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Optimality conditions for convex stochastic optimization
problems in Banach spaces with almost sure state constraints

Caroline Geiersbach, Winnifried Wollner

Abstract

We analyze a convex stochastic optimization problem where the state is assumed to belong to
the Bochner space of essentially bounded random variables with images in a reflexive and sepa-
rable Banach space. For this problem, we obtain optimality conditions that are, with an appropriate
model, necessary and sufficient. Additionally, the Lagrange multipliers associated with optimality
conditions are integrable vector-valued functions and not only measures. A model problem is
given demonstrating the application to PDE-constrained optimization under uncertainty.

1 Introduction

Let X; and X be real, reflexive, and separable Banach spaces. ({2, F, IP) denotes a complete prob-
ability space, where € represents the sample space, F C 292 is the o-algebra of events on the power
set of 2, and P: Q@ — [0, 1] is a probability measure. We assume C; C X is nonempty, closed,
and convex; ngad(xl, w) C X5 is assumed to be nonempty, closed, and convex for all ; € C'; and
almost all w € (). We are interested in a convex stochastic optimization problem of the form

uin B, na()] = [ Joraw) 0P

1

t xr1 € Cl, ( )

s.t.
To(w) € Xoaa(r1,w0) as.,

where J is a convex real-valued mapping. In this model, the variable 1, unlike x», is independent of
the random data. As such, this problem can be interpreted as a static two-stage stochastic optimization
problem. By “static,” we mean to differentiate the problem from a stochastic optimization problem with
recourse, where the second-stage “decision” x5 is made only after observing a random element w.
Here, the function w — x5(w) is provided at the onset, which gives all possible decisions for each w.

Such problems are of interest for applications to optimization with partial differential equations (PDEs)
under uncertainty, where the set to which z3(w) belongs includes those states solving a PDE. This
field is a rapidly developing one, with many developments in understanding the modeling, theory, and
design of efficient algorithms; see, e.g., [9} 21} 27, 18] [1], [33] 14 8, [12] and the references therein.
So far, research has mostly been limited to the case where the control (in our notation, the first-stage
variable x1) has been subject to additional constraints. In this case, optimality conditions have already
been established for risk-averse problems in [19] [20]. However, additional constraints on the state
(here, x3), beyond a uniquely solvable equation, have yet to be investigated thoroughly. Although
chance constraints have been handled in such applications, cf. [11], the treatment of pointwise almost
sure constraints on the state appear to be missing from the literature.
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C. Geiersbach, W. Wollner 2

As a first step in this treatment, optimality conditions play a central role, and we pursue this in the cur-
rent paper. Pointwise state constraints, without uncertainty, have received some attention over the last
years. In general, optimality conditions require Lagrange multipliers coming from the non-separable
space of regular Borel measures, see, €.g., [5, [6]. Only in rare circumstances it can be shown that
multipliers can be found in more a regular, separable, space, see [7].

In this paper, we are focused on obtaining optimality conditions in the case where x5 belongs to the
Bochner space L>°(£2, X5). This choice is motivated by the goal of including problems where there is
an almost sure bound such as

Ta(w) <k Y(w),

where ¢ € L>®(), X5) and <y represents a partial order on X5. An example with this type of
inequality is given in Subsection The choice of LP(€), X5) for p < oo is not appropriate, as
the cone {v € LP(Q, X5) : v(w) <k 0} contains no interior points; this property is especially
important in the establishment of Lagrange multipliers for our application. Therefore, we will view the
problem presented in in the framework of two-stage stochastic optimization (for an introduction,
see [32] 23]). This framework allows us to generalize results from a series of papers by Rockafellar
and Wets [28],(29] 30} [31], who established optimality theory of general convex stochastic optimization
problems with states belonging to the space L>°(2,IR"). As the class of problems we are treating
involve equality constraints, we include that theory here, which is not covered by the papers [28, 29,
30,/31]. Additionally, we emphasize that care must be taken in our setting, where the random variables
are vector-valued.

We will proceed by introducing our notation and proving essential results about subdifferentiability of
convex integral functionals on the space L>°(£2, X) in Section [2| The core of the paper is contained
in Section [3] where we use the perturbation approach to show the existence of saddle points for a
suitably tailored generalized Lagrangian. This approach allows us to look for Lagrange multipliers in
the space L'(§2, X*), instead of (L>(2, X))*, and provide Karush-Kuhn-Tucker conditions for our
problem. In Section {4, we show an application to PDE-constrained optimization under uncertainty. We
close with some remarks in Section 5

2 Background and Notation

Throughout, we shall employ the following notation. We assume that X is a real, reflexive, and sepa-
rable space; the dual is denoted by X* and the canonical dual pairing is written as (-, -) x+ x. Given
aset C' C X, d¢ denotes the indicator function, where dc(x) = 0if x € C and d¢(z) = oo other-
wise. The interior of a set C' is denoted by int C'. The sum of two sets A and B with A € R is given
by A+ AB :={a+ Xb:a € A,b e B}. We recall that for a proper function h : X — (—o0, 00,
the subdifferential (in the sense of convex analysis) is the set-valued operator defined by

Oh: X=X txw—{qge X" :{(q,y —x)x-x + h(x) <h(y) Yye X}

The domain of & is denoted by dom(h) := {z € X : h(z) < oo}. Given K C X, the support
function of K is denoted by

o(K,v) :=sup(v,z)x-x Yve X"
zeK

A strongly P-measurable mapping from €2 to a Banach space X is referred to as an X -valued ran-
dom variable. As the underlying probability space is considered fixed, we will frequently write simply
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Stochastic optimization in Banach spaces 3

“measurable” instead of “IP-measurable.” Additionally, since we only consider separable spaces, weak
and strong measurability coincide, in which case we can simply refer to measurability of a random
variable/[T]

Given a Banach space X equipped with the norm ||-|| x, the Bochner space L" (€2, X ) is the set of all
(equivalence classes of) X -valued random variables having finite norm, where the norm is given by

Uyl dP)Vr, 1 <r < oo,
||y||Lr(Q,X) =
€ss SupweQHy(w)H)ﬁ r = oQ.

An X-valued random variable x is Bochner integrable if there exists a sequence {x,,} of P-simple
functions x,, :  — X such that lim,, o [, ||y (w) — z(w)||x dP(w) = 0. The limit of the integrals
of x,, gives the Bochner integral (the expectation), i.e.,

Elz] :== /Qx(w) dP(w) = lim [ z,(w)dP(w).

n—o0 Q

Clearly, this expectation is an element of X.

Recall that a property is said to hold almost surely (a.s.) provided that the set (in €2) where the property
does not hold is a set of measure zero. As an example, two random variables &, £’ are said to be
equal almost surely, § = & a.s., if and only if P({w € Q : {(w) # '(w)}) = 0, or equivalently,

P({w e :&w) = (W)} =1

2.1 Subdifferentiability of convex integral functionals on L>°(), X)

In order to obtain optimality conditions for a problem of the form (), we will first provide some back-
ground on convex integral functionals defined on the space L>(£2, X), where X is assumed to be a
real, reflexive, and separable Banach space We denote the o-algebra of Borel sets on X by 5. We
study convex functionals of the form

Iy(x) = / f(2(w),w) dP(w), @

where x : Q@ — X and f : X X  — (—o00,00]. The function f is called a convex integrand if
fo == f(-,w) is convex for every w (it is no loss of generality to redefine a functional that is only
convex for almost every w). This integrand is called normal if it is not identically infinity, it is (B X ]-")—
measurable, and f,, is lower semicontinuous in X for each w € (). An example of a function that
is normal is one that is finite everywhere and Carathéodory, meaning f measurable in w for fixed
x and continuous in x for fixed w. Normality of f makes it superpositionally measurable, meaning
w— f(z(w),w) is measurable if x : @ — X is measurable; see, e.g., [3, Lemma 8.2.3].

If w — f(xz(w),w) is majorized by an integrable function, then the integral functional () is finite;
if no such majorant exists, by convention, we set I;(x) = oo. The conjugate of the normal convex
integrand f,, is the function f;* defined on X* by

fo(z™) = ig}g{@*, ) x+x — ful(@)}.

"More precisely, for y : Q — X, the following assertions are equivalent: 1) ¥ is strongly measurable and 2) y is
separably-valued and measurable [16, Corollary 1.1.10].

2While we continue using the probability space (Q, F,P), the results of this section also hold for more general o-finite
complete measure spaces.
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C. Geiersbach, W. Wollner 4

By [22, Proposition 6.1], f is a normal convex integrand and (f*)* = f,. We recall, see, e.g., [3,
Proposition 6.5.4] that if f,, is convex,

" € 0f,(x) ifandonlyif (2%, 2)x+x = fo(x)+ fi(z¥). (3)

Even if the Radon—Nikodym property is satisfied for X, there is not generally an isometry between
(L>=(Q, X))* and L'(Q, X*). However, there is a useful decomposition on this dual space; namely,
elements can be decomposed into absolutely continuous and singular parts. A continuous linear func-
tional v € (L>(£2, X))* of the form

o(z) = / (2" (@), 2(@)) x- x IP(w)

for some z* € L'(Q), X*) is said to be absolutely continuous. These functionals form a closed sub-
space of (L>°(€2, X))* that is isometric to L'(€2, X*). This subspace has a complement consisting
of singular functionals, defined next.

Definition 2.1. A functional v° € (L>(2, X))* is called singular (relative to PP) if there exists a
sequence {F,} C F with F,,,1 C F, foralln, P(F,) — 0asn — oo, and v°(z) = 0 for all
xr € L®(Q, X) satisfying x(w) = 0 for almost all w € F,, for some n.

The following decomposition result was proven in [17, Appendix 1, Theorem 3].

Theorem 2.2 (loffe and Levin). Each functional v* € (L>(£2, X'))* has a unique decomposition
vt =0 +1°, (4)
where v is absolutely continuous, v° is singular relative to IP, and

[v*[[(zoo (0.0 = vl (2@ + [Vl (zo(0,x)"

The next result characterizes the convex conjugate of a functional /; defined on L>°(£2, X). By defi-
nition, the convex functional on (L>(£2, X))* that is conjugate to ; is given by

Ii(v*) == sup {v™(2) — I;(2)}. (5)
z€L>®(0Q,X)

This functional is closely related to the integral functional I+, where f* denotes the conjugate of the
normal convex integrand f as before. The following theorem relates I to I« and was proven for
X = R"in [25, Theorem 1] and later for separable (generally non-reflexive) Banach spaces in [22,
Theorem 6.4].

Theorem 2.3 (Levin). Assume f is a normal convex integrand and If(z) < oo for some z €
L>(£2, X). Then the functional I can be represented by the decomposition

I;(v") = I+ (2%) 4 o (dom(If),v"), (6)
where z* € L'(), X*) corresponds to the absolutely continuous part of v* and v° € (L>(Q, X))*

corresponds to the singular part of v*, and o(dom(1), v°) denotes the support functional of dom(/)
inv°.
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Stochastic optimization in Banach spaces 5

Remark 2.4. The assumption that /¢(x) < oo for some z € L>(£2, X) implies that I~ is a well-
defined convex functional on L!(€, X*) with values in (—0co, oc]. Indeed, since f* and f,, are con-
jugate to each other, we have for all w and all z* € L'(Q, X*) that

folz™(w)) = (@ (w), (W) x- x = fulz(w)). (7)

The right side is integrable by assumption, so Iy« > —oo on L*(§2, X*). If one additionally has
I« (x*) < oo for some * € L'(€, X*), then one shows in the same way that /; is well-defined on
L>°(£2, X') with values in (—o0, o0].

The following result gives a bound on the singular element v°.

Theorem 2.5. Let f be a normal convex integrand. Let z € L*°(£2, X ) be such that there exists > 0
and an integrable function &, of w satisfying f,,(z(w)) < k,(w) aslong as ||z — Z||pex) < 7.
Then the conjugate integrand f*(x*(w)) is majorized by an integrable function of w for at least one
x* € L'(Q, X*). Additionally, I is continuous at x as long as ||z — Z|| 1= (q,x) < r and the function
o(dom(Iy),-) given in (6) can be bounded as follows:

o(dom(y),v°) > v°(Z) + r[|v° || (Lo (.x) - ®

Proof. We proceed as in [25, Theorem 2], making modifications for the infinite-dimensional setting.
Using (3), we have

Ofu(T(w)) = {g € X*: (¢, 2(w)) x x = fu(T(w)) + [5(0)}-

We show that the set-valued map w +— 0f,(Z(w)) is measurable by first proving that the support
function of 0f,,(Z(w)) is measurable. Since f,, is convex and finite on a neighborhood of Z(w), it is
continuous at Z(w), so the set Jf,,(Z(w)) is a nonempty, convex, and weakly* compact subset of X *
and f,, is Hadamard directionally differentiable in Z(w) [4, Proposition 2.126]. Since X is reflexive,
the support function of 0 f,,(Z(w)) in x is given by

U(afw(‘%(w»a‘r) = sup <$7Q>X,X*‘
q€0fu(T(w))

Thus, since f,, is convex, we have
0(0fu((W)), x) = fi(2(w); )
~ lim 1(fw<g:~(w) +t2) — fu(z(w))

t—0+ ¢

= inf © (fu(B() + 1) — fu(z(w)))

t>0 ¢

< fo(@(W) + 2) = fu(z(W)).

Measurability of w +— o(Jf,(Z(w)), z) follows from the fact that the limit of a sequence of mea-
surable functions is measurable [3 p. 307]. Since X is reflexive and separable, we obtain from [3|
Theorem 8.2.14] that w — Jf,,(Z(w)) is measurable. The measurable selection theorem [3, The-
orem 8.1.3] guarantees the existence of a measurable function z* : 2 — X* such that z*(w) €
0f..(Z(w)) for every w € Q. From (9) it follows for this z* that

(2,27 (W) x x+ < 0(0fu(z(W)), ) < fu(T(W) + 1) = fu(Z(w)).
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C. Geiersbach, W. Wollner 6

Aslong as = € X satisfies ||z||x < 7, we obtain by assumption that

rlz*(@)lx- = sup (22" (W))x x+ < k(W) = fulz(w)). (10

|z x <r

The right-hand side of is integrable, thus =* must also be integrable, i.e., z* € L'(, X™*).
Now, by (3), we have for this z* € L!(Q2, X*)

fola® (W) = (2"(w), T(w)) x+ x = fu(T(w)),
from which we immediately obtain that f*(x*(w)) is majorizable.

Forany z € L*°(§), X) satisfying ||z — Z|| oo (0, x) < T, we get

I¢(z) < / ky(w) dP(w) < oo,
Q
implying If(x) is bounded above and continuous at x. Of course, this means that x € dom(If), SO

o(dom(Iy),v°) = sup v°(x)> sup v°(x)

x€dom(Iy) $5||x_i||L°°(Q,X><T

= 0°(Z) + 7]|v°] (Lo (2,x))* -

This is the expression (8), so the proof is complete. O

The next two results can be obtained as in [25, Corollary 2A, 2C].

Corollary 2.6. Assume f is a normal convex integrand and f(z(w),w) is an integrable function of
w for every x € L>°(Q2, X). Then Iy and I;- are well-defined convex functionals on L*(£2, X') and
Ll(Q, X™), respectively, that are conjugate to each other in the sense that

)= s @) a@)ex ) - 1)},

€L (Q,X)

)= sw { [ @@y ape) - 1.0}

z*€L1(Q,X*)

Furthermore, if v* is an absolutely continuous functional corresponding to a function z* € L*(§2, X*),
then I7(v*) = Ip-(x*), while I7(v*) = oo for any v* that is not absolutely continuous.

Proof. Since f(z(w),w) is integrable for all z, it is also integrable for z = 0. Now, by [22, Theorem
5.1], this implies the existence of a » > 0 and integrable function k, such that f,,(0 + x) < k,.(w)
a.s. for all z € X such that ||z||x < . Theorem [2.5 gives the bound (8), which in combination with
(6) gives the conclusion with r = oo. O

Corollary 2.7. Let f and 7 satisfy the assumptions of Theorem Then v* € (L>(£2, X))* is an
element of 01(z) if and only if
¥ (w) € 0f,(z(w)) as., (11)

where x* € L'(Q, X*) corresponds to the absolutely continuous part v of v* and the singular part v°
of v* satisfies o(dom(Iy), v°) = v°(Z). Moreover, 01 ;(Z) can be identified with a nonempty, weakly
compact subset of L'(€2, X*). In particular, v* belongs to 9I;(z) if and only if v° = 0 and v = z*

satisfies (11).
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Stochastic optimization in Banach spaces 7

Proof. By Theorem[2.5 I is finite on a neighborhood of  and is continuous at 7; it is naturally convex
by convexity of f. In particular 01;(Z) is a nonempty, weakly* compact subset of (L>(€2, X))*.

Using (@), notice that by (3) v* € 0I;(Z) if and only if

0= I;(v") + If(z) — v*(7)

= o () )~ )+ I E) (e~ ofa),

i.e., the supremum is attained in z = . Now, by Theorem[2.3|and (7) it follows that

v () + (@) = I;(7) = 3(v)
= I (x%) + o(dom(Iy), v°)
> v(Z) — I§(Z) 4+ o(dom(If), v°)

and thus v°(Z) > o(dom(/), v°). By (8), this can be the case if and only if v° = 0. Thus using (),
we have that

0 = (") + I;(z) — o(dom(I}),v°) — /@*(w), #(w))x- x dP(w)

= Ip(a") + Ip(Z) — /Q<3c*(w), T(w)) x+ x dP(w).
5Amﬂwwm@w»%mmawmxwm. (12

Notice that the integrand in is non-negative by definition of the conjugate [, i.e., (7). We obtain
that the integrand is almost surely equal to zero and, recalling the equivalent expression for the
subdifferential (3), follows.

For the second claim, since X is reflexive and separable, we have the isometric isomorphism [16]
Corollary 1.3.22]

(LN, X7))" = L(Q, X™) = L®(Q, X). (13)
Since all elements of the subdifferential in fact belong to L* (2, X*), 81;(Z) can be identified with a
subset of L' (2, X*). The fact that this subset is weakly compact follows from (T3). O

3 Lagrangian Duality and Optimality Conditions

In everything that follows, we will consider the case where the admissible set of states from (1) contains
both an equality and inequality (cone) constraint. Let 13 and R be real, reflexive, and separable
Banach spaces. The equality and inequality constraint are defined by the mappings e : X; x X5 X
Q — Wandi: X; x Xy Xx Q — R, respectively. Given a cone K C R, the partial order < is
defined by

r<xg0 < -—-rek,

or equivalently, 7 >x 0 if and only if r € K. The corresponding dual cone is denoted by K¢ :=
{r* € R* : (r*,r)g- g > 0Vr € K}. With that, the admissible set takes the form

Xo (21, w) == {xe € Cy : e(x1, 22, w) = 0,i(z1, 22, w) < 0}.
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C. Geiersbach, W. Wollner 8

Additionally, we assume that the integrand takes the form
J(w1,29) := Ji(21) + Jo(w1, 72). (14)
The problem introduced in () is now defined over x := (z1,%2) € X := X; x L>®(Q, X5) by

min {j(z) := Ji(x1) + E[Jo(z1, 22(+))]}

zeX
X € Cl,
ro(w) € Cy as., (P)
s.t.
e(xy, x2(w),w) = 0as.,
i(xy, r2(w),w) <k 0as.
We make the following assumptions about Problem (P).

Assumption 3.1. Let C; C X; and (s C X5 be nonempty, closed, and convex sets and let X C
R be a nonempty, closed, and convex cone. Assume that the integrand (z1, ) +— J(z1,22) is
convex on X; X X, and is everywhere defined and finite. Moreover, assume that there exist functions
a,: X1 — R such that

| J2(21, 22)| < ar(21)

for all ||xs||x, < r. Assume e(x1,x2,w) is continuous and linear in (z1,x2) and i(xq, X2, w) is
continuous and convex in (xy, z3); e(r1, T2, w) and i(xq, T2, w) are measurable and there exist
functions b,.: X; — R such that for all ||z2||x, < 7itis

le(wr, 22, w)|lw < br(21),

[i(21, 22, w)||r < bp(21).

Remark 3.2. By Assumption [3.1]the mappings .J», €, and i are Carathéodory and thus for any x5 €
L>(Q; X3) and 7 € X, the mappings

w Jo(1, mo(w), wre(r,re(w),w), wr—i(r,x2(w),w)
are measurable, see, [3| Corollary 8.2.3]. The respective growth conditions assert that

Ja(1,29(+)) € L7(),
e(xy, xa(-),) € L=, W), i(xy,x2(-), ) € L=(Q, R).

For more on growth conditions, see, e.g., [2, Section 3.7].

To obtain optimality conditions, it is natural to define the Lagrangian

L(z, 5\) =j(x) + (5\8, e(x1,2(+), ")) (Lo (QW))*, Lo (W)
+ (Aiyi(z1, 22(), 7)) (2o (@,R)* L (9, R) -

However, 5\6 and 5\2- do not have natural representations in their corresponding dual spaces. We will
show that under certain conditions, Lagrange multipliers can be found in the space Ll(Q, W*) for
the equality constraint and L!(£2, R*) for the inequality constraint. To this end, we will show when
saddle points of a (generalized) Lagrangian exist in Subsection This will allow us to formulate
Karush—Kuhn—Tucker (KKT) conditions for Problem (P) in Subsection

DOI 10.20347/WIAS.PREPRINT.2755 Berlin 2020



Stochastic optimization in Banach spaces 9

3.1 The Generalized Lagrangian and Existence of Saddle Points

In this section, we define a generalized Lagrangian and discuss the existence of saddle points for
Problem (P). We will use the perturbation approach, meaning that we first introduce the perturbed
problem

min - o(z, u)

X € C1,
fEQ(W) € 02 a.s., (Pu)

st e(ry, x2(w),w) = u.(w) as.,

i(xy, r2(w), w) <k u;(w) as.

where p(x,u) = j(x) if all constraints of are fulfilled, and ¢ (x,u) = oo otherwise. We define
the space of perturbations by
U= L=(Q,W) x L®(Q, R)

and the space of Lagrange multipliers by
A= LYQ,W*) x LY(Q, R*).

These spaces can be paired for u = (ue, u;) € U and A = (A, A;) with the bilinear form

(1N = [ () Al + (s, M) e OF() (15
The generalized Lagrangian on X x A is defined by
L(z,\) = ig(fj{(u, Mo+ e(x,u)}. (16)
Given the sets

Xo:={x=(x1,22) € X : 27 € Cy and 23(w) € Cy as.},
A() = {)\ = (>\e> /\z) e A: )\1(00) € KEB a.s.},

it is possible to show (see Appendix) that the Lagrangian takes the form
Jl(l'l)+E[j2($1,$2('),)\('>a')]7 ifx € X(),)\ GA()

L(x,\) = { —o0, ifz € Xo, A & Ao, (17)
o0, if © ¢X0,

where

o1, 29, A, w) 1= o1, 22) + (e, €(21, T2, w))w= w
+ <)\27 7:<I17 Za, w>>R*,R'
A saddle point of L is by definition a point (z, \) € X x A such that

L(z,\) < L(z,\) < L(z,\) Y(x,\) € X xA. (18)
Now, we define the dual problem

max {g()\) = ;gjf(L(x, /\)} (D)

AEA
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C. Geiersbach, W. Wollner 10

By basic duality, the question of the existence of saddle points is the same as identifying those (Z, \)
for which the minimum of Problem (P) and maximum of Problem is attained, i.e.,

inf P = inf sup L(x,\) = sup inf L(z, \) = supD.
z€X \ecA AcA TEX

By the above definitions, it is clear that for all z € X, j(x) = supyeca L(z, A) and ¢(z,0) = j(z),
from which we get

ol u) = sup{L(x, A) = {u, v}

It is straightforward to show that L is convex in = for given A € A and concave in A\ and that ¢ is
convex in (,u). Moreover, p % co. It will be convenient to define X’ = X7 x L'(€Q, X}) and the
pairing

(2,2 .0 = (0, 7)) xy s+ / (22(), Th())) x2.x; IP(). (19)
Q

Lemma 3.3. Let Assumption [3.1]be satisfied. Then the function ¢ : X x U — R U {co} is weak*
lower semicontinuous.

Proof. We argue as in [29, Proposition 3]. Let Y := X x U and denote the pairingon Z := X' x A
by

(y, 2)y.z == (@, 2y x x + (u, \)ya. (20)
Since Y = Z*, the topology induced by the pairing coincides with the weak™ topology on Y. We
define @1 (x1) = Ji(x1),if 21 € Cy and 1 (1) = ooif 1 & Cy and

Jo(x1,29), ifxa(w) € Co,e(xy, T2, w) = U,
wo(x1, T2, U, w) = i(x1, 22, w) <k u,

00, otherwise.

Obviously, (x,u) = ¢1(21) + [ P21, T2(w), u(w), w) dP(w). Let (-, -)y, 5+ denote the pairing
of Y/ := X3 x Xo x (W x R)with Z' := X{ x X x (W* x R*); then the conjugate integrand
to o is given by
p5(2,w) = sup {(y, )yr,z — w2y, W) }.
y'ey’

Defining h(y',w) = Ja(x1, 22) for y’ = (21, z2,u) we have h(y',w) < ¢o(y’, w) a.s. The function
h is a normal convex integrand and is integrable on X x L (2, X71) x (L*(2, W) x L>*(Q, R))
by Assumption Thus with the conjugate integrand h*, I;, and I+ are conjugate to each other by
Corollary [2.6, meaning that I+ # oo.

Since, h < 5 we have h* > 5, and hence there exists a point z € Z such that I;(2) < oo.
Since there clearly exists a point such that I, is finite, it follows that /.., and I¢; are conjugate to
one another and are weak™* lower semicontinuous, see [24], p. 227]. Since ¢ is also weakly lower
semicontinuous with respect to the natural pairing on the reflexive space X1, ¢1 and hence ¢ are also
weak™ lower semicontinuous. O

The following result is based on [29] Theorem 3]. We define the value function
= inf . 21
v(u) = inf oz, u) (21)
Obviously, v(0) = inf P. For the next result, we define the second-stage admissible set by

Xoo = {x2 € L7(Q, X3) : 22(w) € Cy as.}. (22)
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Theorem 3.4. Let Assumption be satisfied. Supposing C; and (' are bounded sets, then

—00 < min P = supD.

Proof. We first show that X5 o is compact with respect to the weak™ topology on L*>(Q, X5). This is
argued by showing that ;, and I+ are conjugate to each other, where

h(z2,w) := dc,(x2)

and h* denotes the conjugate of h. Since C, # () is convex and closed, h is a normal convex
integrand. It is easy to see that h*(0,w) = 0, so in particular I,«(0) < oo, meaning there exists a
point where I« is finite. Note [}, is also finite in at least one point since (5 is nonempty. It follows
that I;, and I~ are conjugate to one another, meaning that I}, is lower semicontinuous with respect to
the weak™ topology on L>(§2, X3). In particular, for a weak* convergent sequence {y,,} C Xy, :=
{z2 € L>(, X3) : I(z2) < 0} such that y,, —* ¥ it follows that

liminf I, (y,) > 1n(9),

n—o0

S0y € Xé’o; hence, X§70 is closed with respect to to the weak™ topology. By definition of h, we deduce
that j(w) € C5 a.s. and therefore X is also closed. Of course, X5 ( is bounded, so X3 g is weak®
compact, see, e.g., [10, Corollary V.4.3]. It is clear that the set ('} is compact in X; with respect to the
weak topology on X. It therefore follows that X, is weak™ compact.

Since X is weak™ compact and by Lemma[3.3] ¢ is weak* lower semicontinuous on X x U, we have
for allu € U that

.f — -f — . — - .
inf p(z,u) = inf o(z,u) = min p(z,u) =v(w) > -0

Itis easy to verify —v*(—\) = g(A) and hence v**(u) = sup,ca{g(A) — (A, u)x v }- It follows that

v™*(0) = sup g(\) = supD.
AEA

To conclude the proof, we show that v is weak™ lower semicontinuous in U. Notice that the level set
leva = {(z,u) € X x U : p(x,u) < a}

is weak*-closed by weak™ lower semicontinuity of ¢, see Lemma Additionally, ¢ is finite only if
x € X, so the projection of lev, onto X is contained in X. Thus the projection of lev, ¢ onto U,
which corresponds to the level set {u € U : v(u) < a}, is closed in the weak* topology, from which
we conclude that v is weak™ and weak lower semicontinuous. Since v > —oo and v is convex and
lower semicontinuous, we have that v** = v (cf. [4, Theorem 2.113]) and therefore

—00 < minP = v(0) = v™(0) = supD.
O

Corollary 3.5. Let Assumption be satisfied and j be radially unbounded, i.e., j(x) — oo as
||| — oo then
—00 < min P = supD.
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Proof. Inspection of the proof of Theorem [3.4] shows that the only place where boundedness of C
and C5 comes into play is the weak™ compactness of X,. However, if 25 € X is an arbitrary feasible
point of then the set Ny := {z € X | j(x) < j(zo)} is bounded due to radial unboundedness
of 5. Hence, clearly,

inf = inf = min z,u) =v(u) > —00
inf plz,u) = inf = pleu)= min e )=o)
holds and the proof of Theorem[3.4] can be repeated. O

Theorem has shown that a necessary condition for the minimum to be obtained in Problem (P)
is for C'; and C' to be bounded sets. We will now focus on establishing sufficient conditions. Recall-
ing Definition let S, and S; denote the sets of singular functionals defined on L>°(€2, W) and
L*>(£2, R), respectively. We define

A ={\ = (A2, ) € Se x S},
Ag={N"=(ALA) €A XN (y) >0Vy € L(Q,R) :y >k 0as.},
as well as
Lo(x7 /\o) = )\2(6(1’1, xQ(')7 )) + )‘?(i<x1a l‘Q('>a ))
Given \° € A¢, notice the implication
e(x1, ra(w),w) = 0,i(z1, r2(w),w) <g 0as. = L°(z,\°) <0. (23)

Also, from the results in Subsection[2.1] we have (A, \°) € LY(Q, W) x S, = (L>=(Q, W))* and
(A, A2) € LY(Q, R*) x S; = (L*>(€), R))*. This means that A x A° characterizes the dual space
(L>(Q, W) x L*>(£, R))*. Here, we are interested in finding conditions under which the singular
part A° vanishes in the optimum.

With that goal in mind, we define an extension of the Lagrangian for Problem (P) on the space
X x A x A°via

L(I, )\) + LO(ZE, )\O) if v € Xo, ()\, )\O) S A() X AS,

L(z,\,\°) =< —o0, itz € Xo, (A, A°) & Ag x Ag, (24)
o0, if © ¢ Xo.
The corresponding extended dual problem is given by
g\, \°) == inf L(z, \,\°) ¢ . D
polax {g( A7) = inf L(z, A, )} (D)

Clearly, (A, 0) = g(\) and thus sup D < sup D. Additionally, sup D < inf P, since by (23), we have

sup g(A, A°) = sup inf{L(z, \) + L°(z, A\°)}
()\’)\o) ()\’)\o) zeX

< inf sup {L(x, ) + L°(z, \°)}.

zeX (A,X0)

For a sufficient condition, we introduce the induced feasible set for the first-stage variable x:

Cy = {x; € Xy : Tz € L=(Q, X,) st e(xy, 25(w),w) = 0 as.,
i(x1, ro(w),w) <k 0as., r3(w) € Cyas.}

Problem (P) is said to satisfy the relatively complete recourse condition if and only if

¢, c Ch. (25)
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Remark 3.6. In fact, it is Qossible to relax this assumption to ri C; C C’f, where ri C; denotes the
relative interior of C'; and C7 represents the singularly induced feasible set; see [31] for more details.

Additionally, we will require a regularity condition. We call the problem strictly feasible if the value
function v, defined in (21), satisfies
0 € intdomv. (26)

Remark 3.7. The condition implies by [26, Theorem 18] that v is bounded above in a neigh-
borhood of zero and is continuous at zero. Notice that v(u) = inf.cx ¢(x,u) is only finite (and
equal to j(x)) if the constraints are satisfied, meaning z; € C} and almost surely xs(w) € Cy,
e(xy, x2(w),w) = U, i(x1,x2(w),w) <k w;. This condition can therefore be thought of as an
“almost sure” Slater condition.

Theorem 3.8. Let Assumption be satisfied. Suppose the relatively complete recourse condi-
tion is satisfied and Problem (P) is strictly feasible, i.e., holds. Then

inf P = maxD < oo.

Proof. We modify the arguments from [30, Theorem 3] to fit our setting. By Remark[3.7] v is bounded
above on a neighborhood of zero, so we have by [26, Theorem 17] that

inf P = maxD < co. (27)

In the next step, we prove that condition implies
g A%) < g(A) V(A A7) € Ag x Ag. (28)
With this the proof will be complete since now,
max D < supD < maxD

is asserted and a solution (A, \°) of (D) gives a solution A of (D).
To show (28), let (A, A°) € Ay x A{ be arbitrary. Recalling the feasible set (22), we define

l(z1,)°) = inf L°(z,\°).

r2€X2 )0
We skip the trivial case g(A, \°) = —oo and now show that
g\, X)) = inf {L(z,\) + £(z1,\)}. (29)

z€Xo

It is obvious that

inEI}(fz,o {E[‘E(xlv 513'2('), )‘()7 )] + Lo(xv )‘0)}
> inf E[Jy(z1,22(-),A(-), )] + inf L°(x,\°).

z2€X2,0 T2€X2,0

By definition, for the functional \; there exists a decreasing sequence of sets {Fen} C JF,, such that
P(F,,) — 0asn — oo and A\2(w) = 0 forallw € L>®(Q, W) such that w = 0 a.s. on F, ,,. The
sets F; ,, corresponding to \; are defined analogously. We define F}, = F¢ ,, U F} ,, and

)Y (W), weF,
talee) = {y"w, wgF,
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forarbitrary /',y € Xop. Ifw € F,, thene(xy, y,(w), w) = e(z1, ¥y (w),w) and i(xy, y,(w), w) =
i(x1,y (w),w), meaning that

Acle(@r, yn(w),w)) = Ale(z1, ¢ (w), w))
and
A (i1, yn (W), w)) = Af (i(z1, ¢ (W), w)).
Thus, for any v/, y”, and € > 0, there exists an ng such that for n > ng and x5 = ¥, it holds that

E[ (1, 22(-), AC) )] + Al(e(@r, 22(), ) + A7 (i1, 22(:), )
S E[L (219" (), AC), )]+ Adle(zn,y' (), ) + A (i1, y/(), ) + &

With that, we have shown (29). We now define

W) = {mf”ex” L(z, ). iz € Cr,

00, else

and
k(ﬂfl) = —5(:61, )\O).

Notice that (A, A°) = inf, ex,{h(x1) — k(x1)}. Additionally, h # oo is convex and k > —oo
is concave. In fact, since g is finite, k cannot be identical to oo and i must be proper. Therefore by
Fenchel's duality theorem (cf. [3, Theorem 6.5.6]), with h*(v) = sup, ¢, {(v, 71)xr x, — h(z1)}
and k*(v) = inf, ex, {(v, 21) x7 x, — k(21)}, we have

g\ A°) = max {k*(z) — h"(27)}- (30)

zyeX]

Let 2} denote the maximizer of (30), meaning g(\, A°) = k*(z}) — h*(z7). Then by definition of A*,
we have for all x; € X that

h(z1) — (@1, 21) x7,x, = G(AA°) — K7 (7). (31)
Likewise by definition of £ and k*, we get
U1, A°) + (27, 21) x5 x, > K" (7).

It is straightforward to see that £(x1,\°) < 0 for all z; € C}. Indeed, z; € C; implies that there
exists a o € Xo satisfying e(z1, 22(w),w) = 0 and i(zy, z2(w),w) <k 0 a.s. Recalling (23), we
get

(x1,21) x5, > K*(27)

forall z; € C; O C,. From we thus have for all z; € Cf that h(z1) > g(A, A°) holds, and
hence

Lz, ) > h(z1) = §(A\°)

forall z € Xy and all (A, \°) € A x A°. It follows that g(\) > inf,cx, L(z, A) > g(A, \°) and we
have shown finishing the proof. O
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3.2 Karush—-Kuhn-Tucker Conditions

In Section (3.1} we showed that saddle points of the generalized Lagrangian exist under relatively mild
assumptions. We require that the constraint sets C'; and C5 are bounded. Additionally, the problem
must satisfy an almost sure strict feasibility condition in addition to a standard assumption in stochastic
models known as a relative recourse assumption. We now turn to obtaining optimality conditions under
the assumption that a saddle point exists. This leads us to the following central result.

Theorem 3.9. Let Assumption be satisfied. Then a point (Z,\) € (X; x L®(, X3)) x
(LY(Q,W*) x LY, R*)) is a saddle point of the Lagrangian if and only if the following condi-
tions are satisfied:

(i) There exists a function p € L'(€2, X7) such that

x1 = Ji(@1) + (Elp], 1) x; x,
attains its minimum over C| at Z;.
(i) The function
(21, 29) =2 Jo(21, ) + (Ae(W), €1, T2, @) w
< i(w),i(z1, 22,w))re R — (p(w >$1>Xf,X1
attains its minimum in X; x Cs at (Z1, Z2(w)) for almost every w € €.
(iii) It holds that z; € C and the following conditions hold almost surely:
e(Z1, To(w),w) =0, Za(w) € Cy, N\(w) € K@,

i(Z1, To(w),w) < 0, (Ni(w),i(T1, Ta(w),w)) g+ g = 0.

The appearance of this extra Lagrange multiplier p in Theorem (3.9 might seem surprising; however,
it is standard in two-stage stochastic optimization. It is known as a “nonanticipativity” constraint and
comes from this particular setting, where the first stage variable x; is deterministic and the second-
stage variable x5 is random.

Proof of Theorem We follow the arguments from [28, Section 3]. We first show that the ex-
istence of a saddle point implies condition (iii). Notice that (Z,\) can only be a saddle point if
(Z,\) € Xy x Ag, which immediately implies

T € 01, {Z‘Q(w) € Oy a.s., S\Z(w) € K% as.

For z = (71, Z2), we have by definition of the Lagrangian that

sup L(Z,\) = sup {Jl(fl) + /Q Jo (%1, To(w), Mw), w) dIF’(w)}.

AEAo A€AQ

We show that sup,c, L(Z, ) = oo unless e(Z1, T2(w),w) = 0 and i(Z1, T2(w),w)) <k 0 as.
Indeed, suppose that the set

E={weQ: —i(r,z2(w),w) & K}
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has positive probability, meaning P(E) > 0. Then defining A, = non E and A, = 0 on Q\FE,
one gets E[(\,,i(x1, x2(+),))r.r] = 00 as m — oo. An analogous argument can be applied
to the equality constraint. Now, since \;(w) € K and i(Zy, Z2(w),w) <k 0 a.s., we have that
(Mi(w),i(Z1, To(w),w)) r+.r < 0 a.s. The supremum of L(Z, \) can therefore only be attained at A
if and only if (\;(w),(Z1, Zo(w),w))r+ g = 0 a.s. We have shown that if (Z, \) is a saddle point,
then condition (iii) is fulfilled.

It is easy to see that conditions (i)—(iii) imply that (z, 5\) is a saddle point. Indeed, for every x =
(x1,22) € X, conditions (i)—(ii) imply

L(z, )
= Ji(Z1) + (Elp], T1) x: x, + E[2(Z1, Z2(), A(-),w) — (p(-), T1) x7 x,]
< Ji(x1) + (Elp], 1) x5, x, + E[Jo(21, 22(-), M), w) = (p(-), 1) x5 x,]
= L(z,\)

)
%)

>
o

=

=
L
=
ksl
R
AN

L(Z, \) forall A € A, it is enough to show that
E[jQ(fij(')? /\(),W)] < E[jQ 1

(
Since e(Z1, T2 (w),w) = 0 and (\;(w), i(Z1, Z2(w),w))r+r < 0 as., must certainly be satis-
fied, since (as we argued before) the maximum of L(Z, \) can only be attained if

(Ai(w),i(Z1, Ta(w), W) rer = 0

yT2(), A(),w)] YA € A (32)

a.s.

Now, for the most involved part of the proof, we show that if <_: /_\) is a saddle point, then conditions
(i) and (i) must be satisfied. To simplify, we redefine \; so that \;(w) > 0 for all w € 2. We define

h2($1, Iz,w)

5 (33)
= Jo(z1,22) + (Ao, €($1,3527W>>W* w T <>\ i(1, 2, ))R*,R

The function h is clearly convex in X; hy(7(w), z2(w), w) is integrable by Assumption|3.1/and the
fact that A, € L' (Q, W*) and \; € L*(2, R*). In particular, we get by by Corollarythat

Hy (i1, 15) = / ha(1(w), 22(w) ) dP(w)

is well-defined and finite on L>°(€2, X;) x L>(£2, X) as well as convex and continuous.

Let ¢ : X3 x L™(Q,Xy) — L*(Q, Xy) x L>®(Q, X3) be the continuous injection, which maps
elements of X to the corresponding constant in L>°(£2, X) and maps each element of L>°(£2, X5)
to itself. Setting Hy (21, x2) = Ji(z1) if x € X and Hy (21, x9) = 00 otherwise, we have

L(SL’, 5\) = Hl(ﬂfl,xg) + HQ(L(Il,SL’2>) Vx € Xo.
From L(Z,\) = min,cx, L(z, \) it follows that

Hl(fl,j2)+H2(L(i'1,i’2>> = min Hl(l'l,l‘g) +H2(L(l’1,[[’2)).

(ml,rg)EXo

By the Moreau—Rockafellar theorem (cf., e.g., [4, Theorem 2.168]) we have, where t* maps (L>°(2, X7)
X L>®(Q, X3))" to (X1 x L>®(Q, X)),

0e 8H1<£z'1, i’g) + L*aHQ(L(fl,.fg)).
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In particular, there exists ¢ € (L>°(£2, X;1) x L*>(€, X3))* such that
—1"q € OH (Z1,%2) and q € OHy(1(T1,72)).
Since h, satisfies the conditions of Corollary it follows that O Hy (71, T2 (L=(Q, X)) x

) C
L>(€2, X5))* consists of continuous linear functionals on L>°(£2, X;) x L*(£2, X5), which can be
identified with pairs (q1, g2) € L' (2, X7) x L'(Q, X3) such that

g(w) = (01 (w), @2(w)) € Oha(T, To(w),w) as. (34)
Notice that for ¢; € L'(Q, X7), the adjoint ¢t} : (L>(£2, X;))* — X satisfies, for any z; € X,
<LTQT7$1>X;,X1 = <QI;01x1>L1(Q,X;‘),L°°(Q,X1) = EKQI(')yxl)XT,XJ-
Hence t*q = (E[q1], 2) € X x LY(Q), X3). Thus —*q € OH,(Z1, To) can be written as
Hi (21, 20) > Hi(%1,%2) — (E[q1], 21 — 1) x7 x, — E[{q2, 22 — T2) x5 x5
for all (z1,x2) € X. Recalling H;(x1,z2) = Ji(z1) if 2 € X, we get
Ji(x1) > J(71) — (Elg1], 21 — T1)xr x, Vo € O (35)

and
E[{g2, T2 — T2)x3.x,] > 0 Vay € L™(Q, X) : 13(w) € Crass. (36)

The expression (35) is clearly equivalent to condition (i).
We claim that implies
(g2(w), xo — .fg(W))X;,XQ >0 Ve € Cyas. (37)
Let C'g be a countable dense subset of Cy. For x5 € 62, we define
Folw) = {Iz, if <Q2(u.f)a$2 — Ta(w)) x3.x, <0 '
To(w), otherwise
The function 5 is clearly in L>(€2, X5). Since holds we have
0 < E[(g2(-), x2 — Z2(+)) x;5,x,) = E[min(0, (g2(-), w2 — Z2(+)) x5,x.)],

which gives (g (w), 23 — @(w))XS,XQ > () a.s. Since this is true for all o € C, and Cs is countable,
there exists a set ) C (2 such that P(£2') = 1 and

(2(w), 12 — T2(w))x35,x, >0 Viy € Cyand Vw € .
Passing to the closure of CQ, we get

(2(w), w2 — To(w)) xz,x, =0 Vry € CrandVw € &,
and hence we have shown (37).
Finally, implies with that for all (21, x2) € X7 x Cs,

ha(21, 22, w) > ha(Z1, Zo(w),w) + (1 (w), 21 — T1)x7,x, as.

With the definition of Ay given in (33), it follows that

Jo(z1, 72) + (e, e(1, 29, W) Y

+ (i i1, 2, 0)) re m — (@ (W), 21) x7.x,
> Jo(Z1, To(w)) + (A, e(Z1, To (W), w))w= w

+ (N, (21, B2 (w), W) re.r — (1 (W), 1) x7.x,

(38)

forall (z1,x9) € X;xCy. The inequality (38) is clearly equivalent to condition (i) with p(w) 1= ¢1(w).
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4 Model Problem with Almost Sure State Constraints

Before we proceed to a concrete example, we will discuss a particular class of problems that will
help us in verifying the measurability requirements posed in Assumption Let L(Y, W) denote the
space of all bounded linear operators from Y to WW. A random linear operator A : 2 — L(Y, W) is
called strongly measurable if for all y € Y the 1V -valued random variable w +— A(w)y is strongly
measurable. Let A : Q@ — LY, W), B : Q — L(X;,W),and g : Q@ — W be (strongly)
measurable random operators. We consider the random linear operator equation

Alw)y = B(w)z1 + g(w). (39)

The inverse and adjoint operators are to be understood in the “almost sure” sense; e.g., for B3, the
adjoint operator is the random operator B* such that for all (21, w*) € X; x W*,

P{w € Q: (w*, B(w)z1)w-w = (B (w)w", z1)x7 x, }) = 1.

The following theorem will help us verify measurability in the application.

Theorem 4.1 (Hans [15]). Let A : Q2 — L(Y,W). Then A(w) is invertible a.s if and only if
ran(A*(w)) = Y™* a.s. If these conditions are satisfied, then A*(w) is invertible and (A*(w))™! =
(A~ (w))*. Moreover, if any of the operators A(w), A7 (w), A*(w), (A7 (w))* is measurable,
then all four operators are measurable.

If A(w) € L(Y, W) is alinear isomorphism for almost every w, then A(w) is invertible and A~! (w) €
L(W,Y). The existence and uniqueness of the solution to (39), given by

y(w) = A" (W) (Bw)u+ g(w)) €Y,

follows. By Theorem .A*l(w) is measurable, hence y is strongly measurable as a product of
strongly measurable functions; see [16, Proposition 1.1.28, Corollary 1.1.28].

4.1 Example

Let D C R? be a bounded Lipschitz domain. W% (D) denotes the (reflexive and separable) Sobolev
space on D consisting of functions in L”( D) having first-order distributional derivatives also in L?(D).
W, (D) is the subset of functions in W, * (D) that vanish on the boundary 9D. Additionally, W ~7(D)
denotes the dual space of W, ¥ (D), where 1/p + 1/ = 1.

We set X; = L*(D),Y = Wol’p(D), for some suitable p > 2, and let C; C X; and Cy, C Y be
nonempty, convex, and closed sets. The inner product on X is denoted by (-, ) x,. Given a target
yp € X1, aconstant > 0, and a constraint ¢ € L>(£2,Y’), the problem is

(xl,y)e)glix%oo(sz,y) %E [y = yolix,] + %“%H%(l
( r; € Cf,
y(-,w) € Cyas., -
st =V - (a(s,w)Vy(s,w)) = :vl( )+g(s,w) onD xQae.,
y(s,w) = on 9D x Q a.e.,
\ y(s,w) < ?/J(S w) onD x Qae.,
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where “a.e.” signifies almost everywhere in D and almost surely in 2. We note that the solution to the
PDE is a random field y : 2 x D — R; we use the shorthand y,, := y(-,w) to denote a single
realization. The random fields a : D x 2 — Rand g : D x €2 — R are subject to the following
assumption.

Assumption 4.2. The function g satisfies g € L>(Q, L?(D)). There exist aumin, Gmax Such that
0 < amin < a(s,w) < Apax < 00 a.e. on D x Q. Additionally, a € L>(€), C*(D)) for some
t € (0,1].

It will be useful to define the (self-adjoint) operators

Ay = blye) or bl 0)i= [ al.) ¥y Toos
D
and B(w) := idy, . We first address the solvability of the random PDE in Problem (P’).

Lemma 4.3. Under Assumption there exists p > 2 such that for all z; € X and almost every
w € €, there exists a unique y,, = y(-,w) € Y. Furthermore, y € L>=(Q,Y).

Proof. Due to Assumption and [13] there exists some p > 2 such that, as., A(w): Y =
WyP(D) — W~'?(D) is an isomorphism and HA_l(w)HL(W&,p(D) w-ia(py < ¢ foraconstant ¢
independent of w.

Now, since D C R?, L*(D) C W~1P(D) for all p < oo and thus

Yo = A(w) 7 (B(w)z +g(-w)) €Y
is well-defined with B: L?(D) — L*(§2; L*(D)) being the mapping to constant functions in 2.
Clearly, it holds a.s.

[yolly < ||-A_1(W>||L(W37P(D),W71,p(D))HB(W)J/’I + g(w)lw-10(p)

< c([|z1lw-rep) + lg(w)[lw-10(p))
< cl|z1llz2py + 9l Lo (@;22(p)))

Strong measurability of y follows as argued after Theorem [4.1]and thus the assertion follows. O

To obtain necessary and sufficient KKT conditions, we first note that unless the constraint z5(s, w) <
Y (s,w) is trivially satisfied almost surely, Problem @ does not satisfy the relatively complete re-
course condition (25). It therefore makes sense to modify the model to ensure that the second-stage
problem is always feasible. We introduce a slack variable z € Y and constant o’ > 0; the second-
stage variable is then defined by zo = (y,2) € Xy := L®(Q,Y) x L*>®(£,Y). This modified
problem is

i B [y - ol + el + Sl
( x1 € O,
y(-,w) € Cyas., ,
ot z(-,w) € Cy as., (Ps)
) =V (a(s,w)Vy(s,w)) = z1(s) + g(s,w) on D x Qa.e.,
y(s,w) =0 ondD x Q a.e.,
\ y(s,w) < YP(s,w)+ z(s,w) onD xQae.
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It is clear that Problem @ now satisfies the condition of relatively complete recourse if C5 and
1) are chosen appropriately. For example, by Lemma 4.3 one immediately obtains a unique solution
y to the PDE constraint where ||y|| 1. (0, x,) < ¢ whenever C} is bounded in L?(D). Then, if Cy is a
sufficiently large ball z := ¢) — y is again in C5 and thus the pair (y, z) is feasible.

In this model, we have

e = Sl
1 2 o o
Jo(x1,22) = 5”9 - ?JDHX1 + EHZHXN
e(x1, T2, w) = Alw)y — Bw)z; — g(,w) € Y7,
i(71, 9, w) =y — (-, w) — 2 €Y,
K={yeY:y(s)>0 onDae.}.

ltis clear that Assumption[3.1]is satisfied here. Indeed, J (21, z2) = Ji(x1) + Jo(z1, 22) is convex,
everywhere defined, and continuous in X; x Xs. The function e(z1, 2, w) is linear and continu-
ous in (x1, xs); measurability follows from the assumed measurability of the underlying operators.
Additionally, i(x;, 22, w) is linear and continuous in x5 as well as measurable since 1) € L>(,Y).

Now, we can formulate KKT conditions for Problem (P7).

Lemma 4.4. Suppose Assumption is satisfied and ('}, C'5 are bounded. Then (971, _) is a saddle
point of the Lagrangian (i7) for Problem (P7) if and only if there exist p € L*(2, X7), Ac € L'(€,Y),
and \; € L'(Q,Y*) such thatforall z; € Cy and all (y, z) € Cy x Cy,

(a1 + E[p], 21 — Z1)x, >0 (40a)

B*(w) e + po = 0, (40b)

(T = YDs Y = Gu)x1 + (A (W) Ao + XNiwr ¥ = o)y 20, (40c)
(&'Zy, 2 — Zu)x, — (Niw, 2 — Zu)y=y >0, (40d)

Aw) — Bw)Z1 — g = 0, (40e)

)

j\i,w € K@’ Yo — 2w <K Q/Jwa <5\i,w7gw — Zw — ¢w>Y*7Y = 07 (40f

where (40b)—(40f) hold for almost all w € (2. These conditions are necessary and sufficient for opti-
mality.

Proof. We apply the optimality conditions (i)—(iii) from Theorem 3.9

Let fi(z1) := Ji(z1) + (E[p], 71) x+ x,. We recall that the optimum 1 over C| is attained if and
only if (f](Z1), 71 — Z1)xs x, > 0forall z; € Cy. Hence condition (i) is equivalent to (#0a). Now,
we define

fa(x1, xo,w) == Jo(x1, 22) + <5\e,w7 e(x1, T, w))y,y+

+ (N, 111, T2, W) y=y — (Pu, T1) X7, X, -

Now, (i) is equivalent to stationarity of f; yielding (40b)—(40d). To see this, we compute

Dz1f2<x17 xZ(w)aw)[h] = <_B*(w>5\e,w — Puwy h>Xf,X17
s0 Dy, fo(T1, T2(w),w) = 0 a.s. if and only if (40b) holds. Recalling that 25 = (y, z), we compute

Dyf2($17x2(w)aw)[kl] - (yw — YD, kl)Xl + <A*(w)5\e,w + Xi,wu k1>Y*,Y7
sz2(l’1>$2(w),w)[k2] = (O/Zw, kz)xl - <)\i,w> k2>Y*,Y7
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which at the optimum Zy = (g, Z) over Cy x C} is equivalent to (40c)—(40d). Condition (iii) is clearly
equivalent to (40€e) and (40f).

For the final statement, it suffices to verify that Problem @ is strictly feasible. Since p > 2 and
D C R?is bounded, W'?(D) is compactly embedded in C'(D). Note that y,,, 2, € W?(D)
satisfying

i<x1,l‘2(w)7w) =Y — @/)(-,Ld) — 20 <k 0

means 7,,(s) 1= Y, (s) = (s,w)—2,(s) <0 a.e.on D.Now, the continuous function 7, must take

its maximum on the compact set D, so there exists a & = ¢(w) such that 1, = i(zy, Ta(w),w) < —¢
a.e.on D. Ifv, € W'P(D) is chosen such that ||v,,| . < §(w), then

i(x1, T2 (W) + vy, w) = i(11, 2o (W), w) + vy, < —€ + ||y |oo
< —e+d(w)

and therefore i(z1, zo(w),w) < v, if 6(w) < e. By Theorem [3.4)and Theorem 3.8} these conditions
are necessary and sufficient. O

5 Conclusion

In this paper, we focused on obtaining necessary and sufficient first-order optimality conditions for a
class of stochastic convex optimization problems. The first stage variable 1 was assumed to belong
to a reflexive and separable Banach space, and the second-stage variable x5 was assumed to be
an essentially bounded random variable having an image in a reflexive and separable Banach space.
While the study of such problems in finite dimensions is classical, going back to a series of papers
from the 1970s by Rockafellar and Wets, its treatment in Bochner spaces, although cursorily handled
in [24, [26], was not complete enough to handle a class of problems of increasing interest, namely
PDE-constrained optimization under uncertainty. In such problems, it is desirable to find a control z;
such that a partial differential equation depending on the control is satisfied. The additional pointwise
constraints on the solution to the PDE presented surprising difficulties. In order to obtain necessary
and sufficient conditions for optimality, we built on the decomposition result provided by loffe and
Levin [17], in which the Bochner space L>°(£2, X) is decomposed into its absolutely continuous part
and a singular part. We find that the singular part vanishes in the optimality conditions if strict feasi-
bility and relatively complete recourse conditions are satisfied. This provides necessary and sufficient
conditions for optimality with integrable Lagrange multipliers. While the example model problem we
chose to illustrate the theory involved smooth functions, we remark that the optimality conditions do
not require smoothness of the objective functions. Therefore we believe our theory to be applicable to
more general risk-averse problems.

A Appendix

Expansion of generalized Lagrangian (7). If x ¢ Xy, then x ¢ dom (-, u) and therefore
L(z, \) = oo by definition of (6).

Now we observe the case © € X,. The constraint i(x, z2(w),w) <k wu; is equivalent to u; —
i(z1, x2(w),w) € K. Since x € Xy, p can be redefined equivalently by

p(z,u) = () + Elpu.yy (e, 21, 22(), )] + Elox (wi(-) =iz, 22(+), )]
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(The equivalence is clear after one notices that the indicator function is non-negative.) Expanding (16),
we get

L, A) = @)+ inf (B[S, ez, 22(), )]
F BB () = i, 22(), )] + (0, Noa )

Recalling the definition of the pairing (15), we first see that

inf /5{uew)} (21, 22(w), w))

ue €L>(Q,W)
+ (Ue(w), Ae(w))w=w dP(w)

— L(e(xl,xg(w),w),)\e(w)>w*,w dP(w)
bt / 5103 (2()) — (2(0), Ae(w) )y IP(w) 1)

z€L>(Q,W) Q

— /Q<e(x1,a:2(w),w),Ae(w»w*,w dP(w)
- /Q 0foy(Ae(w)) dP(w)
—/Q<€($1,l’2(0)),w)7>\6(w>>W*vW dP(w),

where in the last step, we used that the conjugate of the indicator function is equal to the support
function.

Similarly,

uieLiorng,R) /Q U (ul(w) — (1, w2 (w), w))
+ (u;(w), \i(w)) r g dP(w)

_ /Q (1, 22(w), ), As(@)) . AP(w)

= s [ Gil2(w) ~ () M) ) “
2€L®(Q,R) JQ
= /Q<z'(:131,x2(w),w),)\i(w)>R7R* - Z/Sell_PK<Z'a)\z‘(w)>R,R* dP(w)

= L(i(xl,xg(w),w),)\i(w)>R7R* —dxe(N\(w)) dP(w).

If \; & K, then the integral is equal to —oo. Otherwise, if A € Ay (and z € X)), we get after
combining and the expression

Lz, A) = j(@) + Ele(r, 22(-), ), Ae()wew] + E[{i(21, 22(), ), M) e
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