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Longtime asymptotics of the two-dimensional parabolic
Anderson model with white-noise potential

Wolfgang Koénig, Nicolas Perkowski, Willem van Zuijlen

Abstract

We consider the parabolic Anderson model (PAM) Oyu = %Au + &uin R? with a Gaussian
(space) white-noise potential £. We prove that the almost-sure large-time asymptotic behaviour
of the total mass at time ¢, written U (¢), is given by log U (t) ~ xtlogt, with the determinis-
tic constant x identified in terms of a variational formula. In earlier work of one of the authors
this constant was used to describe the asymptotic behaviour principal Dirichlet of the eigenvalue

A1(Q¢) of the Anderson operator on the box Q; = [—%, £]? by A1(Q;) ~ x log .
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1 Introduction and main results

In this paper, we continue the programme of proving intermittency properties of the parabolic Anderson
model in two dimensions with Gaussian white-noise potential. In Section [T.1] we introduce the model
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and its solution, in Section [1.2)we describe the difficulties and our strategy to resolve them, in Section
1.3|we formulate our main results, and in Section|[1.4|we relate our findings to analogous earlier results
that consider more regular random potentials.

1.1 The parabolic Anderson model and intermittency

We consider the solution to the (Cauchy problem for the) heat equation with random potential, formally
defined by
Ouu(t, x) = Au(t, x) + &(x)ult, ), (t,z) € (0,00) x R?,
U(O, ) = 507

This equation is called the parabolic Anderson model (PAM), the random Schrédinger operator %A—i—f
on the right-hand side is called the Anderson Hamiltonian. In our case, the potential £ is a Gaussian
white noise in two dimensions, i.e., a distribution rather than a function. Here, the solution w(t, -)
needs to be constructed via a renormalization procedure. Indeed, £ is replaced by a mollified version
&. minus a correction ¢, ~ % log € and it is proved that the solution u. of the PAM with potential
& — c. has alimit as ¢ — 0. This is the solution u: [0, 00) x R? — [0, 00) that we will consider
here. It was first constructed — on the torus T? instead of R? — by Hairer [17] and by Gubinelli, Imkeller
and Perkowski [17, [14], using the framework of regularity structures and the one of paracontrolled
distributions, respectively. A construction on the entire R? is due to Hairer and Labbé [18] who realized
that with a partial Cole-Hopf transform one can avoid using paracontrolled distributions or regularity
structures.

(1)

As has been proved for certain choices of random potentials, the PAM displays an interesting intermit-
tency effect. This means that it admits a highly pronounced concentration property on large space-time
scales, which distinguishes it clearly from models that show a diffusive behaviour in the vicinity of the
(functional) central limit theorem. Indeed, earlier investigations of the PAM on Z¢ with i.i.d. potential,
and on R¢ with regular potential, have revealed that the function u(t, -) is highly concentrated on few
small islands that are far from each other and carry most of the total mass of the solution,

U(t) = / u(t, ) dz. (2)
R2
The main source of conjectures and proofs has been — under the assumption of sufficient regularity
— the Fourier expansion in terms of the eigenvalues \; > Ay > A3 > ... and corresponding
L?-orthonormal basis of eigenfunctions ey, ey, €5 . .. of %A + &,
u(t,z) =Y ey (x)en(0). 3)

n
Indeed, according to the phenomenon of Anderson localization, the leading eigenfunctions e, es, . . .
are supposed to be concentrated in such islands. A proper proof of this concentration and the one of
u(t, -) in the same islands has been given in terms of a kind of spatial extreme-value picture in large
centred boxes in some few cases, for example for £ an i.i.d. potential on Z? with double-exponential
tails by Biskup, Kdnig and dos Santos [5]. See Kdnig [21] and Astrauskas [2] for two extensive surveys
of the mathematical treatment of the PAM until 2016.

1.2 Our main purpose and strategy

The present paper is a contribution to the development of methods for proper formulation and proofs
of intermittency for the PAM in the case of a Gaussian white-noise potential in two dimensions. This
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problem makes sense for dimensions d = 1,2,3. For d > 4 the PAM with white-noise potential
is scaling-critical respectively scaling-supercritical in the sense of Hairer [17] and there is no known
solution theory. The cases d = 2,3 are conceptually similar to each other and most arguments
developed for dimension 2 are expected to extend to dimension 3, but to require more technicalities.
On the other hand, the one-dimensional case is simpler for several reasons, and there already exist
very good localization results for the leading eigenfunctions of the Anderson Hamiltonian by Dumaz
and Labbé [11].

The main purpose of the present paper is to identify the almost-sure large-t asympiotics of the total
mass, U(t), of the solution to (7). Based on earlier treatment of this question for more regular random
fields, it is easy to guess what the answer should be. Indeed, in case & is a more regular potential, then
the total mass of the solution to the PAM admits a Feynman-Kac representation, informally written as

U(t) = o [elo 6B 5] (4)

for a standard Brownian motion B in IR? starting from . From this one reads that it is probabilistically
very costly for the Brownian motion starting from the origin, to reach a remote site of distance ¢ from
the starting site. This should imply the asymptotic behaviour log U (t) ~ log Uy(t), where U,(t) is the
total mass of the solution u,(¢, -) to ({) in the centred box @, = [%, £]* of diameter ¢ with Dirichlet
boundary condition. Using the expansion (3) in that box, we guess that log U;(t) ~ tA;(Q;), where
A1(Qy) is the corresponding principal eigenvalue of the Anderson Hamiltonian %A+§ (after renormal-
ization): See Allez and Chouk [1] and also Gubinelli, Ugurcan and Zachhuber [16] and Labbé [22] for
the derivation of the spectrum and Rayleigh-Ritz representations for the eigenvalues of the Anderson
Hamiltonian on boxes. The asymptotics of the eigenvalues as the size of the box diverges have been
described by Chouk and van Zuijlen [8], who show that almost surely A;(Q;) ~ x logtast — oo,
where x > 0 is a deterministic constant given by the variation formula (5). Summarizing, we expect
that the large-t asymptotics of U (t) are given as log U(t) ~ xtlogt. Such a line of arguments has
been made rigorous for various types of regular or i.i.d. random potentials in R? and in Z¢ as the
ambient space; see [21] and [2].

However, in the present case of u being a renormalized solution for a Gaussian white-noise potential,
it presents a formidable task to carry through this programme. The difficulty lies in the fact that the
Feynman-Kac representation is only formal notation and meaningless. We could interpret it rig-
orously with the help of the random polymer measure in the work by Cannizzaro and Chouk [6], but
that does not seem very helpful because the construction of the polymer measure actually involves
the total mass. Also, under the polymer measure the coordinate process roughly speaking solves the
SDE dX, = Vliogu(t — s, Xs)ds + dBs, so to analyze X we already need information about
u. Hence, we cannot rely on the results of [6] and will therefore go via another route; we explain this
below.

The main difficulty to justify the above heuristic steps is to prove the assertion log U (t) ~ log Uy(t).
To derive a proof we use a slight modification of the following procedure, which is often used for
sufficiently well-behaved random potential £&. We decompose the Feynman-Kac representation for
U(t) — U(t) into the sum over k € N of the contributions to expectation of eJo €(B2)ds coming from
Brownian paths (Bs)se[(),t] that leave the box ();x, but not the box ();«+1. The k-th contribution then
is estimated in terms of the maximum of the potential & within ();x+1 (using extreme-value analysis,
say) times the probability that the Brownian motion leaves (), (using the reflection principle, say).
In order to implement this strategy in our setting, we use a “partial Girsanov transformation”, an idea
that was introduced in the setting of the KPZ equation by Gubinelli and Perkowski [15]: (We drop
the mollification and renormalization and the dependence on the box from the notation.) Denote by

DOI 10.20347/WIAS.PREPRINT.2765 Berlin 2020
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Z = (1 — 5A)~'¢ the resolvent of the random potential and by Y” the solution to
(n—1AY =LVZPP+VY - VZ,

which exists and is unique for sufficiently large 7 > 0. Now put b = V(Z + Y) and consider the
solution X to the SDE dX; = b(X;) dt + dB; for some Brownian motion B’. Then it turns out that

U(t) = E [efo ZHn-Y+3I9Y (X ds e<Y+Z><Xo>—<Y+Z><Xt>] _

While this representation looks more complicated than (4), it has the advantage that it also works
for the white-noise potential. To carry out the general proof strategy outlined above we then need to
understand how Y, Z grow with the box size, and we need bounds on the probability of X leaving
the box (),x. Since we do not need very precise bounds on Y, Z, the first part is quite easy and
essentially follows from Gaussian hypercontractivity. From this we obtain that both Y and Z grow at
most logarithmically with respect to the box size. The estimate on the probability of X leaving the box
Q.+ is shown in [28], Corollary 1.2] and is a consequence of heat kernel estimates for the transition
kernel of the diffusion X.

1.3 Main results

Let us precisely formulate our main results. For a smooth potential V', we denote by A, (Qy, V)
the n-th largest (counted with multiplicity) Dirichlet eigenvalue of the operator %A + V in a box

Q: = [—%, £]* and we write A\(Q;, V) = A(Qy, V') for the principal one. We introduce the following
variational formula:
=8 s ol [ Vel ©
YECX (R?):
19l 2=1

x is finite and £ y equals the smallest C' > Osuchthat || f||7. < C||V f||2:||f||7. forall f € H'(R?)
(this is Ladyzhenskaya’s inequality, which is a special case of the Gagliardo-Nirenberg inequality), see
[8, Theorem 2.6].

The following theorem is our main result.

Theorem 1.1.  (a) [Asymptotics of the total mass] Almost surely,

log U(t)

teQt—soo tlogt

(b) [Asymptotics of the min and max] For all a € (0, 1), almost surely

lim log (mingeq,. u(t, v)) lim log(sup,epe u(t, ))

t€Q,t—o0 tlogt T teQt—o0 tlogt X

Theorem 1.1][(b) means that on the level of the logarithmic asymptotics we see no intermittency effect,
the L°°-norm of the solution to the PAM almost surely has the same logarithmic asymptotics as the
L'-norm.

Theorem is an immediate consequence of the following three main results, Proposition
and[{.4

The first main step is a ‘compactification’, a reduction of the solution to some (f-dependent) box with
Dirichlet boundary condition. We write Uy, for the total mass of the solution of the parabolic Anderson
model on the box (), with Dirichlet boundary conditions.

DOI 10.20347/WIAS.PREPRINT.2765 Berlin 2020
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Proposition 1.2 (Reduction to a box). Almost surely,

log U(t) ~ log Uy(t) ast — oo.

The following is a strengthening of the main result of [8], in that we develop and use a renormalization
technique here that does not depend on the box considered. Recall our notation of eigenvalues from
the beginning of this section.

Theorem 1.3 (Eigenvalue asymptotics: renormalization and large boxes). Let &, = 1. x & be a
mollification of the white noise for a mollifying function 1) (see Section @) and let c. = % log € for
e > 0. There exists a C' in R that only depends on 1) such that with c. := -= log % + C, we have for

2w
all L € [1,00) andn € N, in probability
ln Q. 62) = e = Au(@Qu),

where A\,(Q1) is the n-th largest eigenvalue (counting multiplicities) of the Anderson Hamiltonian
defined by the enhanced white-noise potential (see (2.10)). Moreover, for all n € N and for any
countable unbounded setl C (e, 00), almost surely,

A(Qu)

LelL—oo log L

The last step is to use the eigenvalue expansion in (3) in a suitable way to derive that the large-t
exponential rate of the total mass in a large box is asymptotic to the principal eigenvalue:

Theorem 1.4. Almost surely

HogUy(t) ~ A (Q:)  teQ,t — oc.

Combining Proposition[1.2] with the second assertion of Theorem[1.3/and Theorem [1.4]implies Theo-
rem

1.4 Remarks on more regular Gaussian potentials

It is interesting to note that an interchange of the two limits ¢ — oo and ¢ — 0 (the mollification
parameter) does not even phenemonologically or heuristically explain our main result; the asymptotics
of Theorem|1.1]lie much deeper. Indeed, if we use for example the mollification &, = p. *& (with p. the
Gaussian kernel with variance €), then we obtain a smooth centered Gaussian field with covariance
function po., using the convolution property of the Gaussian kernel. The almost-sure large-t asymp-
totics of the total mass UL (%) of the solution u.(t, -) of (1) with potential {. — c. are given in Gartner,
Kénig and Molchanov [13] by

N

(I+o0(1)), t— oo. (6)

1 1 1 1
i log U (t) = —c. + —=(log )2 — (logt)

VTE V2me
While the first term, c., comes simply from subtracting it from the potential £, the other two terms are
the asymptotics of A\(Qr,, &) (we used that log L; ~ log t). Indeed, they come from a second-order
extreme-value analysis of the Gaussian potential in ()y, : its absolute height is of order (log t)%, due
to Gaussian tails, and the last term comes from its geometry in the local peak in an island of diameter

DOI 10.20347/WIAS.PREPRINT.2765 Berlin 2020
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= (log t)_i in which the potential approaches an explicit parabola. In contrast, the asymptotics of the
principal eigenvalue of the limiting (enhanced) potential, A(Q)r, ), are actually of order log ¢, due to
exponential tails of A(Q)y, ) instead of the Gaussian tails of A\(Qy,, &:), see [8, Theorem 2.7].

A closely related work to ours is Chen [7], where the Gaussian potential £ in R¢ was assumed to
(be centred and stationary and) have a covariance matrix B that behaves like B(z) = o?|xz|™ as
r — 0 with 0% € (0,00) and @ € (0, min{2, d}). Note that £ is not a function, although it is still
more regular than the white noise in d = 2. Then the almost-sure asymptotics of the total mass are
identified as
. logU(t)
lim ————

— = (2do?) T xa, (7)
t=oo t(logt)a—o

where (see [7, Lemma A.4])

1
Xa = sup // ) da dy) —§HV9||%2-
gEHL(RY): ||g|| 2=1 Rd JR4 |$—

Like in Theorem the asymptotic behavior is given by an interesting variational formula, and the
powers of the logarithm coincide for the boundary case & = 2 in d = 2, although in that case y» = co
(contrary to our situation where Y is finite).

In the recent work by Lamarre [23], a t-dependent Gaussian regularization of the eigenvalues in the
box (—t,t)d and of the total mass of the PAM at time ¢ is asymptotically analysed in dimensions
d € {1,2,3} for t — oo. A critical scale for the size of the vanishing regularization parameter is
identified: If it vanishes less fast than this scale, then the first-order asymptotics are identical to the
ones for a fixed regular Gaussian field, and if it vanishes faster than this scale, then this asymptotics
is the same as the ones for the unregularized Gaussian white noise in d € {1,2} (proved in [11] in
d = 1, in [8] and the present paper, respectively, in d = 2), with an analogous result in d = 3. The
techniques of [23] do not allow for the investigation of the unregularized white-noise case, which we
consider in the present paper. Our main result appears there as [23, Conjecture 1.19].

1.5 Outline of the paper

The rest of the paper is built up as follows. In Section [2 we introduce fundamental notation and aux-
iliary material involving representations of the solution of the multiplicative heat equation with general
potential on a box, in particular both the spectral representation and a Feynman-Kac type representa-
tion. In Section [3] we prove Theorem 1.4, that is, we derive the asymptotic behavior of the total mass
of the solution with white-noise potential on a large box. In Section [4| we prove Proposition that
is, we show that the logarithm of the total mass at time ¢ is asymptotically the same as the one of the
restriction to a box with diameter ¢. In Section 5| we prove Theorem[1.1][(b)] Section [g]is dedicated to
proving that the enhanced noise that we obtain here via mollification on the entire R, after projection
to a box, is the same as in the setting of [8] where a box-dependent approximation is carried out.

1.6 Notation
We write N = {1,2,...},Ng = {0} UNand N_; = {—1} U Ny. For families (a;);cr, (b;)ic1 in R

for an index set I, we write a; < b; to denote the existence of a C' > 0 such that a; < Cb; for all
1€l

DOI 10.20347/WIAS.PREPRINT.2765 Berlin 2020
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2 Two representations for the multiplicative heat equation on a
box

In this section we present two different representations of solutions to the multiplicative heat equation
with a (deterministic) potential on a box with Dirichlet boundary conditions. Namely, we consider the
spectral representation and the Feynman-Kac representation for deterministic potentials in Section
and Section In Section we consider the Feynman-Kac representation in the case that we
consider the random potential given by the white noise. First we introduce the multiplicative heat
equation for smooth potentials and for enhanced potentials, see [2.1]and

In this section, for ¢ > 0, 6. is a smooth function on R? and c. € R. More assumptions will be
made in[2.5and in

2.1 (Multiplicative heat equation with smooth potential). We write 01, = [—5, 5] for L € (0, 00) and
Qo = R2 For L € (0,00] and & > 0 we let uszﬁ’E be the solution to the multiplicative heat equation
with Dirichlet boundary conditions on the box (), with initial condition ¢:

&guf,e = %Auf’s + (6. — 205)1&5’6 on (0,00) X Qy,
ui,.e(()’ ) =9, and ui76|aQL (tv ) =0.

w®. _|lso. = Ois interpreted as an empty condition.)
o0, Qoo

In the case that 6. represents mollified white noise and c. = % log % we know that ui’m converges
locally uniformly in probability as € — 0 to ufo the solution to the continuous multiplicative heat equa-
tion with renormalised potential and initial condition ¢; see [18, Theorem 4.1]. To derive an analogous
result for ufva, we use the approach to paracontrolled distributions with Dirichlet boundary conditions

from [8].

2.2 (Notation). For a function f: [0, L]?> — R we write f : R? — R for the even extension of f with

L]
period 2L. This means f(qlxl,qug) = f(x1,x2) for q1,q2 € {—1,1} and x1, 25 € [0, L] and
f(@) = f(z+2Lk)forz € [-L,L]* and k € Z2.

If fis a function 1., which is a translation of the set [0, L]* by y = (%,
y) and also call this the even extension.

), we write g for g(- — y)(-+

The following notation we borrow from [8, Section 4], see that reference for more details. We write
Z(Q1) for the space of all f: Q; — R suchthat f € C*(R?). Let By*(Qr) be the Neumann
Besov space defined as in [8, Section 4]. We abbreviate €, = B”‘f We write (“k,L)keNg for the
Neumann basis of LQ(QL) and, slightly abusing notation, we also write “ny ;,” for the extension of
ny 1 to R? that equals 0 outside (). We write ny, 1, for the even extension of ny, 1. For a even function
o:R? > Rand f € %/(Qr) we write o(D) f for the Fourier multiplier

D)f = Z % ), L

keN3

Definition 2.3. Let L > 0 and o(z) = (1+ 72|z|*)~!. For 8 € R, we define the space of enhanced
Neumann potentials, written “X2(Q1,)” or just “X%”, as the closure in €7 x €2°*2 of the set { (¢, ®
o(D)¢ —¢) : ¢ € %, c € R}, equipped with the relative topology with respect to €° x €2°+2,

DOI 10.20347/WIAS.PREPRINT.2765 Berlin 2020
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Let

Ore = Z(é’s,nk,ﬂnk,b sothat 0. = Z<957nk,L>ﬁk,L- 9

keNg keN3

Since 0. is almost everywhere equal to 01, . and thus to 0y, . on (), the solution U?,s to (8) also solves
the same equation with “0.” replaced by “0r, .” or “Op, .”.

2.4 (Notation). We write u © v for the paraproduct between u and v (with the low frequencies of u
and the high frequencies of v), and u ® v for the resonance product; we adopt the notation from [25]
and refer to [3] for background material.

2.5. For the rest of this section we assume that for all L > 0 there existsa 0, € [, __, X}
and c. € R (not depending on L) for ¢ > 0 such that the following convergence holds in X7
foralla < —1

(GL,Ea HL,E ®© U(D)HL,e - Ca) =40 HL (10)

2.6 (Multiplicative heat equation with enhanced potentials). We write 6°°(Q ) = B2 (QL), where
the latter is the Dirichlet Besov space defined as in [8, Section 4], and €°*(Qr) = €¢2*(QL). B

taking an odd extension of uf,g and an even extension of the noise (as in [8]) we obtain a periodic
solution on the torus of length 2L. Therefore the convergence shown in [14, Theorem 5.4] implies
the following. For 3 € (2,1) and forall T > 0 and ¢ € €™ (Q;) the solution ui—j’e converges (in

C([0,T],4°#(Qy)) and therefore) uniformly on [0, 7] x @, in probability to 1%, where u/ solves

8{&? = %AU/%"‘HLQU% ( ) QLa (11)
u(z((l ) = ¢7 and uleaQL 0

interpreted in the sense of paracontrolled distributions (i.e., as in [14, Section 5]). Let us point out
that we have some differences, namely, we have a factor % in front of the Laplacian, which is also the
reason why we have a factor 2 in front of c. (for the Anderson Hamiltonian we explain this in the proof
of Theorem|[6.1).

Combining arguments as in [28, Proposition 2.4] with arguments as in [15], Section 6] in the context of
singular initial conditions, we can extend this result to more general initial conditions, and also we get
the continuous dependence of the solution on the initial condition.

2.7 (Notation). In the next lemma we write “u%,o” for “uf”, where u{ is as in and we write “?,5 for

the solution of (8).

Lemma 2.8. Letov € (—3,—1)andy € (1,24 «a), p € [1,00] and L > 0. The solution
map |0, oo) x 677(Qr) — C([0,00),6,7(QL)) given by (g,¢) u‘is is continuous, where
u%o — uf. Moreover, forall f < 2+ a, t > 0, L <ooande € [0,00) we haveur.(t,-) € €°F

and the map [0, 00) x €27(Qr) — €*(QL) given by (¢, ¢) — uzs(t, -) € is continuous.

Proof. The continuity is shown similarly as the continuity statement in [28] Proposition 2.4]. Also the
better integrability, i.e., that urc(t,-) € €” and not just uL.(t,-) € €, can be shown by a similar
bootstrap argument as in [28], Proposition 2.4]. O

DOI 10.20347/WIAS.PREPRINT.2765 Berlin 2020
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2.1 The spectral representation

Here we give a representation of u; in terms of the eigenfunctions of the Anderson Hamiltonian
from [8]. Later we will use this representation to study the logarithmic asymptotics of the total mass of
the PAM on the box ().

Theorem 2.9. [8, Theorem 5.4] Letv € (—3,—1), L > 0 and @ € X (Qy). There exists a domain
DY C L*(Qy) such that 7 defined on D% by

%u:%Au—i—Hou

is a closed and self-adjoint operator with values in L*(Q1). g has a pure point spectrum o (#3)
consisting of eigenvalues \1(Qr,0) > \o(Qr,0) > A\3(Qr,0) > --- (counting multiplicities) with
lim,, o0 A (@1, 0) = —00, and such that

@ ker(\ — 7).

Neo(Hp)
Moreover, the map 0 — \,,(Q1,, 0) is (locally Lipschitz) continuous and ) is dense in L*(Q1,).
2.10. For abbreviation, we write “.5¢7” and “\,, 1" for “#5,” and “\,(Q 1, 01)". We let (vp, 1. )nen be
an orthonormal basis of L?(Q;,), such that v,, 1, is an eigenvector with eigenvalue A, 1..
By the properties of the semigroup of the Anderson Hamiltonian, we obtain the following representation
for the solution to (T) with initial condition ¢ € L?(Q1,).
Lemma 2.11. For L,t > 0 and ¢ € L*(Qy)

uf(t,) = e’ = Z L (v, 1y D) 2V L (12)

neN

Proof. For ¢ € Dy, the identity holds since the semigroup S(t) = €'t satisfies 9;S(t)¢p =
3,5 ()¢, see [27, Theorem 2.4]. As Dy, is dense in L*(Q1) and convergence in L?(Q);,) implies
convergence in %;’*B(QL) for all 3 > 0 (combine for example [3, Theorem 2.71] with [8, Theorem
4.7]), Lemma|2.8|shows that (T2) holds for all ¢ € L*(Qp). O

iyt (¢, ) € €0P(Qy) forall B < 2+ a

Theorem 2.12. Let . > 0. Forx,y € ()1, and ¢ = 6, the solution to is given by

WS (ty) = [708,)(y) = Y ePmbu, o (2)v,1(y). (13)

neN

In particular, Lemmayields Up = €

Proof. Let ) € CZ° be such that [¢ = 1 and ¢Z(y) := ¢(=). Then ¢ x f — fin L? for
f € LP (see [19, Proposition 1.2.32]). Therefore ¢)¥ — 9, in Bf,oo for all v < 0. We have for all
e >0:

u% (tu Z/) - Z etAnyLUn,L(I)Un,L(y> < u% t y Z et)\” L Un La ><Un Ly 1P >
neN neN
+ ZetA”’LKUn,LMﬂ? — 0z) (Un, 1, YY) (14)
neN
+ Z et)‘n’L | <Un,L7 53:) <Un,L7 Wg - 5y> | .
neN
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The first term on the right-hand side equals |1 (¢, y)— (uY? (¢, -), ¥Y)|, and since )" (¢, -) converges
uniformly to u% (t,-) by Lemma it vanishes as ¢ | 0. The second and third term on the right-hand
side of are similar, so we only argue for the last term. We saw that v ,, € %“’B(QL), SO in
particular vy, ,, is continuous and we have by Fatou’s lemma:

Z etAn’L | <Un,L7 §CE> <Un,L7 Wg/ - 5y>‘ S lim inf Z etAn’L | <vn,L7 w§/> </Un,L7 @Dg - g/>‘
e’'—0

neN neN
. . wz/ €T 1 Tﬁg—?ﬁg/ 1
< liminf (w4, -), 02) [ [{uy” (8, ), 02 = 92)[2
e L, =6,
= |up(t, @) |2 [{uy (¢, ), ¥¥ — 0y)|2.

Now another application of Lemma [2.8|shows that the right-hand side vanishes for ¢ |, 0. O

N

2.2 A Feynman-Kac type representation

Here we give a Feynman-Kac type representation for u"z The technique behind this representation is
inspired by the partial Girsanov transform of [15]. Let us start by recalling the classical Feynman-Kac
representation.

We write P, and [E,, for the probability and expectation on C'([0, 00), R?) such that the coordinate
process X = (X})ie[0,00) is @ Brownian motion with X, = x for z € IR®. We also write B instead of
X to stress that X is a Brownian motion. But soon we will consider a different measure, under which
X is a diffusion with non-trivial drift. For a probability measure Q on C'([0, 00), R?) we write Eq for
the expectation with respect to Q.

In this section we often abbreviate ¢, (Qr) by 7 and ¢~ (R?) by €.

Lemma 2.13 (Feynman-Kac representation). Let L € (0,00] and Q. = R?. For¢ € C,(Qyr),
e>0and(t,y) € [0,00) x Qr we have

t
ui,s(ta y) =E, | exp (0 — 2c.)(B;) ds ¢(Bt)ﬂ[3 0,4CQL] | (15)
0 [0,4]
where Bjoy = {B(s) : s € [0,1]}.
Proof. See for example [12, 20}, [30]. O

As 0. = 01, . (see (9)) almost everywhere in ()1, we also have

i lt0) = By oxp ([ BB - 26 05) (B yca |

Let 01 o € € be the first component of 8, i.e., 0o = lim.o 0. Then O = lim.o 0., see
Lemma Al

With f(z) = (14 37|z[*)~" we define for & € [0, c0)

ZL75 = f(D>E = (1 — %A)_IHL c-

)

Observe that Z, . is at least C* as 0, . is continuous.
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Longtime asymptotics of the two-dimensional parabolic Anderson model 11

Unfortunately, the representation in Lemma makes no sense for ¢ = (. We can construct the
integral fot f(Bs)ds also if f is a distribution, but then f must have regularity better than —1, while

we only have 0, € [ %“. In order to extend the representation for ¢ = 0, we first rewrite

it for e > 0.

a<—1

2.14. For the rest of this section we fix o € (—3, —1) and L > 0.

To rewrite the Feynman-Kac representation for the solution to the multiplicative heat equation on (),
with potential 6. —2c. we will need to solve the equation (n—3A)Y = 1|V Z, .[*~2c.+VY -VZ .,
where 17 > 0 is sufficiently large. For that purpose we need bounds on V7|, . and %]VZL,EF — 2¢.
that are uniform in ¢, and those can be obtained from bounds for the enhanced Neumann potential,

see Lemma 215l

Lemma 2.15. Let o be as in Definition[2.3. There exists a C' > 0 (independent of L) such that for all
e>0

H%¢‘72226F —'205
< C([|0r.ellee + |

@2a+2 4‘||‘7£3L£
eLﬁ

(504#»1

<2K,? + |0 © (D)L — c.

%fa+2>. (16)
Moreover, with © 1, the second component of 8, and by using the notation

UVZ|?=VZ,eVZ,—(1-1A)(Z,0Z)+20, - (1-3iAN)Z, 0 (1-A)"Z,
we have

(V21 MV ZL P = 2¢.) = (VZ1, 2|V ZL ). (17)

Proof. To shorten_notation we write Z = Z., 0 = 9L75_, 0 = E and ¢ = c¢.. By Lemma we
have [|0]|,— = ||0]l¢— and [|0 © 0(D)0 — ||, = [0 © 0(D)0 — ¢

We have %|VZ|2 =VZeVZ+ %VZ ® VZ, where the para- and resonant product are combined
with the inner producton R?,e.9. VZ @ VZ = 0, Z @ 01 Z + 0,7 © 0, Z. For the paraproduct we
have by the Bony estimate, Bernstein’s inequality and the Hérmander-Mikhlin bound (see [3, Theorem
2.82, Lemma 2.1 and Lemma 2.2))

G-

IVZ @ VZ|surs S IV ZIurs S 112

e S 1612

For the resonant product we use that (1 — %A)Z =6 and apply Leibniz’s rule to obtain:

Wzevz=Azoz)-(3ia2)0Z
=-(1-iA)(Zoe2)+00Z (18)

As (1 — A)f =2(1 — LA)0 — 0, by applying (1 — A)~'(1 — LA)~! on both sides and using that
Z = (1—1A)7'6, we obtain

00Z=2000D))—-006(1-A)"(1-1A)"0. (19)

1
2

Then the claim follows since by the Hérmander-Mikhlin bound and the Bony estimate for the resonance
product [3, Lemma 2.85] we have ||(1—1A)(Z®Z) 42012 S [|ZOZg2014 S | Z]|2ase S 110]12a
and || Z||ga+2 < ||0]|4- and by Bernstein's inequality |V Z||ga+1 < || Z || gacre. follows from the
convergence (10), and (19). O
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We show in Lemma [B.2]in the appendix that there exists a C' > 0 such that for all M > 0 for all

f € €% and g € € with || f|lg2a+2, ||g]lgarr < M, forall 8 € (—a,2a + 4) and for all
2

n > C(1 + M)?77 there exists a unique solution v € €?(R%) to

(1-38)v=F+Vu-g,

such that ||v||¢s < M, and that v depends continuously on f and g.

Fix 5 € (—a,2a + 4). Let

My, = max{||3|VZ,.|> — 2c.
My, = max{||3|VZ,|*

E2o+2, ||VZL,E
@20+2, ”VZL

o+l }, (20)
got1}. (21)

By we have M. — Mj. For e > 0 we define n,. = C(1 + ML’€)420<+24—ﬁ and 7 =
2
C(1 + My, )2+1=5. Therefore there exists a solution Y7, . to

(77L,s - %A)YL,E - %’VZL,5’2 - 205 + VYL,E : VZL,E’ (22)

with HYL,E

«s < My, . Moreover, in €° we have Y, . — Y7, as € | 0, where Y7, solves

(np — MY, =LV Z, [+ VY, - VZ,, (23)

2

and ||Y,

s < M. We will also write “Z1, o, M1, 0,10, Y1,0" for “Zp, M, nr, Y1

Let us now discuss how u%a can be described in terms of Z; . and Y .. For 0 < r < t and

e € [0,00) we write
Do, 1) 1= elr Gy 43I VY (X) st (ZY)(Xr) ~(Z4Y)(Xe) (24)
where we have abbreviated “Z, ., ., Y7.."by “Z, 1, Y.

Lemma 2.16. Letc > 0 andy € R? and let QY _ be the probability measure on C ([0, 00), R?) such
that the coordinate process satisfies Qis-almost surely

t
Xi=y +/ V(Zpe+Yre)(Xs)ds+ By, t>0,
0

for a Brownian motion B;. Then we have for all ¢ > 0 and for any measurable and bounded (or
positive) functional F': C([0, t], R?) — R:

Ey efot(aL,s(Xs)—265) dsF(X

[o,ﬂ)ll[x[o,ﬂccm} =Eqy, [%,a(U,t)F (X I[o,ﬂ)ﬂ[x[o,t]ccm] :
In particular, ui’a(t, y) = E@%ﬁ P10, t)gb(Xt)]l[X[Oyt]CQL]} :

Proof. To shorten notation we write 7 = Z; ., Y =Y., 0 = m and ¢ = c. in this proof. By
definition of Z and Y, we have § = Z — %AZ and

—2e=nY — LAY —LVZP = VY .- VZ=nY — LAY = YV(Z + V) + L VY],
so that

0—2c=Z+nY —iAZ+Y)=3V(Z+Y)]?+3VY]
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Longtime asymptotics of the two-dimensional parabolic Anderson model 13

Hence, on [By 4 C (1], by using It6’s formula to rewrite fot sA(Z +Y)(By) ds we have
t t
/ 0(B;) — 2cds = / (Z+nY +3|VYP)Bs)ds+ (Z+Y)(By) — (Z+Y)(B)
0 0

+ [zinw-as =L [vEemres
Since
G = exp(/ot V(Z+Y)(B.) - dB, % /Ot V(Z + Y)(B)[2ds) (25)

is a Radon-Nikodym density, the claim follows from Girsanov’s theorem (see e.g. Le Gall [24] §5.6
Page 138]). O

Theorem 2.17. Lety € Q5. There exists a unique probability measure QY on C ([0, o), R?) under
which the coordinate process X satisfies X = y almost surely, and X solves the martingale problem
for the following SDE with distributional drift (see for example [28, Definition 2.1])

dX, =V (Z, +Y.)(X;) dt + dB; (26)

where B’ is a Brownian motion. Moreover, with 71, = 91, (see @4)), with ¢ € C(Qr), and with
A=[Xpg ¢S, Xpy CQrlforS=0orS=Q, forr € (0, L), we have

E, [eféwe%)—?%)%(Xmu] =% By [20(0,)6(X0)14] (27)

In particular, uf(t, y) = Eqv [.@L(O, t)gb(Xt)]l[X[O,t]cQL]}

Proof. The existence and uniqueness of the solution Q% to the martingale problem follows from [6,
Theorem 1.2]. It is not mentioned in that theorem, but from the proof of [6, Theorem 4.3] one can
extract that the martingale depends continuously on the drift (in the space CK_QGRd, ]Rd). Therefore,
as V(Zr. + Y .) converges to V(Z, + Y1), we have that Q%E converges weakly to QY (where
C([0, 00), R?) is equipped with the topology of uniform convergence on compacts). By Lemmam

Ey efot(ee(Xs)_Q‘:g)dsgb(Xt)ﬂA = E@% . [-@L,s(ov t)¢(Xt)1A] .

Since Z1,. — Zr, and Y1, . — Y7, uniformly, we get

lim E@y [@L,e<07 t)¢(Xt)ﬂA] = lim E@y {.@L(O, t)¢(Xt>ﬂA] .
el0 Lye €l0 L.e

By the Portmanteau theorem [4, Theorem 2.1], the convergence in follows once we show that A
isa QY continuity set, i.e., QY [0A] = 0. We treat the case S = (), the case S = @, follows from very
similar but slightly more tedious arguments. The set A consists of paths that stay inside the closed
box @1, until time ¢, so 0A = [X (o4 ¢ QF, X041 C Q1] To prove that this set has probability zero
we show that “almost surely X leaves the box right after it hits the boundary”.

Solet 7 = inf{s € [0,¢] : X, € 0Q}, with which we have 0A = [T < t, X[oq C @y]. First note
that QY [T = t] < QY[X; € dQL] = 0, since the law of X; under QY is absolutely continuous to the
Lebesgue measure by [28, Proposition 2.9]. So it remains to show that QY [T < ¢, X|o,; C Q1] = 0.
By the strong Markov property, we have

Qi <t,Xjog C QL] < Eqgv [1,<:Qx,[Fc > 0: X[/o,g] C Qrl],
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where, to avoid confusion, X is written for the coordinate process under Q. . Similar arguments as
in [9, Theorem 13, estimate (48)] show that X’ — B’ is Q x_-almost surely %—Hélder continuous
for all € > 0. We can choose € > 0 small enough such that % > % Therefore, by the law law
of the iterated logarithm for B’ it follows that that Qx, -almost surely there is a sequence of times

(tn)nen such that t,, | 0,

X' _ X' _pg n‘;‘
lim Xt = %o t"|<1imt—:0,

n—00 |B/n’ T n—oo /Qtn 10g10g%

and also X + B; ¢ Q, for all n. Therefore,

B, X, — X[ — B
X/ :X/ + B/ tn + tn 0 tn
AN R T8 B A
for all sufficiently large n.. This concludes the proof. O

2.3 The Feynman-Kac type representation for the PAM

In this section we show how the above representation techniques can be applied to the PAM (or
multiplicative heat equation) with white-noise potential.

Definition 2.18. A white noise on R is a random variable £ on a probability space (€2, P) with values
in .#’(R?) such that for all f € . the random variable (£, f) is a centered Gaussian random with

E[<§7f><§ag>] = <f7g>L2(]Rd) for f?g S

Like in Section [2.2] we will have the Brownian motion as another source of randomness, beside the
noise term & as the potential of the PAM. These two are independent sources or randomness, therefore
we write “P” and “E” for the probability and expectation with respect to &, contrary to the notation “P”
and “E” that we use for the probability and expectation with respect to the Brownian motion B (as in

Section[2.2).

2.19. Since { € ', themap [ — (¢, f) islinearand as |[(&, f) |l 2(0,p) = || f || L2(ra). it extends to
a bounded linear operator # : L*(R%) — L%(Q), P) such that for all f € L*(R?), # f is a centered
Gaussian random variable and E[# f# g] = (f, g) 2 forall f, g € L?(R%). We will make abuse of
notation and also write “(¢, f)” for “# f” when f € L*(R%).

2.20. Let ) € C°(R?) be given by ¥)(x) = ¢(x1)p(x3) for an even function p € C°(R, [0, 0))
with supp ¢ C [—3, 3] and [, ¢(z) dz = 1. We write ¢ (z) = S9(%) and ¢.(x) = 2p(£). Let £
be a white noise on R? and let &, = ). * £ be its mollification.

2.21. Let

5275 = Z €y i, L)k s @ = Z &y e, ) T 1 (28)

neNZ neENZ
Since . is almost everywhere equal to £ . and thus to £} _ on ()1, the solution uf . to (8) also solves

the same equation with “£.” replaced by “ 2,5" or K We show in Theorem that there exists a
C € R such that for

cszilogé—l—(?,
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Longtime asymptotics of the two-dimensional parabolic Anderson model 15

there exists a §;, = (£1,Z1) € [),_; X3 such that the following convergence holds in X for all
a < —1:

(€. . 0a(D)E . — c.) f; 3% (29)

Next, we want to apply the deterministic results of Section [2.1]and [2.2]to the white-noise potential, in
the sense that we apply the above for 6}, . being a typical realisation of 52,5- Recall the convergence
in probability (29), shown in Theorem 6.2}

(52,57 52,5 © U(D)gz,s - 08) QLO) (gLv EL) = €L7 (30)

in probability in X for & < —1. This is equivalent to saying that every subsequence of (52,57 52’5 ©
a(D)&} . — cc))=>0 has a further subsequence that is almost surely convergent. Therefore we can
apply the deterministic results in Section to the case where we take 6., 01 . and 0, to be (a
typical realisation) of &, 5275 and &; . This means that the convergence in Section translates to
convergence in probability. Let us explain this more precisely.

Analogously to the notation in Section we let a € (—‘—;, —1)and B € (—a,2a +4);for L > 0
and € > 0 we write Z;, . and Z, to be the (random) functions given by

Zre=fD)& . =1 =307, Zr=f(D)éo=(1-358)",

2
where &1, ¢ is the first component of £ ; M, - is asin (20); My asin @1); 0L . := C(1+ M )2e+1-5;

2
ng = C(1+ Mp)?e+1-5; Y] . is the solution to (22); and, Y7, the solution to (23). Again, we will also
write “Z 1, 0, M1,.0,M1,0, Y1.0" for “Zp, My, m, Yy For L > 0 and ¢ > 0 we let Z;, . be as in (24)
and write “Z,” for “Z1, o". We have the following convergences in probability

P P P P
L. — J M;.— M — Y. — Y;.
L =10 L Le =10 Ly MLe =10 nL, L o10 L

Moreover, the convergence in holds in probability:

E, eJo (€ (Xa)=2e)ds gy yp % Eqy [20(0,)p(X;)1a] . (31)

In the following section, we will use some estimates that we present below in Lemma We could
estimate the right-hand side of by estimating the Z1, ., 1. -, Y1, in terms of M, .. We will need
a control on the growth of M, ., which is provided in the following lemma.

Lemma 2.22. Fore > 0 the following random variable is almost surely finite

M.
a. :=1V sup i,
LeN,L>e IOgL

and there exists an hy > 0 such that sup,, E[e"*] < oo forall h € [0, ho).
Proof. By Lemma we can bound fore > 0

Mpe < C([[€rellee + lI€L.e

2o+ €z © 0(D)Ere — cellgaase),

and similarly for M}, . So the claim follows from Lemma below. O
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2.23. Sofara € (—3,—1) and B € (—a,2a + 4) were arbitrary. But we can and do from now

assume that « “is close enough to —1” and /3 “is close enough to —«” so that

p
<
2at4—p= (33)

Note that with this assumption, Lemma [2.22|implies for alle > 0 and L > e (so that a. log L > 1),

As [||VYL | |lgs-1 < ||YLc||25 we can estimate all terms under the integral in the definition of 7, .
as || - |lpe S| - ||gs for 6 > 0. The estimate we obtain from this for &, . and another estimate
will be presented in the following lemma. This lemma will play a key role in Section [4]

s < a:log L, nre < 2C(a.log L)

log L, |YL.e

Lemma 2.24. Let @%78 be the probability measures from Lemma |2. @ and let us write Q%yo for the
probability measure and QY from Theorem|[2.17 Let a. be as in 32). There exists aC > 1 such that
forall L € Nwith L > e, e >0,r € (0,L)andt > 1:

~Cagt(log L)? adt(log L)®
o—Calt(log L) Lixc@u) < ‘@Lvs(O?t)ﬂ[X[o,t]cQL] < (Catillog L)® 34)
2
Q) [Xjoy ¢ Q] < CeCortliostl—cr, (35)
Ca’t(lo 5_r2
EQ%’S @L’s((}’t)]‘[X[O,t]¢QT1X[OA’t]CQL}:| S Ce gt(l gL) Ct . (36)

Proof. follows immediately from the definition of 2, (0, t) in [4) together with Observation[2.23]
By [28, Corollary 1.2], where we take b = V(7 . + Y1) of regularity e + 1, > 0 and use that

2
2Fa—0o

1A bl + [ Asobl 5220 S 1+ 0555

Bl+oc 5 ~U B1+a 5 ~U

we have

2 7,2
QreolXion & @r) < Cexp (Ct<1 IV (Zpe + Yo IZ55) — E)

Since o > —4 we can choose ¢ > 0 small enough so that 5 2 5 < 4. Then follows from
another appllcatlon of Observation[2.23] Finally, (36) follows from 4) and (35). O

3 Asymptotic behaviour of the mass on a box: Proof of Theo-
rem 1.4

In this section we prove Theorem We separate the proof in two parts by showing that almost

surely lim sup,_, g"(t) <1 (Lemma b and lim inf;cg 00 ﬁ’;( ) >1 (Lemma

We use the notation u; = uL and U (t) fQ u¥ (t,y) dy. We let I'*(z, -) be the transition prob-
ability kernel of X; under Q7. We will rely on the following estimates which follow from Lemma [2.22]
Lemma[2.24] and [28, Theorem 1.1 and Corollary 1.2]: There exists a random variable C' (depending
on &, not on X) with values > 1 such that for L € N with L > e, for s, € [0, 00) with s < ¢ and
t—s>1

e_C(t_s)(logL)SH[X[S’t]CQL] S ‘@L<S7t)ﬂ[x[g’t]cQL] S ec(t—s)(logL)57 (37)
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aswellasfor L,r € Nwith L > r >eandt > 1,

5 2
TE(z,y) > Le s’ ~& 1 yeQ,, (38)
TE(z,y) < CeCloeD’ 4y e R, (39)

L2
Qro[Xpy € Q1] < CeCtlos L)~ (40)

3.1. We use the notation as in Lemma and write u?_ for the solution of the PAM with white-noise
potential on R? with initial condition ¢ as in [18].

By Theorem[2.12} Lemma|2.11|and Lemma 2.13|we have for all L € (0, 00|, & > 0 and z,y € R?

upe(ty) = up (8 @), (41)
[ 69) dy = (0 0, W) ey = (1)
R
t
=E, {exp (/ (&(Xs) — 2¢.) ds) :H'[X[O,t]CQL]:| . (42)
0

By the continuity in €, see Lemma[2.8] for L > 0
Uf(t) = /Q Uf(t, y) dy = u]ll,(t’ x) = EQL@[-@L(Ov t)]l[X[o,t]CQL]]' (43)
L
We also write “Uy,(t)” for “U2(t)".

Before we turn to the upper bound, we prove the following lemma that will be used for both the upper
and the lower bound.

Lemma 3.2. Forallr € Nwithr > e, t > 1,0 € (1,t) andz,y € @, we have with C' as above

W (t, @) = ut(t,y) < Ce200oen’ e (¢ — §). (44)

Proof. The first equality in (@4) follows from (@T). We have u?(t, z) = lim.jo u¥* (t, ) by Lemma
where ¥¢(z) = ¥.(z — y). By definition we have Z,(0,t) = 2,(0,t — 6)Z.(t — ¢,1). By using
subsequently and the tower-property; the definition of I', and f ¥ =1, and finally we
obtain

ul(t, @) < lim <0 Bo, | 2,(0,t — 6)1ix,,,_yco B, [ (X)X

= lin TR R [@r<o,t = 8 gcon | THCXis 2002(C) dz]
£ R

oo 1r)® ogr)®
< (eC8(0gr)*+Cé(logr) Eg,. [.%(O,t — 5)1[X[0,t_5]ch}]

S 06205(10gr)5Uf(t . 5)

DOI 10.20347/WIAS.PREPRINT.2765 Berlin 2020



W. Kdnig, N. Perkowski, W. van Zuijlen 18

3.1 Upper bound

We will use the spectral representation given in Theorem Observe that for L,t > 0 and ¢ €
C(QL), we have by Lemmal[2.11]

/ u? (t7 CL’) dr = Z eAnt <Un,L7 ¢>L2 <Un7L7 ]]‘QL>L2

L neN

1
< (e o, 0)% ) 1.

neN
< er|of 2| 1o, |l 2 (45)

As our initial condition ¢ = J, is not in L?, we use that by the Chapman-Kolmogorov equation
W9 (t,z) = uf(t — 3,z) fort > 3, with ¢ = u(3, ) and show that u9 (3, z) is in L? and that
its L2-norm can be bounded as follows.

Lemma 3.3. Letq € [1, oo] LeNL>evye€Qandt > 2. Thenul(t,-) € LI(QL) and
luf (8, )[zo < CePHoe D,

Proof. We treat the case ¢ < 00, the case ¢ = oo is similar but slightly easier. By Lemma [3.2 we
have fort > 2 and § = £,

1

It lan < 00 (g ar)”

L

As U (L) = ul(L,2) < eCt0oel)’ by @3) and (37), and as Li < L2 < C0LY fort > 9 the
desired estimate follows. O

Lemma 3.4. Let L, = t(logt)® or L, = t. Then almost surely

log Uy, (t
lim sup Og—Lt() <1 (46)
t—00 tAL L,

Proof. Let £ = [L;]. Then U, < Usg, and A1,L, ~ A1g,. For t large enough we have by and
Lemma(as Lo, |lz2 =L < eCllog L)%y,

Ug,(t) < (=312, (1,10C (log 2t)57

so the claim easily follows. O

3.2 Lower bound

By the spectral representation given in Theorem[2.12| we obtain
errr <Y et / len(z)|? dz = / u? (t,r) dx. (47)
neN L

So we would already have establlshed the lower bound if “u7” on the right-hand side was replaced by
“ 0 ”. The idea is therefore to use (47) with “t — 9" instead of t for & chosen appropriately (depending
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on t), and to combine this with lower bounds for the transition density I'Z in order to obtain a lower
bound for UL (t).

Inequality together with the Markov property gives for 6 € (1,¢)
Ur(t) > e~ olles L)5EQL,0 []l[x[o,a]CQL]Ug((s (t— 5)] : (48)
Now we take a smaller box inside the box of size L, i.e., let € (0, L]. Then

EQL,O [R[X[o,é]CQL}Ug(é (t— 5)} > ]EQL,O [IL[X[M]CQL]ﬂ[X(sGQr]UrX(S (t— 5)]
= EQL,O []]'[XSEQT] UrX(S (t — 5)] - ]EQL,O [B[X[o,sﬂQL]l[XsEQr] UTX(S (t— 5)] . (49)

The second term on the right-hand side of can be estimated as follows, using and

Eq, , [ﬂ[x[oa 2011 LixseQ U (t — 5)} < ]P’@LO[X[O 5 € Qr] sup U (t —6)

TEQ,

< 0605(10gL)5—é66 (t—8)(logr)® < CeCt(logL)

By the heat kernel bound (38), we can estimate the first term on the right-hand side of by

Eqy, [H[X(sEQr]UrXé(t - 5)] = /Q TL(0,2)U%(t — 6) dz

> Le-cstosn-z [ pes — 5 da
c* o

Now we use the lower estimate for U7 (t — d) from Lemma|[3.2] which allows us to use @7). We sum
up all the estimates in the following lemma.

Lemma3.5. ForL,r e NwithL > r > eandt > > 1 (with C as above) we have
1 2
UL(t) > Eef?)Cé(logL)sfme(tfé))\l,r —Ce Ct(log L)>— Cé
Now we tune L, r and ¢, i.e., we choose them depending on ¢ in such a way that the lower bound for

the total mass follows.

Lemma 3.6. Letb € (3,1] and L, > t" for alit > 0 and such thatlog L, ~ blogt. LetT C (e, c0)
be a countable unbounded set. Then almost surely

lim inf —log Uw(1)

> 1.
tel,t—o0 tAlaLt -

Proof. Let £ = |L;]. Then Uy, > Us,. Letl € (0,b), a € (20' — 1,2b — 1), 6; = t* and
re = |t¥]. Write

1 _ 5_ 7 5_ L3
Ee 3C6¢(log £¢) Ci%e(t_at))‘l*rtj w, = CeCt(logﬂt) Th;

By Lemma (3.5 we have log Uy, (t) > log Ug,(t) > log(v; — w;) = log v, + log(1 — ). Observe
that, as d; < ¢,

V¢ =

Wy 3 ’82 7/.t
— < 4C¢(1 — — (t — ]
o = exp ( (log £,)° — C(St + s (t — 0) A, t)
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By Theorem [1.3 we have A;,, > O for large ¢, and as £25; ' > ¥~ and r?/5, = t*~* and
2b—a > max{1, 20’ —a}, we deduce that * — 0 and thus log(1 — ) — 0. Therefore, we obtain
from Theorem 1.3t

log Ur, (t logr
lim inf g—Lt() > liminf ———>- = liminf = lim inf X 08T
tel,t—o0 tALLt tel,t—o0 tAlJ’t ALLt tel,t—oo ALLt tel,t—o0 Xlog Lt

171”75

b/
>_»
— b

where we used that log r, ~ o' logt and log L; ~ blogt. Since b/ € (0,b) was arbitrary, the claim
follows. L

Now Lemma 3.4 and Lemma[3.6]imply Theorem

4 Splitting the PAM into boxes: Proof of Proposition[1.2]

Let U(t) = [po Uoo(t,x)dx for t € [0,00), where uy is the solution to the PAM on R* with
Uoo(0, ) = 6. We will choose (Ly)ic[0,00) in N later, in such a way that L; 1 co. We assume ¢
is large enough such that L; > 1. We define the events

Ao = [Xpyg CQu], A= [X[O,t] 7 Qpr, Xpoy C QL§+1] for k € N.

As X has continuous paths, we have Py(l,cy, Ax) = 1. We consider the setting as in Section
We define for k € Nyande > 0

Uee(t) =Eqo,  [P1,(0,1)1a,].
Lt €
We will abbreviate 4, = &l . Observe that Uy, (t) = Uo(t). In Lemma [4.3| below we prove that
U(t) = > en, Y(t), and in Lemmal4.2|we derive bounds on 41, (t). Combining these, we will then
prove Proposition [4.5] which in turn implies Proposition[1.2]

4.1. By the continuity in ¢, see [18, Theorem 4.1], U(t) = u! (¢, 0) (almost surely), where ul_ is the
solution to the PAM on R? with u! (0,-) = 1. Observe that by Lemma [2.13| Lemma and
we have for L > 0,and e > 0

ulo (£,0) = > i (t). (50)

Lemma 4.2. Let L, = |t(logt)°] and let a. be as in Lemma(2.23 There exist C > 1 and T > 0
suchthatforallt > T,k € Nande > 0

Cak =5

Cexp (t(logt)® [C’ag’(k‘ +1)° — WD, kE>1
Cexp | (k+ 1)°t(logt)® [C’ag’ — %]), k> 2.

ﬂkje(t) <

Proof. By Lemma [2.24]|there exists a C' > 1 such that for all t > 1 with L; > e, for all k € N and for
alle >0

Uy o(t) < Cexp <C’a§t(k; +1)°(log L;)° — —) (51)
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Let T > 0 be such that logt > 5loglogt and |t(logt)’| > %t(logt)f’ fort > T.Thenlog L; <
logt + 5loglogt < 2logt forallt > T', and therefore the first bound follows from (51) (with a new
C > 0). The second bound follows from the first one by choosing 7" > 0 large enough so that

TQk:—S(lOgT)5(2k—1) > 4kk(k‘+ 1)5

for all £ > 2 (and then of course the same inequality holds for all ¢ > T'). O

These bounds allow us to derive the series expansion of the total mass U ():

Lemma 4.3. Let L, = |t(logt)®]. There exists a T > 0 such that for allt > T, we have almost
surely U(t) = > pen, Y (t).

Proof. Since each term () is positive the series ), . x(t) converges almost surely to some
V (t) with values in [0, 0o]. So if we can show that the series converges in probability to U (t), then
almost surely V' (¢) = U(t) and the claimed identity holds.

eJ,O

By [18, Theorem 1.4] we know that u}, . (t,0) — ug, o(,0) = U(t) in probability. By Theorem[2.17,

we have ly . (t) =40, U (t) in probability, for all k € Ny. Moreover, u, _(t,0) = >, oy, Hr(t) for
e > 0, see (50). Therefore, we have for K € N, § € (0,1) and ¢ > 0 such that L, > e:

P(’U Zﬂk ‘ ) <hmsupP<

el

L(t,0)— uiio,s(w)’ > %)

K
+limsupP<‘u£O7E(t, 0) — Zilkyg(t ‘ ) —|—hmsupZP | () — L ()] > 22)
k=0

el el0 =0

> KT KT
< limsu P(‘ (T ’ ,ab < >+limsu P(a > —)
o k;l kel > 5 20? e 207

Let T > e and C be as in Lemmaand lett > T and K > 1. On the event [ag < %] we have
by the second estimate of Lemma4.2]

> st 3 com(ipmser]ce - )

k=K1 k=K+1

KT
<C exp ( — (k+1)°T(log T)°
3 e~ 5

and the right-hand side vanishes as K — 00. Therefore

> KT\ <0
) 5§ 5
s (| 3 helt] > £ o < ) 0

k=K+1

Since by Lemma and the Markov inequality it follows that P(a > 202) converges to zero as
K — 00, the proof is complete. O
4.4. In the proof of the next proposition we use the following observation. Let K € N, ¢, 1, € (0, 00)

and R, € (0,00) fort € (0,00) and k € {0, ..., K}. Suppose R, 2% 0. As

K
08 Uk < 10g > o Gi.k < log K b max log Gk
kefo,..K} R, R, R, ke{o,..K} Ry
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we have

K
108D ko Gtk — max 10g gk
Rt kef{0,...,K} Rt

lim
t—o00

Proposition 4.5. For L; = t(logt)® we have almost surely

logU(t) logUp,(t)
tlog L, tlog L,

teQ,t—o0

Proof. By [@3) for all € > 0 the function L ~— ujy _(t,0) is increasing. This implies, by Theorem|2.17]
that also L — Up(t) is increasing. Therefore, we may consider L; = |t(logt)®] instead, so that

Up,(t) = o(t). We willuse U(t) = =), Hi(t) (see Lemmal4.3).
Let T and C' be as in Lemma[4.2] Then we have for k£ = 1 almost surely

log 4, (t) . t(logt)® sos (10g1)%1 15
—oT < —[02 2——}_>:_ .
t—o0 thg Lt - ti)rilo tlog Lt ( a) C o

Moreover, if ¢ > T'is large enough so that C'(2a)® — 2 < —1 and exp(—t(logt)®) < 3, then the
second bound of Lemma 4.2 gives

;uk(t) < ;exp ((k -+ 1)°¢(log 17 [C(20)° - %D
< Zexp(—t(log )P <1,

and therefore W%Tﬁk(m — —oo ast — oo. Now it suffices to apply with R, = tlog Ly,

G =Up(t)fork =0,1,and g0 = Y 1oy Ui(t). As

1 t
lim inf M > —00
teQt—oo tlogt

by Lemma 3.6} this completes the proof.
O

Proof of Proposition[1.2 By Proposition [4.5] we have log U(t) ~ logUp,(t). By Lemma [3.4] and

Lemma [3.6| we have log Uy, (t) ~ tAy 1, and log Uy(t) ~ tAi;. But Ay z, ~ Ay ast ~ Ly by
Theorem[{.3 O

5 Asymptotics of the supremum and infimum of the PAM

In this section we prove Theorem by proving that for all @ € (0, 1):

log U(t) < lim log (inf,eq,. u(t, z))

te(@l,?—l)oo tlogt ~ teQit—oo tlogt
< im log(sup,cp2 u(t, x)) < lim log U(t).
teQ,t—o0 tlogt teQt—oo tlogt
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To prove this, we first have to show that u(t, ) is comparable to uy,(t, z), and for that purpose we
need the following lemma, in which Ay, is as in Section i.e.

A =X € Qup, X0 C Qprni]-

5.1. Let us write FtL’E(a:, -) for the transition probability kernel of X; under vag. Let ¢ > 1. Then
the heat kernel bound in [28, Theorem 1.1] and Lemma [2.24] imply the existence of a C' > 1 and a
k € (0,1) suchthatforall L € Nwith L > e,e > 0andt > 1

_ 5 5
e~ Ctlaclog L) H[X[O,t]CQL} < -@L,E(0>t)ﬂ[X[o,t]CQL] < eCtlaclog L) ’ (52)
e O T SR

Before we turn to the next lemma, let us make a few observations that will be used a couple of times.
Let ¢ € C.(R?) be a positive function. As Eq; [o(Xy)] = Jae T'F (2, 9)¢(y) dy we obtain the
following bounds from forall L >e,e >0,¢t > 1andz € R?

_lz=y?

oflem @t ut e 5 < Bay [6(X0)

lz—y|?
< ||gz§||LleCt(“€l°gL)5 sup e~ T (54)
yEsupp ¢

Letr € (0, L] and 7. = inf{t > 0: X, € 0Q,}. 10 < 0 < t, then we have by the above

Eqo [Lp-s<r,<g@(Xe)] = Eqy _ [ﬂ[t—6<n<t]E@ff; [P(Xi—r,.)]

2
< HQbHLleCt(as log L)? sup lefid(aQréscl;pp(b)

s€[0,8] S

Y

where d( A, B) is the distance between two sets A, B C R%. By computing its derivative we see that

the function f(s) = s~le~% is increasing on [0,m)]. Therefore, if 1 < § < d(BQszEpp(b)Q’ then we
have
5 _ d(0Qr,supp$)®
Eqg [Tt-s<r<gd(Xi)] < @] 1eCHa=tos e 25 (55)

Lemma 5.2. Let L, = |t(logt)®], lete > 0, and let a. be as in Lemmal[2.23 Letx € R? and
¢ € C.(R?) be positive and such thatsupp ¢ C B(x,1) = {y € R? : |[x — y| < 1}. Let

UL (t) = Ego,,, [Zipn (0,8)La 9(X)].
t e
There exist C > 1 andT > 0 such thatforallk € N, e > 0,t > T':

(o) < {0l exp (toge)® [Caplh 17 — B2 ) g,
ST Ol exp ((k + 1)2t(log 1) [CaZ — &) | k> 2.

In other words, Llf}s(t) satisfies the same bound as {;, . (t), except for the factor ||¢|| 1.

Proof. By the proof of Lemma [4.2]it is sufficient to prove that there exists a C' > 0 such that for all
keNe>0

2k
t

L
UPT(t) < O || preCoztbH1 togle)® o= (56)
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LetT > 1be Iarge enough such that Ly > 4c¢T and let ¢ > T'. We prove (56) by dlstlngwshmg the

two cases |z| > X and |z| < L. Inthe first case, |z| > %, observe thatas 1 < =&
Lk Lk
f —-1>—-1>—
nf = el -1 o1

Therefore, by bounding L4, by Lix, ,cq,,.,] and using and we estimate:
t

2k
uz’:f (1) < AL L gy o~

If on the other hand || < Lt then the distance between 8QLk and B(z, 1) is bounded as follows

Lk
d(0Q s, B(z,1) > Lf — |z| =1 > Zt > t.

Therefore with 7 = inf{t > 0: X; & Q.+ }, by bounding 1 4, by 1, and using and

1.2k
Llf:f(t) < H¢‘|L1(R)e2cagt(k+l)5(logLt)5€,ﬁ.

O

Corollary 5.3. There exists a T > 0 such that for all v € R?, for all positive ¢ € C.(R?) with
supp ¢ C B(x, 1) and for allt > T we have almost surely

u(t, x) = /R 2 u® (ty)d(y) dy = Y U5 ()

keNg

Proof. This follows from the same arguments as Lemma[4.3] O

Now we apply the above corollary to the mollifier function ). (see [2.20). As is done before, we write
Y? for the shifted function % (y) = ¥.(y — z).

Corollary 5.4. For L; = t(logt)® we have almost surely

i log(supxeRQ u(t, ZL')) log (SuperLt Ur, (t, JZ)) .
11m _ —0.
teQ,t—o0 tlogt tlogt

Proof. Since u(t,z) = u’ (t x) = lim. o u¥(¢,x) and the L'-norm of ). is uniformly bounded
in ¢, this follows by Lemma [5.2] Corollary [6.3]together with the arguments from the proof of Proposi-
tion 4.5

O

Theorem 5.5. Fora € (0, 1) we have almost surely

o log U(t) < liminf log (inf,eq,. u(t, z))
teQt—oo tlogt teQ,t—00 tlogt
1
teQ,t—00 tlogt teQt—oo tlogt
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Proof. Let C' > 1 be such that (52), and hold. Let us write M = Claj and as before take
L; = t(log t)5. To derive the upper bound we apply Corollaryand Lemmawith 0 = 2 to obtain

log(sup,epe u(t, )) log (SUPerLt ur, (¢, 95))

lim su = limsu
te@,t—mg tlogt te@,t—mlz tlogt
5 _
< Timsup log(C) + 4C(log Ly)° + log Uy, (t — 2)
teQ,t—00 tlogt
log Uy, (1) . logU(t)
teQt—oo  tlogt teQt—oo tlogt ’

where the last step follows from Proposition 4.5

The argument for the lower bound is more technical. Let a € (0,1) and b € (a, 1). We estimate for
T € Quandford, =r, =t n € (0,1):

EQ%t [-@Lt (O; t)ﬂ[X[o,t]CQLt}¢£(Xt):|

— M (lo 5 .
> o~ Mbi(log Ly) E@%t [.@Lt(o,t — (St)H[X[O,t—ét]CQw]ﬂ[X[t—ét,t]CQLt]wn (Xt)]

_ og L)’ N
2 e M (log L) EQ%t [-@Lt <O,t — 6t)1[x[0’t*5t]CQ7"t]¢77 (Xt)]

—MS 5 N
— e M t(lOth) EQ%t [@Lt(07t - 6t)]]-[X[Ovt75t]CQTt}]]_[X[t*(;t’t]¢QLt}f¢)77(Xt)i| . (57)
For € > 0 we have
t_gt € Xs —265 ds
]EQ%t,a [@Ltﬁ(oy t - 6t>]]_[X[0vt*5t]CQrt}i| = ]EO |:ef0 (§ ( ) ) :H'[X[Oﬂt,ét]CQrt]i|
= Urt,5(t - 515);

so after passing to the limit the same is true for ¢ = 0. Therefore, for € (0, 1) and large enough ¢

by using
Eqy [%t(o,t - 5t)mx[o,t_mcwwg(xt)]

2 EQ%t [@Lt(oﬂt - 5t)I]'[X[O,tfét]CQ"”t]Eth_‘st [l/Jz(X‘Sf)]}

_lz=yl?

> U, (t — 6;)e~Mollog Lo inf e 2w
ZEQrtyEQrt+1

2
5 _2rt

> U, (t — 8,)eMolos L) =i,

This, as we will see below, is of the right order. If ¢ is large enough so that L; > 2(r, + 1), then
the expectation appearing in the negative term in can be bounded from above as follows: With
T =inf{t > 0: X; € 0Qr,}, using and that

L
d(@QLt,suppv,bj;) Z Lt — Ty — 1> Et,
we have for ¢ large enough such that §; < g—f

EQ%t Dr,(0,t — 5t)1[X[o,t76t]CQ”]IL[X[t"st‘tﬂQLth;(Xt)}
— (0} 5 v
< eM(t=d1)(1og Lv) E@%t [Il[tfat<7<t]¢n(Xt)}

2

= L
< 2Mt(log Lt)"e—ﬁ .
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Therefore we have, using that 7, = §, = t°:

EQ%t[gﬁ%«LtﬂMXmﬂCQLJdﬁ(AQ)
2tb L?

Mt 5 b —2Mi(log L¢)5— Lt
> U, (t — th)e M Uoe L) =" _ (e (log Le)" = 5057

and letting 7 | 0 we deduce that also

2
inf w(t,x) > U, (t — tb)e_Mtb(lothPe_sz - C’eiQMt(lOth)S*E%LTtSt
TEQya ’ -7
From here we obtain by Lemma[3.6/and Theorem[1.3]
log (inf,c0,. u(t, x logU,, (t —t° . logU(t
lim inf g (infacq,. ult, v)) > liminf M = lim g—()
teQ,t—00 tlogt teQ,t—o0 tlogt teQt—oo  tlogt
Since b € (a, 1) was arbitrary, this concludes the proof. O

6 Gaussian calculations: Proof of Theorem

We saved some Gaussian calculations for this last section. In Section[6.1]we prove that our enhanced
mollified noise converges up to a constant to the same limit as the differently mollified noise considered
in [8]. In Section|6.2) we prove the bounds on the noise terms and its enhancement, which are used to
prove Lemmato control the growth of the L°°-norms of Z;, . and Y7, . with respect to L.

6.1 The limiting eigenvalues of a mollification on the full space

In this section we prove Theorem([1.3] We state the theorems from [8] on which it relies in Theorem[6.1

The proof then follows by the Gaussian convergence that is stated in Theorem[6.2] (see also [6.3).

Theorem 6.1.  (a) [8, Theorem 6.4] Let T be in C>°(R? [0, 1]) and equal to 1 around 0. Let &1, .
be given by

e = Z T(%k)@ank,L)nk,D (58)

keN3

There exist (C'L)Leu,oo) and ¢, in R with C, Lo andaE’L = (&1, éL) € X such that
almost surely in Xy fora < —1

(£L,57 SL,E O] U<D)€L,€ - % log% - CNtL - CT) — éLa (59)

(b) [8, Theorem 2.9] Let \,,(Q 1, é 1) be the n-th eigenvalue of the operator %L asin Theorem
Then for all unbounded countable sets 1 C (e, 00), almost surely, for alln € N,

An(QL? EL) _

Lellooo  logL

Proof. For[(b)|let us remark the following. Actually, in [8] the Hamiltonian is not defined with the factor
%. But it is shown that the eigenvalues of A + (2£;,4=)¢ (which is the limit of A + 2&. — 4c.)
converge to 2, which then proves the above convergence to x immediately. O
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The mayor difference between the setting in Theorem and our setting in is that we have 52,5
instead of {1, .: The 5276 is a projection of the mollified white noise &. onto the Neumann space on
the box (). Whereas, &1, . is an approximation of the white noise on the box (), based on Fourier
multipliers. The latter is dependent on the size of the box, whereas for L > r we have that 5275 equals

?78 almost everywhere on the box (). The following theorem shows that both approximations lead to
the same limit, up to a constant.

Theorem 6.2. Let{; . be asin and {7 _ be as in (28). There exist (C'L) Le[1,00) and C' in R such

that Cr, L% 0 and the following holds. In X(Q ) fora < —1 ase |, 0, the following convergence
in probability holds

(€8 — €., 60 ©a(D)EL . — £ @ (D)) 5 (0,C + Cy). (60)

6.3. As a consequence of (60), (29) holds with &, = ({1, 21 +C+Cr+c,)andc. = 5= log L +C.
Moreover, by the following identity

An(QLa €L) = )‘n(QLa EL) + O+ éL + ¢r,

we see that Theorem[6.2)and Theorem [6.1]indeed imply Theorem([1.3]

We prove Theorem|6.2]in Theorem This is done using the following theorem.
Theorem 6.4. [8, Theorem 11.2] Forr > 1 we let X . and Y,;, be centered Gaussian variables for

k € Nj, € > 0 such that every finite subset of {Y}:,. : keN2e>0}U {X;, : keNj,e>0}is
jointly Gaussian for all v > 1. We write

gr,& = Z Yksyrnk,ra 97’,& = Z X]irnk,’r‘a (61)

keN2 keN2
O, =0,.©0(D)0,. —E[f,. © (D), ],
ETU& = 57“78 @ U(D)gr,a - E[Sr,a @ U(D)Sr,a]-

Let I C [1,00). We write R = {(k,l) € N2 x NZ : ki # l1,ks # lo}. Let G, .(k,]) =
E[X;, X;, — YE,Y5 ] and F,.. - N§ x N§ — R. Consider the following conditions.

el0

VkeNjvrel, E[X;,—Y:[]—0 (62)

2
V6 >03C >0Vr € IVk,l €NZVe>0: |F, (k1) < CH(1 + ki — L)Y, (63)
=1

Vr € IV6 >03C > 03y > 0Ve € (0,6) Vk,l € NJ :

2
ITim (1+|kﬁlg|)1—6 + 1+|zﬁl§|)1—6> (k1) e R,

>t <1+\ki—1§\)1*5 + 1+\li—1g\)1*5> (k1) € Nj x N§ \ R

Ge(k, 1) < C (64)

(a) Suppose that (62) holds and that (63) holds for I . (k, ) being either E[ X} X ], E[X} Y]
orE[Y;, Yi5]. Thenforr € I, « < —1, in X, we have

(Ore = &rer Ore — ) = 0.
(b) Suppose holds. ThenE[f,.. ©® 0(D)0,.. — &, © 0(D),.] = 0in6, 7 forally > 0 and
rel.
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Consequently, if the conditions in|(a)| and|(b)| hold, then withc = 0 forr € I, « < —1, in X%
P
(07’,6 - gr,a 07’,5 @ 0<D)6r,s - ér,e @ O-(D>£r,e) — (07 C)- (65)

Remember that the mollifying function ¢ is given by ¥ (x) = ¢(x1)p(z2), for a mollifying function ¢
see2.201

Theorem 6.5. Let T be in C>°(R?,[0,1]) and equals 1 around 0. We write p(z) = p(—=z). Let
p: R — R be given by

plx) = /O7r [o % @](2) cos(zz) dz. (66)

Let7(z) = pler)p(es).
(a) With X7, = T(2k)(§, ), Vi, = T(2k)(€ ) and O, ., & as in Theorem|[6.4 there
exist C' > 0,C, > 0 with C,, == 0 such that (65) holds with c = C' + C,.
(b) With X}, = (&, k) and Y, = T(Ek)(E, ) holds for 0., & as in Theorem|6.4,
As a consequence of{(a)| and|[(b)| we obtain (60).
Proof. ((a)| That (62) holds is immediate. For F}. . (k, [) being either E[ X}, X} |, E[X} Y7 Jor E[Y) V5]
we have [F,..(k,l)] = 0in case k # [, hence the conditions for Theorem hold and so it is

sufficient to prove that E[f,.. ® 0(D)#, . — &, © o(D)&,.] = (0,C + C,.) in €, " for all v > 0.
This follows from Lemmal[6.10/and Lemmal6.6l

[(B)| For this we use Theorem That holds is immediate. The other conditions in Theorem
and|(b)| follow from (the stronger conditions in) Lemma O

Lemma 6.6. Let 7 : R? — [0,1] be given by 7(x) = p(z1)p(z2), where p € C*(R,[0,1]) is an
even function such that p' is bounded, p(0) = 1, p'(0) = 0 and |p(x)| < (1 + |z|)~" for some
v > 0. Write {pe = 3 pene T(£5)(E, ML), There exists a C' > 0 and for all L > 1, there

exists a C'r, with C, L2200 ) such that
Lpe D)é(0) — logt 25 O+ C
1 (€ ©0(D)EL(0) — 5z logs — C + Cp.
Moreover, there exists an M > 0 such that forall L > 1 ande € (0, 1)

}IE[gL,e © 0(D>§L,E](0) — % logé < M.

Proof. The proof is similar to [8, Lemma 6.16]. We define |y| = ([y1], [y2]) and hi(y) = (L? +
72|y|?) ! for y € R2. Then (see also [8, Section 6, equations (60), (61)])

F(5hY

cre = Bl © 0(D)0) = 3 g = [ AL () du

keZ?

Let

DOI 10.20347/WIAS.PREPRINT.2765 Berlin 2020



Longtime asymptotics of the two-dimensional parabolic Anderson model 29

We first show that there exists a;, € R with a;, — 0 such that

0
Dre 2 a, (67)

and that ®, . is uniformly bounded in L and €. To shorten notation, we write 6 = . Then D . =
Dr. + D7 . where

O} = [ #6lu)hully)) ~ halo) ds. D = [ PO 7607 he (o)

As hi(y]) = hi(y) = ho(lyDhe(@)(yl* — Iyl ). he(ly)) < hely) and (Jy]* = [[y]]*) S
1+ |y|, we have hi(|y]) — hr(y) < (1+ |y|)hi(y)?. As the latter function is integrable over R?, it

follows by Lebesgue’s dominated convergence theorem thatas ¢ | 0

Dp.— | ho(ly]) = ho(y)dy =: ay,
RQ

and a;, — 0. As 7 has values in [0, 1], @i’a is bounded by ay, for all ¢ > 0 and therefore @iﬁ is
uniformly bounded in L and . By the (multivariate) mean-value theorem, as V7 is bounded,

[7(0Ly)) — 7oy S olly] =yl < 0.
As 7(y) < (1+ |y|)~7 uniformly iny and §(1+ 0|y ||) ™ S (1+|y|) 7 for |y| > 2and§ < 1, we
get (uniformly in )

7(6Ly))* — (o)l S (1 + |y~

Therefore D7 _ is bounded by [ (1 + [y|) ™7 (1 + 7*|y|*) " dy for L > 1 and ¢ € (0, 1), and by
Lebesgue’s dominated convergence theorem

510

LD = 76 s dy <

So we have obtained and therefore study the asymptotics of the following integral (which does
not depend on L, so that the boundedness follows from the convergence)

[ A= [ 7D

R2 52 + 772|.1U|2

~ 2 - 2 N 9
:/ %df”/ %dﬂﬂr/ %dxv
R2\B(0,1) €2 + 2|7 Bo1) 1 + T[] A €2+ T2z

where A(e,1) = B(0,1) \ B(0, ). Because of the assumption that 7(y) < (1 + |y|)~7, the sum
of the first two integrals converges in R (and the limit only depends on 7):

7(x)? T(ex)?
/ —27(2 2da:+/ _flez)” 2> ~dr
R2\B(0,1) €2 + 72|7| Bo1) 1+ T[]

Ei))/ —TQ(x)zdm—{—/ — dx
R2\B(0,1) 72| Z| B01) 1 + ||

On the other hand we have fA(E n W2‘1w|2 dz = 2log I and thus

T

/ 7(z)? s — 2 logl _ / (7(2)? — D)w?|x]? + &2 ds.
Ale,1) T Afe,1)

e2 + m2|z|? € (€2 4+ m2|z|?)7?|x|?
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Now

g2 0 1
/ dz &% / dy,
Ae) (€2 + 7 |af?)m?|z]? r2\5(0,1) (1 + ™ y[?)m?[y[?

and

~ 20 .12
/ (72—()2 U 2|I|2d _>/ 2 2 dx.
Ay (€8 4 m2la]?)m? ] Boy T |x|

Let us prove that the latter integral is finite by showing that the integrand is bounded. First observe
that as 7(x) = p(z1)p(z2)

7(x)? =1 < ‘P(xl)Q—lp(sz)Z—1‘+’P($1)2—1’+‘P($2)2—1"

72|z |? T To x3 x3

Now, by using that and that p(0) = 1 and p/(0) = 0 and that p is twice differentiable at 0, the latter is
bounded for z € B(0, 1). O

Remark 6.7. Instead of taking 7 to be of the product form as in Lemma 6.6} one could take 7(z) =
p(|z|) with a p satisfying the properties and obtain the same statement. The idea of the proof is similar
and easier as one can apply the substitution to polar coordinates.

Theorem 6.8. Let7 € C1(IR? [0, 1]) satisfy 7(0) = 1. Lety € R. There exists a C > 0 such that
forall L > 0 andh € H](Qp) we have ||h — 7(cD)h|| ;7 %0 and forf < ~,e€(0,1),

Ih = 7(D)hll g < CU=IMO2 | 7.

Proof. By [8, Theorem 4.14]

Ih = 7(ED)AllGs S D L+ 571 = 7(5K) (hy )’
keN3
< (sup (1 + 141 = 7(£0))7) 3.
keNZ

Observe that if |/<;| > L then (1 + |£[%)P77 < 20779 0On the other hand, if [k| < L¢, then
1=7($k)| S £k S as'~ ? (as 7' is bounded on the ball of radius ). Therefore, as (1—7(% k:)) <1
ar10'(1+|k| P <1

(‘sup(1+[£3)77(1 = 7(50))?)  20-920-50,
keNZ

Lemma 6.9. Let 7 and £, be as in Lemma Thenz — E[{1. © o(D)ép.(x)] — iE[SL,a ©
(D)€L (0)] converges in €, " to a limit that is independent of T as ¢ | 0 for all y > 0. Moreover,
there exists a M > 0 such that forall L > 1 ande > 0

B[z © 0(D)ére(-)] — 1E[L.: © 0(D)éLe(0)]

o <M. (68)
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Proof. The proof of the convergence follows along the same lines as [8, Theorem 6.15] by using
Theorem [6.8]instead of [8, Theorem 6.14]. The bound is not proven in [8, Theorem 6.15], but can
be derived from the decomposition done in the proof and by the bound

1 1
= - <1
LY gl

mG%NQ
which for example can be concluded by [8, Lemma 11.7]. O

Lemma 6.10. Let p be as in (66). Then p € C*°(R, [0, 1]) and p is an even function such that p' is
bounded, p(0) =1, p/(0) = 0 and |p(z)| < (1 + |z|)~*

Proof. By Leibniz integral rule pis C'*°. That p’ is bounded follows by the identity p(z) = —2 fo
@|(z) sin(xz) dz and that z — z[p * @](z) is integrable. The bound p(x) < (1 + \x!) ! follows by
the following identity that holds for x # 0
1 [ d 1 [
= — * ) — 9] d = — * ) i d .
ple) = 1 [ T v Al stz = =1 [ low gl () sinGaz) d
O
Lemma 6.11. Let 7 be as in Theorem[6.8 For X ; = (&, w. 1) and Fr . (k,1) = E[X} | X[ /] the
following holds

[\

3C > 0VL > 0Vk, 1 € N2k #1Ve > 0: |Fpo(k, 1) H( W
=1

3C >0VL > 0Vk e NgVe > 0; |Fre(k, k) —7(5E)?’ [ < Cle A +e A ). (70)
also holds for F'r, . (k,1) = E[(&., ng ) (€, n1)].

). @9

Proof. Let us first rewrite F7, .(k, ) by using that (§., g, 1) = (Ve * &,y 1) = (&, Ve * ng 1) where
Y. (z) = 1h.(—x) (see also [10, Theorem 11.5]), so that

FL,E(ka l) = E[(¢, nk,L)(fs, ﬂz,L>] = (e * Ng,r, Ye * ﬂl,L>L2(R2)
2
= (g1, Ve * Ve % My 1) 22y = H(ﬂki,m Ko 0, 2)2(m)s
i=1
where K. (z) = %gpa * @5(§x) and n,, » for m € Ny is the element in the Neumann basis for
L*([~5%,5]). Observe that K := K is a smooth even function with supp K C [—m, 7] (as L > 1)
that integrates to one.

)

Because (Wi, r, e * 0y, ) r2R) = Ty m, Ke * Ty, ) 12(m) forally € R, and for y = —(7,
andall k € Ny and z € [0, 7,

w3

L Zynpn() = /2 cos(ka),
we have for k, [ € Ny we have by a substitution and Fubini’s theorem,
m

Ay, = S (Mo, Ko % ) 2w / / K. (x — y) cos(kx) cos(ly) dz dy
KVl

:/O /_y K.(z)cos(k(z 4+ y)) cos(ly) dz dy

™ (m—z)AT
:/ KE(z)/ cos(k(z +y)) cos(ly) dy dz.

—m —z)VO
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We write

(m—2)A

fri(z) = / cos(k(z +y)) cos(ly) dy.
(=z)vOo

Note that (1 — z) Am =7 — (2V0) =7 — 2" and (—z) V 0 = 2. Using that the product of

cosine functions can be written as the sum of two cosines and that sin(mm + ) = (—1)" sin(z) for

m € 7, we obtain for k # [

fea(2) = % /W_Z cos(kz + (k4 1y)) + cos(kz + (k — 1)y)) dy

_ {[(—1)k+l sin(lz) —sin(k2)] e 2 > 0,
[(—=1)**'sin(kz) — sin(lz)] 22 2 <0.

In case k + [ is odd, fx, is an odd function so ffﬂ K.(2)fri(2)dz = 0. If k + lis even, fj; is an
even function. As K is even one has Aj ; = A7, and so for k, [ such that k + [ is even

A5 = K i) + fa(2) dz

[ |
— k—-i-l/o K.(z)[sin(lz) — sin(kz)] dz.

As K is a positive function with support in [—7, 7] that integrates to 1, we obtain |Ai,z| < k+,—l On
the other hand

1 ™
|AZ | = ‘—/ K(z)[sin(elz) — sin(ekz)]dz| < e.
’ E+1Jq
This proves (69). As also E[(&., ny. 1) (€, n,.1)] is of the form [, (ng, -, K. * 1y, ») 22(R) but with

K.(z) = L4.(£2) for which still K is a smooth even function with supp K1 C [—, 7] (as L > 1)
that integrates to one, the above also proves for F - (k,1) = E[(&,ng ) (€, )]

Now for k = [ # 0, we have

Jrp(2) = 1/7r_z cos(kz + 2ky)) + cos(kz) dy

2 /.-
Isin(kz — 2k — 27) — sin(kz + 2kz~ 1
_ §sm( z z gk sin(kz 4 2kz7) N 5[7r— (2] cos(k2)
—sin(k 1
= %'z” + 5l = J2] cos(k),
andfor k =1 =0, fr,(z) = ™ — |z| = [ — |2]]. Observing that 5 = 2 (for the one dimensional

0). Hence for k € N2

Ek) =] Q%Aim -1I2 /0 " K.(2) (Lékiz)m(m 1 Lzl cos(ki2)) d.

7“' .
i=1 ¢

Observe thatas K.(z) = Lo * ¢|(L£2),

H2 /07T K.(z)cos(k;iz)dz = H2/0 [p * §](z) cos(Lk;z) dz = 7(£k)>.
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As Fp.(k, k) — 7($k) is of the form ay, ax, — by, bx, and |a;| and |b;| are bounded by one, we have
|ag, Ak, — b, by | < lag, — b, | + |ak, — by, |- Therefore it is sufficient to show the following for all
keN

™ ™ 1
‘—% / K(z)sin(ekz)dz + 5/ K(z)zcos(ekz)dz| SeA = (71)
0 0

By partial integration we have

/ K(2)sin(ekz)dz = —8/ / K(z)dxcos(ekz)dz + — / K(z) dzsin(ekn),
/ K(2)zcos(ekz)d / K(z z— sin(ekz) dz
= —E/ (2K'(2) + K(2)) sin(ekz) dz.

0

By using that sin(ekm) < ekm andthat [ |2K’(z)| + | K (2)] dz is bounded by a constant that does
not depend on L, we obtain (7). O

6.2 Bounds on the noise terms

In this section we prove bounds on the increase of the norms of the noise term 52,5 and its enhance-
ment with respect to the size of the box, L, in Lemma We derive these bounds from L” bounds,
provided in Lemma First some auxiliary lemmas.

Lemma 6.12. For all v € (0, 1) there exists a € > 1 such that forall L > 1,7 € N_;, e > 0,
r e

E[[ AL |(2))] < €207, E[AS),|(2)?) < €27, (72)
Proof. The proof is similar to the proof of [8, Theorem 11.1], based on [8, Theorem 11.5 and 11.12],
in which on the right-hand side the factor L>” appears. As mentioned before, the bound we have

obtained in Lemma is stronger than (63). It also assures that we do not obtain anything that
depends on L on the right-hand side of (72). Indeed, similar to the proof of [8, Theorem 11.5]

. 1 1 \2
2 CIEAL () S (Y L7 =)
A&} ()5 MGZN 1+k) S T E R

5( Z leylﬁ@

kE%No

for some € that does not depend on L, by [8, Lemma 11.7]. Similarly, one can prove the bound on
E1 by following the proof of [8, Theorem 11.12]. O

We present the following consequence of the Gaussian hypercontractivity, which basically generalises
the fact that the p-th moment of a Gaussian can be bounded by a multiple of its second moment to the
power £.

Lemma 6.13. [26, Theorem 1.4.1, see also the end of p.62] Let V' be in the k-th Wiener chaos for
somek € N. Then E[V?] < (p — 1) FE[V?]5. Forp > 1
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Lemma 6.14. For ally € (0, 1) there exist C; M > 0 such thatforall L. > 1, € (0,1),p > 1

_2
P

E[llfz,allf; 2] S CL*pEME, (73)

Bller. @ o(D)EL, — el , 5] < CLPME. (74)

Proof. Using Lemma along the same lines as [8, Lemma 6.10], there exists a C' > ( independent
of &f . and £} . © 0(D)E} . — c. such that with € as in Lemmal6.12|forall L > 1, > 0andp > 1
we have and

BlIS5.IP_, 4] < CLpes.
Therefore it is sufficient to show that there exists an A/ > 0 such that

|BlEL. @ oD — el 5 < CL?PP M.
This follows from Lemma [6.9) and Lemma [6.6|as E[{} . © 0(D)E} | — c. is the sum of E[¢} . ©
0(D)t.] = B[ ©0(D)E; . (0)] and B[S} © 0(D)EE . (0)] — c.. 0

Lemma 6.15. For L > 1 let&; = (£1,,Z1) be as in (29). For all v > 0 there exist a hg > 0 such
that for all h € [0, ho)

RlIEY N2 _i_ _ hen D) —ec|l
sup L~ E[e Lelly—1 ] LI E[e 62 0oL c~eellgr] (75)
e>0,L>1
RllELI? _i_ =l
L>1

As a consequence, almost surely for all e > 0

€82y + 160 @ o(D)ER, — el
A, .= sup s < 00, (77)
LEN,L>e log L
Jeolron + Bl .
= su 00
K LEN,E>8 lOg L ’

and moreover E[e"] < 0o and sup,. E[e"4<] < oo forall h € [0, hy].

Proof. Let v > 0 and m € N be such that 2 < ~. Let us write S, .; = 167 <[l -1-2» and
Ste2 = [[§1,. © 0(D)E] . — cell—2v. For k € {1,2}, by using subsequently Jensen’s inequality,

2p
and (74), i.e., B[S/, ] < CL*pPC? (we may and do assume ¢ > 1) and 4 < (£)", we obtain
forh > 0ande >0

2

2 Ny L7 ™ o iam =m A" 2
E[GXP(hSLk,e,k)] = Z _!E[SLk,s,k] < _|E[ L,a,k] Fm o Z _!E[SLke k]

< —(OL2m 2 €2 )km + Z ECL%’L ¢2
n=0 n=m

< Lt exp(W(Cm®F €%) ) + CL* Y (he€?)".

n=m
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For ho = (2¢€2)! the latter series is finite, i.e., there exists a M > 0 such that for all i € [0, ),
2
L>1,e>0andk € {1,2} we have Elexp(hSf ;)] < ML . This implies (75). Let us write

2
Spox = limeo Sy ek for k € {1,2}. By Fatou's lemma we obtain Elexp(hSy ;)] < ML for
k € {1,2} and thus also obtain (76). Moreover, for a > 3 + 1

ZL‘“ sup E[eXp(théak)] < 00. (79)

LeEN €€[0,00)

2
Therefore S, := L=%exp(hoS} is almost surely finite for all ¢ € |0, 00). Consequently,
LeN Lek

2
fen < o(alog L+logS.)andthus for e € [0,00) and L € Nwith L > e

h?r\m

S &,k
log L

< j-(a+1og S;).
This proves and (78). By Jensen’s inequality
h

sup Elexp(hy-(a +log 5.))] < exp(52) sup B[S.]",
£€[0,00) €€[0,00)

hence by the latter is finite for i € [0, ho|, this concludes the proof. O

A Regularity of even extensions
Lemma A.1. Let« € R. There exists aC' > 1 such that for all ( € €*(Q1)

1 — _
— a <
ZIiC a <CIC

o <€

Ey

where { = ZkeNg<C, " )Ny 1, (notation as in.

Proof. By definition the norm of ( is equivalent to the norm of the even extension of ( on the torus
T2, (see [8]). On the other hand, the &’*(R?)-norm of ( is equivalent to the €"*(T%, )-norm of the
“restriction” of E to the torus, see for example [29, Theorem 3.8.1, p.195] (observe that there is the
condition y x oo > d, which for x = 0 can be thought of as still valid). O

B The resolvent equation

Here we show the existence of and a bound for the solution v of
(n—3A)v=f+Vuv-g & v=0,(D)(f+Vv-g),

for suitable distributions f, g, where 7,)(2) := (n + 27%|z|?) ! and ) is a scalar.

Lemma displays the regularizing effect of the Fourier multiplier o, it follows by an application of
[8l Lemma 2.2].
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Lemma B.1. There exists a C' > 0 only depending on d, such that for all « € R, 6 € [0,2] and
n >0

_a_s
loy(D)v]|gas+sgay < Cp~2)|v

o (Rd) .

Proposition B.2. Leto € (—3,—1) and 8 € (—a,2a + 4) and f € €*T2(R?), g € €T (R?).
Then there exists a C' > 0 such that with

M = max{]|f

G212, Hg (f"‘+1}7

foralln > C(1+ M) Wi the equation
v=0,(D)(f+Vv-yg)

has a unique solution v € €°(RY), and |lv||4s < M. Moreover, v depends continuously on
f and g in the following sense. Suppose additionally that f. € €***2(R%),g. € €*T{(RY),
| follg2ate, ||gellgars < M fore > 0and f. — f, g. — g in€**2(RY) respectively in 6“1 (RY).
Forn > C(1+ M)ﬁ and with v. the solution to v. = 0,(D)(f: + Vv, - g.) we have v, — v
in 6" (RY).

Proof. We use a Picard iteration: Let ®: € — €7, ®(u) = 0,(D)(f + Vu - g), forn > 0. Let
Cy > 1beas C'is in Lemmal[B.1]and C, > 1 be such that || Vu - g||lgarr < Collull4s]g||zo+1. Let
C' = C} - C5. A short computation shows that if ||u||4s < M, then

_2a+4-p

1D (w)||lgs < CM(1+ M)y~ >

Soifn > C(1+ M)7+7, then ||®(u)
and center O invariant. Moreover,

w5 < M and thus ® leaves the ball in €* with radius M

[ (u) — @(@)l%s = [lon(D)((Du — D) - g)

2a+4—p

< OMy 5 lu—a

¢ B

“o-

So ® is a contraction and it has a unique fixed point. The continuity is shown as in [28, Proposition
2.4]. O
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