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Well-posedness analysis of multicomponent
incompressible flow models

Dieter Bothe, Pierre-Etienne Druet

Abstract

In this paper, we extend our study of mass transport in multicomponent isothermal fluids to the
incompressible case. For a mixture, incompressibility is defined as the independence of average
volume on pressure, and a weighted sum of the partial mass densities of the species stays con-
stant. In this type of models, non solenoidal effects affect the velocity field in the Navier-Stokes
equations and, due to different specific volumes of the species, the pressure remains connected
to the densities by algebraic formula. By means of a change of variables in the transport problem,
we equivalently reformulate the PDE system as to eliminate positivity and incompressibility con-
straints affecting the density, and prove two type of results: the local-in—time well-posedness in
classes of strong solutions, and the global-in—time existence of solutions for initial data sufficiently
close to a smooth equilibrium solution.

1 Multicomponent diffusion in an incompressible fluid

In this paper we study the well-posedness analysis in classes of strong solutions of class-one mode/{]
of mass transport in isothermal, incompressible multicomponent fluids. This investigation is a direct
continuation of results obtained recently concerning the compressible case in [BDb], and the weak
solvability of the incompressible model in [Drui9]. Performing the incompressible limit (the low-Mach
number limit) in models for fluid mixtures and for multicomponent fluids is desirable both from the
practical and the theoretical viewpoint. On the one hand, fluid mixtures occurring in applications are
often incompressible, and the limit passage reduces the stiffness of the models by eliminating the
parameter which is practically infinite. On the other hand, the low-Mach number limit leads to a type of
incompressibility condition which has not yet been studied in the context of mathematical analysis for
fluid dynamical equations.

We are interested in the second type of issue, that is, the theoretical issues of unique solvability and
continuous dependence in classes of strong solutions for the underlying PDEs. The model class for
multicomponent transport in fluids here under study is the one proposed in [BD15], also applied to
mixtures with charged constituents in [DGM13]|, [DGM18]. Concerning the fundamentals of thermody-
namics for fluid mixtures, the reader is referred to these papers, or to the book [Gio99]. The model for
Mach-number zero (incompressibility constraint) is based on |. Muller’s definition of incompressibility
as invariance of the volume under pressure variations [Mi85], [GMR12]. More directly, we follow the
recent example of [DGM13] (formal limit), and the more general road map proposed in the Section 16
of [BD15]. In [BDa] we propose a derivation of the incompressible limit starting from a few postulates of
mathematical nature about the structure of the Helmholtz free energy. Similar concepts have been ex-
posed and discussed in a few research papers like [Mil66, JHH96, DNB ™ 15]. Incompressible mixtures

" Class-one is a terminology that we adopt from the paper [BD15] to describe the class of multicomponent flow models
with single common velocity and temperature. The concept goes back to the work of C. Hutter.
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D. Bothe, P-E. Druet 2

are also conceptualised in the book [PS14]. The corner stone of these works is that incompressibility
for a multicomponent system means the invariance of average volume under pressure variations. For

a fluid mixture of NV > 2 chemical species A1, ..., Ay, it assumes the form of a volume constraint
N
Y V=1, (1)
i=1
where Vi, ..., Vy > 0 are partial specific volumes of the molecules at reference temperature and

pressure. The relation generalises the assumption of a constant mass density considered in other an-
alytical investigations, a. o. [CJ15], [MT15], [HMPW17], [BP17]. In the present paper we are interested
only in the general case that at least two indices exist such that I_/Z-l # ViQ or, in vectorial notation, that
V#MNforall A € R,where V = (V}, Va,...,Vy)and 1V = (1, 1,...,1) € RV,

Bulk. The convective and diffusive mass transport of these species and the momentum balance are
described by the partial differential equations

Opi + div(piv + JY) =, fori=1,...,N, (2)

N
O(ov) +div(ov®@v —S(Vv)) + Vp = Zpi b(z, t). (3)

i=1

The physical system is assumed isothermal with absolute temperature # > 0. The partial mass den-
sities of the species are denoted p1, ..., py. Throughout the paper we shall use the abbreviation
0= vazl p; for the total mass density. The barycentric velocity of the fluid is called v and the ther-
modynamic pressure p. In the Navier-Stokes equations, S(Vv) denotes the viscous stress tensor,
which we assume for simplicity of Newtonian form. The vector fields b', . .., b are the external body
forces. The diffusions fluxes J', ..., JV, that are defined to be the non-convective part of the mass
fluxes, must satisfy by definition the necessary side-condition Zf\il J* = 0. A thermodynamic consis-
tent Fick—Onsager closure respecting this constraint is assumed. This approach is described in great
generality among others by [BD15], [DGM18] following older ideas by [MR59], [dM63]. The diffusions
fluxes J*, ..., JN obey

N
j=1
The Onsager matrix M (p1, ..., pn) is a symmetric, positive semi-definite N x N matrix for every
(p1,...,pN) € Rf. In all known linear closure approaches, this matrix satisfies
N
ZMz,j(ph7PN>:Of°ra”(p177pN)€Rf (5)

i=1

One possibility to compute the special form of M is for instance to invert the Maxwell-Stefan balance
equations. For the mathematical treatment of this algebraic system, the reader can consult [Gio99],
[Bot1], [JS13], [HMPW17], [MT15]. Or M is constructed directly in the form PT M, P, where M, is a
given matrix of full rank, and P is a projector guaranteeing that (5) is valid. The paper [BDc] establishes
equivalence relations between the Fick—Onsager and the Maxwell-Stefan constitutive approaches,
proposing moreover a novel unifying approach to close the diffusion model.

The quantities u1, . .., ux are the chemical potentials from which the thermodynamic driving forces
for the diffusion phenomena are inferred. For an incompressible system, they are related to the mass
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Multicomponent incompressible flow models 3

densities py, ..., py and to the pressure via

/’LZ:‘Zp—i_aplk(ea plaapN) (6)

Here the function k denotes the the positively homogeneous part of the free energy, which is indepen-
dent of thermodynamical pressure. A typical choice discussed in [BD15] is

N N
kO, p) => ufpi+kp0 > nilny, 7)

i=1 i=1
where n; = pi/mi are the number densities with the molecular masses my,...,my > 0, y; =

N .
ni/ > ;_, n; are the number fractions, and /"

i are reference values of the chemical potentials. For
the mathematical theory in this paper, more general structures in will however be admitted. The
isothermal Gibbs-Duhem equation: dp = Zf\il p; dp; defines the intrinsic relationship between (1),
(6), and the pressure field. The paper [BDa] shows that the relation (6) indeed occurs in the limit case

when the bulk free energy density of the system adopts the singular form

k}(g, /0) if le\il ini =1,
+00 otherwise. '

o = h>(0, p) :== { 8)

The relation (6) is an equivalent expression of ;1 € Oh* (6, p), where O denote the subdifferential of
the convex function A>°(0, -), and the function p = —h>(0, p) + Zf\il pi [4; can be understood as
a ’Lagrange multiplier’ associated with the constraint (T).

We notice that, multiplying the equations (2) with the constants V; and summing up, the local change
of volume is described by the equation

N N
divv:—div(Z‘_/iJi)+Z‘_/iri. (9)
i=1 i=1

Effects like diffusion and chemical reactions will induce a local change in the molecular composition,
implying a net local change of the volume, independent of a mechanical compression or expansion.

Concerning the presence of reaction terms in (2), we have to mention in respect with the compressible
systems considered in [BDb] a subtle difference of the incompressible models. For the compressible
case, the reactions densities 7; in (2) are allowed to be general functions r; = ri(pl, cee pN), without
influencing qualitatively the well-posedness results or the mathematical methods. This is different in
the incompressible case. At first, the restriction implies that © does not depend on p only, so
that the structure » = r(p) does not comply with standard thermodynamically consistent reaction
terms. At second, the ’elliptic equation’ (9) defines a differential operator acting on a certain relative
chemical potential (variable (, details below). This elliptic operator is linear for the pure diffusion case,
but turns to non-linear in the presence of reactions of the general form = r(u). In this paper, we
treat incompressible multicomponent diffusion in itself. We shall address the specific problems raised
by chemical reactions in further research. Thus, allowing — as we shall do — for certain source terms
r = r(p) in () means a bit more mathematical generality, but it remains clear that realistic models of
chemical reactions require non trivial modifications of the methods used here.

As to the stress tensor S we shall restrict for simplicity to the standard Newtonian form with constant
coefficients. We, however, present methods which are sufficient to extend the results to the case of
density and composition dependent viscosity coefficients.
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D. Bothe, P-E. Druet 4

Boundary and initial conditions. We investigate the problem (2), (3) in a cylindrical domain Q7 :=
(1x]0, T[ where T is a finite time and 2 C R* a bounded domain. It is possible to treat the case
Q) C R? for general d > 2 with similar methods. We consider initial conditions

pi(z, 0) = pl(z)forz € Q,i=1,...,N, (10)
vj(x, O)ZU?(iﬁ)fOFZBGQ,j:l,Q,?). (11)

For simplicity, we consider the linear homogeneous boundary conditions

v=_00n Sy :=00x]0,T7], (12)
v-J'=0onSpfori=1,....,N. (13)

As a matter of fact, these simplifying choices oblige us to make a further restriction. To see this, we
recall the relation (9), that we integrate over (2. If there is no mass flux through the boundary, we see
that [, SN, Viri(x, t) de = 0. This condition cannot be enforced for a general 7 = 7(p), unless
we assume that r takes values in {V}L. Recalling that realistic models for chemical reactions are to

be treated in an upcoming paper, we here restrict to the case that (p) - V' = 0 for all p.

2 State of the art and our main result

2.1 A review of prior investigations and our method

Up to few exceptions, models for incompressible multicomponent fluids have not been investigated in
mathematical analysis. For a mathematical treatment in the case of the constraint ¢ = const, which
corresponds to choosing V; = ... = Vy in (1), the reader might consult the papers [CJ15] and
[MT15] (global weak solution analysis) and [HMPW17], and [BP17] (local-in—-time weII—posedness)E]
From the viewpoint of the mathematical structure, the case ¢ = const exhibits profoundly different
features than the general relation (1). The principal difference is that (4), (5) and (6) imply the decou-
pling of the pressure and of the diffusion fluxes. The Navier-Stokes equations reduce to their single
component solenoidal variant and can be solved independently. Of course, this does not mean that
o = const cannot be a good approximation under special circumstances. In [BS16] for instance,
a class of multicomponent mixtures has been introduced for which the use of the incompressible
Navier-Stokes equation is realistic: Incompressibility is assumed for the solvent only, and diffusion is
considered against the solvent velocity. See also the discussion in the paragraph 4.8 of [PS14] on
incompressible mixtures.

In the case that V' is not parallel to 17, implies that the pressure affects the diffusion fluxes via the
chemical potentials. A corollary of this fact is that if we multiply the equations (2) with the constants V;
and sum up, we obtain (9) for the local change of volume. Moreover,

(a) the viscous stress tensor does not simplify to the symmetric velocity gradient;
(b) the total mass density is calculated from the continuity equation ;0 + div(pv) = 0;

(c) the pressure remains partly connected to the other variables by an algebraic formula.

2In the latter paper the phase change liquid/gas is actually in the focus. All references are based on the equivalent
Maxwell-Stefan structure for the diffusion fluxes, rather than the Fick-Onsager one.
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Multicomponent incompressible flow models 5

Our main method to approach the PDE problem is a switch of variables in the transport problem as
already applied in [BDb]. Instead of the original variables (p1, ..., pn) and (p, v, vg, v3), we re-
gard N — 1 linear combinations of the chemical potentials (f1, . .., i), the mass density ¢ and
the velocity field as main variables. After the transformation we obtain for the new free variables
(0, q1,---,qn—2, C, V1, U2, v3) — instead of (@), (3) — the equations (here without external forcing
and chemical reactions)

i Ri.(0, q) + div(Ri(0, 9)v — M0, q) Vae — Ai(o, ¢) V) =0fork=1,...,N — 2,
div(v — A(e, q) - Vg —d(e, ¢) V() =
dr0 + div(ov) =
O (ov) +div(ov @ v —S(Vv)) + VP(p, q) + V( = 0.

The nonlinear field R and the function P, the vector field A, the positive matrix M and the positive
coefficient function d will be constructed below, combining certain linear projection operators with the
inverse map for the algebraic equations pu = Vp+ Vpk:(,o). We are then faced with a nonlinear
PDE system of mixed parabolic—elliptic—hyperbolic type. All variables are unconstrained, but for the
restriction omin < 0 < Omax ON the total mass density. Here, the constants 0 < gmin < Omax < +00
are the thresholds of the total mass for states p1, . . ., pn that satisfy the constraint (1):

N N
_ 1

min = Mi i+ pi >0, Vi=1} = =,

0 mln{;p p ;p R —

N N
_ 1
max ‘= i+ pi =0, Vi=1lp =———=.
Oma max{;p p ;p . T

Comparing with the paper [BDb] on compressible class-one models based on a similar reformulation,
we see that the incompressible limit corresponds structurally to the case that one of the relative chem-
ical potentials is subject to an elliptic — instead of a parabolic — equation, and the total mass density is
confined to a bounded interval.

For an overview of possible methods to study the transformed PDE system, we refer to our study
[BDDb]. We shall follow here the same principal road map, but profound transformations are necessary
to deal with the constraint on g, since it implies that the nonlinear functions occurring in the transformed
system possess singularities for dist(g, {0min, Omax}) — 0. The solution operator to the continuity
equation, however, does not 'see’ these thresholds, which is the source of additional problems when
we attempt to linearise. Moreover, we must construct a solution operator for the parabolic—elliptic sub-
system of general form for (g, ¢), while the reduced transport problem in [BDb] was purely parabolic.
Nontrivial extensions of the method are therefore necessary to deal with the incompressible case.

We shall study the problem in the class proposed in the paper [Sol80] for Navier-Stokes: ngl with
p larger than the space dimension for the components of the velocity and Wplolo for the density. For
the variable q1, . . . , gnv_2, We also choose the parabolic setting of W]?’l. For the elliptic component (,
we choose the state space WPQ’O. In these classes, we are able to prove the local existence for strong
solutions. In general, we obtain only a short-time well-posedness result, and boundedness in the
state space is not sufficient to guarantee that the solution can be extended to a larger time interval.
This is due to the constraint onmin < 0 < Omax: A strong solution with bounded state space norm
might break down if the density reaches the thresholds. However, it is to note that for choices of the
tensor M reflecting the physically expected behaviour that, in the dilute limit, a diffusion flux is linearly
proportional with the mass density of the vanishing species, we are able to show that a sufficiently
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D. Bothe, P-E. Druet 6

smooth solution (p > 5) bounded in the state space cannot reach the critical values in finite time.
Thus, a kind of maximum principle is available for the system.

We shall also prove the global existence under the condition that the initial data are sufficiently near to
an equilibrium (stationary) solution. However, since this result relies on stability estimates in the state
space, we need to assume higher regularity of the initial data in order to obtain some stability from the
continuity equation. Therefore, these solutions exist on arbitrary large time intervals, but do not enjoy
the extension property. We shall not make use of the Lagrangian coordinates but employ the approach
of controlled growth in time of the solution by means of a priori estimates.

Let us finally mention also the paper [ELM16], devoted to binary mixtures. Starting from different
modelling principles in the spirit of [JHH96]|, the authors derive for N = 2 a similar PDE system. The
variable g does not occur, and the coefficient d is assumed constant. The authors prove for this system
the global existence of weak solutions if the singularity of P (o) at the thresholds is sufficiently strong.

The weak solution analysis for the general system is considered in the paper [Drui9].

2.2 Main results

We denote Q = Qr = Qx]0, T'[ with a bounded domain 2 C R? and 7' > 0 a finite time. We use
the standard Sobolev spaces W"?(Q2) form € Nand 1 < p < 400, and the Sobolev-Slobodecki
spaces W3 (Q) for s > 0 non-integer. If € is a domain of class C?, the spaces I (99) are well
defined for 0 < s < 2.

With a further index 1 < r < +o00, we use the parabolic Lebesgue spaces LP"((Q)) (space index
first: LP(Q) = LPP(Q)). For{ =1, 2,...and 1 < p < 400 we introduce the parabolic Sobolev
spaces

W24Q) :=={u € LP(Q) : D/D2u € LP(Q)V 1 < 2B+ |a| < 2¢},
lullyzeeg = D 1D/ Dsullir)

0<2 B+|al<2¢
and, with a further index 1 < r < oo, the spaces

Wy (Q) =W Q) :={u e LP"(Q) = Y DiDjuclP(Q)},

0<B+|al<e
Jullyee gy = 1D D&ul| o) -
pir(Q)

0<B+|al<t

In these notations, the space integrability index always comes first. For r = +00, W]fﬁo(Q) denotes
the closure of C*¢ (@) with respect to the norm above and, thus,

WEL(Q ={ue Ir(Q) - > D Djue C(0.T]; Q).
0<pB+|al<1

We also encounter, for { = 1,2and 1 < p < 400,

W(Q) :=={u e L?(Q) : Z Diu e LP(Q)},

0<|al<t

lullweoq) = 1Dz ull (@) -
» (@)

0< o<t
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Multicomponent incompressible flow models 7

We denote C(Q) = C*°(Q)) the space of continuous functions over @ and, for o, 3 € [0, 1], we
define the spaces of Holder continuous functions via

C*2(@Q) i={u € CQ) + [Wlowng) < +o0}

u(t, ) —ult, y u(t, ) —u(s, x
o= p DDt ) 0]
tel0, T, z,yeN |ZL’ - yl z€Q, t,5€[0,T] ’t - S|

Some brief remarks on notation:

(1) All Holder continuity properties are global. For the sake of notation we identify C’O"ﬁ(Q) with
Oa,ﬁ(@)_

(2) Whenever confusion is impossible, we shall also employ for a function f of the variables x € {2
and t > 0 the notations f, = V f for the spatial gradient, and f; for the time derivative.

(3) For R, ]Tj etc. which are functions of ¢ and g, the derivatives are denoted by 17, Mq etc.

Due to (5), the matrix M (p) possesses only N — 1 positive eigenvalues that moreover might de-
generate for vanishing species. The orthogonal projection on the N — 1 dimensional linear space
span{1V}+ in RY is defined via

1
Panye RY — {1N}J', Panye = ldgy — N V@1V,

The vector V' occurring in defines another singular direction in the model preventing parabolicity.
We denote by Py~ 3. the orthogonal projection onto the N — 2 dim. space {1V, V1L We also
introduce the notations

RY ={p="(p1,....,pn) €RY : p;>0fori=1,...,N},

R, ::{p:(pl,...,pN)E]Rf s pi>0fori=1,... N},

N
Sl :{p:(p17,pN)€Rf : szzl}’ (14)
i=1

N
Sy ={p=1(p1,....pn) ERY : Y Vip;=1}.
=1
The surface Sy is the domain of existence for the incompressible state. It is readily seen that p € Sy
implies for the variable p := ZZ]\LI pi the inequalities

1 1
Omin = ——= < 0 < Omax = —, — forall p € Sy . (15)
max;—i_ NV min;—;_nyVj

Our first main result is devoted to the short-time existence of a strong solution. (In order to avoid
notational confusion with the pressure field, the integrability index is called s in the next statements.)

Theorem 2.1. Wefixs > 3 andT’ > 0 and assume that

(a) Q C R? is a bounded domain of class C?;

() M : RY — RN js a mapping of class C*(RY; RN*N) into the positive semi-definite matri-
ces of rank N — 1 with constant kernel 1V = {1,...,1};
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D. Bothe, P-E. Druet 8

) k : RY — Ris of class C3(RY), positively homogeneous, convex in its domain RY, and
liminf,, 1o |V,k(y™)| = 400 for all sequences {y™} C S approaching the relative bound-
ary of St;

(d) r: RY — RN is a mapping of class C'' (RY) into the orthogonal complement of span{1", V};

(e) The external forcing b satisfies Pyyvy b € WHO(Qr; RN*3) andb—Pyvye b € L5(Qr; RV,
For simplicity, we assume v(z) - Pyyny1 b(w, t) = 0 forw € 92 and A1 —almost allt €]0, T'.

(f) The initial data p(l), e p?\, Q= Sy are positive measurable functions satisfying the following
conditions:

W The initial total mass density 0y == S~ | p? is of class W™*(€2);

_2
W The vector defined via e® := 0,k (0, pY, ... pY) satisfies Pyyn . €” € WoH (Q; RY);
3
B The compatibility condition v(x) - Py~ 7y Ve (z) = 0 is valid in W, ® (0Q; RYN) in the
sense of traces;

3
s

2 _
(9) The initial velocity v° belongs to W. (; R3) withv® = 0 in W’ (09; R3).

Then, there exists T* € (0, T'] such that the problem (), (3) with closure relations (@), (6), incom-
pressibility constraint (1) and boundary conditions (10), (11), (12), possesses a unique solution
(p, p, v) of class

P € Wsl(QT*; S‘_/)a D € Wslyo(QT*L v E Wsz’l(QT*; RS)a

such that ju := pV +0,k(0, p) satisties Pyyvy. i € W2 (Qp+; RY). The solution can be uniquely
extended to a larger time interval whenever the two following conditions are fulfilled:

(i) Omin < inf{o(x, t) : 2 €Q,t €0, T*[}and sup{o(z, t) : * € Q, t € [0, T*[} < Omax;

(i) There is o« > 0 such that the quantity

t
||7D{1N,V}J-M||Cav%(Qt)+”VP{IN,V}J-/LHL‘”’S(QO—’_||U||L“’S(Qt)+/ [Vo(7)]ce(e) dT < o0
0

stays finite ast ,/* T*. Here z = z(s) is defined via z = 25 for3 < s < 5, z > 1 arbitrary for
s=5andz=1ifs > 5.

It is to note that the possibility to extend the solution is not — like in the compressible case — reducible
to the smoothness criterion (ii). If (i) is failing, even a smooth solution can break down if its total mass
density reaches the critical values {gmin, gmax}. This singularity plays an important role also in the
context of the weak solution analysis (see [Dru19])). However, we provide an important complement for
physically motivated choices of the mobility matrix M/ and of the function k. Here the boundedness in
the natural state space norm is sufficient to guarantee the extension property.

Theorem 2.2. In the situation of Theorem[2.1| we assume, in addition, that s > 5 and that k is the
function defined in (7). We define a matrix B; ;(p) = M, j(p)/p; fori,j = 1,..., N, and we

—N
assume that there is a continuous function C' = C(|p|), bounded on compact subsets of R, \ {0},

such that

|B;.j(p)| + pr 10, Bij(p)| < C(lo|) foralli, j, ke {l,...,N} andall p € Rf.

DOI 10.20347/WIAS.PREPRINT.2720 Berlin 2020



Multicomponent incompressible flow models 9

Then the strong solution of Theorem|2.1| can be extended beyond T* whenever

tl}fcrpl HP{1N,V}LMHW31(Qt;RN) + [Py MHWE’O(Qt;RN) + ”UHWEJ(Qt;RB) < +oo.

Our second main result concerns global existence under suitable restrictions on the data. An equilib-

rium solution for @), (3) is defined as a vector (pi%, ..., pX, P, vi", vg?, v5Y) of functions defined

in {2 such that
P e WH(Q; Sp), p e WH(Q), v® e W (Q; RY),

the vector 1i°@ := p*@V + V,k(0, p*) satisfies Pyynyo p® € W25(Q; RY) and the relations

N
div(pi* v — Z M; ;(p*) (Vs =V (2))) =0fori =1,...,N  (16)
j=1
and
N
div(0®*v® @ v® — S(Vo®)) + Vp* = Z P b () (17)

i=1

are valid in 2. The boundary conditions are
v* = 0and v(x) - M; ;(p*) (Vis? — b/ (z)) = 0 on 9.

We show that the problem (2), possesses a unique strong solution on an arbitrary large, but finite
time interval if the distance of the initial data to an equilibrium solution is sufficiently small, and if both
initial conditions and equilibrium solution are smooth enough.

Theorem 2.3. We adopt the assumptions of Theorem but assume moreover thatr = 0 and b =
b(z) does not depend on time with b € W15(Q; RY>*3). In addition, we assume that an equilibrium
solution (p®, p®, v®) € WL5(Q; Sp) x Whs(Q) x W5(Q; R3) is given. The associated total
mass 09 := Zf\il pi? and the velcocity possess the additional regulartiy 0° € W?%*(§)) and v €
W35(8); R3). Assume that the initial data satisfies 0° € W?*(Q) andv°® € W?5(Q; R3). Then, for
every 0 < T < 400, there exists R, > 0, depending on ' and all data in their respective norms,
such that under the condition

Ry

IPpn, vy (€7 = p)ll e A R L

52 2 <
s s S(Q;Rd)

W S (;RN

the problem (2), (3) with incompressibility constraint (1), closure relations (4), (6) and the initial and
boundary conditions (10), (11), (12), possesses a global unique solution of the same class as in
Theorem[2l

2.3 Road map

In sections (3| and |4| we show how to reformulate the original system such that it becomes easier to
tackle via functional analytic methods. The functional setting is discussed in section [ In section[6 we
introduce two ways to linearise the PDE system and reformulate the initial-boundary—value problem as
a fixed point problem in the state space. Both fixed point equations exploit the parabolic substructure
for the variables (¢, v) and treat the linear equations for ({, o) as side conditions. In the first method,
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used to prove the short-time well posedness, all lower—order nonlinearities are frozen. For the proof
of Theorem [2.3|on small perturbations, a somewhat more elaborated linearisation principle is used in
order to exhibit some stability estimates.

The estimates for the linearised principal part of the system are presented in section |/ Here we
can rely partly on our work in [BDb] for the compressible system, but have to discuss the additional
problems caused by the presence of an elliptic equation and of a density constraint in the continuity
equation. Section [8]shows the self mapping estimate for the first fixed point equation, which yields the
well posedness result in section [9] The extension criteria proved for the solution in the same section
[9 deserve attention in their own right. The proof of the global well-posedness result for small data, or
rather small perturbations, is given in section[10] Finally, some reminder, tools, and purely technical
statements are compiled in the Appendix.

3 The singular free energy function and its conjugate

In comparison to the analysis of compressible models in [BDb], a main specificity of the incompressible
model concerns the bulk free energy density and the definition () of the chemical potentials. With
k- Rf — R given, we introduce a bulk free energy density defined for p € Rf of the form

h=(p) = {k(m it 3, i Vi=1,

+o0o  otherwise.

The function h>° is singular, but the subdifferential 0h>° is non-empty for every p satisfying the incom-
pressiblity constraint Zf\il Pi \7, = 1. If the function k is continuously differentiable, it can be shown
that 1 € Oh™(p) if and only if there exists p € R such that y; = p V; + 9,,k(p) fori = 1,..., N. It
can easily be verified that the number p can be characterised as follows:

p=sup{p-p—h (p)} = sup {w-p—k(p)} = (r)" (1),

N _
p€R+ P€R$>ZZN=1 pi Vi=1

where (h*°)* is the convex conjugate of h>°. For systematic discussions and a proof of these elemen-
tary statements, we refer to [BDal.

Our approach essentially relies on the properties of the dual free energy function f := (h*)* on RN,
We shall recall three statements of the paper [BDa]. Proofs are provided in the Appendix, Section [A|
for the reader’s convenience. In the special case that the gradient of k& is explicitly invertible on S}
(see (14)), the statements can also be proved by direct algebraic computations yielding in many cases
explicit formulae; see the Section 4 in [Drui9)] for a complete characterisation of the example (7).

Lemma 3.1. We assume that k : Rf — R is a positively homogeneous convex function of class
C3 (Rf ). We moreover assume that the restriction of k to the surface S is essentially smooth, mean-
ing that |V ,k(y™)| — +oo for sequences {y™ }men C Si such that min;—y, yy* — 0 as
m — +oo. For u € RY, we define f(u) := Sup, s, {4t - p — k(p)}. Then the function f belongs
to C3(RY), and V,, f maps onto Sy .

Lemma 3.2. We adopt the same assumptions as in Lemma|[3.1l Then

(1) flu+sV)=f(u)+sand V,f(u+sV)=V,f(u) forallp € RN and all s € R;

(2) The Hessian D? f(11) is positive semi-definite for all ;1 € RN, with ker(D? f (1)) = span{V'};
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Multicomponent incompressible flow models 11

The next Lemma is a main tool for our reformulation of the PDE system.

Lemma 3.3. We adopt the assumptions of Lemma Ifi € RN, p € Sy and p are related via (6),
thenp = f(u) andp =V, f(1).

4 Change of variables for the incompressible model

We propose a reformulation of the equations (2), (3) subject to the constitutive equations (4), (6) and
to the volume constraint in order to eliminate the positivity constraints on p, the singularity due
to M 1V = 0 (cf. (), and the singularity direction due to the incompressibility (T) — equivalently,
the fact that the function f, interpreted as the dual of the free energy, is affine in the direction of
V (D?fV = 0, Lemmal[3.2). Like in the investigations in [DDGG17], [BDb], [Dru9], the idea is to
invert the algebraic relations (6) for 1, p, p and to combine this procedure with appropriate linear
projections.

4.1 General ideas

We choose a basis of RV: {¢1, ... ¢VN=2 ¢N=1 NV with ¢V = 1V and ¢€V~1 = V. We then

choose 7',..., 7" to be the dual basis, i. e. & - 7/ = &} fori,j = 1,..., N. We define variables
q',...,¢"%and ( via
N
qg::ng-u::an,uiforézl,...,N—Q, (18)
=1
N
C(=anvon) =™ =Y 0 (19)
=1

For p € RY such that SN p; Vi = 1, we want to invert the relation ; = Vip + 0,,k(p) for
i =1,..., N. We exploit the result of Lemma [3.3]saying that (6) implies p; = ., f (11, - - - , ) for

t=1,..., N.The vector  is then decomposed according to
N—2
p= ¢ &+ Vgt 1y
=1

into its projection onto {1V}, expressed by the variables ¢ and ¢, and its projection on span{1%}.

Next, the last coordinate ;. - n”" is eliminated using the equation

N N-2
0= pi=1" Vuf(u,oonn) =1V -V f Qe + ¢V A+ (™) 1Y)
i=1 =1

The gradient Vuf is invariant in the direction V' (cf. Lemma and, therefore, the variable ( decou-
ples from the latter equation, that now reads

N-2

0= 1NV f O @t + (p-n™M 1Y) =0.
(=1
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D. Bothe, P-E. Druet 12

This representation is an algebraic equation F'(z-n™, q1,...,qn_2, 0) = 0. In view of Lemma
note that 9,.,v F'(1e - 0™, qu, ..., qn-2, 0) = =D?f(u)1 - 1V < 0, due the fact that 1" is not
parallel to V. Thus, the last component ;.- " is defined implicitly as a differentiable function of ¢ and
g. We call this function .# and obtain the equivalent formulation

N—2
M= QEgé—l_C‘_/—'—%(gaQh--'aQN—Z)le
(=1
N-2
p=VufO a&+.# (0 q...,av-2)1") = % (0, q), (20)
(=1
where only the total mass density o and the relative chemical potentials q1, . .., qn_2 and ¢ occur

as free variables. Note, moreover, that ¢ and p decouple. Similarly, we obtain a representation of the
pressure as

N—

Zq€€é+<‘7+%<g7 Q17'--7QN—2) 1N)

l\)

26\
lo)—‘

=f( QZSZ"‘%(@ s an—2) 1Y)+ ¢ = P(o, ) +¢.
=1

N

All this is summarised in the following Lemma, the proof of which is direct in view of the Lemmas [3.1]

and

Lemma 4.1. We adopt the assumptions of Theorem for the function k. Let I :]Qmin, gmax[
With Omin = min—; _x 1/V; and gmax = max;—1__n 1/Vi. Then there exist a function ./ €
C*(I x RN=2) and a field Z# € C*(I x RN~2; Sy) such that the equations p = V. f (1) are valid
ifand only if there are o € I, ¢ € RN~2 and € R such that

N N—-2
S pi=0p=%0 09, p=Y ¢&+V+.o )1V =plo q ).
i=1 Jj=1

If, moreover, ;1 =V p + 0,k(p) thenp = P(o, q) + ¢ with P € C*(I x RN~2) defined by 21).

In order to deal with the right-hand side (external forcing), we define in the same spirit:

b (z, t) - Zblxtnzforﬁ—l LN =2
i=1
N

N
=S W@ b ) =Y b
=1

=1

This allows to express
N —
Z z, ) E + bz, )V + bz, t)fori=1,...,N.
For the reaction terms, we define 74(0, q) := S~ € (% (0, q)) for{ = 1,...,N — 2.

DOI 10.20347/WIAS.PREPRINT.2720 Berlin 2020



Multicomponent incompressible flow models 13

4.2 Reformulation of the partial differential equations and of the main theorem

The relation (5) and the equivalence of Lemma[4.1] show that

Z g1, on) (Vg =)

N—-2

Mij(prs-- on) | D& (Vg =)+ Vi (V¢ = b) + (Vo (o, q) — D)

(=1

Il
|
R

N-2 N N
Zsz Pl»---aPN)f VQE_bK ZMZ] pl?aPN)‘/;(vC_b)
(=1 j=1 j=1
If we introduce the rectangular projection matrix 11, , = ff for{=1,...,N—2andj=1,..., N,

thenJ = —MII(Vqg—b) — MV (V¢ — I;). Thus, we consider equivalently

Oip + div(pv — MIL (Vg —b) — MV (V( - b)) =
(o) +div(ev®v —S(Vv)) + VP(0, ) + V(=p-b.

In the latter system, we have p = % (o, q) and (9, q1, - . .,qn—_2,(, v1, V2, v3) are the independent
variables. Next, we define for k = 1,..., N — 2 the maps

N
@)=Y &p=1"p
7j=1
N N-2
=> "&£, al + Mo, qr, . av—) 1Y)
j=1 =1

Multiplying the mass transfer equations with ff, we obtain that

Ry (0, q) + div (Rk(é% q)v— [HT M(p) U]ge (Ve — Z?E) - [HT M(p) V]k (V¢ - B)) =T.
It can be checked easily that the matrix IIT M (p) IT € RW=2x(N=2) js symmetric and strictly positive
definite on all states p € S§. The Jacobian

7T D2F1N @ IIT D2F1N

1T N2
R,=T"D*fII — DIV 1 ,

of size (N —2) x (N — 2) is also strictly positive definite. Indeed, vectors of the form ITa in R" with
nonzero a € R™~2 can by construction never belong to span{1", V'}. We next multiply the mass
balance equations with V;. Making use of the constraint (1) yields

div(v — V- M(p)IL(Vg—=b) =V - M(p)V(VC=b) =V -r=0,

where we use the additional assumption that r maps into {V'}. Using that p = % (0, q), we define

—~

M(e, q) :=11" M(%(0, q)) 1T € RWV-2X(V=2) (22)
Ao, q) :=11" M(%(0, q))V € RV 2, (23)
d(o, q) ==V - M(%(0, q)) V. (24)
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Overall, we get for the variables (o, q1, . ..,qn—2, ¢, v) —instead of 2), (3) — the equations

0.R(0, q) + div(R(o, ¢)v — M(o, q) Vg — Alo, q) V() =

7(o, q) — div(M(o, q) b+ Ale, 9)b), (25)
div(v — A(e, q) - Vg — d(o, q) V) = —div(A(g, q) - b+ d(o, q) D), (26)
0o + div(pov) =0, (27)
O (ov) +div(ev ®@v —S(Vv)) + VP(p, q) + V( =
R(o, q) - b(z, t) + b(z, t) + ob(z, t). (28)

The problem (P’) consisting of (25), (26), and for the variables (o, ¢, ¢, v) might seem to
exhibit more nonlinearities than the original problem for p, p and v. However, it has the advantage
that — up to the restriction on the total mass density omin < 0 < Omax — it is completely free of
constraints. Furthermore, the differential operator is linear in the variable ¢, which occurs only under
spatial differentiation.

Our first aim is now to show that, at least locally in time, the system (25), (26), and for the
variables (¢, q1, .. .,qn_2, ¢, v) is well posed. We consider initial conditions

q(z, 0) = qo(z), o(x, 0) = 0o(z) ,v(x, 0) = vo(x) forx € ). (29)

Due to the preliminary considerations in section prescribing these variables is completely equiv-
alent to prescribing initial values for the mass densities p; and the velocity. It suffices to define
@ =n"-0k(p°) fork=1,...,.N —2.

For simplicity, we consider the linear homogeneous boundary conditions

v=0o0nSr, (30)
v-V¢, v-Vg=0onSpfork=1,...,N —2. (31)

The conditions and are equivalent, because we assume throughout that the given forcing b
satisfies v/(z) - Pyvys b(w, t) = 0 for z € JQ (see assumption (€) in the statement of Theorem

2.1).

Under the assumptions of Theorem for the function k£, the coefficient functions R, ZT/[/, A, d and
P are of class C? in the domain of definitions I x RY~2 as shown in the Lemma[4.1] We reformulate
the Theorem for the new variables. Since the thermodynamic pressure does not occur explicitly
as a variable, we now switch to denoting p > 3 the integrability exponent (denoted s in the statement

2.1).

Theorem 4.2. Assume that the coefficient functions R, M , A, d and P are of class C?, and 7 is of
class C'' in the domain of definition I x R™N~2. Let Q) be a bounded domain with boundary OS2 of
class C2. Suppose that, for some p > 3, the initial data are of class

_2 _2
@ € W, 7 (0 RY-2), gy € WIP(Q), o° € W, 7(Q; R%),

satisfying omin < 0°() < Omax in 2 and the compatibility conditions v(x)-V¢° (x) = 0 andv°(x) =
0 on 0S). Assume thatb € W20(Qp; R&=23) b € W20(Qr; R®) and b € LP(Qr; R®). Then
there is 0 < T™ < T, depending only on these data, such that the problem (25), (26), and

with boundary conditions (29), and is uniquely solvable in the class

(¢, ¢, 0,v) € WE’I(QT*; RY72) x WE’O(QT*) X Wpl,’olo(QT*; Sy) x W;’I(QT*; R?).
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The solution can be uniquely extended within this class to a larger time interval whenever at least one
of the following holds:

(1) p > 5 and the state space norm stays finite ast ' T™;
(2) The two following conditions are valid ast /T

B onin < Q(x, t) < Omax forallxz € ﬁ;

t ,
B lqllgeg g, + IVdllLor@o + [0llerr@n + Jo[VU(T)lee(@ dr < 400, with a > 0
and z = z(p) defined by Theorem|[2.1]

5 Functional analytic approach

For functions q1, . . ., qn—2, ¢, 0 and vy, vy, vs defined in Q x [0, T, we introduce

A (q, ¢, 0,v) =((q, ¢, 0, v), ¥*(q, ¢, 0, v), F*(0, v), #(q, ¢, 0, v)),
(g, ¢, 0, v) :==0;R(0, q) + div(R(o, q) v)
—div(M(e, 4) (Vg — b(x, ) + Ale, ¢) (V¢ = b)) — (0, q) ,
*(q, ¢, 0, v) =div(v — d(g, q) (V¢ = b) — Ao, q) - (Vg — D)),
(0, v) =00+ div(ov)
*(q, ¢, 0, v) =0 (0w + (v- V)v) — divS(Vv) + VP(g, q) + V(
— R(p, q)-l;—l;—QZ;.

Recall that b, b and b are given coefficients.

To get rid of the highest-order coupling in the time derivative of g, we shall employ the same approach
as in [BDDb], which is sketched below. Consider a solution u = (g, (, g, v) to <7 (u) = 0. Computing
time derivatives in the equation &' (u) = 0, we obtain that

N—-1
Ry(do+v-Vo)+ Y Ry (dg;+v-Vgy) + R dive — div(M V) + AV)

J=1

— —div(Mb+ Ab) +7.

Here the nonlinear functions R, R,, R,, A and M T etc. are evaluated at (o, ¢). Under the side-
condition .73 (p, v) = 0, the equation <7! (u) = 0 is equivalent to

Ry (0, q) 8iq — div(M (o, q) Vg + A(e, q) V<) = (Ry(0, q) 0
— R(o, ) divv — Ry(o0, q)v- Vg — div(M(o, )b+ Ao, ¢) ) +7(0, ). (32)

We introduce </(q, ¢, 0, v) = ('(q, C, 0, v), &*(q, ¢, 0. v), (0, v), #*(q, C, 0, v)),
the first component being the differential operator defined by (32). Clearly, </ (u) = 0 if and only

if o7 (u) = 0.

The functional setting was introduced in Section Similar spaces were used in [BDb] to study
the compressible system and, in order to save room, we shall refer to this paper for the trace and
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embedding theorems needed in the present analysis. For p > 3 and a := % + 2%, we recall the
interpolation inequality (see [Nir66], Theorem 1)

IV fllzo@) SCLID fll ey 1 ey + C2 I fllzriey (33)

valid for any function f in W22 (), with certain constants C;, C5 depending only on ). We consider
the operator (g, C, 0, v) — (g, C, 0, v) acting on

Xr = W;’l(QT; RN72) X WPQ’O(QT> X Wpl”;o(QT> X W;’I(QT; Rg) . (34)

The natural trace space at time zero is denoted Trg. 0} Xr. The functional setting does not allow to

introduce traces for the variable (. Therefore, u(0) € Trq. (0} A7 means that (¢(0), 0(0), v(0)) €
2-2 2-2 )

W, 7(; RN=2) x WP(Q) x W, ”(Q; R?®). We denote ¢ Xr the space of functions fulfilling zero

initial conditions. This only makes sense, of course, for the variables having traces at 2 x {0}. Thus

oXr :={u=(r, x, o, w) € Xr : 7(0) =0, 0(0) =0, w(0) =0} . (35)

Since the coefficients of .o/ are defined only if ¢ has range in I, the domain of the operator is contained
in the subset

Xrp = W2 Qr; RN72) x W2Qr) x Wk (Qr; 1) x W2 (Qr; R). (36)

[e.e]

We shall moreover make use of a reduced state space containing only the parabolic components
(¢, v), namely

Vr = W2HQr; RV 7?) x W2 (Qr; R?). (37)

The operator o7 is the composition of differentiation, multiplication and Nemicki operators. Therefore,
the properties of the coefficients R, M etc. allow to show that .<7 is continuous and bounded from
XT[ into

Zp = LP(Qp; RN72) x LP(Qp) x LP™(Qr) x LP(Qr; R?). (38)

Since the coefficients R, M, A, d and P are twice continuously differentiable in their domain of
definition I x R™~2, the operator .27 is even continuously differentiable at every point of Xr 1. We
spare the proof of these rather obvious statements.

6 Linearisation and reformulation as a fixed-point equation

We shall present two different manners to linearise the equation .7 (u) = 0 for u € Xr with initial
condition u(0) = ug in Trox {0y X7. They correspond to the two main Theorems respectively.
In both cases, we start considering the problem to find u = (¢, ¢, 0, v) € Xr;suchthat.a/(u) =0
and u(0) = wug, which after permuting rows, possesses the following structure

o + div(pv) =0, (39)

Ry(0, q) 0q — div(M(o, q) Vg + Ao, q) V) =g(z, t, ¢, 0. v, Vg, Vo, Vv),  (40)
—div(d(e, ¢) V( + Ao, 9) Vg —v) = —divh(z, t, 0, q), (41)

00w — divS(Vv) + V{ =f(z, t, q, 0, v, Vg, Vo, Vv). (42
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The functions ¢, h and f stand for the following expressions:

g :=(R,(0, q) 0 — R(o, q)) divv — R,(0, q)v- Vg

— div(M(e, q)b+ Ale, q)b) +7(e. q) . (43)
h:=d(o, )b+ Ao, )b, (44)
f=="Pyo,9)Vo—Pyo,9) Va—o(v-V)v+R(o, q) b+b+0b. (45)

These expressions are independent on the component (. We can regard g, h and f as functions of
x, t and of the vectors v and D, u and write g(z, t, u, D u).
6.1 The first fixed-point equation

For (¢, v*) given in W' (Qr; RN72) x W2 (Qr; R?) and for unknowns u = (g, ¢, 0, v), we
consider the following system of equations

0o + div(pv™) =0, (46)

Ry(0, ¢*) g — div(M (o, ¢*) Vg + Ao, ¢*) V) =g(x, t, ¢*, 0, v*, V', Vo, Vv*), (47)
—div(d(e, ¢") V¢ + Ao, ¢*) Vq) = — div(v* + h(z, t, ¢*, 0)), (48)

(49)

00w — divS(Vv) + V¢ =f(z, t, ¢*, 0, v*, Vq*, Vo, Vv*), (49

together with the initial conditions (29), (29), and the homogeneous boundary conditions (30),
(31). Note that the continuity equation can be solved independently for o. Once g is given, we solve the
linear parabolic—elliptic system (47), for ¢ and (. Here we must be careful, since the coefficients
of this system are only defined as long as o(z, t) takes values in I. Thus, the solution (g, ) might
exist only on a shorter time interval. We can solve the problem (49), which is linear in v, under the
same restriction.

We will show that the solution map (¢*, v*) — (g, v), denoted T, is well defined from Yy into itself
for T fixed and suitably small. The solutions are unique in the class Vr. Clearly, a fixed point of T is
a solution to <7 (q, ¢, o, v) = 0.

6.2 The second fixed-point equation

Here we construct the fixed-point map comparing the solutions to a given reference vector (cjo, @0) €
Yr that extends the initial data. We assume that ¢° and ¢ satisfy the initial compatibility conditions.
In order to find an extension for gy € W1?()), we solve the problem

Op0o + div(09 ) =0, 00(0) = 0o (50)

For this problem, Theorem 2 of [Sol80] establishes unique solvability in W;&(Qﬂ and, in particular,
the strict positivity 0o > co(€2, [|0°[ly2:1 (g, re)) Infzen 00(2).

We find the extension (° by solving, for all values of ¢ such that the coefficients b(t) and b(t) are
defined, the elliptic problem

—div(d(d°, ¢°) VC°) = div(—=2" — d(0°, ¢°) b(t) + A", ¢°) V(¢° - b(t))),  (51)

with homogeneous Neumann boundary conditions and zero mean—value side—condition.
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Consider a solution u = (g, ¢, 0, v) € Xr to & (u) = 0. We introduce the differences  := q — ¢°,
Xx=C—Cw:=v—=0"and o := o — &°, and their vector @ := (r, X, o, w). Clearly, & belongs
to the space (X1 of homogeneous initial conditions. Recall that this does not imply a trace condition
for x, cp. (35). The equations .« (u) = 0 mean, equivalently, that < (4 + u) = 0. The vector
u=(r, x, 0, w) satisfies

R, 0 — div(]\7V7“ + AVy) =¢' =g — R, 0:¢° + div(MchO + AVCAO) , (52)
—div(dVx + AVr —w) = —divh! := —div(h + * —dV{* — AV{®),  (53)
0o + div(ov) = — div(go w) , (54)

00w — divS(Vw) + Vy =f! =: f — 08,0° 4+ divS(V°) — V(0. (55)

Herein, all non-linear coefficients R, R, etc. are evaluated at (o, ¢), while g, h and f correspond to
@3), (@4) and (45).

We next want to construct a fixed-point map to solve (52), (53), (54), by linearising ¢', h! and f!
defined in (52), and (55). First, we expand as follows:

g=g(z, t, u*, Dyu*) + /0 {(9)" (g —a*) + (90)" (0 — 0") + (9)" (v — ") (56)
+(90.)" (@ — @) + (90.)" (02 — 02) + (902) - (v —v2)} 6.

Here, (-)? applied to a function of x, ¢, u and D!u stands for the evaluation at (z, ¢, (1 — 6) u* +
Ou, (1 —0) Dyu* + 0 D,u). In short, in order to avoid the integral and the parameter 6, we write

g=g(z, t, u", Dyu") + go(u, u*) (¢ — ¢7) + go(u, u*) (0 — ") + guo(u, u*) (v —v")
+ 9q. (uv U*) (e — q;) + Yo, (u, u*) (Qz - Q:fc) + Gu, (u, U*) (v — U;)
=:g(x, t, u*, Dyu*) + ¢ (u, u*) (u —u*). (57)

Obviously, the latter expressions make sense only if u, u* both belong to X7, in which case the
entire convex hull {#u+ (1 — @) u* : 6 € [0, 1]} is in X1 ;. Following the same scheme as for (57),
we write in short

9" =g'(x, t, ¢, ", 0°, @, 8), 0) + gy (u, @°)r + gy (u, 0°) o + g, (u, 0°) w
+ gg, (u, @) 0 + gy, (u, 0°) 04 + g, (u, 0°) w,y
="+ (¢") (u, 0" u. (58)
Similar expressions are obtained for 1! and f'. In the case of /', note however that div RO =
div(h(z, t, ¢°, 0°, ©°, ¢°, 0%, ©%) = O due to the construction of (°.
Now we construct the fixed-point map to solve (52), (53), and (55). For a given vector (r*, w*) €
oVr, we define ¢* := ¢° + r* and v* := 0" + w*. Then we define o* to be the unique solution to
Oho" + div(e*v*) =0, o*(z, 0) = (). (59)

We thus write o* := %’ (v*) where € is the solution operator to the continuity equation with initial data
00- We employ the abbreviation

uti=(q", 1, 0%, v") = (¢", 1, €(v"), v") € Xr. (60)
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For w := (r, X, 0, w), we next consider the linear problem

Ry(€(v"), ¢) Opr — div (M((K(v*), q)Vr+ A€ (vY), %) Vx) ="+ (¢"' (", a" u,
(61)
—div (d(‘g(v*), ) Vx+ AE W), ¢*)Vr — w) = —div((h")'(u*, 4 ), (62)
0o + div(ov*) = — div(go w), (63)
€ (v") Ow — divS(Vw) + Vx = f*+ (f') (u*, ) u, (64)

with the boundary conditions v - Vrr = 0 = v - Vx on St and w = 0 on St, and with zero initial
conditions for r, o and w.

We will show that the solution map 7 : (r*, w*) — (r, w) is well defined from ()r into itself for
T > 0 arbitrary, provided that the distance of the initial data to an equilibrium solution is sufficiently
small. As to the latter restriction, note that the expressions (g')'(u*, 4°) make sense only if the
density components in both u* and 7 map into the interior of the critical interval, which cannot be
expected globally for the solutions to (50) and (&9). If u = (r, w) is a fixed point of 7, then we can

show that u := 4" + @ is a solution to <7 (u) = 0. This is verified exactly as in [BDb], Remark 6.1.

6.3 The self-mapping property

Assume at first that the map 7 : (¢*, v*) — (g, v) via the solution to (@€), (47), (48), is well
defined in YVr, with image in )7 for some T = T(q¢*, v*) > 0. Then, we want to show that 7~
maps some closed bounded set of Yy, into itself for a fixed 7t > 0. Here, a major change occurs in
comparison to the compressible case, since we do not expect that the linearised map 7 produces a
solution defined globally up to 7. This is due to the constraint 0 €]omin, Omax| Which can by nature
be enforced only locally for solutions to the continuity equation (46).

We shall rely on continuous estimates expressing the controlled growth of the solution in time. We will
show that there is a parameter ay depending on the distance of the initial density to the singular values

{Omin, Omax} such that for all ¢ > 0 satisfying £ Il(q*, v*)|ly, < ao, the pair (¢, v) = T (¢*, v*)
is well defined in )V, and satisfies the estimate

(g, 0}l @uimm—2) w2 @usrey < W& Bo, 106, v) lwea @urv-2yxwi@urs) - (69)

Here R, stands for the magnitude of the initial data ¢°, gy and v°, and of the external forces b
in their respective norms. The function W is continuous, increasing in all arguments, and finite for

1% |(g*, v*)|ly, < ao. Hence we obtain a self mapping property with the help of the following
Lemma.

Lemma 6.1. Suppose that R is fixed. Suppose that there is ay > 0 such that the inequality is
valid with a continuous function WV = W (t, Ry, n) satisfying the properties:

W V(- Ry, -) is finite for allt > 0 andn > 0 satisfying tk% n < ag;

B t — V(t, Ry, 1) is nondecreasing for all 0 < n, andn — V(t, Ry, 1) is nondecreasing for
1
allt as long as e n < ag;

B The value of (0, Ry, n) = Y°(Ry) > 0 is independent on 1.
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Then there is ty = to(Ro) > 0 such that the map T (q*, v*) := (g, v) maps a ball of Yy, into itself.

Proof. The continuous function (¢, n) — W(t, Ry, n) is finite in {(¢, n) € [R,]?* : 7 n < ap}.
Then, there is a first ty > 0 depending only on R such that

1
{n>0: (o, Ro, n) <nandn <apty }#0.

Otherwise, forallt > 0andn < aot» ", we would have that U(t, Ro, n) > n.Thus, V(0, Ry, n) =
limy 0 U(t, Ry, n) > nforalln > 0. Since ¥ (0, Ry, n) = WO(Ry) is strictly positive, every choice
of n > WO(Ry) then yields a contradiction.

We can further show that
i
0<mno:=inf{n>0: V(ty, Ry, n) <nandn < apt] }.

Otherwise, there are positive {nx}ren, . \¢ 0, such that W(ty, Ry, nx) < ng for all k. Then
0 > llmkg)oom(to’ Ro, 77]@) = \D(to, Ro, 0) Since \D(to, Ro, 0) > \II(O, RQ, O) = \IJO(R()) > 0,
this is again a contradiction.

1

1
Consider M := {(¢*, v*) € Yy, : |(¢", v")lly, < mo}. Since ny < agty , it follows that

1—1
to " I(q", v*)[ly,, < ao. The inequality is valid by assumption and it yields [|(¢, v)]y,, <
U(to, Ro, no) < mo, hence (¢, v) € M. O

In the case of the map 7' : (r*, w*) — (r, w) defined via solution to (59), (67).(62), (63), (64),
we look for a fixed-point in the space ¢)r. The solution can only be defined globally on [0, 77| if the
solution to remains inside of | Omin, Omax| ON the entire time-interval. We will show that this can
be ensured if the starting perturbation w™* satisfies an inequality of type

¢o(T, Hw*HW;?’l(QT)) Hw*Hwﬁ’l(QT) < do,

in which ag > 0 is a fixed number depending on the distance of the initial data to the critical values
—=2

{Qmin, gmax}, and ¢y is a continuous function on R+, which increases in both arguments. We then

prove a continuity estimate of the type

I(r, w)lly, < W(T, Ro, [|(r*, w)lly,) Ri- (66)

Here R, stands for the magnitude of initial data (¢", oy and v°) and external forces b. The parameter
R, expresses the distance of the initial data to a stationary/equilibrium solution (def. in (16), (17)).
Defining 7 to be the smallest positive solution to the equation ¢o(7, 1) 170 = ao, we will show that
T maps the ball of radius 7 in (Yr for initial data satisfying B, < 1o/% (T, Rg, 7). In order to
apply the contraction principle and prove the theorems, we shall therefore prove the continuity estimate
(©5), (66). This is the main object of the next sections.

7 Estimates of the linearised problems

In this section, we present the estimates on which our main results in Theorem are footing.
The preliminary work done in the paper [BDb] shall, in many points, allow to abridge the calculations.
The main novelty is the inversion of the parabolic—elliptic subsystem, which shall be dealt with in all
details.
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To achieve more simplicity in the notation, we introduce both for a function or vector field f €
WpQ’I(QT; R*) (k € N)and ¢t < T the notation

Pt 1) = g umsy + SR IFC o ©7)

Recall that W2~ */*(Q) is the trace space for f € W2HQr), f — f(-,t). Moreover we will need
Hélder half-norms. For v, 8 € [0, 1] and f scalar valued, we denote

._ |f(z) — f(y)] _ |f(t) = f(5)]
e T e
[flees@ry = sup [f(-; t)]ca) +sup[f(z,-)]lcsor) -
te0, T z€eQ

The corresponding Hélder norms || f{|ce(q), || fllcer) and f € C*#(Qr) are defined by adding
the corresponding L°°—norm to the half-norm.

7.1 Estimates of a linearised problem for the variables ¢ and (

We first formulate some global assumptions and notations. Recall that :]Qmm, Qmax[. In this sec-
tion, the maps Ry, M : I x RN=2 — RW-2x(N-2) are agsumed to be of class C*(1 x RY~2)
into the set of symmetric, positive definite matrices. Furtheron, A : [ x R¥=2 — R¥=2 and d :
I x RN=? — R, are of class C" too. We fix p > 3, and we consider given ¢* € W' (Qp; RV7?)
and ¢o* € W), (Qr) such that ¢*(x, t) €]omin, omax[ for all (z, 1) € Q7. We then denote
Ry = Ry(0%, q°), M* = M(g q*), A* == A(o*, q¢*) and d* := d(o*, ¢*). Fort < T, we
introduce the positive functions

o(x, 1)

Omin Omax

(68)

m*(t) :=m(o*, t) := inf min
(@)=, 0 = inf i {

M (t) .:M(Q ) t) = Imax { . f M _ 1 . f 1 . Q*(x,’r) } - m* (t) .
inf; ryeq, ( ) infu e (1 — &2

Omin Omax
(69)

Welet g € LP(Qr; RV=2), ¢° € W22/P(Q; R¥N=2) such that v - V¢°(z) = 0 on 9 in the sense
of traces, and h € W %(Qr; R?).

For a pair (q, C) CQr — RM~2 x R we consider the linear parabolic—elliptic auxiliary problem
R: g — div(M*Vq+ A*V() =g inQr, v-Vg=0o0nSr, q(z,0)=¢(x)inQ, (70)
—div(d*V(+ A*Vq) =—divh inQr, v-V{=0o0nSr, (71)
and we want to obtain an estimate in the norm of W' (Qr; RY~2) x W2°(Qr) for the solution. To

this aim we first show that (70), can be equivalently reformulated as a system coupled only in the
lower order.

Lemma 7.1. We adopt the general assumptions and notations formulated at the beginning of this
section. A pair (¢, ¢) € W2 (Qr; RN7?) x W2%(Qr) is a solution to the problem (70), (71) if the
identity and the initial and boundary condition are satisfied, and if instead of we have

. o~ AR AT
Ry O — div([M™ - d—] Vq) = (72)
A* A* A*
g+ V(- [VA" — - Vd*]+V(d*) VqA*+¥divh.
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Proof. Computing the derivatives in the elliptic equation (71), we obtain that
—d" A =Vd"-V(+div(A*Vq) —divh. (73)
Thus, under the side-condition (73), the parabolic equations are equivalent to

R: g — div(M* Vq) = g+ A* A+ VA* - V(¢
1
=g+ VA" -V(—- A A" [Vd" -V +div(A* Vq) — div h].

Use of - div(A* Vq) = div(£24 Vg) — A* Vg - V(4-) yields the claim. O
Using this lemma, we next prove an estimate for the solution to the linearised parabolic—elliptic prob-
lem.

Proposition 7.2. Under the general assumptions and notations of this section, there is a unique pair
(¢, ¢) € W2 (Qr; RN72)xW20(Qr), solution to the problem (70), (71), such that [, ¢ (z, t) dz =
0 for all t €]0, T'[. Moreover, there are a constant C' depending only on €2, and continuous func-
tions Uy = Wy(t, ay,...,a5) and ® = (¢, ay,...,as) defined for all t > 0 and all numbers
ai,...,as > 0, suchthat forallt < T andfor0 < 3 < 1 arbitrary:

2
P60+ Kooy < C ¥+ (20 )7 (16712 g
+ C Py [[h] Loy »
\Ijl,t = \Ijl(t7 M*<t)7 Hq*(O)HCﬂ(Q)a /V<t7 q*)> [Q*]

Oy = O(t, M*(t), g7 (0)llcsey, ¥ (t; ¢°), [0]

o l9llzr @iy + 1hllyr0q,))

csd gy IV llr=@n),

cP3 (@) IVellzr=@n)-

The function ¥ possesses moreover the following two properties: It is increasing in all arguments, and
the value of U1 (0, ay, .. .,as) = ¥Y(ay, as) is a function independent on the three last arguments.
The function ® is increasing in all arguments.

Proof. The existence and uniqueness can be easily obtained by means of the uniform estimates.
We thus suppose first that (g, ¢) is a given solution in the class W' (Qr; RY72) x W2(Qr),
and we prove the claimed estimate. In order to simplify the discussion, we adopt the following con-
vention: When computing the derivative of a coefficient, like for instance Vd* = d; Vo* + d; V¢,
there occur different functions d := d,(o*, ¢*) or dy, = dg, (0", q*) of the variables ¢*, ¢*. We
denote ¢; = c1(M*(t), ||¢*||z=(q.)) a generic continuous function depending only on M*(¢) and
|¢* || (0,), and increasing in these arguments. We then bound the L>°(Q)7) norms of all non-linear
functions depending on p*, ¢ by this generic cj.

Step 1: First estimate for the variable (.

For almost all s < ¢, the function ( satisfies the weak Neumann problem

/Q & VC(, 5) - Volx)dr = / (—A* Vg + h)(z, 5) - Vo(z) dz .

Q
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By well-known weak elliptic theory, there is a unique solution ((s) € W1?(Q) with fQ ((z, s)dx =
0. Moreover, for all 0 < 8 < 1, perturbation techniques shortly recalled in the Appendix, Lemma|B.5
yield the estimate

IVE($) ey <e(2,p, inf d*(s), sup d*(s)) (1 + [d*(s)]cs @)
x ([[A* V()| o) + |7(s)]| 2o ()
<ci (1+ [d*(S)]cﬁ(m)% ([[A* ()| (o) IVa(s) ey + 1 ()| o)) -

[

X

We define ¢} := sup,,(1+ [d*(S)]Cﬁ(Q))%. We bound sup,, || A*(s)|| > («) with a generic ¢, and
it follows that

ICllwrogn <c1 @r (IVallr@y + 1hllr @) - (75)

Step 2: First bound for the variable q.
We start from (72), and introduce the matrix K (o, q) := M (o, q) — 2@0242:9) |y yiew of the

d(e, q)
definitions 22), @3), @4), K € RWV=2*(N=2) js obviously symmetric, and obeys
"MV @' MV
K=T"MII- o :
MV -V
Forally € RV"2 Ky.-y = MIly - Iy — % > 0, due to the fact that M is positive

semi—definite. By the Cauchy-Schwarz inequality, Ky - y = 0 is possible only if either I1y and V are
parallel, or if [Ty and 1V are parallel. Recall in this place that I1y = chvz_f i, £F. By the choice of the
s, we know that {¢1, ..., V=2V 1V} is a basis of RY. Thus, [Ty = AV or Iy = A1V both
would imply that y = 0. This shows that Ky - y > 0 unless y = 0, hence K is positive definite.

Defining K* := K(o*, ¢*), we rephrase as

R, 0yq — div(K*Vq) =g+, (76)
in which § := V(- [VA* — 42 Vd*] + V() - Vg A* + 4= div h is bounded via
19 < (IVC- Vo' + V(- V¢ |+ Vg - Vo' + Vg Vg*| + [Vh]). (77)

We now apply Appendix, Lemma[B.3] which basically recalls the result of [BDDb], Prop. 7.1 for a similar

parabolic system. With Dy(t) := (1 + [Q*]Cﬂg(Qt))Q/’B Hq0||W372/p(Q) + 1|9l (qs)» and using

to bound the norm of g, we obtain for the solution to

Yt q) < CWry [Do(t) + €1 [Vl (o) (78)
+c (ch ) VQ*HLP(Qt) + HVC ) VQ*HLP(Qt) + ||Vq ’ VQ*”Lp(Qt) + HVQ ’ VQ*“LP(QO)} )

where \I[Lt = \ill(ta M*(t)a ||q*(0)||cﬁ(9)7 %(tv q*)7 [Q*]

tion W, satisfying all structural assumptions stated for V.

440’ |V 0" || Lr.=(0,)), With a func-
Step 3: Main estimate for the variable (.

Since ¢ € Wg’O(QT), we can employ the pointwise identity (73). Since ( has mean—value zero for all
times, the full W 2P norm can be estimated by the Neumann-Laplacian, and we obtain that

I<lwzo@n <e(p) | = ACllzr@
=c(92,p) [|(d) ™ (V" - V¢ + div(A* Vg — h))| o0
1
C:
lnf(%s)th d*(:lj', S)

(IVd" - Vo + | div(A* Vg = W)l1o@0) - (79)
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Computing the derivatives of the coefficients, and using the same conventions as above, we derive
from the inequality

ICllwzog, < a (1A4llr @ + | div Al e qy))
+c1 (IVe™ - V(o + IVG™ - Ve + IIVe" - Vv + IVE" - Vallrq.)) -

We estimate || Aq||zr(q,) < ¥ (t; q), then we employ the inequality (78) to see that

120y <C e Do(t) +ci (1 + C1y) VAl o)

1
+¢; (14+CU) (Vo' - VClleon + Ve V| r@0)) (80)
+ G (1+CV) (Ve - Vv, + IIVE - Vil rqn) -

Step 4: Combined estimates.
We add to to obtain that

V(t: q) + [ICllwzogq,) <2C Ura Do(t) + ¢ (14 2C01,) VA (o))

+ ¢ (1+2CT,) (Vo' - V||e@n + IVE - V| r@n) (81
+ ¢ (1+2C,) (Vo - V| oy + IV - V| rqy)) -

In order to control the factors on the right-hand, we first apply to find that

13

IV¢(3) o) < Cr [ID*C(3) 15000y 1€ ey + Co 1<) |np() s v i= 5 %’

with C; = C3(Q), i = 1,2. We can bound a b < € a/* 4 ¢, e~®/(1=%) p1/(1=9) (Young’s inequality),
foralle > 0 and a, b > 0. By these means, it follows that

V6" Velay < [ Ve 6EIVC( e ds

<c [ Ve @RIDCE KR ds+ G [ 9 eI
< [1rcsgds e [9E@FT s+ 0 [ 190Gl ldsgds
[ [ 6o VOO + IVl b &)

Here we use the abbreviation | - |, for || - || .~(q). Just in the same way, we show that

t t e

Vg™ - V(T q _6/ IDQC(S)IﬁdSJr/ ()} (ca e =2 [Vg (s)lp " + C2 [V (s)[) ds
0 0

(83)

We let F*(t) := sup,<,([|Vq"(s)[|70(q) + [V ( $)|7o(y) @nd X*(t; €)== [[Vo™ - VC{|[}, 0, +
Vg™ - V{700, With the help of @2) and of (@3), it follows that

X*(t; Q) < 26| D*(5) [,y + [ca € 75 (F* ()75 + Co F* O <30 )
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1 = —
We choose e = 27°7» (5 (14 2C¥, )P, where ¢}, C and ¥ ; are the numbers occurring in the
relation (81). Then

(c; (1420 ) X*(t; ¢) < (84)

21+1/p HCHP QO(Q)
+ (€} (14200, )P [ea (22V2(c5(1 4 200,))7) 5 (F*(1) = + Co F* ()] [ICI2 0,

Due to our conventions, we can bound every power of ¢ and the maximum of 1 and c] again by
another such function. Introducing a factor

(@17 :=cr (1 + 2001 ,4)P max{c, (22+1/p (1 + 207, t)p)ﬁ Cy}
x {(7P(t; ¢*) + || Vo© ||LP°°(Qt)) (P ) + VO Qt))}
we can rephrase as

1
(¢ (1+20910))" X (65 €) < 5 Il 20, + (@17 IS o) - (85)

By means of (75), we bound ||(|| r(0,) < ¢ @5 (IVa|lr @) + |7l r(qy))- Raising @) to the power
1/p, we show that

i (1+2C01,) (Ve - V@) + IV - V@)
1 * * *
< 5 lCllwzoy + Coer & 21 (IVallr@o + 1Rllzr@n) -
We insert the latter result into (81), obtaining

1 i
V(@) + 5 I<hwzo @ < 20 ra Do(t)

+ ¢ (14 2001) [V @y + Cp e 67 @1 (17 o) (86)
+c (14+20V,) (IVe™ - Vallr@n + [IVQ" - Valle@n) + Cp 1 67 1, IVl o) -

In order to estimate X *(¢, ¢), we apply the same steps as for X*(¢, () (cf. ). Hence
1 *
(e (14200, )P X*(t; q) < srrip 1915200, T (@107 lal2a gy -

which, after raising to the power 1/p, yields

¢i (1+20%) (IVe" - Vallrn + IV Vallzrqn) < IICJHWQO(Qt +Cp 01 lallze@) -

=2
Since [|q|[y20(q,) < ¥ (t; q), the latter and (86) imply that
1 * k *
5 V(& @) +IClwzoq) = Cp 1 (1 + 1)) llallwpoq, (87)

+2C \Ifu Dy(t) + ¢ (1+ QC\TJU) ||Vh||Lp(Qt) +C, el ¢f @it ||h||Lp(Qt) )

In order to finally get rid of the factors with ¢ on the right-hand side, we introduce

1 T * T %k K
[A()]» :=2C Wy 4 Do(t) + 1 (1 +2CV1,) [ VA Lo @) + Cp 1 07 P14 1 Lr(@e)
l * k *
[B(t)]» =0y (I)l,t (1+cié;), f(t) :=sup HQ(T)HP 0 2
T<t W, P(9)
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We raise (87) to the pth power. We use f(¢) < 77(t; ¢) and [|q|[7, 10(gn S fo 7) dr. In this way,

we obtain the inequality f(t) < 2P A(t) + 2P B(t fo T)dr. Usmg that A and B are monotone
increasing by construction, the Gronwall Lemma ylelds f(t ) < 2P A(t) exp(2P ¢ B(t)). In particular,
we conclude that

1 2p

[A@®)] eXp(;tB(t))-

3=

1
HCI”W;’O(Qt) < [f@O)tr < cpt

Combining the latter with (87), it follows that

1

1 2P 1
Yt q) + IKllwzoq,) < 2{1+6tr exp(; tB(t)) [B(t)]7}
X {2003, Do(t) + ¢ (14 2001,) [Vl ooy + Cp s 65 ¥, [ man} - (69

In order to verify that the factors occurring in the latter inequality possess the structure as claimed
in the statement, we note that occurrences of B(t) in are multiplied by a power of ¢, so that
they do not occur at ¢ = 0. Moreover, the factor \Tfl,t possesses the structure required for W ; in
the statement. In order to estimate the dependence of ||¢*||L=(q,) on the coefficients ¢}, we apply
the same strategy as in the section 7 of [BDB]: ||¢*|| 1=, < [1¢°]|L@) + t7 ¥ (¢; ¢*). Setting

¢, := C), ¢} ¢ 97, we are done.

O

7.2 Estimates for linearised problems for the variables v and o

First we state the estimate for the linearised momentum equation. The proof follows the lines of the
corresponding result in [BDb]. (Since we can assume 0 € [0min, Omax), the proof is actually simpler.)

Proposition 7.3. Assume that o* € C*°(Q;) (0 < a < 1) attains values in |omin, Omax|, that
f € LP(Qr; R3), and thatv° € W~ 2/P(Q; R3) is such that v° = 0 on 9SY. Then, there is a unique
solutionv € W>H(Qr; R?) to o* dyv — div S(Vw) = f in Qp with the boundary conditions v = 0
on St andv(z, 0) = v°(x) in Q. Moreover, there is C' independent on't, o*, v°, f and v such that

Y (t; v) <CWy(t, suplo(1)]ca)) (1+ S;gltﬁ[g*(ﬂ}cam ))a

<t

(I zvi@0) + 0%l

The factor Vo is continuous and increasing in both arguments, and it can be chosen such that
p+1
Uy(0, a) = (min{l, omin}) @ (gmax /Omin) ? IS independent of a.

For the linearised continuity equation, we must acknowledge the main difference with respect to the
analysis of the compressible models.

Proposition 7.4. Assume that v* € W2 (Qr; R®) and that oo € W'?(Q) satisfies omin <
00(%) < Omax in Q. We define My = M (g, 0) := [infrea{0o(2)/0min — 1, 1 — 00(%)/ Omax}] !
Then the problem 0,0 + div(pv*) = 0 in Q7 with o(z, 0) = go(x) in 2 possesses a unique strictly
positive solution of class W, (Qr). Define also M(t) := M(p, t) (cf. (9)). Then, we can find a
constant ¢ depending only on () and a function V3 = Ws(t, ay, as) continuous and finite in the set

-

1 L

1
{t, a1, a3 >0 : cagt' vaget T < 1},
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such that M (t) < Ws(t, My, ¥ (t; v*)). Moreover, for f = 1 — % there are functions V4, U5 of t,
1V 0ol| ey @and ¥ (t; v*) such that

IVoll o=@y <Walt, Vool ey, ¥t 07)), o] Us(t, [[Vool e, V(&5 v7)).

<
CP2(Q) ~
Fori = 3,4,5, the function W; is continuous and increasing in all variables, and ¥;(0, a;,as) =
UY(ay) is independent on the last variable. The identity W,4(0, a1, as) = ay, and the inequality
U5(0, a1, as) < C ay, are also valid.
Proof. The existence statement as well as the construction of the functions W, and Wj is proved

in [BDDb], Corollary 7.8. The critical point is the construction of the function W3. We start from the
well-known representation of the solution to the continuity equation (see a. o. [Sol80])

ol )= any(0s 1) exp | div o y(r: 2.1), 7) ).

where y(7; x, t) is the characteristic curve with speed v* through (z, t). Therefore,

Omase — 0 =0max — 00(y(0; 7, 1)) + 00(y(0; 7, 1)) (1 — exp (— / div o (y(r: 2,8), 7) d>>

1 t
ZQmaX (ﬁo - ‘1 — eXp <_/ leU*(y<Ta x?ﬂv 7-) dT) ) :
0

Use of |1 — e®| < el |b| allows to bound

¢
‘1 — exp (—/ divo*(y(7; z,t), 7) dT)‘
0
¢ ¢
<oxp ([ iverlimordr) [ aive@llimdr.
0 0

Owing to the continuity of W1?(Q2) C L*>(2) and Hélder’s inequality

t
. * . _1 o
” divwv HLoo,l(Qt) < CQ / H leU*(T)“WLp(Q) dr < CQ tl P HU HW,?"O(Qz) .
0

1
P Y (t;0*)

1
Thus 1 — -2 > L —cot'™» Y (t; v*) ee?

Omax MO

Omin — 0, We find that

. Thanks to a similar argument applied to

M,
M(t) < — — (89)
1-— C MO tli? ”//(t, U*) ecat P V(6 v)
and define the function W3 to be the right-hand of the latter relation. O

8 The continuity estimate for 7

We now want to combine the Propositions [7.2|and [7.3 with the linearisation of the continuity equation
in Proposition [7.4]to study the fixed point map 7~ described at the beginning of Section [6|and defined

by the equations (46), (&7), (@8), @9) for given v* € W (Qr; R?) and ¢* € W' (Qr; RV 72). We
define 7*(t) := ¥ (t; ¢*) + ¥ (t; v*). At first we state estimates for the lower—order nonlinearities

v '
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Lemma 8.1. For u* = (¢*, (*, o*, v*) € Xrj, define g* := g(z, t, u*, Diu*) and f* =
f(z, t, u*, Dlu*) via @3) and [@5). There are continuous functions W, W, = W(t, ay,...,as)
defined for allt > 0 and a4, . .., a4 > 0 such that

1970 e @0y < Wolt, M7(2), [[(q7(0), v (O)lyp2-2r0 ()5 VO 2020 (@0)> 77 (1)),
1 [eri@n < Wit ME(2), [[(q7(0), v™(0)llyy2-2rm gy IV Q" |Lroe@u)s 77 (2)) -

U, and U are increasing in all arguments with U, (0, ay,...,as) = 0= V(0, ay,...,a4).

These estimates were proved in [BDb] for the case that the non-linear coefficients 2, M are defined
for o* taking values in |0, +o0[. The proof is exactly the same for p* taking values in I, provided that
we adapt the definition of m*(t), M*(t) via (69). Moreover, the arguments are very similar to the
ones used to bound the right-hand vector field h. This statement, that we next prove in detail, might
serve as an illustration.

Lemma 8.2. Consideru* = (¢*, (*, 0%, v*) € Xp ;. Define h* := h(x, t, u*) via (44). Then there
is a continuous function Wy, = W, (t, ay,...,a4) defined forallt > 0 and ay, . .., a4 > 0 such that

1B w0 SWn(ts M(1), lg" ()l y2-2/m gy VO llLroe(@uys V7 (1)) -

The function V', is increasing in all arguments. Moreover \Ifh((), ai, ..., a4) =0.

~ ~

Proof. Recall that h :=_A(o*, ¢*) b(x, t) + d(o*, ¢*) b(x, t). With the same generic notation c;
as in the proof of Prop. we bound |d(¢*, ¢*) b] < ¢ |b] and [A(0*, ¢*) b < ¢ |b|. Therefore
12| < et (M*(t), lg*lz=00) (10l zo(@u) + 1Bl o (1)) We invoke the Lemma [B.4{to bound

1* || 220y < N1@°]| 2o () + ¢ #7*(t), and further make use of ||¢°|| L) < C ||q0||W372/p(Q). We

then define a function Wi (¢, ay, ..., as) = (|bllzr@n + |0l Lr@n) c1(a1, as + t7 ay). We see
that W}, satisfies W} (0, ay, ..., as) = 0, and ||2]|r(q,) < ¥j ;-

We compute /%, and readily show a bound || < ¢t ((|o%| + |qz]) (|b] + |b]) + |be| + |b2]). Hence

1Al e <t (loallzroe o) F+ 1@ e @) (10l oo (o) + 1Bl Loor@0))
+ 1 (162l zr Qo) + b2l (qn))
<G (16l Loew (@) + [0l Loor @) (@3l oo @iy + #7(#)) + 2]l o) + 1102l Lo (@)
::llfi.

We use again Lemmato control c7, seeing thus that the function \If% also possesses the desired
structure (V3 = 0). O
We are now ready to establish the final estimate that allows to obtain the self-mapping property.

Proposition 8.3. For (¢*, v*) € Yr, the solution (q, v) = T (q*, v*) to the equations [@6), [@7),
49), exists and is unique in the class ), for all t subject to

1—

D=

7(8)

¢ Mot' ™% ¥ (t) e <1, (90)

where ¢ = c(§) and M, are the same as in Prop. There is a continuous function U =
We(t, ai,...,ay4) defined forallt > 0 anda, . ..as > 0 subject to the restriction

1—

D=

1-1 ct a4
cai1t rPage <1, (91)
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suchthat ¥ (t; q)+V (t; v) < We(t, Mo, ||(¢°, vo)llwzfz/p(ﬂ), 1V ool ey, ¥ *(t)). The function
p
W is increasing in all arguments and

‘116(07 My, H(qoa UO)HWPQ*Q/P(Q)a HVQOHLP(Q% 77) = ‘Ijg(Mm H(qov UO)HWE*Q/F(Q)v HVQUHLP(Q)>

for allm > 0.

Proof. Applying Prop. we first find the global solution p to the continuity equation with data v*
on [0, T']. The number M (t) expressing the distance of the solution o to the thresholds { 0min, Omax
remains finite for all ¢ subject to the restriction (90) (see Prop. [7.4). On this time interval, we can
therefore insert (o, ¢*) into the coefficients of the system (47), (@8). Applying Prop. we find a
unique solution (¢, ¢) € W2 (Qy; RY7?) x W2Y(Qy). We then use (o, ¢*) and ¢ as data of the
system (49). Applying Proposition we obtain a solution v € Wg’l(Qt; IR3) for all ¢ subject to (90).
This shows that (¢, v) := T (¢*, v*) is well defined in ), for all ¢ subject to (90).

In order to verify the estimates, we first recall the outcome of Proposition applied with o* = p. It
follows that

V(@) + Iz,
< CUy(t, M(t), ||g*(0

X (14 (0] g )7 (12 gz-ainy + 197100 + IH° + v lpog,)
£ OB M), 4" Ollesoy, ¥t 0), [0 e 0 170l mei@) 11+ 0 1oy (92

~—

sy, V(& 47, lo] 2’ IVol|r.e(qn)) x

oL

S

o2 (Q)

Evidently Hv*HW;,o(Qt) < v sup,<; [[v(7)lwir) < tr ¥ (t; v*). For the choices o* = p and
fi=1-— %, Propositionyields

M(t) <Us(t, My, ¥ (t; v*)) =: Us3(t,...),
Vol zree@iy <Walls [[Vool @), ¥ (t; v7)) = Walt,...),
lo] . <Us(t, [[Vool ey, ¥ (t; v*)) = Ws(t,...).

Cc72(Qy)
Moreover, due to the Lemma(8.1]and due to Lemma[8.2]

”g*”Lp(Qt) S\1[9(757 \1]3(t7 )7 ||(q07 UO)”WI?—Q/P(Qy \114(t7 )7 7/*<t) = \I/g(t7 - ‘)7
Hh*HWz},o(Qt) <Wy(t, Us(t, ...), ||qo||W§_2/p(Q)7 Wy(t, ...), *(t))

Combining all these estimates we can bound the quantity ' (t; ¢)+1|C||yy20 o, by some independent
constant times the function

‘Ijé = \Ill(t, \P3(t> . ')7 ||q0||CB(Q)7 7/(25’ q*)7 ‘115<t7 . ')7 \114(t7 . )) X
2 1 %
X (14 Wt )7 (1@ sy + Walte ) Ut )+ £ 7 (85 07)

+ 0t Uy(t, ), @ lles@y P (8 @), sl o), alt, ) (Uat,. ) + 15V (t 0%)).

Since we can apply the inequalities ¥ (¢; v*), ¥ (t; ¢*) < ¥*(t),and [|¢°|| csa) < ¢ ||q0||W2_2/p(Q),
p

0 ,0
(q » U )HWE_Q/IJ(Q)’

we reinterpret the latter expression as a function \I'é of the arguments t, M,
IV 0ol Lr () and 77*().
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Att = 0, we can use the estimates proved in the Propositions [7.2] and the Prop. Recall in
particular that W1 (0, ay, ..., as) = VU9(ay, as). Moreover, ¥3(0, My, ay) = My (cf. (89)). Thus,
since U5(0, ay, ay) < C a is bounded independently of a4, since W (0,...) = 0 = V,(0, ...)
(see Lemma 8.1} [8.2), we can compute that

‘ijli(ov My, H(qoa UO)HWZf*?/P(Q)v HVQO”LP(Q)’ V*(t)) (93)

2p

= WMo, [lg"ler-s/m() (1 + Vool (@) P2 16 lly2-2/0 g -
We next apply Proposition [7.3|with o* = g and f = f* to obtain
V(L v)
< CWalt, suplo(r)lemen) (1 + suplo(r)lem@)? (10l z-4s0y + 1 @0 + (VG erc@0)-

T<t
Fora=1— I%, the norm ¥/ (t; v) is estimated above by the quantity
2
Wo(t, Us(t, ...)) (1+ Ws(t, ...))e (||v0||W§_z/p(Q) + Wt .. ) + IV r@n) -

Recalling that and the subsequent arguments also provide an estimate for ||V (|| z»(q,) by e,
we reinterpret the latter function as a W2 of the same arguments, and we note that

W5(0, Mo, [[(a°, 0")llyy2-2rv ) IV 00llzo(@), ¥*(1)

(
0 22 0 1
W (1+ [ Veoll @) (10 gy + B0, --.)
] 2p p+l
_ P=3 [ Omax p 2p_ 0 1
(o) ()7 a4 IV li@)™ (10l + 0. )

The value of W (0, ...) is given in (@3). We define U := W + UZ. Due to Proposition 7.4, the
function W3(t, My, ¥ (t; v*)) is finite for all arguments satisfying (91), and therefore W is finite
under the same condition. The claim follows. O

We sum up the continuity estimates in the following statement.

Proposition 8.4. We adopt the assumptions of Theorem[4.2 For a given pair (¢*, v*) € Yr, we
defineamap T (¢*, v*) = (q, v) via solution to the equations (46), (47), (8), with homogeneous
boundary conditions (31), and initial conditions (q°, oy, v°). Then, there are 0 < T, < T and
no > 0 depending on the data Ry := (Mo, ||(¢°, vO)HW%Q/p(Q), Vool Le()) such that T maps
the ball with radius 1 in Yz, into itself. ’

Proof. We define ag > 0 to be the solution to the equation ¢ My x e“® = 1 associated with the

numbers in (7). We apply the Lemmal6.1|with U (¢, Ry, ) := Ug(¢, Ry, 1) from Prop.[8.3] and the
claim follows. O

9 Proof of the theorem on short-time well-posedness

9.1 Existence and uniqueness

We choose 1§, 179 > 0 according to Proposition Starting from (ql, vl) = (0, we consider a
fixed point iteration (¢"*1, v™ 1) := T (¢, v") for n € N. Recalling (67), we define ¥ "*1(t) :=
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YV (t; @) + ¥ (; v™TL). Since obviously ¥ (t) = 0, Proposition [8.4| guarantees that

sup V(1) < no, sup 10" lw2 (ry) + 1€ lw20(q, ) < +00- (94)
From Lemma [9.1] hereafter, we infer that the fixed-point iteration therefore yields strongly convergent
subsequences in L?(Qr,) for the components of ¢", (,, 0, and v™ and for the gradients ¢”, (" and
vy. The passage to the limit in the approximation scheme is then a straightforward exercise, since
we can rely on a uniform bound in Xr,. The proofs are almost identical with the fixed-point iteration
in [BDb]. We leave the minor changes to the interested reader, and state without proof the following
iteration lemma.

Lemma 9.1. Forn € N, we define

n+l . n+l n n+1l . ,n+l n n+l . n+l n n+l . n+l n
r =q¢"" —q", x =" =0 o =0"" —=0", w =" — 0",

Then there are ko, po > 0 and 0 < t; < T} such that for allt € [0, Ty — t1], the quantity

E"H(t) ==y s ](Hr”“(T)Hiz(m + [0 (D) 2) + lonllze @)
TE|L, 1

+p0/ (|Vr™ 2 + VX" T2 4 [V ?) dedr
Qt,t+t1

satisfies E"1(t) < 2 E™(t) foralln € N.

1
2

9.2 Verification of continuation criteria

In order to complete the proof of the Theorems it remains to investigate the claimed charac-
terisations of the maximal existence interval.

Lemma 9.2. Suppose thatu = (q, ¢, o, v) € X, is a solution to <7 (u) = 0 and u(0) = uq for all
0 <t < T™*. Then the two following statements are valid:

t .
(1) /fJV(t) = ||qHC¢a,a/2(Qt) + ||V(]HLooA,p(Qt) + ||UHsz,p(Qt) + fO [VU(T)]Ca(Q) dr witha > 0
arbitrary and z = z(p) defined in Theorem|2.1} and M (o, t) (cf. (69)) are finite fort ,/ T*, then
it is possible to extend the solution to a larger time interval.

(2) If the tensor M occurring in satisfies the additional conditions stated in Theorem and if
K@) = llallwz1 g, w2y + IClwzoq,) + vllwz1(q, vy remains finite fort 7 T, then the
solution can be extended without additional condition concerning M (o, t).

Proof. First criterion (7). We must show that the quantity #'(¢; q) + ¥/ (t; v) is bounded by a con-
tinuous function of ¢, M (o, t), N(t). We will only sketch this point, which relies on going carefully
through the proofs of the estimates in the Propositions 7.2} [7.3]in the spirit of [BDb].

To begin with, we notice that the components of v, have all spatial mean-value zero over ) due
to the boundary condition (30). Hence, for a > 0, inequalities ||v,(7)||z=) < cq [V2(T)]co(q)

and ||v || et (0,) < cao fJ[UI<7')]Ca(Q) dr are available. For the solution to the continuity equation,
Theorem 2 of [Sol80] (see also Proposition 7.7 in [BDb]) implies that sup, <, [0(7)]c (o) is bounded by
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a function of fot [V (T)]ce(q) dT, thus also by a function of \V'(¢). Moreover, as in the same references,
we show for all ¢ > 0 that

|02 (t)|| o) <A(Ro, HUzHLwJ(Qt))(lJr/O Va2 () | Lo () dT)
<é(Ro, N'(t)) (1 + ¥ (t; v)).

Here and throughout the proof, we denote by ¢ some generic continuous function increasing in its
arguments, and R, stands for the initial data and the external forces.

We next exploit the momentum balance equation for v. We apply Proposition hence ¥ (t; v) <
o(t, N (@) (1 fllze@oy + 1 V< zr@n) + HUOHW;gfz/p(Q)). The function f obeys (@5) and therefore

|f(z, t)] <|Vo(z, t)] SSP|PQ(Q7 q)| + |Vaq(z, t)] S;plpq(g, q)|

c([o(z, O)]|Vo(z, t)] + [b(z, )] + [b(z, 1)]) Sup 0 + lb(z, )]
t
Coefficients depending on ¢ and g can in general be bounded following the example of
Sup 1Po(0, @)l < ¢(M (o, 1), llallre(@n) < ¢(M (o, t), N(1)).

Therefore, we show that

1170 < (Mo, ), N (1) (IVellfsq,) + IValln g + I Vol
+ 110150 + 1017000 + 11170 (0,) -

We define Ao (t) := |[b]75(q,) + @l oy T ||b||Lp @) T ||UO||W372/,J(Q), hence

VPt v) <
¢(M(o, 1), N (1)) (IVClIZoqn + IVelloiq,) + 110 VUllLnqy + 1ValLnq,) + Ac(t) -

< ¢(Ro, ||[vallzeer(qr)) fot(l + ¥(7; v))Pdr, and ( satisfies the weak
Neumann problem . hence

IVCllzrign < 6(M (o, t), N(t) (IVallze@n + 10llzo@n) + I1Bllze@n) + 1Bl zo@n)) -

We define z = 1%2 if3 < p < b, z> 1arbitraryif p = >5and z = 1if p > 5. Recalling the

continuity of the embeddlng WP [30/6-P" we show by means of Holder's inequality that
1002|700 < co fo lv(T)||% ., ¥P(7; v) dT. Therefore, combining the latter bounds yields

t
P2(t ) < 0t Mo 1), M) ([ W+ [07)50) 72075 0)dr -+ [ Talfag + Aolt)
0
We invoke the Gronwall Lemma, hence 77 (t; v) < ¢(t, M (o, t), N(t)) ([[Vallp(q,) + Ao(t))-
Since || V¢ r(q,) is also controlled by a function of ¢ and N (t), so does #?(t; v). It follows that
Vol s, < &t Ro, N(t)). For 3 =1—3/p, the Propositionyields that || ol os.6/2(,) <
o(t, Ro, N( )). Recalling that g satisfies (7€), we can now finish the proof as in [BDb], Lemma 9.2.
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Second criterion (2). The more interesting point is to get rid of the dependence on the distance
M (o, t) to the density thresholds in the estimates. First we note that the relation (28) implies for the
gradient of the pressure

VP(o,q) =F:=—V(—0(0w+ (v-V)v)+divS(Vv)
+ R(o, q)-b+b+ ob. (95)

Clearly, || F'||zr(q,) is bounded by a function of b and the norms of ¢ and v occurring in the quantity
IC(t). We notice in particular that this function is independent on M (g, t).

In order to obtain a bound on the entire pressure gradient, we employ the continuity equation (27). We
compute that

0:P(0, q) =P,(0, q) 0r0 + Py(0, q) Oiq
=P,(0, q) (—v-Vo— o divv) + F,(p, q) 0iq.

Define m(p, t) := ming,{1 — 0/0max, 0/0min — 1}. Thanks to Lemma the properties of
the pressure function guarantee that |P,(0, ¢)| < cam(p, t)~" in Q;. Since |Py(o, q)||Vo| =
IVP(o, q) — P,(0, q) V|, the same Lemma B.1|also implies that

csm(o, )" Vol < |VP(o, q)| +¢5|Vq|).

By these means, the time derivative of pressure is bounded via

0:P(0, q)| <cam™ (Jv] |Vol + o] | divv]) + | Pyl |8.q]
]_ +C5
C3

<cy v (IVP (o, @) + |Vq|) + ¢4 0max m ™' | dive| +¢5|Dig] . (96)

We want to obtain a control on m/(p, t)~! | div v|. To this aim, we recall the relation (26), which allows
us to compute

divv = div(d(e, q) (V¢ —b) + A(e, q) (Vg — b))
=d(o, q) div(V(¢ —b) + A(g, q) div(Vg —b) + (V¢ —b) - Vd(o, q) + VA(e, q) - (Vg — b)
—=d div(V¢ = b) + A div(Vg — b) + [(VC = b) dy + (Vg — b) A, Vg

+Vold,(VC—b)+ A, (Vq—Db). (97)

We recall Lemma which shows for a constant c;, depending only on the kinetic matrix A/ and the
free energy function k, that

|d(o, )l + [Ale, @)l + |dq(0, @)l + [Aq(o, @)| < cam(o),
and, moreover, that |d, (o, q)| + |A,(0, ¢)| < ca. Applying these estimates to (97), we obtain that
1

(e, ) |Vl =a UD%¢| +1D%q] + b + [ba] + [Val (1V¢] + [Va| + [b] + [B])]

=G

Vo ~ -
Vel (9] 4 19| + 8] + 1B

m(e, t)
Recalling again that m (o)™ |Vo| < ¢ (|[VP(g, q)| + |Vq

1
m(o, t)

+CQ

), we get the bound

[ divo| < |G| +c(IVP(e, )| + [Val) (IV¢] + [Va| + 18] + [b]) -
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It is readily verified that i is continuously bounded in L?(Q;) by the quantity X(¢), independently of
M(o, t). Since || + |qz| + |b] + |b| is bounded in L>*P(Q;), we recall (95) to finally obtain

lm(e, 1)~ divo|, < U(t, K(t)). (98)

»5(Qu)

By means of (98), (95), we see that also [0, P(0, q)l|1».»/2(q) is bounded by a function of ¢ and
K(t), independently of M (o, t). Overall we have || P.[|1r(q,) + | Pl poor2(q,) < V. Forp > 5, we
can show that this implies a bound || P|| (g, < C(t) ¥, where C(t) is the embedding constant of
an anisotropic Sobolev space into L>°(Q;). It remains to recall that for the choice (7), the function P
satisfies (cf. [Dru19], Proposition 5.3)

1 1
|P(0, )| > ¢ Inmax{ 7 p=C1+1q).
Omax — 0 O — Omin

This implies that M (o, t) < C €2 (IP(@dlr=@p+ldle@n) and the claim follows. O

10 Global well-posedness

10.1 The map 7! is well defined

We consider the equations (59), (61). (62), (63), characteristic of the definition of the map 7. We
recall that these equations are obtained by comparing a solution to some suitable extension (cjo, @0) €
YVr, to be constructed here below, of the initial data. The initial density g is extended by a function 9°
obtained via the solution of (50). We moreover introduce the function 50, solution to (51).

In order to define 7' we must make sense of the linear operators (g')'(u*, @°), (h')'(u*, 4°) and
(fY(u*, 4°). The density components in the vectors 4° = (¢°, 1, ¢°, ©°) and u* (def. in (60)) must
therefore assume values in I up to time 1" > 0! This property is to be expected if the initial data are
close enough to an equilibrium solution (p®, p*, v°?) defined by the relations (T6), (7). The distance
of the initial data to this solution is expressed by the number

“

Ry = ||q - q || 2 2/P(Q RN-2) + ||U -v Wﬁ*Q/P(Q;Ri’)) + ||QO - QeqHle?’(Q) ) (99)

in which 0® := 3" pand ¢ = 1’ - V,k(p®) for £ = 1,..., N — 2. Throughout this section,
we moreover employ the abbreviation

Ry :=[|0°]| ey + 10l 2000y + 0llwro0py + Bllwrogry + 1Bllio@r) - (100)
Observe the occurrence of the higher—order 1W2°—norm of ¢° in the definition of Ry.

To commence with, we recall a result of [BDb] for estimating the gradient of solutions to a perturbed
continuity equation. The proof in [BDb] is given for zero initial conditions, but the extension to the
nonzero case is completely straightforward.

Lemma 10.1. Assume that o € W\ (Qr) satisfies 0,0 + div(ov) = —div(g° w) with ¢° €
Wk (Qr) N W22(Qr) and v, w € W2 (Qr; R?). Then there are constants C, ¢, depending
only on €, such that

t
lo ()11 () <C exp (c /[Hvz(f)llmmﬁ Ve, (T)l|o(@) + 1]dT) %
~0||P p ~0||P P
X ([le(0 )lep + o prz,o(Qt) [[wll Q) T |0 ”W,},’io(Qt) HwHsz,o(Qt))
forallt <T.
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Construction of global extensions. Under the assumptions of Theorem [2.3] the trivial extensions
¢ (z, t) := ¢*(x) and v*(z, t) := v*(x) are such that qeq € W2 and v € W22 (Qr).
Introduce on (2 the differences ¢'(z) := ¢°(z) — ¢®(z) and v!(z) := v%(z) — v*I(z). We extend
q° and v° via

00(x, t) == 0% (2) + EN (2, 1), ¢"(x, t) == ¢*(x) + E(¢") (=, 1), (101)
o1 (z,t) i (x,1)
=0 (x, =q° (T,

in which € : W2 2P(Q) — W (Qr) is alinear, bounded extension operator. Typically, the com-

ponents of ¢!, v! defined in () are first extended to elements of W2 2/p(R3) with bounded support.
Then, we solve Cauchy-problems for the heat equation to extend the functions into R3 x [0, T or
even R?. As the assumptions in Theorem moreover guarantee that v! € W?2P((2), this procedure
even yields the additional regularity o' € W*(Qr; R?) (cf. [LSUB8], Ch. 4, Par. 3, inequality (3.3)).

Then, the extensions defined in (107) satisfy

Hq —q qHW21 Q1) + HU - UeqHWE*I(QT) <Ce¢ (Hq1HW§*2/P(Q) + HU1HW]§*2/P(Q)>
<C¢ Ry, (102)
H@OHWS»O(QT) <C (lv*lwsr() + 10°lw2r@) - (103)

In order to extend ¢°, we solve 9;0° + div(p" %) = 0 with initial condition o° = ¢°. By these

means, 0’ € W\ (Qr). Due to (T03), we can even show that ¢° € TW°(Qr). We next extend the
equilibrium solution via ¢®(x, t) := 0*(z) € Wiﬁg’(QT) Then, by definition, div (4% %) = 0 in
Qr (cp. (T6)), and 0;0°" = 0. Thus, the difference o' := 9 — ¢*® is a solution to

08" +div(g' ) = —div(@d"), 0@, 0) = 0'(@) 1= £'(2) — ().

Since ¢° € VV1 L (Qr ) N W %(Qr) by construction, the estimate of Lemma applies (with the
choices 0 = o', v = 9° and w := ©'). Hence, invoking also ({T02),

T
1M 1511 o,y SC exp (e / 103 (T) | (@) + 10,0 (7T) | o) + 1]d7) x
0

x [[lo* ||W1p + | AOHP 20(Qp ||U1||Loo(QT) + ||@0||€V1} (@r ||U1||p W20(Qr )]
S@NQHMQ+wa(%Qsa&JWﬂ.
The latter and now entail
13° — ¢° HW;?I(QT + 07 - o° ”w21 @n T 16° — ¢ ”W“ Q) = CR. (104)

Thus, it also follows that ||0° — 0®|| 1= (@) < C Ry. Therefore
Omax — @0(1,’ t) 2 Omax — Qeq(m) - CRh @0(33', t) — Omin 2 Qeq(x) — Omin — CRI .

By definition, the equiliorium density remains in the thresholds, that is, M (%, 0) < 400 (see (69)).
If Ry is small enough, for instance if it satisfies the condition

1
Rl S N miﬂ{@max - Qeq(x)’ Qeq(x) - Qmin}y (105)
20 e
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we can show that

1 1

Omax — @0’ @0 — Omin

M(0°, T') = esssupy,, max{ }<2M(0%, 0) < +o0. (106)

We define (®%(x) := n™V =1 - V k(p*(z)). Multiplying (T6) with V, we see that (*® satisfies
div(v*® — d(g%, ¢%) (V¢ = b(x)) + A0, ¢°) (Vg™ = b(x))) = 0.
Since CAO is constructed solving (51), the difference y := 50 — (*9 satisfies

— div(d® Vy) = — div(0” — v + (d° — d*) (b(z) — V*9))
— div(A% - (Vg™ — b(z)) — A (V{® — b(z)))

where zero superscript of a coefficient means evaluation at (@0, cjo), while eq superscript means
evaluation at (0°%, ¢°%). Thus, elementary calculations show that also

HCO - Ceq\IW,g’o(QT) <C (Hdo - qequg’l(QT) + ""70 - UeqHWZf’I(QT) + H@O - QeqHW,};;o(QT))
<CR;. (107)

The nonlinear map. Consider now (r*, w*) given in ¢ )r. We define ¢* := ¢°+r* and v* = 0%+ w*.
Following (59), we introduce ¢* := % (v*). Then, the difference o* := o* — ¢° is a solution to

Oio* + div(o* v*) = —div(g°w*), o*(z,0)=0.

Making use of Lemmal|10.1|(¢* = ¢ and v* = v, w* = w therein), we get

T
lo” = &1 o, SC exp (¢ / oz ()l L0y + 105 o () | ooy + 1)dT) x
»,O0 0

A0 ||P *||P 0° [P P
X (18152010 1" W2 0ry 12 W1 0y 1107 IR0
* *||P
§¢0(T7 RU? Hw HW,?’I(QT)) HU) HW;?’I(QT) ’

with a certain continuous function ¢ increasing of its arguments. Hence, use of the continuous em-
. 1,1 ; ~0

bedding W, C L* yields [¢* — g.\.\Lw(QT) < &o(T, Ro, [[w*lly21g,) I 2 g, We

recall (106) to show that, under the condition

1
¢0(T7 RO? ,V<T7 U)*)) /V(T, w*) S Z mill{gmax - Qeq(x)a Qeq(l‘) - Qmin} =:.ap, (108)

e

we can guarantee that M (o*, T') < 400 globally.

The vector iy := (¢°, 1, °, ©°) is in X7 under the condition (T05). For a given (r*, w*) € (Yr
satisfying (108), we define u* := (¢° + r*, 1, €(¢° + w*), ©° + w*) (cp. (60)), and we see by
the latter arguments that u* € Xr 1 too. Thus, we can make sense of the operators (g')’(u*, 4°),
(hYY (u*, 4°) and (f1)(u*, 4°) in the right-hand of the equations (67), (62), (64) on the entire interval
[0, T1.

If we can solve the linear system (61), (62), (63), for (r, x, ¢, w), we obtain a globally defined
solution in o X7, and we can meaningfully define 7 (r*, w*) := (r, w). We shall prove the solvability
by linear continuation on the base of the continuity estimates, that we are in the position to prove next.
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10.2 Continuity estimates

We need at first an estimate for the operators (g')’, (h')" and (f*)’. We shall prove it for general body
forces b = b(x, t), even if the statement of Theorem|[2.3|requires only b = b(z).

Lemma 10.2. Assume that the initial data satisfy - Consider 0° := (¢°, 1, 0", ?°) € Xr;
with 3° € W2°(Qr) constructed in the Sectlon 1| For a given (r*, w*) € (YVr satistying (108),
we define u* := (¢° + r*, 1, €(0° + w*), 0° + w*) € Xr; (cf. B0), Section[10.1). We further
consider (r, w) € oJYr, and we denote by o the function obtained via solution of (63). We define
u:= (r, 1, o, w) € ¢Xr. Then the operators (g*)', (h')" and (f')’ on the right-hand side of (1),

62), (63) satisfy
169" (", @) g,y + N(AY) (s @) allf o g, + ICFD) (7, @) 7 g,

< K3 (1) / ¥2(s) K(s) ds

with functions K; € L'(0,T) and K; € L>(0,T). There is a continuous function ®*(t, ay, a)
defined for all t, a,, as > 0, such that

KT 20,0, 1B |2 0.0y <®*(E, P77 (1), Ro)
forallt < T, where ¥V (t) ==V (t; r)+ ¥ (t; w), V*(t) :== YV (t; r*)+ ¥ (t; w*) and Ry is defined
in (100).

Proof. The estimates of (¢g')’, (f')" were performed in [BDb] for the corresponding norms. They
can be translated one to one to the present context. In adapting the proof, recall also that the num-
bers M (o*, T') and M (g°, T') are finite by construction. We consider here the factor (h')’, which is
treated with similar arguments. We recall that

rt =h'(x, t, q, 0)
=d(o, q) (b(x, t) = V{(w, 1)) + Ao, q) (b=, 1) — V°(x, 1)),
where éo is constructed solving (51). The derivatives of h! are given by the following expressions:
hy =dy (b= V") + Ay (b= V"), hy=dy(b— V() + A, (b Vi),
while the gradients in x obey
Vhé =(dg,q Vq+dy, Vo) (l; - Véo)
+ (Agg Vg + Ao Vo) (b= Vi) +dy (Vb — D*C°) + A, (Vb — D*°),
th :(d@,q Vq+dg, Vo) ((; - Véo)
+ (A Vg + Ay Vo) (b= Vi) + dy (Vb — D*°) + A, (Vb — D*}").

Denote by c; a generic function depending on M (¢, T') and ||q|| £ (¢,). Then the following estimates
are obviously valid:

R+ [Rh] <ci (1b] + [B] + [VC] + V),
IVh| + [Vhy| <ci (IVa| + [Vol) (|b] + 0] + V¢ + V)
+ ¢ ([be] + [ba] + [ D2 ,C° + |D2,6°)) -
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Using that WW1P(Q2) C L>(Q), it follows that

||h<11||L°°'P(Qt) + HhéHvaP(Qt) <q (Hb“WZ}’O(Qt) + ||b||Wpl’0(Qt) + ||<0||W§’O(Qt) + ||q0||W5'O(Qt)) ’
(109)

IVhollze @0 + IVR | o) <¢5 IVl @) + IV ol Lrooqu) + 1) %

x (HbHWpl’O(Qt) + ||bHngO(Qt) + ||COHWP2’O(Qt) + ||qo||W5‘o(Qt)> :
(110)

Next we turn to estimate (h')’(u*, %) in W'°(Qy). At first we notice that (h')'(u*, 0°)u =
hy(u*, @) r + hy(u*, u°) 0. Thus

t
1B (e, )l < / (b, @) + A", @) (irlh, + [o]2,) dr
0

t
<c; / K1 () (P + |o]2,) dr (111)
0

with ¢f = c1(M(¢*, T), M(&°, T), lg" | L=(@r)» 118° |2~ (@r))- and

K (1) = [b(7) o) + 10(7) lwin) + 1 (7) Iwzaie) + 18°(7) lweney -

The function K is integrable on (0, ¢) with norm bounded by a function ®; of the required structure.
Estimating ||¢*|| L0, < |6°||L(q,) + Ct7 ¥ (r*; t), we see that

JRLY (@)l ) <O(t, (1), Ro) / K3(0) (Ir (1) 5 gy + () [y d

<¢(t, 7*(t), Ro) /0 KL (7) (I (Mllza@) + <o low(T[1a@) d7 -

For the terms containing o, we use the result of Lemma It yields for 7 < ¢ that, in particular,

lo (T lwrri) SK3(7) [[w][p0e (g, + Ka(m) [l 20, (112)
with K3(1) :=C¢° Jo Ulvzllee (@) +1v3 2 llLp (o) +1] ds ||QOH€V§’°(QT) 7
— (' € Jo llvzllpoe @) +llvi . I +1]ds || 50|17
Ka(r) :=C ¢ Ja vz ooy wartlds | O, o

Since [|wl[z(q,) < € sup,<, ||w(s) , We obtain that

a2
t t

R 1)y 7 < max{ o), a0} [ KT 0l gy + oy

<max{K;3(t), K4(t)} (1 +¢)? /t Ki(r) VP(w; 7)dr.

0
Thus for K5 (t) := C ¢(t, ¥*(t), Ro) max{K;s(t), K4(t), 1}, it follows that
Y (0, @)l < 60t 70, Ra) [ B0 1)
+ o(t, 7*(t), Ro) co max{K3(t), K4(t)} (14 ¢)? / K (1) ¥P(w; 7)dr
0

< K3(t) /O K () V() dr
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We can prove a similar estimate for ||V ((2')' (u*, @°) @)||7, q,)- First we notice that
V((h') (u*, @) u) =V (hg(u*, @°) r + hy(u*, @°) o)
1/, % ~0 1/ % ~0 1/, %« ~0 1 *  ~0
=Vh,(u*, @) r + Vh,(u*, 4°) 0 + h,(u*, ") Vr + h,(u*, @) Vo.

As before (see (TT1)), ||k, Vr+h, Vo], < ci fot Ki(r (Hrme,,(Q)—f—||0x||72p(9)) dr. Treating
0, asin ({12), we obtain that ||, Vr + hy, Vol o, < K5 (t t) [ Ki(r)¥r(r)dr.
On the other hand, yields

IVhe(u®, @) 7 + Vhy(w”, @) oll7yq,)
<& (IVq llzrei@n + 18 lzom(@n + 1V 0" znme(@e) + 1V° [ znoe () + 1)

t
X / (Illwr) + Bllwro) + 1S  Iwzei@) + 18 lw2o@)? (I + 012 )) d7 -
0

This implies that

t
IVhyr + Vhy ol q,) < K5(2) /0 K (m) (I ()l ) + €o low(T o)) dr
Again, we treat o,, by means of (T12). The claim follows. O

Next we prove the main continuity estimate. We apply Proposition [7.2to (61), (62). Making use of the
fact that (0, ) = 0in €2, we get the estimate

Yt 1) + Ixllwzogy SC P (19 1zr@o + IRY (0, @) @llyro g, + lwllyiog,) (113)
<CUrr (19°lzr@0 + Twllwpog,)
+CWr (") (", 8%) @l Lo + 1R (", @) tllyp0(g,) -

Here \iJLT = max{\I/LT, ®1} depends continuously on the data. We then apply Proposition to
and obtain

V(T; w) <Cor (|| £ e + VXN Lr(@0)
<CWor (1 Ner@0) + IV X + 1) (W, %) all ooy » (114)

again with some W, 1 depending on 7" and sup,<;[0*(s)]ce()). We estimate ||V x|| r(q,) by means
of (T13). We next raise both (13) and (T74) to the p™ power, add both inequalities, and get for the
function ¥ (t) := ¥ (t; r) + ¥ (t; w) + HXHW2 0@ the inequality

V() <C (W g+ Y5 0) (187100 + 1 1o iy + 1000,
+1(g") (w, @) allfs g, + 1) (s @) @l g, + I(RY) (0, @) @l ro ) -

Then we make use of ||w||1;V1_,0(Q ) < fot ¥'P(s) ds, and we apply the Lemma[10.2|to find that
P t

PP(t) <C (B, + >(|| o) +||f°||LpQT)+K;<t>/OKf(s)%ﬁ(s)ds). (115)
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The Gronwall inequality implies that
t
V() <C (Vi + Wy p) exp |C (V) 7 + W5 1) K5(2) / Ki(s) ds} X
0

< (180 0y + 1/ o))

We thus have proved the following continuity estimate.

Proposition 10.3. We define Ry via (T00). Suppose that (r*, w*) € ()r satisfy the condition (108).
Then (r, w) = T(r*, w*) is well defined in ¢Jr. Moreover, there is a continuous function W7 =

V+(T, Ry, n), increasing of all arguments and finite for all po(T', Ry, n)n < W such that

V(T) <U(T, Ro, V*(T)) (|13l eri@ry + 10 o c0r)) -

10.3 Existence of a unique fixed-point of 7!

We are now in the position to prove a self-mapping property for sufficiently ‘'small data’. We recall
the definitions (99), of the critical norms Ry, R1. We denote u®? = (¢*%, (®9, ¢°9, v°%) and let
a0 = (¢°, ¢9, 9°, ©°) and G} := w*® — 4. In (T04), (T07), we just proved that ||a'||x, < C R;.
Recalling that the operator ,;z%Nis continuously differentiable into the space Z defined in (38), and that
A(u®) = 0 by the definition of an equilibrium solution, we can verify that

— 1 —
A (@) = (0 + ") = o (2% + 0") — o (0%7) = / (@ +ga') dfa’
0

Thus ||/ (@°)]| z, < C Ry. The definitions of §° and f° in (58) show that

181z @r) + 1 lr@ry = 1197 (@) | Lri@ry + 127 (@) Lri@ry S C Rie (116)
These considerations allow to state and prove the main properties of 7.

Lemma 10.4. We define R, via and Ry via (99). For ¢y and a, defined in (108), we de-
fine ny > 0 as the smallest positive number such that ¢0(T Ry, 770) no = ag. We define Rl =
min{1/(2CM (¢%,0)), no/(C W+(T, Ro, 10))} with W7 from Proposition[10.3, C' from (T08), and
C from (116). If Ry < Ry, the map T is well defined and possesses a unique fixed-point.

Proof. If w* satisfies (T08) and if R, satisfies (T05), 7 (r*, w*) is well defined in Vr. We apply
Proposition|[10.3] use (116) and obtain

17", w)llyr §‘1’7(T7 Ro, (10", w)llyr) (19| o r) + 1 zri@r)) < 1o -

We consider the iteration u" ! := T (u"), starting at zero. The sequence (¢", (", ¢", v") is then
uniformly bounded in X. We show the contraction property with respect to the same lower—order
norm than in Lemmal9.1] There are ko, py > 0 such that the quantities

t+1t1
E™(t) == po / {IVE" =" P+ VO = X"+ V" = 0" )} dads
t
+hko sup {0 = ") ()72 + 10" — 0" () T2 + 1 (w" —w" ) (7))}

TEL, t+t1]

satisfy E"1(t) < 5 E™(t) for some fixed t; > 0 and every t € [0, T — 1] O
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A Properties of the free energy density

In this section we prove the statements of the section [3| devoted to the convex conjugate of the free
energy density: Lemma[3.7] Lemma[3.2land Lemma[3.3]

We assume that k satisfies the assumptions of Lemma[3.1] Notice that requiring & essentially smooth
on 57, while positive homogeneous, induces that & is also essentially smooth on Sy;. To see this,
we consider any sequence {r™} C Sy such that r™ — 7 for m — oo, and 7 belongs to the
relative boundary of Sy, which means that there is i € {1,..., N} such that 7; = 0. Then we define
Yy =T/ Zf\il ri™ which belongs to S; for all m, and satisfies " — 0 for m — oo. Since k is
positively homogeneous, we have V ,k(r™) = V ,k(y™). Thus, by the assumptions of Lemma
we see that |V, k(r"™)| — 400, which is the essential smoothness on Sy

Consider now p € R arbitrary. Then we claim first that there exists a unique 7 € Si such that

f(p) = sup{p-r—k(r)} =p-r—k(r).

reSy

Since Sy is bounded, we first notice that sup, ¢ {# - r — k(r)} = max,cg—{u - r — k(r)}. Thus,

thereis 7 € Sy such that sup,es, {p-r—k(r)} = p-7— k(7). We want to show that 7" is an interior
point. Since Sy is a convex set, we can find for every a € Syy ah > O suchthat7+h (a — ) € Sy.
Due to the choice of 7

pw-(r+h(a—7)—k(F+h(a—7)) <p-7—k(r),

which yields k(7 + h (a — 7)) — k(T) > hp - (a — 7) and limp~ o k(Hh(a;m_k(f) > —o0. The
latter however contradicts the fact that & is essentially smooth on S (cf. [Roc70], Lemma 26.2). Thus,

7 € Sy is an interior point.

The uniqueness of 7 follows from the strict convexity of £ on SY.

Since k is differentiable, and since 7 +— i1 — k(r) attains its maximum in 7, we must have (Vk(7) —
w) - & = 0 for every tangential vector ¢ € R” such that £ - V' = 0. Thus, there is p € R such

that © = Vpk:(f) + p V. Multiplying with 7, use of the homogeneity of degree one implies that
7 - V,k(7T) = k(T), hence

sup {pu- 7 —k(r)} = p- 7 —k(r) =pr-V =p, (117)

T’ESV

showing that p = f(s). Due to the structure f(u) = p -7 — k(F) = max,cg, {p -7 — k(r)},
we easily show that f is differentiable in p with V, f (1) = 7. In order to show the differentiability of
higher order, we can exploit the identities

u—f(,u)‘_/zvpk’(vuf(u)), V'vuf(ﬂ) =1.

For a system of orthonormal vectors 1, ..., N1 for {V}+, and €V := V/|V|, we then have
N-1 N
po8 =8 VR €Vl ()&t ) forg = L. N~ 1,
i—1
=V f ()
v
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The latter can be viewed as an algebraic system of the form F/(X) = (u- &4, ... - €V 7L ﬁ) for
the unknowns X := (' -V, f(p),..., &Y - V,.f(i)) € RYN. The Jacobian of this system obeys

Dk¢t- ¢ fori=1,....N—1,j=1,..., N—1,
0 fortr=N,5=1,...,N—1,
51‘7]\7 forizl,...,N,j:N,

oF;
0xX,

where D?k is evaluated at V, f (). We can easily verify that { D*k(V . f ())& - & }ij=1, n—1i8
strictly positive definite: A vector of the form Z;V;ll & a;, a # 0 can never be parallel to V,,f(u),

since multiplying with V' yields a contradiction. On the other hand, the properties of k guarantee that
the kernel of D?k(V,, f(11)) is the one-dimensional span of V, f (11).

Thus, the equations (X (1)) = (- &, ..o - ENTL ‘—‘14) define implicitly a map p — X (p) of
class C*(RY). This clearly implies that f € C?(R"), and we obtain the formula

N
0X, .
2 _ J ¢i
Dyl (1) = ;:1 o & (118)

If k € C3(RY), we then differentiate again to obtain that f is C*(RY). This proves the claims of
Lemma[3.1] The claims of Lemma[3.2]and [3.3]are also readily established (use (118) and (117)).

B Auxiliary statements

For the proof of the following Lemma, we need the variable transformation in the section 4.1

Lemma B.1. We adopt the assumptions of Theorem for the tensor M : RY — RN and we
assume that k : Rf — R is given by (7). We assume moreover that there is a continuous function

C' = C(|p|), bounded on compact subsets of RY \ {0}, such that B; ;(p) := M, ;(p)/p;, with
entries belonging to C*(RY ), satisfies for all p € RY the conditions

|Bij(p)| + pi | Bijpi (p)] < Clel) foralli, j, k€ {1,...,N}.

Foro € I and ¢ € RN~2, we denote M (o, q) :== M (301" Ri(0, ¢)n* + on™), and recall the

definitions [22), (23), of the objects M (o, q), A(o, q), d(o, q) and the definition of the non-
linear part P(o, q) of the pressure. For o € I, we define m(¢) := min{1 — 9/ 0max, 0/ Omin — 1}
Then the following statements are valid: For all o € I and ¢ € RV 2

B |d(o, q)| + A0, @) + |dg(0, @) + |A4(0, @) < c1m(o);
B |d,(0, @) + A0, @)| < co;

B The function P, is positive and c3 (m(0))™" < P,(o, q) < ¢4 (m(0))~"! with cs > 0; More-
over | Py(0, q)| < cs.

Proof. For p € Sy we consider the vector u; = —p; (V; — 1/0mm) for j = 1,..., N. By the
definition of o, all components of u are positive. Moreover Zjvzl U; = 0/ Omin — 1 by the definition
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of Sy. Since M 1V = 0, the identity M (p)V = M(p) (V — 1V/0min) = —B(p) u holds. By
assumption |B(p)| < C(|pl|), and therefore

M (p) V| < C(|pl) [u] < Co(

~1).

Analogously, considering next u; := p; (V; —1/0max), we obtain that | M (p) V| < C} (1 — 0/ 0max)»
and overall that | M (p) V| < C'm(o).

We next investigate the derivatives. To do so, we recall two properties of the map Z(p, ¢) (Section

(20)). For ¢ =1,..., N — 2 direct computations yield fori = 1,..., N

szei i 1N D2f€€ . 1N
DZf1N 1N

&M%»(g,q):lﬁfeife— ford{=1,...,N—2,

D?fet - 1N

0,%:(0, q) “DRfIN IV

In these formula, we evaluate D?f at yu = S0 1> qo €'+ .4 (0, q) 1. In the Section 4 of [Drui9], we
prove that D? fe! - 1V < Cy D? f1V -1V fori = 1,..., N (Lemma 4.3 (e)). Moreover, | D?fe' - a| <
¢, pi for any vector a (cf. Lemma 4.3 (a)). From these properties, we infer that

|D*fe'|

7

1
;Iﬁq%(@,QNS (1+Co , max ) <c, [0, %(0 @)l <c.

We again express M, ;(p) V; = —B,.;(p) p; (V; — 1/ 0mmn), hence
_ _ 1 — 1

90 M j(p) Vi = =By jp(p) pj (V; — —) = Bi (Vi — " ),
and therefore, it follows for ¢ = 1, ..., N — 2 that
al 1 1
g, M; 5 (% = Z igon (P) Py (Vi — . ) = Bix (Vi — _ ) Rrige -

Since —Bij . (p) p; (Vi — 1/ 0min) = —Bi j.», w;, and, by assumption, |B; ;.| < C(|p|)/px, we
invoke that | %y ,| < C,ok to show that

0

min

Moreover, by the same means

By (Vi —

) Rrqel < |Bik uk (P, /pr)| < Crul < Oy (

min min

—1).

Arguing the same for the other choice of w, it follows that |3, M; ; (% (0, q)) V;| < Cm(p). The
other estimates claimed have been verified for this special case of the function k in the Section 4 of
[Drui9]. O

Remark B.2. In the case that the matrix M results from inversion of the Maxwell-Stefan equations, we
notice that the matrix B of Lemma is nothing else but the pseudo-inverse of the Maxwell-Stefan
matrix. It is shown in the paper [BDc] that natural assumptions on the binary diffusivities are sufficient
for proving that the entries of B consist of regular functions of the state variables. In particular, they
satisfy the assumptions of Lemma|[B.1|
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The following statement is directly taken from our paper [BDb]. There we must only adapt the defi-
nition of the parameters m™ and M™* according to (69), in order to account for different density
thresholds in the incompressible model.

Proposition B.3. Assume that Ry, M : I x RY-2 — RW-2x(N-2) g0 maps of class C
into the set of symmetric, positive definite matrices. Consider given ¢* € W' (Qr; RN™?) and

€ W;’QO(QT) (p > 3) such that the values of o* are strictly contained in I in Qr. Let g €
LP(Qr; RN=2) and ¢° € W?2/P(Q) such that v - V¢° () = 0 in the sense of traces on S). Then,
there is a unique ¢ € W' (Qr; RN ™) solution to the problem

R, (0", ¢") dlv(M(g*, q¢)Vq) =g inQr, v-Vg=0o0nSy, q(z,0)= qo(a:) in€),

Moreover there is a constant C' independentonT’, q, 0* and ¢* such thatforallt <'T and0 < 3 < 1:

_ 2
Vlt0) <O (4 (00507 1PN aog o+ ol |
P

Uy =Wy (t, M*(t), [lg"(0) sy, ¥ (t; q°), €] 0.5 gy IV llri@0)
with a continuous function Uy defined for allt > 0 and all numbers a4, .. .,as > 0. The function
W, is increasing in all arguments and moreover W1 (0, a1, . ..,as) = V)(a1, as, as) is a function

independent on the two last arguments.

We also recall some estimates of Hélder norms. This is also proved in [BDb].

Lemma B.4. For0 < # < min{l, 2 — >} we define

12-2-p) fr3<p<5s,
Y= p_l
(1-p)E= for5 <p.

Then, there is C' = C(t) bounded on finite time intervals such that C'(0) = C) depends only on (2
and for all ¢* € W2'(Qy)

< c)t[|lg" , + |l¢* _2 .
190505 gy < 10" Ollcsia) + CO 1 e Nuzrign + 17l oos )

Finally we have a perturbation Lemma for elliptic problems. This property ought to be well known, and
we only mention details for more convenience on reading.

Lemma B.5. Leta € C?(Q) (3 > 0) satisfy 0 < ag < a(x) < a; < +0o0 forallx € ). Suppose
that ' € LP(Q2) withp > 3. Then, there is a unique u € W' (Q) satisfying [,(a(x) Vu — F(z)) -

Vodx =0 forallp € C*(Q) and Jq, wdz = 0. Moreover, there is ¢ = ¢(, p, ao, al) such that
1
IVullze) < c(1+[a]es)? [ Fll1e@) -

Proof. Existence of a unique weak solution is well-known. In order to prove the estimate, we start re-
calling a few standard inequalities. First, the bound \/ag || Vu|| 2 < || F|| 2 is valid. Since we choose
1

the mean-value of u to be zero, then also ||u||Lz < cqag? ||F||p2- Moreover, for s > 3 arbitrary, we
find that ||u| () < (2, '8) (ag " || Fl| 1o + o [|[ull psr2(q))- Thus, choosing s < min{p, 4} and
employing the Hoelder inequality, we eaS|Iy show that |u \Loo < &(Q, ag, a1) || F|| e
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We now come to the main argument. We consider z° in Q and 7 > 0. We choose a nonnegative cut-off
function n € C}(B,(x?)) satisfying | V1| < cor~!. Choosing in the weak formulation a testfunction
of the form ¢ 1, we obtain, after some obvious shifting, for w := w7 the identity

0 . — 0 — .
:L‘)/va Vodx /Q(a(:c) a)Vw - Vodx
+/<FU+GUV77)’V¢d$+/(F-Vn+aVn~Vu)¢dx.
0

Q
This is a weak Neumann problem for the Laplacian of w. By standard results, we obtain an estimate

IVelle <e(€, p) (101 = —5) Vewlles

a
a(z?)
(1En+awTnll + |F-Fn-+aVy- Vot a@ul e ).

1
a(x0)
Here p* is the Sobolev embedding exponent of W1?(Q). For p > 3, we have p* = +oo and
p*/(p* — 1) = 1. Next, since w is supported in B,.(z"), and since a is Hoelderian, it follows that

It

a lales 5
p < p .
a(:po))vw”L < a(xo)r IVw||

.. B ._ ag .
Thus, fixing 7~ := 3o )l s we obtain that

2¢(52, p)
— a(aY)

With the notation 2,.(z°) = B,.(z°) N £, we notice that

IVw||r < (|1Fn+auVn|+ ||F-Vn+aVn-Vu+alx )w||L1(Q)).

Co
IVwlize 2 Vunllze = == llull e, @0y -

ai Co

| E'n 4 auVn||e <|[FnlL+ [l 2o @ @0

|-V +a¥Vn-Vu+a(x )wHL1< (IEN L1 @ @0y + a1 [[Vull L@, @op) -

Thus, we have shown that

2¢(92, p)

IVun]Le < (IFllze + = 2 (1PN oy + a1V 21, 00)

+?(1+2c(9 p) )|IU||LP Q(a0)) -

By appropriate covering of {2 with partition of unity, we obtain the inequality
2 mo C(Q7 p)
a

IVl < | ][ z» +

2C0 mo C(Qa p) ||F|| L
Qg T L

a1 Co
+

mo (2¢(€2, p) [[Vullr + (1 +2¢(2, p)) [lulle) -

aogT
Here m, is some geometric constant associated with the covering of €2. It remains to estimate
1 1 -1
[Vaul[pr < Q]2 [Vull2 < Q2 ao ® [|F] 2
1
[ulle < |QP [ull L @) < e(Q,p) |F]|zr

where we employ the preliminary consideration at the beginning of this proof to show that |||« <
¢ ||F || »- Recalling the choice of 7, we are done. O
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