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Second-order analysis of an optimal control problem in a phase
field tumor growth model with singular potentials and
chemotaxis
Pierluigi Colli, Andrea Signori, Jirgen Sprekels

Abstract

This paper concerns a distributed optimal control problem for a tumor growth model of Cahn—
Hilliard type including chemotaxis with possibly singular potentials, where the control and state
variables are nonlinearly coupled. First, we discuss the weak well-posedness of the system under
very general assumptions for the potentials, which may be singular and nonsmooth. Then, we
establish the strong well-posedness of the system in a reduced setting, which however admits the
logarithmic potential: this analysis will lay the foundation for the study of the corresponding optimal
control problem. Concerning the optimization problem, we address the existence of minimizers
and establish both first-order necessary and second-order sufficient conditions for optimality. The
mathematically challenging second-order analysis is completely performed here, after showing
that the solution mapping is twice continuously differentiable between suitable Banach spaces via
the implicit function theorem. Then, we completely identify the second-order Fréchet derivative of
the control-to-state operator and carry out a thorough and detailed investigation about the related
properties.

1 Introduction

Lots of disclosures have been obtained in the past decades concerning tumor growth modeling: see,
e.g., the pioneering works [12,/13,/46]. The main advantage of a mathematical approach is to be
capable of predicting and analyzing tumor growth behavior without inflicting any harm to the patients,
thus helping medical practitioners to plan the clinical medications.

The phase field approach to tumor modeling consists in describing the tumor fraction by means of an
order parameter ¢ representing the concentration of the tumor, which usually is normalized to range
between —1 and 1. Namely, the level sets {¢ = 1} and {¢ = —1} may describe the regions of
pure phases: the tumorous phase and the healthy phase, respectively. Moreover, the diffuse interface
approach postulates the existence of a thin transition layer {—1 < ¢ < 1} in which the phase
variable passes rapidly, but continuously, from one phase to the other. We assume the growth and
proliferation of the tumor to be driven by the absorption and consumption of some nutrient, so that the
equation for the phase variable, which has a Cahn—Hilliard type structure, is coupled with a reaction-
diffusion equation for the variable o capturing the evolution of an unknown species nutrient (e.g.,
oxygen, glucose) in which the tissue under consideration is embedded.

Letaw > 0, B > 0, and let Q C R? denote some open and bounded domain having a smooth
boundary I' = 02 and the unit outward normal n. We denote by 0, the outward normal derivative
to I". Moreover, we fix some final time 7" > 0 and introduce for every ¢t € (0,7 the sets (Q); =
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P. Colli, A. Signori, J. Sprekels 2

QO x(0,t),QF :==Q x (t,T),and Z; := T x (0,t), where we put, for the sake of brevity, Q) := Qr
and Y := Y. We then consider the following optimal control problem:

(CP)  Minimize the cost functional

b . b . b
(1, p,0), ) :51/ |‘P_%0Q|2+§2/|SO(T)_SOQ|2+§O/ lul? (1.1)
Q 0 Q

subject to the state system

ady+ Orp — Ap = P(p) (0 + X(1 — ¢) — p) — h(p)u inQ@, (12
B — Ao+ F'(p)=pu+Xo in Q, (1.3)
0o — Aog = —XAp — P(p)(c+X(1 —¢) — p) + usy in Q, (1.4)
Onjt = Opp = Ono =0 on X, (1.5)
1(0) = po,  ©(0) = o, 0(0) =09, in (1.6)

and to the control constraint
u = (u1,u) € Unq . (1.7)

Here, the constants by, by are nonnegative, while b, is positive. Moreover, $g and Pq are given
target functions, and the set of admissible controls U.q4 is a nonempty, closed and convex subset of
the control space

U= L>(Q)% (1.8)

The state system (1.2)—(1.6) constitutes a simplified and relaxed version of the four-species thermo-
dynamically consistent model for tumor growth originally proposed by Hawkins-Daruud et al. in [31]
that additionally includes chemotaxis effects. Let us briefly review the role of the occurring symbols.
The primary variables ¢, ;v and o denote the phase field, the associated chemical potential, and the
nutrient concentration, respectively. Furthermore, we stress that the additional term «0; 1 corresponds
to a parabolic regularization for equation (1.2), whereas the term 30; is the viscosity contribution to
the Cahn—Hilliard equation. The key idea behind these regularizations originates from the fact that
their presence allows us to take into account more general potentials that may be singular and pos-
sibly nonregular. The nonlinearity P denotes a proliferation function, whereas the positive constant X
represents the chemotactic sensitivity. Lastly, as a common feature of phase field models, F'is a non-
linearity which is assumed to possess a double-well shape. Typical examples are given by the regular,
logarithmic, and double obstacle potentials, which are defined, in this order, by

Freg(r) = i (1-12)" forr eR, (1.9)
AI+7r)In(1+7r)+ (1 —7r)In(l —7r) —kr* forre(—1,1)
Flog(r) = ¢ 21n(2) — ky for r € {—1,1}, (1.10)
+0o0 for r & [—1,1]
| k(=7 forr € [-1,1]
FObS(T) - { +00 for r g [_1’ 1] ) (111)

where k > 1 and ky > 0 so that Fi,, and Fqp, are nonconvex. Observe that i, is very relevant in
the applications, where F{Og(r) becomes unbounded as » — =1, and that in the case of (1.11) the

DOI 10.20347/WIAS.PREPRINT.2770 Berlin 2020



Second-order analysis in a tumor growth control problem 3

second equation (T.3) has to be interpreted as a differential inclusion, where F”(i) is understood in
the sense of subdifferentials.

In this paper, we take two distributed controls that act in the phase equation and in the nutrient equa-
tion, respectively. The control variable u;, which is nonlinearly coupled to the state variable ¢ in the
phase equation (1.2), models the application of a cytotoxic drug into the system; it is multiplied by a
truncation function h(+) in order to have the action only in the spatial region where the tumor cells
are located. For instance, it can be assumed that h(—1) = 0,h(1) = 1,h(yp) is in between if
—1 < ¢ < 1; see [28,129,/32,[33] for some insights on possible choices of h. On the other hand, the
control us can model either an external medication or some nutrient supply.

As far as well-posedness is concerned, the above model has already been investigated in the case
X = 0in [4,6-8], and in [19] with « = = X = 0. There the authors also pointed out how « and
[ can be set to zero, by providing the proper framework in which a limit system can be identified and
uniquely solved. We also note that in [10] a version has been studied in which the Laplacian in the
equations (1.2)—(1.4) has been replaced by fractional powers of a more general class of selfadjoint
operators having compact resolvents.

For some nonlocal variations of the above model we refer to [21,22,/36]. Moreover, in order to better
emulate in-vivo tumor growth, it is possible to include in similar models the effects generated by the
fluid flow development by postulating a Darcy’s law or a Stokes—Brinkman’s law. In this direction, we
refer to [14,/18,121,123-27,[29,46], and we also mention [30], where elastic effects are included. For
further models, discussing the case of multispecies, we address the reader to [14,21].

The investigation of the associated optimal control problem also presents a wide number of results
of which we mention [9-11}[16}/17,[22,28,[33,/37-41./43,|44]. Notice that, despite the number of con-
tributions, only [16] established second-order optimality conditions under suitable restrictions on the
considered model. In particular, the authors of [[16] avoid considering the chemotaxis effects and allow
only regular potentials to be considered.

In this paper, first we discuss the weak well-posedness of the system (1.2)—(1.6) in a very general
framework for the potentials, which includes all of the cases in (1.9)—(1.11). Then, we turn our atten-
tion to the strong well-posedness of (1.2)—(1.6) in the cases of the regular Fleg and logarithmic Fioe
potentials. This is done in Section |2, while the corresponding optimal control problem is investigated
in the following sections. Section [3|is concerned with the existence of minimizers, then the intensive
and crucial Section [4| establishes the differentiability properties of the control-to-state operator and
contains a number of results on the concerned linearized problems and the basic stability estimates
for the solutions. The last two Sections [5] and [6] treat in some detail the first-order necessary and
second-order sufficient conditions for optimality, respectively. Let us point out that the second-order
analysis is challenging from the mathematical viewpoint and demands to prove that the solution map-
ping is twice continuously differentiable between suitable Banach spaces. By taking advantage of the
regularizing effect due to the aforementioned relaxation terms, we can deal with a complete study of
the second-order analysis, still covering the case of singular potentials and chemotaxis. Moreover, we
are able to identify the second-order Fréchet derivative of the control-to-state operator and investigate
the related properties in a sharp and profound way.

Throughout the paper, we make repeated use of Hoélder’'s inequality, of the elementary Young’s in-
equality

1
ab§5|a|2+5|b|2 Va,beR, Vé>0, (1.12)

as well as the continuity of the embeddings H'(2) C LP(Q) for 1 < p < 6 and H?(Q2) C C°(Q).
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Notice that the latter embedding is also compact, while this holds true for the former embeddings only
if p <6.

Lastly, let us introduce a convention that will be tacitly employed in the rest of the paper: the symbol
small-case c is used to indicate every constant that depends only on the structural data of the problem
(such as T, €, « or (3, the shape of the nonlinearities, and the norms of the involved functions), so
that its meaning may change from line to line. When a parameter § enters the computation, then the
symbol ¢s denotes constants that depend on ¢ in addition. On the contrary, precise constants we could
refer to are treated in a different way.

2 General Setting and Properties of the State System

In this section, we introduce the general setting of our control problem and state some results on the
state system (1.2)—(1.6). To begin with, for a Banach space X we denote by || - || x the norm in the
space X orin a power thereof, and by X* its dual space. The only exeption from this rule applies to
the norms of the L spaces and of their powers, which we often denote by || - ||,,, for 1 < p < +o0.
As usual, for Banach spaces X and Y we introduce the linear space X MY which becomes a
Banach space when equipped with its natural norm ||u||xny = ||u|lx + ||u|ly, for v € X NY.
Moreover, we recall the definition of U and introduce the spaces

H:=L*Q), V:i=H(Q), Wy:={ve H*Q): dyv=0onT}. (2.1)

Furthermore, by (-, -), || - ||, and (-, -), we denote the standard inner product and related norm in
H, as well as the dual product between V" and its dual V' *. For given final time 7" > 0, we introduce
the spaces

Z = HY0,T; H)N L=, T; V)N L*(0,T;Wy), Z:=2ZxZxZ, (2.2)
V= (L*(0,T; H)N L*(0,T;V)) x Z x (L™(0,T; H)N L*(0,T;V)), (2.3)

which are Banach spaces when endowed with their natural norms.

Some assumptions on the data are stated here.

(W1) «, 5 and X are positive constants.

(W2) F' = Fi+Fy,where F; : R — [0, +00] is convex and lower semicontinuous with F;(0) = 0,
and where F, € C'*(R) has a Lipschitz continuous derivative .

(W3) P € C°(R) is nonnegative, bounded, and Lipschitz continuous.

(W4) h € C°(R) is nonnegative, bounded, and Lipschitz continuous.

For the sake of simplicity, we indicate with a common notation
L as a Lipschitz constant for Fyy, P, and . (2.4)

Let us note that all of the choices (1.9)—(1.11) are admitted for the potentials. In fact, the assumption
(W2)|implies that the subdifferential OF} of F; is a maximal monotone graph in R x R with effective
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Second-order analysis in a tumor growth control problem 5

domain D(0F;) C D(F}), and, since F} attains the minimum value O at 0, it turns out that 0 &
D(0F;) and 0 € OF;(0). Now, in the general setting depicted by [(W1)H(W4), we are able to provide
a first well-posedness result for the system (1.2)—(1.6). First, let us present the notion of weak solution

to (1.2)—(1.6).
Definition 2.1. A quadruplet (1, ¢, &, o) is called a weak solution to the initial boundary value problem
if
o€ HY(0,T; H)N L>(0,T; V)N L*(0,T; W), (2.5)
p,o € HY0,T; V)N L>(0,T; H) N L*(0,T;V),
€€ L*0,T; H),

and if (1, p, &, o) satisfies the corresponding weak formulation given by

w¢w+¢m»+Lvaw=[jme+mr—w—mU—Lhwmw

foreveryv € V and a.e. in (0,T), (2.8)
Bowp — Ap+ &+ Fy(p) =p+Xo, &€ 0F(p), aein@, (2.9)
(8ta,v>+/Va~Vv:X/Vgo~Vv—/P(@)(U+X(1—go)—u)v+/u2v
for everyQU € V and a.e. inQ(O, T), " ) (2.10)
as well as
1(0) = po,  ©(0) = o, o(0) =09, ae. infd (2.11)

It is worth noticing that the homogeneous Neumann boundary conditions are considered in the
condition for ¢ (cf. the definition of the space W) and incorporated in the variational equalities
and for 11 and o, when using the forms [, V- Vo and [, Vo - V. Moreover, let us point
out that, at this level, the control pair (u1, us) just yields two fixed forcing terms in and (2:10).
The initial conditions make sense since and ensure that ¢ and fi, o are continuous
from [0, 7] to V and H, respectively.

Theorem 2.2 (Weak well-posedness). Assume that [(WT) hold. Moreover, let the initial data
(1o, o, 00) satisfy

po, 00 € L*(Q), o€ HY(Q), Fi(po) € L'(Q), (2.12)
and suppose that the source terms uq, us are such that
(u1,uz) € L*(Q) x L*(Q). (2.13)

Then there exists at least a solution (u, @, &, o) in the sense of Definition Moreover, if u; €
L>(Q) in addition to (2:13), then the found solution is unique. Furthermore, let (f;, i, &, 04), 1 =
1,2, be two weak solutions to associated with the initial data (11, 0}, ol)), which satisfy
@12), and controls (ui,u) € L>®(Q) x L*(Q), i = 1,2.Then there is a positive constant Cy,
depending only on the data of the system, such that
la(pr = p2) + (1 = @2) || Lo o,y + [V (11 — N2)HL2(O,T;H)
+ |l — 902||Loo(o,T;H)mL2(o,T;V) + [loy — U2||Loo(0,T;H)mL2(o,T;V)

< Ca(llatad — ) + (0 = G + ligh — @3l + g — o)

+ Cd(”“% - U%HL?(O,T;H) + [lug — U%HL?(O,T;H))- (2.14)
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Before entering the proof, let us remark that the above result is very general and includes also the
cases of singular and nonsmooth potentials, such as the double obstacle potential defined by (1.11).
For the dependencies of the constant C';, we invite the reader to follow the proof of the estimate (2.14)
below.

Proof. For the proof of the existence of a solution, we point out that the arguments are quite standard,
since similar procedures have already been used in previous contributions. Thus, for that part, we
proceed rather formally, just employing the Yosida approximation of O F; for our estimates, without
recurring to finite-dimensional approximation techniques like the Faedo—Galerkin scheme.

Hence, we introduce the Yosida regularization of OF7i. For & > 0 let F . denote the Moreau—Yosida
approximation of F} at the level €. It is well known (see, e.g., [2]) that the following conditions are
satisfied:

0< Fi.(r) < Fi(r) forall r € R. (2.15)
FY_ is Lipschitz continuous on R with Lipschitz constant % and Fy _(0) = 0. (2.16)
|[FY(r)| < [(0F1)°(r)| and li{% F (r) = (0F1)°(r), forall v € D(OF). (2.17)

Here, (OF7)° denotes the minimal section of 0F7, thatis, (0F1)°(r) defines the element of (OF)(r)
with minimal modulus.

Next, we are going to prove a series of estimates for the solution to problem (2.8)—(2.10), where
(OFy)(r) is replaced by Fj _ and the inclusion in (2.9) reduces to an equality. Namely, we argue on

Bowp — Ap + F| () + F3(p) = p+Xo ae.inQ. (2.18)
For the sake of simplicity, we still denote by (1, i, §, o), with & = F] _(¢), the solution to the approx-

imated system in place of (u., ., &, 0. ); the correct notation will be reintroduced at the end of each
estimate.

FIRST ESTIMATE: We add the term ¢ to both sides of (2.78) and test by 0,. Then, we take v = v in
(2.8) and v = o in (2.10). Moreover, we add the resulting equalities and, with the help of a cancellation,
we deduce that almost everywhere in (0, 7") it holds the identity

1d
337 (P + lelfy +2 | Fucto) + 1ol
=9l + Bl + 190l + [ Ple)n—op
= /XP(w)(l—w)(u—a)—/ﬂl(w)ulu+/><aatso
Q Q Q
—l—/(go—Fé(gp))@tgp%—X/Vgo-Vo%—/uQa:: I
Q Q Q

Note that the last term on the left-hand side is nonnegative due to [(W3)] Then, we can integrate the
above inequality over [0,t] for t € (0,71, using the initial conditions (2-17). We point out that the
quantity

allpoll® + llpolly + 2/ Fi.(¢0) + ||loo]|*  is bounded independently of €,
0
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Second-order analysis in a tumor growth control problem 7

thanks to (2.72) and (2.15). Next, owing to the boundedness and regularity properties of P, h and F,
and by Young’s inequality, it is straightforward to infer that

‘ 1
[ 16 as <XUPLe [ (U6l 4 1)+ Sl | (il + 1)

Q1

5 X2 s
w5 [0l + 5 [ 1of+ 5 [ ol ve [ 1 jol)
Qt p Q¢ Q¢ t

1 2 X2 2 1 2 2
+3 Vol +5 IVl +3 (Jual” + o)
Qt Q¢ Q1

< [ (Gl + 5 19o(s)17) ds + ¢

t
+ c/o (oI + ) + o ()P + lur()I* + lluz(s)?) ds,
so that it suffices to apply Gronwall’s lemma to conclude that

H/%”L"O(O,T;H)OLQ(O,T;V) + HSOs||H1(0,T;H)mL°°(0,T;V)

1/2
+ 1 Fre ()12 oy + o]

Loo(0,T;H)NL2(0,T;V) < C. (2.19)

SECOND ESTIMATE: Now, owing to (2.19), from a comparison of terms in the variational equalities

and it follows that
10t 20,30 +y + || Or0el| L20,mv+) < e (2.20)

In fact, arguing for instance on (2.8), and taking advantage of (W3)|[W4)} (2.13) and (2.19), we have
that for a.e. t € (0,7") and for every v € V it holds

[(@du(t), v)] < @] o]l + V()| ]
+e(lo@ll+ @l + 1+ @I el + el @ o]
< c(|ae(®)ll + @) + 1) o]y

Thus, dividing by ||v||y- and passing to the superior limit, we readily have the bound for ||, /4(t)]|v~
in terms of ¢(||0pp(t)|| + [|u1(t)|| + 1). Then, by squaring and integrating over (0,7"), we deduce
for O;p1. The corresponding property for 0,0 can be obtained in a similar way from (2.10).

THIRD ESTIMATE: We rewrite (2.18) as

—Ap+ F| (p) = p+ Xo — B — Fy(p) = [, (2.21)

almost everywhere. Due to and the Lipschitz continuity of £, we infer that f,, is uniformly
bounded in L?(0, T'; H). Hence, we can test by F] () and integrate by parts in the first term,
taking advantage of the homegeneous Neumann boundary condition and obtaining a nonnegative
contribution. Thus, by a standard computation it turns out that £ _(¢) is bounded in L*(0,T’; H)
independently of €. Then, by comparison in and thanks to the elliptic regularity theory, we finally
derive that

HFl/vE((’DE)HL2(O,T;H) + HSOEHLQ(O,T;WO) <c. (2.22)
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PASSAGE TO THE LIMIT: Denote now by (1., ., o) the triplet solving the problem (2:8), (2-18), (2-10),
(2.11) with the regularity (2.5), (2.6). Then, in view of the estimates (2.19), (2.20), (2.22), which are
independent of €, by weak and weak-star compactness it turns out that there are i, ¢, o and & such
that

e — p1 weakly starin H'(0,T;V*) N L>*(0,T; H) N L*(0,T;V), (2.23)
@. — @ weakly starin H'(0,T; H) N L>(0,T; V)N L*(0, T; W), (2.24)
o. — o weakly starin H'(0,7;V*) N L>(0,T; H) N L*(0,T;V), (2.25)
F{ (pe) = & weaklyin L*(0,T; H), (2.26)

as € \, 0, possibly along a subsequence. By virtue of (2.23)—(2.25) and the Aubin-Lions lemma (see,
e.g., [42, Sect. 8, Cor. 4]), we deduce that y. — i, . — ¢, 0. — o, all strongly in L2(0,7T'; H).
Then, we can pass to the limit in the variational equalities (2.8), and also in (2.18), in order
to obtain the equality in (2.9). The nonlinearities P(¢.), h(p.), F5(p-) can be easily taken to the
limit, because of the Lipschitz continuity of the involved functions and of the strong convergence of
we to @ in L*(0,T; H). In addition, the inclusion in results as a consequence of and
the maximal monotonicity of OF}, since we can apply, e.g., [1, Lemma 2.3, p. 38]. Finally, the initial
conditions can be readily obtained by observing that (2.23)—(2.25) imply weak convergence in
C°([0,T); H) (actually, even strong for ¢. to ).

As for uniqueness, it suffices to show that is fulfilled for weak solutions. In fact, if we let
(1i, i, &, 04), 1 = 1,2, denote two different weak solutions to (1-2)—(7.6) associated with the same
initial data (14, o, 00) and control variables (u1, us), then we derive that holds with the right-
hand side equal to zero, so that w1 = @9, (11 = o, & = &, 01 = 09, whence the uniqueness
follows.

CONTINUOUS DEPENDENCE ESTIMATE: Now, recalling the notation in the statement of the theorem,
we set, forz =1, 2,

=y — flo, Q=1 —p, §:=& —&, 0:=0 — 03,
o 1 2 o 1 2 1 2
Ho ‘= Mg — Hg, Po = Py — Pg, 0o := 0g — Og,

U 1= uzl — u?, R; = P(pi)(0i + X(1 — ;) — ps), Ty := (),

and consider the difference of the equations in (2.8)—(2.11) to infer that

(O(ap + ), v /Vu Vv = / Rwv —/ ((hy — Thy)uj + houy v

for every v € V and a.e. in (O, T), (2.27)
Bowp — Ap+ &+ (Fy(p1) — Fy(p2)) = pn+ Xo ae.in@, (2.28)
(00, v) + /VJ Vv =X /ch Vv—/Rv—i—/ugv

for every v € V and a.e.in (0,7, (2.29)
1(0) = po,  ©(0) = o, (0) =09, ae.infl, (2.30)

where

R:=Ri — Ry = (P(1) — P(p2))(01 + X(1 — 1) — 1) + Plg2)(0 — Xop — p).
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Second-order analysis in a tumor growth control problem 9

We take v = a1 + @ in (2.27), test (2.28) by (X* + i)gp and let v = ¢ in (2.29). Then, we add the
resulting equalities and integrate over (0, ¢) and by parts to obtain that

! :
et @O +a | [9a+ 507+ Dl
1
£+ ) [ 19el 40+ ) [ o lol+ [ (TP
t Q1

DN | —

Qt
(lewo + woll” + BOC + Hllgoll? + looll?) — / ViV
Qt

+/tﬁf(au+¢—a)—/t(hl—hz)u%(auw)—/ hous (i + @)

t

BN / (Fio1) — Fy(a))g + (0 + 1) / Lapt o)

t

1
—a(x2+§) |go!2+(x2+§)x/ op+ X V(p-VJ+/ Uyor (2.31)

Qt t Qt t

for a.e. t € (0,7, where we also used that ;1 = L(au + ) — L. Observe that all of the terms
on the left-hand side are nonnegative; in particular, the fifth is nonnegative thanks to the monotonicity
of OF}. Next, we denote by [, ..., I1; the eleven terms on the right-hand side of (2.37), in the above
order, and estimate them individually. Using the Young inequality, we infer that

L+ I + To < c(flapo + pol® + ol + llooI?)
1 @ 1
w500+ d) [ wep S [ vap g [ voP

and here the last three contributions on the right-hand side can be absorbed on the left-hand side of

(2.31). We also immediately observe that Is < 0. Moreover, with the help of (W2), (W4), and recalling
(2.4), we deduce from Young’s inequality that

Lt I < Ll [ Tellor+ol + alle [ Junllage+ ]
Qu

Qt

< / (g + ol? + [ + )
Q¢
as well as

I+ Iz + 1o+ I
1
<20+ 3) [ o408+ 3) [ (auct ol + 1)
Q¢ « Q¢
X 1
+5048) [ (0P +1eP)+5 [ (fual +1oP)

<e / (ol + lag + o + [of? + [us]?).

It remains to estimate /3. Using the boundedness and Lipschitz continuity of P, the Holder and Young
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inequalities, and the continuous embedding V' C L*(£2), we find that
< [ el +x+ Xl + i) + 4 + lo)
¢
+ 1Pl /tha' +glap+ ol + (X+ Dol (lan+ ol + o)
< C/Otl\w(S)\l4(!!01H4 + llealla + [lealla) (s) (lage + @l + llol)(s) ds

+fAnwﬁmmM+wHWﬂM@@+c/wa+mM+@%Hw%

Qt

t t
<8 [Nl ds+cs [ (ol -+ ol + ol o+ oIF + o1 s) s
s [ o +lan+ 0P +10P),

for a positive 0 to be chosen, for instance, less than or equal to +(X? + 1). Since (111, 1,1, 01) is
a weak solution to (1.2)—(1.6) in the sense of Definition it follows that the function

t= (lon @I + eI + @)

belongs to Ll(O, T'). Hence, we can collect all the above inequalities and apply the Gronwall lemma
to finally derive the estimate (2.14). O

Since the control problem introduced above will demand strong regularities, we also prove the exis-
tence of strong solutions (i.e., regularity results for our weak solutions) to the system (1.2)—(1.6) under
further assumptions. In this direction, in addition to we postulate that:

(S1) F =F, + Fy; F; : R — [0, +00] is convex and lower semicontinuous with ~ F7(0) = 0;
F, € C°(R), and F} is Lipschitz continuous on R.

(S2) There exists an interval (r_,ry) with —co < r_ < 0 < ry < 400 such that the
restriction of I} to (r_,r, ) belongsto C°(r_,ry).

(S3) ltholds lim,,,, F'(r) = +oc.

(S4) P,h e C3(R)NW**(R), and h is positive on (r_, 7, ).

Observe that entails that P, P’, P”,h,h/, " are Lipschitz continuous on R. Moreover, let us
remark that the above setting allows us to include the singular logarithmic potential and the
associated quartic approximation (1.9), but it excludes the double obstacle potential (1.11), which
cannot be considered in the framework of [[S2)H(S3)} Furthermore, the prescribed regularity for the
potential F’ entails that its derivative can be defined in the classical manner so that we no longer need
considering a selection £ in the notion of strong solution below. Moreover, it will be useful to set, for a
fixed R > 0,

U := {u = (u1,us) € L%(Q)*: |Jull < R}. (2.32)

Under these conditions, we have the following result concerning the well-posedness of the state sys-
tem (7.2)—(7.6), where the equations and conditions have to be fulfilled almost everywhere in ().
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Theorem 2.3 (Strong well-posedness). Suppose that the conditions [[WT), [(S1)H(S4), and (2.32) are
fulfilled. Moreover, let the initial data fulfill

fo,00 € H'(Q) N LX(Q), o € Wy, (2.33)
as well as
r_ < min py(x) < max @g(r) < ry. (2.34)
€ e

Then the state system (1.2)—(1.6) has for every u = (uy1,us) € Ug a unique solution (i, v, o) with
the regularity

pe HY0,T; H)n C°([0,T); V) N L0, T; Wo) N L¥(Q), (2.35)
w € W0, T, H) N H'(0,T; V) N L®(0,T; Wp) N C°(Q), (2.36)
o€ H(0,T; H)n C°([0,T); V) N L*(0,T; Wy) N L=(Q). (2.37)

Moreover, there is a constant K1 > 0, which depends on €),T", R, v, 5 and the data of the system,
but not on the choice of u € Ug, such that

| 12l e 0,7 YN0 (0. 735v )N L2 (0,W0) L (@)
+ HSOHW1’°°(07T;H)QH1(O,T;V)QLOO(O,T;WO)OCO(@)
+ |||l &1 0,0 m)nco (o, 1)Lz (0, W)L (@) < K (2.38)

Furthermore, there exist two values ., r*, depending on 2,'T", R, o, 3 and the data of the system,
but not on the choice of u € Ug, such that

r_<r, <ox,t)<r*<ry forall(z,t)€Q. (2.39)
Also, there is some constant K, > 0, with the same dependencies as K, such that

max (PO ) + max, 076 <)

i=0,1,2,3 i=0,1,2,3
(@)
+ i=01,111,22%?3i4,5 HF (90)||L00(Q) < K. (2.40)

Finally, fori = 1,2, let (u;, i, 0;) be a strong solution to (1.2)—(1.6) associated with the initial data
(b, 0, ob) satistying ([@-33)—(2.34) and the controls u' = (u},ub) € Ug. Then, there is a positive
constant C'p, depending only on data, such that

||M1 - M2HHl(o,T;H)mLoo(0,T;V)mL2(o,T;Wo) + ||€01 - 902||H1(O,T;H)mLoo(o,T;V)mLQ(o,T;WO)

+ |lo1 = o2l 10,15y Lo (0,13 L2 (0,75W)
< Co (15— llv + b — @Bllv + log — Bl + [0~ @ o) @41

Remark 2.4. (i) The separation property is particularly important for the case of singular po-
tentials such as Fj,. Indeed, it guarantees that the phase variable always stays away from the critical
values r_,r, that may correspond to the pure phases. In this way, the singularity is no longer an
obstacle for the analysis; indeed, the values of ¢ range in some interval in which £ is smooth.

(i) Notice that (2.34) entails that F()(p,) € C°(Q) fori = 0,1,...,5. This condition can be
restrictive for singular potentials; for instance, in the case of Flog we have r1 = =1, so that (2.34)
excludes the pure phases (tumor and healthy tissue) as initial data.
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Notice also that, owing to Theorem 2.1, the control-to-state operator
S:u=(uy,uz) — (u,p,0)

is well defined as a mapping between U = LO"(Q)2 and the Banach space specified by the reg-
ularity results (2.35)—(2.37). Actually, the control-to-state operator & may be well defined just after
Theorem but the notion of weak solutions proposed there (cf. Definition would not suffice for
the investigation of the optimal control problem (CXP).

Proof. Again, we proceed formally, but still using the Yosida approximation Fl’,a, at least in the first part
of the proof. Of course, we take for granted all the estimates already done in the existence proof for
Theorem and start now with additional estimates independent of €. To avoid a heavy notation, we
proceed as in Theoremand use the simpler notation (i, ¢, o) for the variables of the approximated
system instead of (1., ¢e, 0¢ ), while we will reintroduce the correct notation exhibiting the dependence
of € at the end of each estimate.

FIRST ESTIMATE: We rewrite the variational equality (2.8) as
(O, v) + / V- Vo = / fuv foreveryv € Vandae.in (0,7), (2.42)
Q Q

where f, := —0ip+ P(p)(0 +X(1 —¢) — ) —h(p)u, is already known to be uniformly bounded
in L2(0,T; H) by @19). As 1(0) = pq is now in H'(Q), it follows from the regularity theory for
parabolic problems (see, e.g., [35]) that

| e || 2 0,7 1) Low (0,73 )N L2 (0,75 W) < € (2.43)

and (2.42) can be equivalently rewritten as the equation (1.2) along with the Neumann boundary
condition d,it = 0 a.e. on X. Next, recalling also (2.22) and arguing similarly for the variational
equality (2.10), rewritten as

(00, v) +/QV0* Vv = —/Q(XAgp + P(p)(oc+X(1 =) —p) —uz)v

forevery v € V and a.e.in (0,7,

we also deduce that

o< || e (0,712 (0,13 L2 0,1 W0) < C- (2.44)

Hence, (1.4) holds a.e. in (7, and all of the boundary conditions in (T.5) hold a.e. on .
SECOND ESTIMATE: We formally differentiate (2.18) with respect to time, obtaining

BO(0rp) — A(Opp) + FY . (0)0sp = Oyt + X0so — Fy (¢)Op =: g, (2.45)

where g,, is bounded in L?(0, T'; H) independently of &, on account of 2.43), (2.44), (S1), and (2-19)
(indeed, F is globally bounded on R). Then, multiplying (2.45) by 0 and integrating over 2 and by
parts, we find that

6 d

S0l £ 190l + [ FL@I0E < ool aein(©T), (a9
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Second-order analysis in a tumor growth control problem 13

where the third term on the left-hand side is nonnegative owing to the monotonicity of Fl/,a' Now, we
aim to integrate (2.46) with respect to time. Note that taking ¢ = 0 in (2.18) produces

95p(0) = 5(Apo — F; (o) + o + X a9 — F3(0)),

where the right-hand side is bounded in H by virtue of (2.17), (2.33),(2.34), and[(S1)| Hence, we can
integrate (2.46) over [0, t], with ¢ € (0, T'], to conclude that

|02 lwro0 0,7y (0.737) < € (2.47)

THIRD ESTIMATE: We come back to the elliptic equation (2.21) and observe that now we have at
hand that f, is bounded in L>(0,T; H). Then, arguing similarly as in the proof of (2.22), using
monotonicity and elliptic regularity theory, we easily infer that

1E7 ()l Loeoitry + [lpell Lo,y < ¢ (2.48)
so that the continuity of the embedding W, C C°(Q) entails that

[pell Lo (@) < c. (2.49)

FOURTH ESTIMATE: Next, we consider the parabolic equation (1.2), written as

adyt — Ap = =0 + P(p) (0 + X(1 — ) — p) — h(p)ur = f,

and observe that now, thanks to (2.47), we have that 0, and consequently fu’ are bounded in
L>(0,T; H). Moreover, we recall (2.33) and note that zp € L°°(£2), in particular. Thus, we can
apply the regularity result [34, Thm. 7.1, p. 181] to show that

el =@y < c (2.50)

With similar arguments we can easily obtain the same property for the nutrient variable. In fact, it
suffices to rewrite (1.4) as a parabolic equation with forcing term

fo==XAp + P(p)(c +X(1 = ¢) — i) + ug,

and notice that (2.48) allows us to infer that A, and thus f,,, are bounded in L>°(0,T’; H). Hence,
we can apply the same argument to conclude that

o]z (@) < c. (2.51)

Now, we collect the estimates (2.43)—(2.44), (2.47)—(2.51) and point out that they still hold for the
real solution (1, ¢, o) when passing to the limit as € N\, 0, because of the weak or weak star lower
semicontinuity of norms. Then, we realize that indeed the global estimate in the statement
has been proved, with the observation that L>°(Q) for ¢ is replaced by C°(Q), since this continuity
property is actually ensured by

@ € W0, T; H) N L™®(0,T; W)

and the compact embedding W, C C’O(ﬁ) (see, e.g., [42, Sect. 8, Cor. 4]).
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SEPARATION PROPERTY: At this point, the equation holds for the limit functions, with the datum
F' = F| + F} asin|(S1) and with the right-hand side bounded in L>°(Q). Thus, there exists a
positive constant C', for which

||[L—|—XU||LOQ(Q) < (.. (2.52)

Moreover, the condition (2.34) for the initial ¢y and the growth assumption [[S3)|imply the existence of
some constants r, and 7* such that r_ < r, < 7* <r, and

re < infesspo(z), r* > supesspo(z), (2.53)
z€Q zeQ
F'(r)y+C. <0 Yre(r_,r.), F'(r)—C.>0 Vre(r,ry). (2.54)

Then, let us multiply (T.3) by v = (¢ — r*)* — (¢ — 7.)~, where the standard positive (- )™ and
negative (- )~ parts are used here. Then, we integrate over ); = €2 x (0, 1), for t € (0, 7], and with
the help of (2.52) deduce that

g
Sl + [ oo

- [ @ eaxm-or [ o= P
QeN{p<ry}

Qin{p>r*}

S /Qtﬂ{tp<r*}<F,<80) + O*)(T* B 80) T / (C* - F,(SO))(SO - T*>,

Q:N{p>r*}

where we also applied (2.53) to have that v(0) = 0. Note that the right-hand side above is nonpositive
due to (2.54), so that v = 0 almost everywhere, which in turn implies that

re <@ <r" ae.in@. (2.55)

Then, (2.39) is proven, and, at this point, the assumptions|(S1)H(S4)|enable us to directly deduce (2.40).

On account of the above regularity, the separation property, and the assumptions we are
now in a position to show the refined continuous dependence estimate given by (2.41). In this direction,
we employ the notation introduced in the proof of Theorem and consider the system of the differ-
ences (2.27)—(2-30). Notice that we now have that F is differentiable, so that £+ (F5 (1) — F5(v2)) =
F'(p1) — F'(¢2). Moreover, let us remark that due to the separation property and to the rein-
forced assumptions [(S1)H(S3)| it follows that £ is Lipschitz continuous in the range of the occurring
arguments.

FIRST ESTIMATE: We test (2.27) by u, (2.28) — to which we add the term ¢ on both sides — by 0,
as well as (2.29) by o. Then, we sum up and integrate over (); and by parts. With the help of the
cancellation of two terms we deduce that

a 1 1
St + [ 19uP 48 [ 106+ Sle@lE + Slo@lF + [ Vo
o7 oF Q1

(@llall + lolfy + ool + | Rtu=) = [ 1 = byl

t t

—/ hwm—/ (F’(wl)—F/(wz)—so)é’tsOJr/ [10;p

t t t

N | =

ch-V0+/ ugo =: Iy + ... + Ig.

+X/ 0@t<p+X
t Q1 t
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Using the Young and Holder inequalities, the Lipschitz continuity and boundedness of P along with
the strong regularity (2.38) of the solutions, we infer that

I < L/ [el(los ] + X+ Xlpa| + [pa]) (|l + |o )
Qi
+||PHoo/Q(|0\+X|<P’+|MD(W+|U|)

t
< ¢ (o1 mgy + 1+ lorloiey + it Biei) / lo(s)|? ds
e / (ul + o + [o]?).
Qt
Recalling (2.32), we have that

I3 < 0 Ih(p1) — h(p2)] [ug] p]

<L [ e k)l Do) s < 55° [ (il + 1),

Moreover, it is easy to see that

5
Lef (P vluP) B[ P [ o
Q1 Qt Qu

vt < [ el e [ Q1o

1
<y [ woPe [ Vel f<e [ (of + fusP)
Q¢ Q¢ Q¢

Hence, we can collect the inequalities and apply the Gronwall lemma to infer that the differences
satisfy

HMHLO@(O,T;H)mL?(o,T;V) + ||S0HH1(0,T;H)0LOO(0,T;V) + ||UHL<>O(0,T;H)0L2(0,T;V)
< c([[uoll + llwollv + llooll + lurll 20,y + w2l z20.7:m))- (2.56)

SECOND ESTIMATE: By exploiting the ellipticity of equation (2.28), the Lipschitz continuity of ", along
with the above estimates, it is straightforward to derive that

el 2202wy < e lpoll + llvollv + llooll + [[urllLz.rm) + lluallz20.2:m))- (2.57)

THIRD ESTIMATE: We argue in a similar way as in (2.42) and rewrite (2.27) as a parabolic variational
equality for u = p1 — o with source term given by

fu = =0+ (P(p1) — Ppa)) (o1 + X(1 — 1) — 1) + P(p2)(0 — Xep — p)
— (hy — Thy)u] + houy.
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On account of (2.38) and the above estimates, we easily deduce that

1 full 20.2:ry < e (llpoll + llspollv + llooll + lluall 20,2 + llzll 220 2 )-

Hence, observing that p(0) = pg = ué — ,u% is in HI(Q), we can readily infer from the parabolic
regularity theory (see, e.g., [39]) that

HMHHl(o,T;H)mLoo(o,T;V)mL2(0,T;WO)
< c([Jmollv + lleollv + llooll + lluillz2o,m:m) + w2207 )- (2.58)

FOURTH ESTIMATE: Arguing in a similar manner for the equality (2.29), we infer that the right-hand
side can be rewritten as [, f,v, with

fo = =XAp = (P(¢1) = Pp2)) (01 + X(1 = 1) — 1) = P(p2)(0 = Xep — 1) + ua.

Note that || f,|| .2(0,r. 1) is again already bounded as above and o(0) = oy = o — o is in H' (),
so that

o\l 1 0,750 25 0,0y L2 0,75w0)

< c(llmoll + llgollv + lloollv + llurllc2 o) + lluall2ozm))- (2.59)
By collecting (2.56)—(2.59), we finally conclude the proof of the assertion. O

3 Existence of a Minimizer

Now that the well-posedness results for system (1.2)—(1.6) have been addressed, we can deal with
a corresponding optimal control problem, where the source terms u; and w9 act as controls. In this
direction, we require that the cost functional J is defined by (1.1) and that the following assumptions
are fulfilled:

(C1) by, by are nonnegative constants, and by is positive.
(C2) Po € L*(Q)and g € L*(Q).

(C3) Uwa={u=(u,u2) €Uy, <u; <u; ae.in@, i=1,2},
where u,, u; € L*>(Q) satisfy u; < u; ae.in Q,i=1,2.

Notice that U,q is a nonempty, closed and convex subset of U = L>(Q)?. In the following, it will
sometimes be necessary to work with a bounded open superset of U,4. We therefore once and for all
fix some R > O such that Ur D U.q, where Uy, is defined by (2:32). The first result for (CP) concerns
the existence of a minimizer, where the proof readily follows from the direct method of calculus of
variations, along with weak and weak star compactness arguments.

Theorem 3.1 (Existence of minimizers). Assume that[(WT)] [ST)H(S4)} (2-33), (2.34), and[[CT)H(C3)|

hold true. Then the minimization problem (CP) admits a minimizer.
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Proof. Atfirst, let us notice that  is nonnegative, so that we can pick a minimizing sequence {u,, },eny C
U,q with the corresponding sequence of states {(fin, ¥n, o) }nen to have

ILm I((tn, on,0n),u,) = inf J(8(v),v) >0,

vEUaq

where 8(v) denotes the state corresponding to the control v. Furthermore, by combining the esti-
mates (2.38)—(2.40), which are uniform with respect to n, with the structure of U,q, it is a standard
matter (upon extracting a subsequence that we do not relabel) to infer the existence of limits 1 € U..4
and f, @, o such that, as n — oo,

u, — u weakly starin L>(Q)?,

tn — 11 weakly starin H*(0,T; H) N L>(0,T; V)N L*(0,T; Wy) N L=(Q),
0, — P weakly starin W1(0,T; H) N HY(0,T; V)N L>(0,T; Wy) N L>®(Q),
0, — @ weakly starin H'(0,T; H) N L>(0,7;V) N L*(0,T; Wy) N L*>°(Q),

and, by the compactness of the embedding W, C Co(ﬁ), also that (see, e.g., [42, Sect. 8, Cor. 4]),
©on — @ strongly in C°(Q).

It is then a standard matter to pass to the limit in the formulation (1-2)—(1-6) written for (14,,, ©n, 04)
and u,, to conclude that (iz, 5, @) = 8$(u), and then to exploit the weak lower semicontinuity of J to
derive that U is a minimizer for the optimization problem (CP). O

4 Differentiability Properties of the Solution Operator

We now discuss the Fréchet differentiability of S, considered as a mapping between suitable Banach
spaces. To show such a result, it is favorable to employ the implicit function theorem, because, if
applicable, it yields that the control-to-state operator automatically inherits the differentiability order
from that of the involved nonlinearities. The technique employed here is an adaptation of that used
recently in [43] in a similar context. For the reader’s convenience, we give the details of the argument.
For this, some functional analytic preparations are in order. We first define the linear spaces

X = Xx)~(><X, where
X = HY0,T; H) N C°([0,T}; V) N L*(0, T; Wo) N L¥(Q),
X = Wh(0,T; H) N HY(0,T; V)N L=(0,T; W) N C°(Q), (4.1)

which are Banach spaces when endowed with their natural norms. Next, we introduce the linear space

Y= {(,p,0) € Xt adyu+ o — Ap € L=(Q), By — Ap — pe L=(Q),
o — Ao+ XAp € L™(Q) }, (4.2)

which becomes a Banach space when endowed with the norm

(s 0, 0)ly =1 (1t, 0, 0) |l + (|0 + Orp — Aptl| oo (@) + |B0ip — A — pil| = (@)
+ || — Ao 4+ XAp|| L= (o) - (4.3)
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Finally, we fix constants 7_, 7, such that
ro< T < <t < <1y (4.4)
with the constants introduced in (S2) and (2.39). We then consider the set
= {(n,p.0) €Y7 <z, t) <7y forall (z,t) € Q}, (4.5)

which is obviously an open subset of the space Y.

We first prove an auxiliary result for the linear initial-boundary value problem

adi+ 0o — Ap = M [P(@) (0 — Xoo — p) + P'(@) (@ + X(1 = D) — )¢ — (D) Uy ¢]

— Xh(P)hy + A3f1 in Q, (4.6)
Bop —Ap —p = M [Xo = F'(@)p] + Asfz in @, (4.7)
07 — Ao+ XAg = M [~P(@)(0 — X¢ — 1) — P@)@ + X(1 - F) — )]

+ Xoho + A3fs  in Q, (4.8)
Onft = Opp = Opo = 0 on X, (4.9)
1(0) = Mpo, ©(0) = Ao, 0(0) = M\op, in (4.10)

which for Ay = Ay = 1 and A3 = A\, = 0 coincides with the linearization of the state equation at
((uy,ws), (1, P, 7)). We will need this slightly more general version later for the application of the
implicit function theorem. To shorten the exposition, we introduce the Banach space of the initial data

satisfying (2.33), which is given by
N :={(1o, po, 00) : o, 00 € H'(Q) N L>2(2), ¢o € Wi}, (4.11)
endowed with its natural norm.

Lemma 4.1. Suppose that A\, Ao, A3, Ay € {0, 1} are given and that the assumptions |(W1), [(S1)

(S4)| and (2.32)—(2.34) are fulfilled. Moreover, let  ((uy,u2), (7, ®,0))
€ Ug x P be arbitrary. Then the linear initial-boundary value problem (4.10) has for every

(hi,hy) € L®(Q)* and (f1, fo, f3) € L=(Q) x (H'(0,T; H) N L=(Q)) x L™(Q) a unique
solution (i, p, o) € Y. Moreover, the linear mapping

((hlv h2)7 (fla f27 fS)v (NOa ©0, 00)) = (N: P, 0)
is continuous from L®(Q)* x (L®(Q) x (H(0,T; H) N L=(Q)) x L=(Q)) x N into Y.

Proof. We use a standard Faedo—Galerkin approximation. To this end, let {\x}ren and {ey}ren
denote the eigenvalues and associated eigenfunctions of the eigenvalue problem

—Ay+y=Xy inQ, dhy=0 onT,

where the latter are normalized by ||ex]| = 1 for all & € N. Then {e}ren forms a complete
orthonormal system in H which is also dense in V. We put V,, := span{ey,...,e,}, n € N,
noting that J,,cy Vi is dense in V. We look for functions of the form

n

(e, t) = D07 (). pale,t) =D v Wex(e), oue ) =Y w Wex(x).
k=1 k=1

k=1
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that satisfy the system

(@0upin(t),v) + (Oepn(t), v) + (Vin(t), Vo) = (2m(t), v), (4.12)
(BOon(t),v) + (Veu(t), Vu) — (un(t),v) = (2n2(t),v), (4.13)
(Oron(t),v) + (Vou(t), Vo) — X(Veu(t), Vv) = (z,3(t),v), (4.14)
tn(0) = MPriio,  ©n(0) = MPrpo, 0,(0) = MP00, (4.15)

for all v € V,,, and almost every t € (0,7'), where P, denotes the H'(§2)-orthogonal projection
onto V,,, and where

Zn1 = M [P(@)(0n — Xon — p1n) + P(@)(T + X(1 — ) — )n, — L' (D) W1 5]

— X (@) hy + A3 fi, (4.16)
Zna = M [Xon — F"(@)en] + As3fa,
2s = M [=P(@)(00 — Xn — ptn) = P'(@) (@ + X(1 - B) — W)

+ Aoha + Aafs . (4.18)

Insertion of v = e, for k € N, in (4.72)—(4.74), and substitution for the second summand in (4.12) by

means of (4.13), then lead to an initial value problem for an explicit linear system of ordinary differential

; (n) (n) (n) (n) _ (n) (n) . ; .
equations for the unknowns p; 7, ..., pn ",0; /..., Un ,W; ', ..., Wy, in which all of the coeffi
cient functions belong to L>°(0, T"). Hence, by virtue of Carathéodory’s theorem, there exists a unique
solution in W1°(0, T'; R3") that specifies the unique solution (fi,,, pn, 0,) € WH(0,T; Wy)? to
the system (4.12)—@.15), for n € N.

We now derive some a priori estimates for the Faedo—Galerkin approximations. In this procedure,
C; > 0,4 € N, will denote constants that are independent of n € N and the data ((f1, fo, f3),
(110, ¥0, 00)), while the constant M > 0 is given by

M =g [[(hy, ho) |l oo (@2 + A3 l[(f1s f2r f3) lLoo (@) x (m (0,73 H)NL> (@) x L (Q)
+ A4 || (105 @0, 70) |- (4.19)

Moreover, (fi,,5) € ®, and thus it follows that i,& € L>(Q) and 3, h(9),h'(p), P(¥),
P'(p), F"(p) € C°Q). Hence, there is some constant C; > 0 such that, for a.e. (z,t) € Q
and foralln € N,

(Izna] + |znal + [2n3]) (z,1) < Cr (Ma(pn] + |nl + lon]) (@, 1) + Aa(|Pa] + |ha]) (2, 1)
+ X3([f1] + | fol + | f3]) (2, 1))
< Cy (M(pa] + [on| + |on]) (2, ) + M). (4.20)

FIRST ESTIMATE: We insert v = p,(t) in @#12), v = Owp,(t) in @I3), v = 0,(t) in @T4) and
add the resulting equations, whence a cancellation of two terms occurs. Then, we add to both sides of
the resulting equation the same term 34 ||, (¢)[|? =(¢.(t), Orpn(t)). Integration over [0, 7], where
7 € (0,71, then yields the identity

3 Ol @I+ lon N HIouI) + [ (Tl #1900 + 5 | forea
= 5 (@lPasol? + IPaall + [Bacol?) + [ Gtz ()t + [ alt),nle)
+/OT(zn2(t) + ©n(t), Oppn(t)) dt + X/OT(Vgon(t),Van(t))dt =: ZI (4.21)
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with obvious notation. We estimate the terms on the right-hand side individually. First observe that, for
alln e N,

I < Cy A7 || (Pruptos Prspo, Proo) [y sy < Co AT (10, 905 00) 3y wy < Co M2 (4.22)

Moreover, by virtue of (4.20) and Young’s inequality, we deduce that

]2 + ]3 S 03 M2 + 04/ (|,un|2 + |(pn|2 + |O'n|2) . (423)
Likewise, it results that
B C C
L5 | 10wl + Z M2 2 | (lual + loalP +loul) . 424)
Q- s 8 Ja.
Finally, we have that
X g, 1 2
I < — [ Veu* +5 [ Vol (4.25)
2 Jq, 2Jq.
Combining the estimates (4.21)—(4.25), we have shown that

1 1 3
3 O+ ln 4 I7aIE) + [ (9l + 5190) + 5 [ il

< M2 G / (I (O + on(ONZ + llon(®)]) d.

Therefore, invoking Gronwall’s lemma, we conclude that

HﬂnHLoo(o,T;H)mLZ‘(o,T;V) + HSOnHHI(O,T;H)nLoo(mT;V)
+ |lonll Lo (0,1 m)nL2 0,1y < CoM ¥n € N. (4.26)

SECOND ESTIMATE: Next, we insert v = 0, (t) in (4.12) and integrate over [0, 7|, where 7 € (0, T,
to obtain the identity

1 T
319 + o [ o o] a
2

= S IVPl + [ G0 B ()t = [ (Oupnle). Ot .

Applying Young’s inequality appropriately and making use of (4.20) and (4.26), we conclude the esti-
mate

||Nn||H1(0,T;H)mLo<>(o,T;v) < CioM VneN. (4.27)

THIRD ESTIMATE: At this point, we insert v = —Au,,(t) in (@12) and v = —Ag,,(¢) in @#13), add,
and integrate over [0, 7], where 7 € (0, T'|. We then obtain that

NI + D Il + / 1A (B dt + / | A, (1) dt
a\?
-
- / (tin(t) + za(8), A (1)) di

ﬁ)\Q T
VP, g0l + 74||V1P’nso()||2 —/ (2n1(t) — Orpn(t), Apn(t)) dt
0
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whence, using (4.20), (4.26), (4.27) and Young’s inequality,

T
| 12m®I + 180,0I) &t < Cuds?® ¥neN (429
0

Classical elliptic estimates, using (4.9) and (4.26)—(4.28), then yield that
ttnllz20.mm2 )y + llenllezomm2@) < CiaM Vn e N. (4.29)

With the estimate (4.29) at hand, we may (by first taking v = 0,0, (t) in (4.14) and then v =
—Aoy,(t)) infer by similar reasoning that also

lowll e (0,750 L0 0.7 L2 0. 2(0) < CisM Vno € N. (4.30)

At this point, we can conclude from standard weak and weak star compactness arguments the ex-
istence of a triple (i, ¢, o) such that, possibly only on a subsequence which is again indexed by
n,

Hn = [y Pn —> P, Op —> 0,
all weakly starin H'(0,7; H) N L>(0,T; V)N L*(0,T; Wy).

Standard arguments, which need no repetition here, then show that (u, ¢, o) is a strong solution to
the system (4.6)—(4.10). In particular, it turns out that Ot = On = Ono = 0 almost everywhere on
3J. Moreover, recalling (4.26)—(4.30), and invoking the weak sequential lower semicontinuity of norms,
we conclude that there is some C;4 > 0 such that

(1, 0,0)||z < CraM, (4.31)

where Z is defined in (2.2).

Remark 4.2. A careful inspection of the estimates (4.21)—(4.30) shows that the term M appearing on
the right-hand side of the above estimates can be replaced by

M =Xy H(hlah2>HL2(0,T;H)2 + A3 H(fl:anfS)“LQ(O,T;H)3 + A4 || (105 0, 70)||vs,

since, in particular, only the L?(Q)) norms of the increments h;, i = 1,2, and of the source terms
fi, i = 1,2, 3, enter the computations. This, along with (4.31), entails that the linearized variables
(11, ¢, o) (which correspond to the choices A\; = Ay = 1, A3 = Ay = 0) satisfy

(s 0, 0) |l < ellhl[z20,7:m)2, (4.32)
with some positive constant ¢ (cf. also Remark[4.6), being h = (%1, ho).

We now derive further estimates for (u, ¢, o). In the next one we argue formally, noting that it can
be carried out rigorously on the level of the Faedo—Galerkin approximations. Indeed, we differentiate
(4.7) formally with respect to time to obtain the identity

BO(ip) — Adyp = B+ M (XOo — F"(9)0 0 — F"'(0)0up) + A3Oifo = gy (4.33)

Testing (@.33) formally by 0, and integrating formally by parts, we find that

Slocete)|+ [ Vo = SlowP + | g0, (430

Qt Qt
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Now observe that, owing to (4.37), (2.38), (2.40), and (4.79) we have that

/ 9o 010 < 9ol 20,10 1000 200, 7:) < CisM?. (4.35)

Q1

As for (@.35), we point out that the term —\1 F”” () 9, (p, which is part of g, is boundedin L*(0,T'; H)
since V' C L*(Q) with continuous embedding, and consequently it follows that ||, || 12(0.7;24(0)) i
under control and ||¢|| Lo (0, 24()) < C16 M, whence

=M\ F"(@)0:%2 ol 20.1;m)
< M NE" (@) e @ 10 20,1240 19l Lo 0.7, 120y < Crr M.
Next, writing for t = 0 and recalling (4.10), we have that
Op(0) = B (Aa(Ago + 1o + MXoo — MF"(o)go) + As f2(0)),
and it follows from (2.33), (2.34), (4.19) that
10:0(0)|| < CrsM. (4.36)

Combining (4.34)—(4.36)), and invoking Young’s inequality and Gronwall’s lemma, we thus can con-
clude that

H(:OHWLOO(O,T;H)ﬂHl(O,T;V) < CigM. (4.37)

Now, in view of and (4.31), a comparison of terms in and standard elliptic estimates yield
that

¢l oo (0,112 (02)) < CaoM, (4.38)

and the compactness of the embedding (W1°°(0,T; H) N L>(0,T; H*(?))) C C°Q) (see,
e.g., [42, Sect. 8, Cor. 4]) then shows that also

HSDH(,*O@) < Oy M. (4.39)

At this point, we observe that, by bringing the term 0, to the right-hand side, equation can be
rewritten as a linear parabolic equation for ;1 whose right-hand side is already known to be bounded
in L>°(0,T; H) by an expression of the form Cys M. Since y satisfies zero Neumann boundary
conditions and iy € H'(Q) N L>(), we can apply the classical result of [34, Theorem 7.1] to
conclude that 1 € L*°(Q)) and

|l zoo(@y < CosM. (4.40)

Similar reasoning on equation (4.8), invoking the L>°(0, T"; H )-bound for A¢ implied by (4-38), shows
that also 0 € L*(Q) and
lolle=(@) < CaaM. (4.41)

About the linear dependence of the right-hand sides of and on the constant M that
is specified in (4.79), we point out that this dependence is a consequence of the linearity of the
problem (4.6)—(4.10). Indeed, e.g., if we choose a full set of data for which M/ = 1 and prove the
above estimates, then we obtain all of the bounds (4.37) and (4.37)—(4.41) with some particular con-
stants — fully determined — and without specification of M. Next, we can take a generic set of data
for which the constant M (# 0) in is different from 1. Thus, pick the corresponding solution
(1, , o) of (4.6)—(@-10) and divide all components of the triplet (1, ¢, o) by M ; then, the scaled triplet
(u/M, /M, o /M) solves another problem in which the data are all divided by M and satisfy
with constant 1. Hence, the previously found universal estimates work also for (1./M, /M, o /M)
with the same constants as before. As a consequence, it is straightforward to finally obtain and
(4.41) (and previous estimates as well), simply by multiplying by M.
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Remark 4.3. We point out that the above linearity argument has been implicitly used in the paper [11]
(see, in particular, [11}, (3.10) and (3.14)]). On the other hand, distinct approaches may be possible;
in particular, we aim to mention the analysis performed in [43] where, for slightly more regular initial
data, the authors can obtain continuity for all components of the solutions (1, i, o), and boundedness
estimates analogous to and are satisfied.

At this point, we can combine all the estimates (4.31), (4.37)—(4.41) and deduce that

(1, 0,0)[lx < CosM, (4.42)

X being defined in (#.7). Moreover, it is readily seen from the equations (4.6)—(#-8) that (i, p,0) € Y

(cf. (4.2)) and that
(1, 0,0)[ly < CosM. (4.43)

The existence of a solution with the asserted properties is thus shown. It remains to prove the
uniqueness. To this end, let (i, v;,0:) € Y, i = 1,2, be two solutions to the system. Then
(1, 0,0) := (1, 1,01) — (e, P2, 02) solves the system (@.6)—(4.70) with zero initial data, where
the terms \2h;, 2 = 1,2, and A3 f;, 2 = 1, 2, 3, on the right-hand sides do not occur. By the definition
of Y (recall and (4.2)), and since (u, ©, a) € Y, all of the generalized partial derivatives occur-
ring in (4.6)-(#.8) belong to L?((Q). Therefore, we may repeat — now for the continuous problem — the
a priori estimates performed for the Faedo—Galerkin approximations that led us to the estimate (4.26).
We then find analogous estimates for (u, , o), where this time the constant M from equals
zero. Thus, (i, ¢, 0) = (0,0, 0). With this, the uniqueness is shown, which finishes the proof of the
assertion. O

Having proved Lemma [4.1] we are in a position to prepare for the application of the implicit function
theorem. For this purpose, let us consider two auxiliary linear initial-boundary value problems. The
first,

ady + Oyp — Ap = fi in Q, (4.44)
Bop — Ap —pu = [ in Q, (4.45)
0o — Ao + XAp = f3 in @, (4.46)
Onft = Onp = Ono = 0 on X, (4.47)
1(0) = ¢(0) = a(0) =0 in €, (4.48)

is obtained from (@.6)—@.10) for \; = Ao = Ay = 0, A3 = 1. Thanks to Lemma[4.1] this system has
foreach (f1, fo, f3) € L=(Q)x (H'(0,T; H)NL>(Q)) x L>(Q) a unique solution (11, ¢, o) € Y,
and the associated linear mapping

G 1 (L=(Q) x (HY(0,T; H)NL®(Q)) x L2(Q)) = Y; (f1, far f3) = (1, 0,0),  (4.49)

is continuous. The second system reads

adiyp + Opp — A = 0 in Q, (4.50)
Bop —Ap —pu =0 in Q, (4.51)
oo — Ao +XAp = 0 in Q, (4.52)
Onft = Opp = Ono = 0 on X, (4.53)
p(0) = po, ¢(0) = o, 0(0) = 09 in €, (4.54)
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and results from [@.6)—-@10) for \; = Ao = A3 = 0, Ay = 1. For each (uo, vo,00) € N, it also
enjoys a unique solution (u, ¢, o) € Y, and the associated mapping

Go : N —=Y; (1o, g0, 00) = (1, 9, 0), (4.55)

is linear and continuous as well. In addition, we define on the open set A := (Ug x ) C (U x Y)
the nonlinear mapping

G5 : A = (L=(Q) x (H'(0,T; H) N L>¥(Q)) x L™(Q));
((ur,u2), (s 0, 0)) = (f1, f2, f3), where

(f1, fos f3) = (P(@) (0 +X(1 = ) — 1) = h(p)us, X o — F'(p),
= P(p)(o +X(1 =) — p) +uz). (4.56)

The solution (1, ¢, o) to the nonlinear state equation (1-2)—(7-6) is the sum of the solution to the
system (4.44)—(@48), where (f1, f2, f3) is chosen as above (with (u, ¢, o) considered as known),
and of the solution to the system (4.50)—(4.54). Therefore, the state vector (i, @, o) associated with
the control vector (u1, us) is the unique solution to the nonlinear equation

(1, 0,0) = G1(Gs((u, uz), (1, ,0)) + G20, Po, 00)- (4.57)

Let us now define the nonlinear mapping & : A — Y,

F((ur,u2), (1, 0,0)) = G1(Gs((u1, u2), (14, 0,0)) + Ga(po, w0, 70) — (14, 0,0).  (4.58)

With &, the state equation can be shortly written as

?<<u17 U2)7(:U’7 P, U)) = (07 07 0) (4.59)

This equation just means that (i, ,0) is a solution to the state system (1.2)—(1.6) such that
((u1,u2), (i, p,0)) € A. From Theorem 2.3 we know that such a solution exists for every (uy, us) €
Ug. A fortiori, any such solution automatically enjoys the separation property (2.39) and is uniquely
determined.

We are going to apply the implicit function theorem to the equation (4.59). To this end, we need the
differentiability of the involved mappings.

Observe that, owing to the differentiability properties of the involved Nemytskii operators (see, e.g.,
[45, Thm. 4.22, p. 229]), the mapping Y3 is twice continuously Fréchet differentiable into the space
L(Q)x L*°(Q)x L*>°(Q), and for the first partial derivatives at any point ((u1,uz), (7, ¢, 7)) € A,
and for all (u1,uz) € Uand (i, p,0) € Y, we have the identities

D(Ul,m 93((u17u2) (ﬁ @ 5))(1},1,11,2) = (_]h<¢>u17 O7u2)7 (4-60)
D(M p,0 )93((U1,U2) (ﬁ @7_))(u Q0,0‘)
(P(@)(o — )+ P(@)@+X(1-9) —me - @)U ¢, Xo— F"(@)e,
P(®)(o - W p) = P@) G+ X(1-5) —R)p) - (4.61)
It remains to show that the second component of G3 is also twice continuously Fréchet differentiable

into the space H'(0,T'; H). But this follows exactly as in [43, Sect. 2, (2.70) ff.]. We thus can refer
the reader to [43] for this argument.
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At this point, we may apply the chain rule, which yields that & is twice continuously Fréchet differen-
tiable from Uz x P into Y, with the first-order partial derivatives

))s (4.62)
) — Iy, (4.63)

Ql

D(Ul,uz)?((ﬂbaﬂ’ (Ea P, 5)) = Gio0 D(U17u2)93((ﬂ17ﬂ2)7 (ﬁv @,
D(M%U)gj((ﬂhaQ)u (Ha @7 5)) - 91 ° D(M7W=U)93((E17ﬂ2)7 (ﬁa @7

where [y denotes the identity mapping on Y.

Ql

At this point, we introduce for convenience abbreviating denotations, namely,

u:= (u17u2)7 u:= (ﬂhEQ)? y = (M?@)O)) y:: (E7¢ﬂ6)7

Yo := (MO?WO;UO)u 0:= (0707())
With these denotations, we want to prove the differentiability of the control-to-state mapping u — y
defined implicitly by the equation F(u,y) = 0, using the implicit function theorem. Now let @ € Ug

be given and ¥ = 8(1). We need to show that the linear and continuous operator D, J(1,¥) is a
topological isomorphism from Y into itself.

To this end, let v € Y be arbitrary. Then the identity
D,F(1,y)(y) = v just means that G; (Dy93(q,¥)(y)) —y = Vv, which is equivalent to say-
ing that
w =y +v =5 (DyGs(WF)(W)) — G (DySa(wy)(v)).

The latter identity means that w is a solution to (4.6)—(4.10) for Ay = A3 = 1, Ao = Ay = 0, with
the specification (f1, f2, f3) = —91 (Dy93(q,¥)(v)) € Y. By Lemma 4.1, such a solution w € Y
exists and is uniquely determined. We thus can infer that D, F (1, y) is surjective. At the same time,
taking v = 0, we see that the equation Dy F (@, ¥)(y) = 0 means that y is the unique solution to
[@8)—-@10) for Ay = 1, Ay = A3 = Ay = 0. Obviously, y = 0, which implies that D, F (T, ¥) is also
injective and thus, by the open mapping principle, a topological isomorphism from Y into itself.

At this point, we may employ the implicit function theorem (cf., e.g., [3, Thms. 4.7.1 and 5.4.5] or [15,
10.2.1]) to conclude that the mapping & is twice continuously Fréchet differentiable from Uy into Y
and that the first Fréchet derivative DS(1) of 8 atu € Ug is given by the formula

D$(u) = —D,F(u,y) " o D.F(u,y). (4.64)
Now let h = (hy, hy) € U be arbitrary and y = (u1, ¢, 0) = D8(u)(h). Then,

which is obviously equivalent to saying that
y = 91 (DyGs(0,7)(y)) + S1(=h(@)h1,0, ha).

This, in turn, means that y is the unique solution to the problem (4.6)—@.10) for A\; = Ay = 1, \3 =
Ay = 0.

In summary, we have shown the following result.

Theorem 4.4 (Fréchet differentiability of S). Suppose that the conditions|(W1), [(S1)H(S4), and
are fulfilled. Moreover, let the initial data (1, o, 0o) verify and (2:34), and letU = (T, Us) €
Ur be arbitrary and (i, p,5) = 8(). Then the control-to-state operator § is twice continuously
Fréchet differentiable at U as a mapping from U into Y. Moreover, for everyh = (hy, hy) € U, the
Fréchet derivative DS(u) € L(U,Y) of § at u is given by the identity DS(u)(h) = (u, p,0),
where (i, @, o) is the unique solution to the linear system with Ay = Ay = 1, A3 = My =
0.
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Motivated by the forthcoming analysis, we now present a stability estimate for the solutions to the
linearized system. In abuse of notation, we will denote the linearized variable associated with ¢ by
&, which up to now was devoted to indicate a selection of the subdifferential OF} evaluated at some
point. Since the optimal control problem demands to work with strong solutions, we no longer have
any selection to work with, so that from now on the variable £ will play a different role (cf. Theorem
[2.3). We have the following result, where we recall the definition of the space V.

Theorem 4.5. Suppose that the conditions [(WT), [ST)H(S4), (C3)| and (2.32) are fulfilled. Moreover,
let the initial data (i, o, 00) satisfy @2.33)—2.34), and let 0’ = (ul,u,) € Uy be arbitrary and
(T, @:,04) = 8(0'), i = 1,2. Furthermore, let (n;,&;,0;) denote the associated solutions to the
linearized system (i.e., the system with Ay = Ao = 1, A3 = Ay = 0). Then the mapping
DS is Lipschitz continuous on Ug in the sense that there exists a positive constant K, such that
for allh € U we have

I(DS(@') — DS(T)) (h) [y < Ky [T — 8| r20 7y |l 22 0 1srry2- (4.65)

Proof. Due to Theorem the proof of (4.65) reduces to showing that there exists a constant ¢ > 0
such that

(1, &1, 01) — (12, €9, 09) ||y < c|[@* — ﬁ2||L2(0,T;H)2||h||L2(0,T;H)27 (4.66)

which is the estimate we are going to check. Moreover, let us notice that (4.32) in Remark[4.2|guaran-
tees the existence of a positive constant ¢ such that

||(771752791)||Z <c ||h||L2(0,T;H)2a L= 172 (4.67)

Next, we set

W= — [y, ©=0] =Py, 0 =01 — 02,
n=m-—"mnm, §=8§—E&, 0=0 -0,

and observe that the triple (1, £, 0) solves the system obtained from taking the difference between the
linearized system written for (171, &1, 61) and (19, &2, 62 ), which reads

adm + 0 — An= fi + f2 in Q, (4.68)
BOE — AL+ (F" (@) — F'(22))61 + F' ()6 = n + X0 in Q, (4.69)
00 — AO+XAE = —fy in Q, (4.70)
Onl = 0 = 0,0 =0 on X, (4.71)
n(0) =£(0) =0(0) =0 in €2, (4.72)

where now f7 and f5 are specified by

fi=(P(@1) — P(@,))(01 — X& —m) + P(P,)(0 — X§ — )
+ (P'(@1) = P(82))61(@1 + X(1 = @) — [iy) + P'($2)€(@1 + X(1 — @) — i)
+ P'(92)6(0 — X2 — 1),
fo= = (7)) —W(@))e17 — W(P2) £y — W(P2) & (@1 — T7)—(h(7y) — h(Py)) P

Moreover, let us recall that due to (2.41), we have the stability estimate

17y — Follz + |61 — @aollz + o1 — T2l 2z < cllu' — 0| 20,1502 (4.73)
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We now aim at deriving some a priori estimates for the differences (7, £, 6) which will entail (4.66).
Prior to this, let us premise a general fact that will be employed several times later on. To this end,
let f : R — R be a regular, bounded and Lipschitz continuous function with Lipschitz continuous
and bounded derivative f’ (in what follows the role of f will be played by P, I, F', and possibly their
derivatives). Let ¢; and o9 be the second components of different strong solutions (11, 1, 01) and
(2, P2, o) associated with controls u', u? € Uy according to Theorem|2.3| Then it follows from the
continuity of the embeddings V' C LP(§2) and W, C W'P(Q), p € [1, 6], and the estimate
that, a.e. in (0,7,

1f(p1) = f(2)llp < cllfle1) = fle2)llv
= c||f(e1) = flw2)l + |l f (1) Vior = f'(p2) Vs
<cllgr = pall +cll(f'(p1) = f(92))Vior + f(02) V(o1 — 2)]
< c(ler = @2l + llpr — walla [Verlla + IV (01 = @2)|])
< c(1+K1) o1 — wol|v- (4.74)

In addition, for the sake of a shorter exposition, in the upcoming estimates we will avoid to explicitly
write the integration variable s in the time integrals.

FIRST ESTIMATE: We test (4.68) by 7, (4.69), to which we add & on both sides, by 9;£, and (4.70) by
6, add the resulting equalities and integrate over time, obtaining

@ 2 2 1 o 1 2 2
SO+ [ on s [ o+ el + 10+ | v

— [ nm—-0)+ / fon — / (F"(7)) — F'(@)adé — | F'(p,)coc
Qt ¢ ¢

Qt

t Q¢

Using the Young and Hélder inequalities, the Lipschitz continuity of P, P’ and T’, the continuous
embedding V' C L*(2), the uniform bounds (2.38)—(2.40) for (1i;, §;,7:), 7 = 1,2, as well as (#.67),
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(4.73), and (4.74), we infer that
t
I < C/ (In]* + 1€* + 161%) + C/O 1P(@1) — P@)l17 (161113 + 12113 + lm 1I) ds
t
t
+ C(HEIH%OO(Q) + H@H%w(Q) + Hﬁl\liw@) + 1)/0 IP'(@,) — P'(@a)I7 lEall ds

(7120 + 171 By + I By + 1) /Q £
t

t
¢ / (51 = Zol2 + 121 — Boll2 + 17 - Boll?) a2 ds
0
<c [ (u+ I + 1o
Qt
t
—  — 2
C(Heluiw(o,T;V) + H’fluiw(o,T;V) + H771H%°°(0,T;V))/0 |21 — @olly ds
t
— — — — 2
T 6B (712 + 171 2@y + [l + 1) / 1B — B2 ds
0
(17120 + 171 B + I By + 1) /Q P
t

t
T elleale oy / (51 = 522 + 117, = B> + 78y — Toall2) ds

< / (2 + 167 +107) + ¢ [T — 022070102 [0 somm.

Qt

Next, by similar computations, we deduce that, for any ¢ > 0 (to be chosen later),

Iy<c |n|2+0|| 1z~ /Il]h' @1 ]11'(902)”4||§1||4d8+0|\u1||Loo(Q/ €J°

L2 / Il ds + c; / I — @) &l ds + cs / In(@,) — B(@y) 2 12 ds
0

t
< (¢ +20) : * + e ll€il e o 7 Hﬂlllioo@)/o 1B, — Balli ds
t

del@le [ l6P+25 [ vaP
Qt Qt
t t
e 620z / o — P ds + s / 1B1 — Boll? I ds

<20 |V77|2 + 05/ |77|2 + C/ |f|2 +¢5 ||ﬁl - ﬁZH%Q(O,T;H)Q ||h||%2(0,T;H)2 .
Q¢ Q¢ Qt

The terms involving the potentials can be easily handled by invoking the separation principle (2.39),
which entails the Lipschitz continuity of F' and of its derivatives. Using this, (4.67), (4.74), and the
Young inequality, we obtain that

t
I+ 1, <0 | |0+ cs H&H%oo(om/ 16, — Bl ds +cs | 1€
Qt 0 Qt

101 + s 1" =T La 0 1oy 020 iy + 5 [ 1€
Q
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Finally, we have that

Is+ 1< (|3t£\2+|V9\2)+05/ (In[* + 101 + €17 + [VE).
Qt Q¢

At this point, we collect the above estimates and adjust & € (0, 1) small enough. Gronwall’s lemma
then yields that

7| e 0.7 22 0.0v) + €Nl 10,7312 0.7y + 0] Loe 0,711y L2(0.72v)
S C ||ﬁ1 — ﬁ2 ||L2(0,T;H)2 HhHLQ(O,T;H)2~ (475)

SECOND ESTIMATE: Estimate entails that the term 0, is bounded in L?(0,T'; H) by the ex-
pression on the right-hand side of the above estimate. Hence, equation can be expressed as
an elliptic equation for £ whose right-hand side is bounded in L2(0,T'; H) by the same expression.
Therefore, we easily get from elliptic regularity theory that

1€l z20,mw0) < cllu — ﬁ2||L2(0,T;H)2 Il z2(0,7:m)2- (4.76)
This concludes the proof of Theorem 4.5 O

Remark 4.6. Let us point out that Theorem establishes the Fréchet differentiability of S as a
mapping from L"O(Q)2 into Y, a space of very regular functions. However, the Fréchet differentiability
can also be directly obtained as a mapping from LQ(O, T, H)2 into a space of less regular functions.
Indeed, a closer look at the proof of [37, Theorem 2.5] reveals that the line of argumentation employed
there can straightforwardly be adapted to our present situation, yielding that in the notation used there
it holds that

I(E" =7 =" 3" =5 —&T" =7 — 0|12 < clhl|720rme (4.77)

which in turn entails that the control-to-state operator S is Fréchet differentiable as a mapping from
L*(0,T; H)? into Z D Y. We have chosen to not follow this approach because, although it will
suffice to handle the first-order necessary conditions pointed out below in Section[5] it would not allow
us to deal with the second-order sufficient conditions established in Section

Motivated by the forthcoming analysis on the second-order sufficient optimality conditions, let us now
also explicitly identify the second-order Fréchet derivative of the control-to-state operator S, which
exists according to Theorem[4.4] To this end, let @ € U, be given. For arbitrary increments h, k € U,
we set

(7,%,7):=8(®), (" &"0"):=DS(@(h), (n* &, 0%):=Dsw)(k),

where it is known that (P, &P 0B) (nk, €% 6%) € Y. Now, if one adapts the argumentation of the
proof of [45, Theorem 5.16, pp. 288-289] to the present situation, starting from the identities (4.57)—
(@.63), then one concludes that the second-order Fréchet derivative D?8(1)(k)(h) can be evaluated
using the system (4.78)—(4.82) introduced below. Since we intend to give an independent proof, we do
not give the details of the argument, here. We begin our analysis with the following result.

Theorem 4.7. Assume that [(WT), (ST)H(S4), (2.32)—2.34) are fulfilled. Then the following initial-
boundary value problem, which will be referred to as the “bilinearized system”, admits a unique solution
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(v,9,p) €Y
a@tl/ + &ﬂﬂ —Av = g1+ g2 in Q, (478)
B0 — Ay —v = Xp — F"(@)p — FP (p)hek in Q, (4.79)
op—Ap+XAY = —qy in @, (4.80)
OpV = Op) = Opp = 0 on X, (4.81)
v(0) = ¥(0) = p(0) =0 in Q, (4.82)
where g, and g are defined as
g1=P(®@)(p—X¢ —v) + P'(p) £ (6" — X" — ™)
+P' @)@+ X(1—-p) —m) + P (@) ¢ (@+X(1-9) — 1)
+ P'(@) €™ (0% — xgx — M), (4.83)
b (p) &M uy ' ()P k: — W () v ur — W () £ by (4.84)

Moreover, there is some constant D > 0, which only depends on the data of the system and R, such
that

(v, p)llv < Dbl z207m2 [kl 2202 YV, k € U. (4.85)

Proof. Writing (1, @, o) in place of (v, 1, p), we see that the system (4.78)—(4.84) is of the form
(4.6)—(@.10) with the specifications Ay = A3 = 1, Ay = Ay = 0, and

fi=P@E O =X =)+ P'(p) " T+ X(1—9) —7)
+ P'(p) & (0% — X" — ) —1"(2) € " u—1' (2)€" k1 — 1/ () €5 hy,
fo=—-F® @)
k

fs=—P (0" = X" —n") — P'(p) " (T +X(1—9) — )

Since (n", &R, 01), (nk, &k, 0%) € Y, it is easily seen that (f1, f2, f3) € L>®(Q) x (HY(0,T; H)
N L>*(Q)) x L>*(Q), and so the existence result follows from Lemma 4.1.

It remains to show (4.85). To this end, we first add the term 1) on both sides of (4.79) and then test

(4.78) by v, (4.79) by 0,1, and (@.80) by p. Adding the resulting equalities, and integrating over time
and by parts, we infer that

1 1
Ul + [ 1oe+ 8 [ 0wl + L@l + el + [ 19
Qt Qt Q1
= [ o=+ [ o= P - FOGEE v
V¢Vp+/ goV =: Il+IQ+Ig+I4, (486)
Q¢ t

with obvious meaning. Now, using the global estimates (2.38) and (2.40), the continuity of the embed-
ding V' C L4(Q), as well as Holder’s inequality and the estimate (4.32) for the linearized variables,
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we can easily check that
t
L<e / (WP + 6P + [oP) + c / 1R (™12 + €712 + 167]12) ds
t 0
t t
e / IR €2 ds + e / IERZ (2 + €12 + [16%12) ds
0 0

< C/Q (V1 + 191+ 1o1%) + el 2o z.my2 1K1 7ommye - (4.87)
t

Arguing similarly, where we also invoke Young’s inequality, we obtain that

5}
L <3 g 0] + ¢ | (WP +[p1?) + clhllZerme 1720 1m0 (4.88)
t t
as well as
1 9 X2 9
I <5 | IVol"+ = | VY[ (4.89)
t t

Finally, using also that u; is bounded, we see that
t
e [ Qi) + e [ IR e s
Qt 0
t
+0/0 (IR LallEal] + 11€< (|l []) ds
< (c+20) / (I + [l?) + 26 /Q V0 + e 0l e K220z (4.90)
t t

Combining (4.86)—(4.90), and choosing 6 > 0 appropriately small, we thus obtain from Gronwall’'s
lemma that

HVHLOO(O,T;H)OL?(O,T;V) + ||¢||H1(0,T;H)0Loo(o,T;V) + ||P||Loo(0,T;H)mL2(0,T;v)
S C||h||L2(O,T;H)2 HkHLQ(O,T;H)Q‘ (491)

Having shown this, we may bring 50,1 to the right-hand side of (4.79). Elliptic regularity theory and
the estimates shown above then yield that also

U] z20,75w0) < € 1Bl 20,050y K| £200,7: )2,

which concludes the proof of the assertion. O

We now provide the announced independent proof for the form of the second-order derivative.

Theorem 4.8. Assume that |(W1)l (S1)H(S4), (2.32)—2.34) are fulfilled, and letu € Upr be given.
Then the second Fréchet derivative D*$(u) € L(U, L(U,Y)) is given, for everyh = (hy, hy), k =
(k1, ko) € U, by the identity D?8(1)(k)(h) = (v, %, p), where (v, 1, p) is the unique solution to
the bilinearized system introduced in Theorem[4.7,

Proof. By virtue of Theorem 4.4, D*8(11) exists as an element of £ (U, £(U,Y)). Now, the embed-
ding of Y in V is continuous. Therefore, S is also twice continuously Fréchet differentiable between U
and 'V, and the expressions for the derivatives coincide. It thus suffices to work in the space V. To this
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end, we recall that Uy is open in U. Hence, there is some K > 0 such that u + k € Uz whenever
|lk|lu < K. In the following, we always tacitly assume that the occurring increments k satisfy this
condition.

To prove the claim, we proceed in a direct way, by showing that there exist some € > 0 and 5 >0
such that

|D8 (T + k) — D8(a@) — D*8(w)(k)|| )
— sup ||(DS(u+k) — DS(w) — DQS(ﬁ)(k))(h)HV < O |kt (4.92)

L2(0,T;H)?"
[hly=1

At this point, we introduce some additional notation: for arbitrary h, k € U, we define the linearized
variables

(".€".0") := DS(W)(h). (7"€".0") := DS(U+ k)(h).
Notice that implies that

_+ =h =h
(", &%, 0™ ||z < clhllr2orme, 1€, 0)]lz < clbllzzommz, (4.93)

where, here and in the remainder of this proof, ¢ > 0 denote constants that may depend on the data,
but not on the choice of k € U witht + k € Upg.

Next, we fix some h € U with ||h||y, = 1 and introduce the auxiliary variables

—h

(=T =P =y, ¢=C —E—¢, w=0 —0"—p,

where (v, 1), p) stands for the unique solution to the bilinearized system as obtained from Theorem
With this notation, we realize that (4.92) reduces to

1(¢ b, )5 < C RN 1m0y20 (4.94)

which is the estimate we are going to show for some ¢ > 0. To this end, we first observe that these
new variables solve the initial-boundary value problem

a0 + Opp — AC = Ay + Ay in Q, (4.95)
BOp — Ap — (= Xw — F"(P)¢ + As in Q, (4.96)
Ow — Aw+ XA¢ = —A\y in Q, (4.97)
OnC = Op¢p = 0w = 0 on X, (4.98)
¢(0) = ¢(0) = w(0) =0 in €, (4.99)
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where

Ay = P()(w = X6 — () + (P(@) — P@)((0" — ") = X(E€" — ") — 7 — ")

+ [P(*) — P() — P'(p)€ ] (8" — x¢™ — )

+ [P(§*) — P'(®) — P"(@)§")(a + X(1 — ) — p)&"

+ P'(@)(w—Xop— "+ P (@)@ + X(1—p) — )¢

+ (P'(@) — P'(@)((e" —7) = X(“ — ) — (5" — 1)) &"

—P@)E+X(1—-p) —m)E -

_l_

T
@/—\
/'\\5\_/

+ P'(3) (@ —2) — X(F* — ) — (@ — )€ — &M
+(P'#) — P(@)([0* ~ ) - X(7 ~ %) — (B~ 1)) (€ — &™),
Ay = =y [b(F*) — h(p) — B (P)E"] — (") — ' () — 1" (9)€ ] "t —1' (%) dtiy
— (@) - K@)E - M -0 - K (@)
~H(@)E — Mk — (W (F) - N (@)E — Mk,

) — FO@)eker — (F"(@5) — F'(@)(E" — M),

and (72, ,7) = 8(1), (7", §*,7*) = 8(d + k).

A3 _ _[F//(ak) o F//

Before estimating in detail, let us recall that, owing to the continuous dependence results obtained in
Theorem|[2.3|and in Theorem[4.5] and recalling that ||hjy = 1, we have that

S PR PR o 1 =h =h
||(Mk7 901(7 Uk) - (M7 @, 0)||Z + ||(77h75 a‘9 ) - (nhv fh’ eh)”v
< c(1+ |hflz20m:m)2) 1Kl 22 0,050)2 < € [|Kl[2(0,7500y2-

In particular, we point out that

] _ —h
17 = Py + 1€ — Ezeorvy < |kl r2m:m)e- (4.100)

We will use this estimate in the following at several places without further reference.

Moreover, let us recall that (17, 3, @) and (7™, B, 61), as solutions to (1.2)-(1-6) and (4.6)—(#.10) with
A1 = Xy = 1, A3 = A4 = 0, enjoy the bounds provided by (2.38)—(2.40) and

167", €% 6™l < e,

respectively. Notice also that the estimate (4.74) is valid for the arguments ¢; = Ek, w2 = ©.In
addition, we also owe to Taylor’'s formula with integral remainder for P and h® for i = 0, 1, which
yields that

PO@Y) - PU(@) — PUI(@)gh= PU(@)(P" — 5 — €9 + Qika(@* — )%, (4101)
bY@ ) - O (@) - h (@) =h TV (@)(F - T - ) + R, -9)° (4.102)

fori = 0, 1, where the remainders %, R¥ are uniformly bounded and defined by

1 1
K, = / PO (@ 4 s(@* — 3))(1— s)ds, RY., = / L6 (5 4 575 — 2))(1 — 5) ds.
0 0
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Namely, there exists a positive constant 2* such that, for all k € U with u + k € Ug,
1Q5 | =) + 1Q5 Il e (@) + IRl Le(@) + 1 RS ||z~ (@) < R".
Moreover, owing to Remark 4.6 we also have that
I(ES = =07 —p— €7 =7 — 6|2 < CHkH%Q(O,T;H)?‘

Thus, we test (#.95) by (, (4.96), to which we add on both sides the term ¢, by 0;¢, and (4.97) by w,
add the resulting equations, and integrate over time and by parts to obtain that

1 1
SICO+ [ 192+ [ a0l + Slowlh + el + | [k
— [ mc-w+ [ M [ w- @)+ hat 90

V¢Vw = Il+[2+[3+14. (4103)
Q1

Using the Young and Hoélder inequalities, the above properties, the continuous embedding V' C
L5(92), (@.65), the general property (#.74) with p = 4 and p = 6, and (4.700), as well as Taylor’s
formulae (4.101)—(4.102), we infer that

Ref (ol + 0P +1¢P) / 185 = BI12 (17" — %12 + " — €82 + i — n|12) ds
t
+ C(||9hHi°°(Q) + ||§h||%°°(Q) + ||77h||%°°(Q)> /Ot(HkH%Q(O,s;H)Q +|[8* — 2l1) ds
+ el o) + Pl + Il + DIE I~ | el + 12 — BI4) ds
(€ 2y + 1) /Q (Il + 16 + ICP)
t
+elleEmoy [ 18— Bl (175 — a1 + 2 — B3+ I — 7l2) ds
+ (770 + 1P F ) + [Fll 7o) + 1) /OtH@“ — P2 )" — &h||2 ds
ve [ (17 =71+ 155~ Bl + I — 7 " — €17 s
/ 65— Bl (17 — 72 + 7% — B2 + 5 — ) € - €2 ds

< C/O (leol® + Nl + IC117) ds + e 1Kl| 220 zomy2 -
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Similar computations show that also
t
2 4 —k _ —4
L <e g 9 +cHh1H%m(Q>/ (k20,502 + 1[0 = @lla) ds
t 0

t
€ o [T e / (Il s + 7% — 22) ds
t
_ _ - _ —h
T el /Q O] + ¢ [ iy / 12* — BIZIE" — &2 ds
! h ¢ k
5 / 1€ ds + 5 €2 / 12 = BI2 ka2 ds
0 0
t t
—h
5 / ICIB, ds + cs / & = 22 ka2 ds
0 0
t t
o _ —h
5 / ICI3 ds + cs / 17% = BIRIE™ = €21k 12 ds

<35 [ VP re [ 1P +e / 1612 + ekl Sa0roane:
Qt Qt Qt

for a positive § yet to be determined. As for I35, we use (2.40) and, for the first term in A3, we can
argue as in (4.101)—(4.102) and the following lines. Then, we have that

L<s [ 100 +cs /<|w|2+|¢|2>+c5 Ay ?
Qt Qt Q1

t

<5 / 06 + cs / (ol + 162) + cll€" 2o / (Kl a0y + 7% — BI12) ds

t t 0

t
o o —h
T / 7% — Bl €™ — €2 ds
0

<o [ ot +e, /Q (ol + 162) + 5 K] 52 0 7o

t t

and, as for 1, we see that

1 , X2 )
Li<o | [Vo+— [ Vo[,
2 Q¢ 2 Qt

where the first term can be absorbed on the left-hand side of (4.103). Therefore, collecting the above
estimates and choosing 0 > 0 small enough, we obtain from Gronwall’s lemma that

¢l Lo 0,122 0,05v) + ([0l 07 m)nLe= 0,105v) + [[wl e 0,7 m)nE2 (0,71

<c HkH%Q(O,T;H)?‘

With this estimate shown, we can move the term 0, ¢ to the right-hand side of (4.96), and it readily
follows from elliptic regularity theory that also

||¢||L2(0,T;Wo) < c“kH%?(O,T;H)?'

In conclusion, the estimate (4.94) is valid with € = 2. This finishes the proof of the assertion. O
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The last result we present in this section will be useful later on to handle the second-order sufficient
optimality conditions and establishes the Lipschitz continuity of D28 in a suitable sense.

Theorem 4.9. Suppose that the conditions [(W1), [ST)H(S4)| (C3)| and (2.32) are fulfilled. Moreover,
let the initial data (119, po, 00) satisfy ([2.33)—(2.34), and letu’ = (ui,u},) € Ur be controls with the
associated states (1i;, 0;, 0;) = 8(0'), i = 1, 2. Furthermore, leth, k € U be admissible increments
with the corresponding linearized variables (n®, &8, 6%) = D8(W;)(h), (X, &k, 0%) = DS8(w;)(k),

and bilinearized variables (v;, 1;, p;) = D*8(1;)(h)(k), i = 1, 2. Then it holds that

I(D*8(a') — D*8(u?)) (h) (K)||v

< K ||u' — | z20.2.my2 |10 l| 2 0,72092 | K 200 712 (4.104)

with a constant K > ( that does not depend on the choice of h, k € Ug.

Proof. By virtue of Theorem (4.104) directly follows once we show the existence of some ¢ > 0
such that

(w1, 1, p1) = (vo, 02, p2) v < e @ = || 20,2592 0| 20,712 | Kl L2 0731025 (4.105)

which is the estimate we are going to check. To this end, we set

ﬂ:ﬁ ﬁ27 ¢:¢1—¢27 5:61_627
V= —Vy, Y=11—1y, p=p— po,

and observe that the triple of differences (v, ¢, p) solves the system

adw + 0 — Av = f1 + fo inQ, (4.106)
Bop —AY —v=Xp+ f3 in Q, (4.107)
O — Ap+ XA = —f; in Q, (4.108)
OnV = Ont) = Opp =0 on X, (4.109)
v(0) = ¥(0) = p(0) =0 in €2, (4.110)

with

fi=(P(®1) — P(®,))(p1 — Xty — 1) + P(2)(p — X¢p — v)
+ (P'(@y) — P'(@2))EX (0} — X&' — ) + P'(@2) (€5 — €5)(07 — XEF — )
+ Pl(@,)E5 (07 — 05) — X(&p — &8) — (7 — )
+ (P"(,) — P"(@,))E5e0 (@1 + X(1 = %,) — Tiy)
+ P () (& — )M + X1 —2,) — iy
+ P”(902)§2 (51 - 53)(51 + X(l - @1) - ﬁl)
+ P"(5)6563 (0 — Xp — ) + (P'(2,) — P'(#2))¢1 (1 + X(1 — ) — 1)
+ P (@y)¢(a1 + X(1 = @)) — iy) + P(By)12(0 — XP — i)
+ (P'(y) — P'(@,)) &1 (05 — XEF — n¥) + P'(B,) (& — &) (6 — X&F — )
+ P'(2,)&3 ((0F — 05) — X(&F — &) — (nr — n¥)),
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fo=—=("(1) — " (@) X610 — 1(@,) (& — &)Em — h(@)6 (€ — &)m
- ]h//(@z)@ 52 (Ul ) (0'(%y) — hl(@Q))f?kl - hl(@z)(ﬁl - 5;1)]?1
— (W'(@)) — W'(@y)) ¢ty — W' (o) u; — W (o) 12Uy — 47)
— (W (7)) — I'(B,)) 1M — ' (B,) (£F — £5)ha,
fo=—=(F"(@1) = F'(@,))r — F" ()0 — (F(3)(90 ) — FO(gy))erer
— FO@) (& — &6 — FO@)& (& - &).

Moreover, due to (2.41) and (4.65), we have (4.73) as well as

It — m8| Lo 0.z vy + 1E8 — EN| i 0.1 rynLo (0.7 )2 (0.7 Wo)

+ 10 = 03 || e o.rmnnrzorivy < e T =W 20,2 1| 2002 (4.111)

and the corresponding estimate for k. Also, owing to Theorems and fori = 1,2 itis
clear that (1;, B;, 0), (n®, €, 0R), (n¥k, £, 6%), and also (14, 1;, p;) belong to Y. Moreover, for both
(nh &h, th) and (X, X, 0%), i = 1,2, we have [#67) with the corresponding increment, and from

Theorem[4.7] that

||(V271/}27p1)||\7 <c ||hHL2(O,T;H)2||k||L2(O,T;H)27 = 17 2. (4.112)

We are now ready to proceed by arguing in a similar fashion as in Theorem in order to check

(4.105).

FIRST ESTIMATE: To begin with, we multiply (4.106) by v, (4.107), to which we add to both sides the
term 1), by 0,1, and (4.708) by p. Then we add the resulting equalities and integrate (); and by parts
to obtain

1 1
%HVW o [ 19+ [ 10k + Il + Sl + | (908
fl vV — / f2V + / Xp + w + fg)atw

V@DVP = Il+[2—|—13—|—f4.
Q¢

Then, using the Young and Hdlder inequalities, the boundedness and the Lipschitz continuity of p®
and h® for i = 1,2, the continuous inclusion V' C LP(f) for p € [1,6], @#74), along with the
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uniform bounds indicated above and the stability estimates (4.73) and (4.717), we infer that

s [ QR4 IP + o)+ @l | (ol + Il + ol s
+ CHfi(H%oo(o,T;V)(HQN%OO(O,T;V) + Hf?”%w(o,z‘;\/) + H"?N%w(o,iﬁ;\/)) /OtH@H% ds
+ (10} 120wy + 16 1 0wy + 1021 2 0750)) /;Hff — &1 ds
+ el €3 |2 o150 /Ot(||9{1 — 03|13 + ll&r — &7+ I — 3|7 ds
+ CH&(H%W(O,T;V)Hf?”%OO(O,T;V)(HEl”%OO(Q) + ||¢1H%oo(cg) + HﬁlH%w(Q) +1) /;H@H%ds
+ C||§{1||2Loo(o,T;V)(||51||%oo(Q) + ||¢1||%00(Q) + ||ﬁ1||%oo(@) +1) /:Hfi( — &l ds
S o 171+ 170 )+ I i+ 1) [ Tk — el s
+ &3 | e v 12 1 2 0,707 /Ot(HEHg + 2l + [I7l5) ds
+ C||¢1||%oo(o,T;V)(||51||%oo(Q) + ||¢1||%00(Q) + ||ﬁ1||%oo(@) +1) /0t||¢||ids
el + 1Pl + Il + 1) | W
+ellv2l|ieory /Ot(||5||i + 21 + [I7l7) ds
+ CH&?H%OO(O,T;V)(’lgi(HQLDO(O,T;V) + Hgi(H%OO(O,T;V) + HUﬂ’%M(O,T;V)) /:H@Hg ds
+ (10517 0.0y + 16 N 0,00 + [T 0,77 /(:Hfil — &'|I7 ds
+ el €3 1200 050 /{:(Hﬁf — 05113+ (16— &3 + [l — 5 ]17) ds

< C/Qt(|V|2 + [P+ [p?) + dJu - ﬁQH%Q(O,T;H)?HhH%Q(O,T;H)?”kH%Q(O,T;H)?'

Besides, similar computations on the second term allow us to find out that, for any § > 0,
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Bse [ WP el -anvle oy, | g2 ds
T~ b~y [ N - E51Rds
e et ary [ D - EBIRds
5 [ ds + ol 8o [ 1 — I s
€y [ 1B ds +cs [ et — bl s
TR LT Ry
@ leio) [ 1P + el [ i — ) ds

t t
+Ca||§i‘llioo(o,T;V)/ II¢II§||h1||2d8+Ca/ lex — &1 ]1* ds
0 0

<o [ Vv tes | WPte| [
Qt Qt Qt

+ CJHﬁl - ﬁQH%Z(O,T;H)Q HhH%%o,T;H)? HkH%Z(O,T;H)Q'

Employing the separation property (2.39), which entails the Lipschitz continuity of F' and of its deriva-
tives, and Young’s inequality, we obtain that

t
<o [ 10wt o /Q (ol + 102 + csllthn |2 ozer / II12 ds
t t

t
sl g |52 o / I ds
t t
€ o / €8 — €812 ds + 582 o / € — )2 ds

<9 0 0| + 06/62 (IpP? + [0 + cslu* — ﬁQ“%Q(O,T;H)Q||h||%2(O,T;H)2Hk”%Q(O,T;H)Q'
t t

Finally, by Young’s inequality we deduce that

L <6 | |Vol>+cs | VY
Q¢ Q¢

Therefore, choosing 6 > 0 small enough, and invoking Gronwall's lemma, we conclude that

[Vl Lo 0.1 nL20mv) + 19| 30,71y Lee 0.7 + [0l Lo 0,71y L2 0.7

< clut = @[ 20,2 0l 220,702 1K 200,73 812 -

SECOND ESTIMATE: The above estimate entails that the norm of 9yt in L?(0,T; H) is bounded by
the expression on the right-hand side. Thus, in equation (4.707) the term 0;?) can be absorbed on
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the right-hand side. A straightforward computation, which may be left to the reader, shows that the
entire right-hand side is bounded in LQ(O, T H) by the same expression. Hence, we can infer from
the elliptic regularity theory that also

191 L20,r5m0) < cll@ =02 20,7502 1| 20,7502 1K L2 0,752

This concludes the proof of the assertion. O

5 First-order Necessary Optimality Conditions

We now derive first-order necessary optimality conditions. By the well-known characterization for dif-
ferentiable maps on convex sets, it holds (see, e.g., [45]) that

Diea(@)(u—1) >0 VYu € Uy, (5.1)
where D{,.q denotes the derivative of the reduced cost functional given by
Jrea(u) :=J(8(u), u). (5.2)
Therefore, using Theorem [4.4] and the chain rule, we have the following result:

Theorem 5.1. Suppose that[(WT), (ST)H(S4), (CTH(C3), as well as (2.33)—(2.34), are fulfilled. More-

over, let U be an optimal control for (CP) with corresponding state (fi, @, @ ). Then it holds the varia-
tional inequality

by /Q (% - Bo)E +bs / (B(T) = Ga)e(T) + by /Q T(u-W>0 Vuely (53

where (1,£,0) denotes the unique solution to the linearized system obtained from Lemma with

h:u—ﬁand/\lz)\gzl,)\gz)\4:0.

As usual, we simplify (5.3) by means of the adjoint state variables (p, g, r), which are defined as
the solution triple to the adjoint system whose strong form is given by the backward-in-time parabolic
system

— O — BOg — Aq+ XAr + F'(@)g + L' (@)up

—P@)@E+X1-2)—m)p-r)+XP@)p-—r)=b(®—-2q) nQ, (54
—adp—Ap—q+ P@)(p—1)=0 in@, (55
—Or—Ar—Xqg—P@)(p—1)=0 in @, (5.6)
Onp = Onq = Opar =0 on X, (5.7)
(p+ Bg)(T) = ba(B(T) — Pa), ap(T)=0, r(T)=0 in . (5.8)

Let us point out that since the terminal condition (p + 3¢)(T') prescribes a final datum in L?()
(cf. [(C2)), it is clear that the first equation (5.4) has to be considered in a weak sense. Here is the
corresponding well-posedness result.
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Theorem 5.2 (Well-posedness of the adjoint system). Suppose that[(WT)], [ST)H(S4), (CT)HC3), and
(2:33)—(2-34) hold. Then the adjoint system (5.4)—(5.8) admits a unique solution (p, q, ) in the sense
that

p+Bqe HY(0,T; V"),
p€ HY0,T; H)N L>®(0,T; V)N L*(0,T; Wo)NL=(Q),
q € L>0,T; H)N L*(0,T;V),
r€ HY0,T; H)N L>*(0,T; V)N L*(0,T; Wo)NL>(Q),

where (p, q,r) satisfies

—(0y(p+ Bq),v /Vq Vv — X /Vr Vv—i—/F”( )qv+/ﬂlh’(¢)ﬂ1pv
- [ PO x1-9) - p)p o+ X / P@—rv=b [ 7= Fo),

— (adyp, v) /Vp Vv—/qv+/ v =0,
—<8tr,v)+/VT-VU—X/QU—/P(¢)(p—T)U:O,
Q Q Q

for every v € V' and almost every t € (0,T'), as well as the terminal conditions

(p+ B)(T) = by(B(T) — @), ap(T)=0, r(T)=0, a.e.in.

Remark 5.3. Before entering the proof of the above theorem, let us point out that the regularity condi-
tions on the solution imply that both p + 8¢ and ¢ are in H'(0,7; V*) N C°([0,T]; H), whence all
terminal conditions make sense. About that, we observe that the first condition may be rewritten just
interms of ¢ as Bq(T") = ba(B(T) — Pa).

Proof. For brevity, we again argue formally, thus avoiding the introduction of approximation schemes
like in the proof of Lemma 4.1 and just providing the relevant a priori estimates. Moreover, let us notice
that the adjoint system (5.4)—(5.8) is linear, so that the uniqueness part also follows from standard
arguments as a consequence of the following estimates.

FIRST ESTIMATE: First, we add to both sides of (5.5) the term p. We then multiply (5.4) by g, the new
G.5) by —0;p, and (5.6) by X*r, add the resulting equalities, and integrate over Q7 = Q x (¢,T)
and by parts to obtain that

3 1 X2
Sla®IF+ [ 19aP+a [ 10w + S+ IR+ [ v
Qf Qf Qf
vrva- [ F@)P
Qf i

- [ W@m+ [ PEE -9 -mo-na-X [ PEE -

t t t

+/TP(®)(p—r)6tp—/Tpétp+x3/Tqr+x2/Tp(@(p_r)r _. il;]

t t t t

p 2 .
= Zlg(M)? +b — Po)g+X
Sl +01 | 2=l
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We estimate the terms on the right-hand side individually. The first summand is bounded by a constant,
due to the terminal conditions (5.8) and the assumptions [[CT)H(C2)} For the other terms on the same
line, we have that

X2 1
I2+Is+f4§c/ (!q|2+1>+—/ !VT\2+—/ IVa|?,
Qr 2 Jor 2 Jor

by virtue of Young’s inequality, the assumptions [[CT)H(C2)} and the separation property (2.39). Using
the Young and Hélder inequalities, we bound the integrals in the second line of the right-hand side by

T
t

T
Iy+ I+ Ir < c/ (Ipl* +1al*) + C/ 7 lloe + lI2lloc + [I7zlloe + D)(UINl + llalD NIl ds
t

e / (P + lgl> + Ir?) < e / (P + lal? + Ir?),
QF QF

where we also owe to the boundedness of P, P’ and &y, and to the fact that (7, 7, @), as a solution
to (1.2)—(1.6) in the sense of Theorem satisfies (2.38). Finally, the terms on the last line of the
right-hand side can be easily bounded by means of Young’s inequality, namely,

a
Is+ 1o+ L+ 111 < 5/ ‘atp‘2+c/ (IpP? + laf” + [*).
Qf QF

Now, we combine the above estimates and invoke Gronwall’s lemma to infer that

|l 5 0,75 m)n Lo 0,75v) + 1@l oo 0,755 n L2075y + 17 || oo 0,755y L2 0,1y < e

SECOND ESTIMATE: We can now rewrite equation (5.6) as a parabolic equation with the source term
fri = Xq+ P(@)(p — r), which is bounded in L>(0,T"; H) due to the above estimate. It is then a
standard matter to infer that

171l 11 0,750 L0 0,722 00,m50) < €

In addition, since 7(7') = 0 € L*(f2), we can apply the regularity result [34, Thm. 7.1, p. 181] to
infer that ||7{| < (g) < c as well.

THIRD ESTIMATE: From equation (5.5) and the parabolic regularity theory, similarly we recover that
Pl 220, :w0) Lo (@) < €

FOURTH ESTIMATE: Finally, comparison in equation (5.4), along with the above estimates, produces
that

10:(p + B L20,05v+) < ¢,

and this further estimate concludes the proof. O

It is then a standard matter to use the adjoint variables to simplify the first-order necessary conditions
obtained in Theorem
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Theorem 5.4. Assume that [WT), [(ST)H(S4), (CT(C3), and (@.33)—~(2.34) are fulfilled, and let T €

U.q be an optimal control for (CP) with corresponding state (fi, 7, ). Then, setting

d(z,t) := (= h(@(z,t))p(z,t),r(z,1)), forae.(z,t) €Q,

we have that

/(d + boﬁ) . (11 — ﬁ) >0 Vue Uy (5.9)
Q

Moreover, U is the L*(0, T; H )?-orthogonal projection of —by'd onto Usq.

Proof. By comparing the variational inequalities (5.3) and (5.9), it follows that it suffices to show the
identity

—Awwmw[fﬂzméw—%k+mémﬂ—@%@» (5.10)

with the choices h; = w; — W and hy = ug — U, where (1, &, 0) and (p, ¢, ) denote the unique
solutions to the linearized system and to the adjoint system obtained from Lemmal[4.1|with A\; = Ay =
1 and A3 = \; = 0, and Theorem 5.2} respectively.

In this direction, we multiply the linearized system, written with (1, , o) = (1,€,0), by p, g and r, in
this order. Then we add the obtained equalities and integrate over () and by parts to obtain that

T
0:/0 (=0:(p + Bq), &) dt +/QV€-VQ

+ /Q E[XAr + F"(@)g + I (p)urp
~ P @)@ +X(1-2) —m(p—7)+XP@)(p—r)]
+/n[—ocatp—Ap—quP(@)(p—?”)]
Q

—i—/@@[—@tr — Ar —Xq—P(@)(p_T)]
+ /Q [ap(T)n(T) + (p + Ba)(T)E(T) + r(T)6(T)]
+Am@mm—m@

Now, we use the weak form of (5.4), as well as (5.5)—(5.8), to deduce that the above equality reduces
to (5.10), which concludes the proof. O

6 Second-order Sufficient Optimality Conditions

We now establish second-order sufficient optimality conditions. Since the control-to-state mapping S is
only known to be Fréchet differentiable on U, we are faced with the so-called “two-norm discrepancy”
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(see also [45, Sec. 4.10.2]). In order to overcome this difficulty, we follow the approach taken in [45],
Chap. 5]. Since many of the arguments developed here are rather similar to those employed in [45],
we can afford to be sketchy here. For full details, we refer the reader to [45], noting that there the case
of one control variable is treated while in our case we have to deal with a pair of controls. In order to
simplify the analysis somewhat, we now make an additional assumption.

(C4) It holds by = 0.

Notice that under the assumption (C4)| we have a zero terminal condition for p + B¢ in (6.8). This
easily leads to the conclusion that we have the additional regularity ¢ € Z, which, in turn, means that
the adjoint system is satisfied in the strong form (5.4)—(5.8).

By virtue of [(C4)|, we readily infer that for every ((u, p,0),u) € (C°([0,T]; H))® x Uand v =
(v1,v9,v3), W = (wy, wa, w3) such that (v, h), (w, k) € (C°([0,T]; H))* x U we have

D231 ) w)(v. ). (wK)) = by [

UQW2+bo/h~k. (6.1)
Q Q

Using Theorem along with the above expression, we can now derive the second-order derivative
of the reduced cost functional J,.q. Namely, for a fixed control T we find that

DZHred(ﬁ><h7k):D(p,,cp,o)g((ﬁ @7_>7 )( wu )
+ D*3((7,,9), W (((", €7, 6),h), (<, €5,6%). k), (6.2)

where (n®, &8, 6B), (nk, &%, 0%), and (v, 1, p) stand for the unique corresponding solutions to the
linearized system associated with h and k, and to the bilinearized system, respectively. From the
definition of the cost functional (1.7) (recall that now b, = 0), we readily infer that

wawm@ﬁmm%mm:m/@—%w. 63)
Q
We now claim that
méw mW—LWWK@ XE" — ) (p — 1)
+ P'(@) T+ X(1—9) —m)(p—7)
+P’<¢>f“(9k—><£k— p—r) = (@)E " up
N (@) kip — W (@) hp — FP (p)€"¢q). (6.4)

To prove this claim, we multiply (4.78) by p, (4.79) by ¢, (4.80) by r, add the resulting equalities, and
integrate over (), to obtain that

0= / pladw + 0pp — Av — g1 — go)
Q
/Q [5&@ Ay —v—Xp+ F”( )w + F(3)< )ghgk]

+ [ rlow - 2p+ X0+ g1l
Q
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with the functions g; and g» defined in (4.83)—(4.84). Then, we integrate by parts and make use of the
initial and terminal conditions (4.82) and (5.8) to find that

0= /Q v[—adp — Ap— q+ P(@)(p— 7))

i /Q Y[=0p — BOg — Aq+ XAr + F"(@)q + 1 (@)ap
—P(@)(@+X(1-9) —mp—r)+XP@)(p—71)]
+ / pl=dir — Ar = Xq — P()(p— 1)
Q

+ / [ — P(@)& (6" — x&" — ™) (p— )
Q
— P" @)@+ X(1—-9) —p)p—7)
— P (@)™ (0% — X&* — ) (p — r) + h" (@) Purp
+ 1@ kp + B (@) hp + FO(3)heRq],

whence the claim follows by using the adjoint system. From this characterization, along with (6.2) and
(6.3), we conclude that

D?Frea(@)(h, h) = bo|| B[ 720 7,1y2 +/Q?P'(@fh(9h — ") —) —/Q?lh’(@)fhhm

# [ (= P@E 17 M- 12 P @)

+ W (@) + FO@)g) € 65

This explicit expression for the second-order derivative of J,.q allows us to establish sufficient condi-
tions for optimality of T. We aim at showing that, under suitable assumptions, D?Jeq (W) is a positive
definite operator on a suitable subset of L?(0, T'; H)?, meaning that for any admissible increment h
it holds that

D?*J,ca(@)(h, h) > 0. (6.6)

However, is rather restrictive as we need such a condition just along some suitable directions. To
this end, for every 7 > 0, we introduce the sets of strongly active constraints,

Al() = {(z,t) € Q: | — h(P(z,t))p(x,t) + botir (2, t)| > 7},
={(z,t) € Q: |r(z,t) + bouz(z, t)| > 7}.

Moreover, for any increment h = (hq, hy) € U we introduce the componentwise conditions
(=0 if(z,t) € AL(R),

\S 0 Ifﬂl(x,t) = ﬂl xZ,
(=0 if(z,t) € A2(R),
ho(z,t) ¢ >0 ifus(z,t) =
(<0 itT(r,t) =
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and define the associated T-critical cone by

C.(@) :={h = (hy, hy) € U : hy satisfies and hy satisfies a.e.in Q}. (6.9)

The second-order sufficient condition for optimality then reads as follows:
36,7 >0 : D*rea(w)(h,h) > 6|[h[72 01 Vh € Co(T), (6.10)

where D?J,.q(1)(h, h) is given by with the choices (1z, p, o) = S(u), (n®, &P, 6") = D8(u)(h),
and the corresponding adjoint variables (p, ¢, 7). We have the following result.

Theorem 6.1. Assume that|(WT), [(S1)H(S4), (C1)H(C4), as well as (2.33)—(2.34) are fulfilled. Letu €
U.q be an admissible control which satisfies (5.3) with the corresponding state (i, @, @) and adjoint

variables (p, q,r), as obtained from Theorem [2.3 and respectively. Then there exist positive
constants €1, €5 such that

Jrea(1) > Jrea(@) + €1]ju — ﬁ||%2(0yT;H)z forevery u € U such that |[u — 0|y < e.

In particular, it follows that U is locally optimal for (CP) in the sense of U..

For the proof we follow the line of argumentation employed in the proof of [45, Thm. 5.17], where in
our case we deal with a system of parabolic equations and a pair of controls, with state and control
nonlinearly coupled. However, the techniques used in [45] can straightforwardly be adapted to our
more complicated situation. We therefore merely sketch the arguments.

Proof. Given an arbitrary u € U.4, we infer from Taylor’s theorem with integral remainder that

Frea(W) — Grca(®) = Do W)(v) + 5 D@ (v, v) + RO (u, 1),

where we have set v = u — T, and where the remainder R%xd is given by
1
R (u, 1) = / (1= 8)(D*Frea(u + sv) — D*Jrea(0)) (v, v) ds.
0

To estimate (D?Jrea(TW+ sv) — D*Frea(W)) (v, V), we set

(W*,¢%0%) = 8(u+sv), (1,€,0) = DS(@)(v), (n°,€,0°) = DS(u+ sv)(v),
(V,Qﬂ,p) = D2S(ﬁ)(V,V), (Vs7¢sups) = DQS(ﬁJ‘_ SV)(V7V)'

By arguing along the lines of the proof of [45, Thm. 5.17], we find that it suffices to show that

‘Rared (u, ﬁ)‘

—— — 0 as [ju—1ly— 0. (6.11)
[u— UHL2(0,T;H)2

Using (6.3), we see that
D(u,¢,a)3((ﬂs7 9087 05)7ﬁ + SV)(VS7 ws7 /OS) - D(,u,cp,o)g((ﬁ7 @7 E>7ﬁ>(V7 ¢7 p)

- /Q (& — )+ b /Q (6" — o)W — o) = I, 6.12)
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and from (6.1)—(6.2) we obtain that
D*J((p % 0%), 0+ sv) (17, €, 0%),v), (7, €°,6%),v))
- D23((:u7 9070')7ﬁ)<((777§79)av>7 ((777570)7‘,)) = bl /Q(£S + f)(’gs - 5) = [2~ (6-13)

It then readily follows from the Cauchy—Schwarz inequality, and the stability estimates (2.14), (4.65)
and (4.104), that

I < bi(|0® = Pl ezo,m 1| 20,0 + 107 — Poll2omm1¥° — Yl L20,1:m))
< CSHVH%?(O,T;H)?-

Moreover, owing to [(C2)} Theorem and to the stability estimate (4.65),

Iy < b1 (1€ + Ell 2o 1€ — Ell 2o, rimy) < sl VIE o1y

We thus can conclude that

1
‘Rared(u’ﬁ)‘ S C/ (]_ — S)SHVH?[)P(O,T;H)? ds S CHVHUHV”%Q(U,T;H)%
0

so that (6.11) directly follows. With this, the proof can be completed by adapting the argumentation
of [45] correspondingly to our situation. O
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