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Quantitative heat kernel estimates for diffusions with
distributional drift

Nicolas Perkowski, Willem van Zuijlen

Abstract

We consider the stochastic differential equation on R4 given by
dX; = b(t, Xy) dt + dBy,

where B is a Brownian motion and b is considered to be a distribution of regularity > —%. We
show that the martingale solution of the SDE has a transition kernel I'; and prove upper and lower
heat kernel bounds for I'; with explicit dependence on t and the norm of b.
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1 Introduction and main results

In this paper we consider the stochastic differential equation on R? given by

dXt — b(t, Xt) dt + dBt,

S W w -

(1)

where B is a Brownian motion and b is a distribution of regularity > —%. Such singular diffusions
(diffusions with distributional drift) appear as models for stochastic processes in random media (then b
would also be random, but independent of B), for example in [4,[6] 5]. They also appear as “stochastic
characteristics” in Feynman-Kac type representations of singular SPDEs, for example in [13} 5, [17].
In non-singular SPDEs, the stochastic characteristics would be formulated in terms of the Brownian
motion, and they may be useful tools to infer information about the long time behavior of the SPDE.
For example, the asymptotic behavior of the total mass of the parabolic Anderson model is typically
derived via the Feynman-Kac formula [16], and for that purpose it is important that we understand
the Brownian motion and its transition probabilities very well. When studying singular variants of the
parabolic Anderson model, where the Brownian motion in the Feynman-Kac representation is replaced
by a singular diffusion, we thus need to understand the transition probabilities of this singular diffusion.
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Moreover, since we are interested in the long time behavior, we need quantitative control of the transi-
tion probabilities on arbitrarily long time intervals. This motivates our present work.

We show that the solution to (T) possesses a transition kernel I'; : R? x R? — R for all £ > 0. This
means that under the measure P, such that X, = = we have for all ¢ € Cy,(R?)

Efo(X)] = | 6(u)i(a,y)dy.

The following theorem represents the main result of our paper, in which we show that the above
transition kernel satisfies heat kernel bounds.

For any Banach space X and t > 0 we write || - ||, for the norm on C([0, ¢], X), which is defined
for f € C([0,¢],X) by

[fllox = sup [1f(s)lx:

s€(0,t

A_;b denotes the first Littlewood-Payley block and Ax,b the sum of the positive Littlewood-Payley
blocks (see Section . BS denotes a Besov space, see [2].

Theorem 1.1. Leta € (0,2) andc > 1. There existaC > 1 and a x € (0,1) such that for all
b= (b)iz0 € C([0,00), B (RY,R?)), € N§ with |pu| < 1, and forall t > 0, z,y € R®:

[\

[1]

e )| < Cenp (CHIA0R, o + 18508155 0] ) 7% v Uptet. o —0), @
1
Ti(z,y)| > o &P ( Ct[HA 10]|8, poe + ||A>obHC Boo }) p(kt,x —yg), 3)

where p(t, z) = (2rt)~2e~1"*/2 is the standard Gaussian kernel.

As a corollary, we obtain the following estimate on the escape probability of the diffusion X to leave a
ball.

Corollary 1.2. Letv € (0, 3). There exists a C' > 0 such that for allb € C([0, 00), B, (R, RY)),
r€RY K >0andT > 1, and for X solving (@) with P,(Xy = x) = 1:

IP’z( sup |X; —z| > K)

0<t<T
K2
) @

< Cexp <CT[||A 1b||CTL°° + ||A>0b| Cr B o ]) exp < - CT

Remark 1.3. At least for constant b the heat kernel bounds are sharp: If A € R% and b = /\ then

Ly(z,y) =plt,y —x — )\t) and a 3|mple computation shows that sup, cga (t(ft xA)t) — SN
p(t,z—At)

and infcpa 2 Do) = Koe “a— A . Slnce in that case A>qb = 0, this corresponds exactly to our
bounds (2) and (3) (for i« = 0).

Remark 1.4. As we consider a time inhomogeneous drift, we could have also formulated the heat
kernel bounds for I'; ; (with 0 < s < ), which is the transition kernel from time s to time ¢: If IP,
is the probability measure under which X, = x and holds (for ¢t > s), then E; ,[0(X;)] =
fRd ©(y)s.(x, y) dy. However, to simplify notation we only consider the case s = 0 and we write
I'; for Iy ;. The heat kernel bounds for I'; ; follow by applying Theorem With b, = biis, t > 0.

DOI 10.20347/WIAS.PREPRINT.2768 Berlin 2020
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1.1 Literature

Diffusions with a distributional drift were first considered by Bass and Chen [3] and Flandoli, Russo and
Wolf [8], both in the one-dimensional time-homogeneous setting. More recently, Delarue and Diel [6]
used Hairer’s rough path approach to singular SPDEs [14] [15] to extend the results of [8] to the time-
inhomogeneous case, and they applied this to construct a random directed polymer measure. Flandoli,
Issoglio and Russo [7] were the first to consider multidimensional singular diffusions, but they require
more regularity than in the previous works on the one-dimensional case (they consider the “Young
regime”, i.e., the distributional drift has regularity better than —1/2). Zhang and Zhao [22] study the
ergodicity and they derive heat kernel estimates for singular diffusions in the Young regime. Cannizzaro
and Chouk [5] use paracontrolled distributions to extend the approach of [6] to higher dimensions and
the results of [7] to more singular drifts. They apply this to construct a random polymer measure that
is closely related to the parabolic Anderson model.

In this paper we follow the approach of Cannizzaro and Chouk, although we restrict our attention to
the more regular Young regime. This is crucial for our arguments.

As already mentioned, Zhang and Zhao [22] also prove heat kernel estimates for SDEs with distribu-
tional drifts in the Young regime. More precisely, they prove that there exist ¢, C' > 1 such that for all
te (0,T)and z,y € R?

sp(tz —y) < Tz, y)| < Cplet,z —y).

Moreover, they give an upper bound on the gradient of the transition kernel, VI';. Here, the constant
C' implicitly depends on 7" and ||b|| -«

If b is the gradient of a function that does not dependent on time, then there is a classical heat kernel
estimate for I, see for example Stroock [20, Theorem 4.3.9]. In that theorem we have b = VU for
a smooth and bounded function U, but the estimate only depends on max U — min U, so by an
approximation argument it extends to continuous and bounded U. This result is uniform in time, but
also here the dependence of the constants on max U — min U is implicit.

In another work by the authors together with W. Kénig [17], our heat kernel estimates are applied to
derive the asymptotic behavior of the total mass of the parabolic Anderson model. In that application
it is crucial to understand how the constant grows with ¢ and the norm of b. Therefore, we need our
“quantitative version” of the heat kernel estimate.

1.2 Notation and conventions

We write N = {1,2,...},Ny = {0} UNand N_; = {—1} U Ny. For the whole paper, d is an
element of N and will denote the dimension of the space. For families (a;);cr, (b;)icr in R for an index
set I, we write a; < b; to denote the existence of a C' > 0 such that a; < Cb; for all i € I. We write
C, for the space of continuous bounded functions and C° for the space of C'*° functions for which all
their derivatives are bounded functions. We abbreviate function spaces and Besov spaces by omitting
“(R%)” in the notation, for example we abbreviate B (R?) to BY . Moreover, we write ¢ for B,
and ‘Kpﬁ for Bgoo. We write u & v for the paraproduct between u and v (with the low frequencies of u
and the high frequencies of v), and u ® v for the resonance product; we adopt the notation from [19]

and refer to [2] as background material.

In the rest of the paper (p;)ien_, is @ dyadic partition of unity, meaning that p_; is supported in
a ball around 0, po is supported in an annulus, p;(z) = po(2~'x) fori € No, > ey 00 = 1,

DOI 10.20347/WIAS.PREPRINT.2768 Berlin 2020
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5 < Dien., Pi < landsuppp; Nsuppp; = Qif [i — j| > 2. Fori € N_; we write A, for the

corresponding Littlewood-Payley blocks (.-# denotes the Fourier transform)
Aif =pi(D)f = F 0T (f) = F " (pi) * [

Moreover, we define A~ f to be the sum of all the positive Littlewood-Payley blocks:

Asof =D Af.

1€Np

2 Diffusions with distributional drift and their heat kernel bounds

Throughout this section we fix 7" > 0. Let « € (0, 3). For b € C([0,T], B (R, R?)) we
consider the stochastic differential equation

dX;, =b(t, X;)dt + dB;. (5)
Fort > 0 let .Z, be the operator
ZL=1IA+b-V. (6)
We consider the following Cauchy problem for u: [0, 7] x R? — R with terminal condition ¢:
ou+ Lu=0 on [0,7) x RY,
{u(T, J)=0¢ on R%. 7

The solution theory for the Cauchy problem will be given in Proposition We write u? for the solution
to (7). But let us first discuss how to interpret (5) in terms of a martingale problem.

Definition 2.1. We say that a stochastic process X = (X;)c[0,r) on a probability space (§2,P) is a
solution to the SDE () on [0, T'] with initial condition X, = x if it satisfies the martingale problem for
((L)ieo1): 02), e, it P(Xog = 2) = Land forall f € C([0,T], L*(R%)), all ¢ € C*(R?) and
for u = u? being the solution to the Cauchy problem (7), the process

(U(t,Xt) - /Otf(S’XS) ds)te[oﬂ

is a martingale.

The martingale problem has a unique solution:

Theorem 2.2. [5, Theorem 1.2] Let v € (0,3). Forallz € R% andb € C([0,T],¢~*(R* R?))
there exists a unique solution to the martingale problem for ((-Z;)ic (0,17, 0x), in the sense that there
is a unique probability measure P, on Q = C([0, T, R?) such that the coordinate process X;(w) =
w(t) satisfies the martingale problem for ((-Z;)tc(0,11, 9=). Moreover, X is a strong Markov process
under P, and the measure IP,, depends (weakly) continuously on the drift b.

Remark 2.3. The continuity of the solution [P in terms of the drift is not mentioned in [5, Theorem 1.2],
but it can be extracted from their proof.

Observe that Theoremalso implies that there exists a unique probability measure P, . on C([s, T'], R%)
such that the coordinate process satisfies the martingale problem for ((Z)te(sﬂ? d.). This can be
obtained by applying Theorem[2.2]to a shift of the drift, as is mentioned in Remark|[1.4]

DOI 10.20347/WIAS.PREPRINT.2768 Berlin 2020
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Next, our aim is to show that X admits a transition density I'; ; for 0 < s < ¢ < T’ (Proposition ,
which means that for ¢ € C.(R%) and z € R? and with P, ,, as in Remark[2.3]

Bualo(X0] = | 0)Tes(o.9) ®

We do this by showing that I'; (v, ) = u®(T'—t, z) for the solution u° to (7) with terminal condition
u(T,-) =9,

In order to construct the solution ©°» we have to slightly extend the results of [5]. Indeed, in [S, Theorem
3.1 and 3.2] the well-posedness of the Cauchy problem is shown for ¢ € €P with 3 € 1+ a,2—
a), and 0, is not in this space. The solution theory in [5] is formulated in terms of mild solutions:
A mild solution of (7) is a fixed point u of ® (Pu = u), where ® is defined on C'([0,7],.") N
Upepro0) C10,T), ) (RY))] for > 1+ a by

0

T
(q)u)s = PT*8¢ - / Prfs(br : vur) dT; 9)

where P, := p(t,-) x ¢ fort > 0 and Py¢p = ¢ (that ® is well defined follows by [2.6). In order to
allow 9, as a terminal condition, we will consider a different space that “allows a blowup as ¢ 1 7™
However, for notational elegance, we instead consider a space with “a blowup at 0” and mention that
w is a fixed point of ® if and only if v given by v(t, -) = u(T — t, -) is a fixed point of ¥, given by

(\I[U)s = s¢ + / Ps—r(bT—r : VUT) d?",
0

so that we call v a mild solution of
v —Lr_w=0 on (0,7] x RY, 10)
v(0,-) = ¢ on R

We will show that W has a fixed point in the following space (for suitable ¢, 3). For 6 > 0, 5 € R and
t > 0 we define

[ull prsgs = i 8°|us
s€(0,

Mtécgpﬁ = {U’ S C((07t]7cgpﬁ) : ”uHMf(gf < OO}

G

The following proposition is a slight extension of [5, Theorem 3.1 and 3.2].

Proposition 2.4. Leta € (0,3), p € [1,00] andy > —a. For¢ € 6, andb € C([0,T], BL%)
the Cauchy problem (7) has a unique mild solution u®®. For 3 € (1 + a,2 — ) andt € (0,T] we
have u{"" € €. Moreover, the map €, x C([0,T], B3%) — €7 given by (¢,b) — u®®(t,") is
locally Lipschitz.

Another difference with [B] is that we consider b € C'([0,T], B")) instead of b € C([0,T],4).
Since Bgo‘f‘p CE*C Bgo‘fp* (as continuous embeddings), this does not make much of a difference.
But our heat kernel bounds depend on the B__* -norm and for their derivation it is more convenient to
work with B_ 7.

Before we prove Proposition 2.4 we present two auxiliary facts, Lemma [2.5)and

We write B for the beta function (see e.g. [1, Section 1.1]), which is the function B : (0,00)? —
(0, c0) given by

1
B(3.) = [ 0= a0, (1)

DOI 10.20347/WIAS.PREPRINT.2768 Berlin 2020
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Lemma 2.5. Letp € [1,00], Kk > 0,0 € [0,1),,y € Rand 5 € [—a,2 — a).
There exists a C' > 0 such that for allt € (0, 1]
s = Psoll

_otB
< Clolle <O lwl s (12)

S
S|—>/ P,_,w,dr
0

K
M.2 ¢ Ytk
£ MEE)

Proof. In[12, Lemma A.7] it is proven that for all k > 0 and v € R there exists a C' > 0 such that for
allt € (0,1]

| Pep

artr < C20llg, (13)

which implies the first bound in (12). The second bound is also proven in [12, Lemma A.9], we give
the proof to be self-contained. By applying we obtain for t € (0, 1]

t
/ P_ w,ds
0

This proves the second bound in (12). O

t
_atB
S [0 s dsfwl g
P 0

_ _atB @
SETTETB (1= 521 = 6) wll e (14)

26. Leta > Oandlet 5 > 1+ aand e > 0 be such that 1 + o + ¢ < (5. Then we have by
Theorem[A.1]together with Bernstein’s inequality ([2, Lemma 2.1 or 2.78]):

la- Vwllg o S lallpe IVwllipgie S llallpe llwllge -

p,o0 ™
Proof of Proposition[2.4. Without loss of generality we may assume vy < 3.

By combining the observation in with Lemma(with k=pf—vyandd = @) fort € (0,1] we
B—y
see that W maps M, * %”pﬂ to itself, as

a+p

o Tt 7 bl poe, ol o5

S e

el e

and, moreover

Wy — \I@HMt@c@? =|ls— /0 P, .(b-V(v, —0,)) dTHMt@%f

< s o b Vv, — )| sen

Mt 2 %pp—a
_otB -
ST bl llo =0l s (15)

v .
2 B
t 61)

B—
So for sufficiently small ¢, the map W is a contraction on the Banach space M, ? Cﬁpﬁ and it has
a unique fixed point. As ¥ maps C'((0, o], €) into C([0, o], €*) (which follows in a similar way

B—
by and thus in C'([0, %o],.”) we interpret the fixed point to be in C'([0, Zo],.") N M, > %pﬁ.
Moreover, the length £ of the time interval does not depend on the initial condition. So we can repeat
the argument iteratively and construct v(, -) € ‘Kpﬁ forallt > 0.

DOI 10.20347/WIAS.PREPRINT.2768 Berlin 2020
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To see the continuity of the solution in b and in the initial condition, let by, b, € C([0, 77, B.%) and
¢1, 92 € €. Let v; be the solution to with drift b; (so with &}, = A + b;7_ - V) and initial
condition ¢;, for i € {1,2}. By Lemma2.5|and by[2.6|we have

atB

D R

[ U2||Mﬂ%wﬁ S Nor = dollgs +1'7

t
1_atb .
+7 2 1oy = ballg, e, HUZHMf%%Jf :
The continuous dependence on b and ¢ then follows by taking £ small, and for large ¢ we again iterate
the argument.

It remains to show that we can increase the integrability from p to oo, i.e., that v, € €P forall t > 0
and that also as an element of €7 the solution v; for fixed ¢ > 0 depends continuously on b and .
First we show that if £ > 0, then v, € € for all s > t. To simplify notation we only consider the most
extreme case p = 1, but the argument for general p is essentially the same. Let n € N be such that

nB-v)<d,  (n+1)(F—-v)=d
Write po = landfori € {1,...,n}

d
pi=——-—<EC€ 1,00.
==y <
Then 3 — p% >yand 3 —d(;1 —.-) = yforalli € {1,...,n — 1}, hence the Besov embedding

theorem [2, Proposition 2.71] gives 60 C ¢ foralli € {1,...,n —1},and ¢ C €". We
have v: € ‘Kf C ¢, . By considering the equation (7) with initial condition v+ we obtain that v,
is in CKE for s > % in particular v2, € %) . Repeating the argument we obtai; vi, € ¢, forall
ie{l,...,n—1}and v, € ‘57750 indeed v, € €° for all s > t. As t was argitrary, we have
shown that v, € € for all t > 0. The continuity of the solution with respect to ¢ and b follows from
the continuity shown above. O

—d(1=1
2.7. A direct computation shows that the Dirac delta §, is in %, =) for all p € [1,00], so in

particular 0, € €. Moreover, for ¢ > 0 the map R? > z — §, € %, © is continuous.
Corollary 2.8 (of Proposition[2.4). Letr € (0, 3) andb € C([0,T], B (R, R?)).

Fort € (0,T) andn € N letb{™ = S Ay € C°(RY RY) and let Ty p(x, y) = udd(t, x)
and FE,TLT)(% y) = ud*"™ (t, x) (notation as in Proposition . ThenT', r and FY}) are continuous on
R? x R? and we have for all i € N4 with || < 1:

sup |04[Cor(w,y) — TV (2, 9)]] 2225 0.
z,ycRd

Proof. The continuity follows from Proposition [2.4

00,1 "V

Because ||b\"||pe . < 1bs]| 2., and 15 — byl e, — 0 we obtain by a “3 argument” that

6™ — b”ctB;o‘fl — 0

As moreover sup,cpa [0, [0 < 1, Propositionyields

supy € RYT:(,y) — Lol 9) s — 0,
forall f <2 — a. O

DOI 10.20347/WIAS.PREPRINT.2768 Berlin 2020
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Proposition 2.9. Leta € (0,3) andb € C([0,T], B (RY,R?)). Fort € [0,T) let Ty p: R? x

R? — R be defined by Iy r(z,y) = u®(t,z). Let P, be the unique probability measure on
C([t, T],R) such that the coordinate process X is a solution to the SDE (B) on [t, T'] with initial con-
dition X; = x. ThenT'y r(x, -) is the density of X7 underP; ;, i.e., By o [¢(X7)] = [pu &) e (2, y) dy
forall ¢ € C.(R?).

Proof. For b with values in Ct° this is classical, see for example [10, Theorem 6.5.4]. So let b and
F?}) be as in Corollary[2.8/and for z € R? let P\") be the unique probability measure on C([t, T],R%)

t.x
such that the coordinate process X is a solution to the martingale problem for ((Dg/ps(n))se(t,T], 0z),
where .2\ = %A + bg?_)s - V. Using that IP,EZ) weakly converges to [P, , (Theorem and the

uniform convergence in CoroIIarywe obtain for ¢ € CC(Rd):

Ero[¢(Xr)] = lim EPY[¢(Xr)] = lim [ (y)I7(z,y) dy = / 6W)Tir(e.y) dy.

n—00 Jpd ’

3 Heat kernel upper bounds

Here we prove the upper bound (2) of the heat kernel estimates. We follow the “parametrix” approach
from Friedman’s book [9] to prove the heat kernel bounds presented in Theorem This means that
we write I'; as a series (see Lemma[3.3) and bound each term in that series to obtain a bound for the
whole series and thus for I';. Usually the point of the parametrix is to deal with non-constant diffusion
coefficients, but the approach is still useful for us despite the fact that we deal with constant diffusion
coefficients.

Because of Corollary[2.8)we can restrict our attention to b in C'([0, '], C£°(R%, R?)) and then extend
the bounds to b in C'([0, T], BL% (R?, R?)) by a limiting argument.

For the rest of this section we fix a € (0, 5),and ¢ > 1as in Theorem[1.1jand b € C([0, 00), C° (R4, R?)).
(Instead of [0, '] we consider [0, co) for notational convenience.)

3.1. Let g € LY(R% R?) and a € C°(R?% R?). Let (p;)ien_, be another dyadic partition of unity,
but such that supp p_; Nsupp p; = () for i € Ny so that

[ aaE@ane = [ 775 aa)e i

Ra

_ / a(=2)pi(2)p1()3(=) dz = 0,

and thus

DOI 10.20347/WIAS.PREPRINT.2768 Berlin 2020
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By duality and Bernstein’s inequality, see [2, Proposition 2.76 and Lemma 2.1], we have
‘ / a(z)-g(z) dz’ < / A_ja(z)-g(2)dz / Asoa(z) - g(2)dz
Rd R Rd
S [A-allzellgllor + [[Azoall o 1 Ax09]l ¢

S 18 sal gl + Dsaalys, (sup {13,005 @ 13,0000} )
’ 12

S IAsallze gl + [Asoallpe gl Vgllg- (16)

+

We will apply the above bound for functions g that are Gaussian, therefore we will need estimates for
derivatives of Gaussian functions. So we recall the following bound:

3.2. Let p(t,z) = (2mt)~2e~ 2" for (t,z) € (0, 00) x R? be the standard Gaussian kernel. For
the space derivatives 0"p we have the following estimate:

Vi e NEIC > 0V(t,z) € (0,00) x RE:  |0p(t,z)| < Ot~ 5 p(ct, ), (17)

The proof of the upper bound essentially follows by iterating the previous two observations. To
carry out the argument we need the following result, which allows us to write I" as an infinite series.

Lemma 3.3. Forz,y € R? and s,t > 0 with s < t we define
\I]Zs/:tl(w) = —b(t—S,l')'Vp(S,IL’—y), (18)
and fork > 2

W@ =~ [ [ b s Vals - o - s (o)
0 JRd

Then for allt > 0 and k € N the map s +— \Iﬂs’f is in L>=((0,t], L*(R%)). Moreover, (with T, ; as in
Proposition

0 t—s
Tse(z,y) =p(t—s,z—y)+ Z/ /dp(t —s—raz—2) 0 (z)dzdr.  (20)
k=1"0 R

Proof. By we know that ||\If§7’t1||L1(Rd) < ¢~2 and therefore s > \Ifztl isin L1((0,t], LY(RY)).
For k = 2 we have (for the last inequality remember the definition of the beta function (17) )

t—s
1922 gy < / IVp(t — 5 — 7, ) % U2 gy dr
0
t—s
§/0 (t—s—r)*%rfé dr:B(%,%)gl.

One can repeat this line of argument and obtain ||\If§:f+1|]L1(Rd) < 1for k > 2, locally uniformly in s.
It remains to show (20). As T’ ;(z,y) = u® (s, 2) where u’» being the fixed point of the map ® as in
@) with ¢ = §,,, that is, with u = u®,

t
(Pu)s = P50, — / P,_s(by - Vu,) dg

t—s
= Ptfsfsy - / Ptfsfr(btfr : vutfr) dr.
0

DOI 10.20347/WIAS.PREPRINT.2768 Berlin 2020



N. Perkowski, W. van Zuijlen 10

From a Picard iteration it follows that T is the limit of the sequence I'? = 0,
L (2, y)
t—s
—plt=so—g)= [ [ pt-s a2 - ) VL () dedr
0 Rd

Therefore, F;t(@ y) = p(t — s,x — y) and we obtain recursively (see also [9, Chapter 1.4])

k t—s
F’;’Jtrl(ac, y)=p(t—s,x—y)+ Z/ /dp(t —s—rr— z)\I/ff(z) dzdr.
=170 R

This proves (20). O

3.4. Now let us get back to Remark [1.4] Observe that in the right-hand side in the dependence
on t is in the ¥¥* functions, and we see that the rest is a function of t — s. This allows us to take the
first time variable, s, equal to zero, and proof the heat-kernel bounds as in Theorem From now on
we write “I';” for “I'g .

Note that the first term appearing in the right-hand side of is already bounded by the right-hand
side of (2). Therefore, we will recursively estimate

¢
/ /Rd p(t—s,x — z)lllgf(z) dzds.
0

This will be done with the help of some auxiliary lemmas, which follow below.

35 Letp € Nd,t >0,k €N, z,y € RYand g € L}(R?). As we write Prg = p(t, -) * g (see (9)),
we have 0" P,g = 0Mp(t,-) * g.

For any given norm || - || we will write ||V £|| = 327, ||9;f| and || V2f]| = szzl 1055 1 -
Lemma 3.6. There exists a C' > 0 (independent of b) such that for all ;1 € N¢ with || < 2,y € R?

andt,s,r € (0,00) witht > s > r andall f € L*(RY), with g, () = b(t — 7, 2) - [ou V(s —
r,z —w)f(w)dw

_ el
0 Prosguor@)| < Ot = )7 5 plet,w = p) (1810 o= || 22|
11—« «
-2 || VPs_rf VPs_rf V2P_,f
+HAZObt—T‘HB;OCf1 |:(t—$) ? p(cs,—y) oo p(cs, —y) 1,00 p(cs,—y) L°°:|>. (21)

Proof. We abbreviate g; , , by g. Observe that g(z) = b(t —r,2) -V Ps_, f(2). Then, with h : R? —
R%, h(z) = O'p(t — s,x — 2)V P, f(2), by

‘8uptfsg<x)’ =

/ Mp(t —s,x — 2)b(t —r,z) - VPs_, f(2)dz
R4
S A sbpllzollhllzr + | Asobi—rll o, 12 IV AN
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Quantitative heat kernel estimates for diffusions with distributional drift 11

We estimate both ||A[|,1 and ||V h| 1. We use ({7) and [, p(c(t — s),x — 2)p(cs,z — y)dz =
p(ct, x — y) to obtain

1Bl = / 0°p(t — 8,2 — )V P f(2)] dz
R

VP, f

Sl A | I P
ples,-—y)ll;

< [ 0= Eptelt — o). ples, z—y>H
| H VP rf

=(t—s 7 ct:v
(

Similarly, in combination with Leibniz’s rule, we obtain

HVhHLI = HV(@“p(t — S, — ‘)vPsfrf) HLl
< [|0"Vp(t = 5,0 = )V Por f||y + [|0"p(t = 5,2 = )V P f|

VPP VP,
< (t—s) Fplctz —y) [(75—8)_é V] H—f ]
p(cs,-—y) L p(CS,' _y) Loe
Using the above and that (a + b)* < a® + b® for a, b > 0 we obtain (21). O

3.7. Now we apply the above lemma to our setting. But first, let us introduce some notation. For & € N,
t>0,i€{0,1},and 8 € {0, a} we write

ViAo |
p<Ct7 T y)

ViP [ W]
p(Cta T y)

t
ﬂfk(t) = sup/ ds.
0

LOO

LOO

We are interested in the bounds for .#°, only. But in order to describe a recursive relation for them, as
we will see in the next lemma, we also need the .7%’s

Lemma 3.8. Let C' > 0 be as in Lemmal3.6 Forallk € N,t > 0,i € {0,1} and 8 € {0, a}
t i+8
Foa® <€ [ (1= (18- b= 5u(6)
0
1508l oy, [(E = )7 550 (5) + A (9)] ) ds. (@)

Proof. We claim that the following holds. For all k € N,y € R?and i € {0,1,2}

V'R [v ] —i *|| v
pt(cs,-—g:/) < C(t_ S) 2 HAflz)HCtLOO ; m - dr
_a VP, [0
I (e I
’ 0 Lo
R [ e
+/ P(Csa'—yi p(cs,—y) d?“] : (23)
0 Lo oo

From this (22) follows by definition of fﬁ Now let us prove (23). Let g; 5, be as in Lemmawith
f= ‘If . Observe that by definition of \I/y’kJrl we can write

S

P () = / bt — r.2) - VP, [07F](2) dr = / Gron(2) dr,
0 0
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N. Perkowski, W. van Zuijlen 12

so that (one can verify the interchange of integrals by Fubini’s theorem and using Lemma3.3)
S
. i )
VPN @) < [ (9 P g la)]
0
With this, follows from (21). O

In the proof of Lemma we will use the following bound for the beta function (see (T1)).

Lemma 3.9. Letd € (0, 1]. Then M;s := sup{B(5,7)7" : (3,7) € [4,1] x [§,00)} < oc. Hence,
forall (B,~) € [0, 1] x [0, 00),

B(B,7) = B(7,8) < Msy".

Proof. By [1, Theorem 1.1.4 and Theorem 1.4.1] we have for v, 5 > 0

I'(v)I' r
BB,y = SO g i )y
P(’}/ + B) Y—00 \/%’7775677
From this we deduce the following. Let /3,, — 3 for some § € [, 1] and 7,, — oo. Then
_1
. BBy R
lim —————— = lim -
n—o00 F(ﬁn) n—00 Zﬁ(fyn + 5n>’7n+5n—§e—(7n+ﬁn)
= lim (1 + &)_(Vn'i‘ﬁn_%)eﬁn
n—oo ")/n
= lim (1 + &)_%eﬂ" — ¢ Prefn =1,
Yoo Tn

Therefore
Tim BB, 7)1 = T(B),

so that from the continuity of I it follows that (3,) + B(3,7)~” is a bounded function on [d, 1] x
9, 00). O

Let us now use the recursive relation for ﬂfk and the bounds on the beta function to obtain estimates
for ,ﬂf i

Lemma 3.10. LetC > 0 be asin Lemma and let M = SM%_Q with Ms as in Lemma There
exists a K > 0 (independent of b) such that forall k € N, ¢t > 0, 5 € {0,a} andi € {0, 1

isa (CMA_ et} (CM 18508l e 50"

TLH <K Y ot T —— (24)
m,nENg (m‘) 2 (n‘) 2
m+n==k

Proof. We give a proof by induction. Instead of “|| A_b|[c, " and *[| Axob|| ¢, g—o " we will write “X”
and “Y"”, respectively. ’

e The induction start, & = 1:
We have for p1 € Ng with [u| < 2

0P fUl)@) = [ (e 50— WLl dx = [ be) - gle) d
R4

R4
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Quantitative heat kernel estimates for diffusions with distributional drift 13

with g, (2) = Vp(s, z—y)o'p(t—s,z—z). By there exists a K > 0 such that for all 1, v € N4
with |p| < 2and |v] < 1:

] 1

9,(2)] S K(t—s)" 25 2p(cs,z —y)plc(t —s),x — 2),
09u(2)| S K(t = 8)" %572 [(t =)= + 5 2]ples, 2 = y)plelt — s).x — 2).
Therefore, by (6), for j € {0, 1,2}
VIP (W]
plet, - —y)
so that for i € {0,1}

NS
I\J\H

< K(t—s)" 3sm 2<X—|—Y[(t—s) %—G—S_%]),

LOO

i+8

() < K/Ot(t —5) sz (X +Y[(t—s)"% + s_%]> ds

< t‘#K<B(2 =8 Lxts + [B(E2 1) + B(RE, I_Ta)}Ytl_Ta)

Hence, for k£ = 1, the inequality follows by applying Lemmafor the beta functions and using
that 0 — M is decreasing:

. 1 oo
BEFL D) < Maes(5)7 2 <2My_, < M,
B(ziliaiﬁ, %) < M27i7a7ﬁ21702676 < M,
—i— —a —a\—1=8 1-8
B(*=57,15%) < M= (15%) 72 S My 42 <M

e The induction step, from k to k£ + 1:
Let £ € N and assume that (24) holds. Then by Lemma

fzkﬂ( ) < O/o (t— 3)_7 (Xjf)k( )+ Y[t - 3)_%f10,k<5) + lak<8)]) ds
< KC Z (CMX)™ (CMY)"

1-8 l—a—p
m,nENp: (m') 2 (n|) 2

t 2 11—« a a
< [ R (X (-9 s ) ds
0

We bound the latter integral, for which we have the following identity:

/O(t—s)’? STEPEREE (X 4 Y[t —5)F +578]) ds

— St (thB(1 B miltn(l-aly

l—a —a—B m+l+n(l—-a m+(n+1)(1—a
LY [B(imag, miltnl=a)y 4 p(1 ﬁ%)}).

This shows that the power of ¢ is the right one. We bound the beta function terms to finish the proof.
By Lemma 3.9 we have

1-8

— m+1+n(l—« m+l+n(l—a)\ 2 _1-8
B(H57, M) < Mg (%()) <AMy  (m+1)" 2,

l1—a—0

—a—f mt+l4+n(l-« m+14+n(l—a)) 2 _
B( : B mt +2( )) SMl—‘;—ﬁ (%(0 §4M%7Q (n+1)

l1—a—g
J

1-8

_ m+(n+1)(1—« mrn —« 2 B
B(*, +( +2)( )) < M% <+(+)(1)) <4Mi_, (n+1)

1—a—p3
2
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O

Remark 3.11. The restriction o € (0, 1) in Lemma is necessary since M = 4M;_, diverges
9

asa T % (see see the definition of M in Lemma [3.9). This is not unexpected, since for o > % we
are no longer in the Young regime and we would need techniques like paracontrolled distributions or
regularity structures to solve the equation for I".

Lemma together with the following basic inequality constitutes the proof of Theorem|1.1

Lemma 3.12. Let 5 € (0, 1). Then there exists an L > 0 such that for z > 0

N 1
Z ()P < Lexp(Lz7).
k=0 V7

Proof. Letd > 0. By writing 2% = ((1 + 0)2)*(1 + §) " we get with Hélder’s inequality

oo k o) 5 k % B 00 ) 1-8 .
kz:; (/fz!)ﬁ < (kz:; (%) ) (;(1 —|—5)16> ~ exp(B(1 + 6)527).

O

Lemma 3.13. There exists a C' > 0 (independent of b) such that for all i € N¢ with || < 1, and for
allt >0, x,y € RY,

00 ot
=170 JR

]

_ el 1 1—a
< Cr ' p(et,x — ) (1A blleyet? V [ Asobllgy oo, '5)

_2
<o (Cefl Al + 1850550 ). 29

Proof. To show both and it is sufficient to estimate the series with the modulus of each term
in the series in the right-hand side of by the right-hand side of (26).

Let K, C, M be as in Lemma Again, we will write “X” and “Y"” instead of “||A_1b]||¢, =" and
I As0bll, poe, - With i = [

00 t 0o
Z/ Op(t — s, — 2)W¥*(s,2)dz| ds < Z IE () | plet,x —y)
k=170 I/R? =
i CMXtz)™ (CMYt=")"
< Ktoop(ct,x—y) Y ( ,1) ( ,1—a)
m,nENp: (m)2 (n) 2
m+n>1

< Kt 3p(ct,z — y)CM(Xt? + YtkTa)

CMXts)™ CMY#t3%)"
X<Z< <m!>%) )(Z( <n!>1f>)'

meNg n€Np
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Quantitative heat kernel estimates for diffusions with distributional drift 15

Indeed, for a, b > 0

m bn m+1 bn m anrl

2 (171!)%<n!)%“S 2 ((m+1)!)%(n!)1_7a+ 2 (m)z ((n+1)1)="

m,nENp: m,neENy m,nENg
m+n>1
a™ "
S (CL + b) Z ?F
moneNo (m!)z (n!)—=2
Now by applying Lemma [3.12 we obtain the desired bound. O

Proof of the heat-kernel upper bound (2) of Theorem[1.1] This is a direct consequence of Lemma[3.13]
as there exists a ' > 0 such that forall t > 0

CHX VYt 3) < exp <Kt[X2 + Y%]) .

4 Heat kernel lower bounds

The lower bound follows from Lemma together with the next result, which is a small variation of
[20, Lemma 4.3.8].

Lemma 4.1. Letq : RY x R? — [0,00) forallt € [0,00). Suppose that (q;)c(o0,00) Satisfies the
Chapman-Kolmogorov equations, i.e., Gis(2,y) = [pa @:(, 2)qs(2,y) dz. Leta,b > 0. Suppose

that q(z,y) > bt~% forallt € (0,a] andx,y € R® with |z —y| < /. Then there exista . € (0, 1)
and an M > 1, which only depends on b and d, such that for allt € [0, 00) and x,y € R?
@z, y) = M~ "ap(st,x —y).

Proof. By following the first step of the proof of [20, Lemma 4.3.8] we finda x € (0,1) anda M > 1
which depend only on b and d such that for all t € (0, a] and x,y € R?

a(z,y) > M~ 'p(kt,x — y).

Lett > aandn = [L]. Thenforallz,y € R?

i t t
n n n

Qt('rvy):/ q (l’,Zl)q (21722)'“q (Zn—lvy)dz
(Rd)nfl

> / M™"p(rg, @ = 210)p(kg, 21— 22) -+ Pl 2noy — y) dz
(Rd)n—l

> M~'ip(st,z — y).

Now we can prove the heat kernel lower bounds:
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Proof of the heat-kernel lower bound (3) of Theorem[1.1, We want to apply Lemmal4.1] Therefore we
will find an a such that the condition is satisfied. Once more we will write “X” and “Y™” instead of
“|A=1bl[c, " and “[[ Axob|| ¢, p-o " Let us also take X = [|A_1b]|c, L~ and Y = [[Axob|¢, p=o
Leta € (0,1),¢>1land C > 0 be as in Lemma Then gives fora > 0, t € (0, and
z,y € R with |z — y| < V¢

Li(x,y) > plt,x —y) — C(Xt% v YtkTa) exp (Ct[X2 + Y%D p(ct,x —y)

d 1
2

et — C((X%)? V (Y T5a)3%) exp <Ca[X2+Y1 a]) ¢

M\Q
Q

> (2mt)” (2mt) 2.

Therefore, it holds that [ (z, ) > (27t)~2¢ 2 if

D=

C((X%)? V (Y T5a) 3% exp <C’a[X2~|—Y1 a]) 4§ < ¢ 5
Hence there exists a K € (0, 1) (which only depends on ¢, C' and ) such that the choice a =

K[X?+ Y%]*1 works. So by Lemmathere exista k € (0,1) and a M > 1 such that for all

t € [0,00) and z,y € RY,

log M
K

Ty(z,y) > M ‘s (/itx—y):iexp<

i [X?+YTa a])p(/ﬂf,x—y).

This proves that (3) holds for a large enough C'. O

5 Proof of Corollary 1.2

As before, we consider b € C([0,T], BLY) for some o € (0, 1) and we let X = (X,);c(0,7] be
the solution to the martingale problem for ((-Z}):c (0,17, 6z). We prove Corollary which means
that we estimate the probability that X escapes a box of size K before time 1. The estimate is a
consequence of our heat kernel bounds (Theorem(1.1), Markov’s inequality and the Garsia-Rademich-
Rumsey inequality. By the latter (see [21], Theorem 2.1.3]) we have for k > 0

t— 71 T )
RIX: — X <4 2 log 1 —|— du, (27)
0
X,, — X
/ / exp( (’ 2 T1|) )drldrg. (28)
|2 —7“1\2

In the proof of Corollary [5.2] we will bound the right-hand side of in terms of a function ¢. In the
next lemma we start by gathering some auxiliary facts about (.

where

Lemma 5.1. Let(,v: (0,00) — (0,00) be given by

C(r) = /OTU_;< 1og(1+u—2)v1) du, () = r2y/(log(X) v 1).

There exist m, M > 0 such that m((r) < (r) < M((r) for all r > 0. Moreover, )(rs) <
V20 (r)(s) forallr,s > 0 and 1 is strictly increasing.
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Quantitative heat kernel estimates for diffusions with distributional drift 17

Proof. That v is strictly increasing on (e, 0o) will be clear, whereas on [0, e) it follows by calculating
its derivative. Since 1 and ( are continuous and bounded away from 0 and oo on compact subintervals
¢(r) ¢(r)

of (0, c0), the existence of such m and M follows once we show that lim,._, W:‘) and lim, _, o O]

exist and are in (0, 0o0). By applying LHospital’s rule we obtain

1
"umz4/log(1 +u=2)d
lim C(T) = lim fo “ og( tu ) ¢ S

r—0 1/}(7“) N r—0 7“% 10g(%>

(0, 00).

And also for r — oo we have

Vve—1 _1 — r _1
u~24/log(1l +u=2)du + w2 du
SO R & )du+ [l

r—00 (7’) r—00

€ (0,00).

D=

Furthermore

o(rs) = (r9)* (loe2) + louH) V1)

andforallz,y € Rwehave (x +y)V1<zVI1+yV1<2zVI1)(yV1). Therefore,

o(rs) < Va9 (yloa V1) (Viou) V1) = Vs,
O

Corollary 5.2. Let ) be as in Lemmal5.1and let C' > 0 be as in Theorem([1.1 Then there exists an
M > 0 such that forall T > 1

1 X, — X,\? 2
E,| exp (M( sup M) )} < Mexp (CT[|A bl o + 1820001550 |)-

o<s<i<r Y(t —5)
(29)

Proof. The proof is inspired by [11, Corollary A.5]. Unfortunately we cannot directly apply that result,
because the constant they derive depends on the time interval [0, '] (even though this is not explicitly
stated).

Let us define G, 1= 24/ Fr, V 4, where Fr,, is as in (28). Let ¢ be as in Lemma By and
using 4(FT,H—T2) < G%n we have by a substitution and by Lemma(observe that G, > 4 > e)
thatfor ' > 1,k > 0, s,t € [0, T] with s < ¢ and by writing G = G,

t—s

G 1
HX—X5§4\/5/ u"zy/log (14 %) du < VG((&2
| 3 | 0 ( u) (G’)

SVGY(IEE) SVGU(t — s)i(L) S vt — 5)y/log G.

Let M > 0 be such that k| X; — Xi| < VMY(t — s)\/logGr, foral T > 1, x > 0 and
s,t € [0, T] with s < t. Then

K2 ( | X, — Xs\)2
exX e su —_—
P\ 0§s<£)§T Y(t —s)
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As by Jensen's inequality E, [Gr ] = 2E,[\/Fr, V 4] < 24/E.[Fr.] + 4 we will obtain a bound
of E,[Gr,), by estimating E,[Fr,]. Let ¢ € (0,1) and k > 0 be such that & < o-. Then for all
ro, 71 > 0 with ro # 1

[ el =il esste( 1Y dy = (2

rog —r1]2

[SlI=H

< 0. (30)

Hence, by Theorem [1.1]

e y- X\
E.[Fr,| = / / E, / Ly (4, Xpy ) exp(k | ———1 | )dy| drqdry
o Jo R g — 1|2

<ot [ [ o (O nl 13t + 182001755 . ] ) arvare

The proof is completed by observing that for A > 1

T T Tt
/ / exp (Alrg — ) drydry = 2/ / A9 dsdt < et
o Jo o Jo

Proof of Corollary[T.3 AsT > 1> e~ we have (T) = VT Therefore, by Markov's inequality for
all M, K > 0 and the fact that v is strictly increasing:

w\m

O

1 K?
IP’J;( sup |X; — z| ZK) SEQC[eXp (— sup |X; — z )] exp(——)

0<t<T MT o<i<r MT
<Ex[exp <i< sup M>2>]exp(—ﬁ>.
N M \o<sci<r Y(t —5) MT
So (4) follows from Corollary[5.2] O

A Appendix
Theorem A.1. Suppose o < 0 and 3 > 0 are such thata + 8 > 0. Let p, p1, p2, 1,2 € [1, 00| be
such that

; = mln{l -+ } (31)
Forallr > ¢1

- ollsg, S lullsg,, ol g, 2)

Proof. For the proof see also [18, Corollary 2.1.35]. By slightly adapting [2, Theorem 2.82] and by
using the Hoélder inequality and [2, Theorem 2.79] (for (34)), we obtain implies the following two esti-
mates.

lu© vliggrs < llullsg, , I0llgg - (33)

luowllsg, S llvllwellullsg, S ||v||Bﬁ L ullsg, - (34)

As [2, Theorem 2.52] implies [|u © vl| goss S [|ullsg , 1]l 5s . combining the above inequalities
2:92

proves (32). O
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