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Analysis of a compressible Stokes-flow with degenerating and singular
viscosity

M. Hassan Farshbaf-Shaker, Marita Thomas

Abstract

In this paper we show the existence of a weak solution for a compressible single-phase Stokes flow with mass trans-
port accounting for the degeneracy and the singular behavior of a density-dependent viscosity. The analysis is based
on an implicit time-discrete scheme and a Galerkin-approximation in space. Convergence of the discrete solutions is ob-
tained thanks to a diffusive regularization of p-Laplacian type in the transport equation that allows for refined compactness
arguments on subdomains.

1 Introduction

Suspensions, i.e., flows of solid particles immersed in a viscous fluid appear in many aspects in nature and their un-
derstanding is of great importance for many technological processes, e.g., in the food, pharmaceutical, printing and oil
industries. For suspension flows two major regimes with substantially different rheological properties can be observed.
In the dilute regime the volume fractions of the solid particles are very small and mutual interaction between particles is
negligible. Instead, in the dense regime large volume fractions lead to rheological behaviors like shear thinning and dis-
continuous shear thickening, see e.g. [BJ14]. When a critical volume fraction of solid, rigid particles is reached, jamming
occurs, which means that the rheological behavior of the suspension turns into that of a solid.

The development of a continuum model for binary suspensions of solid and liquid phase applicable across different con-
centration regimes with substantially different rheology is of great importance to understand the applications but also very
challenging from a mathematical point of view. In [PTAT19], the authors construct a PDE model also suited for dense
suspensions using a gradient flow structure featuring a dissipative coupling between fluid and solid phase as well as differ-
ent driving forces. This approach leads to a general mathematical structure of variational type which is able to model the
different suspension regimes, from dilute to highly concentrated states up to jamming. This is done by taking into account
physically realistic but mathematically non-standard density-dependent constitutive relations, which degenerate for dilute
suspensions as the density of solid particles tends to zero and which get singular when reaching a critical value that stands
for jamming. Due to these degeneracy and singularity properties in these two extremal situations, the mathematical anal-
ysis of the derived model in [PTAT 19| requires significant mathematical efforts and is very challenging. Concerning the
mathematical analysis of compressible viscous fluid models with density-dependent viscosities, we mention here a series
of papers [BDL03, IBD06| BD07, BMZ19], where the authors investigate with great effort compressible Navier-Stokes fluid
models with density-dependent viscosities, which also appear in shallow water and lubrication models. The well-posedness
of the models is shown by introducing a new mathematical entropy identity, which is derived either by assuming a linear
dependence of the viscosity with respect to the density or by assuming a power-law structure of the viscosity u(g) on
the mass density o. However, the non-standard form of the viscosity in [PTAT19] cannot be treated by the mathematical
methods developed in [BDL03| IBD06, BD07, BMZ19,|LT18a, [LT18b], and references therein.

Our long-term goal is to investigate the full two-phase model for concentrated suspensions proposed in [PTAT19]. As a
first step towards this analysis, a single-phase model, which captures the above-described degeneracy and the singularity
properties, is investigated in this paper to understand the main difficulties and to pave the road for forthcoming analysis of
the full two-phase Stokes and Navier-Stokes system. Let [0, 7] x  C R x R? denote the space-time cylinder with space
dimension d € {2, 3} and final time 7" > 0 general but fixed. For the density ¢ : 2 — R and the velocity u : Q — R?
as unknowns, the bulk equations of our model are given by

Oro + div(ou) — ediv(|Vo|P2Vo) =0 in [0,T] x Q, (1.1a)
—div(u(o)e(u)) + M(o)u + rlul*"%u + oVD,E(0) = 0 in[0,T] x Q, (1.1b)
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with the symmetrized velocity gradient e(u) := 1(Vu + Vu') and the energy

&(o) :/ <x29+ ;|g|2> dz. (1.1c)
Q

The bulk problem is complemented by suitable boundary and initial conditions, which are specified in Section [2.1
By D,E(0) we indicate in the variational derivative of (o) with respect to p. Moreover, the shear viscosity 1 and
the friction M are material parameters, which are modeled as density-dependent functions. Equation is a continuity
equation with a diffusive regularization of p-Laplacian type. The Stokes equation contains a regularization in terms
of an L*-nonlinearity, whose exponent s is closely connected to the exponent p appearing in p-Laplacian in the continuity
equation. Moreover, the first component in the energy functional is given by the gravitational force and the second convex
term of lower order is chosen as a further regularizing term. The prefactors €, €, k > 0 of the regularizing terms may be
arbitrarily small but positive. The density o can be understood as the mass density of the system. Yet, setting 0 := 0g¢
with constant mass density og it can be seen in direct relation with a phase indicator ¢ when extending the model
to suspensions in the future. In both situations it will be important to obtain that a solution ¢ of is non-negative and
bounded from above by a critical value gcyit-

Structure of the paper. In Section [2] we state the precise assumptions and give the Definition of a weak solution to
system with a first existence result. Moreover the diffusive regularization of p-Laplacian type in the transport equation
allows for refined compactness arguments on subdomains, discussed in Theorem[2.4] In Section[3]an implicit time-discrete
scheme combined with a Galerkin-approximation in space, see (3.2), is introduced and solved in Proposition[3] Moreover,
a priori estimates are investigated in Proposition [3.4] which lead to convergence results, given by Proposition 1] in the
final Section[4] There, we also establish the non-negativity and boundedness of weak solutions o of (.1a).

2 Basic assumptions and main results

2.1 Notation and basic assumptions

Let Q C R with d € {2,3} be a bounded Lipschitz domain with boundary I' = 92 and i the outer unit normal on T".
By £L™(B), we denote the m-dimensional Lebesgue measure of a set B C R™, m € N. Furthermore, we denote by
LP(Q), resp. WP(Q), for 1 < p < oo the Lebesgue-, resp. Sobolev-spaces on (2. For a time interval (0,7), T' > 0
and a Banach space X we denote by L? (0, T'; X ) the spaces of Bochner-integrable functions with values in X . Moreover,
for a Banach space X we denote its dual by X* and the duality pairing by (-, ~>X. For LP-spaces, we denote by p’ the
dual index defined by % + ﬁ = 1. "Generic” positive constants are denoted by C' or ¢ and in estimates their particular
value may change from line to line. Moreover, for subsets of R”* defined by the values of a function f : R™ — R, m € N
we shall use the following notation

[f 2a]:={z eR™, f(z) 2 a}, (2.1)

where the symbol < is here used as a placeholder for one of the relation symbols, i.e., <€ {<, >, =, <, >}.

Throughout this work, we adopt the following assumptions:

(A1) The shear viscosity is given by

p: R — 10,00, p(o) = loln(o), (2.2a)
where
00 if o <O,
n(e) = ﬁ if0 <0< 0it, for a>2andv > gg. (2.2b)
00 if 0 > Qorits

As we shall see in Theorem [2.7]and lateron in Section [4.3] the singularity of power ac > 2 prevents solutions o of
to exceed the value g.i;. In case of v > 2 one even finds that £L%([o(t) = 0cri1]) = O forall t € [0, T],
i.e., solutions attain the critical value at most on £%-null sets.
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(A2) The friction coefficient M(Q is defined by a continuous function M : R — Rg with the following growth property:
There exist constants M, M > 0 such that

M|o|* < M(0) < M|g|* forallp € R. (2.2¢)
(A3) The initial condition for the density fulfills
00 € L*(Q). (2.2d)
(A4) The boundary conditions are given by
u=0, and ¢|VoP"2Vp-7i=0o0onT. (2.2¢)
(A5) Assumptions on the exponents p and s in (1.1):
{2,3}2d<p<6, and 1+1+1:1. (2.2f)
2 s p
(A6) Assumptions on the regularization parameters ¢, € and « in (1.1):
0<eée<l, and k>0 (2.29)
Remark 2.1. 1 In [PTAT 19] the real constitutive material law for the solid phase is given by
5 . —
ne) =143 chtoi[ o (/n 1T 15(2@0,,-([11 9)‘2> (chitg_ 0)? &9

with the non-dimensional parameters, po > p1 and Iy. Our choice in captures the essential behavior of
and is well tailored for the mathematical analysis in this paper.

2 By (2.2%), the dual indices p’ and s’ are given by L=1-Li=141lgpgt =1 -1=-141 respectively.
s s 2 p P 2 s

1
p
2.2 Basic notion of solution

Here, we specify our notion of solution for the system (T.1).

Definition 2.2 (Basic notion of weak solution). Suppose that the general assumptions (A1)-(A6) are fulfilled and let the
final time T' > 0 general but fixed. A weak solution of system is a quadruplet (o, u, B,,¢ ) with the regularity

0 € WH' (0, T; WHP(Q)*) N LP(0, T; WP (), w e L5(0,T; L (; RY)), (2.4a)
B, € L*(0,T; WH(RY)%), ¢ e L¥(0,T; L (% R?)), (2.4b)
that satisfies
T
<3tg, w>LP(O,T;W1fP(Q)) — /O' /Q(QU — €‘VQ|p72vg) . v'l/] dl’ dt = 0, (253)
forall € LP(0,T; WhP(Q)),
T
<Blu VU>LS(O,T;W1W2(Q?R(1)) + /0 /Q(M(Q)U + "{C + QVDQS(Q)) ~vdzdt = 07 (2.5b)

forallv € L*(0,T; WH2(Q; RY)).

We will show in Theorem [2.3]the existence of a weak solution in the sense of Definition Moreover, in Theorem [2.4] it
will be possible to identify the limit elements ,, and ¢ in as the viscous stress and the L®-nonlinearity generated
by the limit pair (o, u) on Lipschitz subdomains Q5P (¢), where v < o(t) < ey — v fora.a. t € (0,7T) and for all v > 0,
cf. (2.6a). A further refinement of the notion of weak solution will be deduced in Theorem Given that the initial datum
0o satisfies 0 < 09 < oerit a.e. in £ one finds that also the weak solution o satisfies 0 < ¢ < ¢t a.e. in £ for all
t € [0, T7. In this situation the identification of the limit elements B,, and ¢ as the viscous stress and the L*-nonlinearity
generated by (o, u) can be shown to be valid even a.e. in [0 < ¢ < 0qit)- In dependence of the exponent « for the
singularity of the viscosity, cf. (2.20), the results can be even further refined: In case of &« > 2 and 0 < g9 < gerit — 7o
for 7o > 0 sufficiently small, solutions even satisfy 0 < o(t) < gcrit a-€.in Q forall t € [0, T'] and the identification result
for B,, and ¢ can be shown to be valid even a.e. in [0 < g].

DOI 10.20347/WIAS.PREPRINT.2786 Berlin 2020



M.H. Farshbaf-Shaker, M. Thomas 4

2.3 Main results

In this section we present and discuss our main results.
Theorem 2.3. Suppose that the general assumptions (A1)-(A6) are fulfilled. Then has a weak solution in the sense
of Definition

The proof of Theorem [2.3]is carried out in Sections [3and[4] In Section[3]a fully discrete (time-discrete Galerkin) scheme
together with a suitable regularization of the shear viscosity p is devised and investigated. A priori estimates based on a
discrete energy estimate are derived. In Section[4]the a priori estimates are used to perform the limit from the discrete to
the continuous problem.

In the following Theorem we will provide, on subdomains, an identification for the objects 55,, and ¢ appearing in (2.50). To
this end, we define subdomains
Q) ={zeQ|v<ot) < gut—v}foranyr > 0and foraa.t e (0,7), (2.6a)
and consider any
Lipschitz-subdomain ~ QLP(¢) C Q,(t) fora.a. t € (0,7). (2.6b)

We note that €2,,(t) is an open set in {2 due to the compact embedding W1?(Q) C C°(Q) thanks to p > d by
assumption (2.2f). Moreover, on the Lipschitz-domains Q5P (¢) (reflexive) Sobolev spaces such as W12 (QLP(¢)) are well
defined and embedding theorems are valid, cf. [AFO3]. Now, we have

Theorem 2.4. Let (0, u, By, ¢) be a weak solution of system obtained in Theorem|[2.3 Then, for every 6 > 0, there
exists a measurable set I; C (0, T) such that £1((0, T)\15) < & and non-cylindrical domains

Q)= J{t} x QUP(t) € (0,T) x @ with QP (t) as in @8), for all v > 0, 2.7)

tels

such that for all v € L*(0,T; W12 (€; R?)) with supp(v) C Q? there holds

T T
/ / wlo(t))e(u) : e(v) de dt + / / (M (0)u + k|ul*2u+ 0VD,&(0)) - vdzdt =0, (2.8)
0o Ja 0o Ja
ie.,itis
T
B 0) oo ey sy = /O /Q s(o(t))e(w):e(v) dz dt and (2.92)

T T
/ / k¢ -vdxdt = / / wlul* 2w - v de dt (2.9b)
0JQ 0JQ

forallv € L*(0,T; W12 (; R?)) with supp(v) C Q°, for any Q2 from @.7), for all §,v > 0.
Consequently, relations and hold true even for all test functions

v e L0, T; WH2(Q; RY)) such that supp(v(t)) C [0 < o(t) < gerit] fora.a.t € (0,T). (2.10)

The proof of Theorem is given in detail in Section we adress here the main ideas: The identification of B,, and
¢ in terms of the limit velocity u can be achieved on subsets of the space-time cylinder (0,7") x € where the values of
the limit density ¢ and its approximants are strictly bounded away from zero and away from the singularity oc.i¢. In space
this is ensured by retreating to the subdomains Q4P () from (2.6). Again, thanks to the assumption p > d there holds
WP (Q) c C°(Q) compactly and the approximants converge uniformly in space to the limit density o. In this way, it can
be ensured for a.a. ¢ € (0,7) that also the approximants are strictly bounded away from zero and away from g from
a particular index n(t) on. We point out that the regularity in time o € W1L#' (0, T; W2(Q)*) N LP(0, T; W?(Q))
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given in (2.4), and similarly also for the approximating solutions, is too low in order to ensure continuity and uniform
convergence in time. Instead, one can only make use of almost uniform convergence, which will be deduced from strong
LP(0,T; LP(Y))-convergence together with Egorov’s theorem in Section [4] The almost uniform convergence in time
induces the measurable sets Is C (0,T") from (2.7) where the sequences converge uniformly and this will allow it to find
both the limit density and the approximants strlctly bounded away from zero and away from g.,i; on the non-cylindrical
domains Q5 In order to carry out the identification argument we need compactness results in Banach spaces defined on
non-cylindrical sets. To this end, for Q5 from (2.7) we introduce the normed vector space

1/s
L3(Q0) = {f : Q% — R measurable, 1 fllzsqs) = (/I ”f(t)HsLs(sztjp(t)) dt) < oo} . (2.11)
s

Lemma 2. 5 ConSIder a non-cylindrical domain Q% as in @.7) and let s € (1,00). The normed vector space L*(Q?)
defined in is a reflexive, separable Banach space.

Proof. Let Q% be a non-cylindrical domain as in andlet s € (1,00).

1. We show that the normed vector space L*(Q%) is complete: Let (f,.)nen C L*(QS) be a Cauchy sequence. We
show that there exists an element f € L*(Q?) such that f,, — f in L*(Q?%). To this end, we define for a.a. t € I

=+ ) falt) on QbP(1),
fal®) := {O on Q\ QLP(2).

Indeed, we have for all n € N that f, € L*(I5; L*(Q)) with || f.||1

(Fn)men is a Cauchy sequence in L*(I5; L*(£2)). Due to the completeness of L*(I5; L*(£2)), we conclude that there
exists an element f € L°(Is; L*(Q2)) such that

s(15:25(2)) = IIfnllLs(qs) and it follows that

Fo = fin L¥(I5; L5 (). 2.12)

Foraa.t € Is we set f(t) := ﬂQL.p(t) and show for a.a. t € I; that f(t lo\awry = 0. In view of @T2), it follows

that there exists a subsequence (fnl)lEN such that fnl (t,x) — f(t,x) pointwise for a.a. (t,z) € I5 x ). Because

of fo,(t,x) = Oforaa. (t,z) € {t} x (\ QP(t)) and for all [ € N, it follows f(t,z) = 0 for aa. (t,z) €
{t} x (2\ QLP(¢)). We finally obtain

| fr — 5y = [fn = fllLsrs;0 ) = 0,

which proves that L*(Q9) is a Banach space.

2. We show that L*(Q?) is reflexive and separable: To this end, we define
Vi={fe L5 L°(Q)) | foraa.t € Is: f(t) =0onQ\ QP(t)},

which is a closed subspace of L°(Is; L*(£2)), and thus, a reflexive and separable Banach space. Moreover, we have
L*(Q%) = V and due to isomorphism of the norms, we obtain that L*(Q?) is reflexive and separable, too. Further,
we note that the dual space of V is given by V* := L% (I5; L*' (Q))|y. Due to L*(Q%) = V, we also have V* =
L (@) = L7 (Q)). 8

Remark 2.6. Thanks to the properties of L*(Q?’) verified in Lemma and Eberlein-Smuljan’s theorem, each bounded
sequence in L*(Q9) contains a subsequence that converges weakly to a limit in L*(Q?).

The above results for Banach spaces on the non-cylindrical domains Q5 will allow us to carry out the identification argu-
ment in Section[4.2] We mention that our use of non-cylindrical domains is motivated by the works [Sal85, ISal88|, where
Banach spaces on non-cylindrical domains are introduced at first using very general sets Q: Ute(O ) {t} x Q).

Yet, lateron, in the course of the analysis, higher regularity assumptions, i.e., C“—regulanty for the boundary of Q are
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required in [Sal85]. This is in line with the fact that many works dealing with the analysis of PDEs related to fluid flow on
moving domains [SS07, INRL16, [AET18| ISaa07] postulate higher regularity assumptions for the flow map, which is used
to map the current domain () to a fixed reference domain 2. Translating these assumptions to our situation shows
that higher temporal regularity would be needed for the density ¢ and its approximating solutions and in some cases also
volume conservation for the set {z € R, o(t,x) € (0, 0crit)} in order to apply the methods of the works mentioned
above. Instead here, we can only expect o € W' (0, T; WP (Q)*) N LP(0, T; WP (£2)). In difference to the above
mentioned works, the non-cylindrical domains Qf, used in our context are induced by the solution g, so that good regular-
ity of the sets cannot be expected in general. As approved by Remark we shall solely use the LS(Qi)-spaces for a
compactness argument in the a posteriori identification of the limit elements.

With a suitable adaption of the non-cylindrical domains and via a contradiction argument, it is possible to deduce the non-
negativity of the density o and its boundedness in terms of the critical value o..i;. We point out that 0 = 0 is not excluded
on subsets of (O7 T) x () of positive measure. Moreover, the behavior of solutions ¢ at the singularity g..i; depends on
the exponent a: Only for o € (2, 3] it is shown that solutions cannot attain the value @it on sets of positive L%measure.
Thanks to these properties of g, it is also possible to refine the identification of 53, and ¢ from as the viscosity and
the L*-nonlinearity generated by (o, u):

Theorem 2.7 (Non-negativity & boundedeness of the limit density o, refinement of & (2.9)). Let the assumptions of
Theorem|2.4be valid and let (o, u, B,,, ¢) be a weak solution obtained in Theorems and(2.4

1 Further assume for the initial datum
00 € LQ(Q) such that 0 < 09 < Ocrit a.e.in€). (2.13)
Then the density o from also satisfies
0<o(t) < ocit ae inf, forallt € [0,T]. (2.14)
Moreover, identification relations and hold true for all test functions
v e L0, T; WH2(Q; R?)) such that supp(v(t)) C [0 < o(t)] fora.a.t € (0,T). (2.15)
2 Leta > 2in . Further assume for the initial datum that there is a constant o > 0 sufficiently small, so that
00 € L?(Q) with 0 < 09 < 0crit — To a.e.in Q. (2.16)
Then the density o from satisfies
0 <o(t) < ocrit ae. in§, forallt € [0,T]. (2.17)

and identification relations and hold true for all test functions as in (2.15).

3 Existence of discrete solutions

For final time 1" general but fixed, we define a partition of the time interval [0, T']

T
0=t <...<th =T wih th —th'= =T
T
and a sequence of finite-dimensional subspaces U,,, X,, such that, for all n € N
X, CX,p4+1 and U X, dense in X := WP(Q) with span{e;j;j =1,...,n} =X,, (8.1a)
neN
U,cU,;1 and U U, dense in U := W12(Q; R?) with span{e;;j=1,...,dn} =U,, (8.1b)
neN
wheree; € Xforj=1,...,n,resp.e; € Uforj =1,...,dn, are linearly independent.
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Remark 3.1. This motivates us to define two different projectors: The projector PX : X — X, such that PX(X) = X,,
and the projector PV : U — U,, such that PY (U) = U,,. For PV we claim that it is selfadjoint (note that U is a Hilbert
space) and || PY|| £(uU,u) is bounded independently of n. Hence, such a projector PY with the mentioned properties
exists, cf. [Rou05, Remark 8.41, p. 238]. Above, we use the notation £L(U, U) := {A : U — U linear and continuous}.

Now, we consider the fully discrete Galerkin scheme corresponding to fork € {1, ceey NT} andn € N

of il
/ e de — / (e nuf, — VoL, [P 72V i) - Vipdz =0, (3.2a)
Q Q

-
forally € X,,,
/w(g’me(uﬁn) e(v) da + /Q<M<@£n>u£n + alub, "2k, + 0, VD,E(ek,)) - vdr =0, (3.20)
¢
forallv € U,,
where the regularized viscosity fi, is defined by
_ 1 .
glz‘;“j»TT|g| IfQ<O,
pr(0) = loln-(0) + 77 for f > Oandwith 1-(0) = { Gl 0 <0< 0o — T, (3.3a)
% ifo > Ocrit — T,

fora > 2and v > ggit.

In contrast to p from , L+ is continuous for every fixed 7 and can be estimated from below, i.e.,
there is a constant ¢, > O such that 1, (0) > c,|o|> + 77 forall o € R and for all 7 > 0. (3.3b)
Moreover, we have

wr(0) = n(o)as T — 0, forall g € R. (3.3c)

Proposition 3.2 (Existence of discrete solutions). Let the assumptions (A1)-(A6) be satisfied and T’ > 0 general but
fixed. Also keep T > 0 andn € N fixed. Then the following statements hold true:

1. Forallk € {1,...,N,} there exists a solution (0%, u¥ ) € X,, x U, for problem (32).
2 Forall K € {1,...,N,} the discrete solutions (o¥,,, u’ﬁn)fc\':fl satisfy the following discrete energy-dissipation
estimate:

K K
E(0k)+3 7 /Q e(o, e(ut,) - e(uk,) do+ 3 /Q Mgk, P da
k=1 k=1

~ K

K
£e 4
T D NI R S N A, @4
k=1 79 Lyt

o

< &) + == 0h@ x (0.7)).

The proof of Proposition [3.2) will be carried out in Section [3.7] below.

Using the discrete solutions (g.’ﬁn, u’ﬁn),&l obtained in Prop. Item 1., we define suitable approximating solutions by
interpolation in time. More precisely, we introduce the piecewise constant left-continuous interpolants

Orn(t) =00, Ten(t)i=uk,, forte (tN N tR ) k=1,...,N;, (3.52)
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as well as the piecewise linear interpolant

t_t?\f:l k tIICVT b oot k—1 L4k
0rn(t) = Orn + 0, forte (tx tx ), k=1,...,N.. (3.5b)

Moreover, by (3.5b), the time derivative of the piecewise linear interpolant is given by

D 0%, —oby! k=1 4k 1 1 _q N
0 (t) = e fort € (tx ,tn, |, k=1,...,N:. (3.5¢)

Additionally, we will also use the following notation for the time

t(t) ==ty forte (th ' 1

Kl k=1,...,N.. (3.5d)
Using @5), we will rewrite (3:2). For this, also note that |J,, .y C°([0, ] ) is dense in LP(0,T;X) for any 1 <
p < o0, cf [GGZ74, Lemma 1.12., p. 144]. Hence, for any ¢ € L?(0,T; X) there exists a sequence (1), ),, such that
Y € LP(0,T;X,,) foreachn € Nand v, — 1 in LP(0,T;X) as n — oo. For any v € C°([0,T]; X) we use
nodal projection and subsequent constant interpolation in time, i.e., we introduce the operator P, : C°([0,T]; X) —
LP(0,T;X), Prap(t) := p(th, ) = ¢(t) forall t € (t’fv:l, tk, ], where we used the notation for the piecewise
constant, left-continuous interpolant. Based on this, we define a projector for the space L? (0, T'; X) to piecewise contant
functions in time with values in the finite-dimensional subspaces X,, by making use of the approximating sequences
(tn)n with 1, € C°([0,T],X,,) for all n € N. More precisely, we introduce

Py, : LP(0,T;X) — LP(0,T;X,,), where Py, () := PX(P.()) := .

with the notation from (3.5a). In a similar manner we also define a projection for the space L*(0,T'; U) and we denote
the corresponding projector by PV (P, (v))) : L*(0,T; U) — L*(0,T;U,,). Now, we have

(3.6)

n

T
(Drorn, Pri(¥)) o o,mix,) — /0 /Q Ornlirn - VP ($) dz dt + (Ap(@r0), Pr(¥)) oo.rix,) = 05 (373)

foralln > [, forall¢p € LP(0,T; X),
T
<‘A#(?‘rn7ﬂ‘rﬂ)7 PrILJ(PT(v))>LS(O T;U,) + /0 ‘/QM(ETn)ETn ' PTILJ(PT(U)) dzdt
T
- / [ e PY P @) e+ [ [ 0, 9D, PY(P ) drd =0, @70
0 0 Q

forallv € L*(0,7T;U),

where we abbreviated

T
(D 0rms Prt)) 101y = / /Q D, g7 Pry (1) da dt, (370
0
T
A @)y Prilt)) oo o) = € / / VT P-2VG. - VPa(b) dudt, (3.7d)
<‘A (@7 Urn), P >L6(OTU ) / /NT Orp)e(Urn) : e(P) (Pr(v))) dz dt. (3.7¢)

Remark 3.3. Using the projector P.; (instead of P;,) withl < n in (38:7d), gives us more flexibility in showing a priori
estimates and convergence results. This is carried out by first sending n to infinity by holding [ fixed and in a second step
letting [ to 0o.

Ina similar fashion also the discrete energy-dissipation estimate can be rewritten in the notation of the interpolants
,i.e., forallt € [0, 7] there holds

(t) T, (t)
E(Bn(t / / i @ (7)) e(@rn()) : €(Tpn(r)) dz dr + / M@y (7)) [Ty ()]
Q 0 Q

T (t) cE T (t)
+/ /|ﬂm(r)|sdxdr+—/ \\V@Tn(r)||§p(md)dr (3.8)
0 Q P Jo '

’"'1717
<&, + %Ld(n x (0,T)).
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Analysis of a compressible Stokes-flow with degenerating, non-standard viscosity 9

Based on this, we establish a priori estimates for discrete solutions given by Proposition

Proposition 3.4 (A priori estimates). Let the assumptions of Proposition be satisfied and consider a sequence
(OrnsTrn)rn Of solutions for system (3.7). Then there exists a constant C' > 0 such that the following statements
hold true uniformly with respectton € N andt > 0

IV tr (0r) €(Wrn) | L2 (0,712 (2REx0y) < C, (3.9a)
TBHe(ETn)H%Q(O,T;LQ(Q;RdXd)) <, (3.9b)
CMHETne(ETTL)H%Q(O,T;LQ(Q;RdXd)) <C, (3.9¢)
MH?mﬂmH%2(0,T;L2(Q;Rd)) <C, (3.9d)
@:ra)) < C, (3-9¢)
18,0 (D)l L2y < C foralit € [0,T], , (3.9f)
VOl Le(o,r;Lr(@ray) < C. (3.99)

In addition, also the following estimates are valid uniformly with respectton € N and T > 0
[2-nllLe 0, 7w10(0)) < C, (3.9h)
| div (2, Trn)l L2 0,7;22(0)) < C, (3.90)
ID70rnll(zr0,r:x,))» < C  foranyl € N, foralln > 1, (3.9)
[Ap (@)l (e 0. 1:x)) < C (3.9k)
IDrornll Lo (0,7w22 (0)+) < € (3.91)
A @ Urn)ll Lo 0, 15w 1 2(mey ) < C (3.9m)
[@rnl® > Trnll 1o 0,71 (2may) < C- (3.9n)

3.1 Proof of Proposition [3.2]

Throughout the proof, 7 > 0 and n € N are kept fixed.

To Proposition [3.2} Item 1.: To show the existence of discrete solutions, we observe that the Galerkin scheme (3.2

can be rewritten as a system of nonlinear equations for the coefficient vectors g%, = (0¥, e € R™, 7% =

(ullc'ni)’b eRdn
M ., k 1 k k k
— (77— )+ wk BGE, +eM,(o8,)dk, =0, (3.10a)
.
M. () TR, +M,(0k,)Wh,, + kM (ul,)U%, + X%, + B, ® 7%, =0, (3.10b)
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and the matrices appearing in (3.70) are defined with the aid of the basis elements {e;, ¢ = 1,...,n} and {e;, i =
.,dn} from as follows

M := (/ eie; dx> e R, (8.10c)
Q i,
B:= (/ eie; - Ve, dx) € Rdnxnxn, (3.10d)
Q i,
M, (oF,) == ( Ve; - Ve;| Vo, [P~2 d:v) e R™™ (3.10e)
Q i,
M, (o%,) := (/Q (08 e(e;) : (e])dx)' € Rdnxdn (3.10f)
0.
M, (0%, == (/ M(o*,)e; - ej dx) € Rinxdn (3.109)
4,3
(/ Ve, - €; dx) € Rinxn (3.10h)

(/ [uk |5 %e; - e; dx) € Rinxdn, (3.10i)
i,

We show in the following that for every k € {1, ..., N, } the nonlinear system of equations given by (3.10) has a solution

(GF.,WF,) € R™ x R For this, we make use of the following classical result:

Proposition 3.5 ([Zei86] Prop. 2.8, p. 53]). Consider the system of equations
§(2) = (g:(2))iLy =0 forz € R™. (3.11)

Let Br(0) := {Z € R™, ||Z]| < R} forfixed R > 0 and || - || a norm on R™. Let g; : Br(0) — R be continuous for
t=1,...,m. Further assume that
g(2)-Z>0 forall Zwith ||Z]| = R. (3.12)

Then [317) has a solution Z with || Z]] < R.

In the following we verify that the nonlinear system satisfies the assumptions of Proposition

We first show the continuity of § given by (3-10). For this, let 2" := ( Wk ) € R™ with m := n + dn and consider

TTL7
a sequence (Z;)sen with 2, := (G* ,, W%, ,) € R™ and such that

Zy—Z asl— oco. (3.13a)

We aim to show that also
(Ze) > §(7) asl— 0. (3.13b)

Q

A close perusal of (3-10) reveals, that the maps (0%, . @ %,,) = YL (7%, — 051 + 0k, BTGk, and 75, —

X? ne T IB%?TM & ?‘rné can be rewritten as polynomials of the components of Zy. Hence, these terms constitute

contlnuous functions. We now discuss the continuity properties of the remaining terms M., (0%,,) 0%, M, (o*,,) ",
M, (o¥,) %, , and M, (u¥, ) ¥, . For this, we first observe that convergence (3.13a) implies that as £ — oo
n n
k k k K i 1,

Orne = Z Orn,i0Ci = Orp = Z Orn,i€i N w p(Q) ) (3.14a)

i=1 i=1

nd nd
ub,, = Z Uy i €0 — uk Z Uy, ;€ in Wh2(Q;RY), (3.14b)

i=1 i=1
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again with the basis elements {e;, ¢ = 1,...,n} and {e;, i = 1,...,dn} from @1). Next, we note that the p-Laplacian
Ay WHP(Q) — (WLP())*, defined in (3.7d), is a Nemyckii operator, hence continuous. In view of (3:144), this yields
that M, (o%, )0, , — M,(0%,) 7%, In a similar manner, we also see that u + [, [u|*"2uda as a map from
L*(Q) to L*' () is a Nemyckii operator, and thus continuous. This provides that M (u®, )%, , — M (uk,) 7",
Finally, to conclude that ML, (o, ,) W% ., — M,,(o*,) W%, and that M, (g, ,) 0", , — M (gme)ﬁﬁne, we observe
that (3.14a) implies that the sequence (g’ﬁw)g is uniformly bounded in £2 and hence the dominated convergence theorem
provides the result. This verifies (3.73b) and thus we conclude the continuity of the map g.

Now we deduce (3.12). Testing by Z= (9%, «*,) we obtain
§g(z) -z
oh, — ot k k k k k o\ k|2
= A %Q'rn d!L‘ + €||VQT’IL||1£P(Q;]R(1) +/§;/1‘T(Q'rn)e(u'rn) : e(u'rn) dx + /Q M(Q'rn)|u'rn‘ d‘T
ks - kK k E .k
+ ’iHu'rnst(Q;Rd) - ‘1 - E| /Q OrnUrp * VQT’IL dz + /Q OrnUrn * Vx? dz

[ R o 2
> T T Vb 1y + T e e g + cullobne(uh) e maxay

k k k ~ k Kk k k Kk
+MHQ7'nu7'n||%2(Q;]Rd) + Ii”u‘rnHiS(Q;]Rd) - |1 - E'/ ‘anurn||vé)rn| dz — / |Q‘rnu‘rn| ‘V£E2| dz
Q Q M~

=1
k— lH

HQT || 2 llezr 2
“2: @ — "2 L) +e (1 - 7) HVQT’ILHLP Q;R%) TB”e(quC'n)H%Z(Q;]RdXd) + C#“Qﬁne(uﬁn)||%2(Q;Rd><d)

v

imx
S

_ p/(p—2) _
2 Hg‘rn Tn||L2 Q;R4) +’€||u‘rnHL5(Q]Rd) + ( pz) (Il I ) € 2/ Q)Ld(ﬂ) + ﬁLd(Q)

(3.15)

Above, in the first inequality we have exploited the convexity of the L?-norm together with (3:3) and (2:2c). Moreover, to
arrive at the second estimate, by virtue of (2.2f), (2.2g), Holder's and Young'’s inequality, we have

= k ,k k M k k k
|1 - 5| A |Q7'nu7'n||VQ‘rn| dz STHQT%“TTL”%Z(Q) + %HVQTanp(Q’Rd)

52) () e

p

k Kk M k k d
=1

Using that span{e;; j = 1,...,n} = X,, andspan{e;; j = 1,...,dn} = U,, we further estimate the norms in (3:75)
via Young’s inequality as follows

1905 ey >, min Vel | F5ll = 17 i:rgl;pn T L

k—
- Hg‘rn1H%2(Q) 2 = ,max ||ez||L2 Q; ]Rd)”? 22— rrllax ||ez||L2 Q; ]Rd)” [

..........

k . _
bl ey = i, el | T 5 > (dn)? Si:g{}}?}dn el

L5 (;R%) ||7'rn H?l ’
and finally obtain
i)z

; _ 1 1-p 1P 1—s 3 )
= min {6 (1 P) " v:nlamn HVBZHLP(Q?R” T zzrlmndn le|

()} (25l + 125 0)

2
T 9 Hllax ||el||L2(Q]Rd)|| ||11~

DOI 10.20347/WIAS.PREPRINT.2786 Berlin 2020



M.H. Farshbaf-Shaker, M. Thomas 12

For this we see that condition (3.12) is satisfied when choosing

ﬁ z:Hll,aX,n ”ei”%2(gz;Rd) ”?f—;l ”121

R =

min (5(1 1)n1 P‘mln IVe; k(dn)t=s {nln leills
1= i=1,....d

-

o s
To Proposition[3.2] Item 2.: Testing by D,E(oF,,) and by u®,,, respectively, gives
k k k k o\, k k
0= [ rlebetuln) : etub)dot [ Mgk do o [ Jud, o

ko k-1
+/ %Dga(g’in)dx+f/ Vi [P~V oF, - V(an + E07,) do
Q Q

(3.16)
> [ uehaetut) s elub, ) dot [ MGGk do+ [ bl do + 2 (8(h) - 8k )
*HVQMIILP QRd) Eé;pﬁd(ﬁ),
where we exploited the convexity of S(QIﬁn), and Hélder’s and Young's inequalities in the form
g/ (IVeku P2V ek, - V(o +20k,)) dar > §/ Vot P — St i)
Q P Ja p
Now we multiply (3-16) by 7 und sum up from k£ = 0 to K to find (3:4). O

3.2 Proof of Proposition [3.4]

To a priori estimates (3.92)-(3.9g): The estimates (3.93), (3:9d)—(3-9g) are immediate consequences of the discrete
energy-dissipation inequality (3:8) for the interpolated solutions of system (8.7). Furthermore, we also deduce estimates

(3-90) and from (3:8) by exploiting the growth property (3:3b) of y-, i.e.,

N, N,
Z / MT Q-rn ( En) ( f’ dz > TB ZT” Urp HLQ(Q ;Raxd) +cu ZTHQTR ( f—n)H%Q‘(Q;RdX‘i) :
=1 k=1

To a priori estimates (3.9h)-(3:9n): Estimate follows from and together with a generalized Poincaré
inequality, see [Rou05, Theorem 1.32, p. 21]. Thanks to (3.9¢), (3:9¢), (3:9g), Hélder’s and Young's inequalities, and the
relations for the exponents p and s, we obtain (3.9i):

||div(§rnﬂ7'n)||2L2(O,T;L2(Q)) < He@mﬂm)H%Z(O,T;H(Q;Rd))

uk, ® Vb, + Vo, @ uk, |’
2

< 2|0k e(ur )72 (0,72 (umaxayy + 2
L2(0T5L2 (R4 4))

2 2 R
< 2||Qﬁne(ulﬁn)||2L2(0,T;L2(Q;Rdxd)) + 5||V9£n||ip(0,T;LP(Q;Rd)) + ;”Ufn\ Ls(0,T; L (Q;R4)) <C,

where the bounds on the above three terms are provided by the immediate estimates (3.9¢c), (3.9g) and (3.9¢). To find
(3:9)) we argue by comparison in the discrete transport equation (3.7a), which reads

(Drorn, (V) o (o,7:%,) = / /Q Ornlrn - VPI(1) dz dt — (Ap(@:0)s Bi(0)) 1o 0 1x,)

(RH—Ay(0,,), Pl(w»LP(OTXz) )

(3.17)
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for any test function ¢ € LP(0,T’; X) projected to X; by P;. Now, to find that ||D+ 07| (»(0,7;%,))+ is bounded, we
show that each of the terms on the right-hand side of (8:17) is uniformly bounded. In particular, we have for all n > [:

’ <DTQTVL? F)l (¢)>LP(O,T;X1)

D7 ornll( 0,7;X;))* = sSup (3.18)
EOTXO = werrorxy 1B Lo rx)
and by (317)
‘<DTQT7H Pl("/’)>LP((),T;Xl)‘ = ‘<(RH - ‘AP(Ern))a Pl(w»Lp(o,T;xl) .
Now, the terms on the right-hand side are estimated via Hélder’s inequality as follows
[(RH, P 1o, By Tirn - VP, (1) da dt (3.19)
9}
< |[@-nTrnllz20,7:L2 ) IV PLY) | 20,7522 (R 4))
< CIPD) e o.1:x))
T
EMCAR TOO A S B A M e S 2 TOOR R (3.20)

< <C:HVQTW,HLP 0,T;LP (£ Rd))Hv‘Pl( )||LP(O,T;LP(SZ;Rd))
< CllP(W)pr 0,11 -

For the last inequality of (3.79) and (3.20) we used and (3:9g), respectively. This finally yields (3.9]). Estimate
then follows by repeating the calculations of (3.20) for (A, (2.,), ¥) L»(0,7;x), realizing that this expression is well-defined
for any ¢ € L?(0,T'; X) thanks to a priori estimate (3.9g).

In preparation of showing (3.91), we define a sequence of finite-dimensional subspaces Y, such that, forall n € N

Y,CY,; and U Y, denseinY := W>2(Q).
neN

By [Rou05, Remark 8.41, p. 238], we define a selfadjoint projector
PY .Y — Ysuchthat PY(Y) =Y, and ||P§H4(Y7Y) is bounded independently of n. (3.21)

In view of [GGZ74, Lemma 1.12., p. 144], there also holds that | J,, . C°([0,T);Y ) is dense in LP(0,T;Y) for any
1 < p < oo. We will show that the operator norm given here below is uniformly bounded, again by testing (3:17), now
with functions ¢ € LP(0,T;Y).

‘ <D7-Q7"r7,) w>LP(0,T§Y)

Drornll(Leo,riy))» =  sup
H T T’I’LH( P((), H )) wELP(OﬁT;Y) HwHLp((LT’Y)

Since PY is idempotent and selfadjoint PY * = PY | itis
(DTQTmWLp(o,T;Y)‘ = ‘<P§D797nvw>Lp(o,T;Y)‘
= ‘<P7-LY*DTQTTL7¢>

To find (3.91), we now repeat the lines of (3:19) and (3:20) for the uniform estimates of the right-hand side of (3:17), also
using that

_ v
LP(O,T;Y)’ o ‘<DTQT"’P” (w»LP(O,T;Yn) :

INPY () e o.1:00@ray) < NPY @) o077y < IPY ey ) 18l oo, 75v)
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where ||P§||L(Y7Y) < C by (3:2). This together with the isomorphism (LP(0,7;Y))* = 12 (0,T;Y*) proves
estimate (3:9).
To deduce we also argue by comparison based on (3.7b). In particular, we have

’ <‘Au (@rna Hrn)v U>L-§(07T;U) ‘

A (@ Trn)l(Ls0,750))» = sup
veLs(0,T;U) [[v]

L#(0,T;U)

Now we exploit and also make use of the selfadjoint, idempotent projector P,If : U — U, cf. Remarkm More
precisely, since A, (0,,(t), ) : U — U™ is alinear operator for a.a. t € (0,T), cf. (3.7€), we have

_ _ — U—
<‘A/J«(QT7L7uTTl)av>L5(07T;U)‘ = ’<‘AM(QT’H,7P’R ’U’Tn)av>Ls(07T;U)‘

= ’<PTILJ*.AH(QTWUWL)’ 1]>

3

— = = 18}
LS(O,T;U)‘ - ’<'Alt(97—n7urn)apn 1}>LS(O,T;U")

thanks to the fact that P,ILJ is idempotent and selfadjoint, with P,ILJ* denoting the adjoint operator. Based on this, we further
estimate

<‘A#(§Tn7ﬂ7n)7v>LS(0’T;U)’ = <‘AH(§T7L7E7-”)7P?P(/U)>LS(O,T;UTL)

T
|| [ ne@eetinn) s (e ) ot
0 Q

IN

T
/ / M(2p )y - PO (v) dadt
0 Q

RHS;, (322)

T
[ 2 VDee () PY) e
0 Q

RHS»

T
+ s / / T "2 - PY(v) da dt
0 Q

RHS3
We show that each of the three terms on the right-hand side of (3.22) is bounded. For the first term it is

RHS; < M||0,n0rn| 20, 7:22 (k) |1 PY (0) || L2 (0,712 (R4

< M”@rnﬂﬂ'nHL2(O,T;L2(Q;R‘1))HPWILJHL(U,U) [v]| s 0,71
< M”@Tnﬂ‘r’ﬂHLQ(O,T;LQ(Q;Rd))C”UHLS (0,T;U)»

by virtue of the growth property of M(@,.,,), the immediate bound for 0., -y and boundedness assumption
for P}LJ given by Remark

Thanks to the relations (2:2f) for the exponents p, s we find for the second term
RHS; < |12, ll22(0.7:22 (u9)) [E| VBrnll o (0,1320 () + £4Q) ] PY (v)]
<NrallL2 0102 @) [EIVBrnll Lo 0,120 (i) + £4U@) VP IIPY 2w vy llv]
< Clpv|

Here, we abbreviated @) := (0,7") x £ and we also made use of the immediate bounds (3.9%), (3:9g) and boundedness
assumption for P,EJ given by Remark|3.1{ For the third term we have

L*(0.T5L° (2:R7))

L#(0,T;U)

L#(0,T;0) -

RHS; < & (2520 ro70) < O e 070,

L0, 1;L(R)) T %) ||P7?||L(U,U)||U|

where we used Hoélder’s inequality with the exponent s together with and (3:21). Finally, (3:22) together with the
isomorphism (L*(0,7;U))* = L*® (0,T; U*) provides (3:9n). O
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4 Limit passage from discrete to continuous

In this Section we give the proof of our main results, the existence Theorem [2.3]and the identification Theorems [2.4] and
2.7

4.1 Proof of Theorem [2.3: Existence of solutions in the sense of Def.[2.2]

Based on the a priori bounds deduced in Proposition[3.4] we are now in the position to extract a subsequence of solutions
of the discrete problems that converges to a limit (g, u) in suitable topologies.

Proposition 4.1 (Convergence of the discrete approximants to a solution of (T.1)). Let the assumptions of Theorem|[2.3
be fulfilled. Then the following statements hold true:

1 There exists a (not relabeled) subsequence of discrete solutions (9,.,,, Urn )rn and a limit quadruplet (o, u, ¢, B,,)
as well as limit objects (;, B,, b) such that as T — 0 andn — oo, the following convergence results are valid

Urp — U in L*(0,T; L*(£2; Rd))7 (4.1a)
rn | 2t — ¢ in L* (0, T; L* (9; RY)), (4.1b)
Orp — 0 in L (0, T; WhP(Q)), (4.1¢)

Drorn — & in (LP(0, T3 Xy))", (4.1d)
Ap(@rn) = By in (LP(0, T X)), (4.1e)
div(0,,Trn) — b in L*(0,T; L*(Q2)), (4.1f)
0.0 (1) — 0(t) in L*(Q), forallt € [0,T], (4.19)

A (@ Trn) = By in L (0, T; WH2(Q; RY)*). (4.1h)

In addition to (#1a)—@1h), as 7 — 0 and n — oo also the following convergence results hold true:
Orp — 0 in LP(0,T; L?(Q2)), (4.1i)
On — 0 in LP(0, T; WP (Q)). (4.1))

2 The limit quadruplet (o, u, C, B,,) extracted by convergences is a weak solution of system in the sense
of Definition[2.2

The proof of convergence result will rely on the following (discrete) Aubin-Lions type result:

Proposition 4.2 ([DJ12, Thm. 1]). AssumeT > 0,N € N;7 = T/N, and sett;, = kt,k = 0,...,N. Let X, B
and 'Y be Banach spaces such that the embedding X — B is compact and the embedding B — Y is continuous.
Furthermore, let either 1 < p < oco,7 = 1l orp = oo,r > 1, and let (uT) be a sequence of functions, which are
constant on each subinterval (tj.—1,ti), satisfying

7'_1HUT — ’ILT(' - T)‘ Lr(r,T;Y) T HUT| L7(0,T;X) < Cy forallT >0, (4.2)

where Cy > 0 is a constant which is independent of T. If p < oo, then (u.) is relatively compact in LP(0,T'; B). If
p = 00, there exists a subsequence of (u.) which converges in each space L1(0,T; B), 1 < q < o0, to a limit which
belongs to C°([0, T; B).

Proof of Prop.[d.1} The convergence results (4.7a)—(4.1h) are direct consequences of the a priori estimates derived
in Proposition 3.4

To verify convergence statement we observe that and imply the bound

”D"'QT"||LP'(O,T;W2>2(Q)*) —+ ||§T,n||Lp(O’T;W1,p(Q)) < Co, forall 7 > 0. (4.3)
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Now, we apply Proposition [4.2with X = W1P(Q), B = LP(Q2) and Y = W?22(Q)*. Indeed, WP(2) embeds
compactly into LP(€2) and LP(£2) embeds continuously into 1¥2:2(£2)*. Moreover, by (2.2f) and Remark ltem 2., we
have p,p’ > 1 = r and therefore, estimate fits with assumption (#.2). Hence, Proposition [4.2] provides (@.Ti).

In order to verify Prop. Item 2, we will pass to the limit n — oo, 7 — 0 in system for the interpolated solutions
(Orn» Urn)rn- We carry out this procedure separately in Sectionsand To deduce the limit transport equation
requires to identify that (B, 1) 1r(0,7x) = (Ap(0),¥) Lr0,r;x) for all i € LP(0,T;X) for the p-Laplacian
term defined in and the limit B,, obtained by convergence (4.T€). This identification is also carried out in Section
based on tools from convex analysis and monotone operator theory. As a result of the identification procedure, we
will also conclude the strong L” (0, T'; WP (£2))-convergence for the densities. O

Remark 4.3. (Preparations for the identification argument in Theorems[2.4 &

1 Using PLoposition with X = WP(Q), B = C(Q2) andY = W?22(Q)*, where W'?(Q) embeds compactly
into C'(Y) forp > d, and following the above line of arguments, also yields

Orn — 0in LP(0,T5C(90)). (4.4)

2 The above strong convergence together with Egorov’s theorem provides the existence of a further (not re-
labelled) subsequence that converges almost uniformly in (0,T'). More precisely, for every 6 > 0, there exists a
measurable subset I§ of (0,T') such that L*(I§) < &, and such that

[07n(t) = o(®)llc@) — O uniformly forallt € 15 := (0,T) \ I,
which also yields
0., — 0 uniformly in I x €0 (4.5)

The above uniform convergence on I5 x Q will be exploited subsequently in Section for the identification of B,,
and ¢ as functions of the limit pair (0, ) on the non-cylindrical domains Q°, cf. Thm.|2.4 and in Section [4.3 for
proving the non-negativity and boundedness of the limit density o, cf. Prop.

4.1.1 Limit passage in the continuity equation and convergence result

In the following, we carry out the limit passage in the discrete transport equation by discussing each of the three
apprearing terms separately. We start with the time derivative (D 071, Pri(¢)) 1»(0,7;,%,) and subsequently address the

two remaining terms defined in and (3.7d).

The limit passage in the time derivative is carried out in two steps. For this, we follow the strategy of [Rou05, Proof of Thm.
8.27, p. 225ff]: Firstly, from convergence statement (4.1d), we obtain

<§l’Pl('(/))>LP(O,T;Xl) = }li% <DTQ7—n,P7—l(’(/J)>Lp(O’T;Xl) for each [ € N fixed. (4.6a)

n— oo

Secondly, we let | — oo. For this, we note that &1 can be regarded as an extension of & from LP(0,T;X;)
to LP(0,T;X;41). By @#1d), there holds [|&|(Lr(0,7%x,))» < C independently of I € N. Hence, by density of
Uien LP(0, T3 X;) in LP(0, T'; X)) and since Hahn-Banach’s theorem guarantees the existence and uniqueness of a con-
tinuous extension, we conclude the existence of a functional ¢ € (LP(0,T’; X))* such that also |||l (»(0,7:x))- < C-
In addition, it is 9|r(0,7:x,) = & = O¢0lLr(0,1:x,) for each I € N. Hence, we obtain for any 1 € LP(0,T;X) as
l — o0

<atQaw>Lp(0,T;x) = lllf& <§lapl(w)>Lp(o’T;xl) = lli>nolo (;ILI%] <DTQT77,?PTZ(,(/))>LI’(O)T;XI)> . (4.6b)
n—oo

This result also allows us to conclude the regularity stated for ¢ in (2.4), i.e., in particular

d0 € (LP(0,T;X))* =2 LP (0, T; X*) . (4.60)
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Analysis of a compressible Stokes-flow with degenerating, non-standard viscosity 17

For the limit passage in the remaining terms we can simultaneously send 7 — 0, n — oo, and [ — oo.
We proceed with the drift term given by (3.77). Due to (@i), in particular ., — oin L%(0,T; L*(2)) as 7 — 0,
n — 0o, and by Pr;(v) — v in LP(0,T;X) as 7 — 0,1 — oo, we obtain
10VY = 0 VP (V)| Lo (0,71 (5r))
< N@rn = VP Lo 0,751+ (ray) T 10V (Pri(¥h) — )]
<|[(@rn — OL2(0,7:22(2)) IVPri(¥) | e 0,150 (2ra)) + 0l z2(0.7:22(0)) IV (Pri(¥) — ¥) || L 0,127 (2R 4)) 5

L' (0,T;L" (;R4))

—0 —0

where we applied Hélder’s inequality and exploited the relations and Remark [27] Item 2., for the exponents p, s.
Hence, we have as 7 — 0 and n,l — oo

0rn VP (1) — oVabin L¥ (0, T; L (9; RY)) . (4.7)

Together with the weak L*(0,T; L*(2))-convergence for the velocities we conclude

T T
/ / ouVydrdt = lim / / Ornrn VPr () dadt, (4.8)
0o Ja W0 Jo e

which gives the desired convergence result for the drift term. In addition, we here also deduce an alternative limit expres-
sion, which is obtained by performing integration by parts on the drift term and by exploiting convergence relation (#.11);
this expression will be useful for the identification of the term I3, lateron:

T—0
n,l—oo

T T T
lim / / OrnUrn VP () dedt = lim / / —div(0,,,Urn) Pri () da dt = / / bypdxdt. (4.9
720 Jo Jo 0 Jo 0o Jo

n,l—oo

Moreover, from convergence statement (4.1¢e) we directly read

<Bp7q/)>Lp(01T;X) = _Il_g% <‘A[)(§Tﬂ,)? PTl(w)>Lp(07T;Xl) . (4'10)

n,l—o0

Putting together (4.6b), [4.8), and yields
T
(010,9) 1o (0,7:%) —/ / ouVy dzdt + (By,¥) 1, r.x) =0 forally € LP(0,T; X). (4.11)
0o Ja
Similarly, when putting together (4.6b), (4.9), and (4.70), we obtain
T
(00, %) 1o (0.7:%) +/ /bwdxdt—f— (Bps¥) Loo.rix) = 0 forally € LP(0,T;X). (4.12)
0o Ja

Hence, it remains to identify in (4.10), resp. (4.11), that

!

T
By ) 1o 0750 ~ (020 1o 0750) = / /Q £ Vo2V Vi de dt (4.13)
0

for the limit density o € LP(O, T'; X). For this, we will carry out a Minty-type argument from convex analysis and monotone
operator theory and in the course of this argument we will make use of the limit continuity equation in the form (4.12). In
preparation, we introduce the proper, lower semicontinuous, and convex functional

T
F: LP(0,T;X) — [0, 00), F(8) := / / Ve dadt, (4.14)
o JaP
and observe that F is Gateaux-differentiable with the Gateaux-derivative DF : LP (0, T; X) — L”,(O7 T;X*),

T
(DF(2), %) Lr(0,17:%x) = (Ap(0),¥) Lr(0,1:x) :/ /Q€|V9\p72VQ'V¢ dzdt. (4.15)
0
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Hence, for each ¢ € LP(0,T’; X) the convex subdifferential 0F () of the functional F in ¢ is single-valued and coincides
with the Gateaux-derivative, i.e., it is 0F(9) = {A,(8)} forall g € LP(0,T; X). By definition of the convex subdifferen-

tial, cf. e.g. [ABMOB], any subgradient £ € 0F () is characterized by the inequality (£, — 8) L»(0,7;x) < F(¥) — F(0)
forall ¢ € LP(0,T; X). In view of these reasonings the identification can be achieved by verifying that
!
(Bp:s ¥ = 0) poo.rix) < F() = F(o) forally € LP(0,T;X). (4.16)

To this end, in correspondence to (4.14), we also introduce for the approximating problem the proper, lower semi-
continuous, and convex functionals F,, : LP(0,7T;X) — [0, oo,

T - o~
- { KT sper0r)
o0 else.

Since L?(0,T; X,,) is a closed subspace of L? (0, T'; X), the convex subdifferential of F,, is given by

9F,(0) :={ {D?”(@)}@: Witk :tﬁefwi[ﬁoj; ) e

Hence, forall 7 > 0, alln > [ € N, and for all ¢y € LP(0,T; X) there holds

<‘A’P(E7'n)ﬂ P‘I’l(w) - ETTL>LP(07T;XTL) = <D«93:" (E‘rn)? Pri (1/]) o ETTL>LP(O’T;X'”‘)
< gjn(P'rl(w)) - ‘rf’rl(ETn)

We will exploit relation in order to deduce (4.16). More precisely, we shall verify the following chain of inequalities

(4.19)

@zoh)
FW)—F(o) > limsup (limsupF,(Pr(y))) — lminf 5, (a,,)
e N30 iy

> limsup | limsup (Fp(Pr(¥)) — Fn(0y0))

2\ S (4.20)
. - _ _
> liminf (llgljgf (Ap(@rn)s Pri(¥) = 9m>Lr(o,T;xn>>
I<n n— 00
@)
> (Bp ¥ — Q)LP(Q,T;x) .

In the following we will verify that above in the first inequality marked as (4.20}1) and the fourth inequality marked as
(4-2012) indeed hold true, while the second inequality and the third inequality directly follow from the properties of the limit
superior and the limit inferior applied to relation #.19). Alltogether, the chain of inequalities will thus prove [@.76), so
that can be concluded.

To inequality @20}1): Since |,y LP(0,T;X,,) is dense in LP(0,T'; X)) we may deduce that the sequence of func-
tionals (&,,),, Mosco-converges to F, i.e., that (4-21) below holds true, cf. [Mos67, [ABMOE]. For this, consider a sequence
(¥n)n C LP(0,T;X) such that 1, — ¢ in LP(0, T'; X); we show that

liminf &, (¢¥,) > F (). (4.21a)

n—roo

First assume that ¢,, ¢ LP(0,T;X,,) for al n € N. Then, clearly co = F,,(¢,) > F(¢) so that @#@-21a) holds
true. Assume now that there is a (not relabelled) subsequence with v,, € LP(0,T; X,,). Along this subsequence, it is
Fn () = F(¢r,) and now we may exploit the weak sequential lower semicontinuity of F to find (#-27a).

Consider now any function ¢ € LP(0,T;X). In order to conclude Mosco-convergence, we verify that there exists a
recovery sequence (1, )n, C LP(0,T; X) such that

Up — in LP(0,T;X) and limsup F, () < F(). (4.21b)

n—oo
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Indeed, by the density of UneN P(0,T;X,,) in LP(0,T; X) it is ensured that for each element ¢» € LP(0,7T;X)
there exists a sequence (wn)n such that wn € X, and wn — b in LP(0,T;X). The first property ensures that
Fn(¥n) = F(thy) < oo forall n € N and the strong L (0, T'; X)-convergence then in particular provides that
:}-n(iz)n) = 3"(77[;,7) — F(¢) as n — oo, which proves @.276). In fact, the construction of the projectors P,
is based on the density of |J,, .y C°([0,T]; X,,) in LP(0, T; X) and hence the sequence (Pr1))-; has the property
(@:270). This ensures that F,, (Pr) — J(¢) as 7 — 0, and [ < n — oo. Moreover, we see that provides that
—liminf; 0 n—s00 Fn(0rr) < —F(0). This finishes the proof of inequality (4:20}1).

To inequality #.20}2): In order to verify inequality (@.20}2) we exploit the transport equation for the approximants
0., inorder to rewrite the term (A, (2,,,), Pri(¢) — 0.p) Lr(0,7:x,,) In :20), i.e., by we have

T
<A;D(@7-n)a P‘rl(w) - @Tn>LP(O,T;Xn) = - /0 \/Q(DTQT’H, + le@mﬂm))(Prl(UJ) - ?Tn) dx dt, (4-22)

where we have used integration by parts for the drift term. Now we perform the limit procedure used in (4.20) with the
terms on the right-hand side of (4.22). In particular, it is

l—o0
I<n

lim inf (HITn_%lf (Ap(@rp)s Pri(¥) — QTn>Lp(O)T;Xn)>

n— oo

= hlm inf (hm inf / / D;orn + div(o,, ) (Pr(¥) — 0,,,) dz dt)
—>oo

I<n n
(4.23)
> hlrln inf (hz_nﬁ%lf / / D orn(Pri(¥) — 0,py) dz dt)
n—oo

+ hm 1nf (hm inf / / —div(0,,Urn)(Pri(¢) — 0,,,) dx dt)
l n~>oo

and we now discuss the limit passage separately for each of the two terms on the right-hand side of (4.23).

We start with the first term on the right-hand side of (4.23) that involves the discrete time derivative. To pass to the limit in
the first contribution therein, we repeat the arguments along with to find

l— 00 l—o0
I<n n—o00

T
lim inf <hm1nf/ / D, ornPri(¥) dxdt) = 1iminf/ / —§ P () dedt = (—=0:0,%) Lr(0,1:X) -
0 Jo

(4.24)
To handle the second contribution we use integration in time and subsequently exploit the weak sequential lower semicon-
tinuity of the L2-norm together with convergence result (@1g). In this way, we deduce

T
m i QT'I — 7'
llg_n;élf/ /Q —D;0rn(-0,,) dzdt = hm mf E / ! QT,,L dx

n—00 n—>oo k=1

1
.. — 2 — 2
> limigt (§Hgm<T>an<m = 512 (0) 20y (4.25)

1 1 T
> *H@(T)Iliz(m - *II@(O)IIiz(Q) =- —0roodxdt.
2 0 Q

Here, the last equality in (4.25) follows by integration in time, which is feasible thanks to regularity property (4.6c). Putting
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together (4.24) and (4.25) allows us to deduce that

lhm (hm mf/ / D 0rn(Pri(¥) — 0,,,) da dt)

. . (T _ (4.26)
> ll—l>néolo 71'1})% <_DTQTna PTl('(/}»LP(O,T;X,) - ll%(l)lf/o /Q _atQ‘rnQTn dz dt

> (=0u0,% = 0) 1o(0,7:%) -

Now we turn to the second term on the right-hand side of (4.23), i.e., the drift term. Thanks to P30 — 1) strongly in
LP(0,T;X) and 0,,, — ¢in LP(0,T; LP(2)) by @T) together with div(g,,,Trn) — bin L*(0,T; L*()) by @),
we immediately conclude by weak-strong convergence arguments that

T
lim inf (hm inf / —div(0,,Urn)(Pri(¢) — 0,,,) dx dt)
0o Ja

l—00 T—0
I<n n—00
T
= lim | lim / / —div(0,,Urn ) Pri () dz dt —|— hm lim / /div(ﬁmﬂm)@m dedt | (427)
"\ Jo ne J0 /0

= / —b(¢p — o) dx dt.
0o Jo

Now we collect the results of [:23), [@-26), and (@-27), and exploit the limit continuity equation #12) to find for all ¢ €
LP(0,T;X)

l—00 T—0
I<n n—o00

hl'Il ll’lf (hm mf <.Ap (ETn)7 PTl (w) — QTn>Lp(0;T;Xn)>
(4.28)

T
> (=010, % = 0) (o) / /Q b — 0) dwdt = (By, ) — 0) oo i) -

This finishes the proof of inequality @-20}2).

We now recall that the deduced inequalities @.20}1) and (@#:20}2) prove the validity of the chain of inequalities (4.20),
which in turn establishes the identification (4.13), i.e., that

T
(Bp, ) Lo 0,7:%x) = (Ap(0), ¥)Lr0,1:x) = / /QEWQ\FzVQ -Vipdzdt
0

forallp € L?(0, T; X) in the continuity equation @-17), resp. in @12) of the limit.
Proof of the strong L? (0, T'; W1:?(2))-convergence (#T]): Result (&Ti) already provides the strong L? (0, T; LP(£2))-

convergence of the densities (., ) To conclude (@T]) it remains to prove the strong L? (0, T'; LP (2; R?))-convergence
of the gradients (V@,,,)n. This can be concluded from the following chain of inequalities

//€|Vg|pdxdt<hm1nf/ /€|V9Tn|pdxdt<hmsup/ /e\VQm|pdxdt</ /€|Vg\pdzdt
7—0

n—00
(4.29)
We note that the first inequality in (4.29) follows from the weak sequential lower semicontinuity of the functional F :
LP(0,T;X) from {@.14) and the weak convergence (@.1c), while the second inequality is a property of the limit inferior
and the limit superior. The third inequality in (:29) will be verified now by once more exploiting the transport equations of
the approximating solutions and of the limit (£:72), and by making use of the already above deduced convergence
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relations for the time-derivative (4.25) and for the drift term (4.27). In this way, we deduce the following chain of inequalities

hm ll’lf/ / E|v§7’n|p dzdt < lim Sup<‘AP(ETn)7ETn>LP(0,T;X)

T7—0
n—)oo n—00

lim sup/ / D;0rpn + div(0,,Urn) 0y, ) dodi

T—0
n—roo
T
< —lim inf/ / 00y dx dt — hm mf/ / div(0,,Urn)0,, dz dt (4.30)
TIT:OOO 71—)00

@g‘g / /@Qdedt—/ /bgdxdt
0 0

&a (Ap(0), 0) Lr(0,7:x) //€|Vg|pdxdt

Putting together (4.29) and (4.30) yields the strong convergence result (@.1]). O

4.1.2 Limit passage in the momentum balance

In the following we carry out the limit passage in the weak momentum balance m For this, we dlscuss each of the
terms individually. For the viscous stress defined in , in view of its weak convergence @1h) in L*' (0, T; U*) and
the strong convergence PV (P, (v)) — vin L*(0, T; U), we obtain

: S — U
(Bu0) oo, ri0) = B0 (A (@ Trn), P’ (Pr(0))) Lo v, - (4.31)

n—oo

For the non-quadratic viscosity, in view of the weak L*' (0, T LS/(Q; R?))-convergence from together with the
strong convergence PV (P (v)) — vin L*(0, T; L*(Q;R%)), we deduce that

T T
n/ /C-vdmdt: # lim / /mm\s—?ﬂm-P,P(PT(U))dxdt. (4.32)
0o Ja T30 J0 Ja

Next, we investigate the convergence of the pressure term, i.e., we aim to show that

T
lin%)/ /QMVD &(@,,) - PY( T(v))dxdt;/ /QVDge(Q)~Udl‘dt. (4.33)
i 0 Ja
n—oo

Recall that VD ,&(2,,,) = (Va2 +£V0,,) = (Vaa +EVe) = VD,E() in LP(0,T; LP(Q; RY)) by @#Ic). Hence,
(@33) will follow from the strong convergence

5., PY(P:(v)) = ovin L (0,T; L¥ (9, R%)) . (4.34)

To verify (@34), in view of assumption (:2) on p, s, we apply Holder's inequality with the exponents ¢ := 5 = =2 for
Orn and ¢ = 252 for PY(P;(v)) to find

2,0 PY (Pr(v)) — 00| Lot (0,710 (2,R))

<@ — 0) Py ( (v ))HLP'(O T:L7 (,R4)) T HQ(P;J(PT(U)) - U)”Lp’(o,T;Lv’(Q,Rd))

<N @rn = @)Lz, 1522 @) 12X (Pr ()| 10,7525 020y + el 2022 @) | (B (Pr(v)) = v)|
<N@rn — O)llz200,m322(02)) 1P (Pr ()| s 0,750) + el 20,7502 |(PY (Pr(v) — v)

—0 —0

L#(0,T;L5 (Q,R%))

where the convergence of the above terms foIIows from PY (P, (v)) — vin L*(0, T; U) and from the strong L (0, T'; LP(Q2))-

convergence (@T1). Thus, both (#.:34) and (#.33) are verified.
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It remains to discuss the convergence of the term stemming from the quadratic, lower order viscosity, i.e., we show now
that also

T T
lim / / M(@.., )iy - PY(P;(v))dz dt = / / M(o)u-vdzdt. (4.35)
70 Jo Ja o Ja

n—oo
By we have T, — win L*(0,T; L*(;R?)). Thus will follow from the strong convergence
M (3,,)PY (P, (v)) = M(o)vin L*' (0,T; L* (2, R%)). (4.36)

To deduce (4.36) we shall apply Lebesgue’s dominated convergence theorem. For this, we observe that, along a subse-
quence,
M(3,,,)PY (P, (v)) — M(p)v pointwise a.e.in (0,T) x €, (4.37)

by strong convergence in Lebesgue-spaces. Since this limit is obtained for any convergent subsequence, we conclude that
(4.37) holds true even along the whole sequence. Moreover, by the growth properties of M() we see that

|M(3,,)PY (P (v))| < M22,|PY(P;(v))| ae.in(0,T)xQ, forallT >0, n €N,
and we need to show that the obtained sequence of majorants (M 2, | PV (P; (v))|) v satisfies
22, PY(P,(v)) = o®v in L¥(0,T; L* (2, R%)) . (4.38)

To deduce (4.38), we now establish suitable estimates by applying Holder’s inequality separately in space and time, again
taking into account assumption (2.2f) on the exponents p, s. More precisely, consider ¢ € L>(0,T;L*(Q)), ¢ €
LP(0,T;WHP(Q)), and v € L*(0,T;U). Then also § € LP(0,T;L>°(2)) and v € L2(0,T; LP(12)), the latter
because of (2.2f). In this way we find

T
||é§v||25’(0 T'LS'(Q R%)) = |é§'U|S dx dt
L , 0 Q

T
< [ (12005 [ 160 ot dz) a
/ s'/2 2/(p+2)
501y ([ 100 az)™ ([ piopas)” ) ar (439

= | (120 o120 Lo Ol )

(2) ~1s e ’
< el zr 0,712 ) 101l o< (0,522 1V 220,710 (02)) -

INE

2 N
|

_

Above, we applied Hélder’s inequality with the exponents q; = % and ¢ = _25, = p+2 to find estimate (1), and

estimate (2) followed by Hélder's inequality with the exponents g2 := & and ¢5 = ﬁ = p+2 . Using estimate
we further deduce

||g‘rn n ( ( )) - 02U| L' (0,T;L" (Q,R%))
< |23, — &*)PY (P(v))| L (0,T;L% (Q,Rrd)) T 10> (PY (Pr(v)) — )| L#' (0,T;L' (2,R4))
= @0 = ©)(@rn + Q)P (Pr()l e (07,15 (0 ray) T l00(Py (Pr(v)) = v)

<N @rn — ollzroiz=) 8rn + ellL~©rir2@) 1Py (Pr(0))llL20,7:L0 ()

Ls"(0,T;L' (Q2,R%))
(4.40)

—0 <C <C

+lloll ze o, @ loll L0, 7:22(0)) 12X (Pr(v)) — vl p2(0,7:10(02)) -

—0

In #40), convergence of the first factor follows from the strong L” (0, T'; W1P(Q))-convergence when taking into
account the compact embedding W7 (Q) C C°(Q) thanks to p > d. The boundedness ||2..,, + 0| L= (0,22 (0)) < C
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is due to the a priori bound which holds for all ¢ € [0, T']. Moreover, the convergence || PY (P (v))—v|| 120,717 ()
0 follows from the strong convergence of the interpolants in L*(0, T; U) using that L* (0, 7; U) C L?(0,T; L?(£2)) by
the relations for p, s. This proves and hence Lebesgue’s dominated convergence theorem yields (4.36), which
allows us to conclude (4.35).

Putting together (4.37), (4.32), (4.33), and (4.35) ultimately results in the weak momentum balance of the limit system

T T T
<Bﬂ’v>Lb‘(OT~U)+/ /M(g)u~vdxdt+n/ /C~vdxdt+/ /QVDQS(Q)"dedt:O
w o Jo 0o Ja o Ja (4.41)
forallv € L*(0,T;U).

The identification of (B,,, v) s (0, 7;u) in terms of the viscous stress of the limit pair (o, 1) and of { as the le—nonlinearity
evaluated in the limit u is the topic of Theorem|2.4|whose proof is carried out subsequently in Section 4.2 ]

4.2 Proof of Theorem 2.4; Identification of 53, and (

In preparation of the proof of Theorem we first state the following lemma, which results from the isomorphism
L2((0,T) x Q) = L2(0, T; L%()).

Lemma 4.4. Letm € N and (uy)nen C L?(0,T; L2(Q,R™)), u € L2(0,T; L3(2,R™)) such that u,, — u in
L?(0,T; L*(Q,R™)). Then for almost all t € (0,T) there holds u,, (t) — u(t) in L*(Q,R™).

Proof. We consider any test function ¢ = ¢, € L2(0,T;L*(2,R™)) such that ¢; € L%(0,T) and ¢, €
L?(Q,R™), and show that

/OT/Q(un —u)pdadt

We proceed by contradiction. Assume, there is a measurable set B C (0,7') with £1(B) > 0 such that

lim
n—oo

=0 = forae.t€ (0,7): lim

n—oo

/Q (tn(t) — u(t)) o da| = 0.

foraa. t € B,forall ¢, € L2(Q,R™):  lim [ (un(t) — u(t))dedz #0.

n— oo Q

Then there exists some ¢, € L?(£2,R™) and a measurable set B, C B with £!(B, ) > 0, such that

foraa.t€ By : lm [ (un(t) —u(t))p, dx > 0.

n—oo Q

Let x .. be the characteristic function of the set B. Then we use ¢ = ¢1¢, := XB, Pz € L?(0,T; L*(Q,R™)) as a
test function. By Fatou’s lemma, we obtain a contradiction:

0< /OT lim inf (XB+ /Q(un(t) —u(t))ps dx) dt < liminf /()T/Q(un(t) —u(t))xB, ¢z dxdt

n—oo n— oo

n—oo

= lim /OT/Q(un(t)u(t))gbd:cdtO.

This proves the statement of Lemma/|4.4 O

We now turn to the proof of Theorem i.e., to the identification of the terms B,, and ¢ appearing in the weak momentum
balance of the limit system (2.5b), resp. (4.41) above. The identification can be carried out by restricting the set of test
functions for (2.5b) to those v € L*(0, T; W 2(Q; R?)) supported in non-cylindrical domains Q?, i.e., to the functions

ve L0, T; WH2(Q; R?Y))  with supp(v) € Q° . (4.42)
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For the readers’ convenience we here recall the definition of the non-cylindrical domains Q?, first introduced in (2-7): With
the aid of Remark[4.3] based on Aubin-Lions’ theorem and Egorov’s theorem we have

Ve >03I5C(0,T)with LY(I§) < 6: B, — ouniformlyin Is x Q, where I5 := (0, T)\I§ . (4.43a)

For every § > 0 we then define

= (J{t} x 2P(t) € (0,T) x Q,  with (4.43D)
tels

QP (t) any Lipschitz-domain such that QXP(t) € Q,(t) and (4.43c)

Q) ={r e Qv <o(t) < erit — v} foranyv > 0. (4.43d)

Thanks to the uniform convergence of the sequence (g,.,,)r» 0N the non-cylindrical domains Qf,, it is possible to find a
uniform bound from below for the viscosity (14(2,.,,))rn for all (,z) € QS and thus, to deduce the following result, which
will be used to ultimately verify the statements of Theorem

Lemma 4.5. Let the assumptions of Theorem be valid. For every > 0, for every v > 0 consider the non-cylindrical
domain Q° as in @43). Then, for every test functionv € L*(0,T; W12 (; R%)) with supp(v) C Q? there holds:

/ / e(Urp) : e(v)dadt — / / v)dz dt, (4.44a)
T
/ / e (0,)e(trn) s e(v)dadt — / / e(v)dzdt, (4.44b)
0 Ja
T
/ / KlTrn|* ™ 2Ty - vdadt — / / wlul* 2w - v de dt (4.44c)
0 Q 0 Q

asT — andn — 0.

Proof. Consider the sequence (0,,,, rn )rn Of approximating solutions converging to the limit pair (o, u) in the topologies
(@3). To simplify the arguments, but without loss of generality, for the index 7 > 0 we fix here a subsequence

7=7(n) = 0 asn — oo such that approximation property is valid. (4.45)

Since our arguments will be true for any such subsequence (7(n)),, with property (#.45), they will hold true along the
original, full sequence. We write (@Tm Hm)m also for this subsequence of approximating solutions, i.e., without indicating
this explicitely, we have in mind that 7 = 7(n) as in {.45).

From now on, for any § > 0 and v > 0 general but fixed, consider the non-cylindrical domain Q,‘i defined in (4.43).
Proof of (4.44a): Thanks to the uniform convergence (4.43a) on Qi, we have

v v
n(v/2) € N Vn > n(v/2) Y(t,z) € Q5 : 5 < Orn(t, ) < Ocrit — 5 (4.46)
In view of the uniform a priori bounds and this yields
Vn >n(v/2) : MVH“TTLHL? (QS;RY) + % H (u‘rn)HL2 (QS;Rdxd) <C.
Thus, since the spaces L?( ,‘f; Rd) and L* (Qf,; RdXd) are reflexive, separable Banach spaces by Lemma according
to Remark|2.6|there exists a (not relabelled) subsequence and a limit pair (@i, E) € L*(Q%; R?) x L?(Q2; R¥*?) such
that
Trp — @ in L2(Q%;RY), (4.47a)
e(Trp) = E  in L2(Q%; R*Y), (4.47b)

By convergence result we already know that ., — win L*(0,T; L*(2)) and hence we conclude that & = w.
Verifying that
E =e(u) inL?(Q;R™*%) (4.48)
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will then provide the assertion (4.44a). To deduce (4.48) we now set

In(t,z) = { ﬂm(()tx) J?r:e(ri:/izi,e @ ft,z) = { U(t(; K c:?r:e(ri\’/izi,g @ and  (4.49)
eolta) = { ) SO = { PG 0 SO (4.490)
Then, by there holds
fo— £ in L20,T; L*(Q;RY)) and e, — e in L2(0, T; L*(Q; R¥*%)) (4.50)
and Lemma [4.4]further implies that
foraa.t € (0,T): fu(t) = f(t) inL*(QRY) and e, (t) — e(t) in L2(Q;R¥*9). (4.51)
In view of [:49) and the definition of Qﬁ from (@43), this is equivalent to
foraa.t € Iy : Trp(t) — u(t)in L2(Q5P(t);RY) and e(Try,(t)) — E(t)in L2(QUP(t); R*9). (4.52)
Using dT_S?D and the fact that weak convergence implies boundedness, we find
foraatels 3CWH)>0:  [[Urn(t)llysz o @ma < C) (4.53)

Hence, for a.a. t € I3, there exist a further t-dependent subsequence and a limit 4.(t) € W12(QLP(¢); R?) such that
Trn (t) = Q(t) in WHE(QEP(1); RY). (4.54)
In view of (4.52), due to the uniqueness of the weak limit we thus conclude that
foraa.t € ly: a(t)=u(t) in L2 (G RY) and e(i(t)) = e(u(t)) = E(t) in L*(; R, (4.55)

This proves (4.48) and thus finishes the proof of assertion (4.44a).
Proof of (#@44b): By virtue of the uniform bound @48) for (3,,,)» on Q° there are constants v, 7 > 0, such that

vn > n(v/2) V(tx) € Q) v < pr (@, (tx) <7 (4.56)

Moreover, by the continuity of 14, cf. (3:3a), the convergence property of (- (0))+, and by the uniform convergence
of (0,,)n ON QS we have

plo(t,2) = lim (2., (t, @) forall (t, ) € Q). (4.57)

Consider now any test function v € L*(0,T; WH2(Q; R?)) c L2(0,T; W12(Q;R%)) with the property (@42), i.e.,
such that supp(v) C Q5. Then, in view of (#57) and (@.56), Lebesgue’s dominated convergence theorem implies

pr(@rn)e(v) = plo)e(v) in L*(Qp; RTY).

Now, exploiting convergence (4.47b) and identification (4.55), we obtain in particular

T
/ / w(o)e(u) : e(v)dedt = lim / / pr(0y0)e(Wry) : e(v) da dt.
Is JOP(t) neoJo JOP(t)

forallv € L*(0,T; W12(Q; RY)) such that supp(v) C Q. This concludes the proof of assertion (#.44b).

Proof of (4.44c): By Rellich-Kondrachov’s embedding theorem, the space W1:2(QLP(¢); R?) is compactly imbedded in
L#(925P(t); RY) for the exponent s as in (&:21). In view of convergence (.52) and identification (#.55) this provides

foraa.t € ls: Trn(t) — u(t)in L°(QP(2); RY). (4.58)
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For every n € N, we introduce the functions

fr i Is = [0,00),  fu(t) = ||[Trn (6)* 2 Urn (t) — [u(t)]**u(t)] Lo (O (1)) (4.59)
and for the sequence (f, ), we are now going to show that
fn(t) > Oforaa.t € Iy, (4.60a)
fo—0in L (I) . (4.60b)
To ([@:60a) : Making use of the estimate, cf. [Kne04] (A.7)],
foreach s > 2fixed 3¢ > 0 VA, B € R?: ||A|* A — |B|*?B| < ¢(|A| + |B|)* ?|A - B, (4.61)
we infer by fora.a. t € I that
Fu0) = [T (OF2r(8) — ()20 (0) [0
<c H(W‘rn(t” + |u(t)|)s_2|ﬂ‘rn(t) - u(t)H is/(ﬂ';‘p(t);]Rd) (4.62)

s'(s—2)

< Hm‘m ) =+ |u(t H Ls(Q (1) Rd)Hurn(t) — u(t)] z —0

as n — oo. This proves @

To (4.60D): By [Els18| Satz 5.9] or [AFP06, Thm. 1.35, p. 17], for s’ € (1, c0), the weak L ¢ convergence of a sequence
can be concluded from its convergence pointwise a.e. together with the uniform boundedness of the L -norms. In view of

(4.60a) it thus remains to show

(2P (8);RY)

I0>0VneN: |f

Ly < C. (4.63)

Indeed, setting g,, (t) := ||[Trn (t) |5~ 2Urn (t )£+ (@ (1)) @nd using the uniform bound (3:8n), we obtain

lgrnllLer 15y < €. (4.64)
Moreover, g, > 0 fora.a. t € I5. Thanks to (4.60a), we further have
grn () = g(t) == [l[u()]*2u(®)|| o (o (1) gay foraa.t € Is. (4.65)

Hence, in view of (4.64), Fatou’s lemma implies

lgll e sy < liminf flgr,|

This yields (#.63), and hence the assertion follows.

It remains to conclude assertion with the aid of weak convergence (4.60b). Indeed, by (#.60b) we infer for every
v e L0, T; WH2(; RY)) with supp(v) C Q2 that

[ (@0 20 ® - uOF ) - vizde]| < [ L1l @pm dt 0 @D
Is QI{,‘p(t) Is

Ly S C. (4.66)

asn — 00, since [[v(-)[| s (qur (4),re) € L*(Is). This gives assertion (4.44c). Thus, the proof of Lemmais complete.
O

Based on Lemmawe now obtain the identification of the limit objects 13, and ¢ in the following

Corollary 4.6 (Identification of B,, and (). Let the assumpt/ons of Theorem|[2.4 and Lemmal4.§ be satisfied. Then, for all
6 > 0, forallv > 0, all non- cyl/ndr/cal domains %, and for every test functionv € L*(0,T; W12 (£2; R)) such that
supp(v) C QY there holds:

T
/ /ur(@m)e(ﬂm):e(Pn (P-(v dxdt—>/ / (v)dxdt, (4.68a)
0o Ja
T
/ /H|ﬂ7—n|572ﬂ7—n'PTIL'T(PT(’U))dJL‘dt%/ /n|u\572u-vdxdt. (4.68b)
0o Ja 0o Ja
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Hence, for allv € L*(0, T; W2(Q),R) such that supp(v) C QS itis
T
(Bus V) Ls (0,7;W1:2(0):R4) :/ /QM(Q)e(U) te(v)dzdt, (4.69a)
0

T T
/ / k¢ -vdedt = / / w|ul* 2y - vdedt (4.69b)
0o Ja 0 Ja

for the elements B, € L* (0, T; W'2(Q,R%)*) and ¢ € L* (0, T; L% (2, R?)) appearing in the limit momentum
balance (2.5b).

Proof. We shall verify convergences (4.68), then statement follows by comparison by the uniqueness of weak limits.
To (@68a) : With the aid of convergence result (@445}, the uniform bound (3:9a), and the strong convergence PV (P, (v)) —
vin L*(0,T; WhH2(Q, R%)) we obtain
T
[ @i, ePY (P 0) = eleta) s e(w) da
T T
<| / / (1 (@70)e(rm) — pl0)e(w)) : e(v) da | + | / / pr(@r)e(Tirn) ¢ (e(PY (Pr(v))) = e(v)) dud
0o Ja 0o Ja

<[ [ rtnewon) ~ nioetw) - ety avar

=0
+]lv 'LLT(@Tn)e(ﬂT")||L2(O,T;L2(Q,]Rd)) He(PE(PT(”))) - e(v)||L2(O,T;L2(Q,Rd><d)) J
<c -0

which gives (4.68a).
To (#.68b): Using convergence result (#.44c), the uniform bound (3:9n), and the strong convergence PY (P, (v)) — v in
L0, T; WH2(Q,RY)) we find
T
[ el 2 PP P0) = ol 0) ot
0o Ja
T T
<| / / (e~ — ul*~2u) - v ] + | / / [enl* 2t - (PY(Pr(v) — v) ]
0o Ja 0o Jo

T
< ’/ / (‘ﬁ‘rn|8726~rn - ‘u|572u) : dedt’
0 Q

—0

+ || [rn | ¥ |

L* (0,T; L% (2,R%)) ||P7ILJ(PT(U)) - U|

<C —0

This proves (4.68b). O

L2(0,T5L° (,R4))

We now verify the last statement of Theorem[2.4] i.e., that the identification relations and holds true even for all
test functions with property (2.10), cf. (4.74). This argument is based on a more general statement, which will be applied
lateron also in a different context. Therefore, we give the argument in the following remark:

Remark 4.7 (Generalization of the identification result to test functions satisfying (2.10)). 1 The restriction of §2,,(t)
to Lipschitz subdomains Q1P (t) C Q,(t) in the construction of the non-cylindrical domains Q?, is needed
for the proof of in order to ensure that Rellich-Kondrachov’s embedding thorem is available to handle the
L?-nonlinearity. Yet, [Vor10, Theorem 1] states that any open set D in R¢ is a union of an ascending sequence of
bounded domains D,,, with analytic boundary and such that D,,, C D. In this way, for any v > 0 it is possible to
approximate S, (t) from the inside by unions of sets D,,, with analytic boundary, which are clearly contained in the
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class of sets with Lipschitz boundary. Using a patrtition of unity of constructed from approximating, smooth sets D,
we obtain that (4.69) holds true even for all test functions

ve L0, T;WH2(;RY)) such that supp(v) C ] {t} x Qu,(t) foralld,v > 0. (4.70)

tels

Due to this, we ultimately conclude that (4.69) holds true even for all test functions

ve L0, T; WH2(Q; RY)) such that supp(v) C U {t} x [0 < 0(t) < Qcit) foralld >0,  (4.71)

tels
where we used the notation (2.1).
2 Let us now consider a sequence
(0;)jen suchthatd; > 0forallj € Nandd; — 0asj — oo. (4.72)

It is possible to apply Egorov’s theorem such that the sets Igj C (0,7) with Ll(Igj) < §; form a nested de-
scending sequence, i.e., such that Ig'j+1 cl gj. More precisely, by Egorov’s theorem, for each §j > 0 one finds

asetI C (0,T) such thatLl(Igj) < &; and such that |0, — ol ¢y — O uniformly on ;. Subsequently,
for §j41 > 0 one finds by Egorov's theorem a set I§ =~ C I§ such that Ll(Ig‘Hl) < d,41 and such that
[07n — ollc(@) — O uniformly on I, , . In this way one obtains

Is, CIs,,, forallj €N and £'((0,T)\Is;) = 0asj — oo. (4.73)

J+1
In view of and we now conclude that holds true even for all test functions
v e L0, T; WH2(Q; RY)) such that supp(v(t)) C [0 < o(t) < gerit] foraa.t € (0,T). (4.74)
Based on the ideas of Remarkwe also deduce a uniform L2-bound for /pi(0)e(u) on the set [0 < 0 < gerit] C
(0,T) x §2and we obtain that e(u) € L?([0 < g]):

Lemma 4.8. Let the assumptions of Theorem|2.4 hold true. Then there exists a constant C' > 0, such that for all §, v > 0
and for every non-cylindrical domain Qf, itis

||\//J,(Q)e(u)”LZ(Qi;Rdxd) S C (475)
Consequently, the pair (o, u) also satisfies
IRY, :u(g)e(u)||L2([O<g<gcrit];]Rd><d) <C. (4.76)
Moreover, there holds
e(u) € L*([v < o)) forallv > 0. (4.77)

This extends the identification result (4.69), resp. ([2.9), to hold true even for all test functions

ve L0, T; WH2(Q;RY)) such that supp(v(t)) C [0 < o(t)] fora.a.t € (0,T). (4.78)

Proof. To (4.75): Consider any fixed non-cylindrical domain Qﬂ as in (4.43). To show (4.75) we repeat the arguments of
(4.46)—(4.55) to find with the aid of the uniform convergence (4.43a) on Qf,

In(v/2) € NVn > n(v/2) Y(t,z) € Q5 : % <Bon(t1) < Oerit — % , (4.79)
and to find that (@, ) — e(u) in L2(Q%; R4*%). Then also
) e(@r,) on Qia o e(u) on Qia ) L 72(0. mdxd
en = { 0 otherwise €= { 0 othermise weakly in L(0, T'; L*(Q; R**)). (4.80)
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In addition, we set

- s
A e— !QTn on an
on = { 0  otherwise. (4.81)
Then we also have
On — 0:= o on@, uniformly in [0, 7' x Q and strongly in L? (0, T'; L?(2)) (4.82)
" ’ 0 otherwise ’ 45 , .

and 0, 0 € [§, Ocrit — 5. We further observe that the restricted viscosities N‘[%,gcm—%] and p7|[%7gcm_%], 7 =1(n),
are uniformly bounded from above and from below, and continuous, cf. & (3:3a). Moreover, we find an index n,, >
n(v/2) such that for every n > n,, itis 7 = 7(n) < . Thus, in view of the definitions & (3:3a), itis pr(0n) =
1(0p) for all n > n,,. Now [Daci2, Thm. 3.4, p. 74] ensures that the functional (g, é) — fOT Jo 1% 00 —51(0)€ -
& dz dt is lower semicontinuous with respect to strong L? (0, T'; LP(£2))-convergence and weak L2 (0, T'; L?(£2; R%*?))-
convergence. Based on the uniform bound we now conclude by lower semicontinuity that

> hnn_lﬁfolf ” vV Hr (Ern)e(ﬂ‘rn) ”LQ(Q‘Z;RU’Xd) = hnrggf ”\//j(@n)enHLQ(O,T;LZ(Q;]R"’Xd)) (4.83)
> ||\/ﬁ(@)eHL2(0,T;L2(Q;Rdxd)) = ||\//7(Q)@(U)||L2(Q3;Rdxd)-

To (4.76): To conclude we first apply the argument of Remark (4.7), Item 1, to see that above bound
also holds true for any noncylindrical domain | J,;, {t} x €, (t) for all 6,7 > 0. Here we also exploit the additivity
of the integral to patch together any Lipschitz-sets Q5P () and QL%P2(¢) in order to approximate €2, (t) from inside
for any v > 0. Thanks to this gives C' > [|\/i(@)e(u)l| 22U, ey, {1} xQu (1);Raxa) for all v,6 > 0, and thus

C > H\/E(Q)B(U)HLQ(L_HE[&{t}x[0<Q(t)<gcrit];Rdxd). Subsequently, we apply the argument of Remark (4.7), ltem 2, to
observe that the bound remains true for a sequence d; — 0 as in (4.72) & (4.73). This yields (4.76).

To [@.77): For every v > 0 we set Q,(t) := {z € Q, o(t) > v} and consider any Lipschitz-subdomain QLI (t).
For each § > 0 we have the sets Is C (0,T), where the uniform convergence holds true. Based on this,
we further set Q% := Uy, {t} x €, (t). By repeating the arguments of [@#@46)—{@55) we find an index 71(/2) € N
such that for all n. > 7(1//2) and for all (¢,z) € Q% we have g, (t, ) > v/2. This provides a weakly convergent
subsequence e(u,) — e(u) in L2(Q%;R4*?). Using the notation of {#80), now with 0%, we thus also have e,, — e
in L2(0,T; L?(£; R?*4)). Hence, like in {@#83), the weak lower semicontinuity of the L2(0, T; L?(Q; R4*?))-norm in
combination with the uniform bound allows us to conclude

C> liminf/ w(0,,)e(trn) : e(Urp) dzdt > lim inf/ w(v/2)e(Ury) : e(Ury) da dt
n—o0 fo n—oo Qi
> / p(v/2)e(u) : e(u)dedt forally >0.
O

v

Invoking Remark [4.7] ultimately yields (4.77).

To (4.78): Here we repeat the steps of the proofs of (4.44b) and (4.44c) as well as (4.68) based on the non-cylindrical
domains Q. O

4.3 Proof of Theorem 2.7 Non-negativity & boundedness of o, and refined identification of
B, and ¢
W

In this section we verify the statements of Theorem First, we shall deduce that the density of the limit system p has
the property
0 < o(t) < ooyt ae.inQforallt e [0,7]. (4.84)

Property will be established with the aid of two separate lemmata: In a first step, in Lemma [4.9] we show that the
velocity of the limit system satisfies e(u) = 0 on subsets B C (0,7") x £, where g is strictly negative, i.e., on sets
B C [p < 0], or where it reaches or even exceeds the critical value git, i-€., on sets B C [0 > 0eit], Cf. notation
. This result will be deduced by investigating the convergence of the approximating velocities (ﬂm)m on suitable
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non-cylindrical domains, where additional information can be drawn from the a priori bound by exploiting the growth
properties (3.3) of the viscosities (1 (0.,,,))rn- With the aid of the information e(u) = 0 on B and suitably devised test
functions for the limit transport equation (2.5a), it will be shown in a second step in Lemma that the sets [o(t) < 0]
and [o(t) > ocrit] are L9-null sets for all t € [0, T). As a further step, in Lemma it will be concluded for the case
that the viscosity exponent av > 2 in and 0 < pg < 9arit — To for some 7, that also

0 < o(t) < Ocrit ae.in€, forallt € [0,7T]. (4.85)

Lemma 4.9. Let the assumptions of Theorem be valid and assume that (o, u, By, ¢) is a weak solution of in
the sense of Definition[2.2 and Thm.[2.4] obtained by discrete approximation via scheme and extracted from discrete
solutions (©,,,, Urn ) rn through convergences (@3). Then, for all v > 0 the following convergence information hold true

He(ﬂﬂt)||L2([ET”<—V];]R"><") —0 asT7—0,n— o0, (4.86a)

||€(ﬂq—n)HLZ([@TH>chit+l,];Rdxd) —-0 as7—=0,n— oo. (4.86b)
and the velocity u has the property

e(u) =0 ae.onfo<0]U[o> gcrit] - (4.87)

Proof. To (4.86): Keep v > 0 fixed and recall from the definition of 4. Thus, for [g,,, < —v] the a priori estimate
yields

r(m)*®

_ _ c o
le(@en) 325 <—vpmaxay < TN Vire(@en) 3o < pmaxsy < S5 =0 as7(n) =0,
where we again used the notation of (@.45). Similarly, one finds for [g..,, > Qcrit + V]

< 7(n)%|@erit —7|

_ B e
le@rn)l132(,, > g +viaxay < T Rre @) (g, > g ojaxay < S0t

Ocri
= — 0
as 7(n) — 0. Hence (486) is verified.

To (4.87): Foreach § > 0 and every v > 0, we define the non-cylindrical domains By, with e € {—, +} by

By, = [ J{t} x (1) C [0.7] x &,

tels

where (1) :=={z € Q| o(t) < —v} and Qf (¢) := {x € Q| 0(t) > et — v} for suitably small v > 0. By virtue
of a priori estimate (3.92), we obtain in particular for Bf ,, ® € {—,+}

[V e (@rn) €(Trn)|| L2 o ganay < C- (4.88)

In the following we work again with a subsequence 7 = 7(n) as defined in (.45). In this notation, due to the uniform
convergence (4.43a), we have

n(v/2) € N Yn > n(v/2) Y(t,2) € By, : Bpu(t,z) < 7% : (4.89a)

n(v/2) €N Yo > n(v/2) Y(t,2) € Bf, : Bn(t.2) > 0 — g . (4.89b)

In view of the definition of the viscosity /.-, estimate (4.88) implies for By,

/ / [oenl? Ve dudt + / / L 5 e(rn) ¢ () dwdt
Is chlt () T

>0 >0
+/ / 70 e(lUrn) @ €(Try)drdt < C'. (4.90)
s Jag (1)

>0
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Applying (4.89a) to the second term of (4.90) we obtain

J

With similar ideas we now deduce a uniform L2-estimate for e(ﬁm) on B(;y. In view of (4.89b), for all t € I5 and for all
n > n(v/2) the set Q1 () can be decomposed as follows:
O (1) = (5 (8) N @7 (8) > eric — 7]) U (5 () N [0 (1) < Oeris — 7))
= (Ql-i_ (t) N [@‘rn(t) > Qcrit — T]) U (Q:r(t) N [chit - % < @-rn(t) < Qerit — T]) .

Thus, for all n > n(r/2) decomposition (#.92) together with the definition of the viscosity 1. and estimate (4.88)
yields

4
e(Urn) : €(Urp)dedt = / / e(Trn) @ €(Trp) dedt < —37'0‘ . (4.91)
Is JQ (t) v

(4.92)

02/ 1 (B) €(Tom) : €(Tnn) dar dlt
Bf,

75 2
- / / % e(Urn) @ e(Ury) dr dt
Is QL (ON[E,, () Z0erie—7]) T |chit - 7'|

>0

+/ / 7P e(Urn) : €(Trp) da dt
I5 J O ()N[2,, (£) 2 0erit —7]

>0

—|—/ / %Va e(Urp) : €(Urp) dr dt
Is JOF ()N [0cric— % <8, () <Ocrit—T) (chit - «Q-rn)

2

(4.93)

>0

—|—/ / 7P e(trn) @ e(Try)dzdt .
Is O ()N [geriv — § <Brn (1) <erit—7]

>0

To estimate (4.93) from below we disregard the second and the fourth term on its right-hand side. For the first term we see
o 2 _ oy
that Z2za (WL > ”‘Qj‘fﬂ > V‘Qi‘a 2l on QF N[0,,(t) > 0crit — 7). For the third term on the right-hand side of (#.93)

T Qeit—T| =

we have that (ch‘fjgfilé))a > Vlg;'"a_fl on QF N [gerit — § < Orp(t) < Qcrit — 7). Altogether this gives
[ i - _ Ccre
e(Urn) : €(Urp) dz dt = e(Urp) : e(Urp) dedt < =—. (4.94)
Bf, 15 )i (1) V] 0eit — 5|

Based on the uniform estimates (4.91) and we may repeat the arguments of (4.47)—(4.55) in the proof of Lemma
in order to extract a (not relabelled) subsequence (W, ), with the properties

Urp — U in LQ(Bg,U;Rd) and e(Try) — e(u) in LQ(BgW;]RdXd). (4.95)

Moreover, in the notation of we have that
o e(u) onBj,, I —
e, — €= { 0 on((0.T) x D\BL,, weakly in L=(0,T; L=(£2)) .

Hence, we find by weak sequential lower semicontinuity of the L2(0, T'; L*(£2))-norm

la/;(t)e(u):e(“)dxdt/OT/Qe:edxdt

T
< lim inf/ / en e, dadt = liminf/ / e(Urn) : €(Trp)drdt < lim L(+)7(n)* =0,
0 Q Is ;(t)

n—oo n—oo n— 00
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with L(—) := 4 and L(+) := F This gives e(u) = O a.e.on B§  fore € {—,+},foralld > Oandallv > 0.
For every & > O and all t € I5 we further notice that [o(t) < 0] = J,~o @, (t) and [0(t) > 0crit] = =0 U (2).
Choosing now a sequence (J;);en such that §; — 0 as j — oo, as outllned in Remark Item 2, we see that
lo < 0] = Ujen UteI(;j lo(t) < 0] in £'-measure as well as [0 > ocrit] = Ujen UteIéj [o(t) > ocit] in L1
measure. In this way we conclude (4.87). O

Information in particular provides that
| div@rp | p2(sy,)y =0 for SY, € {[0,, < —V],[0rn > Ocrit + V]}, forany v > 0. (4.96)

This will be used to ultimately infer the statements of Proposition More precisely, we will show in Lemma [4.70] and
Lemmathat the sets [0 < 0] and [0 > oerit] are L9 -null sets. This will be achieved by testing the discrete
transport equation (3.7a) with suitably devised test functions and by exploiting information together with the strong
LP(0,T; W1P(Q))-convergence of the approximating sequence (@,,,)-» When letting 7 = 7(n) — O and n —
0.

Lemma 4.10. Let the assumptions of Lemma be valid and let p > 4. Further assume that the initial datum has the
property

00 € L2(Q), such that 0 < pg < Ocrit a.e. in ). (4.97)

Then, for allt € [0, T], the sets [o(t) < 0] and [o(t) > 0crit] are £L4-null sets, i.e.,
L4[o(t) < 0]) =0 foralit € [0,T], (4.98a)
L[o(t) > gait]) =0 forallt € [0,T]. (4.98b)

Proof. In order to verify the assertion (4.98) one would like to test the transport equation (2.5a), here

T T
<6tQ, ¢>Lp(07T;W1,p(Q)) - / /&: (QU) . V¢ dzdt + / /2 5|VQ|;D72VQ . v¢ dxdt =0 (499)
0 ) 0 <

by functions of the type 1) := max{pg,a} or ¢ := min{p, a} for a constanta € R and o € L?(0,T; W1P(Q)). We
note that the functions max{-,a} : R — R and min{+,a} : R — R are Lipschitz-continuous functions. Thus [MM79]
ensures that their composition with an LP (0, T'; WP (Q))-function again results in an L?(0, T’; W17 (£2))-function.
However, to handle the drift term in would require an integration by parts in space, which is not admissible for the
limit problem because it is not clear that (o(t)u(t)) € H'(;RY) for all of 2, for a.e. t € (0, T). Therefore we instead
resort to the discrete equation , where, for all 7 = 7(n) > 0 and n € N fixed 1, from provides the needed
information (2., (), (t)) € Hl(Q, R4), for a.a. t € (0,7). Yet, in the space-discrete setting the above described
functions involving the cut-off by max or min, denoted here for brevity by U’(p), are not admissible test functions for the
discrete transport equation (3.7a). To make it admissible, we shall apply the projector Pr; : LP(0,T;X) — LP(0,T; X;)
from to such a function and then we use the projected function as a test function for (3.7a). More precisely, with the
function ¥’(-) denoting the functions involving the cut-off by max or min, and for ¢ a solution of (2.5a), we define the

function
/ U (o(t)) ift e [0,t.],
Uy (t,0(t)) := { (g( ) :ft c Et*ﬂ]”]y (4.100)

and applying the Pr; : LP(0,T;X) — LP(0,T;X;) to W} (t,0(t)) yields the function P, W} (-, 0), which is an
admissible test function for (3:78) for any n > I € N. This results in

(Dr s Prt(W (1 0) oo o) / JRCEMCR A ONER
(4.101)

" / [ VOV, 0) - VP, (. 0(0) et = 0.

Yet, in (4.101) it is neither possible to integrate the first term in time nor to judge about the sign of the p-Laplacian term.
Both steps would be possible if P-;(V; (-, 0)) is replaced by

¥ t2(0) = { VOO IR 102)

DOI 10.20347/WIAS.PREPRINT.2786 Berlin 2020



Analysis of a compressible Stokes-flow with degenerating, non-standard viscosity 33

where we used the notation (3.5). Therefore, we shall add to @.101) the desired terms and subtract them again for
compensation. Morally, we would test each of the terms in by \I/%T(t*)(-@mL then add and subtract the re-

sulting terms to (#.707). At this point, we note that (D, 0,p, \I!%T(t*)(.,@m))Lp(QT;Xl) is well-defined for all 7 > 0,
n € N fixed, since \I/%T(t*)(-,ﬁm) € LP(0,T, WHP(Q)). But we cannot obtain any information about the conver-

gence of this term, because a priori estimate only provides uniform boundedness of (D7 07y,)ry in (LP(0,T;X;))*
but not in (LP(0,T;X))*, where X = W1P(Q). Therefore, instead of adding and subtracting to @#107) the term
(Drorn, \I/;-T(t*)(-, Em»m(o T;X,), We will use the time-integrated version of it. To be more specific about this, let us

suppose that ¥ (-, p) and W7 (), p) are defined by the function W(-) as in @.100) and (4.102), and that these
functions have the following properties for all p € LP(0,T; W1P(€2)):

W, (t,p(t)) =0 ae.inQ,forallt € (t,,T), forany t, € (0,T) general but fixed, (4.103a)
Ui 1)t p(t) =0 ae.inQ,forallt € (¢ (t.), ], (4.103b)
W, (t,-) 1 LP(0, T; WHP()) — LP(0,T; WP(Q))  are continuous for all t € [0, 77, (4.103c)
U’ is the derivative of the convex, continuous function ¥ : R — R, (4.103d)
U (p(t,z)) > Oforaa. (t,z) € (0,T) x S(p(t)) and ¥”(p(t,z)) = 0 otherwise . (4.103e)

Hence, by properties (#-103b) and (#.103d) we find that

(Drorn ¥ 1) (7)) > 0@ () 21000 — 2200 (O]

LP(0,T;X,) (4.104)
= ||\I](§Tn(t*))”L1(Q) - H\II(@Tn(O))”Ll(Q) )

where we exploited the convexity of ¥ and used the notation (3.5d). Thanks to the well-preparedness of the initial data and
the strong L?(2)-convergence of (0,,,)rn pointwise for all ¢ € [0, 7] together with {#.703d) we further deduce
that

W @rn (E)Lr ) = 19270 (0D @) = 12l @) — [[¥(e(0)]lL1 (0 (4.105)

as n — oo, where we work again with a subsequence 7 = 7(n) as defined in (#45). In view of this, we will add and
subtract to (4.101) directly the limit terms on the right-hand side of (4.105). In this way, we get

tr(ts)
W (e(t))llLr ) — 1% ((0)l L1 (o) f/ /EMHWWQ;@* (t,0,,,) dzdt

(4.106a)
Er () 3
/ /6|ng|p VO, VP (& gm)dmdt—kZR] n =0, where
Jj=1
Ryt = (Dr0rm, Pri(¥;_(0))) 1o rix,) — (122 @) = 1% (2(0) 1) » (4.106b)
Er(t)
R i = / /Qmum- Pr(V_(0) = ¥ (5(t,2,,)) dadt, (4.106¢)
(t)
Hant = / / elVO PV, - V(Pr(Py (0) = Vi 1 (t,2,,)) dadt. (4.106d)
0 Q
For the sum of the error terms in we shall verify below that
3
> Rjm—0 asn>1—o0. (4.107)
j=1

We now discuss the treatment of the remaining two terms in (4.106a). In view of (4.103e) we readily observe for the
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p-Laplacian term in
tr(ts)
/ /Q elVO PV, - VI o) (8 T,,) dedt
0
T (te)
N / / eIV "2V, - U (€rn) Vs dudt (4.108)
0 S(2,n (1))

tr(ts)
_ / / £IVT [P (5. ) dzdt > 0.
0 S(@:1 (1))

For the drift term we are now in the position to apply integration by parts in space and with the function ¥’(,.,,) precisely
tailored to the two cases (4.98a) and (4.98b) it will be the goal to show that, as n — oo,

<c ”diV(ETH)HLZ(S(ETN)) — 0, (4.109)

Er(ta)
- / / OrnUrn V\I/Q—T(t*)(t,ﬁm) dx dt
0 Q

where the convergence ||div(%;,)|/z2(s(z.,)) — O follows from information for S(0,,) = [0,, < —V]or
S(@Tn) = [@Tn > Qcrit + V] for any v > 0.

Now, putting together (4.106a) and (¢.107)—(4.109) leads to the following estimate

3
[t )l @) < [%(e(0)]Lr @) + ‘ > Rjm| + cl|div(@en)ll s,
j=1

3
§ Rj,nl
=1

Jj=

(4.110)

+ e ||div(Trn)ll2(sz,,)) — 0 asn>1— o0,

given that the initial datum satisfies || W¢, (0(0))||11 (o) = 0. In the limit we thus have
[ (o(t) L) =0, 4.111)
and for suitably tailored functions W, , W this will result in the information and (4.98b).

Proof of the convergence of the error terms: We have 9., — o strongly in LP(0,T; W1P(Q)) by @I)).
Since the function ¥’ : LP(0,T; WP(Q)) — LP(0,T; W1P(£2)) is continuous, there also holds ¥'(g,,,) — ¥'(0)
in LP(0,T; WhP(Q)) as well as \I/%T(t*)(~,§m) — W} (-, 0). Furthermore, by the approximation properties of the
projector we then also have P, ¥} (-,0) — U} (-, 0) in LP(0,T; WP (€)). Then, the subsequent estimates will
allow us to conclude (@-107). We start with R . For this, we may first repeat the arguments of (.6) and subsequently apply
integration by parts in time to arrive that

Jim Tim (Do, PP (- 0))) e, rixi) = (9r0, Wi, (-5 0)) pro.mx) = [1W ()l (2) = [1W(2(0) L1 @) -
n>l

In view of (4.106b) this shows that Ry ,,; — Oasn > [ — oo.

For the error term Ry ,,; we deduce via Holder's inequality and with the aid of a priori estimate (3:9d) together with the
strong L7 (0, T; W (Q2))-convergence of P, ¥} (-, 0) — Wi (1) (5 0rp) that

ty
|Roni] = ’—/O /QETnﬂm~V(PTl(\I’L(t, 0) = Vi (1, 0,,)) dzdt

S ||§-,—nﬂ'rnHLQ(O,T;L2(Q;Rd)) HV(PTZ(\I/;* ('a Q)) - %r(t*)(.’?"'”)) HLQ(QT;Lz(Q;Rd))
< C|IV (Pru(¥y, (0) = ¥ (1) Con)) | 20,12 iy = 0 @8> 10,

With similar arguments also the convergence of R3 ,,; follows, now exploiting a priori estimate (3:9K), resp. (3:99)

|R3,nl| < ||VETTLH€,;(10,T;X) ||V(P7l(\1/2* ('a 9)) - \II%T(t*)("ETn)) ||LP(07T;LP(Q;Rd))
< CHV(P—,—I(\I’;&* ('7 Q)) - \I}%T(t*)('vgrn)) HLP(O,T;LP(Q;Rd)) —0 asn>1—0.
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Thus, (4.107) is verified.
To (4:98a): We apply the reasoning (#-T0T)—-@T77) with the function

/ _ v ] (p@®)2 fortel0,t], v
(00 0) = ((0) o= { Qo SR L e (o) = mingo() 410} 12
for any 7 > 0. We note that (p)” , € L*(0,T; WP(Q)) for any p € LP(0,T; W'(9Q)), for all ¢, € [0, 7] and all
v > 0. As outlined in ( we test the discrete transport equation by P W, (o) with o € LP(0,T; WP (1))
a solution of (2.5a). Moreover, we carry out the steps (AT01)-@TT1) also with W3, 1(0,,) = (0rn) - i (¢.) @s defined

in m To arrive at we have to verify for the functions W} (t,p(t)) := (p(t))” ;, defined in @#T12) and
a ) (t,0rn) = gm)_ (1. that properties (4.703) hold true and that the drift term can be estimated as claimed in

To properties (4.103) for \IIQ from (4.112): Clearly, by definition (4.112) property (4.103a) is valid and similarly, properties
(4703B) and (2?) are valid for W, | by definition (@#102). Moreover, the function ¥’ (e) := (e)” = min{e + 1,0}
is Lipschitz continuous and thus the map ¥} : [0, 7] x LP(0,T; W'*(Q)) — LP(0,T; W'*(Q)) from @I12) is
continuous, which is (#103c). We further observe that the primitive and the derivative of ¥ are given by

1 v\2

U, (L, p(t)) == { (2)((p(t))—) gi i E(z*tzl] (4.113a)
1 ifp(t) < —vandfort € [0,t.],

Uy (t,p(t)):=14 0 ifp(t)>—vandforte [0,t.], (4.113b)
0 fort e (t., 7).

From we see that U(e) := 1((e)")? is continuous for ¢t € [0,,]. Moreover 113b) yields (@1036) with
S(p(t)) := [p(t) < —v], which then also provides the convexity of ¥ and thus finishes the proof of property (#.703d).

To estimate [@109) for the drift term: For Wi, \(t, 0., (t)) := (0;,(t))” ; ;) from @TT2) the expression [@#.709)
can now be handled using integration by parts in space, also exploiting that @, (t) = 0 on 92 fora.a. t € (0,T), i.e.,

tr(ts) tr(ts)
=[] et VOt e = < [T [ o V() dot
0 Q 0 Q
(L) T (ts)
= —/ /(@TnJru)ﬂm-V(@m)i dxdt+/ /uﬂm-V(@m)i dxdt‘
0
i 5..)")? Er(ts)
= —/ /um- dedt—i—/ /ljum-V(gm dxdt‘
0
T (ts) (t+)
/ dlv(um)%dxdt / / Uy, - n)%d%d 1dt’ (4.114)
Q asz
(t)
+’/ /lev Urn)(Orp)” d:z:dtf/ / V(Trn - 7)(0,,,)" dHE 1dt’
a0

tr(ts) (2 tr ()
- ‘/ / div(ﬂm)L dxdt‘—i—’/ / v div(Trn)(3,,)". dxdt’
(20 (t)<—1] Zrn<—v]

<l dlv(um)||L2 (3., (¢ )<_y])( (D))" ) ||L2(0 T:2(Q)) + V”(an)f”L?(O T; LQ(Q)))
= (|| dlv(um)||Lz([§m<,l,]) —0asn — o0

IN

by information (4-86a) and thanks to the assumptions p > 4 and gy > 0 a.e. in €2 by [@:97). This proves (4:709). Now the
validity of properties and provides (@171), i.e., that || W (o(t.))l[z1 (@) = [I(0(t+))” |l1 () = 0, which
gives (4.98a).

To (4:986): Now, we apply the reasoning (@ 107)-@T17) using the function

e, (£ p(1)) = (0(t)) it . :={ it Iﬁ:ﬁig;fﬁj where (p(t))erie- = max{p(t) = cerie =, 0}

(4.115)
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and to arrive at we have to show that ¥, (¢, p(t)) = (Q(t))lc/ritJr,t* and Wz (t, p(t)) = (g(t))lc’riwr Eo(t)
satisfy properties and that estimate holds true.

To properties for U, from (@115): Here, the primitive and the derivative are given by
((p(t))griw)z fort € [Ovt*]a
fort € (t., T,

1
Uy, (tp(t) = § 2
1 if p(t) > Ocrit + v andfort € [0,¢,],
0
0

(4.116a)

Wy (t, p(t)) if p(t) < Qerit + v and fort € [0, t.], (4.116b)

fort € (t.,T7].

Now similar arguments as for (4.112) provide properties (4.103) also for ¥, from (@.115).

To estimate (4.109) for the drift term: Very similar calculations via integration by parts in space, as in (-114), also here
result in

(L) / £r (1)
- / / Ornlirn - V¥ () (t,0r) d dt’ = |- / / Do - 9 @)
0 Q 0 Q
£ (1)) b ()
T / / (@'rn — Qcrit — V)ﬂrn : v(@frn)lc/rit—l- dedt— / / (chit + V)ETTL ’ v(@'r");it"' d dt‘
0 Q 0 Q
o (t) (o )V‘t )2 tr(ts)
=| - / / [—— mec“ dx dt — / / (chit + V)ETH ’ V(E-rn)Zrit+ dz dt‘
0 Q 0 @

tr(ts) —= v 2 tr(ts) — v 2
div(ﬂm)w dedt — (Trp, - ﬁ) w dH41 g
2 2
0 Q 0 a0

IN

tr(ts) tr(ts)
| [ oo ) divt@n) @ty dodtt [ [ (g ) @ 1)@ i 060 e
0 Q 0 oN

br(t) = w2
— ‘/ / div(mn)w dr dt}
0 (@7 (t)>0cric+V] 2

tr(tx)
—+ ‘ / / (chit + V) diV(aTVL)(ETn)lC/rit-i- dl‘ dt‘
0 (070 (t)>0crit+V]

<N div(@rn)ll L2z, , > oenito)) (311 (@rn) iy ) L2 0i22(0)) + VI (@rn)rit s l2200,7522(2)))
= || div(Trn)ll 22(a., >0 4v)) — 0@ST — 00
(4.117)

by information (@.86b) and thanks to the assumptions p > 4 and gy < Qcrit a-€. in £ by [@:97). This proves (#.109). Now
the validity of properties (4.703) and @.109) provides (@171), i.e., that | ¥y, (o(t«))||l1 () = [(2(t:)) sy ll L1 (0) = 0,
which yields (4.98b). O

Lemma 4.11. Let the assumptions of Lemma[4.9 be valid. Further assume that o > 2 for the exponent of the viscosity in
(2:2D), and that p > 4. Suppose that there is some 1o € (0, gcrit) SO that the initial datum has the property

00 € L*(R), suchthat0 < gy < Qcrit — 7o a.€.in 2. (4.118a)
Then, for allt € [0, T] the set [o(t) = 0crit] is an L%-null set, i.e., there holds
L[o(t) = gerit]) =0 and 0 < o(t) < ocriv a.e.in§, foralt € [0,T]. (4.118D)

Proof. In order to deduce implication (4.118) we shall proceed via the following three steps:

Step 1: Construct a suitable test function F}; for the transport equation (2.5a): It will be constructed such that the primitive
Fys satisfies Fyps(p) < oo for all @ > 0 fixed and for all p € R, and such that Fys(0crit) — 00 as § — 0.
Step 2: For p a solution of show that there is a constant C' > 0 such that

| Fos(o(t))]| L1 () < C forallt € [0,T] and for all 6 > 0 sufficiently small . (4.119)
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Step 3: Verify that (4.119) implies (4.118b).
To Step 1: For the construction of a suitable test function for (2.5a), set

4]

with § := a —2, hence F}(p) i = ——————.
5(p) |chit _p‘5+1

Fs(p) : (4.120)

B |chit - p‘é

Note that & > 0 thanks to the assumption o > 2. Fix v € (0, 1); a suitable choice will be specified more precisely below
in (4.125). For all # > 0 sufficiently small such that yoc.it < Ocrit — 6 we define

Fys(p) = max{min {F5(p), F§(0erit — 9)},F§(7th)}

Fj(voerit) i p < Yoerit, (4.121)
= Fi(p) if Yoerit < p < Qerit — 0,
Fé(@crit - 0) if P Z Ocrit — 0.

Its primitive and its derivative are given by

F5(Y0crit)p it p < v0crit
Fos(p) = § Fs(p) — K, if Yocrit < p < Oerit — 0, (4.122a)
Fé(@crit - 9)0 - K’y - KG if P Z Ocrit — 07 where
K’y = _( - F6 (Vgcrit) + Fé('}/gcrit)vgcrit) (4-122b)
Ky = —(F5(0cric — 0) — F5(0cxit — 0)(0eris — ) and (4.122¢)
0 if P S 7Y Ocrit
Fgs(p) =13 F§'(p) #70ait < p < ocit — 0,  where (4.122d)

0 if p > Ocrit — 05
F{(p) = (Qm(t — pﬁm € (e, S ) for Yot < p < oaris — 0. (4.122¢)

In this way we observe that Fj5(p) € LP(0,T; WhP(Q)) for any p € LP(0,T; WP(Q)) and for every 0 < 6 <
(1 — %) Qcrit- Forany t. € [0,T] and p € LP(0,T; WP(£2)) we further set

Fyse, (p(t)) := { Fé‘S(g(t)) :;i E E?:T]i (4.123)

With the above reasonings we conclude that also Fys, (p) € LP(0,T; W'P(£2)) and this will be the test function for
for which we aim to deduce the bound (4.119). To this purpose, we now also discuss the properties of the two
constants K, and K appearing in (4.122a). In particular, we show here that

0< Ky =—(— Fs(v0erit) + F5(Y0erit)V0erit) < F5(V0erit) < Fs(p) for p € [Y0crit, Ocrit — 0) . (4.124a)
0 < Ko = —(Fs(0crit — 0) — F5(0crit — 0)(0cric — 0))
< Ky + Ko < F§(0crit — 0)(0crit — 0) < F5(0cxit — 0)p  for p > 0crit — 0. (4.124b)
To property for K, : We observe that
|
>0

07 Qcrit Sy

1, = Fy(oem) = FiOr0a 100 =t — i = s (1 15)
is ensured if .
7§m<1 forany > 0. (4.125)

Moreover, since F§(vgcrit) > 0, we also have that
K’y = F5 (’ygcrit) - Fé (fygcrit)’ygcrit g F5 ('ygcrit) g F5 (P) for any p € [’Ychity Ocrit — 0) .

Thus, property (4.124a) indeed holds true.
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To property (4.124Db) for Ky : We readily check that

0 S K€ = Fé(@crit - 9)(chit - 9) - FS(chit - 9) = 6(95§11—9) - 9%5 = 9%(6(9”:;_9) - 1) Z 0

is ensured for

0 < 5gcrit

. 412
=115 (4.126)

Now, in view of K, > 0 we also find that indeed

0 S K@ S K@ + K’y = Fé(@crit - 0)(chit - 9) - Fé(chit - 9) + Fé(vgcrit) - Fé(Vchit)’Ychit
S Fé(@crit - 9)(chit - 9) S Fé(chit - H)P for any p Z Ocrit — 9;

which concludes the proof of property (4.124b).

To Step 2: For any ¢, € [0, T] we test the transport equation by Fys ;. (o) from [@123) with ¢ a solution of (2.5a);
by the above considerations we have that Fy;, () € LP(0,T; W'?(€)) is an admissible test function. We also use

integration by parts in time and the bound to arrive at the following estimate from below
t.
0= (0r0, Fys.1, (0)) Lr(0,1:w 17 (02)) —/ / (ou —e|Vo|P~?Vo) - VFj5(0) dxdt
0o Jo
t. t. t.
= / / Ot Fys(0) d dt — / / ou - VFys(0)dz dt + / / e|Vo|P Fys(0) dz dt (4.127)
o Ja o Jo o Ja

t
> | Easelt)) oo ~ [ Fs( ey~ [ [ ou- Vo) dwat.
o Ja
Estimate will now be used to deduce the bound (4.119). For this, note that

<Cy, (4.128)
L' (Q)

§
(10)°
and hence it remains to deduce a suitable estimate for the drift term on the right-hand side of (4.12/). Like in the proof
of Lemma this would require an integration by parts in space. But this is not admissible since it is not clear that
(o(t)u(t)) € HY(Q) foraa. t € (0,T). We circumvent this problem caused by the lack of regularity by adding the
discrete analogon of the drift term, thus creating an error term that subsequently has to be shown to be controlled. Yet, for
the discrete drift term it is then possible to perform an integration by parts in space, where the boundary integral on 9€ is
zero thanks to the property u,,, = 0 on 0€2. Following this strategy, also taking into account (4.128), we arrive at

1Fos(2(0)) 1222y < 1Fis (et — 70)llrccy < \

tu
0= |Fus(elt sy — Co— [ [ Gt VEpslar) dodt + R(6.m)
0 Jo (4.129)

t
= [[Fos(o(t)) (@) — Co +/ i div(2,,rn) Fos(2r,) dx dt + R(0,7),
0 )

d0crit

TS ) sufficiently small

where the error term R(6, n) has to be shown to satisfy for any fixed 6 € (0

t. t
R(6,n) := (/0 /Qﬁmﬂm -VFys(0,,)dzdt — /0 /qu - VFys(0) dz dt) L 0asn—o0. (4.130)

We shall verify the convergence (4.130) of the error term below in (4.142) and now continue to process the discrete drift
term in (4.129). Our goal with this procedure is to obtain from (4.129) an estimate of the form

ty
| Fos(0(t:)) 10 < |[R(0,n)] 4+ Co + C1 +é/ | Fo5(0rn) L1 () dt forany t, € [0,T7]. (4.131)
0

As n — oo, on account of (#.130) and thanks to the strong L? (0, T'; LP(2))-convergence of the sequence (.., )n
the estimate (4.131) leads to

ta
||F0§(Q(t*))||L1(Q) <Co+Ci+ é/ ||F95(Q)||L1(Q) dt foranyt, € [O,T] . (4.132)
0
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Then, Gronwall’s lemma ultimately yields the desired bound (-179) uniformly for all ¢ € [0, T and for all § € (0, ig—r(‘;‘)
sufficiently small.

Proof of estimate (4.131) by processing the discrete drift term in (4.129): Using once more integration by parts in space
we obtain

Ty
/ / diV(@‘rnﬂT’ﬂ)Fétg (Ern) dil? dt
0 Q
T
- / / (O (V) Fls (Brn) + Tirm - (V) Flg (Br)) (4.133)
Q

t. t
= / / 0, (divi,, ) Fs(o,,) dedt — / / (divUry) Fps(0,,,) dz dt.
0 Q 0 Q
In order to arrive at (4.131) the two terms in the last line of (4.133) will be maneuvered to the left-hand side of (4.129) and

there their absolute values have to be suitably estimated from above. In view of 127) and (4.122) we decompose the
two integrals on the right-hand side of (#.133) as follows:

ty
/ / ET’R (le ETH)FOI(? (Ern) dﬂ? dt
0 Q

e
0

[Ern(t)g'ygcrit] ['chrit <E7—n(t)<chit_0] [chit_egﬁrn(t)]
=1L +1r+ 13,

ts
/ / (divT,y,)Fos(0,,) dedt
0 Q

:/ot*( / + / + / )(divﬂm)Foa(Em)dxdt (4.134b)

[0:n (D) <v0erit]  [Y0erit <Crp (1) <Ocrit—0]  [0crit —0<0,,, ()]
=1+ 15+ 1.

and

First, we estimate the Integrals I, I3, I4 and Ig. For I and I3 we obtain

|I1] + | I5] gmax{ F§(0erit) | | F5(0erit — 0) } /Ot* ( / * / )

[0rn(®)<vocrit]  [ocrit—0<0,, (t)]
S maX{ Fé(r}/QCrit) ) th(QCrit - 9) / /

< max{ Fé(’ygcrit) ) Fé(@crit - 9) }L ([07T} X Q) H§Tn€ Urn HL2(0,T;L2(Q;Rd><d))

Orp (divTry,)| de dt

0, (divT,, )| dedt

(4.135a)
where we exploited a priori estimate for the last inequality. Using (#.724b) we see that
|F95(@7-n)| < |F<§(chit - 9)@711‘ )

which is used to further estimate Ig. In this way, we find for I, and Ig that

o} (]« )

[0, ()<y0erit]  [Qerit—0<0,,(1)]

f(oeri = 0)] } £210,T1 X Q) 18,e(rn)ll 20,1312 im0

| 14| + L6 Smax{)Fé(wcrit) ; 0., (div,,)| dzdt

< e { [ )

<C,
(4.135b)
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where we again exploited in the last inequality.

To treat the terms I5 and I we introduce the short notation Sy (.., (t)) := [Y0crit < Orn(t) < Ocrit — 6]. Then, using
Holder’s inequality, > and I5 are estimated from above as follows

ta
115 = | / / By (A 1) Ffy () dr ]
So (0., (1))

0rnV/10(0rn) | 4 Vi
= T (diVUry,) ————=F5(0,,,) dxdt (4.136a)
’/ /Sg (@rn(t)) \/Ij U@(an) ’ ’
< ‘ Orn ne(em)(divﬂm)

1%

Fs(0:4)

L2(0,t.5L2(S0 (2, (1)) H\/ne—

L2(0,t.3L2(So (8, (1)) |
and

ty
5] = | / / (divﬂm)Fgg(@n)dmdt‘
So(@rn (1))

t —
* 779(@7%) Fe&(@']’n)f
= ‘ — (le u.,-n)iid dt’ (4.136b)
/ L@(gfn(t \/; QTn\/"m
< ‘ W(

1%

div,,) ~H Fo5(0,1) .
T L2(0,6.522(S0(B,,, (1)) o/ 110(@70) 1L2(0,6:L2(S (2, (1))

Hereby, in (4.136) the function )¢ is defined like the regularized viscosity from i.e

17

C" 90|p| pr<0,
ﬁ if0 < p < 0crit — 0,
= P> et — 6,

Mo (p) = (4.137)

with 7 > pri¢ and o > 2. Hence, also thanks to the uniform a priori bound (3:9a), we obtain for all 7 = 7(n) < 6 for the
first term appearing on both of the right-hand sides of (4.136) that

‘ L2(0,t4;L2(Se (27, (1))

t _ -~
= / / 7‘-’3""7;(%) (div iy, )? do dt
0 /S5 (1)

Orn\/ M6 (ET’R) 2

N (div,,,)

: . (4.138)
= ch% / / ?mﬂﬁ (@Tn)(dlv ﬂ"’”)2 dzdt
So(07n (1))
(chlt
< S | pe(@rel@nn) el dudt < C.
For the remaining two terms on the right-hand sides of {.136) we are going to show that
28 1/2 28 7 1/2
(/ / A(Ern) dzx dt) < (/ CHF‘%(QT”) ”Ll(ss(@.n(t))) dt + C) R (4.139)
0 JSp(@n(®) 0
L2 _ 2
where A(o c { Fos(0rn) , Fos5(0,1,) }
(an) Vne(ern) 2rn/m0(2rn)
C o2
Proof of for A(g,,) = ‘\P}% 2 Onthe set [Y0crit < 0pp,(t) < Qcrit — 0] itis
_ | Fes(@rn) 80t =0, _ 52 82
Alrn) = [ | = Tem 095 = T oD = T e P (4.140)
= c1Fys(0:,) + 1 Ky = c1Fps(0,,,) + 01
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Here we used that 2(d + 1 — §) = d dueto § = o — 2 and that 0 < K, = const.

_ 2
Proof of for A(o = | Fes(ern) : In view of the properties (4.724a) of K., we argue on the set it <
@139 for A(2,) = | 2ol prop  we arg o
Orn(t) < Ocrit — 0] that
_ 2 _
— _ Fos(0,n) _ — 2 1 — 2 (Gerit =0,,)"
A(an) - Erni;#ﬁ - (F5(Q'rn) - K’Y) W < FS(QTn) %
1 1 1 (0erin—0.0)° o (=702 1 4.141
< (Oerit—0,0y) 20 2) (Yeerit)?7 = (70arit)?7 (Cerit—0,0)° < (wcm)zﬁt (0crit—0r1n)° ( )
1— 1— _ ~
= G (Fs(@,n) — K-) + U5 Ky = coFos(2,) + 22

This finishes the proof of (4.139) and together with (4.134)—(4.138) we are entitled to conclude estimate (4.131). Upon
verifying the convergence (#.130) of the error term R(6, n) this yields #132) for n — oo, and ultimately proves the
desired uniform bound (4.119) thanks to Gronwall’s inequality.

Proof of the convergence ([#-130) of the error term: It remains to verify that

t. t
R(0,n) / /gmum VF%(gm)dxdt—/ /Qu VFjs(o )dxdt) L 0asn — 0. (4.142)

For shorter notation we again introduce Sg(p) := [Y0erit < p(t) < Qcrit — 0] and we denote by xg,(,,) the indicator
function of the set Sp(p), i.e., Xs,(p)(7) = 1if 2 € Sg(p) and X 5,(,)(x) = 0if & & Sp(p). In this way the error term
can be rewritten as

R(0,n) = / /Q (X56(0)0U - VEys(0) = X543, CrnTrn - VEps(@ry,)) du dt
0

Ly
= F// V ° _77'77, d dt
/0 /QXSQ(Q)Q 95(0)Vo- (u—1rp,)dz (4.143)

+ /O /Q Urn - (X85(0)0F55(0)V 0 = X84 (3.,) OrnFo5(0rn) VOyry) dz di
— 0.

Here, convergence of the first term on the right-hand side of {#143) follows by observing that (v — Try,) — 0 in
L#(0,T; L*(2)) thanks to convergence result (@.Ta). Moreover, itis x s, (o) 0Fy5(0)Vo € LP(0,T; LP(€; RY)), since
XS0 (0)0Fp5(0) € L>(0,T x ) for any 6 small but fixed. Convergence of the second term is observed by weak-strong
convergence  arguments again using that U, - w in  L%(0,7;L°(Q2)) and that
(X50(0)0F45(0)V 0 = X8y (5., ) OrnF s (@rn)VOrpn) — 0 strongly in L?(0,T; L?(€2; RY)). Indeed, the latter follows

from convergence result (@.1]) and from the following estimate for any 6 € (0, ‘sﬁ%ﬁ ) fixed

XS0 (0)0F5(0)V 0 = X54(a.,) CrnF 5 (Crn) VOrnll L2 (0,6, x 2sr4)
< Ix55(0)0F55(0) (Vo = VOrn) 20,6, 1x2m0) + Ve (X56(0) 0F05(0) = X5(a.) Orn F5 (@) L2 (10,81 x 25
< Oerit Fos (Ocric — 0)IV 0 = Vo, 20,0, x sr)
+[IVornll o0 x i) 1X 5, (0) 0F55(0) = X54(2,) 0rnF o5 (@rn) I L2e’ (0,0, x 24
< C(HVQ - v@rn”Lz([(),t*]xQ;Rd) + ||Q(ng(g)Fé/5(Q) - Xse(@n)Féis(?m)) ||L2Q’([O,t*]><Q;Rd)
+ (0 — Ern)XSg(@_n)FG/%(Ern)||L2q’([0,t*]><Q;Rd))
< O([IVo =Vl L2 (ot xsra)y + erisl Fos (@) = Fo5(@rn) | 2 (0,61 x02)

6(6+1 —
+ (951_2) o — Q‘rnHLQq,([O,t*]XQ)) :

Here we have applied Hélder’s inequality with the exponent ¢ = p/2 and ¢’ = p/(p — 2). Then strong convergence in
L27([0,t.] x §) follows for 2¢' = 2p/(p — 2) < p, which is ensured for p > 4. Also note that | F};(0) — F}s5(0,n)| <

5(5+ S(3+1)(8 crie |0 — . ’
9(25+4 (|ch1t QTn|5+2 |5+2) < ( +1)(9J2r5242119 ] (‘chit - anl - ‘chit - Q|) — 0in L2q ([O, T} X Q)

again for p > 4.

- ‘chit —0
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To Step 3: In order to verify that (4.119) implies (4.118b) we proceed by contradiction. Thus, assume that there is some
t €[0,T) and aset B C Qwith £¢(B) = b > 0 such that o(t) = gcri¢ in B. Then, forall @ > 0 and for all z € Bitis

o(t, ) = Qcrit > Ocrit — 0. Together with (#.1224), (@#.122b), and [#.122¢) this yields

Fga(g(t, .TJ)) = Fé(chit - G)chit - K, — Ky
- 0 Ocrit _ . 5(chit - 9) 1 _ 1+0 _

T o+l v go+1 05— g

Ky

forall @ > 0 and for all z € B. Together with the uniform bound (4.779) this results in a contradiction

1496
L T e

LY(B)

This establishes that £¢([0(t) = 0crit]) = 0 for all t € [0, T7]. In view of (.98b) also the second assertion of (@.118D)
follows. O
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