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Dynamic probabilistic constraints under continuous
random distributions

Tatiana Gonzéalez Grandén, René Henrion, Pedro Pérez-Aros

This work is dedicated to the memory of Shabbir Ahmed

Abstract

The paper investigates analytical properties of dynamic probabilistic constraints (chance con-
straints). The underlying random distribution is supposed to be continuous. In the first part, a gen-
eral multistage model with decision rules depending on past observations of the random process
is analyzed. Basic properties like (weak sequential) (semi-) continuity of the probability function
or existence of solutions are studied. It turns out that the results differ significantly according to
whether decision rules are embedded into Lebesgue or Sobolev spaces. In the second part, the
simplest meaningful two-stage model with decision rules from L? is investigated. More specific
properties like Lipschitz continuity and differentiability of the probability function are considered.
Explicitly verifiable conditions for these properties are provided along with explicit gradient formu-
lae in the Gaussian case. The application of such formulae in the context of necessary optimality
conditions is discussed and a concrete identification of solutions presented.

1 Introduction

1.1 Overview

The application of probabilistic constraints (or: chance constraints) to engineering problems and their
numerical solution is nowadays standard. Introduced by Charnes, Cooper and Symonds [5] in a simple
form (individual constrains) in 1958, their systematic theoretical and algorithmic investigation has been
pioneered by Prékopa and his students starting in the Seventies (see [15] and references therein). The
typical form of a probabilistic constraint is the inequality

P(gi(z,§) <0 (i=1,...,p)) = p, (1)

where x is a decision vector,  is a random vector, IP a probability measure and ¢ a random constraint
mapping with finitely many components. The meaning of is to define a decision x as feasible if
the random inequality system g(z,-) < 0 is satisfied at least with probability p € (0, 1]. A modern
theoretical treatment of probabilistic constraints can be found in the monograph [16, chapter 4]. The
algorithmic solution of optimization problems subject to constraints has been tremendously ad-
vanced within the last twenty years. Rather than providing a detailed list of references here, we want
to emphasize the contribution to this development by Shabbir Ahmed (e.g., [12,[13]). At the same time
the traditional model (1) has been extended to broader settings such as PDE constrained optimization
([71, 9], [6]) or infinite random inequality systems (probust constraints, [17]).

A challenge of different nature consists in considering dynamic aspects in probabilistic constraints.
Observe that (1) is a static model by nature: The decision x (‘here-and now-decision’) has to be taken
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T. Gonzéalez Grandén, R. Henrion, P. Pérez-Aros 2

before the randomness & is observed. Such model would apply, for instance, in the design of a me-
chanical construction (encoded by x) which is done once and for ever and has to resist unknown future
random forces & with high probability. Many decisions, however, are time dependent. The components
of x and & could refer to discrete time decision and random processes, respectively. In the control of
a hydro reservoir, for instance, one is faced with an alternating sequence of decisions x; (referring to
water release) and realizations of randomness &; (water inflow) according to the chronology

1N TN E o ap(n Er). 2)

Whether or not this sequence ends with a decision (final recourse action) or with the observation
of randomness without the possibility of finally reacting to it, depends on the choice of a model of
multistage stochastic optimization or of multistage probabilistic programming. This distinction requires
some care because sometimes the term ‘two-stage probabilistic constraint’ is used for the addition of
a probabilistic constraint (relaxing the almost sure existence of a recourse action) in a setting of two-
stage stochastic programming. Such model has been first considered in [14] and is still of much interest
(e.g., [11]). Here, the chronology is the one of (2) with 7" = 2 (without the final term in parantheses):
xr1 N & N T9, i.e., itis a special two-stage stochastic optimization problem. In our understanding,
it is not a two-stage probabilistic constraint which would end with the term in parentheses in (2):
r1 N & N 29 N Es. In this way one would obtain a logical generalization of conventional one-stage
(static) probabilistic constraints of type 1 ~ &; and keep the idea, that in a probabilistic constraint one
is always faced with a final unknown realization of some random vector. This idea follows a remark in
[8]: “... a well-formed probabilistic constraint contains at least one coefficient that depends on a random
variable realized after the last decision is taken’.

It is clear that in the dynamic character of the decision making process expresses itself by as-
suming all decisions being functions of past observations in order to take advantage of the gain of
information obtained from the realizations of the random vector. Hence, instead of static (constant)
decisions z; one admits decision rules or policies x5 (1), 23(€1, &) etc. When considering continu-
ously distributed random vectors, this approach takes the problem to infinite dimensions even though
time is discrete, because policies are elements of appropriate function spaces. One may circumvent
this difficulty by restricting policies to a parameterized class, linear decision rules in the simplest case.
Then, one gets back to a static problem where decisions are the parameters of the policies. Several
aspects of modeling linear decision rules in the context of (linear) multistage probabilistic constraints
are discussed in [10]. It is not guaranteed, however, that the chosen class contains the optimal policy.
Another idea to reduce the problem again to a finite-dimensional one would consist in a discrete ap-
proximation of the random distribution. A conceptual framework for dealing with dynamic probabilistic
constraints without restricting the class of policies and keeping the continuous character of the given
(multivariate Gaussian) distribution was presented in [4] along with applications to two- and three-
stage probabilistic control of a water reservoir. Using stochastic dynamic programming rather than
direct nonlinear programming, a similar problem was later analyzed and numerically solved in [2] for a
significantly larger number of stages, however with a discrete random distribution.

The focus in this paper is not on the numerical solution of problems subject to dynamic probabilistic
constraints but rather on analytical properties of the arising probability function. Here we assume the
underlying random distribution to be continuous and keep the decision rules general as elements
of some Lebesgue or Sobolev space. In Section [2, a general multistage model is analyzed. Basic
properties like (weak sequential) (semi-) continuity of the probability function or existence of solutions
are studied. In Section [3| the simplest meaningful two-stage model with decision rules from L? is
investigated. More specific properties like Lipschitz continuity and differentiability of the probability
function are considered. Explicitly verifiable conditions for these properties are provided along with
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Dynamic probabilistic constraints 3

explicit gradient formulae in the Gaussian case. The application of such formulae in the context of
necessary optimality conditions is discussed and a concrete identification of solutions presented.

1.2 The general setting

In this paper we study optimization problems of the type
min{J(z) |z € C, ¢(z) > p} @)
Te

Here, the space of decisions X is one of the following Lebesgue or Sobolev spaces with ¢ € [1, c0)

X:= RxLYR) x LYR?) x --- x LYRT™)
Xli=  RxWH(R) x WH(R?) x --- x WH(RT1),

The subset C' C X (or C C X') is meant to represent some abstract constraint on the decision,
e.g., nonnegativity or bounds for the components. The focus of our attention will be on the inequality
constraint ¢(x) > p which we will assume to represent a so called joint dynamic chance constraint.
More precisely, p € (0, 1] is some given safety level and ¢ : X — [0, 1] denotes a probability
function defined for x € X" as follows

plx) =
P(hi(JIl,ZI}Q(51),...7IT(€1,...,£T_1),§1,...,§T> SO 1= ].,,k?), (4)

where h; : RT x RT — Rand ¢ := (&, ..., &) is a T-dimensional discrete time process on some
probability space (€2, .4, P). Observe that with each component z; of the decision = depending on
past outcomes (&1, ..., &_1) only, x represents an adapted decision process. We endow X and X!
with the maximum norm with respect to the usual norms in the coordinate spaces. Doing so, X" and
X! are Banach spaces.

1.3 A motivating example

To illustrate applications for problem (3] we present a decision management optimization problem on a
single water reservoir for hydroelectricity generation. Given a set of future time intervals 1,2, ...,T,
the problem of the operator is to decide on an optimal release policy (1, . . . , z7) of water, considering
technical, economical and environmental aspects. By £ = (&1, ..., 1), we denote the random vector
indicating the stochastic water inflow (e.g. precipitation, snow melt) to the reservoirs at corresponding
time intervals . The main role of the reservoir is to generate electricity. At the same time, lower and
upper limits [, [* for the water level have to be satisfied in the reservoir, say for flood protection or
for ecological reasons. By the random nature of the inflows, the time dependent water level [; (, &)
induced from the controlled water release x is a random variable too. Hence, the mentioned limits
cannot be satisfied in a deterministic way. Rather, it is reasonable to impose them in a probabilistic
way:

P, <l(z,§) <l (t=1,...,T)) > p. (5)

Here, p € [0, 1] denotes a probability level at which the random constraints are supposed to hold true.
The current water level after time interval t is clearly given as the initial level plus the cumulated inflow
minus the cumulated release so far:

lt('raf)ZZO+£1+"'+§t_5U1_“'—CCt (tzl,,T)
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Sometimes, one decides on the future water release in complete ignorance of future water inflow. This
is the case, for instance, in day ahead markets, when energy production (water release) for each hour
of the next day is fixed one day ahead. Then, decisions are just scalars for each time intervals and the
probabilistic constraint (5) becomes

t t
P(l*ng&—ZxTSZ* <t=1,...7T)>zp (z €RT). (6)
T=1 T=1

Such a static model does not take into account the temporal gain of information while the random inflow
process unfolds. In longer term planning problems one therefore admits from the beginning that future
decisions on water release are functions of past observations of the random inflow. Hence, rather
than deciding on scalars x1, . . ., 7, one is looking for functions x1, z2(+), z3(+, ), so-called policies.
In this dynamic setting better solutions of the underlying optimization problem can be expected (the
static model being included as a special case with constant policies, e.g., z2(-) = x5 etc.). Hence, we
adjust our static chance constraint above to a dynamic one, where (z € X, X'!):

]P’(l* <o+ 3 6= (G o) ST (tzl,...,T)> > p.
T=1 T=1

A possible objective in a corresponding optimization problem might consist in the maximization of the
expected overall water release (representing the amount of energy produced):

J(Z‘) = _szt (£17"'7€T71) .

Then, the optimization problem is of the form (3) with the probability function ¢ defined in (4) via the
constraint mapping /& : R x RT — R?”. The latter has k := 27" components

¢ t
he (u,v) :lo—l*+ZvT—ZuT (t=1,...,7)
T=1 T=1

2 Basic Structural Properties of the General Model

In this section we are going to collect some basic structural properties of the chance constraint () >
pin and the involved probability function ¢ in (4). For convenience, we introduce the notation
u) = (U, ..., u;) forvectors u € R™ and 1 < i < n. With the policy € X" we associate the joint
policy (whose components have a common domain) as a mapping [z] : R” — R” defined by

[z] (2) := (xt(z[t—l]))t:L“ r (z€RY), ()

i3

with the convention xl(z[o}) = x1. Finally, we introduce the maximum function related to the mapping
h:

h™* := max h;. (8)
i=1,...,k
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Dynamic probabilistic constraints 5

Then, the probability function in (4) can be compactly written as
p(x) =P (A" ([2] (§),€) <0). (9)

We first check, that this expression is well-defined. In order to ensure this, we make the following basic
assumptions in (4) throughout this paper:

(BA)

& possesses a density
h is Borel measurable | -

Observe first that for given = € X each component z; : R*~! — R is Borel measurable, whence the
mapping [z] is Borel measurable. Then, h™* ([z] (2), z) is a Borel measurable function of z because
each h; is so thanks to (BA). This implies that

{w € QAT ([2] (§ (), € (W) <0} € A,

so that it is justified to speak of the probability of this event appearing in the definition of (9). It remains
to show that this probability is independent of the representative of z € X’. To see this, let x(l), A=
X such that :pgl) = x?) and be such that

I'Sr)l(U) = xfgl(u) Vu € Bt Vt = ]-a s 7T - ]-7

where B; C R are Lebesgue measurable subsets with \; (R"\ B;) = 0 ()\; is the Lebesgue measure
in R?). Define

T—1
C = U Cy,where C; := (R\B) x R"" 1 CR"™™ vt=1,...,T—1.

t=1
Then, Ar_;1 (C) = 0 and
[.Z‘(l)] (2) = [.7}(2)] (2) Vze (R"\C) xR
Since £ possesses a density f¢, it follows from @) that
plal) = J R ACTE
{etm (o] 2)) <0}
= fe (2)dz
{zlhmax ([2(D](2),2) <0 }{(RT-1\C) xR}
= / fe(2)dz
{zlhmax ([2](2),2) <O}N{(RT-1\C) xR}
- VR ACTE!
{etm (2] (2)z) <0}

This shows, that the value of ¢ does not depend on the representative of x € X.

We will commence our analysis with some (lower-) semicontinuity properties and then derive conse-
quences later on. The following Proposition turns out to be a crucial technical tool in this context:

DOI 10.20347/WIAS.PREPRINT.2783 Berlin 2020



T. Gonzéalez Grandén, R. Henrion, P. Pérez-Aros 6

Proposition 2.1 [n addition to the basic assumptions (BA), suppose that h in @) has components h;
which are lower semicontinuous in their first argument vector (related with x). Consider a sequence
2™ in X which converges componentwise almost everywhere to some = € X . Then,

lim sup ¢ (a:(”)) <p(z). (10)

n—o0

Moreover, if h has components h; which are upper semicontinuous in their first argument vector and
in addition

A ({z € RT|h; ([2] (2),2) =0}) =0 i=1,...,k, (11)
then
liminf ¢ (q:(")) > p(x). (12)

Proof. We start with the first assertion (10). The function 2™* in (8) is lower semicontinuous in its first
argument vector because the h; are assumed to be so. By assumption, we have that :vg”) —, 1 and

93151)1(“) —p T (u) Yue B Vt=1,....,T —1,

for some Lebesgue measurable subsets B; C R with \; (]Rt\Bt) = (). Without loss of generality (by
passing to a superset whose difference with B; has Lebesgue measure zero), we may assume that
the B; are Borel measurable. Repeating the construction from the beginning of this section, we find a
subset C' C R”7~! which now is Borel measurable and is such that Az_; (C') = 0 and

[x(”)] (z) =, [2] (2) Vze (RTN\C) xR

Denote I' := ¢! ((RT\C) x R) € A and observe that

PO)= [ @)=t 1O (€w) sl @) Wwer.

(RT-1\C)xR
Consider the event sets

A, o ={we QP ([a:'(”)] (£ (W)),{(w)) <0} (neN)
A ={w e Qp™ ([r] (€ (W), € (W) < 0}

Fix an arbitrary w € (2\A) N I". Then, the lower semicontinuity of 2™** in its first argument vector
yields that

timinf 5™ ([20] (6 @), € () > B ([a] (€ (w)).€ (@) > 0.

n—oo
Consequently, for any w € (2\A) N T, there exists some 1y (w) € N such that
R ([2M] (€ (W), € (w)) >0 Vi >ng (w) (13)

Denote by x¢ the characteristic function of a set (). Now, entails that x4, (w) —, 0 for all
w € (Q\A) N T In other words, since P (I") = 1, x4, converges pointwise P-almost surely to x 4
on the set 2\ A. Since x4, < 1, the dominated convergence theorem provides that

/ XAndIP) —, 0.
o\4
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Dynamic probabilistic constraints 7

Now, let 7(™) be a subsequence realizing the limsup in as a limit. Then, in view of the relation
above, we arrive at (10):

lim sup ¢ (:17(”)) = hmgp( ) = hmIP (R ([ "’)] (£),€) <0)

n—00

l—00

= limP(4,,) :llim/XAnld]P’
—00
Q

< limsup / XA,, P + lim sup / XA, dP
l—o0 l—o0
O\A A
= limsup/XA dP < hmsup/dIP’: P(A)
l—0o0 4 l—00 4

= P (2] (€),8) <0) = ¢ (2).

As for , observe first that with the components h; being upper semicontinuous in their first argu-
ment vector, the components (—h;) of —h are lower semicontinuous in their first argument vector.
Denote by ¢ the probability function in (4) or @) respectively, associated with —A rather than with h.
Then, by the just proven relation (10), we have that

lim sup P (—hmax ([ZL‘(R)} (f),ﬁ) < 0) = limsup ¢ (x(”))

n—o0

< @(@) =P (=r"([2] (£),€) < 0).

It now follows that

lim inf ¢ (:E(”)) lim inf P (A" ([I(”)} (€), §) <0)

> liminfP (=" ([2"] (€),€) > 0)

= —limsup P (=A™ ([¢7] (€).€) > 0)

= —limsup (P (=" ([+] (€).€) < 0) — 1)
= 1-limsupP (—h™= ([2™] (£),€) <0)

> 1=P(=h""([2](£),£) <0) =P (A" ([z] (£), &) <0).
From and the basic assumption (BA) that £ possesses a density, we infer that

P (™ ([2] (£),§) =0) = AT ({2 € RT|p™* ([x] =0})
< Z)\T ({z € R"|h; ([2] (2),2) = 0}) = 0.
=1
Hence, we may continue the previous chain of (in-)equalities, in order to arrive at (12):

liminf ¢ (2V) > P (A" ([2] (€),) < 0) = ¢ (x).

n—o0

0

The following Lemma will allow us to derive from Proposition the announced (semi-) continuity
properties for . We do not claim that this Lemma is new but are not able to provide a reference.
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Lemma 2.1 Consider a sequence {x(”)} C X! which converges weakly to v € X'. Then, there
exists a subsequence {x("k)} which converges almost everywhere to x.

Proof. Consider {:z:(”)} C X! which converges weakly to z € X'!. Since our space X! is a product
spaces, it is enough to prove that each coordinates has a subsequence with the desired property.

(n)

Letusfixi € {2,...,T} (the case i = 1 is trivial). For simplicity of notation let us denote f,, := z; ",
f = 2™ Since f, converges weakly to f we have that f, is bounded in W4(R"1).

Consider r € N\ {0}, define the domain U, := B, C R~ the Euclidean ball centered at zero with
radius 7. We have that the restriction of f,, and f belongs to W1!(U,), and since U, is bounded
we have that f,, and f belong to Wl’q(Ur). Now, by Rellich-Kondrachov’s Theorem (see, e.g., [1}
Theorem 6.3, Part I] and [}, p. 84]) we can extract a subsequence f,,, which converges in norm and
almost everywhere to z € Ll(Ur). Moreover, since f,,, also converges weakly to f we have that
z = f almost everywhere on U,.. Finally, using induction and a diagonal argument we are done.

O

Theorem 2.1 In addition to the basic assumptions (BA), suppose that h in {4) has components h;
which are lower semicontinuous in their first argument vector (related with x). Then, p : X — [0, 1]
defined in @) is upper semicontinuous in the norm topology of X. Its restriction p|y1 : X L
[0, 1] is sequentially upper semicontinuous with respect to the weak topology of X LIt hin @) has
components h; which are upper semicontinuous in their first argument vector and condition is
satisfied, then v : X — [0, 1] is lower semicontinuous in the norm topology of X and its restriction
Ol X L [0, 1] is sequentially lower semicontinuous with respect to the weak topology of X L

Proof. Let {x(”)} C X be a sequence strongly converging to some = € X'. Consider a subsequence
{z(")} such that

limsup ¢ (x(")) = khm % (a:(”k)) .
—00

n—o0

It is well known that there exists a further subsequence {x(”’“z)} converging almost everywhere to x
(see, e.g., [3, Theorem 13.6]). Then, by (10),

limsup ¢ (17(”)) = lim ¢ (x("kl)) < (x) (14)
n—00 =00

which shows the upper semicontinuity of ¢ in the norm topology of X'.

Next, let {x(”)} C X! be a sequence weakly converging to some z € X'. Then, repeating the

previous argument - this time justifying almost everywhere convergence of a subsequence on the

basis of Lemma - we derive in the same way inequality (14), thus proving the sequential upper
semicontinuity of ¢| 1 with respect to the weak topology of Xt

Under the additional assumption (11), the same argumentation as above can be repeated along with
(12), in order to derive the remaining assertions. U

Corollary 2.1 Denote by
M(p) = {x € X|p(x) > p}; M'(p):={z € X'|p(x) > p}

the sets of feasible decisions in problem (3) defined by the dynamic probabilistic constraint. In addition
to the basic assumptions (BA), suppose that h in (4) has components h; which are lower semicontin-
uous in their first argument vector (related with ). Then, M (p) is strongly closed in X and M (p) is
weakly sequentially closed in X'*.

DOI 10.20347/WIAS.PREPRINT.2783 Berlin 2020
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Corollary 2.2 In addition to the basic assumptions (BA) and to condition suppose that h in @)
has components h; which are continuous in their first argument vector (related with x). Then, ¢ :
X — [0, 1] defined in @) is continuous in the norm topology of X . Its restriction p|x1 : X1 — [0, 1]
is sequentially continuous with respect to the weak topology of X'*.

We are now in a position to prove with standard arguments the existence of solutions to problem
related with the space X! of decisions:

Theorem 2.2 Consider the optimization problem @ with X! as the space of decisions. In addition to
the basic assumptions (BA), we suppose that

1 The index q in the definition of the space X' satisfies 1 < q < oo.
2 The abstract constraint set C C X' is norm closed, bounded and convex.
3 The objective function J is weakly sequentially lower semicontinuos.

4 The mapping h in (4) has components h; which are

lower semicontinuous in their first argument vector (related with x).

5 The set of feasible decisions of problem (3) is nonempty.
Then, (3) admits a solution.

Proof. As a consequence of 1., X'! is a reflexive Banach space. Therefore, 2. implies that C' is weakly
sequentially compact. By 4. and Corollary the set M'(p) = {z € X'|p(x) > p} is weakly
sequentially closed. Hence, with 5., the feasible set C' N Ml(p) of H is nonempty and weakly se-
quentially compact. Now, with 3., the Weierstrass Theorem guarantees the existence of a solution to
(3). O

The following example illustrates that, under the assumptions of Corollary M (p) cannot be ex-
pected to be weakly sequentially closed in X (in contrast with //* (p) and X'1) and therefore existence
of solutions as in Theorem 2.2 cannot be expected in the space X

Example 2.1 LetT = 2,k =2,q = 2,p = 0.5+ (27)~! and let £ have a uniform distribution on
the rectangle [0, 47| x [0, 1]. Define the mapping h by h; (1, xo, 21, 22) = z;—x; fori = 1, 2. Then,
the h; are continuous such that our basic assumptions (BA) are satisfied and Corollary guarantees
that M (p) is strongly closed in X. Now, define the sequence

™ = (xgn),a:(;)) cX =RxL*R) by
0 t € (—00,0] U (47, 00)

2" =ar 2 = { sin(nt) t € (0,27
1 t € (2m, 4]

DOI 10.20347/WIAS.PREPRINT.2783 Berlin 2020
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Then, =™ weakly converges to x := (47, X[2r,4x)) . Moreover, by definition of h and & and by @) it
holds that

© (x(")>

P <51 <z & <af! (fl))
= P(ngl < 27T,0§£2 SSIH(ﬂfl))—FP(Qﬂ'Sﬁl §47T,0§£2 S 1)
(2m)"' +0.5=p.

Therefore, z™ € M (p). On the other hand,

p(r) = P(& <Am,& < Xpran (&) =P2r <& <4m,0< & < 1)
= 0.5<np.

It follows that = ¢ M (p), whence M (p) fails to be weakly sequentially closed.

We finish this Section by briefly addressing the issue of convexity of the feasible set defined by the
probabilistic constraint p(z) > pin . Assume first that we would deal with a joint static probabilistic
constraint, which means that the decision policies = are supposed to be constants: z[z] = x € RT
in . Assume further, that £ has a logconcave density (e.g., multivariate Gaussian) and that the
mapping h is affine linear: h (x,z) = Az + Bz + b. This is the cae, for instance, for the reservoir
problem with static probabilistic constraint (6). Then, thanks to a result by Prékopa [15, Th. 10.2.1.],
the inequality ¢(x) > p defines a convex set of feasible decisions z for any right-hand side probability
level p. Unfortunately, a similar convexity result gets lost in the dynamic setting. Indeed, we may revisit
Example[2.1] where the density of the given uniform distribution is constant on the rectangle and zero
outside, hence logconcave (in the extended-valued meaning). Moreover, the mapping h (z, z) = z—x
is linear. As for the feasible set M (p) := {z € X|p(x) > p}, we have seen in Example [2.1|that it
is strongly closed but fails to be weakly sequentially closed. If it was convex, then closedness would
imply weak closedness, hence weak sequential closedness, which is a contradiction.

3 Properties of the Probability Function in a simple Two-stage
Model

In this section, we are going to investigate analytical properties (continuity, Lipschitz continuity, dif-
ferentiability including explicit derivatives) of the probability function ¢ in in the framework of the
simplest meaningful dynamic setting. More precisely, we consider a two-stage model (1" = 2) of the
following joint and separated probabilistic constraint:

o (r) =P (& < 21,8 < 22(61)) > p- (15)

This corresponds to the choice of the mapping / : R? x R? — R? defined by h(x, 2) = z — x in (4).
We will choose X with index ¢ = 2 to be the base space of decisions, which means that x5 € L*(R).
In all results hereafter, we shall explicitly work with a given density of £. By continuity of A, our basic
assumptions (BA) will be automatically satisfied then.

3.1 Continuity and Lipschitz Continuity

Proposition 3.1 If{ has a density, then the probability function ¢ : R x L?(R) — R is continuous.
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Proof. Since h is continuous, it suffices by Corollary[2.2]to check condition (11) at an arbitrary = € X
For the first component h; of h it reads as

/\2 ({Z S RQ‘Zl = 371}) =0
which is evidently true. For the second component we observe that

/\2 ({Z S R2’22 = IQ(Zl)}) =0 <«—
A ({22 €Rlzg =22(2)}) =0 ae.z €R

and that the right-hand side is evidently true. U

Before extending the previous result on continuity to the stronger Lipschitz continuity, we introduce the
following two assumptions on the density g, of a two-dimensional random vector &:

3C > 0: ge, (1) (z/g“r,s)ds) <(C aerelR (16)
R
sup g (-, s) € L* (R) (17)
seR

Note that means that the first marginal density of £ (which is the density ge, of the first component
of £) is bounded.

Proposition 3.2 Let the density ge of § satisfy (16) and (17). Then,  is Lipschitz continuous.

Proof. Consider an arbitrary couple x,y € X. We start with the obvious estimate

lp(x) — oW)] < le(@r, 22) — (Y1, 22)| + (Y1, 22) — (Y1, y2)] - (18)

Without loss of generality, assume that ;1 < y;. Now, by , and taking into account assumption
(16), we have that

(21, 29) — (Y1, 22)| = \P(& < ry,8 < 29(61)) — P (&1 < yr, &2 < 12(61))
= x1<§1<y1,§2<x2 1))

Y1 12 Y1
:/ / ggrsdsdr</ / ge (1, 5) dsdr

< Cly— .

Likewise, exploiting (17), the fact that 22, y» € L? (IR) and the Cauchy-Schwartz inequality, we obtain
oY1, 22) — oy, p2)| = [P(& <y, & < 22(&) —P (& <y, & < y2(&))l

Y1 x2(r) y2(r)
= / / ge (1, 5) ds — / ge (r,8)ds | dr
Y1 x2(r) y2(r)
/ / ge (1,5)ds — / ge (1, 8)ds

—00

max{xa(r
= / / gg (r,s)dsdr
in{za(r

< / Sup g <r,s> |x2< ) — ya(r)| dr

—oco SER

dr

IN

(e yglle(R) = C |z — y2||L2(R)
L*(R)

Sup ge (1,5)
seR
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Along with (18), we conclude that

lp(z) = ()] < (C+O) |z — ylly -

O

The following example shows, that the assumptions of Proposition [3.2] are not strong enough to guar-
antee the differentiability of :

Example 3.1 Let{ ~ N (0, 1) have a bivariate standard Gaussian distribution (uncorrelated com-
ponents with mean zero and unit variance). By Proposition the assumptions (16) and of
Proposition 3.3 are satisfied and, hence,  is Lipschitz continuous. On the other hand, ¢ fails to be
differentiable. To see this, we fix 5 := X[0,1] € L? (R) and observe that the partial real function
P(x1) == ¢ (x1,9) fails to be differentiable. Indeed, the following explicit representation can be
immediately verified, where ® refers to the cumulative distribution function of the one dimensional
standard Gaussian distribution:

( ) ® (1) 21 <0
p(r1) = ¢ 2%(0) + @ (1) (© (1) — @ (0)) 1 € [0,1]
©2(0) + ¢ (1) (¢ (1) = @ (0)) + (2 (0) (@ (1) =@ (1)) 2120

The graph of this function is shown in Figure[i Clearly, ¢ is Lipschitz continuous because ¢ is so. On
the other hand, it fails to be differentiable at x1 = 0 and x1 = 1. This can be seen for xt1 = 0, for
instance, by deriving the first two expressions above at (. With f denoting the density of the standard
Gaussian distribution, the derivative of the first expression - yielding the left directional derivative of p
at0 - gives @ (0) f (0). On the other hand, the derivative of the second expression - yielding the right
directional derivative of ¢ at 0 - gives ® (1) f (0). Since ® (1) > ® (0) and f (0) > 0, both values
are different, hence ¢ fails to be differentiable at ().

Figure 1: Plot of function ¢ from Example [3.1]

We shall see in the next section that the reason for the failure of differentiability of ¢ in Example
is the discontinuity of the second stage policy x2 := X[o,1] at which the derivative is considered.
More precisely, this circumstance concerns just the partial differentiability of ¢ with respect to its first
argument 1, whereas the partial differentiability of ¢ with respect to x5 remains unaffected by a
possible discontinuity of x5.
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3.2 Differentiability

Before verifying the partial differentiability of ¢ with respect to its first argument, we shall prove the
following

Lemma 3.1 Let a bivariate probability density g satisfy the following technical (uniform calmness)
condition:
VieR3leL'(R),e>0:
lg(r,s) —g (7, s)| <U(s)|r—7| Vre(F—er+¢e)aescR . (19)
Assume further, that f : R — R is continuous. Then, the function

f(r)
a(r) = / g(r,s)ds (r eR) (20)

—00

is finite-valued and continuous.

Proof. Fix an arbitrary © € R and consider an arbitrary sequence r,, — 7. We are going to show that
a (r,) — «a (7). We observe first that

9 (Tny 8) X(—oo,f(r))(8) = G (T, 8) X(—o0,f(m](5) ae.s €R. (21)

Indeed, if s < f(r), then, s < f(r,) and if s > f(7), then, s > f(r,) for n large enough by
continuity of f. Hence, for each s # f(7), one has that X(—oo, f(r,)](5) = X(—oc,f()(8) for n large
enough. By (19), there exists a subset A C R such that \; (A) = 0 and g (r,, s) — ¢ (7, s) for all
s € R\ A. Consequently, holds true for all s € R\ (AU {f(7)}), where A\; (AU {f(7)}) = 0.

From we conclude that, for n large enough and almost every s € R,
|9 (1, 8) — g (7, 8)] < U(s) [rn — T < (s).
Therefore, for n large enough and almost every s € R,
9 (s 8) X(—o0,f(r) (8) < g (Tny 8) < U(s) + g (T, 5). (22)

We show that ¢ (7, -) € L' (R): Indeed, as g € L' (R?) (as a probability density), Fubini’s Theorem
yields that g (r,-) € L' (R) for almost every r € R. Hence, there exists some 7 € (T — &, 7 + ¢)
with & from (19) such that g (7, ) € L' (R) and

g(r,s) <I(s)|F —=7|+g(F,s) ae seR.
Since I € L' (R) and |7 — 7| < &, it follows that g (7,-) € L' (R). Hence, by (22), [ + g (7, ") is
an integrable majorant for the sequence of functions g (7, -) X (—o0,f(ry)]» Which by converges

pointwise almost everywhere to the function g (7, -) X(—oo,f(7)]- Therefore, by Lebesgue’s dominated
convergence theorem, the value

a(r) = /g (T, 8) X(—o0,f(7)(8)ds < 00

in is finite and it holds that

a(ry) = /g (T, ) X(—o0,f(r)] (8)ds =5  (T) .
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Since 7 was chosen arbitrarily, we have shown that « is finite-valued and continuous. [

The preceding Lemma allows us to formulate the desired result on partial differentiability of ¢ with
respect to its first argument:

Proposition 3.3 Let the density g¢ of { satisfies @) and fix Ty € LZ(R) such that x4 is continuous.
Then, the partial derivative of p w.r.t. xq exists at any (T1, T2), it equals

0

gp ig(ij)
a—xl (Zfl,fg) = / gg (i‘l,S) dS.

Moreover, it depends continuously on 1.

Proof. Let 1 be arbitrary. By (15), we have that

x1 :1_72(7’) z1
0 (T1,79) = / / ge (1, 9) dsdr:/ a(r)dr

with o defined in Lemma [3.1] upon setting f(r) := Z(r) and g := ge. Since T, is supposed to
be continuous, the assumptions of Lemma are satisfied. Thus, by taking into account that « is
continuous according to[3.1] we arrive at

op (@ h,Ty) — (31,7 ) 22(®)
22 (@r,72) = Jimg ORI Z T = [T (3.
Continuity of g—;’; (+,T9) = « follows once more from the continuity of «. O

Observe, that a full continuity result (with respect to x1 and x5 simultaneously) cannot be expected for
the partial derivative g—; because, by virtue of Example it may not even be defined for discontin-
uous x5 approaching the continuous policy . In contrast to the partial derivative w.r.t. 1, the partial
derivative of ¢ with respect to x5 does not require any assumptions on the fixed second-stage policy
T but rather some additional assumptions on the density g.:

Proposition 3.4 Let the density g¢ of { satisfies assumption as well as the assumption of being
Lipschitz continuous in the second argument uniformly in the first argument:

3C > 0: |ge (r,s) —ge (1, 1) < Cls—t| Vr,s,t eR. (23)

Fix an arbitrary (Z1,72) € X = R x L? (R). Then, the partial derivative V .., exists at (T1, T2), it
is given by the expression
Var @ (T1,T2) = ge (- T2(-)) X(o0.21)- (24)

and it is continuous in (1, x3).

Proof. We put v (z2) := ¢ (T, x9) for all z; € L?(R) and show that this function is Fréchet
differentiable at z,. Define the linear function

A(h) := /zl ge (r,Zo(r)) h(r)dr (h € L* (R)) . (25)
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From (17) we infer that g¢ (-, 72(+)) € L? (R), whence by the Cauchy-Schwarz inequality,

[A(h)] < /OO ge (r; Za(r)) [h(r)| dr < [[ge (-, 22 ()l 2 1]l 2 -

o0

Consequently, A is a continuous linear functional. Hence, the Fréchet differentiability of ~ at Z5 will be
proven, once we can show that

lim A2 (v (T2 + h) — 5 (Z2) — A(h)) = 0. (26)

[[hllL2—0

Indeed, the definition of y and entail that

Y (@2 +h) =y (32) — A(h) =
/ / o (r,s dsdr_/ /”52 sy dsdr
QKW%“*WWDmmma:

1 max{Z2(r),Z2(r)+h(r)}
/ ((sgnh (1)) / ge (1,8) ds — ge (1, T2(1)) h(r)) dr =

oo min{Zz(r),Z2(r)+h(r)}

T1 max{Z2(r),z2(r)+h(r)}
| by | (ge (r,) — ge (1, (1)) dsdb

— o0 min{Za(r),z2(r)+h(r)}

By (23), we have that

19¢ (s 8) = ge (r, (7)) < C R (r)]
Vr € R Vs € [min{Zy (1), Z2(r) + h(r)}, max{Zs (1), Zo(r) + h (r)}].

Consequently, we derive the following relation implying (26).

17 (T2 + h) = (Z2) — A(R)] < C/m1 b (r)|*dr = C'||h])7. .

It follows that V., (Z1,Z2) = V7 (Z2) = A. Since A in has been shown to be a continuous
linear functional on L? (R), it can be identified with the function ge (-, Z2(+)) X(—c0,z1] € L* (R).
This entails the asserted formula (24). It remains to show that the expression given there depends
continuously on (1, x2). To this aim, consider a sequence (w&"), xé")) in X' strongly converging to
(Z1,Z2) € X. We have to show that

V:vzgp(xgn)a xém) —n vmg@ (‘%17 jQ)

in L2 (R). We will do this by showing the equivalent fact that every subsequence (z; (n ’“), g"’“)) of
(z{™, 2{) has again a subsequence () () xé kl)) such that

vmg ¢<x§nkl)7 xénkl)) — VZEQSO ('flu j}g) (27)

in L2 (R). So, let (z\™), 2"*)) be such an arbitrary subsequence. Observe first that the strong con-

vergence (21", 2"} 5, (z1, Z5) in R x L? (R) implies the almost everywhere pointwise conver-

gence for a subsequence:

@ (1), 20 (1)) Sy (@1(r), Bo(r)) ae.r € R (28)
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As g; is continuous in its second argument by (23), it follows from that

(nx,)

ge(r, o V(1)) =1 ge(r, Z2(r)) ae.r e R.

Moreover,
X (nkl)](T) — X(_oo,fl](r) Vr € R\ {i‘l} .
1

(—o0,x

We conclude from that

(nk) (k) (nky)
Vi, o(Ty K Lo . )r) = ge(r,zy K (r))X(i (”kl)](r)
00,&;

=1 9e(1, Z2(7)) X (—00,21) () = Va0 (71, 72) .

for almost every r € R. On the other hand, by

(nky) () (r;)
vmz(p(xl K ) K )() - gﬁ('7x2 K ())X (ng;) () < sup ge ('78) € L2 (]R) .

(—o0,zy ] seR

Therefore, Lebesgue’s Dominated Convergence Theorem (for L? (R)) yields the asserted conver-
gence (27) in L? (R). O

3.3 Distributions satisfying the Assumptions

In this Section we are going to specify the results of the preceding sections to the special case of a
bivariate Gaussian distribution and a uniform distribution on a rectangle. First, we verify that all relevant
assumptions are satisfied in the Gaussian case:

Proposition 3.5 Let £ be a bivariate random vector distributed according to & ~ N (u,Y) with
regular ¥.. Then its density g satisfies the assumptions (16), (17), (19) and (23).

Proof. The first marginal density of g is the density g, of its first component £ ~ N (p1, ¥11) which
is bounded of course. Hence, holds true. To show (17), recall that

1 _
ge (r,s) = Cexp (_5(7"_#173_1@)2_1(:_’5;)) , (29)

where C'is some normalizing factor. With C5 > 0 denoting the smallest eigenvalue of X!, we infer
that, for all s € R,

C C
w9 < Com(=Z 0= mf = G s
< Con(-Fo-m) e ® 0)

which implies (7). In order to verify and (23), we first calculate the gradient of ge:

Ve (r,s) = —ge (1,8) 71 (T B 'ul) Vr,s € R.
S — H2

Denoting h;(r) := exp (— % (r — ,ui)2) fori = 1, 2, it follows from that

IVge (r, 5)| < Cha(r)ha(s) [|(r = pa, s — )l Vs € R,
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where C' := C'||27|. Since the function hy ()ha(s) ||(r — i1, s — p2)||” is bounded from above,
we have that, for some C3 > 0,

VI (r)ha(s) [|(r = s — p2)|| < C5 Vr,s € R.

Hence, thanks to iy, hy < 1, we get that
IV ge (7, 8)|| < CCsv/hy(r)ho(s) < CCs+/ha(s) < CCs Vr,s € R.

Then, follows from the Mean Value Theorem:

|ge (r,8) — ge (r,t)] < CCy|s —t| Vr,s,t € R,
Similarly, for arbitrarily fixed 7 € R,

96 (r,5) = ge (7, 9)] < CCs3/ha(s) Ir — 7| V¥r,s €R,

where /li; € L' (R). This proves (19). O

Theorem 3.1 Let & be a bivariate random vector distributed according to N (1, X) with regular 3.
Then, the probability function  in (19) is Lipschitz continuous and has a second partial derivative at
an arbitrary (T1,Z2) € X =R x L? (R) which is given by the explicit formula

1 _1f r=p Ts—1( r—p . _

o arvdes P ( 2 (fg(r)j;n) b (EQ(T),IM)) ifr <

sz@(xlaxQ) (7") = ‘ (31)
0 ifr > 7,

Here, V .., 0 depends continuously (in the norm of X' ) on x = (x1, z3). Moreover, ¢ has a first partial
derivative at an arbitrary (Z1,T2) € X = R x L? (R) with continuous T which is given by the explicit
formula

Io] _ _
8_;301 (xlu x2> =
I __1 _ 2 T2(F1)—p2—27' T12(F1—p1)
V2mii oxp < 2% (T 'ul) ) ¢ < \/2227217112%2 ) ’ (32)
where ®(t) = (27) '/ ffoo e~%"/2ds refers to the cumulative distribution function of the one-

dimensional standard Gaussian distribution N (0, 1). Here g—;’; (+, Z2) is continuous.

Proof. The Lipschitz continuity, the existence of partial derivatives and the corresponding continuity
statements follow from Propositions [3.2] andvia Proposition Relation (31) is obtained by
1

specifying for the density of A/ (11, X2) (see 1) with C' := <27r\/det E) ). Concerning ,
we recall the formula derived in Proposition [3.3;

D 72(71) 20 ge (24, )
_ _ T ds = T ———d
s (xth) /_oO Je (:C1,S) S = 0¢g (SU1> /_Oo e, (jl) 5

£2(£1)
= 94 (:El)/ ges|61=71 (S) ds

o0

9& (i1> Gﬁz\&fl (EQ(i'l)) ) (33)
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where ge,j¢,—z, and G¢,|c,—z, refer to the conditional density and cumulative distribution function,
respectively, of & given & = Z;. As it is well known for the Gaussian case assumed here, one has
that the conditioned random variable §2|§1 = I has a one-dimensional Gaussian distribution with

(&alé =21) ~ N (2 + 21 12 (T1 — 1) , B2 — 811 5h,) -
After normalization, we get that

n = (&16 = 71) — po — 511 S12 (71 — 1) ~ N(0,1)
Yo — X112,

Now, the definition of Gi¢, ¢, —z, yields that

Gela=a (T2(71)) = P((&l& =71) < 22(71))

_p <77 < To(T1) — o — By Ba (T1 — Ml))
V¥ — IS

_ 9 (fz(fl) — e — X3 T (T1 — Ml)) ’

Yo — 51 2%

where ® is the cumulative distribution function of A/ (0, 1). Now the asserted formula (32) follows
form upon plugging in the formula for the first marginal density g¢, of g. having distribution
N (1, 2n). O

Corresponding results can be expected for many other bivariate distributions having continuous den-
sity. As a contrast, we briefly refer to uniform distributions over rectangles for which no differentiability
results for  but at least Lipschitz continuity can be expected:

Proposition 3.6 Let & be a bivariate random vector having a uniform distribution over the rectangle
la, b] X [c, d). Then, the probability function  in (15) is Lipschitz continuous.

Proof. The density g, satisfies the assumptions and thanks to the following easy to verify

relations
1 1

Jer = Xiasli  SUD ge (8) = b= a)(d—o) e

Now, the assertion follows from Proposition O

Note, that a uniform distribution as in the previous Proposition cannot satisfy relations and
because of the discontinuity of its density. Therefore, no differentiability results as in Propositions
and [3.4] can be expected and counter examples are easily constructed.

3.4 Application to an optimization problem

In the following, we consider the simple dynamic probabilistic constraint as a part of the following
two-stage optimization problem (15):

gg)rcl {Clx1 + coExy (fl) X (—o00,21] (£1> ‘@(.T) > p} ) (34)
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where £ (occuring in the definition of () is a bivariate random vector distributed according to N (1, X).
The objective is linear in the decisions, it could represent, for instance, linear costs. Since the second
stage decision is random, its costs are represented as an expected value. Note, however, that con-
sidering the full expected value Exo (51) would not make much sense: Indeed, since function values
of z5 (&) for arguments £ > x; do not affect the probability ¢ (z) (see ), one could drive the
expected value Ex; (§1) to —oo while keeping the decision x feasible. Therefore, we measure the
costs of x5 by ignoring in the objective its values beyond x1 and rather considering the expected value

of ZoX (—co,a1]-

In a first step, one might be interested in deriving some information from necessary optimality con-
ditions for this problem. Here, one has to take into account that ¢ is not continuously differentiable
(see Example (3.1)). However, ¢ is continuously partially differentiable with respect to x5 thanks to
Proposition This suggests to consider the decomposed version of problem (34):

i i E s z9) >pL Y 35
;Yllgé{clxﬁrmgl;g;m{@ T2 (€1) X(—o021) (§1) [0(21, 72) p}} (35)

Here, the one-dimensional outer minimization over x; can be realized by elementary numerical ap-
proaches. Therefore, our interest will focus on the inner minimization problem over zo € L? (R) for
some fixed 7; € R:

mglLi;%R) {0Bxs (€1) X(—oo21] (§1) |(T1, 22) > D} (36)

For this inner optimization problem, the data (objective and constraint) are continuously differentiable
and one can formulate necessary optimality conditions at some fixed 7, € L? (R) provided that
V2, 0(Z1, T2) # 0. This, however, is an immediate consequence of . Hence, one may formulate
the following necessary optimality condition:

Proposition 3.7 Let T, € L? (R) be a solution of the optimization problem @) (with some fixed
71 € R). Then, T4 is affine linear on the set (— oo, x1] with the explicit value of %15 /%11 for its slope.

Proof. Without loss of generality, we may assume that co = 1 in because the solution of the
problem is not affected by the value of cy. The gradient of the objective evaluated at 5 has to be a
multiple of the gradient Vi (Z1, T») to the constraint in (36) also evaluated at Z». Clearly, the objective

Ery (6) = / 23 () X(ooy] () g, (r)dr

(with g¢, referring to the density of ;) has a gradient which is given by the function X (—o00,21]9¢ -
Hence, there exists some multiplier A such that

Ge, (1) = AV, 0(Z1,22) (1) ae.r < .

Since the one-dimensional Gaussian density g¢, is strictly positive, we infer that A > 0. Given the
explicit formula for g¢, as well as for V,,¢(z1,Z2) in (31), we derive the existence of constants
K, K5 > 0 (where the latter already incorporates the multiplier \) such that for almost every r < Z:

N2
K exp <_%—(TET11) > =

K exp <_% (r — g1, To(r) — po) X7 Q—:%ﬂﬁ) (57)
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We fix an arbitrary r for which holds true. Using the correlation p between the two components ;
and &, the inverse covariance matrix can be written as

_1 ___Pr
E_l — 1 21;7 \/2111222 : (P - i) .
1- p2 S VETa Y22 211222

Taking the log in and rearranging terms, one arrives at

K1

log 7

e (2_2% (r—m)* + Nomor AU Ml) (Z2(r) = p2) = 555 (T2(r) — ,u2)2)

Putting
i’g(T’) — M2 K
=———; [:=2(1—-p")log—
Y99 ( ) Ky’
the last identity can be rewritten as
2 2
o? — =L (T_Ml)@"‘p_(’”—ﬂlf“‘ﬁ:o-

Z11

Resolution for « yields that

o =

p
\/E—H(r_/vh):t\/__ﬁ'

Resubstituting for o and 3 gives our assertion on the structure of Zy:

by V2 K,
To(r) = ;flpr + po — \/22_12'0 == \/222\/ 1 — p?)log e

U

Unfortunately, since an affine linear function cannot belong to L? (R) unless it is identically zero, we
draw the following negative conclusion of Proposition (3.7

Corollary 3.1 If the components £, and &, of & are not independent, then problem @) has no local,
much less global solution.

Proof. The independence assumption implies that 315 # 0. Hence, if had a local solution T €
L? (R) then this solution would be a linear function (in the range from —oo to x1) with nonzero slope
by Proposition Therefore it does not belong to L? (R), a contradiction. U

Before deriving a remedy to the outcome of Corollary [3.1] we want to illustrate the use of the gradient
information collected in in a numerical context. We consider problem with the following data:

) 1 0.25
02:1; $1:2; p:087 fNN((O’O>’<025 1 >)

Using the explicit representation of the gradients for the objective and the constraint (see proof of Prop.
3.7), we apply a simple projected gradient algorithm in order to improve the second stage decision x5

in (36).

The left diagram of Fig. [2] shows some iterates of this algorithm. All plotted policies realize exactly the
desired probability p = 0.8 in the definition of the chance constraint in (36). The starting point for o
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Figure 2: Plot of several iterates for a projected gradient algorithm applied to problem (left) and of
associated values of the objective (right)

was chosen as a simple step function “1”, which after the first iteration turned into a nonlinear - still
discontinuous - policy “2”. After some further iterations, the policy becomes continuous. Interestingly,
after seven iterations “3”, the policy is affine linear on a certain subdomain. It turns out that on this
subdomain, the policy perfectly coincides with the affine linear policy “4” satisfying the necessary
optimality condition in Proposition The latter is easily identified by its slope, which according to
Proposition calculates as 212/21,1 = (.25 and by its intercept which has to be chosen in order
to match the probability level p = 0.8. Observe, that all iterates decay to zero on the left end of the
negative axis in order to belong to LQ(R). The right diagram of Fig. |2| plots the objective for the first
seven iterates and for the the affine linear policy from Proposition (isolated point). Evidently, the
necessary optimality condition from Proposition [3.7] still carries some information on the optimality
condition though not belonging to the L? space.

3.5 Derivation of a global solution

Motivated by the negative result of Corollary 3.1 we consider now the optimization problem

min  {c11 + B (§1) X(—oo) (€1) |9 (21, 22) = p; 20 € M, (38)
(z1,x2)ERXX*

where X'* is the set of all Borel measurable functions f : R — R, ¢q, co > 0 are some positive cost
coefficients, & ~ N (u, X2) is a bivariate Gaussian random vector, ¢ is the probability function defined
in (15), p € (0, 1] is some probability level and the additional constraint set is given by

by
M := {:L’QEX*|:L’2(7“) zug—i-z—u(r—ul)}.
1

This problem differs from first in that the space of second stage decisions is much larger than the
space L? (R) considered before, so that it also includes affine linear functions. At the same time we
add the technical constraint zo € M in order to identify a global solution by a direct argument rather
than by necessary optimality conditions. However, we shall make use of the result obtained before in
Proposition [3.7]to get the right guess for a candidate of an optimal second stage solution (affine linear
function with slope h). Note that we do not require the expectation of Xo X (oo 2] IN to be finite.

Y11
It turns out that the solution of can be reduced to a one-dimensional optimization. Before stating
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the result, we introduce the real functions

32 b
at) = &' B Yog — =2 4 pp — £M1 (39)
P (= X X
()

(t> VEue™ (p) +m). (40)

o)
Y11

B(t) = wm— Znt—_m (41)

® ()

where 11; and X;; refer to the corresponding components of 1 and X, respectively and ® denotes
as before the cumulative distribution function of the one-dimensional standard Gaussian distribution
N (0,1). Recall that ® is invertible with inverse ® ! called the quantile function of A/ (0, 1). Since
®~! is defined only on the open interval (0,1), is defined correctly only if p < 1 (which we shall
impose in the Theorem below) and if

t— [/q)
P <— > p,
V211
which leads to the constrained domain of definition in (39). Finally, the function
1
6 (1) = —=c "%,

appearing in (41), is the density of the one-dimensional standard Gaussian distribution.

Theorem 3.2 Letp € [1,1) be given. Then, a global solution of problem @) is given by (x%, x3) €
R x X*, where 7 is a minimizer over R of the real function cit + cof (t) over the open interval

(\/21143_1 (p) + 1, oo) with

f(t) = ;—iﬁ(t)—l—a(t)@(t\/_z_t?)] (t € R)
and 5
xy (r) = 2—117“—1—04(3:*{) (r e R).

Proof. We start our proof with an intermediary result. To this aim, fix an arbitrary
z1 > /S (p) + (42)

in order to make the value o (x1) well defined in . We claim that the second stage policy defined
by

by
y(r):= E—ir +a(r;) (reR) (43)
is a global solution to the problem
min {Exs (£1) X (=) (61) [ (21, 22) > p; 20 € M} (44)

ToEX*
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In a first step we check the feasibility of ¥ in this problem. Introducing the linear transformation

m:=E&; Mm=8— & (45)

of random variables, we observe that according to well-known rules the random vector 7 := (11, 72)

obeys a bivariate Gaussian law N (,&, fl) with parameters

~ _E i_ E11 0
o=\ H1, K2 EHM , 1o 222_% :

In particular, the components 7)1, 72 - having zero covariance - are independent. It follows from the
definition of ¢ and from that

pry) = PG <21, <y(6)=P0n <z1,m < a())
= P <x)P(n < a(z)),

where the last equality follows from the independence of 7); and .. Again, by the well-known transfor-
mation laws of Gaussian distributions as well as by (39), it holds that

T1 — [ T1 — M1
o= (ﬁ) S “
PP

P < a o) = ¢<M>:¢ (1) = o + B2

\ 222 \/222—2—%

_r
T1—p1
®(352)
Consequently, we arrive at  (x1,y) = p. Hence, x5 := y is feasible with respect to the constraint
¢ (x1,x9) > p. Next, we verify that y € M. By definition of y, M and «, it suffices to show that

Z12 ~
a(x1) > po — =1 = flo. (47)
Z11
Indeed, the assumption that « (xl) < 1o would lead - via the fact that the values of ® are strictly
smaller than one - to the contradiction

N —

p <

p =P <a(x)) <P(n <) <
=)

(I) (Il—lll
with our assumption that p > % Summarizing, y € X* defined by is a feasible second stage
policy in problem (44).

In the last step of our initial claim, we show that there is no other feasible second stage decision in (44)
that would yield a strictly smaller objective value than y. Indeed, assume to the contrary, that some
function § € M with o (x1,7) > p would realize in a strictly smaller objective value than .
Then, since ¢y > 0,

Eg (1) X(—o0,21] (§1) < Ey (§1) X(—o0.1] (§1) - (48)
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Now, by and with g,, denoting the density of 7,
0 < ¢(@,9) —¢(r,y) =P <21,&<7(&)) P& <21,6 <y (6))

. Y19
= P (771 <x1,me < y(m) — —771) —P (771 <x1,me <y(m)— 5 7}1)
11

G(r)—52r
= / / o (s, dsdr—/ / (s,7)dsdr.

Recalling that, by independence of the components 7; and 1), we may write g,, (s,7) = gy, (1) gn, (5),
where g,,,9,, refer to the one-dimensional densities of 7; and 72, we may - taking into account -
continue as

Z12,.

| o ( / : s (5 ds) ar
- / OO o, (7) ( / fl)gm (s) ds) dr

= /x1 G (1) Fy, <?J (r) — ;—r) dr — /I1 9 () Fy, (o (21)) dr

o
IN

O [ (T W "

where F,, refers to the cumulative distribution function of 7. Since one-dimensional Gaussian dis-
tribution functions are concave right of their mean (their second derivative coincides with the first
derivative of the density, and so is negative right of the mean), we have the relation

F,, (t) < F,(s)+ F,;2 (s)(t—s) Vs,t> fis.
Now, v (1) > fiz by and also, because of §j € M,
N 212 N
g(r)— o, = > o — E—Hﬂl fa.
Therefore, we may conclude that

Foo (507 = 220) < B (a (@) + A (500 - 22 —a (@) .
( by ) ( Y )

11
where, by positivity of Gaussian densities,

A= F, (a (1)) = gn, (a (1)) > 0.
This allows us, along with and (48), to proceed lead to the contradiction

o< A (1= -aw)ar=a [ g 0EE -yl

—00 —00

= A[E§ (&) X(—oom) (€1) = EY (&) X(=o0,0a) (&1)] <0
This proves our initial claim that y in is a global solution to (44). Accordingly, for each z; € R
satisfying (42), we have that

min {C2E$2 (€1) X(—o021) (§1) [0 (71, 22) > p; 29 € M}

ToEX*

= Ry (§1) X(—ooa1] (§1) = 2K {z_i& +a (xl)} —ooz1] (61)

Y
= E—iE&klsxl + o (21) EX(—o0,a1] (fl)] :
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It is well-known that for the Gaussian random variable £; with mean fi; and standard deviation /211
the mean conditioned to ; < 1 calculates as E&; |¢,<,,, = [ (21), where (3 is defined in . Since,

moreover, by (46),

EX(coow] (§1) =P (& <) =P (1 < 2q) = @ (xi/;—llfl) ;

we may conclude that, with the function f as introduced in the statement of this Theorem,
nin, {eaBs (€1) X(—oo1) (€1) | (21, 22) > p; 20 € M} = e f (1) - (50)
2

Now, finally, we turn to our given problem and decompose it pretty much the same way we did in

(35):

z1€ER

min {clxl + min {eaBxy (&1) X(—ooer) (1) [0 (1, 22) > p; 2 € M}} :
T2

Observe first that for arbitrary x; with 1 < V0! (p) + 11 the feasible set of the inner problem
above is empty. Indeed, if there existed some x5 € X™* with ¢ (21, x2) > p, then, repeating an earlier
argumentation on top of (49), we could establish the contradiction

p < prm) =P < 21,6 <12(61)) = /xl I (1) Fy (Z? (r) — ET) dr

— 00

< / 19771 (r)dr=P(m <x1) =P (& < a1)

—00

§1— Ty — Ty — -1

G o I v ELIC DR
Here, the strict inequality follows from the fact that g,,, > 0 and £}, < 1, while the last inequality is a
consequence of ¢ being nondecreasing. Hence, for ;1 < \/2_11¢_1 (p) ~+ 1, the minimum value of
the objective over the empty feasible set is equal to infinity. Therefore, such x; can be ignored in the
outer minimization and we can write our problem, thanks to as

min
x1>\/211<1>*1(p)+,u1
{erey + ming,exns {2Bas (&) X(—oo] (61) | (21, 22) > p; 23 € M} }

= Mily, 5 /a1 ()1 G121+ C2f (21)}
This proves our assertion on an optimal solution 7. As shown in the first part in this proof, the optimal
second-stage decision in (44) associated with the first-stage decision 7 is defined in (43) and yields
the asserted formula for x7 in the statement of this proof. U

Figure [§illustrates the solution of problem for the data

1 025
01_17 02_27p_087M_(070>72_(025 1 )
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Figure 3: lllustration of a solution to problem : Optimal first stage decision x] as minimizer of the
function c1t+co f (1) (left) and optimal second stage decision x3(r) as affine linear function with slope
and intercept as indicated in Theorem [3.2] (right).
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