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Site-monotonicity properties for reflection positive measures
with applications to quantum spin systems

Benjamin Lees, Lorenzo Taggi

Abstract

We consider a general statistical mechanics model on a product of local spaces and prove
that, if the corresponding measure is reflection positive, then several site-monotonicity properties
for the two-point function hold. As an application of such a general theorem, we derive site-
monotonicity properties for the spin-spin correlation of the quantum Heisenberg antiferromagnet
and XY model, we prove that such spin-spin correlations are point-wise uniformly positive on
vertices with all odd coordinates — improving previous positivity results which hold for the Cesaro
sum — and we derive site-monotonicity properties for the probability that a loop connects two
vertices in various random loop models, including the loop representation of the spin O(N) model,
the double-dimer model, the loop O(N) model, lattice permutations, thus extending the previous
results of Lees and Taggi (2019).

1 Introduction

We consider a general probabilistic model on the torus T; = Z?/LZ%, whose realisations live in a
product of local spaces. Each local space is associated to one of the vertices of T, and elements of
the local spaces interact with each other according to a probability measure. Such a general setting
includes various important models in statistical mechanics, for example the spin O(N) model, the
qguantum Heisenberg anti-ferromagnet and XY model, the dimer and the double-dimer model, lattice
permutations, and the loop O(N) model. We prove that, if a linear functional acting on functions of our
state space is reflection positive, then several site-monotonicity properties for the two-point function
hold. This generalises the monotonicity and positivity results of [12] to a very general system. This
general result has the following implications.

Firstly, in their seminal paper [6], Fréhlich, Simon and Spencer introduced a method for proving the
non-decay of correlations of the two-point function of several statistical mechanics models in dimen-
sion d > 2. This method was further developed in [5] and used in many other research works (we
additionally refer to [3] for an overview). More precisely, this method is used to prove that the Cesaro
sum of the two-point function is uniformly positive. Our general monotonicity result shows that, when-
ever this method works, a stronger result can be obtained. Namely not only is the Cesaro sum of the
two-point function uniformly positive in the system size, but the two-point function is also uniformly
positive point-wise. This result was derived by Lees and Taggi [12] in a special case and here it is
generalised to an abstract statistical mechanics setting.

As an example of a new application we consider quantum spin systems including the Heisenberg anti-
ferromagnet and XY model, which were not covered by the framework of [12]. Quantum spin systems
are important class of statistical mechanics models whose realisation space is the tensor product of
local Hilbert spaces. It is already known [4] 5], [7, 8], [16] that the Gibbs states of this model are reflection
positive in the presence of anti-ferromagnetic interactions and that, in dimension d > 2, the Cesaro
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B. Lees, L. Taggi 2

sum of the two-point function is uniformly positive for large enough values of the inverse temperature
parameter and system size. Our result implies that the spin-spin correlation is point-wise uniformly
positive for vertices with all odd coordinates, extending the existing results. We fully expect that this
uniform positivity should extend to all vertices, not just ‘odd’ vertices.

Our third main result involves a general class of random loop soup models, which we refer to as
the random path model. This class includes the loop representation of the spin O(N) model [1} [12],
the double-dimer model [9], lattice permutations [2, [14], and the loop O(N) model [13]. In [12], site-
monotonicity properties for the two-point function — which is defined as the ratio of partition functions
with a walk connecting two-points in a system of loops and the partition function with only loops — were
derived. Here we extend the result to a general class of two-point functions, including the probability
that two fixed vertices have a loop passing through both of them.

2 Model and Main Result

Consider the torus T, = Z¢/LZ% with d > 2 and L € 2N. Denote by 0 = (0, .. .,0) the origin
of the torus. For each € T, let 3, be a Polish space of local states (for example SV—1, C25+1,
{—=1,+1},...). Further let ® be some associative product between the ¥.,’s (for example the cartesian
product or the tensor product). Our state space is

We denote elements of S by w = (w,).et, Where w, € X,. Let Ay, be a real, finite dimensional,
algebra of functions on S with unit (for example if ¥, = SV~! then we could take the cartesian
product and A7, to be the algebra of functions S — R that are measurable with respect to the Haar
measure on S). Further, let () be a linear functional on Ay, such (1) = 1. Our key requirement is
that (- is reflection positive, which we describe briefly.

2.1 Reflection Positivity

Consider aplane R = {z € R? : z-e; = m} forsome m € 3ZN[0, L) andsome i € {1,...,d}.
Let?) : T, — T}, be the reflection operator that reflects vertices of T, in the plane . More precisely,
forany x = (x1,...,24) € Ty,

W)y = {xk ith 72, (2.2)

2m —x, mod L ifk =1.

Ifm € %Z\Z we call such a reflection a reflection through edges, if m € Z we call such a reflection a
reflection through vertices. We denote by Tz, T, the partition of T, into two halves with the property
that J(T7) = T7.

We say a function A € A; has domain D C Ty if for any wi,wy € S that agree on D we
have A(w;) = A(ws). Consider the algebras A}, A, C Ay, of functions with domain T}, T,

respectively. The reflection 1 acts on elements w € S as (Yw), = wy, and for A € A7 it acts as
VA(w) = A(Yw).

We say that (-) is reflection positive with respect to ¥ if, for any A, B € A7,

1 (AYB) = (BYA),
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Figure 2.1: An example of a sequence of reflections sending a function with domain o to a function
with domain .

2 (A9A) > 0.

A consequence of this is the Cauchy-Schwarz inequality
(AVB)? < (AVAY(BYB). (2.3)

We say (-) is reflection positive for reflections through edges resp. vertices if, for any reflection )
through edges resp. vertices, (-) is reflection positive with respect to 1J.

2.2 Main Results

Forj € {1,2} let F/ € Ay be functions with domain {0}. Fix an arbitrary site z € T and leto = t,
t1, ..., ty = x be a self-avoiding nearest-neighbour path from o to ¢, and forany i € {1,..., k}, let
O, be the reflection with respect to the plane going through the edge {t;_1, t; }. Define

(Fg)[x] =0, 00,1 ... 00, (F)).

Observe that the function (Fg')[“"”] does not depend on the chosen path (See Figure for an illus-
tration). For a lighter notation denote by 7 = (FJ)?! the function obtained from F/ by applying a
sequence of reflections that send o to x. We define the two-point function,

Guey = (B2 E (T ),

z€Tp\{z,y}

omitting the dependence on the functions Fg in the notation. For spin system examples we would
usually take F! to be the spin at 0 and F}? = 1, meaning that G’ (, y) is a spin-spin correlation. We
say that the two-point function is torus symmetric if, forany A, B C Ty and z € T,

(TIETLEY=CII = 11 B (2.4)

z€A zeB T€EA+z rEB+2

where the sum is with respect to the torus metric. As a consequence, forany x,y,z € Ty,
Gr(z,y) =Gr(x + z,y + 2), Gr(o,z) = Gr(—x,0). (2.5)

Our first theorem states several site-monotinicity properties for the two-point function.
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Theorem 2.1. Consider the torus T;, = Z/LZ% ford > 2 and L. € 2N. Take i € {1,...,d}.
Suppose that (-) is reflection positive for reflections through edges and that the two-point function is
torus symmetric. Forany z = (21, . .., z4),

Gpr(o,z) < Gp(o,ze;) if z; odd (2.6)
Gr(o,z) < %(GL (0, ez — 1)) + G (0, e;(z + 1))) if z; even (2.7)

Further, fory € Ty, such thaty - e; = 0 (possibly y = o) the function
Gy, (0, y+ nei) + G (0, nei) (2.8)

is a non-increasing function of n € (0,L/2) N 2N + 1. If, in addition, (-) is reflection positive for
reflections through vertices then (12.6)) also holds for z; even and @) holds for anyn € (0, L/2].

Our next theorem is a consequence of Theorem[2.7]and consists of the following statements. Suppose
that the two-point function is uniformly bounded from above by a constant M, (i) Whenever the Cesaro
sum of the two-point function is uniformly positive, the two-point function is point-wise uniformly positive
on cartesian axes. (ii) - (iii) If the uniformly positive lower bound to the Cesaro sum is close enough to
M, then the two-point function is point-wise uniformly positive not only on the cartesian axes, but also
at any site in a box centred at the origin whose side length is of order O(L).

Theorem 2.2. Consider the torus T;, = T?/LZ" ford > 2 and L € 2N. Takei € {1,...,d}.
Suppose that (-) is reflection positive for reflections through edges and that the two-point function is
torus symmetric. Moreover, suppose that for some C'; > 0 we have

1
lim inf —— Gr(o,z) > Cy > 0, (2.9)
P 2

and that for some M € (0, co) we have that,
VL €2N Vr,y e T, Gp(z,y) < M. (2.10)
Then, the following properties hold,

(i) For any ¢ € (0, %) there exists ¢ > 0 such that for any integer n € (—e L,eL) and any

ie{l,...,d},
Gr(o,emn) > .

(i) Fore € (0,3) and L € 2N sufficiently large, for any = € Ty, such that |z - €;| € (0,eL) N
(2N + 1) foreveryi € {1,...,d},

Grlo,x) > M — (3 — l5)7(%(]\4 — ).

4 2

(iii) If () is also reflection positive for reflections through vertices then for any € € (0, %) and L € 2N
sufficiently large, for all x € T, such that |x - e;| € (0,eL) foreveryi € {1,...,d},

Grlo,x) > M — (5 — 6)_d(M —Ch).

Remark 2.3. (i) For many statistical mechanics models one has that there exists some positive
¢ > 0 such that, if v and y are nearest neighbours, then G',(0,z) > Gp(o,y) c. When such
a property is fulfilled, the properties of point-wise positivity of the two-point function stated in (i)
and (ii) can be extended to vertices which are not necessarily odd.

(i) If we do not care about the size of the box around o where we can show that two-point functions
are uniformly bounded then we can simple look at the limit € — 0. In this case the bound in (ii)
becomes M — 44(M — C) and the bound in (iii) becomes M — 24(M — C}).
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Site monotonicity for reflection positive measures 5

3 Applications

3.1 The Quantum Heisenberg Model

For S € 3N we define ¥, = C***! and ® to be the tensor product, hence S = ® e, C* . Let
51,5253 denote the spin-S operators on C*5*1. They are hermitian matrices defined by

[S1,8%) =is®,  [S2,8% =iS',  [SP, 8% =iS?, (3.1)

(S1H2 4+ (S*)2 + (8*)?2 = S(S + 1)1, (3.2)

where 1 is the identity matrix. Each spin matrix has spectrum {—S, —S + 1,...,S}. We denote by
St = S ® 1, \ (4} the operator on S that acts as S’ on X, and as 1 on each ¥, y # z. For
u € [—1, 1] consider the hamiltonian

H,=-2 Y (SiS)+uS2S2+ Sis3). (3.3)
{z,y}&‘:L
The case u = 1 gives the Heisenberg ferromagnet, u = —1 is equivalent to the Heisenberg antifer-

romagnet, and u = 0 is the quantum XY model. For 3 > 0 corresponding to the inverse temperature
our linear operator is given by the usual Gibbs state at inverse temperature 3. More precisely, for
operator A on (C29+1)T% the expectation of A in the Gibbs state is

1
Tr Ae~PHe

(4) = Z.0) ,

Z.(B) ="Tr e PHu, (3.4)
Take

F!=1, and F?=2S5° (3.5)
For u < 0 we have reflection positivity for reflections through edges [6, 18] [15].

The following theorem is a direct consequence of Theorem

Theorem 3.1. Let 3 > 0, L € 2N, S € 1N, d > 2 andu < 0. Forany z € N\ {0},

(S383) < {<1 (z ez)ez> ifz-e; € 2N+ 1, 6)
7 Z L (888 epinyen) + (S350 1ye)) 2+ €5 € 2N\ {o}.
Further fory € T, such thaty - e; = 0 (for example y = o) the function
(S5 tne:) T (S5Sne, ) (3.7)

is a non-increasing function of n for oddn € (0, L/2).

We now turn our attention to the consequence of Theorem It is known from the famous result of
Dyson, Lieb and Simon [4] and various extensions of this result [7, 8, [15] that for d > 3 and S € %N
there are constants ¢q, co > 0 such that for L € 2N sulfficiently large

(S383) > ¢ — e 3.8
> 3 (3.8)

zeTy,

|TL|

Our next theorem extends such a result by showing that the two-point function is point-wise uniformly
positive on vertices whose coordinates are all odd.
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Theorem 3.2. Suppose thatd > 3 andu < 0.

(i) Forany ¢ € (0, %1) there exists (3 large enough and ¢ > (0 such that, for any L € 2N, any odd
integern € (—eL,eL) andanyi € {1,...,d},

(S3S5e,) > . (3.9)

o~ ne;

(i) There exists an explicit Q(d,u) € (0, 00) such that if S > Q(d,u) and (3 is large enough, then
there exists @, > 0 such that, for any L € 2N andy € Ty, such that ||y||l« < €L and, for
eachi € {1,...,d},y-e; € 2N+1,

(SoS0) > . (3.10)

In particular, Q(3,0) can be taken equal to 8 and ()(3, —1) can be taken equal to 11. If we could
find a constant ¢ > 0 as in Remark (i) then we could extend (3.10) to all vertices y such that
[Ylloo < €L

Proof. The first claim follows from (3.8), and from an immediate application of the claim (i) in Theorem
We now prove the claim (ii). We start from (3.8), we have M = S(S + 1) /3. From [15] obtain an
explicit expression for ¢y,

S(S+1)
3 f| leez

o = (3.11)

T7\{o}

where T is the Fourier dual lattice, e(k) = 22;.1:1(1 — cos(k;)) and e,(k) = Z - (1 -
weos(k;))(SESLY + (u — cos(k;))(S2S2)]. Now it is easy to check that £,(k) < (1 —

oe;

u)e(k + ), which gives

1) V1-— 1
= S+ u, /S8E+D Jar (3.12)
3 2 3 ’
where
k—l—ﬂ'
Jap = Z (3.13)

e(k)

keqr*L\{o}

satisfies limg_, o0 limy o Jq 1, = 1. Furtherlim; _, . Jq 1, is adecreasing function of d and limy,_, J3 1, =
1.15672 - - - . Using these bounds, the inequality (i) of Theorem 2.2 shows that there is some ¢ > 0
such that for any x € T with |z - e;| € (0,eL) N 2N + 1 for every i € {1,...,d} we have
(S353) > ¢ once 3 is sufficiently large if

S24+5 =31 —u)(Jap)? (L —Le)" > 0, (3.14)

which is fulfilled for any large enough .S. This completes the proof. O
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3.2 The Random Path Model

The Random Path Model (RPM) was introduced in [12]. It can be viewed as a random loop model
with an arbitrary number of coloured loops and walks, with loops and walks possibly sharing the same
edge and, at every vertex, a pairing function which pairs pairs of links touching that vertex or leaving
them unpaired. It was shown in [12] that, for different choices of the parameters of the RPM, we can
obtain many interesting models such as the loop O(N') model, the spin O(N') model, the dimer and
double-dimer model and random lattice permutations. Here we introduce the RPM in a more general
setting than in [12]. Such a generalisation consists of allowing pairings of links with different colours
and allows us to derive site monotonicity properties for a more general class of two-point functions, for
example, for the probability that a loop connects two distinct vertices of the torus.

Let £1, be the set of edges connecting nearest neighbour vertices of the torus. Let m = (me)eEgL €
N€Z be an assignment of a number of links on each edge of £y, and, for N € N, let ¢(m) €
X, ce, ({1,..., N}™) be a function, which we call a colouring, that for each e € &, assigns the
me links on e with a colour in {1,..., N}. Lastly we define m(m,c(m)) = (7mz(m,c(m)))zer,
consisting of a collection of partitions of links. 7. (m, ¢(m)) is a partition of the links incident to z into
sets with at most two links each. If, for some € T, two links are in the same element of the partition
at x then we say the links are paired at x and call this element a pairing. If a link is not paired to any
other link at x then we say x is unpaired at x. Links can be paired or unpaired at both end points of their
corresponding edge. We denote by W, the set of all such triples (m, ¢(m), w(m, ¢(m)) and refer to
elements w = (m(w), c(w), m(w)) € Wy, as configurations. Configurations can be interpreted as a
collection of multicoloured loops and walks on (Ty, &L).

Now for v € Ty andi € {1,..., N} let u}, be the number of unpaired links of colour i at z, let K,
be the number of pairings at z between two differently coloured links, and let n, be the number of
elements of .. If K, = 0 we define v; to be the number of pairings at = between links with colour %,
otherwise we define v; = (. Finally let ¢, be the number of pairings at = between links on the same
edge (this is required to recover, for example, the spin O(/N') model from the RPM).

Let U : N*V*3 — R and 3 > 0. We define our measure ji1, v 5. on Wy, as

pLnpu(w) = H — H Ug(w) NYweW, (3.15)

where U, (w) = U(ul, ..., ud, v}, ... 0N K, n.t.). We refer to U as a vertex weight function.

x) Y Y oy Y bRy )

For f : Wi — R we use the same notation for the expectation of f,

prpu(f) = Z Jfw)prnpgu(w).

weWr

The measure 111, v, Was proven to be reflection positive for reflections through edges in [12, Propo-
sition 3.2]. The same result holds for the more general random path model defined in this note, since
allowing pairing of links with different colour does not modify the proof.

It can be shown that the random path model fits the general framework introduced in the present note,
by considering local state spaces for x € T, that consist of a specification of the number of coloured
links on each edge incident to x (an element of N??V) together with a function that maps N2¢V to
partitions of L,,>0{1, ..., m}. The measure is then supported on configurations whose functions
partition the correct value of m (the value corresponding to the total number of incident links) at each
x € T, and which, for each e € &£}, specify the same link numbers on e for both end points of e.
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Suppose that U,(w) = 0 whenever K, # 0, then ir,N,B,U I8 supported on configurations of
monochromatic loops and walks. From this we can recover the RPM introduced in [12] which reduces
to the specific examples mentioned above if we further specify U in an appropriate way. In this case

we could take 1

= oo N, () (3.16)
L,N,B,U

where ZZLO"])%,U is the total measure under (17, v g, Of configurations with only loops. We then take

Fl=1,_ andF,=1,_ (3.17)

and find that G (z,y) corresponds to the two-point function introduced in [12], when U is chosen
appropriately this is equal to the spin-spin correlation of the spin O(/N) model. From this we can
recover Theorems 2.4, 2.6 and 2.8 in [12] .

Now suppose that N > 1, that U, allows links of different colours to be paired, and that it is O if
Zi u; # 0 (meaning the model only has loops and no walks). Our linear functional (-) could then be

given by
1
()= ZmTNL,N,ﬁ,U(') (3.18)
L,N,3,U

where Z}'3'G 1, is the total measure under jir, v, of configurations with K, = 0 and only
loops. Now we take

F! =1lg,—o and F? =1, ;. (3.19)
We have that G, (z,y) = 2(})P(x <> y) where the probability is in the system with only monochro-
matic loops with colours in {1, ..., N} and there are no walks. The event z <> y is the event that

there is a loop that passes through = and y.
Theorem [2.7]leads then to the following theorem.

Theorem 3.3. Let P(z <> y) be the probability that a loop passes through x and y in the random

path model with only monochromatic loops and no open path. For any z = (z1, .. ., z4),
Plo <> z) <P(o < z€;) ifz; € 22+ 1, (3.20)
P(o 4+ 2z) < iP(0 ¢ (2 — 1)&;) + 3P0 ¢ (2 + 1)e;) ifz; € 27\ {0}, (3.21)

and that fory € Ty, such thaty - e; = 0
P(o <> y + ne;) + P(o <> ne;) (3.22)
is a non-increasing function of n for all oddn € (0, L/2).

Note that P(x <> y) equals the probability that a loop connects = and y in the loop O(N) model, in the
double dimer model, in lattice permutations or in the loop representation of the spin O(N) model under
an appropriate choice of U [12]. Further, it has been proven [1] that, when U is chosen appropriately,
such a probability equals the following correlation, P(z <> y) = (S;SgS;S§>, in the spin O(N) model
with V> 1, hence our theorem provides monotonicity properties for such a four-spin correlation

function.

4 Proof of Theorem [2.1]

Suppose that (-) is reflection positive with respect to the reflection . Let ) C T, and define Qi =
(Q N'TE) UY(Q N TE). The key to the proof is the following lemma.
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Site monotonicity for reflection positive measures 9

Lemma4.1. For)Q C T,

1 1
z,YeQ z,yeQt z,YeQ™
T#Y ay ay

Proof. For 0 < 1 < 1 we consider the following functions
A= I a+ar2 I FH, B= [ a+ar5 [ F.- @2
z€QNT} z€TH\{z} zeQNT] z€T7 \{z}

Now for simplicity of notation we write T,(z) for T} \ {z}ifz € T} and T} \ {z}ifz € T;. A
simple calculation gives

(AvB) = ([T (0 +nF2 T] FD)

z€EQ z€Tr(x)
— 147y (P H Yy Sz I r I ED + o), P
TEQ z€TL(z z,yeqQ z€Tr (x) z€Tr(y)

T#yY

and analogously

(A0A)=1+n Y (F2 ] Y+ Y. (EFE 1] F 1] FH+ou’)

zeQ+ zeTy () z,yeQt z€Tr(x) 2€TL(y)
TH#Y
(4.4)
(BUB) =1+4n Y _ (F? ][ F1>+n2 oz [ B I EY +om?)
TEQ™ 2€Ty (z TyEQ™ 2€Tp(x)  2€TL(y)
TFy
(4.5)

Now suppose that z,y € Q N T}, then z,y, Yz, Yy € QT and we further note that

e 11 I Fhy=@nrs, 11 Il 7Y (4.6)

ZETL( ) ZETL ) ZETL ﬁx) ZETL(ﬂy)

An analogous identity holds for z,y € () N T, . Now we use (2.3). Note that the 1) terms will cancel
by (24). Now we compare the 1 terms. The terms ([ F; [Ler,w F! [Ler,o F})whenz,y €
Qrﬂl‘f will cancel due to (4.6). By using (2.4) repeatedly on the remaining terms to group those terms
that are equal gives the result. O

We take Q) = {0, z} and ¥ the reflection in the plane bisecting {pe;, (p+1)e;} forp := 3(z-€;— 1+
q}, thisrequires z-e; +q € 2N+ 1and z-e; +q € (0, L). If we take ¢ = O when z; € 2N+ 1 and
g = 1when z; € 2N\ {0} then Lemma[4.1|gives us and (2.7). If we also have reflection positivity
for reflections through sites then we can reflectinthe plane R={z € R : z-e; = %(z e, +q)},
requiring that z - e; + ¢ is even. If we apply Lemma4.1|with ¢ = 0 we find that for z - e; € 2N \ {0}
we also have (2.6).

For the monotonicity result (2:8) we take @ = {o, 2, z;e;, z — z;e; } with the same reflection as above.
We define the function

G (z) == 3(Gro,2) + GL(o, (z - €)e;)), (4.7)
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and find, using Lemma4.1] after rearranging and that for z; + ¢ odd
GT (2 +qei) — GL(2) 2 GL(2) + GT' (2 — qei). (4.8)

The proof follows the proof of [12, Proposition 4.2]. We can now prove by contradiction. Suppose
thaty € Ty, suchthaty-e; = 0 and odd n € (0, L/2) satisfy G$'(y +ne;) > G$(y+ (n—2)e;).
Now by repeatedly using (4.8) with ¢ = 2 we find

Gi(y +ne;) > Gl (y+(n—2)e) > G (y+(n—4)e;) > G (y+ (n—6)e;)... (4.9)

Once we have used this inequality n times we find G5’ (y +ne;) > G7' (y+ne; —2ne;) = G (y —
ne;), but by reflection positivity we must have G7'(y — ne;) = G7'(y + ne;). This contradiction
completes the proof of (2.8). If, in addition, we have reflection positivity for reflections through sites we
can use the reflectionin R = {z € R : z-e; = 1(z - €; + ¢)}. We then obtain the inequality
for z; + q even. Using this we can obtain a contradiction as before by alternating between the odd and
even version of with ¢ = 1 to find that for any y € Ty suchthaty - e; £1 € (0, L)

Gi(y+e)—GY(y) > Gr(y) — GP(y —e). (4.10)

The full monotonicity result then follows similarly to (2.8).

5 Proof of Theorem 2.2

We start with the proof of (i) and we present the proof of (ii) and (iii) afterwards. To begin, fix an arbitrary
¢ € (0,CY). We claim that there must exist an ¢ > 0 small enough such that for any L. € 2N there
exists 27, € T1\ [0, eL]¢ such that G1,(0, ) > . The proof of this claim is by contradiction. Suppose
that this was not the case, then, under the assumptions of the theorem, we would have that

S Guloa) < ¢ [(1 - €)L1* + M[eL]",

zeTy,

which would be in contradiction with for small enough €, since we assumed that ¢ < (.
Now define y; := z; - e; and, if it is odd, we use the first claim in Theorem and deduce
that, G, (0,yre1) > ¢, otherwise we use the second claim in Theorem 2.1/ and deduce that,
max {Gp (o, (yr + 1)e1),Gr(o, (yr — 1)e1)} > £. Using the fact that y;, + 1 > €L and
the last claim in Theorem we deduce that, for any odd integer in the interval n € (o,€L),
Gr, (0, nel) > %. This concludes the proof of (i). We now proceed with the proof of (ii) and (iii).
To begin, for z € T, we define

Q. :={(21,...,2q) €Z* - Vic{l,...,d}, z; < |z-ej|orz; > L — |2-e]}. (5.1)

The proof relies on the following lemmas.

Lemma 5.1. Letz € Ty andy € Q, be such that z; and y; are odd for every i € {1,...,d} then
under the same assumptions as Theorem|[2.2

Grlo,y) > 2%Gr(0,2) — (27— 1) M. (5.2)
If, in addition, (-) is reflection positive for reflections through vertices then the inequality holds for any

z€Tpandy € Q..
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Proof. The proof is as in the proof of [12, Proposition 4.7] with minor changes as we only have
the monotonicity result (2.8) for odd n. For convenience we assume that z;,y; > 0 for every 7 €
{1,...,d}, other cases follow by symmetry. Fori € {1, ..., d} define

D;:=(z—vy)- e, (5.3)

then D; € 2N. There is a “path"
(28,215 - - - 21D1/2’ 22,24, .., 21232/2, o S z%d/Q) (5.4)
with the properties that zj = z, 2{, ,, =y, and, foreveryi € {1,...,d =1}, 2}, , = z;"". Further,

foreachi € {1,...,d}and j € [1, D;/2]
z§_1 — z; = 2e;. (5.5)
Now we use both and (2.8),

2G1(0,2)) < Gr(o,25) + Gr(o, (2 - €:)e;)

< Gulo,2,s) + Cal0, (- €)e), oo
and hence using that G, (0, z) < M forany = € T, we have that
G (o, zfji/Q) > 2G1(0,24) — M. (5.7)
lterating this for7 = 1, ..., d gives
Gr(o,y) = Gr(o, ZdDd/2) > 2G(0,28) — M > ... 58)

> 2dGL(Ov Z) - (2d - 1)M7

this completes the proof. If (-) is also reflection positive for reflections through vertices the proof is
exactly as in [12, Proposition 4.7]. We define D,’s and the path (zé, . Zii)d/z as before except that

we can take zj-fl — z;- = e;, the rest of the proof then proceeds as before. O
Now, for r € N let
Srp:={2€Ty :3ie{l,...,d}suchthatz-e; <rorL—z-e <r}. (5.9)

Lemma 5.2. Under the same assumptions as|[2.2 there are x, € T, \ Ser and z, € Ty \ Ser 1
with |z - e;| € 2N + 1 foreveryi € {1,...,d} such that

Gr(o,xp) > M — (1 —2¢)"4(M - C)), (5.10)
Grlo,21) > M — (5 — &)™ "(M = ¢y). (5.11)

Proof. The proof of is exactly as in [12, Lemma 4.9]. The proof of is a simple adaptation
of [12, Lemma 4.9] and we sketch it here. Now a simple proof by contradiction shows that there must
be a z;, as in the statement of the lemma. Indeed, suppose for every z;, € T, with |21 - ;| €
[eL,L)N2N+ lioreveryi € {1,...,d} that Gp(o,z1) < M — (3 — 5)7d(M — (). Using this
together with the worst-case bound M for every other vertex and the bound [Tz \ S, ;| = (L — 2r)?
gives a contradiction. O
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Statement (i) of Theorem [2.2] follows immediately from (5.10) and Theorem For statement (ii) of
Theorem|[2.2] note that if z;, is as in the statement of Lemma|5.2)then, by Lemmal[5.1} for any y € Q.
such that y; is odd for each i € {1, ..., d} we have (after rearranging)

Gro,y) > 2'Gp(0,21) — (21— 1)M > M —2(L — &)™ (M — ). (5.12)

which is equal to the bound in the Theorem. Finally for statement (iii) of Theorem [2.2) we note that by
Lemmas[5.1]and[5.2/for any y € Q,, we have (after rearranging)

Grlo,y) > 2%Gr(o,xp) — (24— 1)M > M — 241 — 2¢)"4(M — C). (5.13)
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