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Sparse optimal control of a phase field system with singular

potentials arising in the modeling of tumor growth
Jurgen Sprekels, Fredi Tréltzsch

Abstract

In this paper, we study an optimal control problem for a nonlinear system of reaction-diffusion
equations that constitutes a simplified and relaxed version of a thermodynamically consistent
phase field model for tumor growth originally introduced in [13]. The model takes the effect of
chemotaxis into account but neglects velocity contributions. The unknown quantities of the gov-
erning state equations are the chemical potential, the (normalized) tumor fraction, and the nutrient
extra-cellular water concentration. The equation governing the evolution of the tumor fraction is
dominated by the variational derivative of a double-well potential which may be of singular (e.g.,
logarithmic) type. In contrast to the recent paper [10] on the same system, we consider in this
paper sparsity effects, which means that the cost functional contains a nondifferentiable (but con-
vex) contribution like the L'—norm. For such problems, we derive first-order necessary optimality
conditions and conditions for directional sparsity, both with respect to space and time, where the
latter case is of particular interest for practical medical applications in which the control variables
are given by the administration of cytotoxic drugs or by the supply of nutrients. In addition to these
results, we prove that the corresponding control-to-state operator is twice continuously differen-
tiable between suitable Banach spaces, using the implicit function theorem. This result, which
complements and sharpens a differentiability result derived in [10], constitutes a prerequisite for
a future derivation of second-order sufficient optimality conditions.

1 Introduction

Let Q C IR? denote some open, bounded and connected set having a smooth boundary I" = 92 and
unit outward normal n. We denote by 0,, the outward normal derivative to I'. Moreover, we fix some
final time 7" > 0 and introduce for every t € (0, 7] the sets Q; := 2 x (0,¢) and X, :=T" x (0,1),
where we put, for the sake of brevity, () := ()7 and Y := Y. We then consider the following optimal
control problem:

(CP)  Minimize the cost functional

v

o) w) =3 [ lo=GaP+ 2 [ 160~ BaP+3 [ JuP + ngw, (1)
Q Q Q
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J. Sprekels, F. Tréltzsch 2

subject to the state system

a0t + Opp — A= (Po — A —uy)h(p) in Q, (1.2)
Lo —Ap+ F'(p)=p+Xo inQ, (1.3)
0o — Ao = —XAp+ B(os—0) — Eoh(p)+us in Q, (1.4)
Onft = Opp = 0o =0 on X, (1.5)
w(0) = po, ©(0) =¢o, o(0)=0¢ inQ, (1.6)

and to the control constraint
u = (u1,u) € Unq . (1.7)

Here, the constants (31, 3, are nonnegative, while v and x are positive. Moreover, gBQ and pq, are
given target functions, and g : U — [0, +00) is a nonnegative and convex, but not necessarily
differentiable, functional on the control space

U= L™®(Q)>. (1.8)

Moreover, U,q is a suitable bounded, closed and convex subset of U. Since we are interested in
sparse controls in this note, typical (nondifferentiable) examples for the functional g are given by

g(u) = |Jullpiq) = / lu(z,t)| dz dt, (1.9)
Q

g(u):/OT(/Q\u(:c,t)Fdx)l/th, (1.10)
g(u) :/Q</OT\u(x,t)|2dt>l/2dx. (1.41)

The functionals in and are associated with the notion of directional sparsity (with respect
to ¢ and to x, respectively). Since we have two control variables in our system, we could “mix” the
sparsity directions by taking different ones for u; and us; also, different weights could be given to the
directions. For the sake of avoiding unnecessary technicalities, we restrict ourselves to the simplest
case here.

The state system (1.2)—(.6) constitutes a simplified and relaxed version of a thermodynamically con-
sistent phase field model for tumor growth that includes the effect of chemotaxis and was originally in-
troduced in [13]. Indeed, the velocity contributions in [13] were neglected, and the two relaxation terms
adu are B0y have been added. We note that a different thermodynamically consistent model was
introduced in [14] and studied mathematically in [5-8], where [8] focused on optimal control problems.
In this connection, we also refer to [9].

In all of the abovementioned models, the unknowns (i, ¢, o stand for the chemical potential, the nor-
malized tumor fraction, and the nutrient extra-cellular water concentration, in this order. The quantity
o is usually normalized between 0 and 1, where these values model nutrient-poor and nutrient-rich
cases. The variable ¢ plays the role of an order parameter and is usually taken between the values
—1 and +1, which represent the healthy cell case and the tumor phase, respectively. The capital
letters A, B, I/, P, X denote positive coefficients that stand for the apoptosis rate, nutrient supply
rate, nutrient consumption rate, and chemotaxis coefficient, in this order. In addition, let us point out
that the contributions X o and X Ay model pure chemotaxis. Furthermore, the nonlinear function A
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Sparse optimal control for phase field tumor growth model 3

has been considered in [13] as an interpolation function satisfying 2(—1) = 0 and (1) = 1, so that
the mechanisms modeled by the terms (Po — A — uy)h(y) and Ech(p) are switched off in the
healthy tissue (which corresponds to ¢ = —1) and are fully active in the tumorous case ¢ = 1. More-
over, the term o, is a nonnegative constant that models the nutrient concentration in a pre-existing
vasculature.

Very important for the evolution of the state system is the nonlinearity ', which is assumed to be a
double-well potential. Typical examples are given by the regular and logarithmic potentials, which are
given, in this order, by

1

Fres(r) = 7 (1= r?)? for r € R, (1.12)

Fog(r) = (1+7r)In(1+7)+ (1 —7) In(1 —7) — kr* for r € (—1,1), (1.13)

where k > 1 so that Fj,s is nonconvex. Observe that Fi,, is very relevant in the applications, where

F},, (1) becomes unbounded as r — +1.

In this paper, we work with two source controls that act in the phase equation and in the nutrient equa-
tion, respectively. The control variable 14 in the phase equation models the application of a cytotoxic
drug into the system; it is multiplied by i () in order to have the action only in the spatial region where
the tumor cells are located. On the other hand, the control 15 can model either an external medication
or some nutrient supply. In this connection, sparsity of the control is highly desirable: indeed, if a dis-
tributed cytotoxic drug is to be administered, this should be done only where it does not harm healthy
tissue, which calls for directional sparsity with respect to space; on the other hand, and even more
importantly, cytotoxic drugs should only be applied for very short periods of time, in order to prevent
the tumor cells from developing a resistance against the drug. This, of course, calls for a directional
sparsity with respect to time.

Optimal control problems for the system (1.2)—(1.6) have recently been studied in [10], where the
cost functional, while containing some additional quadratic terms, did not have a nondifferentiable
contribution, i.e., we had g = 0. However, besides existence of optimal controls, it was shown in
[10] that the control-to-state operator is Fréchet differentiable between suitable function spaces, and
first-order necessary optimality conditions in terms of the adjoint state variables were derived. The
Fréchet differentiability was shown “directly” without using the implicit function theorem, and therefore
the existence of higher-order derivatives was not proved. Note that the existence of second-order
derivatives forms a prerequisite for deriving second-order sufficient optimality conditions and efficient
numerical techniques. To pave the way for such an analysis (which shall not be given in this paper),
we have decided to include a proof of the Fréchet differentiability of the control-to-state operator via
the implicit function theorem.

Another novelty of this paper is the discussion of optimal controls that are sparse with respect to the
time. Since the seminal paper [21], sparse optimal controls have been discussed extensively in the
literature. Directional sparsity was introduced in [16,/17] and extended to semilinear parabolic optimal
control problems in [2]. Sparse optimal controls for reaction-diffusion equations were investigated in
[3L}4].

Although the main techniques of the analysis for sparse controls are known from the abovementioned
papers, a discussion of sparsity for the control of the system of reaction-diffusion equations (1.2)—(1.6)
seems to be worth investigating in view of its medical background. In this connection, temporal sparsity
is particularly interesting. It means that drugs are not needed in certain time periods. For the control
of the class of reaction-diffusion equations (1.2)—(1.6), the investigation of sparse controls is new.
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J. Sprekels, F. Tréltzsch 4

The paper is organized as follows: in the subsequent Section 2, we give the general setting of the prob-
lem, and recall known well-posedness results for the state system (1.2)—(1.6). Moreover, we employ
the implicit function theorem to show that the control-to-state is twice continuously Fréchet differen-
tiable between suitable Banach spaces, thereby sharpening the differentiability result of [10]. Section 3
then deals with first-order necessary optimality conditions for the problem (CP), and the final Section
4 brings a discussion of the sparsity of optimal controls.

Throughout this paper, we make repeated use of Hoélder’s inequality, of the elementary Young’s in-
equality
1
ab < ~la)® + ™ > Ya,beR, Vy>0, (1.14)
Y
as well as the continuity of the embeddings H'(2) C LP(Q) for 1 < p < 6 .and H%(Q2) C C°(Q).
Notice that the latter embedding is also compact, while this holds true for the former embeddings only
if p < 6. Moreover, throughout the paper, for a Banach space X we denote by || - ||x the normin
the space X orin a power of it,and by X* its dual space. The only exemption from this rule applies to
the norms of the LP spaces and of their powers, which we often denote by || - ||, for 1 < p < 4-o0.

As usual, for Banach spaces X and Y we introduce the linear space X MY which becomes a
Banach space when equipped with its natural norm ||u||xny := |Jullx + |Ju|ly,for u € X NY.

2 General setting and properties of the state system

In this section, we introduce the general setting of our control problem and state some results on the
state system (1.2] ). To begin with, we recall the definition (1.8) of U and introduce the spaces

H = LQ(Q), Vi=H'Y(Q), Wy:={ve H*(Q):0,v=0o0nT}. 2.1)
By (-, -) we denote the standard inner product in H.

For the potential F', we generally assume:

(F1) F = F1+F,, where I} : R — [0, +00] is convex and lower semicontinuous with F}(0) = 0.

(F2) There exists an interval (r_,r;) with —oo < r_ < 0 < r; < 400 such that the restriction
of [y to (r_,ry) belongsto C4(r_,r,).

(F3) F, € C*(R),and F} is globally Lipschitz continuous on RR.
(F4) Itholds lim, . F'(r) = o0,

It is worth noting that both (7-12) and (T.73) fit into this framework with the choices (r_,7,) = R and
(r—,r+) = (—1, 1), respectively, where in the latter case we extend Fj,, by Flog(£1) = 21In(2)—k
and Flog(r) = 400 for r ¢ [—1,1].

For the initial data, we make the following assumptions:

(A1) o, o, 09 € Wo, and r_ < min, g @o(r) < max,.q wo(z) <74

Notice that (A1) entails that F'(¢o), F” (o), F" (o) € C°(Q). This condition can be restrictive for
the case of singular potentials; for instance, in the case of the logarithmic potential /., we have
r4+ = =1, so that (A1) excludes the pure phases (tumor and healthy tissue) as initial data.

For the other data and the target functions, we postulate:

DOI 10.20347/WIAS.PREPRINT.2721 Berlin 2020



Sparse optimal control for phase field tumor growth model 5

(A2) h e C3(R)NW3(R), and h is positive on (r_, 7).

(A3) «, 3, X are positive constants, while P, A, B, E, o, are nonnegative constants.
(A4) [31, B2 are nonnegative, and v, K are positive.

(A5) o € L*(Q) and pq € L*(92).

Observe that (A2) entails that 2, ', h”" are Lipschitz continuous on R. We now assume for the set of
admissible controls:

(A6) Ung = {u= (ug,u2) e U:u, <u; <u; aeinQ, i=1,2},
where u;, u; € L™(Q)) satisfy u; < u; ae.in Q,i=1,2.

Notice that U,q is a nonempty, closed and convex subset of U = L>(Q)?. In the following, it will
sometimes be convenient to work with a bounded open superset of U, . We therefore once and for all
fix some R > 0 such that

Up = {u = (ur,u2) € L®(Q)*: [lullc < R} D Uaa. (22)

The following result concerning the wellposedness of the state system has been shown in [10, Thm. 2.2].

Theorem 2.1. Suppose that the conditions (F1)—F4), (A1)—A3), (A6), and (2.2) are fulfilled. Then
the state system (1-6) has for every u = (uy,us) € Ug a unique solution (i1, p, o) with the
regularity

pe HY0,T; H)ynC%([0,T); V) N L*(0, T; Wo) N C°(Q), (2.3)
p € Whe(0,T; H)n HY (0, T; V) N L0, T; Wo) N C°(Q), (2.4)
o€ HY0,T; H)nC°([0,T); V) N L*(0, T; Wy) N C°(Q). (2.5)

Moreover, there exists a constant K1 > 0, which depends on ), T, R, o, 5 and the data of the
system, but not on the choice of u € Upg, such that

H90”W1v°°(O,T;H)mHl(O,T;V)OLQ(O,T;WO)QCO(Q)
+ ||N||Hl(o,T;H)mCO([o,T];V)mL2(0,T;W0)mCO(@)
+ lloll a0 mnco orvnczorwonce@ < K- (2.6)

In addition, there are constants r., r*, which depend on ), T’, R, o, 3 and the data of the system, but
not on the choice of u € Ug, such that

r_<r, <ox,t) <r*<ry forall(z,t) € Q. (2.7)

Finally, there is some constant Ko > 0, which depends on ), T, R, o, 5 and the data of the system,
but not on the choice of u € Ug, such that

Z:Ig%S Hh(i)(gp)HC"@) + i:gll?}?),(?),ll HF(i)(gp)HCO@) < K. (2.8)

Remark 2.2. If the initial data 1o, vg, 00 € W, also belong to the Sobolev—Slobodeckii space
W5/36(()), then the solution enjoys additional regularity.
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Indeed, by the above bounds, we have 1+ X o — F'(p) € L%(Q), in particular. We thus may employ
the maximal regularity result from [11, Thm. 2.1] with p = 6 to the parabolic initial-boundary value
problem satisfied by ¢, which shows that ¢ € (0, T; L%(Q)) N L%(0, T; W24(Q2)). But then
(Po—A—uy)h(p) — 0w € L5(Q), and [11, Thm. 2.1] implies that also 1 € W6(0,T; L5(Q2))N
L5(0, T; W2%(Q)). Finally, we also have that uy + B(cs — o) — Eah(p) — XAp € L°(Q), and
thus o € WH5(0,T; LE(Q)) N L5(0, T; W25(Q2)), again by virtue of [11, Thm. 2.1].

Remark 2.3. The separation condition is particularly important for the case of singular potentials
such as Fj.. Indeed, it guarantees that the phase variable always stays away from the critical values
r_, 74 that usually correspond to the pure phases. In this way, the singularity is no longer an obstacle
for the analysis; however, the case of pure phases is then excluded, which is not desirable from the
viewpoint of medical applications.

Owing to Theorem 2.1, the control-to-state operator 8 : u = (uy,u2) — (u, @, o) is well defined
as a mapping between U = LOO(Q)2 and the Banach space specified by the regularity results (2.3)—

.5).

We now discuss the Fréchet differentiability of S, considered as a mapping between suitable Banach
spaces. We remark that in [10, Thm. 2.6] Fréchet differentiability was established between L?((Q)? and
(C°[0,T]; H) N L*0,T; V) x (HY(0,T; HYNL>®(0,T;V)) x (C°([0, T]; H) N L*(0,T;V)).
The proof was a direct one that did not use the implicit function theorem. The result was strong enough
to derive meaningful first-order necessary conditions, but it did not admit the derivation of second-order
sufficient conditions, since these require the control-to-state operator to be twice continuously Fréchet
differentiable. To show such a result, it is more favorable to employ the implicit function theorem, be-
cause, if applicable, it yields that the control-to-state operator automatically inherits the differentiability
order from that of the involved nonlinearities. For this, some functional analytic preparations are in
order. We first define the linear spaces

X = X x X x X, where
X = H'(0,T; H) N C([0,T); V) 1 L*(0,T; Wo) N C°(Q), (2.9

which are Banach spaces when endowed with their natural norms. Next, we introduce the linear space

Y = {(p,0) €X: adyu+ e — Ap € LX(Q), BOp — Ap —p e L=(Q),
o — Ao+ XAp € L™(Q)}, (2.10)

which becomes a Banach space when endowed with the norm

(e, 0, 0) Iy == (1, 0, 0)[|x + ||t + Opp — Aptl| o) + [180ip — A — | (o)
+ ||0v0 — Ao + XAp||1(q) - (2.11)

Finally, we fix constants 7_, 7, such that
ro<To <1 << Ty <1y (2.12)
with the constants introduced in (F2) and (2.7). We then consider the set
P = {p,p0)€Y: 7. <p(x,t) < foral (z,t) € Q}, (2.13)

which is obviously an open subset of the space Y.
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Sparse optimal control for phase field tumor growth model 7

We first prove an auxiliary result for the linear initial-boundary value problem

oﬁt,u + (9tg0 - A,U, = )\1 [PO’h(@) + (PE —A-— ﬂl)h/( ) ] )\leh( ) + )\3f1 in Q,
(2.14

Bop —Ap —p = M [Xo — F'(@)¢g] + Asfe in Q, (
0o — Ao+ XAp = A\ [—Bo — Ech(p) — EGh' (9)¢] + Aaks + A3f3 in Q, (
Onpt = Opp = Opo = 0 on X, (2.17
w(0) = Aapo, ©(0) = Ao, 0(0) = Moo, in €, (

which for A; = Ay = 1 and A3 = \; = 0 coincides with the linearization of the state equation at
(w1, w2), (,,@)). We will need this slightly more general version later for the application of the
implicit function theorem.

Lemma 2.4. Suppose that Ai, Ao, A3, Ay € {0, 1} are given and that the assumptions (F1)—F4),
(A1)~(A3), (A6), and (2.2) are fulfilled. Moreover, let ((u1,us), (I, $,0)) € Ug x ® be arbitrary.
Then the linear initial-boundary value problem 2.14)—@2.18) has for every (k1,ka) € L"O(Q)2 and

every (fi, fo, f3) € L°°(Q) x (HY(0,T; H) N L=(Q)) x L>=(Q) a unique solution (i, p,c) €
Y. Moreover, the linear mapping

((kla k?): (fb f?a f3)7 (MO) ©o, UO)) = (:uu 2 U)
is continuous from L>(Q)* x (L=(Q) x (H(0,T; H) N L=(Q)) x L¥(Q)) x W into Y.
Proof. We use a standard Faedo—Galerkin approximation. To this end, let {\x}ren and {ex}ren
denote the eigenvalues and associated eigenfunctions of the eigenvalue problem
—Ay+y=2Ay inQ, Ohy=0 onl,

where the latter are normalized by ||ex||2 = 1. Then {ej }ren forms a complete orthonormal system
in H which is also dense in V. We put V}, := span{ey,...,e,}, n € N, noting that (J,, . V» is
dense in V. We look for functions of the form

Zuk er(z), on(x,t) Z"U op(z,t) = Zn:w,in)(t)ek T
k=1

that satisfy the system

(Ot (1), 0) + (Opon(t),v) + (Vun(t), Vv) = (2,1(t),v) Vv eV,, forae. t € (0,7T),

(2.19)
(BOypn(t),v) + (Von(t), Vo) — (pn(t),v) = (2n2(t),v) Yv €V, forae. t€ (0,T),
(2.20)
(O (t),v) + (Vou(t), Vo) — X(V,(t), Vv) = (2x3(t),v) Yv eV, forae. t € (0,7T),
(2.21)
:un(o) = /\4Pn,u07 @n(o) = /\4Pn900a Un(o) = /\4Pn007 (2.22)
where P, denotes the H'())—orthogonal projection onto V},, and where
zp1 = M\ [Ponh(P) + (PF — A =)W (@) en] — Akih(®) + Asfr, (2.28)
Znz = M [Xow — F'(@)pn] + Asfa, (2.24)
Zn3 = M [—Bo, — Eo,h(@) — EGh' (@)pn] + Aoka + A3 f3. (2.25)

DOI 10.20347/WIAS.PREPRINT.2721 Berlin 2020



J. Sprekels, F. Tréltzsch 8

Insertion of v = ey, for k € N, in 2.19) ), and substitution for the second summand in (2.79) by
means of (2.20), then lead to an |n|t|al value problem for an explicit linear system of ordinary differential
equations for the unknowns u(1 ), .. ug"), Uﬁ”), e ,vr(L ), w% ), e ,wfl ), in which all of the coeffi-
cient functions belong to L>°(0, T'). Hence, by virtue of Carathéodory’s theorem, there exists a unique

solution in TW1:>°(0, T'; R®") that specifies the unique solution (i, ¢y, 0,) € W*°(0,T; H*(Q))?
to the system (2.79)-(2:29), for n € N.

We now derive some a priori estimates for the Faedo—Galerkin approximations. In this procedure,
C; > 0,4 € N, will denote constants that are independent of n € N and the data ((fi, fo, f3),
(10, ¥0, 00)), while the constant M > 0 is given by

M =X ||(k1, k) || 2o @2 T A3 ||(f1>f2,f3)HL°o X (HL(0,T;H)NL>®(Q))x L>=(Q)
+ A || (105 0, 00) || m2(02)3- (2.26)

Moreover, (1i, , ) € ®, and thus it follows that &, h(p), M/ (), F" () € C°(Q). Hence, there is
some constant C'; > 0 such that, for a.e. (z,t) € Q) andforalln € N,

(Izna| + lznal + |203]) (2, ) < Oy (M(nl + lonl) (@, t) + Xa([ka| + [Ra|) (2, t)  (2.27)
+ As(fal+ 1 fol + [ fs])(,8))
< C1 (Mi(lnl +lonl)(x, ) + M). (2.28)

FIRST ESTIMATE. We insert v = p,,(t) in 9), v = Oy, (t) in 2:20), and v = 0, () in @:27),
and add the resulting equations, whence a cancellation of two terms occurs. Then, in order to re-
cover the full H'(€2)—norm below, we add to both sides of the resulting equation the same term
110, (8)|13 =(n(t), Drpn(t)). Integration over [0, 7], where 7 € (0, T7, then yields the identity

N —

(@l + leaI +lone 1) + [ [ (Tl 4190, + 8 [ [ 100l

=A(WﬂMMW&wM+MMﬂ)LAWNMMD£+A(A&%@Mt
+/0T(8tgpn(t),zn2(t) + n(t)) dt +X/OT(Vg0n(t),V0n(t)) dt =: Z Ji, (2.29)

with obvious notation. We estimate the terms on the right-hand side individually. First observe that
lyllv < |lyll a2 for ally € H?(2), and thus, for all n € N,

’J1| < Gy )\4H( Popo, Pogo, Py, UO)HVxva < Gy >‘31|’(U07900700)H%/><V><V < Gy M?. (2.30)

Moreover, by virtue of (2.28) and Young’s inequality,

| Ja| + | J5] < C3 M + 04// (Jnl® + lenl” + |onl?) - (2.31)
0JQ

<2 //@%F //NMPH%RH%U 232)
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| < // Vool + —//IV%F (2.33)

Combining the estimates (2.29)—(2.33), where we subtract the first integral in (2.32) from the associ-
ated term on the left-hand side of (2.29), we have shown that

(@l B+ e + o E) + [ [ (Tl + 5190) + 5 [ [ 1000l

< G M+ Gy / (I (O + lon(®IZ + oa(®)2) dt

Finally, we have that

DN | —

Therefore, invoking Gronwall’s lemma, we conclude that, for all n € N,

|t || oo 0,751y L200,75vy + | @nll o070y L 0.1v) F || Onl Lo (0,10 A L2 0,m3) < CoM.
(2.34)

SECOND ESTIMATE. Next, we insert v = Oy, () in (2.79) and integrate over [0, 7|, where 7 €
(0, T, to obtain the identity

1 T
3191 + o [ o0

= im0,z [ @), o00) a0

Applying Young'’s inequality appropriately, where we make use of (2.28) and (2.34), we conclude the
estimate

||Mn||H1 o)L= 0.1v) < Cro M (2.35)

THIRD ESTIMATE. At this point, we insert v = —Apu,(t) in @19) and v = —Agp, () in (2:20), add,
and integrate over [0, 7| where 7 € (0, 7']. We then obtain that

S IV (IE + 51901 + [ IOl dt + [ 180l d
- muvpnuouz + PAp il - | @), zme
-/ T<A%<t>,un<t> + 2l dt,
whence, using (2.28)—(2.35) and Young’s inequality,
/OT(\|Aun(t)\|§ + 1A (B)]2) dt < CiM? ¥ €N. (2.36)

At this point, we invoke a classical elliptic estimate (see, e.g., [20, Chap. 2, Thm. 5.1]): there is a
constant C, > 0, which only depends on €2, such that, for every v € H*(12),

[oll a2 < Ca(llAv]l2@) + lvlae) + 10av]lmer) - (2.37)
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In view of the zero Neumann boundary condition satisfied by 1.,, and ¢,,, we thus conclude from (2.34),

(2.35), and (2.36), that
tnll 20,0520y + l@nllz20mm2@)) < CraM V€N (2.38)

With the estimate (2.38) at hand, we may (by first taking v = 0,0, (t) in 2.21) and then v =
—Auoy,(t)) infer by similar reasoning that also

onll 1 (0,0 5)nLo (0,7 )nL2 0,20 < CisM Ve N. (2.39)

At this point, we can conclude from standard weak and weak-star compactness arguments the ex-
istence of a triple (i, ¢, o) such that, possibly only on a subsequence which is again indexed by
n,

HUn — by Pn— @, Op — 0,
all weakly-star in H*(0,T; H) N L>(0,T;V) N L*(0,T; H*(2)).

Standard arguments, which need no repetition here, then show that (1, ¢, o) is a strong solution to

the system (2.14)—(2.18). Moreover, recalling (2.34)—(2.39), and invoking the weak sequential lower

semicontinuity of norms, we conclude that there is some C3 > 0 such that

| (125 5 ) || (1 0,7, 10) L (0,720,712 ()))3 < Ciz M. (2.40)

Next, we claim that (i, 0, o) € C°(Q)? and that, with a suitable C4 > 0,

(ke <P70>H00@)3 < CuuM. (2.41)

It is easy to argue for the solution component . Indeed, we have (cf. (2.15))

BOp —Ap = i+ M(Xo — F'(P)e) + Asfo = g,

that is, ¢ solves a linear parabolic equation with zero Neumann boundary condition and with a right-
hand side g which, by virtue of the estimates shown above, is known to be bounded in L>°(0,7"; H)
by an expression of the form C5M . Moreover, we have p, € W,. Therefore, we may invoke the
classical results from [19, Chap. 7] to conclude the validity of the claim for .

For the other solution components p and o, a similar argument is not yet possible, since the ex-
pressions 0;p and Ay occurring in (2.14) and (2.16), respectively, are so far merely known to be
bounded in L?(Q). In order to prove the claim by the above argument also for 1 and o, we are now
going to show corresponding bounds for 0, and A in L>(0,7; H).

To this end, notice that
Oig = Out + M (X00 — F"(@)0p — F" ()0 ¢) + A30: fo, (2.42)
where, owing to Hélder’s inequality, (2.8), and the continuity of the embedding V' C L*(2),
T T
N — |2 2 — 12 2 2 19 —=||2 2
| [ 1Pr@omer < K [ 10p0lle@Ikd < K3 10@10rm leli-oray

DOI 10.20347/WIAS.PREPRINT.2721 Berlin 2020



Sparse optimal control for phase field tumor growth model 11

Therefore, invoking (2.6) and (2.40),

||at9HL2(Q) < CiM. (2.43)

At this point, we consider the linear parabolic initial-boundary value problem

BOz — Az =09 in Q, (2.44)
Onz =0 on X, (2.45)
2(0) = 871 (Ao + 9(0)) in Q, (2.46)

where g(0) = g + A\ (Xag — F" (o)) + A3 f2(0) € L*(Q). Since also d;g € L*(Q), it follows
from a classical argument that the above system admits a unique weak solution z € Hl(O, T, V9N
C([0,T); H) N L*(0,T; V), and since O,p0 = 0, it is easily checked that the function

w(z,t) == @o(x) +/U z(z,s)ds forae. (z,t) € Q

coincides with ¢, that is, in particular, we have z = J,¢. Moreover, standard estimates and (2.40),
(2.43) show that

10:p |1 0.7 nco.m:nrz vy < Ciz([[Apo 4+ g(0)]l2 + 110:9ll120) < CisM. (2.47)
By comparison in (2.15), we then readily see that also
|A@| Loy < CroM, (2.48)
and the elliptic estimate shows that also

||90||L°°(0,T;H2(Q)) < CyM. (2.49)

Since we now have available the L>°(0, T'; H)—bounds for d;p and Ay, we can apply the classical

results from [19, Chap. 7] to the equations (2.14) and (2.16) to infer that 1, o € CO(@) and that (2.41)
actually holds true. The above claim is thus shown.

It then immediately follows that (i, ¢, o) € Y, as well as

H(:uv ©, U)H‘é S Cle.

With this, the existence of a solution with the asserted properties is shown. It remains to prove
the uniqueness. To this end, let (u;, p;,0;) € Y, 7 = 1,2, be two solutions to the system. Then
(1,0, 0) := (1, p1,01) — (2, P2, 02) solves the system (2.74)—(2.18) with zero initial data, where
the terms \ok;, 7 = 1,2, and A3 f;, 2 = 1, 2, 3, on the right-hand sides do not occur. By the definition
of Y (recall and (2:10)), and since (i, ¢, o) € Y, all of the generalized partial derivatives oc-
curring in (2:14)—(2-16) belong to L?(Q). Therefore, we may repeat — now for the continuous problem
— the a priori estimates performed for the Faedo—Galerkin approximations that led us to the estimate
(2-34). We then find analogous estimates for (1, ¢, o), where this time the constant M from
equals zero. Thus, (i, ¢, o) = (0,0, 0). With this, the uniqueness is shown, which finishes the proof
of the assertion. O
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Remark 2.5. As it follows from the above proof, the solution component ¢ enjoys the additional
regularity o € WH(0,T; H) N HY(0,T;V) N L>(0,T; Wy).

With Lemma 2.4 shown, we are in a position to prepare for the application of the implicit function

theorem. For this purpose, let us consider two auxiliary linear initial-boundary value problems. The
first,

QO+ Oyp — Ap = f1 in Q, (2.50)

Bopo —Ap—p = fo inQ, (2.51)

oo — Ao+ XAp = f3 inQ, (2.52)

(2.53)

(2.54)

Onpt = Opp = Opo = 0 on X,
1(0) = ¢(0) = o(0) =0, in Q,
is obtained from (2:14)—(2.18) for Ay = Ao = Ay = 0, A3 = 1. Thanks to Lemma|[2.4} this system has

foreach (f1, fa, f3) € L®(Q) % (Hl(O, T; H)ﬂLOO(Q)) x L*°(()) a unique solution (i, ¢, 0) € Y,
and the associated linear mapping

S1: (L2(Q) x (H'(0,T; H)NL¥(Q)) x L=(Q)) = Y; (f1, fo, f3) = (1, 0.0), (2.55)
is continuous. The second system reads
QO+ 0o — Ap = 0 in Q, (2.56)
PO —Ap—p =0 in@Q, (2.57)
0o — Ao+ XAp =0 inQ, (2.58)
Onft = Onp = Opo = 0 on X, (2.59)
1(0) = po, ©(0) = o, o(0) = g, in Q. (2.60)

For each (ug, po,00) € W, it also enjoys a unique solution (i, p, o) € Y, and the associated
mapping
ot WE = Y5 (0, o, 00) — (11, 0, 0), (2.61)

is linear and continuous as well.
In addition, we define on the open set A := (Ug x @) C (U X Y) the nonlinear mapping
G3: Up x @ — (L=(Q) x (H'(0,T; H) N L®(Q)) x L™(Q));
((u1,u2), (1, 0, 0)) = (f1, f2, f3), where
(f1> f27 f3) = ((PJ - A - Ul)h(QD), Xo— F/(QO), B(Us - 0) - EO’h(QO) + u2) . (262)

The solution (1, ¢, o) to the nonlinear state equation (1-2)—(7-6) is the sum of the solution to the

system (2.50)—(2.54), where (f1, f2, f3) is chosen as above (with (u, ¢, o) considered as known),
and of the solution to the system (2.56)—(2.60). Therefore, the state vector (1, ¢, ) associated with
the control vector (u1, us) is the unique solution to the nonlinear equation

(:ua ‘2 0) - 91 (93((“17 u2)7 (:uu 2 O)) + 92(,“07 ©0, UO)' (263)
Let us now define the nonlinear mapping & : A — Y,

F((ur,u2), (1, 0,0)) = G1(Gs((u1, u2), (14, 0,7)) + Ga(pto, w0, 70) — (1, 0,0).  (2.64)
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With &, the state equation can be shortly written as

St((uly'UQ)(MﬂO’g)) = (07070)' (2.65)

This equation just means that (11, , o) is a solution to the state system (T.2)—(1.6) such that ((u, uz),
(1, p,0)) € A. From Theorem 2.1 we know that such a solution exists for every (uq,uz) € Ug. A
fortiori, any such solution automatically enjoys the separation property (2.7) and is uniquely deter-
mined.

We are going to apply the implicit function theorem to the equation (2.65). To this end, we need the
differentiability of the involved mappings.

Observe that, owing to the differentiability properties of the involved Nemytskii operators (see, e.g.,
[22, Thm. 4.22]), the mapping G3 is twice continuously Fréchet differentiable, and for the first partial
derivatives at any point ((uy,u2), (7, $,0)) € A, and for all (uy,u2) € UWand (i, p,0) € Y, we
have the identities

D(U17u2)93((ﬂlﬁﬂ2>v (ﬁ?@? 5))(u1’u2> = (_ulh(a)vOauﬁ? (2.66)
D(Ma¢70)93((ﬂ17ﬂ2)7 (ﬁ7 @7 6))(#7 ¥, O) - ((PE - A - ﬂl)”(@)@ + PO'h(@), Xo — F/,<¢)907
— Bo — Eah(p) — EGh'(9)p). (2.67)

It follows from the that F is twice continuously Fréchet differentiable from Uz x ® into Y, with the
first-order partial derivatives

D(u17u2)g’((ﬂ17ﬂ2)(ﬁ7 P, 6)) = 91 © D(U17u2)93<<ﬂ1aﬂ2)7 (ﬁ7 2 6))7 (2.68)
D(u,ap,a)gj((ﬂhE?)(ﬁ? @7 5)) = 91 © D(H#P»U)g?’((ﬂlaﬂ?)? (ﬁa @7 6)) - Léa (2-69)

where Iy denotes the identity mapping on Y.

At this point, we introduce for convenience abbreviating denotations, namely,

u = (uhu?)a u:= (ﬂhE?)a y = (,ua 9070>7 y = (ﬁ?@uﬁ)a
yo := (fo, v0,00), 0:=(0,0,0). (2.70)

With these denotations, we want to prove the differentiability of the control-to-state mapping u — y
defined implicitly by the equation F(u,y) = 0, using the implicit function theorem. Now let @ € Ug
be given and Y = 8(). We need to show that the linear and continuous operator D, JF(1,y) is a
topological isomorphism from Y into itself.

To this end, let v € Y be arbitrary. Then the identity D, J(U,y)(y) = Vv just means that
91 (DyGs(u,¥)(y)) — y = v, which is equivalent to saying that

w =y +v=_0(Dy5(W,y)(w)) — 51 (DyGs(q,¥)(v)).

The latter identity means that w is a solution to the system (2.14)-(2.18) for \; = A3 = 1, Ay =
Ay = 0, with the specification (f1, f2, f3) = =51 (DyG3(W,¥)(v)) € Y. By Lemma 2.4, such a
solution w € Y exists and is uniquely determined. We thus can infer that Dy F(W,¥) is surjective.
At the same time, taking v = 0, we see that the equation D, F(1,¥)(y) = 0 means that y is the
unique solution to (2.14)—(2.18) for \; = 1, Ay = A3 = A4 = 0. Obviously, y = 0, which implies that
D,JF(1,y) is also injective and thus, by the open mapping principle, a topological isomorphism from
Y into itself.
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At this point, we may employ the implicit function theorem (cf., e.g., [1, Thms. 4.7.1 and 5.4.5] or [12,
10.2.1]) to conclude that the mapping 8 is twice continuously Fréchet differentiable from Ug into Y
and that the first Fréchet derivative DS(1) of 8 atu € Ug is given by the formula

D8(u) = —DyF(u,y) ' o D,F(u,y). (2.71)
Now let k = (k1, ko) € U be arbitrary andy = (i, ¢, 0) = DS(1) (k). Then,
DyF(w,y)(y) = —DuF(u, y)(k),
which is obviously equivalent to saying that

Yy = 91 (Dy93(ﬁ7y)<y')) + 91<_k1h<¢)7 07 k2)
This, in turn, means that y is the unique solution to the problem (2.14)—-(2.18) for \y = Ay = 1, A3 =
A= 0.

In summary, we have shown the following result.

Theorem 2.6. Suppose that the conditions (F1)—(F4), (A1)—(A3), (A6) and are fulfilled, letu =
(uy,us) € Ug be arbitrary and (i, p,7) = S(). Then the control-to-state operator 8 is twice
continuously Fréchet differentiable at . as a mapping from U into Y. Moreover, for every (ki, ko) €
U, the Fréchet derivative DS(a) € L(U,Y) of 8 at u is given by the identity DS(T)(ky, ka) =

(1, 0, 0), where (i, @, o) is the unique solution to the linear system R.14)—@2.18) with A\; = Xy =
1, hg = Ay = 0.

3 First-order necessary optimality conditions

In this section, we aim at deriving associated first-order necessary optimality conditions. To this end,
we define the (control) reduced objective functional J by

J(u) =3(8(u), u), (3.1)

where we recall that S(u) = (u, ¢, o) is the unique solution to the state system associated with u.
The functional J is the sum of a nonconvex functional J; and the convex functional x g, namely

gzgl‘i‘ﬁga
where 3 3
—~ ~ 1%
B =5 [ lou=aP+ 2 [ lou@ -l + % [ ul 2
Q Q Q

Here, g is one of the functionals (1.9)—(T.11), and we denote by ¢, the second component of $(u).

Since, owing to [10, Thm. 2.6], the control-to-state mapping is Fréchet differentiable from L?(Q)?
into L2(Q) x C°([0,T]; L*(Q2)) x L*(Q), in particular, the functional J; is a Fréchet differentiable
mapping from L?(Q)? into R. Therefore, the chain rule shows that, for every U = (U, uy) € L*(Q)?
and k = (ky, ko) € L*(Q)?, it holds that

Dgy(@)(k) = A /Q (pa—Ba) @ + fo / (0a(T) — @) o(T) + v / Tk (@9

Q
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where ¢ is the second component of the solution (i, ¢, o) to the linearized system (2.14)-(2-18)
with \; = Ay = 1, A3 = Ay = 0, and where ” - ” stands for the euclidean inner product in R?.

Now assume that @ = (uy,uy) is a locally optimal control for (CP). Then it is easily seen that the
variational inequality

DJi(@)(u—1) + k(g(u) —g(@) >0 Vu € Uy (3.4)

is satisfied. Indeed, if u € U,q and t € (0, 1) are given, then we can infer from the convexity of ¢
that

0

IN

I+ tu =) + rg(a + t(u - 1)) — §1(T) — rg()
Ji(@+t(u—1)) = §1(1) + £ t(g(u) — g(a)),

whence, dividing by ¢ > 0 and then taking the limit as ¢ ~\, 0, (3.4) follows. But (3.4) implies that u
solves the convex minimization problem

IN

in (O I
ug%p(mwwmw+lmm»

with ®(u) = DJ;(@)u, and where Iy, denotes the indicator function of U,4. Hence, denoting by
the symbol O the subdifferential mapping in L?(Q)?, we have that

0€9(P+ kg + hy,,)(T).

At this point, we anticipate that we shall see in the next section that dg(u) C L?*(Q)? for all of
our choices of g. Therefore, we may infer from the well-known rules for subdifferentials of convex
functionals that

0 € {DJi(0)} + kdg(Q) + Oy, ().

In other words, there are A € Jg(1) and PNE Ol (T) such that
0 = DJ1 () + kX + A. (3.5)
But, by the definition of 01y, , (1), we have X(u —1) < 0forevery u € U,q. Hence, thanks to (3.5),
0 < DI(M)(u—1)+rA(u—10) Vue Uy

We have thus shown the following result (where we identify X with the corresponding element of
L?(Q)? according to the Riesz isomorphism).

Lemma 3.1. Ifu € U,q is a locally optimal control for (CP), then there is some A € Jg(u) C L*(Q)?
such that

D31(ﬁ)(u—ﬁ)+m/@)\(x,t) (e t) — (e, D) dedt > 0 Vuelw.  (36)

Remark 3.2. The idea for the proof of the above lemma goes back to [15] and to the papers [3}/4],
where it has been worked out for control problems with semilinear reaction-diffusion equations. The
concrete form of g depends on the particular choice of g and will be presented below.
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Next, we aim to simplify the expression DJ;(@)(u — @) in (3.6) by introducing an adjoint state. To
this end, we consider the following adjoint system:

—adp — APy = 1Py in Q, (3.7)
— Oi(Y1 + Bibe) — Ay — Xtb3) = Bi(P — wq) + (PT — A — )l (§)in

— F"(@)¢2 — Eoh' ()¢ in Q, (3.8)
— Ophy — Atpz = Ph(P)hy + Xapy — Bips — ER(P)3  in Q, (3.9)
Op1 = Optpe = Oph3 =0 on X, (3.10)
Ui(T) = ¢3(T) =0, fa(T) = Bo(@(T) — pa), in L. (3.11)

According to [10, Thm. 2.8], the adjoint system (3.7)—(3.11) has under the general assumptions (F1)—
(F4) and (A1)—(A6) a unique weak solution ¥ = (11, 19, 13) with the regularity

€ HY(0,T; H)n CO([0, T); V) N L2(0,T; Wy), (3.12)
Vo, 3 € HY0,T; V)N C°([0,T); H) N L*(0,T; V).

—
L
W

-

We have the following result.

Theorem 3.3. (Necessary optimality condition) Suppose that (F1)—«F4) and (A1)—(A6) are fulfilled,
and leta € U,q be a locally optimal control of (CP) with associated state (i, p,o) = S(u) and
adjoint state 1 = (11, 1,,3). Then, there exists some XA = (A, \2) " € dg(W) such that

/ (@, 1) + kX (2, ) + v, 1) - (ule,t) — (e, 6) dedt >0 Vu € U, (314)
Q
whered € L?(Q)? is defined by

= =i, )h(p(x, 1))
d(:r:,t)—< @3@7;‘; ) for a.e. (z,t) € Q.

Proof. Using the adjoint state E we obtain the representation

DHl(ﬁ)(u—ﬁ):/ (d+va) - (u—1)dzdt.

Q
This follows from the proof of [10, Thm. 2.9], where the notation ¥ = (p,q,7) and u = (u,w) is
used. The claim is now an immediate consequence of (3.6). O

4 Sparsity of optimal controls

The convex function g in the objective functional accounts for the sparsity of optimal controls, i.e.,
the optimal control can vanish in some region of the space-time cylinder (). The form of this region
depends on the particular choice of the functional g, while its size depends on the sparsity parameter
K. These sparsity properties can be deduced from the variational inequality and the particular
form of the subdifferential Jg.

Therefore, we first provide known results on the subdifferential and apply them to the analysis of an
auxiliary variational inequality.
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4.1 Preliminaries

Let us begin with the subdifferential of the L2-norm,

7(©) = [|vllz2e) = </Q Iv(x)IQdfC> 1/2,

which is given by (see, e.g., [18])
{ze L?(Q): ||I2]2(Q) <1} fv=0
1) = { o/ ol it 0
In order to have directional sparsity with respect to time, we use the functional

gr: L'(0,T; L*(Q)) — R,

gT(u):/OT (/Q |u(:v,t)|2dx)1/2dt:/OT'y(u(t))dt. (4.2)

The associated subdifferential is given by (cf., [17])

Ogr(u) = {\ € L>=(0,T; L*(Q)) : A(-,t) € Oy(u(-,t)) foraa.t € (0,T)},

that is,
M)z <1 ifu(-,t) =0
AC, 1) = u(t)/[lul D)@ ifult) #0
(4.3)
where the properties above are satisfied for a.a. t € (0, 7).
Directional sparsity with respect to space is obtained from the functional
ga: LY L2(0,7)) — R,
T 1/2
golu) = / (/ |u(x,t)\2dt) dz — / lae, Yz da (4.4
2 \Jo Q
Interchanging the roles of ¢ and x, we get
Az, )| L2 <1 ifu(zx,-) =0
Do) = {n e L= 20, y) < { N lon )
)\(ZL‘, ) = U(Z’, )/HU(ZL‘, ')||L2(0,T) if U(ZE, ) 7é 0
(4.5)
where the properties above have to be fulfilled for a.a. = € ).
In the case of full sparsity, i.e., for
go: L'(Q) =R, gou) = / |u(z,t)| dx dt, (4.6)
Q

the subdifferential is classical. We have (see [18])

{1} if u(x,t) >0
dgo(u) = < A€ L®(Q) : Nax,t) € ¢ [-1,1] ifu(x,t) =0 forae. (z,t)€Q p. (4.7)
{1} ifu(z,t) <0
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Here, we will concentrate on directional sparsity in time, since this seems to be the most important
sparsity for medical applications. In this case, if an application to medication is considered, directional
sparsity will allow to stop the administration of drugs in certain intervals of time. To this end, we now
discuss the following auxiliary variational inequality:

/(d(m,t) + kA, t) + vu(x, t))(v(z,t) —u(z,t))dedt >0 YveC, (4.8)
Q

where A € dgr(u) and
C={vel™Q):u<v(z,t) <uae.inQ} (4.9)

with given real numbers u < 0 < @, x > 0, v > 0, and a given function d € L*(Q). Obviously, (4.8)
just means that w is the L?(Q))—orthogonal projection of —=(d + xk\) onto the closed and convex
subset C' of L?(Q), which is well known to be given by the formula

u(w,t) = Ppa(—v " (d(z,t) + kA(z,1))) forae. (z,t) € Q, (4.10)
where we denote by Pr, 3 : R — [u, U] the pointwise projection function
Ppy,a)(s) = min{w, max{u, s}}. (4.11)

Moreover, it is well known that the following pointwise relations hold true for almost all (x,t) € Q:

d(z,t) + k\(z,t) + vu(z,t) >0 = u(x,t)

(4.12)
d(z,t) + kA(z,t) +vu(z,t) <0 =  u(zx,t)

S I

The next result is already known from [2,/17]. Nevertheless, we present a proof for the readers’ conve-
nience.

Lemma 4.1. (Sparsity) Let u € C' be a solution to the variational inequality (4.8). Then, for a.e.
te(0,7),
u(t) =0 <= |ld(-, )o@ <&, (4.13)
as well as
€ B(0,1) if [|u(-, )] 2@ =0
A, 1) u(-, 1)

= m if [[u(-,t)|| L2y # 0

where B(0,1) = {v € L*(Q) : ||v||120) < 1}

, (4.14)

Proof. (i) We first show that, for a.e. ¢ € (0,7), the condition |[u(-,?)| 12 = O implies that
ld(-,t)||L2(2) < K. So consider the set £ = {t € (0,7") : |lu(-,t)||z2() = 0}. Then yields
that

(1) + KA(- 1) + 0 = 0,

for a.e. t € F, since otherwise the set of points x € €, where u(z,t) = w or u(x,t) = u, would
have positive measure, which contradicts the assumption that ||u(-, t)|| ,2() = 0.

From the equation above, we deduce that d(-,t) = —kA(+,t), and thus

14 )2 @) = KIAC Dl z20) <
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thanks to the form of Jgr(u).

(i) Next, we confirm that the reverse implication
ld( Do) < & = [lul-, Bl L2@) =0
holds true for almost every ¢ € (0, 7). To this end, let
E={tec(0,T): [|d(-,t)|lr2@ < x and |lu(-, )| 12 # 0}.

We have to show that the Lebesgue measure |E| of E is zero. We denote by €2, (t) and 2_ ()
the sets of points © € {2 where u(x,t) > 0 and u(x,t) < 0, respectively. Now recall that the
implications (#.72) must be satisfied. Since, by assumption, u < 0 < u, we readily deduce that

d(z,t) + kA(z,t) + vu(z,t) <0 forae x € Q.(1),
d(z,t) + kA (z,t) + vu(z,t) > 0 forae x € Q_(t). (4.15)

In E, we have ||u(-, )| 2() # 0, and therefore, by @), A(-,t) = u(-,t)/[|u(-, )| r2(q). Now the
upper inequality in implies that
u(zx,t)

d(z,t) < =k —————— —vu(x,t) forae. x € Q,(t).

[u(-, D)l 20

Since both summands on the right-hand side are negative, we have
u(z,t)

[u, )|z

In the same way, we deduce from the lower inequality in (4.15) that

u(z,t)

d(xz,t) > —k————— —vu(z,t) forae .z € Q_(t),

[u(s )l 2@

where both summands on the right-hand side are positive. This, in turn, yields that

u(z, 1)
u(- )] L2

Since u(+,t) vanishes on ©\ (Q(t) U_(t)), we thus can infer that

1 1
2 ¢ 2 2
ol = ([ o) e[ Ol
Qp(HUQ-(2) QU (1) ||u(',75)HL2(Q)

(/ Huwt d)ém.

The last inequality contradicts the assumption that ||d(-,%)||,2() < & in E unless [ (t) U
Q_(t)] = 0 for almost every t € E. This proves that ||u(-,t)|/z2q) = 0 almost everywhere in
E. With (i) and (i) proved, the equivalence relation (4.13) is shown.

|d(z,t)| > K fora.e. z € Q. ().

|d(x,t)| > K fora.e. x € Q_(1).

The representation (4.14) for \ follows immediately from the formula for the subdifferential of gr. O
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4.2 Directional sparsity in time for the optimal control problem

The results of the last subsection will now be applied to derive sparsity properties of optimal controls
from the variational inequality (3.14). For directional sparsity in time, we use the convex continuous
functional

g(u) = g(ug,uz) := gr(ur) + gr(u) = gr(f1u) + gr(lou), (4.16)

where [; denotes the linear and continuous projection mapping /; : u = (uy,us) — u;, @ = 1,2,
from L*(0,T; L*(Q2))* to L' (0, T; L*(2)).

Since the convex functional gr is continuous on the whole space L' (0, T'; L*()), we obtain from the
sum and chain rules for subdifferentials (see, e.g., [18, Sect. 4.2.2, Thm. 1 and
Thm.2]) that

dg(u) = I} dgp(Iya) + I3 Ogp(Iu) = (1,0)" dgr(ur) + (0, 1) dgp(us),
with the identical mapping I € £(L(0,T; L*(£2))). Therefore, we have
Dg(w) = {0, Aa) € L0, 5 L2(Q) : A € dgn(us), i = 1,2}

The variational inequality (3.14) is equivalent to two independent variational inequalities for w; and o
that have to hold jointly, namely,

/ (=1 h(P) + kM +vW) (u—Tw)dedt > 0 Yue Cy, (4.17)
Q
/ (Eg"i‘fiXQ‘i‘VﬂQ) (u—Ty)dxdt > 0 Yue (s, (4.18)
Q

where the sets C}, i = 1, 2, are defined by
Ci={ue L¥Q) : y(x,t) <u(x,t) <u(xt)foraa (z,t) € Q},
and where )\;, i = 1,2, obey for almost every ¢ € (0, T') the conditions

if [[2;(+, )| r2(0) =0

)
Ail- 1) (ﬂi(',t) it {|@i(, )| 2@ #0 (4.19)

Applying Lemma [4.1] to each of the variational inequalities (4.17) and (4.18) separately, we arrive at
the following result:

Theorem 4.2. (Directional sparsity in time) Suppose that the general assumptions (F1)—(F4) and
(A1)~(A6) are fulfilled, and assume in addition that u,, u; are constants satisfying u, < 0 < u;, for
i = 1,2. Letu = (uy,us) be an optimal control of the problem (CP) with sparsity functional g
defined in (#16), and with associated state (11, 9,0) = 8(1) solving and adjoint state
P = (1,1, 13) solving 3.7)—@-11). Then, there are functions )\;, i = 1,2, that satisfy and
(@37)—(@.18). In addition, for almost every t € (0,T), we have that

[T ()2 =0 <= U1 0DAB( 1) 20 < K (4.20)
[T (5 )| L2 (e) = s )2 < K (4.21)
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Moreover, if E and Xl, Xz are given, then the optimal controls uy, uy are obtained from the projection
formulas

U (2,t) = Pu,@om@y) (—v ' (=0 (2, )@z, 1) + kX (z,1)))
U(r,t) = Punmey (—v " (Vs t) + kXa(z,1))), forae (z,t) € Q.

Remark 4.3. In the medical context, where the controls w4, us have the meaning of medications or
of nutrients supplied to the patients, it does not seem to be meaningful to allow for negative controls,
unfortunately.

It is to be expected that the support of optimal controls will shrink with increasing sparsity parameter
K. Although this can hardly be quantified or proved, it is useful to confirm that optimal controls vanish
for all sufficiently large values of k. We are going to derive a corresponding result now.

For this purpose, let us indicate for a while the dependence of optimal controls, optimal states, and
the associated adjoint states, on by an index . An inspection of the conditions (4.20) and/or (4.21)
reveals that 7 , = 0 holds true for all Kk > K1, if

K1 :=sup sup HELR(-,t)h(@H(-,t))\|Lz(Q) < o0, (4.22)
k>0 t€(0,T)

and Uy ,, = 0 holds true for all K > kg, if

Ko = sup sup [[Ug,(-, )] 120 < o0 (4.23)
k>0 t€(0,T)

These boundedness conditions hold simultaneously for £ > ko = max{k, k2}. The existence of
such a constant x will be confirmed next. In order to avoid an overloaded notation, we omit the index
K in the following.

First, we derive bounds for the adjoint state variables El , $3 (the function h(7p) is globally bounded by
(A2)). To this end, recall the global estimates (2.6)—(2.8) from Theorem 2.1, which have to be satisfied
by all possible states (1, i, o) corresponding to controls u € U,q. It follows that also the “right-hand
sides” 01(P — ¢g) and Ba2(@(1) — pq) are uniformly bounded, independently of «. It remains to
show that this implies the boundedness of all possible adjoint states.

To this end, recall that by virtue of (3.12), we know that ¢, € C°([0,7];V) and v, €
C°([0,T7]; H). Now indeed, a closer look at the proof of [10, Thm. 2.8] reveals that the bounds derived
there are in fact uniform with respect to the choice of u € U, 4. Therefore, there is some g > 0 such
that u, = O for every K > K. For the reader’s convenience, we now give some insight how such
bounds can be derived.

In the following, we argue formally, noting that in a rigorous proof the following arguments would have
to be carried out on a Faedo—Galerkin system approximating the weak form of the adjoint system

3.11) satisfied by the adjoint variables (1, Vs, 13) = (11,15, ¥5). The arguments are similar
to those in the proof of Lemma[2.4]

Indeed, we (formally) multiply (3-7) by — 30,1, B8) by 5, and (3.9) by 515, where § > Ois yet to
be specified. Then we add the three resulting equations, whence a cancellation of two terms occurs,
and integrate the result over Q' := Q x (¢,T), where t € [0, T). Using formal integration by parts
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and the endpoint conditions, we then obtain the identity
o [ 10F + SITTOIE + SIT0IE + ST
o[ (S0F 4 oV + | R
o [0 =+ x [ T, VT4 51 [ @ 00l - [ F@IP
v [ (Pr— A=W @I~ [ @~ o [ (Eh) + B

+0 | (PR + Xy)a (4.24)

Since F}" > 0, all of the terms on the left-hand side are nonnegative. Moreover, Young's inequality
implies that

_ _ 1 _ X2 _
Vo, Vo, <5 [ WP+ 5 [ R
Qt Q! Qt

Hence, invoking the known bounds for the state variables, and applying Young’s inequality appropri-
ately to the terms on the right-hand side, we obtain from (4.24) the estimate

_ _ _ 5 _
i [ 10 + éuwmnz +DI013 + 2703

/ VG, + / VT

< Gyt (14 0) /Q (B + [l + [P) (4.25)

with constants C'y, C5 that depend neither on U,4 nor on k.

Next observe that ¢, (T) = 0 and thus 1 || (¢)[|3 = — ft (011h,(s),4,(s)) ds. Hence, owing to
Young'’s inequality,

Lok < 2 ode s 2 [ e
S < 5 [ 0d + g [ (4.26)

Now we add (@.25) and (@.26) and choose d = X?. Using Gronwall’s lemma backward in time, it then
easily follows that, in particular,

1| ey + N1¥sllneormy < Cs,

where C3 > 0 is independent of both U,q and ~. Then,

10110(@) || L o.3m) + [ Vslloommy < (1 + Bl =) C3 =t Ko.

The asserted existence of the constant k is thus shown.

4.3 Spatial directional sparsity and full sparsity

Let us briefly sketch the other types of sparsity that are obtained from the choices ¢ = go and
g = gq, respectively.
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With the functional g, we obtain regions in €2 where the optimal controls are zero for a.e. t €
(0,T). The theory is analogous to that of directional sparsity in time: indeed, it is obtained by simply
interchanging the roles of ¢t and . For instance, instead of the equivalences (4.20), (4.21), one obtains
fora.e. x € () that

[@r(z, 2oy =0 = (Y1, )@z, )l 20m) <

[z, 20 =0 <= sz, )llr20m) < .

For the choice g = gq, the equivalence relations

= (@ Oh(B@, 1) < 5,
= [y, t)] <k,

can be deduced for almost every (x,t) € (). We refer to the discussion of the variational inequality
(4.8) in [3]. Therefore, the optimal controls vanish in certain spatio-temporal subsets of ().

Moreover, in this case a usually unexpected property of the function A€ g() is obtained: Xis
unique, that is, for an optimal control, the subdifferen_tial is a singleton; we again refer to [3]. This fact
can easily be explained. Consider, e.g., the function Ay € Jgq(TU2):

Thanks to (4.7), it holds that

- {1 i () >0
Ao(,1) _{ —1 i Ta(z,t) <0

Therefore, the only points, at which Xg(ﬂj,t) might not be uniquely determined, are those where
Us(x, t) vanishes. At these points, however, Ty (z,t) = 0 is away from the thresholds, and hence the
reduced gradient must be zero, i.e.,

0 = Us(z,t) + KAo(z,t) +1v- 0.

This implies that Ay (z,1) = —k~11b4(x, t) at these points. With a little more effort, finally the projec-
tion formula

_ 1—
Ao(@, 1) = Py (—E@/J:s(%t))
results. By similar reasoning, the identity

A(z,t) =Py (%El(x,t)h(ﬁ(x,t)))

can be derived.
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