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State-constrained control-affine
parabolic problems li:
Second order sufficient optimality conditions

M. Soledad Aronna, J. Frédéric Bonnans, Axel Kréner

Abstract

In this paper we consider an optimal control problem governed by a semilinear heat equation
with bilinear control-state terms and subject to control and state constraints. The state constraints
are of integral type, the integral being with respect to the space variable. The control is multi-
dimensional. The cost functional is of a tracking type and contains a linear term in the control
variables. We derive second order sufficient conditions relying on the Goh transform.

1 Introduction

This is the second part of two papers on necessary and sufficient optimality conditions for an optimal
control problem governed by a semilinear heat equation containing bilinear terms coupling the control
variables and the state, and subject to constraints on the control and state. While in the first part
[5], first and second order necessary optimality conditions are shown, in this second part we derive
second order sufficient optimality conditions. The control may have several components and enters
the dynamics in a bilinear term and in an affine way in the cost. This does not allow to apply classical
techniques of calculus of variations to derive second order sufficient optimality conditions. Therefore,
we extend techniques that were recently established in the following articles, and that involve the
Goh transform [12] in an essential way. Aronna, Bonnans, Dmitruk and Lotito [1] obtained second
order necessary and sufficient conditions for bang-singular solutions of control-affine finite dimensional
systems with control bounds, results that were extended in Aronna, Bonnans and Goh [2] when adding
a state constraint of inequality type. An extension of the analysis in [1] to the infinite dimensional
setting was done by Bonnans [6], for a problem concerning a semilinear heat equation subject to
control bounds and without state constraints. For a quite general class of linear differential equations
in Banach spaces with bilinear control-state couplings and subject to control bounds, Aronna, Bonnans
and Kroéner [3] provided second order conditions, that extended later to the complex Banach space
setting [4].

There exists a series of publications on second order conditions for problems governed by control-
affine ordinary differential equations, we refer to references in [3].

In the elliptic framework, regarding the case we investigate here, this is, when no quadratic control
term is present in the cost (or what some authors call vanishing Tikhonov term), Casas in [7] proved
second order sufficient conditions for bang-bang optimal controls of a semilinear equation, and for one
containing a bilinear coupling of control and state in the recent joint work with D. and G. Wachsmuth
[10].

Parabolic optimal control problems with state constraints are discussed in Résch and Tréltzsch [16],
who gave second order sufficient conditions for a linear equation with mixed control-state constraints.
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M.S. Aronna, J.F. Bonnans, A. Kroner 2

In the presence of pure-state constraints, Raymond and Tréltzsch [15], and Krumbiegel and Re-
hberg [13] obtained second order sufficient conditions for a semilinear equation, Casas, de Los Reyes,
and Troltzsch [8] and de Los Reyes, Merino, Rehberg and Tréltzsch [11] obtained sufficient second
order conditions for semilinear equations, both in the elliptic and parabolic cases. The articles men-
tioned in this paragraph did not consider bilinear terms, and their sufficient conditions do not apply to
the control-affine problems that we treat in the current work.

It is also worth mentioning the work [9] by Casas, Ryll and Tréltzsch that provided second order
conditions for a semilinear FitzHugh-Nagumo system subject to control constraints in the case of
vanishing Tikhonov term.

The contribution of this paper are second order sufficient optimality conditions for an optimal control
problem for a semilinear parabolic equation with cubic nonlinearity, several controls coupled with the
state variable through bilinear terms, pointwise control constraints and state constraints that are inte-
gral in space. The main challenge arises from the fact that both the dynamics and the cost function
are affine with respect to the control, hence classical techniques are not applicable to derive second
order sufficient conditions. We rely on the Goh transform [12] to derive sufficient optimality conditions
for bang-singular solutions. In particular, the sufficient conditions are stated on a cone of directions
larger than the one used for the necessary conditions.

The paper is organized as follows. In Section [2] the problem is stated and main assumptions are
formulated. Section[3]is devoted to second order necessary conditions and Section 4] to second order
sufficient conditions.

Notation

Let 2 be an open subset of R, n < 3, with C™° boundary 0f). Given p € [1,00] and k € N,
let W*P((2) be the Sobolev space of functions in LP(€2) with derivatives (here and after, derivatives
w.rt. x € € or w.r.t. time are taken in the sense of distributions) in L?(2) up to order k. Let D(£2) be
the set of C'™ functions with compact support in Q. By 1Wo"”(€2) we denote the closure of D(Q) with
respect to the WW*P-topology. Given a horizon T' > 0, we write Q := Q x (0, T)). |]|, denotes the
normin L?(0,T), LP(Q2) and L?(Q), indistinctly. When a function depends on both space and time,
but the norm is computed only with respect of one of these variables, we specify both the space and
domain. For example, if y € LP(Q) and we fix t € (0,T), we write ||y(+, )| £»(q). For the p-norm in
R™, form € N, we use | - |,. We set H*(Q2) := W"2(Q) and H}(Q) := W*(Q). By W>17(Q)
we mean the Sobolev space of L”(())-functions whose second derivative in space and first derivative
in time belong to L7(Q). We write H*!(Q) for W*12(Q) and, setting & := 9 x (0, T), we define
the state space as

Y :={y € H*(Q); y=0ae.onX}. (1.1)

If v is a function over (), we use ¥ to denote its time derivative in the sense of distributions. As usual
we denote the spatial gradient and the Laplacian by V and A. By dist(¢, I) := inf{|[t — ¢|| ; t € I}
for I C R, we denote the distance of ¢ to the set /.

2 Statement of the problem and main assumptions

In this section we introduce the optimal control problem and recall results on well-posedness of the
state equation and existence of solutions of the optimal control problem from [5].
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Optimal control of a semilinear heat equation 3

2.1 Setting

The state equation is given as

gz, t) — Ay(z,t) + 7y (x.) = f(2. ) +y(,t) > wi(t)bi(z) inQ, 1)
i=0 :
=0 on 27 y(ao):yﬂ in Qa
with
w € Hy(Q), fel*Q), bewhe(Q)m (2.2)

v > 0,uy = 1isaconstant, and u := (uy,...,uy,) € L*(0,T)™. Lemma|A.1|below shows that
for each control u € L?(0,T)™, there is a unique associated solution y € Y of (2.7), called the
associated state. Let y[u| denote this solution. We consider control constraints of the form u € U,g,
where

uad = {U S LQ(O,T)m, QVLZ S Uz(t) S IALZ‘, 1= 1, PN ,m}, (23)

for some constants u; < ;, fort = 1, ..., m. In addition, we have finitely many linear running state
constraints of the form

gi(y(-, 1)) = / ci(x)y(z,t)de +d; <0, fort€[0,T], j=1,...,q, (2.4)
Q
where ¢; € H*(Q) N Hy(Q) forj =1,...,¢,and d € R,

We call any (u,y[u]) € L*(0,T)™ x Y a trajectory, and if it additionally satisfies the control and
state constraints, we say it is an admissible trajectory. The cost function is

J(u,y) ::%/Q(y(:p,t) — yq(z))*dadt

m T (2.5)
@ =1 70
where
ya € L*(Q), yar € Hy(9), (2.6)
and a € R™. We consider the optimal control problem
Min J(u,y[u]); subject to (2.4). (P)

UEULg

For problem (P), assuming it in the sequel to be feasible, we consider two types of solutions.

Definition 2.1. We say that (u, y[u]) is an L*-local solution (resp., L>-local solution) if there exists
e > 0 such that (u,ylu|) is @ minimum among the admissible trajectories (u,y) that satisfy ||u —
ulle < € (resp., [|[u — ]| < €).

The state equation is well-posed and has a solution in Y. Furthermore, the mapping u +— v, LZ(O, T)—
Y is of class C*°. Since (P) has a bounded feasible set, it is easily checked that its set of solutions of
(P) is non-empty. For details regarding these assertions see Appendix [Al
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M.S. Aronna, J.F. Bonnans, A. Kroner 4

2.2 First order optimality conditions

It is well-known that the dual of C'([0, 7']) is the set of (finite) Radon measures, and that the action of a
finite Radon measure coincides with the Stieltjes integral associated with a bounded variation function
p € BV(0,T). We may assume w.l.g. that 1(7") = 0, and we let di denote the Radon measure
associated to /.. Note that if dj. belongs to the set M (0, T") of nonnegative finite Radon measures
then we may take 1 nondecreasing and right-continuous. Set

BV(0,T)o+ := {p € BV(0,T) nondecreasing, right-continuous; (1) =0}.  (2.7)

Let (@, §) be an admissible trajectory of problem (P). We say that x € BV (0,T)§ , is complemen-
tary to the state constraint for y if

/OT 95 (5 ) dpy (t)= /OT (/Q ¢;(x)g(x, t)dz + dj) du;(t) =0, j=1,...,q. (28

Let (B,1) € Ry x BV(0,T)§ . We say that p € L>(0,T; Hy(Q)) is the costate associated

with (@, §, B, pt), or shortly with (53, ), if (p, po) is solution of (B:5). As explained in Appendix B.2}

p=p" — Y0, cjp; for some pt € Y. In particular p(-,0) and p(-, T') are well-defined and it can

be checked that py = p(-,0).
Definition 2.2. We say that the triple (5, p, ;1) € Ry x L>(0,T; Hj(Q)) x BV(0,T)f , is a
generalized Lagrange multiplier if it satisfies the following first-order optimality conditions: w is com-

plementary to the state constraint, p is the costate associated with (3, 1), the non-triviality condition
(B,du) # 0 holds and, fori = 1 to m, defining the switching function by

U2(t) := Bay; + / bi(x)y(z, t)p(z, t)dx, fori=1,...,m, (2.9)
Q

one has W* € L>°(0,T)™ and
m T
Z/ W2(t) (wi(t) — a;(t))dt > 0, forevery u € Upq. (2.10)
i=1 /0

We let A(u, ) denote the set of generalized Lagrange multipliers associated with (u, y). If 5 = 0 we
say that the corresponding multiplier is singular. Finally, we write A(u, ) for the set of pairs (p, 1)
with (1, p, ) € A(a,y). When the nominal solution is fixed and there is no place for confusion, we
just write A and A ;.

We recall from [5 Lem. 3.5(i)] the following statement on first order conditions.

Lemma 2.3. If (u,y[u]) is an L*-local solution of (P), then the associated set A of multipliers is
nonempty.

3 Second order necessary conditions

We start this section by recalling some results obtained in [5], the main one being the second order
necessary condition of Theorem[3.6] We then introduce the Goh transform and apply it to the quadratic
form and the critical cone, and then obtain necessary conditions on the transformed objects (see
Theorem [3.13). We show later in Section [4] that these necessary conditions can be strengthened to
get sufficient conditions for optimality (see Theorem |4.5).

Let us consider an admissible trajectory (u, 7).

DOI 10.20347/WIAS.PREPRINT.2778 Berlin 2020



Optimal control of a semilinear heat equation 5

3.1 Assumptions on the control structure and additional state regularity

Consider the contact sets associated to the control bounds defined, up to null measure sets, by fi =
{t € [0,T]; w(t) = w}, I == {t € [0,T]; w(t) = @}, I; := [, UL, Forj =1,...,¢q,the
contact set associated with the jth state constraint is I := {t € [0,T}; g;(y(-,t)) = 0}. Given
0 <a<b<T,wesaythat (a,b) is a maximal state constrained arc for the jth state constraints, if
ch contains (a, b) but it contains no open interval strictly containing (a, b). We define in the same way
a maximal (lower or upper) control bound constraints arc (having in mind that the latter are defined up
to a null measure set).

We will assume the following finite arc property:

{ the contact sets for the state and bound constraints are, (3.1)

up to a finite set, the union of finitely many maximal arcs.

In the sequel we identify @ (defined up to a null measure set) with a function whose #th component is
constant over each interval of time that is included, up to a zero-measure set, in either I or I For
almost all ¢t € [0, T], the set of active constraints at time t is denoted by (B(t), B(t), C(t)) where

B(t) = {1 <i<m; w(t) =),

B(t) = {1 <i <m; w(t) =}, (32)

Ct):={1<j <q g;(y(-,t)) = 0}.
These sets are well-defined over open subsets of (0, 7") where the set of active constraints is constant,
and by (3.1), there exist time points called junction points 0 =: 7y < --- < 7, := T, such that the
intervals (7%, Tx+1) are maximal arcs with constant active constraints, for k = 0,...,r — 1. We may
sometimes call them shortly maximal arcs. For m = 1 we call junction points where a BB junction if we

have active bound constraints on both neighbouring maximal arcs, a CB junction (resp. BC junction) if
we have a state constrained arc and an active bound constrained arc.

Definition 3.1. Fork = 0,...,r — 1, let Bk, Bk, C}. denote the set of indexes of active lower and
upper bound constraints, and state constraints, on the maximal arc (Tk, Th+1 ) and set By, := BLUDBj.

In the discussion that follows we fix & in {0, ..., —1}, and consider a maximal arc (7%, 7x+1), where
the junction points. Set By, := {1,...,m} \ By and

Mi;(t) = /Q bi(z)ej(x)y(z,t)de, 1<i<m, 1<j<q. (3.3)

Let M;,(t) (of size | Bx| x |Ck|) denote the submatrix of M (t) having rows with index in By, and
columns with index in (Y.

For the remainder of the article we make the following set of assumptions.

Hypothesis 3.2. The following conditions hold:

1. the finite maximal arc property (3.1),

2. the problem is qualified (cf. also [5, Sec. 3.2.1]),i.e.,forj =1,...,q

{ there exists ¢ > 0 and u € U,q such thatv := u — u satisfies: (3.4)

6§, 0)) + g5 0)2[0) (1) < —e, forailt € [0,7).

DOI 10.20347/WIAS.PREPRINT.2778 Berlin 2020



M.S. Aronna, J.F. Bonnans, A. Kroner 6

3. We assume that |Cy| < |Byl|, fork = 0,...,7 — 1, and that the following (uniform) local
controllability condition holds:

{ there exists o > 0, such that | M, (t)\| > a|)|, forall A € RIC, 35)

a.e. over each maximal arc (g, Tk41), fork =0,...,r — 1.

4. the discontinuity of the derivative of the state constraints at corresponding junction points, i.e.,

for some ¢ > 0: g;(y(-, 1)) < —cdist(t,I]), forallt € [0,T],j =1,...,q, (3.6)

5. the uniform distance to control bounds whenever they are not active, i.e. there exists 6 > 0
such that,

dist (ﬂi(t), {1, az}) >0, foraatél;, foralli=1,...,m, (3.7)

6. the following regularity for the data (we do not try to take the weakest hypotheses) for some
r>n+1:

Yo, Yar € Wy () NWA(Q), yg, f € LX(Q), be W)™, (38)

7. the control u has left and right limits at the junction points T, € (0,T'), (this will allow to apply
[5, Lem. 3.8]).

Remark 3.3. Hypotheses|3.2 4 and 5 are instrumental for constructing feasible perturbations of the
nominal trajectory, used in the proof of Theorem|3.6 made in [5].

In view of point 2 above, we consider from now on 5 = 1 and thus we omit the component [ of the
multipliers.

Theorem 3.4. The following assertions hold.

(i) Foranyu € L*(0,T)™, the associated state y|u| belongs to C'(()). Ifu remains in a bounded

subset of L>(0,T)™ then the corresponding states form a bounded set in C'(Q). In addition,
if the sequence (u,) of admissible controls converges to i a.e. on (0,T), then the associated
sequence of states (y, := ylu,|) converges uniformly to § in ().

(i) The set Ay is nonempty and for every (p, i) € Ay, one has that i € W1°°(0,T)? and p is
essentially bounded in ().

Proof. We refer to [5, Thm. 4.2]. Note that the non-emptiness of A; follows from (3.4). O

3.2 Second variation

For (p, ) € Ay, set k(z,t) := 1 — 6yy(x, t)p(x,t), and consider the quadratic form

Qlpl(z,v) == / <RZ2 + 2p2v,-b,»z> dzdt + / z(x, T)*dz. (3.9)
Q i=1 Q

DOI 10.20347/WIAS.PREPRINT.2778 Berlin 2020



Optimal control of a semilinear heat equation 7

Let (u, y) be a trajectory, and set

(0y,v) == (y — y,u — ). (3.10)
Recall the definition of the operator A given in (B-1). Subtracting the state equation at (i, 7/) from the
one at (u, y), we get that

m

d
ady + Ady = Z vibiy — 3v5(0y)* — v(dy)® in Q,
i—1

dy=0 onX, dy(-,0)=0 inQQ.

(3.11)

See the definition of the Lagrangian function £ given in equation of the Appendix.
Proposition 3.5. Let (p, ;1) € Ay, and let (u, y) be a trajectory. Then

Lp, pl(u, y.p) = LIp, pl(u,7,p)
T
= / UP(t) - v(t)dt + L Q[p](dy, v) — 7/ p(oy)*dzdt. (3.12)
0 Q
Here, we omit the dependence of the Lagrangian on (3, po) being equal to (1, p(-,0)).

Proof. We refer to [5] Prop. 4.3]. O

3.3 Critical directions

Recall the definitions of fi, IAZ» and ]jc given in Section and remember that we use z[v] to denote
the solution of the linearized state equation (B.2) associated to v.

We define the cone of critical directions at @ in L2, or in short critical cone, by

((z[v],v) €Y x L*(0,T)™; )
v;(t)PP(t) = 0 a.e.on [0,T7], forall (p, ) € Ay
C:= v;(t) > 0a.e.on I;, v;(t) <0 a.e. on I, fori=1,...,m, ¢ - (3.13)
/ cj(x)z[v](z, t)dz < 0on [jc, forj=1,...,q
\Ja

7

The strict critical cone is defined below, and it is obtained by imposing that the linearization of active
constraints is zero,

(z[v],v) €Y x L*(0,T)™; v;(t) =0 ae.on I;, fori =1,...,m,
/ ¢j(z)z[v]|(z,t)dz =0 on I]C, forj=1,...,q
Q

Hence, clearly C; C C, and C is a closed subspace of Y x L2(0,T)™.

Cs = (3.14)

3.4 Second order necessary condition

We recall from [5, Thm. 4.7].

Theorem 3.6 (Second order necessary condition). Let the admissible trajectory (4, 3) be an L>-local
solution of (P). Then

max Q[p](z,v) > 0, forall (z,v) € Cs. (3.15)
(p’/J‘)GAl
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3.5 Goh transform

Given a critical direction (z[v], v), set

t
w(t) == / v(s)ds; B(z,t) :=gy(x,t)b(x); ((x,t) = z(z,t) — B(x,t) - w(t). (3.16)
0
Then ( satisfies the initial and boundary conditions
((x,0) =0forz € Q, ((z,t)=0for (z,t) € X. (3.17)

Remembering the definition of the operator A, we obtain that

i=1 i=1

In view of the linearized state equation (B.2), the term between the large parentheses in the latter
equation vanishes. Since B; = b;7 it follows that

((x,t) + (AQ)(z,t) = BYx,t) - w(t), ¢(-,0)=0, ((z,t)=00n%, (3.19)

where
B} := —fb; + 2V - Vb; + §Ab; — 2v5°b;, fori=1,...,m. (3.20)

Equation (3.19) is well-posed since b € W2°°((2), and the solution ¢ belongs to Y. We use ([w] to
denote the solution of (3.19) corresponding to w.

3.6 Goh transform of the quadratic form

Recall that (@, 3) is a feasible trajectory. Let p = p[u] be the costate associated to @, and set
W:=Y x L*(0,T)™ x R™, (3.21)

Let S(¢) be the time dependent symmetric m X m—matrix with generic term

Si;i(t) == / bi(z)b;(x)p(x, t)y(x, t)dz, forl <i,j7 <m. (3.22)
Q
Set
d q
X = 2 (p9) = pf + AT = §Ap +2p5" — 55 — ya) ch/lj- (3.23)
Observe that d
o Cdt Q

Since 7, p belong to L>°(0, T, H}(€2)), and yg4, ¥°, f1 are essentially bounded, integrating by parts
the terms in (3.23) involving the Laplacian operator and using (3.8), we obtain that .S;; is essentially
bounded. So we can define the continuous quadratic form on W :

T
Slp, u](C,w, ) = / GOt + ir. (3.25)
0

DOI 10.20347/WIAS.PREPRINT.2778 Berlin 2020



Optimal control of a semilinear heat equation 9

where

" 2
qr == / K (C + yZbin) dr —w' Sw
Q i=1

m q
—QZw,/ﬂ[Q(—Apr—QVbZVp+bz(y—yd)+bZZc]pJ])—pBlw}dx, (3.26)
i=1

J=1

and

/Q [(C(m, T)+y(z,T) Z hibi(m)>2 +2 Z hibs(2)p(x, T)¢ (2, T)| dz + h" S(T)h. (3.27)

=1

Lemma 3.7 (Transformed second variation). Forv € L?(0,T)™, and w € AC([0,T])™ given by
the Goh transform (3:16), and for all (p, j1) € Ay, we have

Qlpl(2[v],v) = Qlp, ) (C[aw], w, w(T)). (3.28)

Proof. We first replace zby ( + B -w = ( +§ Y., w;b; in Q, and define

Q i=1 i=1 j=1

We aim at proving that é coincides with @ This will be done by removing the dependence on v from
the above expression. For this, we have to deal with the bilinear term in Q, namely with

Q= Q1 +2Y Qi (3.30)
=1

where, omitting the dependence on the multipliers for the sake of simplicity of the presentation,
N T N T
Qb,l = 2/ 'UTSUJdt and Qb,Qi = / U,L'/ bngdl'dt, for: = 1, oo, M. (331)
0 0 Q
Concerning éb,l, since .S is symmetric, we get, integrating by parts,
~ T T .
Q1 = [wTSw] 0~ / w' Swdt. (3.32)
0

Hence éb,l is a function of w and w(7"). Concerning éb’gi defined in (3.31), integrating by parts, we
get

T
é2,bi _wi(T>/bip($aT>C($aT)d$—/ wi/bi%(pf)dmdt- (3.33)
0 Q

Q

DOI 10.20347/WIAS.PREPRINT.2778 Berlin 2020
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For the derivative inside the latter integral, one has

g(p(fffﬂt)é(ﬂwf)) = —ApC+pAC—C | (T —ya) + > cifty | +pB' - w. (3.34)
dt

=1

By Green’s Formula:

/ wibi( — ApC + pAC)d:cdt = / w; (Abip +2Vb; - Vp)(dzdt. (3.35)
Q Q

Using (3.34) and (3.35) in the expression (3.33) yields

Qy5i = wi(T) /

Q

bip(x, T)((z, T)dz + /

wi¢( = Abip — 2Vb; - Vp
Q

q
+bi(y — ya) + b; Z Cj,aj) — pB'. w] dxdt. (3.36)

Jj=1

Hence, @bg is a function of (¢, w,w(T)). Finally, putting together (3.29), (3-30), (3-32) and (3.36)
yields an expression for Q that does not depend on v and coincides with Q (in view of its definition

given in (3.25)-(3.27)). This concludes the proof. O

Remark 3.8. The matrix appearing as coefficient of the quadratic term w in @ (see (3.26)) is the
symmetric m X m time dependent matrix R(t) with entries

Rij = / (:‘ibib]’g2 — Sz] +p(blB]1 + bJle>> d.fL', fOI’?:,j = 1, oo, M. (337)
Q

3.7 Goh transform of the critical cone

Here, we apply the Goh transform to the critical cone and obtain the cone PC' in the new variables
(¢, w,w(T)). We then define its closure PC5, that will be used in the next section to prove second
order sufficient conditions. In Proposition [3.12, we characterize PC% in the case of scalar control.

3.7.1 Primitives of strict critical directions

Define the set of primitives of strict critical directions as

PO { (¢, w,w(T)) €Y x H'(0,T)™ x R™; } | 239

(¢, w) is given by for some (z,v) € Cs
which is obtained by applying the Goh transform to (s, and let
PCs := closure of PC'in Y x L*(0,T)™ x R™. (3.39)
Remember Definition of the active constraints sets Bk, Ek, B, = Bk U Bk, Ch.

Lemma 3.9. Forany ((,w, h) € PC, it holds

1 Tk+1
wp, (t) = —/ wp, (s)ds, fork=0,...,r—1. (3.40)

Te+1 — Tk J
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Proof. Immediate from the constancy of wp, a.e. on each (7, 7+1), forany ((,w,h) € PC. O

Take (z,v) € Cs, and let w and ([w] be given by the Goh transform (3:16). Let k € {0,...,r — 1}

and take an index j € Cj. Then 0 = /cj(x)z(:p,t)dx on (7, Tk+1). Therefore, letting M, (%)
Q
denote the jth column of the matrix M (t) (defined in (3.3)), one has

M;(t) - w(t) = —/ ¢j(z)Cw]|(z,t)dz, on (7, Tgy1), for j € Cy. (3.41)
Q
We can rewrite (3.40)-(3.41) in the form
Ar(tyw(t) = (B"w) (t), on (k, Thra), (3.42)
where A (t) is an my, x m matrix with my, := | By,|+|Cx|, and B*: L2(0, 7)™ — H (1, Thi1)™.
We can actually consider B := (B',...,B") as a linear continuous mapping from L?(0, 7)™ to
I 0 H (74, i)™, and A := (A%, ..., A") as a linear continuous mapping from L*(0, 7)™ into

I, —4 L* (7, Tir1)™. For each t € (73, T1.41), let us use A(t) to denote the matrix A*(t). We have
that, for a.e. t € (0,7), A(t) is of maximal rank, so that there exists a unique measurable A(t)
(whose dimension is the rank of .A(¢) and depends on t) such that

w(t) = wo(t) + A(t) TA(t), withwy(t) € Ker A(t). (3.43)

Observe that A(t).A(t)" has a continuous time derivative and is uniformly invertible on [0, 7"]. So,
(A(t)A(t)T)~! is linear continuous from H' into H' (with appropriate dimensions) over each arc,
and A(t)A(t)"A(t) = (Bw)(t) a.e. We deduce that t — (A(t), wo(t)) belongs to H' over each
arc (Ty, Tk+1)- So, in the subspace Ker(.A — B), w — \(w) is linear continuous, considering the
L?(0, T)™-topology in the departure set, and the I1;_{ H' (7, 7411)™*-topology in the arrival set.
Since (A — B) is linear continuous over L*(0, 7)™ we have that

w € Ker(A — B), forall (¢, w,h) € PCs. (3.44)

While the inclusion induced by (3:44) could be strict, we see that for any (¢, w, h) € PC5, A(w) and
Auw are well-defined in the H! spaces, and the following initial-final conditions hold:

(i) w; =0 a.e.on(0,7), foreachi € By,
(i) w; = h; ae.on(7,_1,T),foreachi € B,_y, (3.45)
(i) g (- T)C(,T) + B(,T) - h = 0it j € Cr_y.

From the definitions of C's (see (3-74)) and of PC%, we can obtain additional continuity conditions at
the bang-bang junction points:

if i € Bx_1 U By, then w; is continuous at 7, for all (¢, w, h) € PCj. (3.46)

Remark 3.10. Another example is when m = 1, the state constraint is active fort < T and the control
constraint is active fort > 1, then w is continuous at time 7. This is similar to the ODE case studied
in [2, Remark 5].

We have seen that over each arc (7, 711), A¥ := A\(w) is pointwise well-defined, and it possesses
right limit at the entry point and left limit at the exit point, denoted by A(7;”) and A(7,., ), respectively.
Let c;.1 € R™ be such that, for some 1/**¢,

1 = A () TR fori =0, 1, (3.47)

meaning that ¢, 11 is a linear combination of the rows of A**(7; ) for both i = 0, 1.
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Lemma3.11. Letk =0,...,r — 1, and let ¢, satisfy (3.47). Then, the junction condition
cri1 - (w(rh) —w(r,,)) =0, (3.48)

holds for all (C,w, h) € PCs.

Proof. Let ((,w, h)in PC, and set ¢ := ¢j41 and T := 71 in order to simplify the notation. Then
crw(r) = () A (T)w(r) = (VF) T A7) (AR (7)) TAM (7). (3.49)

By the same relations for index k + 1 we conclude that
() A AH() TN () = W) A A ) A (). @80)

Now let (¢, w, h) € PCj. Passing to the limit in the above relation (3:50) written for ([wy], we, he) €
PC,w; — win L*(0,T)™, hy — h (which is possible since A(t) is uniformly Lipschitz over each
arc), we get that (3:50) holds for any ({, w, h) € PC5, from which the conclusion follows. O

By junction conditions at the junction time 7 = 7, € (0,7T"), we mean any relation of type (3.48). Set

PCY = {(¢[w],w,h); w € Ker(A — B), holds, for all ¢ satisfying (3.47) }. (3.51)

We have proved that
PCy C PCY,. (3.52)

In the case of a scalar control (m = 1) we can show that these two sets coincide.

3.7.2 Scalar control case

The following holds:
Proposition 3.12. If the control is scalar, then

(Clw],w,h) €Y x L*(0,T) x R; w € Ker(A — B);
w is continuous at BB, BC, CB junctions

PCy = : . . . . : (3.53)
lim, o w(t) = 0 if the first arc is not singular

limy w(t) = h if the last arc is not singular

For a proof we refer to [2, Prop. 4 and Thm. 3].

3.8 Necessary conditions after Goh transform

The following second order necessary condition in the new variables follows.

Theorem 3.13 (Second order necessary condition). If (u,y) is an L>°-local solution of problem (P),
then

max Q[p, 1)(C,w,h) >0, onPCs. (3.54)
(p,u)EAL
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Proof. Let ((,w, h) € PCs. Then there exists a sequence ((y := [wy], we, we(T")) in PC with
(Co, we, we(T)) — (C,w, h), inY x L*(0,T) x R. (3.55)

Let (z, vy) denote, for each ¢, the corresponding critical direction in Cy. By Lemmaand Theorem
there exists (py, t¢) € A; such that

0 < Qlpe)(ze, ve) = Qlpe, pre] (Cos we, hg). (3.56)

We have that (/i) is bounded in L>°(0,T) (this is an easy variant of [5, Cor. 3.12]). Extracting if
necessary a subsequence, we may assume that (/i) weak* converges in L>°(0,7) to some dp.
Consequently, the corresponding solutions py oi weakly converge to pin Y, p being the costate
associated with . In view of the definition of Q in (3.25), we will show that, by strong/weak conver-
gence,

éli)rgo Q\[ph Mf](gév Wy, hf) - ZILI?O @[p& M€]<C7 w, h) = @[pa N’](C7 w, h) (357)

The first equality is an easy consequence of combined with the boundedness of py, 1t,. We next
discuss the second equality. For the terms having integral in time it is enough to detail the most delicate
term that is the contribution of Ap to S. Denote by S the matrix S in for p equal to p,. Since
w belongs to L2(0, 7)™, it is enough to show that S, weakly* converges in L>(0, 7)™, Again we
detail the contribution of the most delicate term in Sy, namely for all 1 < i, j < m, fQ b;b;yAp,, and
it is enough to check that it weakly* converges in L>(0,T") to [, b;b;5Ap.

Integrating by parts in space, we see that we only need to check that v, := fQ bib;Vy - Vp, weakly*
converges in L>(0,T) to v := [, b;b;Vy - Vp. That s, fOT ve(t)p(t)dt — fOT v(t)p(t)dt, for all
¢ € L'(0,T). But since v, is bounded in L>°(0,T') (using H>'(Q) C L>(0,T; H}(f2))) say of
norm less than M > 0, it is enough to take the test functions ¢ in L>°(0, T') instead of L*(0,T).
Indeed assume that

/0 Do)t - /0 e, foralp € L(0.T). (3.58)

Then, let o € L'(0,T). Given € > 0, there exists ¢, in L>°(0,T') such that ||¢. — ¢||; < &. Then

{—00

T T T
lim sup / v(t)p(t)dt < / V(B (t)dt + Me < / V(Bp(t)dt +2Me. (3.59)
0 0 0

So it suffices to prove (3.58). Let ¢ in L>°(0,T"). Since (extracting if necessary a subsequence) p,
weakly converges to p in H*!((Q)) we have that Vp, weakly converges to Vpin L*(Q), hence
easily follows.

On the other hand, for the contribution of the final time it is enough to observe that p,(x, T") does not
depend on /. 0

4 Second order sufficient conditions

In this section we derive second order sufficient optimality conditions.

Definition 4.1. We say that an L?-local solution (u,y) satisfies the weak quadratic growth condition
if there exist p > 0 and € > 0 such that,

F(u) = F(a) > p([[w]3 + [w(T)?), (4.1)

u—als <evi=u—1uandw(t) = [;v(s)ds.

where (u, y[u]) is an admissible trajectory,
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Remark 4.2. Note that (1) is a quadratic growth condition in the L?-norm of the perturbations
(w,w(T)) obtained after Goh transform.

The main result of this part is given in Theorem[4.5]and establishes sufficient conditions for a trajectory
to be a L2-local solution with weak quadratic growth.

Throughout the section we assume Hypothesis [3.2 In particular, we have by Theorem [3.4] that the
state and costate are essentially bounded.

Consider the condition
9@, TN, T)+ B(-,T)h) =0, it T € I and [p;(T)] > 0, forj =1,...,q.  (4.2)
We define
PC3 = { (Clw],w,h) €Y X .LQ._(()’T)m x R™; wp, is constant on each arc;} |
(3.79), (3.41), (3.45)(i)-(ii), hold.

Note that PC5 is a superset of PCj.

(4.3)

Definition 4.3. Let \W be a Banach space. We say that a quadratic form (): W — R is a Legendre
form if it is weakly lower semicontinuous, positively homogeneous of degree 2, i.e., Q(tz) = t?Q(z)
forallz € W andt > 0, and such that if t;, — x and Q(x;) — Q(x), then z, — .

We assume, in the remainder of the article, the following strict complementarity conditions for the
control and the state constraints.

Hypothesis 4.4. The following conditions hold:

(i) forallt=1,...,m:
(m)a}lc\ UP(t) > 0 in the interior of I;, att = 0 if0 € I;, att =T if T € I,
p,p)ENL
S A A 4.4
( m)inA UP(t) < 0 in the interior of I;, att = 0 if0 € I;, att =T if T € I, (44)
Dp)ENL

(i) there exists (p, ) € Ay such that supp dyu; = ch, forallj =1,...,q.
Theorem 4.5. Let Hypotheses[3.9 and[4.4 be satisfied. Then the following assertions hold.

a) Assume that

(i) (u,y) is a feasible trajectory with nonempty associated set of multipliers A+ ;

(i) for each (p, j1) € Ay, Olp, i](+) is a Legendre form on the space
{([w],w,h) €Y x L*(0,T)™ x R™}; and

(iii) the uniform positivity holds, i.e. there exists p > 0 such that

Jmax Olp, p](C[w], w, k) > p(||w|? + |k[?), forall(w,h) € PC}.  (4.5)
Dp)EN

Then (u,y) is a L?-local solution satisfying the weak quadratic growth condition.
b) Conversely, for an admissible trajectory (u, y[u]) satisfying the growth condition @.1), it holds

Jmax Olp, pl(C[w], w, h) > p(||w|)? + |h|?), forall (w,h) € PCy.  (4.6)
b,p 1

The remainder of this section is devoted to the proof of Theorem We first state some technical
results.
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4.1 A refined expansion of the Lagrangian

Combining with the linearized state equation (B.2), we deduce that 1) given by 7 := dy — z, satisfies
the equation

n—An=rn+7 inQ, @7
n=0 onX, n(-,00=0 inQ '
where r and 7 are defined as
ro= =37y + Z uby, T = Z vibidy — 375 (8y)* — v(dy)°. (4.8)
i=0 i=1

Let (u, y) be an admissible trajectory. We start with a refinement of the expansion of the Lagrangian
of Proposition (3.5

Lemma 4.6. Let (u,y) be a trajectory, (dy,v) := (u — u,y — ¥), z be the solution of the linearized
state equation (B-2), and (w, () be given by the Goh transform (3-16). Then

(i
(ii.a
(ii.b

(iii

120l 2@ + 120 Tl 2@y = O([Jwll2 + Jw(T))),
169ll2@) + 110y, Tl 2 (@) = Ollwll2 + [w(T)]),
10yl o< (075113 0y = Olllwllso),

170l oe 0,722y + (5 Tl 22() = ol[[wll2 + [w(T)]).

~— — ~— ~—

Before doing the proof of Lemma[4.6] let us recall the following property:

Proposition 4.7. The equation
d—AP+ad=f, ®x,0)=0, (4.10)

witha € L=(Q), f € L*(0,T: L%(2)), and homogeneous Dirichlet conditions on 92 x (0,T'), has
a unique solution ® in C'([0,T]; L*(Q)), that satisfies

I1®llcqoryez@y < el fllromza@y.- (4.11)

Proof. This follows from the estimate for mild solutions in the semigroup theory, see e.g. [3, Theorem
2]. O

Proof of Lemmal4.8. (i) Since ( is solution of (3.79), it satisfies (#.10) with
a:= -3y + Zﬂz‘bu f = ZwZB}, (4.12)
i=0 i=1

where B} is given in (3:20). One can see, in view of Hypothesis that f € L'(0,T; L*(Q)) since
the terms in brackets in belong to L>°(0,T’; L?(£2)). Thus, from Proposition we get that
¢ € C([0,7]; L*(2)) and

1<) oo or:z2()) = Ol fll o2 ) = O(Jwll). (4.13)

Thus, due to Goh transform (3.16) and Lemma [A.1] we get that z belongs to C'([0, T]; L*(£2)) and
we obtain the estimate (i).
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We next prove the estimate (ii) for dy. Set (s, := 0y — (w - b)y. Then

é&y - AC&y + a&yCéy = f5y7 (4-14)

with
Qsy = 3’7?2 + 37@C§y + 7(C§y>2 - (71 : b)7

A m ) B B (4.15)
fo =) wi [§Ab; + Vb; - Vg — (295" + f)] .
=1

By Theorem Csy is in L>(Q)), hence ag, is essentially bounded. Furthermore, in view of the
regularity Hypothesisand Lemma fsy € LY(0,T; L*(Q)). We then get, using Proposition
A7

||C6y||Loo(o,T;H3(Q)) < O([Jwllr)- (4.16)

From the latter equation and the definition of (5, we deduce (ii.a). Since

V(0y) = V(Csy) + Y wi(§Vhi + b; V), (4.17)
=1

applying the L>°(0, T'; L*(£2))-norm to both sides, and using (@.16) and LemmalA.1]we get (ii.b).
The estimate in (iii) follows from the following consideration. To apply Proposition[4.7]to equation (4.7)

we easily verify that 7 is in L>°(Q) and 7 in L' (0, T'; L*(2)). Consequently, we have

m

> vibiby — 3y5(6y)* — 4(5y)?

=1

HU”c([o,T};L?(Q)) <c

LY(0,T;L2()) (4.18)
S ||UH2 HbHoo H5y||2 + 37 ||gHoo H<5y)2HL1(O,T;L2(Q)) + ’y H((sy)gHLl(o’T;LZ(Q)) .

Now, since ||v|l, — 0 and [|0y|l« — O (by similar arguments to those of the proof of (i) in Theo-
rem[3.4), we get (iii).
O

Proposition 4.8. Let (p, 1) € A;. Let (uy) C Uqq and let us write iy, for the corresponding states.
Setvy := uy — u and assume thatv, — 0 a.e. Then,

‘C[ nu](ﬂ +U€7yf> = £[ 7”](7]73?)

+ / U (1) - va(t)dt + 2 8lp, 1)(Corwes we(T)) + o[fwell? + |ewe(T)), (4.19)

where wy and (, are given by the Goh transform (3.16).

Proof. Since (vy) is bounded in L>°(0,7)™ and converges a.e. to 0, it converges to zero in any
LP(0,T)™. For simplicity of notation we omit the index ¢ for the remainder of the proof. Set dy :=
y[u + v] — y. By Proposition[3.5|it is enough to prove that

~

|QIpl (3, v) — Qlp, ] (w, w(T7<>]=o<||wu%+|w<T>|2>, (4.20)

ot
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We have, setting as before 7 := dy — z where z := z[v],

Qlpl(9y, v) — Qlp, u)(¢, w, w(T)) = Qlp)(Jy, v) — Qlpl(z,v)

4.22
=2 / (v - b)pndadt + / k(oY + z)ndxdt + /(5y($, T) + z(z, T))n(x, T)dz, (4.22)
Q Q Q
and therefore, since the state and costate are essentially bounded:
|QIp) (89, v)~Qlp. (¢, w. w(T))| <2 \ / (v~b)pndxdt‘ + Oy +zlalalls) -,

+O(l(0y + 2) (- Dl 2@l Tl 2 (@)

In view of lemma 4.6} the ‘big O’ terms in the r.h.s. are of the desired order and it remains to deal with
the integral term. We have, integrating by parts in time,

d
/Q(v -b)pndzdt = /Q (w(T) - b(z))p(z, T)n(z, T)dx — /Q(w : b)&(p'r])dxdt. (4.24)

For the first term in the r.h.s. of (4.24) we get, in view of (4.9)(ii),

/Q (w(T) - b(z))p(z, T (z, T)dz
— O(w( D)0 T) |l z2@) = o([wl2 + [w(T)). (@25

And, for the second term in the r.h.s. of (4.24), since b is essentially bounded, and p and 7) satisfy
and (4.7), respectively, we have that,

4
dt

g (4.26)
0o 1= pAn — nAp; @1 = (v-b)pdy; vy = pe(dy)? —n (?/ —Ya+ Z Cjﬂj@)) :

Jj=1

(pn) = @o + 1 + ¢2,

Contribution of 5. Since y, p and /1 are essentially bounded (see Theorem [3.4), we get

\/Qw-bm

where the last equality follows from the estimates for )y and 7 obtained in Lemma 4.6
Contribution of ¢ . Integrating by parts in time, we can write the contribution of (o, as

= O (lw(éy)* +wnll2) = o(||wll3 + [w(T)[), (4.27)

%/Q%(w -b)*pdy = %/Q(IU(T> -0)*p(x, T)oy(x, T) — %/Q(w : b)Z%(p(Sy) (4.28)

The contribution of the term at ¢ = T" is of the desired order. Let us proceed with the estimate for the
last term in the r.h.s. of (4.28). We have

d
—(pdy) = (—oyAp + pAdy)

di
q m ‘ (4.29)
+ (—(y —ya) = Y cj/lj> dy + (Z vibiy — 3v5(8y)* — 7(5y)3) p-

j=1 i=1
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For the contribution of first term in the r.h.s. of latter equation we get
m T
/ (w - b)*(—6yAp + pAdy) = > / wiw; / V(biby) - (6yVp — pVdy).  (4.30)

Using [B, Lem. 2.2], since V(b;b;) is essentially bounded for every pair 4, j, it is enough to prove that

/ V(bb;) - (6yVp —pViy) — 0 (4.31)
Q

uniformly in time. For this, in view of the estimate for ||dy|| (0.1, (q) Obtained in Lemma [4.6]item
(ii.b), and since p is essentially bounded, it suffices to prove that p is in L>(0,T; H'(€2)) which
follows from Corollary [B.1]

Let us continue with the expression in (#.29). The terms containing dy go to 0 in L>°(0, T’; L*(f2))
and that is sufficient for our purpose. The only term that has to be estimated is

2 _1 d 3
L vt nm =g [ Soo v

= %/Q(w(T) )2y(-, T)p(-,T) — %/Q@J i 5)3%(3/1)). (4.32)

We consider the pair of state and costate equations with g := y — y4 given as

y—Ay+y° = (u-b)y+ f; y(0) = yo;
—p—Ap+y°p=(u-b)p+g+ci; p(T)=0.

and so for sufficiently smooth ¢: © x (0,7") — R we have

/CQw%(yp)z/Qw(?)eryﬁ)

z/Qso[(Ay—’yy3+(u-b)y+f)p+y(—Ap+’vy2p—(wb)p—g—cxl)} (4.34)

(4.33)

= / o fr—yg+cpyl + V- (=pVy +yVp),
Q

and, consequently, we have for ¢ = (w - b)?,

d

/ (w - b)sg(yp) = / (w-b)* [fp — yg + cpiy] + V(w - b)* - (—pVy +yVp). (4.35)
Q Q

By Hypothesis f and b are sufficiently smooth, /1 is essentially bounded, y, p € L>(0,T; H}()).
We estimate

d .
o 07 5 0m)| < I llbwl} 15 = 99+ ol o
2
+ O(IBIZ I8l wlocllwll3 (1 0,0 P10 sy ) = o).

Contribution of ¢q. Integrating by parts, we have that

T T T
/ wi/biwoz/ w@'/bi(pAn—nAp):/ wi/Vbr(—anJer)
0 Q 0 Q 0 Q

T (4.36)
0 Q
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Recalling that b € W2°°(Q) (see (3.8)) and that p is essentially bounded (due to Theorem , we
get for the first term in the r.h.s. of the latter display,

T
/ W / pnAb;
0 0

that is a small-o of ||w||3 in view of item (iii.a) of Lemmal4.6] For the second term in the r.h.s. of (4.36)

we get
T
/ wi/UVp‘Vbi
0 Q

Since p € L>=(0,T; H'(2)) as showed some lines above and in view of item (iii.a) of Lemma[4.6]
we get that the r.h.s. of latter equation is a small-o of ||w||3, as desired.

< JAbs||oo||lwi |2 ]|l oo |71l 20,7222 (4.37)

< NIVbil|sollwill2 1l 220,222 | VPl oo (0,752 (02) ) (4.38)

Collecting the previous estimates, we get (4.20). Similarly, since dy — 0 uniformly and the costate p
is essentially bounded, with (@.9)(i) we get

' /Q pb<6y>3dxdt\ — o (I6v12) = o (Jwll3 + [w(T)P) 4.39)

The result follows. O

Corollary 4.9. Letu = u + v be an admissible control. Then, setting w(t) := fg v(s)ds, we have
the reduced cost expansion

F(u) = F(a) + DF(@)v + O(|Jwl||3 + |w(T)[*). (4.40)

Proposition 4.10. Let (p, i) € Ay, and let (z,v) € Y x L?(0,T)™ satisfy the linearized state
equation (B.2). Then,

| v = pa@aeo+ 3 [ gaeoxodsn, @

where

m

DJ(u,y)(z,v) = Z/o a;vdt + /Q(yj — yq)zdadt + /Q("zj(T) — yar)2(T)dz,

=1

and it coincides with D F'(u)v.

Proof. It follows from (B.2), and (2.9). O

4.2 Proof of Theorem

What remains to prove is similar to what has been done in Aronna, Bonnans and Goh [2, Theorem 5],
in a finite dimensional setting, except that here the control variable may be multidimensional and in [2]
it is scalar.

We start by showing item a). If the conclusion does not hold, there must exist a sequence (uy, y¢) of
admissible trajectories, with u, distinct from u, such that vy := uy —u converges to zero in LQ(O, T)m,
and

J(ug, y0) < J(w,75) + o(Y7), (4.42)
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where (wy, () is obtained by Goh transform (3.16), hs := w,(T") and

T o=y well3 + e (T) 2
Let (p, ;) € Ay. Adding fOTg(yg)d/,L < 0 on both sides of leads to

Lp, 1) (ug, ye) < Llp, (1, §) + o(Y7). (4.43)

Set (v, Wy, he) := (ve, we, he)/Yy. Then (wy, hy) has unit norm in L?(0, 7)™ x R™. Extracting if
necessary a subsequence, we may assume that there exists (w, k) in L*(0, 7)™ x R™ such that

wy — w and he — ]_17 (4.44)
where the first limit is given in the weak topology of LQ(O, T)™. Set Qt := ([w]. The remainder of the
proof is split in two parts:

Fact 1: The triple ({, w0, h) belongs to PCj (defined in (@.3)).
Fact 2: The inequality (4.42) contradicts the hypothesis of uniform positivity (4.5).

Proof of Fact 1. We divide this part in four steps: (a) w; is constant on each maximal arc of I;, for
1=1,...,m, (b) (3.49)(i),(ii) hold, (c) (3.41) holds, and (d) (4.2) holds.
(a) From Proposition [4.8] inequality (4.43), and (2.10) we have

m T
—Qlp, dp) (Ge, we, he) + 0(X7) = > / WP (t) - vgi(t)dt > 0. (4.45)
i=1 70
By the continuity of the quadratic form @[p, du] over the space L*(0, 7)™ x R™, we deduce that

T
0< / WP (v s(t)dt < O(Y2), foralli=1,....m. (4.46)
0

Hence, since the integrand in previous inequality is nonnegative for all / € N, we have that
T
lim WP (t)p(t)ve:(t)dt =0 (4.47)

=00 Jg
for any nonnegative C'! function ¢: [0,7] — R. Let us consider, in particular, ¢ having its support

[c, d] C I;. Integrating by parts in (.47) and using that w, is a primitive of ¥y, we obtain

Td 4 d
= i — (TP w,,dt = — (P Vs
0= ghj?o i dt(\I/ )Wy ;dt /C dt(\lfZ (t)p)w;dt. (4.48)

Over [c, d], Uy; has constant sign and, therefore, w; is either nondecreasing or nonincreasing. Thus,
we can integrate by parts in the latter equation to get

/ () o(t)dan(t) = 0 (4.49)

Take now any ty € (c,d). Assume, w.l.g. that ¢y € fi. By the strict complementary condition for
the control constraint given in (4.4), there exists a multiplier such that the associated W” verifies
U?(ty) > 0. Hence, in view of the continuity of ¥* on I, there exists ¢ > 0 such that ¥ > 0 on
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(to — 2e,to + 2¢) C (¢, d). Choose ¢ such that supp ¢ C (tg — 2¢,t9 + 2¢), and V¥ = 1 on
(to — &,to + €), then w;(to + &) — Z;(tg — €) = 0. Since dw; > 0, we obtain dw; = 0 a.e. on I;.
Since ty is an arbitrary point in the interior of I;, we get

dw;, =0 ae.onl,. (4.50)

This concludes step (a).

(b) We now have to prove (3.45)(i),(ii). Assume now that By, # 0 or, w.l.g., that By # (), and let
1 € BO. By the previous step, w; is equal to some constant 6 a.e. over (0, 7). Let us show that
0 = 0. By the strict complementarity condition for the control constraint there exist t, 6 > 0 and
a multiplier such that the associated U” satisfies ¥ > § on [0,¢] C [0, 71). By considering in
a nonnegative Lipschitz continuous function ¢: [0, 7] — R being equal to 1/ on [0, ¢], with support
included in [0, 1), and since v,; > 0 a.e. on [0, 71|, we obtain, for any 7 € [0, ¢],

T t
Bus(7) = / Ba(s)ds < / UP(s)p(s)ora(s)ds — 0, whenl—s 00, (451)
0 0

Thus w; = 0 a.e. on [0, t]. Consequently, from (#.50) we get w; = 0 a.e. on [0, 71 ). The case when
1 € B,_ follows by a similar argument. This yields item (b).

(c) Let us prove (3.41). We have, since vy, is admissible and g linear,
0> g;(ye(-,1)) —g;((- 1) = / ¢j(x)(ye — g)(x,t)dw, on [, 7ol  (4.52)
Q

whenever k, j are such that k € {0,...,r — 1} and j € C}. Let z, denote the linearized state
corresponding to vy, and let 7, := y, — ¥ — z,. By Lemma (4.6)(iii), we deduce that

/cj(:c)Zg(x,t)d:E < — /cj(x)m(x,t)d:c <o(Yy), on [Tk, Thr1]- (4.53)
Q
Thus, by the Goh transform (3.16),
/ Cj<x> (gg(l', t) + B(;U, t) ’ ’U_}g(t))dl' < 0(1)7 on [Tka Tk+1]> (4.54)
)

where @ is the solution of (3.19) corresponding to w,. Let ¢ be some time-dependent nonnegative
continuous function with support included in IjC. From (4.54), we get that

Tk+1 _
/ go/ ¢j(Ce+ B - wp)dzdt < o(1). (4.55)
T Q
Taking the limit £ — oo yields
Tk+1 _
/ 90/ ¢;(C+ B -w)dxdt <0, (4.56)
Tk Q
where ( is the solution of (3.19) associated to w. Since (4.56) holds for any nonnegative ©», we get

that
/ ¢;j(C(z,t) + B(z,t) - w(t))dz <0, ae.on [7h, Thi1)- (4.57)
Q
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In particular, if 7' € I, we get from that
[ ex@e. 1)+ B 1) s <. (459
Q

We now have to prove the converse inequalities in (4.56) and (4.58).

By Proposition [4.10]and since u, is admissible, we have
T
Z [ 000056 000+ DI ) = W0 z0 s
0
By Proposition 4.9} we have F'(u,) = F(u) + DF(u)v, + o(Yy). This, together with @.59), yield

0 < F(ue) — F(u) + o(Ye) + Z/ 9;(y - 0)dp; (). (4.60)

Using (4.42) in latter inequality implies that

q T
o) 3" [ gt ) (o) @61)
j=1 "0
thus
q T a
o)=Y [ GG 0 + Bt o 0)dn(), (462
j=1"0
Since, for every j = 1,...,q, the measure du; has an essentially bounded density over [0,7) (in

view of Theorem [3.4), we have that

{—00

0 Slimian/[OT 5@ 1) (G- t) + B 1) - we(t))dpsy

(4.63)

{—00

= lim Z/OT) g] (y(-, Cz( t) + B(, t).u_)e(t))d/ﬁj.

Using and the strict complementarity for the state constraint (4.4)(ii), we get (3.41). This con-
cludes the proof of item (c).

(d) Let us now prove (4.2). Assume that j € {1,...,q} is suchthat T € ]jc. One inequality was
already proved in (4.58). If we further have that [1;(1")] > 0, condition follows from (4.63).

We conclude that the limit direction ({, 1, h) belongs to PCj.
Proof of Fact 2. From Proposition we obtain

Olp, du] (Ce, we, he)

T , , (4.64)
= Lo, 1)(uues ye) — Llps 1) (@ 7) — / T odt 4 o(T2) < ofY2),
0

where the last inequality follows from (#.43) and since WU? - v, > 0 a.e. on [0, 7] in view of the first
order condition (2.10). Hence,

lim inf Olp, 1)(Ce, e, he) < limsup Qlp, 1) (Cr, e, g) < 0. (4.65)

l—00
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Let us recall that, in view of the hypothesis (iii) of the current theorem, the mapping @[p, dul is a
Legendre form in the Hilbert space {(¢[w],w,h) € Y x L*(0,T)™ x R™}. Furthermore, for the
critical direction (¢, w, h), due to the uniform positivity condition (4.5), there is a multiplier (p, ii) € Ay
such that

p(ll@ll3 + [RP*) < Qlp. (¢, w, h) = lim inf Qlp, il (Cr, we. he) 0, (4.66)

where the equality holds since @[ﬁ, f] is a Legendre form and the inequality is due to (4.64). From

(4.66) we get (w,h) = 0 and klim Qlp, it (e, we, hy) = 0. Consequently, (wy, hy) converges
—00

strongly to (w0, h) = 0 which is a contradiction, since (1, h,) has unit normin L?(0, 7)™ x R™. We

conclude that (a, ) is an L?-local solution satisfying the weak quadratic growth condition.

Conversely, assume that the weak quadratic growth condition (.1) holds at (u, 3) for p > 0. Note
that (@, §, @), with @(t) = [, (s)ds, is a L*-local solution of the problem

mip ot = [0 =0t + uir) o)),

UEULq

s.t. w=wu, w(0)=0, holds,

(4.67)

Applying the second order necessary condition in Theorem to this problem (4.67), followed by
the Goh transform, yields the uniform positivity (4.6). For further details we refer to the corresponding
statement for ordinary differential equations in [, Theorem 5.5]. [

A Well-posedness of state equation and existence of optimal con
trols

In this section we recall some statements from [§], for proofs we refer to the latter reference.

Lemma A.1. The state equation (2.1) has a unique solution y = yu,yo, f| in Y. The mapping
(u, 90, ) = ylu, yo, f] is C* from L2(0, T)™ x H}(2) x L*(Q) toY, and nondecreasing w.r.t.
Yo and f. In addition, there exist functions C;, i = 1 to 2, not decreasing w.r.t. each component, such
that

Y1l = 0.7:2200) + 1VYll2 < Cilllyollz, [[fll2, lull2l|bllo), (A1)
1ylly < Calllyoll ey £ 1l2; [z 1]l o0)- (A-2)

Moreover, the state y also belongs to C([0,T]; Hy(2)), since Y is continuously embedded in that
space [14, Theorem 3.1, p.23].

Theorem A.2. The mapping u — y|u] is of class C*, from L*(0,T)™ to Y.
Theorem A.3. (i) The functionu — J(u, y[u]), from L?(0, T)™ to R, is weakly sequentially I.s.c. (ii)
The set of solutions of the optimal control problem (P) is weakly sequentially closed in L? (0, T)™. (iii)

If (P) has a bounded minimizing sequence, the set of solutions of (P) is non empty. This is the case in
particular if (P) is admissible and U,q is a nonempty, closed bounded convex subset of L*(0,T)™.
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B First order analysis

Here, we recall some properties from [5].

Throughout the section, (1, ) is a trajectory of problem (P). We recall the hypotheses (2:2) and (2.6)
on the data.

We fix a trajectory (i, = y[u]). Let A be linear continuous from L?(0,T; H*(Q)) to L*(Q) such
that, for each z € L?(0,T; H*())) and (z,t) € Q,
(Az)(x,t) = —Az(w,t) + 3yg(x, t)2(,t) — Y w(t)bi(x)2(x, t). (B.1)
i=0

B.1 The linearized state equation

The linearized state equation at (u, ) is given by

z‘+Az:Zvibig in@; z=0onX, 2(-,0)=00n. (B.2)

=1

Forv € L*(0,T)", equation (B.2) above possesses a unique solution z[v] € Y and the mapping
v +— z[v] is linear from L?(0,T)™ to Y. Particularly, the following estimate holds:

2] Lo 0.1522(0)) < M Z 10l 0o | ill1, (B.3)
i—1

where My := F+ S0 0 ] e 2.

B.2 The costate equation

The generalized Lagrangian of problem (P) is, choosing the multiplier of the state equation to be
(paPO) < LQ(Q) X Hﬁl(Q) and taking 6 S R+, dl’[’ S M+(Oa T)7

LB, p, po, p)(u,y) = BJI(u,y) — (po, y(+,0) — y0>H3(Q)

# [ (B0~ w0+ s+ > w(Oe)y(e:) = iot)duc

23 / 05y 1) (1)

The costate equation is the condition of stationarity of the Lagrangian £ with respect to the state that
is, forany z € Y:

(B.4)

a_ T
/p(z + Az)dadt + (po, 2(+,0)) g (@) = Z/ / cjzdadp;(t)
Q = Jo Ja

+ ﬁ/Q(y — yq)zdxdt + ﬁ[z(y(x,T) — yar(z))z(z, T)dx. (B.5)

DOI 10.20347/WIAS.PREPRINT.2778 Berlin 2020



Optimal control of a semilinear heat equation 25

To each (p,v) € L*(Q) x HJ (), let us associate z = z[p, 1| € Y, the unique solution of
24+ Az=¢; z(-,0) =1 (B.6)

Since this mapping is onto, the costate equation (B.5) can be rewritten, for z = z[p, ¥] and arbitrary
(p, 1) € L*(Q) x HJ (), as (see [5, Equation (3.7)])

a9 T
/pgpdxdt + (o V) H1() = Z/ /cjzdxduj(t),
Q ‘= Jo Ja
48 [ (5= wedadt + 5 [ (50, 7) = yur(a)) (e, T)da. @
Q Q
Next consider the alternative costates
q q
Pl =pH D i ph=po+ Y ciig(0), (B.8)
j=1 j=1

where . € BV(0, T)fi+ is the function of bounded variation associated with du. By [5, Lem. 3.2],
p' € Y and p'(-,0) = pl. Therefore p(-,0) makes sense as an element of H}(€2), and it follows

that p(+,0) = p'(-,0) — >29_, ¢;11;(0) = po.
Corollary B.1. If € H'(0,T)? thenp € Y and

q
—p+Ap =Bl —ya) + D _ ¢ty (B.9)

J=1

C An example

We recall an example from [5, Appendix B] , and show that it satisfies the sufficient condition for
quadratic growth (condition (a) of Theorem 4.5).

We consider the following setting: Let @ = (0, 1), and denote by ¢;(z) := v/2sinmz the first
(normalized) eigenvector of the Laplace operator. We assume that v = 0, the control is scalar (m =
1), bp = 0and b; = 1in (), and that f = 0 in (). Then the state equation with initial condition ¢,
reads

y(z,t) — Ay(z,t) = u(t)y(z,t);  (z,t) € (0,1) x (0,7), y(z,0) =ci(z), x€Q. (CI)

The state satisfies y(x,t) = y1(t)c1(z), where y; is solution of

() + 7y (t) = u®)n(t);  te€(0,T), 1(0) =y =1 (C2)
We set T' = 3 and consider the state constraint with ¢ = 1 and d; := —2, and the cost function

(2.5) with ar; = 0. The state constraint reduces to
n(t) <2, tel0,3). (€3)
As target functions we take y 1 := ¢ and yq(x,t) := gq(t)c1(x) with

1.5et  fort € (0,log2),
ga(t):=<¢ 3 fort € (log2,1), (C.49)
4—t fort e (1,3).

DOI 10.20347/WIAS.PREPRINT.2778 Berlin 2020



M.S. Aronna, J.F. Bonnans, A. Kroner 26

We assume that the lower and upper bounds for the control are % := —1 and @ := 72 + 1. The
optimal control is given by

i fort € (0,log?2),
u(t) == 2 fort € (log2,2), (C.5)
72 —1/g5 fort € (2,3).

and the optimal state by

el fort € (0,log 2),
(t) =< 2 fort € (log2,2), (C.6)
4—t fort € (2,3).

The above control is feasible. The trajectory (1, ) is optimal. The costate equation is
—p+Ap=ci( — Ja) + c1fn, p(,T) =y(T) — yar = 0. (C.7)
Since y and y, are colinear to ¢y, it follows that p(x, t) = py(t)ci(z), and
—p1 +7p1 = upy + i — Ja+ f1; pa(3) = 0. (C.8)

Over (2, 3), [y

0 (state constraint not active) and ij; = ¥q4, therefore p; and p identically vanish.
Over (log2,2), uis

u is out of bounds and therefore

0= /p(x,t)ﬂ(w,t) = p1(t)7(2) / c1(x)? = 2pi(t). (C.9)
Q 0
It follows that p; and p also vanish on (log 2, 2) and that

f1=—(1 —ga) >0, aa.te (log2,2). (C.10)

Over (0, log 2), the control attains its upper bound, then

—p1 = p1 — 3¢’ (C.11)
with final condition p; (log 2) = 0, so that
et
n(t) =7 - e’ (C.12)

As expected, p; is negative.

Lemma C.1. The hypothesis (a) of Theorem|[4.5 holds.

Proof. (i) This has been obtained in part | [5]. Note that the multiplier is unique.
(i) We check the Legendre form condition. For this, we apply the Goh transformation to the example.
For (v, z) solution of the linearized state equation we define

B:=gb=1yi(t)ai(x); §:=z— Bw= (21— hw)a (C.13)
and we observe that £ = & ¢y is solution of

£+ AS = —(AB+ B)w; £(0) = 0; (C.14)
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where
AB + B = (7T2 — ”EL)B -+ f/lcl = ((7’(’2 — ﬁ)gl -+ ’!;/1)01 (C15)

so that
&+ (7 —u)é = B'w, B' == (7° — @)1 + 4. (C.16)

For checking the Legendre condition ((ii) of Theorem [4.5), we have to check the uniform positivity of
the coefficient of w? in Q This trivially holds on the second and third arcs, since then p and therefore x
vanish, so that the coefficient of w? reduces to [, k7° = 1 (t)* > 1. We now detail the computation
for the first arc. Replacing z by £ + Bw in the quadratic form Q[p](v, z) we have

Q= /((5 + Bw)* + pv(§ + Bw))dzdt + /(5(-,T) + B(-, T)w(T))*dx. (C.17)
Q

Q

For the second term in the first integral we have

T d d
Bw)dzdt = 2 )dt
/va(f‘i‘ w)dx /0 (plf w + plyl dt( )

T /4 d
= —/0 (dt (p1&§)w th —(pu)w )dt+ [boundary-terms].  (C.18)

T
d
= _/ (]%Bl + %&(pﬂh)) w?dt + [boundary-terms].
0

Finally we obtain that over the first arc, the coefficient of w? in the integral term of Q is 2+ th/4. It
follows that Q[p](w, £[w]) is a Legendre form.

(iii) We check the uniform positivity condition. Any (w, h) € PC3 is such that w vanishes on the two
first arcs, and since the costate vanishes on the third arc we have that, using y(x,t) = (4 — )¢y ()
on the third arc

Slp. ] (€, w, ) = / / (e, t) + (4 — Der(@yw(t)) dudt + / (€@, T) + her())*da

Q

— /2 (&1(t) + (4 — w(1)2dt + (&(T) + h)2.

(C.19)

This is a Legendre form over L%(2, 3), and so it is coercive iff it has positive values except at 0. If

the value is zero then w(t) = & (t)/(t — 4) so that & vanishes identically and therefore w also, and
h = 0. The conclusion follows. O
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