)

Z <.
m

ff’pﬁ) ({z c Rfflz Zjll{zj>R} € B} ‘ My =n+ 1) < eAﬁnP<Z(R - YD < B)'

j=1

<.
Il
-
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In combination with Lemmas and [5.15] this gives

N-1
N Ry | >zl E CV My =n+1) < 2"+
N zeRy T 2_ Al — (Xl > N =n+ e
j:
N-1
1 cy/ A
(B,pg) N-1.
Nﬁ({Z€R+ 1‘5 E Zjll{z]>R} R_B_pﬂ > ﬁpﬁ )MN—H+1)<26 Agm .

As a consequence, using the general inequality P(A° N B¢) > 1 — P(A) — P(B), we get

Bpﬁ)({zeRNl ‘Z’ZJ (n+1) [Xl]—n<R—|—L>’

Bps

n—l—l Y ﬁ ‘]\/[ —n—|—1>>1 4o
ag Ps

By Theorem there exist C' > 0, 85 = max{dg, gz} > 0 with 65 — 0 as 3 — oo such that

lim Qy"" (|My — Ngs| < CNdsqs) = 1,
N—oo

ie., My/N ~ qg(1 4+ O(d5)) with a probability converging to 1. Therefore with a probability con-
verging to 1 (under Q%’pﬁ), without conditioning on My),

13t <[4+ egm( L4 L) 4

Bps PpsN
1
< 0(55)t0(B,ps) + cy/As(1 + 0(55))<1 * 5235) i BpsN’

where we have set (o (3, p3) = qs(E[X:1]+ R+ @) On the other hand, because of the uniqueness
and ergodicity with respect to shifts of the infinite volume Gibbs measure [Geo11,, JKST20], standard
results ensure that Ly /N — £(/3, ps) almost surely. It follows that

{6,93) = {o(3,p5)| < OGa)asEL] + Z2(0s) + O(V/A3) +O(W/ %)

and thus
(B, ps) = (1+ o(1)gsB[X1] + (1 + 0(1)) == + o(1).
Bps
To conclude, we use Lemma for E[X;] and Lemma for gs and we obtain the second in-
equality in Theorem[5.70] O

6 Canonical ensemble

Here we prove Theorems[2.2/and[2.3] They are deduced from their analogues in the constant-pressure
ensemble, Theorems [5.9/and Theorem5.10
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6.1 Proof of Theorem

We suppress the (-dependence from the notation, abbreviate ps = p(3, £), and note the relations

)
l= %(ﬁ,pﬂ), f(B,0) = g(B,ps) — Lpg, (6.1)

which follow from Egs. (2.1), (3.2), (3.3) and standard results on Legendre transforms.

Before we prove Theorem we formulate a simple lemma on convex functions and their Legendre
transforms whose proof is omitted.

Lemma 6.1. Suppose ¢, 1, ¥, ... : R — R U {oo} are convex functions whose restrictions to an
interval (a,b) C R are strictly convex and continuously differentiable. If p,, — ¢ pointwise on (a, b),
then also @), — ' pointwise on (a, b) and for ally € ¢'((a, b)),

lim @) (y) = ¢*(y)-

Proof of (a): Recall W (r) = >"/", v(kr) and let p* := |0(Zmax)|/Zmax- We apply Lemma [6.1]to
03(p) = —g(B,p) and ¢(p) := —inf,~o(W(r) + pr) = W*(—p) on the interval (0, p*), where

g(B, -) and W have been set to +oo for non-positive arguments. The function ¢ is strictly convex and
continuously differentiable because p — ¢(/3, p) is strictly concave and continuously differentiable,
as noted in Section [3.1] It follows from Assumption [1{i)—(iv) that 1 is strictly convex and smooth
iN (Zmin, Zmax)s W (Zmax) + PZmax < U(Zmax) + PZmax < 0 for p < p* and W(r) + pr > 0 for
7 < Zmin and p > 0. Thus, for p € [0, p*], there is a unique a(p) with (p) = W (a(p))+pa(p), and
a(p) € (Zmin, Zmax ) satisfies W’ (a(p))+p = 0. Set £* := a(p*). Thena(0) = aand a(p) € (¢*,a)
for all p € (0, p*). In particular, ¢ is smooth and strictly convex on (0, p*) with ¢'(p) = —a(p). By
[JKST20, Theorem 2.5], we have

lim g(5,p) = inf (W(r) + pr)
for all p € (0, p*), hence ¢z — ¢ on (0, p*). Also notice
wi(—0) = sup(—pl + g(8,p))) = f(5,0)

p>0

by B-2). Lemma 6.1]thus implies f (3, () = ¢*(—{) = W**({) = W ({) forall £ € (£*,a). Another
application of Lemma[6.1]in combination with (3.3) then also yields

af

p(B,6) = —55(6,6) = —W'(()

for ¢ € (0%, a).
Proof of (b): Pick £ > a. Eq. (6.1), Theorem and the definition (5.5) of ¢z yield

exp(—Begis(8)/2)

Pps = (I+o(1)) and g5 = (£ —a)Bps(l+o(l))

VE—a
and
F(8.0) = g(B,ps)~pst = e (B)—ps(l—a)— L (1+0(1)) +o(ps) = €5 (8)~2ps(¢—a) (1+o(1)).

g
We plug in the asymptotics of pg and obtain Theorem b).
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6.2 Proof of Theorem

Letp > 0andn € N. Recall 2y_; = L — Z] | zj. Write 2 = (21,...,2y-1). Then

1 /oo —ppL / —BUN(
= — e Tnro=n NE) dz - dan_g ) AL
Qn(B.p) Jo ( AN a=ny (2)e b N 2)

1 IN+1
= m /ZN o Pt </A Il{MNzn}(z)e_ﬂUN(z) dzy--- dZN_2> drL
NN

ZN(B £N) e PP(UN+1)
QN(ﬁ p)

Choosing p = ps = p(3, {), we have

WV (My =n)

PS@?EN(‘]WN =n).

1 Zn(B,EN) _apen+1)) _ o
]\}I_EI;OBNI <QN(57P) € +1)— f(8,6) +g(B,p) —pl = 0.

Let g be as in Eq. (5.5) and 3, ¢, C, f as in Theorem[5.9] Then for 5 > f3,

) 1 M
lim sup N log P%B;NOTN — QB‘ > C'qs max{qp, 5/3})

N—o0

M
<li 1 W(‘—N
- ‘f&fipjv 2|y

As gV.(8,p5) = e (B)+0(B71) by Lemma we have gz = (14 0(1))qgs ¢. The first estimate
in Theorem [2.3] follows.

- %‘ > Cqs max{gg, 5ﬁ}> < —cqpds.

The statements on the empirical distributions are deduced in a similar fashion from the corresponding
empirical distributions in Theorem For the geometric distributions, the proof is easily completed
with the observation

qp.e ‘
— 0.
Z‘ 1 —|— q5 (1 + q57g)k
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