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Further regularity and uniqueness results for a non-isothermal
Cahn—Hilliard equation

Erica Ipocoana, Andrea Zafferi

Abstract

The aim of this paper is to establish new regularity results for a non-isothermal Cahn-Hilliard
system in the two-dimensional setting. The main achievement is a crucial L°° estimate for the
temperature, obtained by a suitable Moser iteration scheme. Our results in particular allow us to
get a new simplified version of the uniqueness proof for the considered model.

1 Introduction

The aim of this paper is to establish new regularity properties for a mathematical model for non-
isothermal Cahn—Hilliard equation in a bounded container {2 C R2. For this model the existence of
the solution is already known as well as some partial regularity results. Also uniqueness of the solution
has been proved, see [10]. In this paper we gain additional regularity for the solution of the considered
model, which in particular allows us to show also a simplest uniqueness proof.

The model we consider consists of a PDE system describing the evolution of the unknown variables
 (order parameter), 14 (chemical potential) and 6 (absolute temperature), which takes the form

p=—Ap+ F(p) -0, (1.2)
0, + 0, — div (k(0)VO) = |V ul?, (1.3)

and it corresponds to the Cahn-Hilliard system for phase separation [6] (see also [23]) coupled with
the internal energy equation describing the evolution of temperature. More details about the derivation
of this model, which is obtained according to the general approach proposed in [14], will be provided in
[19]. This is a non-linear system whose main source of difficulty is directly related to the termodynamic
consistency of the model. Namely, it is represented by the quadratic term in the right-hand side of
(1.3). The analysis will be carried out in the 2-dimensional torus 2 = [0,1] x [0, 1], therefore we
choose periodic boundary conditions for all the unknowns. The function F, whose derivative appears
in (1.2), is a possibly non-convex potential whose minima represent the least energy configuration of
the phase variable. Here, we will assume that F' is smooth and with power-like growth at oo. Moreover
the function x(0) in denotes the heat conductivity coefficient, assumed to grow at co as a power
of 6, as it has been recently considered in several contributions, for instance [12].

Our model system is part of a more general model

divu = 0, (1.4)
u; +u-Vu+ Vp=Au—div(Vy ® Vo), (1.5)
o +u- Vo= Apu, (1.6)
p=—Ap+F'(p) -0, (1.7)
0, +u- VO +0(p +u- Vo) —div(k(0)VO) = [Vul* + |Vp? (1.8)

WIAS Preprint No. +++Preprint-Nummer+++ Berlin 2020



E. Ipocoana, A. Zafferi 2

where the Cahn-Hilliard equation and the internal energy equation are coupled with a Navier-Stokes
equation. This model has been derived and studied in [11] where the existence of solutions was
shown in the 3D case (under some slightly different assumptions on the coefficients) in a very gen-
eral and weak formulation. Then in [12] also the 2D case was analyzed, obtaining the existence of
strong solutions. Eventually in [10] the authors were able to improve the previous results by defining a
class of slightly smoother solutions and by proving that uniqueness holds in that class (and therefore
well-posedness results have been proved). The authors were then able to characterize the long-time
behaviour of solutions by showing that they constitute a strongly continuous dynamical process, which
admits a global attractor, where the spatial mean of the initial velocity is zero.

To prove these well-posedness results, in particular a key point is the following: the right hand side of
lies exactly in L?(0,T; L*(€2)) and this information apparently doesn’t seem to be sufficient to
get additional regularity for 6, which is essential in order to be able, for instance, to test the equation
for the temperature by 6,. In particular a L°°-bound is lacking because Moser iterations do not work
for L2 on the right hand side and this would be crucial in order to manage some coefficients growing
like powers of #. Therefore much efforts have been adopted in the already mentioned papers [12], [10]
to overcome this difficulty and be able anyway to get a control of the gradient of 6 in L2(Q), uniformly
in time.

The aim of this paper is to show that, assuming a null velocity vector field, the Moser iteration scheme
works, so that the crucial L°°-estimate for 6 is now available. As a consequence the proof of a unique-
ness result for our non-isothermal Cahn—Hilliard model can be simplified with respect to scheme pro-
posed in [10]. The outline of the paper is the following: Section [2| provides the setting of our problem.
The core of this paper is presented in Section |3, where the main result, Theorem (3.1, namely exis-
tence and uniqueness of a solution for our problem (1.7)-(1.3), together with the additional regularity
for 6, is proved.

2 Assumptions

We suppose that a two-component fluid occupies a bounded spatial domain €2 C IR?, with a suffi-
ciently regular boundary I". We let n denote the outer normal unit vector to I'. Moreover, p(x,t) is
the order parameter, representing the concentration difference of the fluid, or the concentration of one
component, and 0(x, t) is the absolute temperature.

In particular, we consider our PDE system taking place in the two-dimensional flat torus with periodic
boundary conditions, namely 2 = [0, 1] x [0, 1] and ¢|s,—0 = @|s;=1 71 =1,2 Vt € (0, 7).

Let us now introduce some notation we will use in the sequel. The symbol ||-|| - will denote the norm
in a generic Banach space. We denote as H := L2 () the space of functions in L2(IR2) which

er
are ()-periodic (i.e., 1-periodic both in 1 and z5). A?lalogously, we set V := H__ (€2). The spaces
H and V are endowed with the norms of L?(£2) and H' (), respectively. For brevity, the norm of
H will be simply indicated by ||-||. Still for brevity, we omit the variables of integration. We will specify
them when there could be a misinterpretation. The symbol (-, -) will indicate the duality between V'’
and V and (-, -) will stand for the standard product of /. We also write L”(2) instead of L], (),
and the same for other spaces; indeed, no confusion should arise since periodic boundary conditions
are assumed to hold for all unknowns. We denote [ (€2) the space of functions which are H(§2)

and Q-periodic, for m € IR, m > 0. In particular, for m = 0 we have HY. (Q) = L% ().

per per
1

UQ:—/v:/v,
1€ Jo Q
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On a non-isothermal Cahn-Hilliard equation 3

to indicate the spatial mean of v, being 2| = 1. If the integral is replaced with the duality, the above
can be extended to v € V'. We denote as Hy, V and V the closed subspaces of functions (or
functionals) having zero mean value in H, V, and, respectively, in V. Then

1/2
oy = ( [ 1oPax)
Q

represents a norm on Vj, which is equivalent to the norm inherited from 1/ by the subsequent
Poincaré-Wirtinger inequality (2.3f). In particular [|-|,, is a Hilbert norm and we can introduce the
associated Riesz isomorphism mapping J : Vi — V| by setting, for u,v € V4,

(Ju,v) = ((u,v) /Vu Vo dx. (2.1)

For f € Hy itis easy to check that u = J~1f € H?(). Actually, u is the (unique) solution to the
elliptic problem
uwe Hy, —Au=f, Vu-n=0.

Moreover, if © is as above, then

(J(u—uq),v) = —/QvAudx

for all v € V;. Finally, we can identify H, with H{, by means of the scalar product on H obtaining the
Hilbert triplet Vi, C Hy C V{/, where inclusions are continuous and dense. In particular, if z € V and
v € Vj, it can be easily seen that

/ Vz-V(J v)dx = /(z — zg)vdx = / zvdx. (2.2)
Q Q Q

In the sequel we will also frequently use the following 2D interpolation inequalities:

ol ooy < cllvlly® o)), (2.3a)
0]l ey < €llvllagy 02, (2.3)
loll iy < clollF ol 75 7€ [2,00), (2.30)
Pl < elolly oliv@,  a=1-- rx1 239
[olariey < elleliet @y oy 0= 2= 2:50)
v —vall < e[|V, (2.3)

holding for any sufficiently smooth function v and for suitable embedding constants, all denoted by the
same symbol ¢ > 0 for brevity. We will also use the following non linear Poincaré inequality (see [15])

02|}, < ¢, (HU” Lo + [V ) (2.4)
holding for all non-negative v € L'(£2) such that Vo?/? € L2(£2), and for all p € [2,00). We also

recall that
o]l < e |[VollY* ol Yo e Vo, (2.5)
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1/2 1/2
v

as one can prove simply combining the standard interpolation inequality ||v|| < ¢ jv||}/” ||v]]}/ with

the Poincaré-Wirtinger inequality (2.3f).

Now we are ready to present our main assumptions on the nonlinear terms. We ask the configura-
tion potential F' to satisfy:

F
F e C*(R;R), liminf (r) > 0, (2.6)
|r|—o0 |T’
F”(r) > —Aforsome A >0, andallr € IR, (2.7)
|F"(r)| < ép(1+ |r[P71) for some ¢z > 0,pp > 1, and all r € IR. (2.8)

We remark that implies
|F"(r)| < ep(1+ |r|PF) forsome cp > 0,pr >0, andallr € RR.

Assumption (2.6) postulates regularity and coercivity of F’, (2.7) is A-convexity and (2.8) prescribes a
polynomial growth at infinity. Note that (2.6) implies that

F(s) > —cy VseR
for some constant ¢y > 0. We assume moreover the heat conductivity to be given by
K(r)=1+47r% q€[2,00), r=>0. (2.9)

Correspondingly, we define

K(r):= /07” k(s)ds =1+ ! j_quq, r>0. (2.10)
We then observe that, for some £, > 0,
/in(Q)Q\VGFdX — VK@) > [Vl + k, | Vo | @.11)
Then, exploiting with the choice p = 2 we obtain
K@) < (14101 + [ ervep), 212

for some C' depending on q.
The initial data are chosen according to (3.5) and (3.10), therefore

pt)e =¢0)a  E(p(t),0(t)) = E(¢(0),0(0)).
It comes natural to define the “energy-entropy space” of data as:
H={z=(p,0) €V xL(Q):0>0ae inQ logh e L' (Q)}.

In our space we omitted the chemical potential u, in view of the fact that 1 can be regarded as an
auxiliary variable, and sometimes, depending on the situation, it will be more convenient to “exclude” .
This can be easily achieved rewriting the system (1.1)-(1.2) as a single equation where p no longer
appears.

WIAS Preprint No. +++Preprint-Nummer+++ Berlin 2020



On a non-isothermal Cahn-Hilliard equation 5

Now, in agreement with [12] and [10], we define the set
Vi={z=(p,0) e HN (H* () x V) : K(0) € V,1/0 € L'(Q)}.

Because 0 is the absolute temperature the condition 1/6 € L*(£2) implies & > 0 (actually a strict
separation from 0). Moreover, the requirement K (0) € V yields € V'; however, in the definition, we
stated both to have a clearer view of that space.

Eventually, we recall here a result which will be useful in order to reach regularity in Section The
proof of this Lemma can be found in [12].

Lemma 2.1. Let O a smooth bounded domain in R?. Then, there exists ¢ > 0 depending only on O
such that

Hf”}p(o)/ < C(l + Hf”[}(@) 10g1/2 (e + HfHLQ(O))) (2.13)

forany £ € L*(O).

3 Well posedness results

3.1 Main result

We are now ready to present the main result of this work, namely

Theorem 3.1. Let us assume (2.6)-(2.8) and (2.9). Let alsoT’ > 0. Then given zy, € V there exists a
unique solution to our problem, namely a triple (p, i1, 0) with the regularity

o e W0, T; VYN HY(0,T; V)N L>(0,T; H*(Q)), (3.1)
p e HY0,T; VYN L>®(0,T; V)N L*0,T; H*(Q)), (3.2)
6 € H'(0,T; L*(2)) N L>(0,T; L>°(Q)) N L>=(0,T; V), (3.3)

0 >0aein(0,T)xQ,

K(0) € L*>(0,T; L>(2)) N L>(0,T;V), (3.4)
satisfying equations (T1)-(-3) a.e. in (0,1) x Q and complying with the initial conditions
@li=o = o, 0)i=0 = bo

almost everywhere in €.

An existence result for our model problem can be proved by means of the solution of an approximating
problem and then on the application of Schauder’s fixed point theorem. The complete proof can be
found in [12]. Here we focus on the regularity results. We distinguish two sections: in the first we
recover the basic regularity already proposed in study of the general model in [12], while in the second
one we achieve further regularity also with respect to [10].

WIAS Preprint No. +++Preprint-Nummer+++ Berlin 2020
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3.2 Initial regularity

In this section we recover the basic regularity already proposed in study of the general model in [12];
for the reader’s convenience we sketch the main points. We can observe that, considering here null
velocity, as one may expect, also this part of the proof turns to be simplified. In particular this is evident
in two points: in the complementary estimates and (3.20), that can be easily derived one from
the other (due to the absence of convective terms) and in the key estimate of the term (6;, ;). This
last achievement is obtained by means of the control of two terms: the estimate of [ x?(6)|V6|?
follows exactly as in [12] while the estimate of the term [ |V u|*¢, can be heavily simplified, even if
the idea of relying on conjugate functions still is necessary, for the presence of the quadratic term in
the right hand side of (1.3).

3.2.1 Energy and entropy estimates

The energy estimate is obtained by testing by i, (1.2) by —p, by 1 and then integrating
over {). Summing up we get

%5(@,0) =0,  where E(p,0) :—/

(1|Vgo|2 + F(p) + 0) (3.5)
0 \2

which is the total energy of the system, given by the sum of the interfacial, configuration, and thermal
energies (the three terms in £).
From relation (3.5) we infer the following a priori estimates

el Lo, v) < ¢, (3.6)
10| Lo 0,701 )y < ¢,

where we exploited (2.6) in order to obtain (3.6) and we used the nonnegativity of 6 to get (3.7) from
(3.5). Moreover, from (3.6) and Sobolev’'s embeddings, we also have

ol Lo (0,:Lr()) < ¢p forall p € [1,00). (3.8)

On the other hand, integrating (-7) over €2, and using the periodic boundary conditions, we observe

d

7 i =0 ae.in (0,7). (3.9)

The entropy estimate corresponds to the entropy production principle. In order to obtain it, we test
(1-3) by —0~! and integrate over (), therefore we infer

d 1
y Q(—log9—¢)+/ﬂg\Vu]2+/Q(]V10g9|2+kq|veq/2l2) =0, (3.10)

with £, > 0 only depending on the exponent ¢ introduced in (2.9). Integrating in time and recall-
ing (3.6)-(3.7), we get the a priori bounds

[ 10g 0| o< (0,7;21.(02)) + [[10g | 220,7) < € (3.11)
V2| 20,750y < c. (3.12)

In particular, from (3.17) we see that the strict positivity of 6 is preserved a.e. in (0,77) x € also in the
limit. Moreover, the combination of inequality (2.4) with estimates (3.7) and (3.12) gives

H‘9q/2HL2(O,T;V) <eg,

WIAS Preprint No. +++Preprint-Nummer+++ Berlin 2020



On a non-isothermal Cahn—Hilliard equation 7

which implies in particular
101l 20,1y < €
and, for ¢ = 2,
101l 20,0y < c. (3.13)

3.2.2 First estimates for ., p and ¢,

From equation (1.3) and periodic boundary conditions, we get

d
/|Vu|2——/9+/@g0t. (3.14)
Q dt Jq Q

Our aim is to control the terms on the right hand side.

In order to do so, we first integrate in time, and then we estimate the first one thanks to (3.7). On the
other hand, by using (1.1) and Hélder’s and Young’s inequalities, the second integral can be controlled
as follows

1
[ oe= [ oan=— [ Vo-Tu<5(1Vul? + VoI, (3.15)
Q Q Q 2

The first term on the right hand side is absorbed by the corresponding one on the left hand side of
(3.14), while we use (3.13) to estimate the latter. Hence, we obtain

IVl 20,00 < c (3.16)

We now integrate (1.2) in space, combine (2.8), (3.7) and (3.8) and then take the (essential) supremum
with respect to time; we infer

H/“LQHLOO(O,T) S C. (317)
This estimate, combined with (3.16), gives

12l L2 0,mv) < c. (3.18)
Now, testing (1.1) by nonzero v € V', we can notice that

{1, v) = —/QV;L-W < [IVulllivel < e Vullllollv (3.19)

Hence, dividing by ||v ||y, passing to the supremum with respectto v € V'\ {0}, squaring, integrating
in time, and using (3.18), we infer
Hg0t||L2(0,T;V’) S C. (320)

On the other hand, testing equation (1.1) by —u and noting that x has zero spatial mean, the use of
the Poincaré-Wirtinger inequality yields

IVul? = — / oot = — / ool — 1) < [l — pallvlledllv
Q Q

< SIVull* +cledi,

N | —

which allows us to get
IVul* < clleelly (3.21)
Finally, if we test by A%y and integrate over (2, by recalling (2-8), we get
IVA@|* < e(1+ (VO + IV ull?)
Integrating this inequality in time and using (3.13) and (3.16), we then obtain

HSOHLQ(O,T;H?’(Q)) <c (3.22)

WIAS Preprint No. +++Preprint-Nummer+++ Berlin 2020
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3.2.3 Key estimate: control of the term (6,, ¢;)

First of all we take (1.1), differentiate it with respect to time, and test the result by J;, where J was
first introduced in (2.1). Correspondingly, we differentiate (1.2) in time and test the result by —;.
Summing the obtained relations, by (2.5) and (3.9), we then get

1d
2 dt

1
= Ml + (6 00) < IVl +clleellin + (60 00). (3.23)

Dl + Ve + / (F"() + NP

Reabsorbing, this is equivalent to

1d

7
2dtHthw gHVsotH2+/Q(F”(¢)+A)!sot\2 < clledli + (0 00)- (3.24)

On the other hand, testing by ¢, yields

(0, pe) + / Opf = - / K(0)VO - Vior + / Vul*er (3.25)
Q Q Q
1
< Vel w4 [ RONOR+ [ Vil
Q Q

To treat the term in V6, we test (1.3) by 6/ () introduced in (2.70) (the coefficient 6 is suitable for
reabsorbing the second term in the right hand side of the previous inequality by the left hand side) and
working exactly as in [12] we deduce the following estimate

d
6—/J(9)+5/n2(9)|v912
dt Jq Q
1
< el + allb) + 5190l +6 [ KOIVA?, 3.26)
Q

where we set

r 7'2 1
= | K(s)ds=— 4+ ————1 1 >0. (3.27)
/0 ®) 2 (¢+1)(g+2)

Summing (3.25) and (3.26) we get

o / g 16 / 70 /2<0>|ve\2

< c(t+ il + 151Vl + [ ©K@)+ )Tl (3.28)

Then, adding together (3.24) and (3.28) we obtain

11 2 " 2
sl 6% [ 76)+ Ivalt+ [ (7()+ Vil
+ [ogi+ [ oo
< el + e+ i) + [ (6K (®) + )| Val (8.29)
Q

WIAS Preprint No. +++Preprint-Nummer+++ Berlin 2020
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Neglecting some positive terms in the left hand side and rearranging, we then arrive at

11 2 2 2
/ 0)|Vo
sgllelt 65 [ 70+ FIVel + [ 2@V
(Lt el + [ (OK®)+e)lVa (330
Q

We now focus on controlling of the last term in the right hand side of (3.30), which represents the
most difficult part of our argument. In order to do so, we use the embedding inequality (2.13) setting
& = |Vul? Then, exploiting (2.12), (3.9) and the Poincaré-Wirtinger inequality, we infer

650+ Vi < (K@ + 1900 IVa e
1 1
<ct g [ RO + Vel +l| VAP,

<ol / RO)VOE + L[V
2 J, 8
+c ” |v'u|2Hil(Q) log (e + ” |VM|2HL2(Q))' (3.31)

Next, we consider the functions ¥(r) = €", r € R and ¥*(s) = s(logs — 1), s > 0 (extended by
continuity to s = 0 by setting ©)*(0) = 0), which are convex conjugate. This means that Vr € R,
s > 0,it holds rs < ¥(r) + ¥*(s), as we can see for example in [3, Sec. 1.4]. If we now set

r =log (e + [||[Vul?|lr2() and s = ||| Vul? ||L1(Q), we can estimate the last term in (3.37) as
follows

c| |V'L‘|2Hil(ﬂ) log (e + | |V'L‘|2HL2(Q))
< C|[IVAP|[3 0y (108 (ellIVRE] 5 0) = 1) + €+ 198 2 oy

< c+ || Vul['log (e + [[Vull®) + Vil Zay, (3.32)

where we used the fact that || |V“|2Hil(9) = ||Vu||* and elementary inequalities concerning loga-
rithms.
The first non-constant term on the right hand side of (3.32) can be estimated by using (3.21) as follows

el| Vil ! og (e + [ Val2) < c(1+ [ully) 1og (e + (1 + leil3))
< (1 + [lelli)* log (e + lgell) (3.33)
while the second one can be controlled by using equation and inequalities and as
IV il 2oy < ellVelllullm o) < 0||Vu||(||u||v + ][ Aull)
< cllully +clled* < ellulli + gHVwH2 +clleelli- (3.34)

Then, plugging (3.32)-(3.34) in (3.31) and in turn the result into (3.30) we finally deduce

1
, 2 - 2 0 92
thusotuv o5 [ 70+ 5IVed? + 5 [ 2@V
< cle+ leullv)*[1 + log (e + ll@ell7-)] (3.35)

< cle+[leellv)*log (e + [lelly-)-

WIAS Preprint No. +++Preprint-Nummer+++ Berlin 2020
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Let us now set
o(t) = e+ el €0):=6 [ T0(). (336
Hence, reads
P'(t) + 0 (t) < c[®(t)]* log D(2). (3.37)
We define Z(t) := 1 + ®(t) + O(t), then we divide both hand sides of by Z log Z, therefore
we get

d Z'(t)

—loglog Z(t) = —————— < ®(t),
Tt (®) Z(t)log Z(t) — ®)
where we recall that || ®|| 10,7y < ¢ in view of the a-priori estimate (3.20). Moreover, working in a
similar way as in [12] in order to estimate the initial condition, we have Z(0) < oo, hence we can
integrate (3.38) over (0, T") to obtain

(3.38)

1 Z|| oo 0,1y < e (3.39)
3.2.4 Consequences
From (3.27), (3.39) reads
¢l oo 0,mvr) < e, (3.40)
||6||L°°(0,T;Lq+2((2)) <c (3.41)
Combining with (3.17), we get
[ellzeeo vy < e (3.42)

According to the above relations and using (2.10), (3-9), after integrating (3-35) over (0, T"), we infer

el 20,mvy < e, (3.43)
1K (0)]l 20,mv) < e (3.44)

Now we read (1.1) as a time-dependent family of elliptic problems. Combining standard regularity
results with (3.43), we have
”MHL2(O,T;H3(Q)) <c. (3.45)

We conclude by providing some estimates for the terms p; and ;. We (formally) differentiate (1.2
with respect to time and use (1.3), therefore we infer

e = —Api + F"(0)pr + 00 — AK(0) — |Vl (3.46)

We now test the above relation by nonzero v € V. Recalling the boundary conditions, we obtain
(s h = [ Ve + K (0)) - Vo + (F" o)+ 8= [T 0)
Q

< ol (9 + KO + [ F"@)oe + 000 = Vil ugy) . (34D

Then, dividing by ||v||y, passing to the supremum with respect to v € V' \ {0}, squaring, and inte-
grating in time, we get
||M||H1(0,T;V/) <ec. (3.48)

Indeed, according to (3.43)-(3.44), it holds
[V (e + EO)| oo < (3.49)
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On a non-isothermal Cahn-Hilliard equation 11

and moreover it holds
[F"(0) e+ 00 = IVul|| 2o o2y < € (3.50)

where the exponent 3/2 is chosen just for simplicity (any number strictly greater than 1 would be
allowed, indeed).

This last inequality can be proved as follows. We know that F/(¢) grows as a power of ¢, whose
regularity is given by and (3.22). Hence, according to we infer

”Fu(@(ﬂtummm) <c
On the other hand, from (3.41), (3.43), Sobolev embeddings and Hélder inequality we obtain
104|320y < €
For the last term, taking advantage of (3.42) we get
2
[Vl HL3/2(Q) =c

Combining the previous relations and integrating in time we eventually gain (3.50).

3.3 Further regularity

Thanks to the estimates obtained in the previous section, we are now able to prove the regularity
presented in Theorem 3.1]
First of all we focus our attention on the estimate

6 € L>(0,T; L>(52)) (3.51)

obtained by a Moser’s iteration technique, as in [20].
We start multiplying (1.3) by 67 and then we integrate over (). Therefore, we have, in view of (2.9),

1 d ot pil pgtl
p+1dt 99 /[V@ p+q+1 /\V@ ‘

(3.52)
§/|Au|9”+1+/\vu|29p-
0 Q
This entails, using (2.4),
d 4p pt1||2
- 9p+1+—‘97
dt/ﬂ cp(p+1) v
4p 1
0“ +1/A Pt 4 +1/V 2gp 3.53
(p+1)ll 171 + (@ )QI g (p )QI g (3.53)

<(p+1) / (180 + D8 4 (1) [ [TuPo? = 1+ 1o
Q Q

where we observed that 7 < p+ 1 and where ¢, denotes the Poincaré constant in ( . Now,

(p+ )

Io=(p+1) /<|Au|+1>ep+1 w+1) [ 0% )0

<(p+1) |67 H (1Al + 1),
g%)e%ﬂ SO+ Hez \Au|+1)‘L6/()
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where the positive constant C' is allowed to vary from line to line.

At this point we use Holder’s inequality with exponents 5 and 5/4, therefore we get

|

o /93(”“)(IA +1)8)
@) \Jg 8
4
3
< 180+ 1l [ 670
Q

sdruw@mw(LGMHQ

0" (|au] + 1)

Eventually we deduce

pt1

2

2
<22

% e 2 o)
< s o o e ([0) s

On the other hand, observing that 87 < 6" + 1 and recalling Sobolev’s embedding theorem, thanks

to (3.42) we are led to

L= (p+ 1)/ V267 < (p+ 1)/ VuPo ™ + (0 + 1) Vil
Q Q

<cp+1)|0= || ||[VuPoT| +Clp+1)
1% 1%
2p p+1 2 2 2 p+1 2
< 2 C 1 0= C 1).
~op+1) ‘9 ‘v+ (p+1) HW“' L5/4(Q) O+

Now, applying Hélder’s inequality with exponents 6/5, 6 and interpolation inequality (2.3€) we obtain

8 4
2 5 5 5 3 3
— 2(p+1) 5 4 7 (p+1)
@) </998 WW) = Vil (/964 )

4
3 3
scwm;@(éﬂﬂ“ﬁ

Therefore, we have the following inequality for /:

p+1

HIW!QGT

4

2 . 3
L Cllill ([0100) wcorn. e

I, < 2p ‘9%

T opp+1)

Using (3.53), (3.54) and (3.55) yields

d . 3
afepﬂ <C(p+1)3 <1 + Huﬁp(m) (/ 64(p+1)) +C(p+1),
Q Q

then, by a further integration over (0,¢),¢ € (0,77,

, 5
/ ortit) < O (p+1)° ({su;; (/ 94(P+1)) + KT> : (3.56)
Q 0,71 \J@
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where we took advantage of (3.45) and where with ' we denote a term cointaining the information
on the initial datum 671(0) which possibly depends on 7.
In order to apply Moser's iteration, we consider the sequence (py ). of real numbers defined by

4
Do =3, DPky1= §pk, k € N.

Let us take p = pir+1 — 1in (3.56). We then have

4
3
/9““(25) < Cpiiq | sup </ 9“) + Kr |,
Q [0, Q
%
sup/@pkﬂ < C'p},, max { sup (/ 9”’“) ,Kr o
[0,7] JQ 0,77 \JQ

Thanks to (3.41), we already have § € L>(0,T; L2(Q)), where g was introduced in (2.9). There-
fore, we can apply the Moser lemma and get

hence

VkeN,  sup |0 q) < C.

(0,77
Taking the limit as k goes to infinity leads to (3.51). This also immediately entails that K (f) €
L>(0,T; L>(Q)).
We are now able to prove that § € L>(0,7;V). In order to do so, we formally multiply by
3tK(9) = /i(@)@t We obtain
1d

|| + 55 [ wxer

:—/QHA,u/Q(H)Ht—l—/Q]V,u\ZR(@)Ht:/QK;(G)@HVMQ—HAM] dx

Owing to (3.57) and (2.3a)), the right hand side can be controlled as

PO N
Q

S RCGNEGAONEITS

Q
SINAO] P VO N (Pt PN
1

<c|Vr@)8illlellnze < SIVAO)OI + cllulliz ).

Then, on account of (3.45), we get
0c H(0,T;L*() K(0) € L=(0,T;V)
and this last estimate entails the desired result § € L>°(0,T; V). Finally, by reading as
—Ap+ F'(p) =0+ e L>(0,T;V),

we deduce the thesis using (3.1), thatis ¢ € L>=(0,T; H*(Q2)).
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3.4 Uniqueness

We now address the uniqueness of solution in Theorem Let zo € V and let (@5, i, 0:),1 = 1,2,
be a couple of (stable) solutions both emanating from z, over the interval (0, T'). Taking (i, p1,6) :=
(p1 — o, 1 — pa, 01 — B), we can readily obtain

o1 = Ap, (3.57)
p=—0p+ F'(p1) = F'(g2) = 6, (3.58)
Or + 6180+ 0Apy — A[K(61) — K(62)] = (Vi + Viz) - Vi (3.59)

coupled with null initial data. This guarantees e.g. pq(t) = 0 V¢ > 0. By the regularity (3.1)-(3.3),
we observe

H%(t)HHS(Q) + @y + 10:) < e, t€(0,T)
[1ll 20,13 0y) + 10ill oo 0,200 0)) < € (3.60)
for some positive constant ¢ depending on 7" and on the initial data. These properties will be frequently

used in the following.
The proof we show is based on the application of Gronwall’s Lemma to the functional

Z(t) = e | Ve()|I* = 22 (6() — ba(t), o(1)) + 10(t) = Ba(t)I[5 + Oa(t)?, (3.61)
which is zero for ¢ = 0. We notice that for ¢ > 0 small enough,
Z(t) = e.(IVe®)* + 16(t) = ba(®)]3 + bal(t)?). (3.62)
Therefore we need to estimate the terms <% V)|, L16(t) — 0o(t)|7 and 4 0q,(t)%. The first
one will be addressed in Section the second in Section [3.4.3]and the third in Section
3.4.1 Preliminary estimates

First of all we control A by testing (3.58) by —Ap:

1AQ))? = — (i — pa, Ap) — (0 — b, Ap) + (F'(¢1) — F'(¢2), Ap)
<c|lAp|l (IVull + 16 = Oall + || F' (1) — F'(p2) |l

Exploiting Holder's inequality with exponents 3 and 3/2 and recalling (2.8),(3.60), we obtain

1E' (1) = F'(e)ll” < e{(L+ 11" + |af*7), %)

<
2 2
< cllels@ < cllelly -

Eventually, according to (3.21), we conclude that

1A@]* < c(IVull* + 116 — ball* + llolly) < c(lledlly, + 116 = ball” + llelly).  (3.63)
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3.4.2 Difference in order parameters for Gronwall’s argument (3.61)

Testing (3.57) by J 'y, we get

lell3 + (s 00) = 0,

where, multiplying (3.58) by ¢, we can write the second term as

1d
(s 01) = 53 (1961 = 2(6 = b, ) + (F'(01) = F'(ip2). ) + {61, 0).
Combining the previous relations we infer
9 1d
el + 52 (190l = 26 = b0, )

= = (F'(p1) = F'(p2), 1) = (00, 0) - (3.64)

We take care of second term on the right hand side by multiplying (3.59) by :

(Or, p) = (K (01) — K(02), Ap) + (Vii, VO1p) + (V1,01 V)
—(0Apa, o) + (Vs + Via) - Vi, ) .

We notice that a direct estimate of the first term in the right hand side could have been provided due to
and the regularity achieved on K (6). However in this way, it turns to be difficult to reabsorb the
term C'|¢; ||y in the left hand side. Therefore the gain of regularity in 6 apparently does not simplify
this part of the proof and we need to proceed as in [10].

We notice that, exploiting two times, the first term on the right hand side reads

(K(61) — K(62), Ap)

= (K(th) — K(02), —p + pa + F'(¢1) = F'(p2) — 0 + ba) —
(MQ+99)/[ (61) — K(62)]
= (K(61) — K(02), —p+ pa + F'(p1) = F'(p2) = (F' (1) = F'(¢p2)))
— (K(61) — K(02),0 — 0q) .
Therefore we have,
<9 )

— (K(01) — K(02), =+ po + F'(¢1) — F'(¢2) — (F'(¢1) — F'(p2))a)
— (K (01) — K(02),0 — 0q) + (Vi,VO10) + (V,0:V0) — (0Aps, )
+ (Vs + Vig) - Vi, ).

Owing (3.64) and combining the above relations, we obtain

ol + 5o (19617 =200 = 0. ) = (K (0 ~ K (6,0 -0
F'(¢1) = F'(¢2), 1)
+ (K(01) — K(b2), —p + MQ + F'(p1) = F'(p2) — (F'(01) — F'(02))0)

2 (3.65)
<
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First of all using (2.8), we have

IV (F' (1) = F'(2))

< c|[IVel(1+ |€17]) + el (1 + e[~ + [P — 1)|[Ves]|| < cllelly - (3.66)

Therefore, as (p;, 1) = 0, we deduce
Iy == —(F'(¢1) = F'(¥2), 1)
< CIVIF(er) = F'(@)l el < cllelly lleelly -

On the other hand, by (3.51),
[K(61) = K (62)[l5/5 < ([0 = Oall +[6al),

and, according to (3.66), it follows
Iy = (K(0h) = K(02), p = po = F'( 1) = F'(i02) = (F'(p1) — F'(2))o)

< K (01) = K(02)[ 137200y (10 = 0l 130
+ 1 F' (1) — F'(2) — (F'(%) F'(02))all 130))
< ([0 = Oall + 10DVl + lelly)-

Owing (2.34),(2.3b) and (2.3f)
Is .= —(Vu, Voo + 0,V)
< c[[Vull (VO llell L) + Vel Lay 1611l 1agq))

1/2 1/2 1/2 1/2
< eIVl (el el + 1V el i)

1/2 1 2
<c|Vull Vel el

Now, using and the injection V' C LP(QQ), for p > 1,
Is := (A w2, ) = Oo (Apa, ) + (0 — 0a) Az, ¢)
< clbol Vil [Vl + 0 = Oall | Apall a0y 1€l 1o

< clbal [Vl + ¢l = Oall lu2ll gs o) IVl -

Finally combining the previous strategy with (2.3a), we get

Iy i= — (Vi + Vi) - Vi, ) < Vs + Vitz gy Vol 1] s
1/2 1/2
< (lellz gy + leallizg ) IVl Vel

Eventually, the above computations and Young’s inequality yield
I+ 1+ s+ I+ I7
< cllelly llelly + edllo = Oall + [0al) (1 + ll12ll ga@) 1€l

+ eIVl IVl el i) + c(l6 = all + 6a]) Vil

1/2 1/2
+e (1 + el + Nl / o) I9allIVel

«
<3 ||90t||2w + SVl + E 16 = 6all® + 5 120l + g () (llelly + 67)

1 1
(5 m) lorl3, + (a +a) 16 = 6012 + g (ol + 62).

IN
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Where in the last passage we took advantage (3.63) to estimate the term depending on Ay. Moreover,
we have defined
2 2 2
9(t) := e[l + 102/l 120) + 11l @) + 2l 3 () (3.67)

with (large) constant ¢ > 0 also depending on the choice of the small constant « > 0 Combining the
previous estimates with (3.65), we finally get

o+ LIVl =200~ B00)) — 2.(K(6) ~ K(82).6 ~ b0

1 1
< (5 a) oy +e (G +a) 1= ball + slllh + ). (oo

As mentioned before, the aim of these calculations is to apply Gronwall's Lemma to a specific func-
tional already introduced. In order to do that, we are trying to obtain the derivative of such functional
on the left-hand side and the functional itself on the right. Thus all terms arising from that must be
either integrable over (0, 7") (which is the g(t)) or they must be balanced with some term on the left
side as ||, || or |6 — 63 || (which will arise from (K (6;) — K (65),6 — 6q)).

3.4.3 Difference of temperatures for Gronwall’s argument (3.61)

We test by J~1(0 — 0q) and integrate by parts, therefore we obtain
1d
S lo - eauw < <91> K000t}

t
—((0 — 0q) Auz,J (9—99 ) + 0o (2 — (2)a, 0 — 0q)
+ (Vs + Vo) - Vi, J7H0 — 0q) ) =: Is + Iy + I1o.

First of all we have

Iy = (61Vp, VI (0 — b))
<c|[Vull [[VI7HO = ba)|| < clIVull 10— bally. -
From (2.3b),
17710 = 00) || oy < €116 = Bl 16 — o>
Thus, we infer
Iy:=— (Vb -V — (0 —0o)Aps, JHO — 0q))
+ (Vi + Vo) - Vi, J7H0 = b))
H‘] (6 — bo) HLOO 164y [[V 1]
+ 2l 16 = Oall + (IV ]l + 1V p2]D) [V 4]
<)l = 0ol 18 = 6all > IV all + ¢ 112l 2y 16 — Ball3/7

Eventually,

Lo = Oq{us — (p2)a,0 — bq)
< clballlu2 — (u2)ally 10 — Ol < clbal |0 — Oally, -
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Combining the estimates of Iy, Iy, I1¢ and exploiting Young’s inequality, we finally have

1d
St 16 = Oall5, + (K (61) — K(62),60 — ba) < 5e |0 — bo” (3.69)

2 2 2
+ae [ Vall” + Cu(1 + (|2l ) 10 = bally, + clfal®,

with the (large) constant C', depending on the small constants «, §, € which will be specified at the
end.

3.4.4 Difference of temperatures’ means for Gronwall’s argument 3.61]

Integrating over 2 we obtain
1Q[(0a)e = (VO1, Vi) — (0 — Oa, Apz) + (Vi + Vua), Vi), (3.70)

and by it yields
o)l < eIVl +llp2ll @) 16 = Oally)-

Moreover, multiplying (3.70) by 6, we have, for (small) o > 0 we will choose later and corresponding
(large) ¢ > 0,

1d 2
— < 3 - /
5 g0 < dbal(IVill + [zl e 16 = bally) (3.71)

2 2 2
< ag [[Vull” + (0 + llp2lsq) 110 — Oally)-

3.4.5 Conclusion

We recall the definition of the functional we want to use

Z(t) = | Vel® = 2¢ (6 — b, ©) + 10 — ball}, + 63,

Summing , and  times , we obtain

1d e
g2t (=) (K(6) = K(62).6 — ) + 5 |l

<elc+ca® +0) 10— Oo|” + 202 |Vl + g(t) 2,

where g was introduced in (3.67).
Next, we take care of the second term in the left hand side. From (2.10), we obtain

, 1
(K(01) — K(02),0 — 0q) = [|0 — Oq|” + T+l (I(01) — 1(02),0 — Oq)

where [(6;) = 091! i = 1,2. Now
tyg
1(0)) — 1(6,) = / D150y + (1 — 5)0)ds
o ds

_ / sty + (1= $)05)(0h — 0)ds = w(Br, 0,)6,
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where we set L
w(fy,6y) = / I'(sOy + (1 — s)63)ds).
0

We observe that it holds w(6;, 62) > 0 almost everywhere. Moreover, we notice that implies,
lw(61,02)] < c (3.72)
Therefore we infer
(I (61) = K (82,0 — B0) = 0 ol + 11— (1(60) — 163),6 — 6o)

:W—ﬂdﬁ+aiiéwwh@ww—em
:“9_9M2+5%71k“&ﬁﬁw_9d2
+ qul Qw(Hl, 0)00(0 — 0q)
> 0= 60l + — | (61,8006 — 80

Hence, exploiting (3.72), we get

1 1
L / o(61,02)60(8 — o) < clfia] [0 — ball < 16— bl + o,
Q

qg+1

and moreover ]
(K (61) = K (62),0 — ) > 5 |16 — ba|* — b,

Putting everything together we finally have

1d 1—¢ 2 3 2
oz 0 — bol> + = |l
At L0 0all + S Nl
<elc+ca’+0) |0 — bq|) + 3ae |Vl g(t) 2
< e(c4ca® +8) |10 — 0q||* + 3acc ||@i3 + g(t) 2. (3.73)

The constant ¢ on the right hand side of only depends on the regularity properties of the solu-
tions collected in (3.60). In particular, it is independent of the parameters «, 0, £. Therefore, chosing
a > (0 small enough, the second term on the right hand side of can be absorbed the corre-
sponding quantities in the left hand side. Moreover, taking ¢ sufficiently small (it might depend on other
parameters), the first term on the right hand side can be absorbed, too. As a matter of fact, we are
able to semplify as follows

d
£Z+MMW—%W+M%%JSMO&

where k¢ > 0 and g was defined in (3.67), hence, exploiting (3.60), it is summable over the interval
(0, 7). Since Z(0) = 0, then by Gronwall’s Lemma and (3.62) we eventually see that Z is identically
0 over (0, T"), which gives us the assert.
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