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On the optimal combination of tensor optimization methods

Dmitry Kamzolov, Alexander Gasnikov, Pavel Dvurechensky

Abstract

We consider the minimization problem of a sum of a number of functions having Lipshitz p-th
order derivatives with different Lipschitz constants. In this case, to accelerate optimization, we
propose a general framework allowing to obtain near-optimal oracle complexity for each function
in the sum separately, meaning, in particular, that the oracle for a function with lower Lipschitz
constant is called a smaller number of times. As a building block, we extend the current theory
of tensor methods and show how to generalize near-optimal tensor methods to work with inexact
tensor step. Further, we investigate the situation when the functions in the sum have Lipschitz
derivatives of a different order. For this situation, we propose a generic way to separate the oracle
complexity between the parts of the sum. Our method is not optimal, which leads to an open
problem of the optimal combination of oracles of a different order.

1 Introduction

Higher-order (tensor) methods, which use the derivatives of the objective up to order p, recently have
become an area of intensive research effort in optimization, despite the idea is quite old and goes
back to the works of P. Chebyshev and L. Kantorovich ([5] and [18]). One of the reasons is that the
lower complexity bounds were obtained in [2] [1} 26], which opened a question of optimal methods,
and it was shown in [26] that Taylor expansion of a convex function can be made convex by appropri-
ate regularization, leading to tractable tensor step implementable in practice. Recently nearly optimal
methods were obtained in [26}[13], and extensions for Hélder continuous higher-order derivatives were
proposed in [16, 28]. In this paper, we consider an interesting question that is still open in the theory of
tensor methods. Namely, if a tensor method minimizes a function f up to accuracy ¢ in Ny (c) oracle
calls and possibly another tensor method minimizes a function g in N, Q(a) oracle calls, is it possible to
combine these two methods to minimize f + g up to accuracy € in O(N¢(¢)) oracle calls for f and
O(N,(¢)) oracle calls for g? To say more, we would like to have a generic approach which can take
as an input different particular algorithms for each component. For simplicity, we consider a sum of two
functions, but we believe that the approach can be generalized for an arbitrary number of functions.
Note that in the last few years, the answer to this question plays a crucial role in the development of
optimal algorithms for convex decentralized distributed optimization [21}, 20, [9, (14, 13} [27].

Some results in this direction are known for the first-order methods p = 1 [19, 22| [20], 3, [10] and
for the case of the sum of two functions with the second being so simple that it can be incorporated
directly in the tensor step [17] like in composite first-order methods [24]. Yet, the general theory on how
to combine different methods to obtain optimal complexity for tensor methods is not yet developed for
p=2.

First, we consider uniformly convex sum of two functions f + g each having Lipschitz derivatives of the
same order p. Our approach is based on the recent framework of near-optimal tensor methods [13],
which extends the algorithm of [23] to tensor methods. Our idea is to apply the near-optimal tensor
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method to the sum, considering g as a composite and including it into the tensor step without its Taylor
approximation. Then each tensor step requires to solve properly regularized uniformly convex auxiliary
problem. This is again done by the nearly optimal tensor method. Since the auxiliary problem turns out
to be very well conditioned, it is possible to solve it very fast, and we only need to call the oracle for g.
The careful analysis allows to separate the oracle complexity as we call the oracle for f only on outer
iterations and oracle for g only on the inner, resulting in the optimal number of oracle calls for f and for
g separately. As a building block, we explain how to extend near-optimal tensor methods to work with
inexact tensor step, extending the current theory since existing near-optimal methods assume that
the tensor step is exact. If the function is not uniformly convex, one can use a standard regularization
technique with a small regularization parameter.

Note, there exist number of accelerated envelopes that allows to accelerate tensor methods: Monteiro—
Svaiter envelop [23,25] 12,17, 4], Doikov—Nesterov envelope [7]. Further we will use Monteiro—Svaiter
envelope. Note that it seems that Doikov—Nesterov envelop and standard direct Nesterov’s tensor
acceleration [26] doesn’t well suited for our purposes. Note also, that for all envelops for the moment
it's not known with what accuracy we should solve auxiliary problem. In Monteiro—Svaiter envelop we
working on this in Appendix [Bl Among different variants of Monteiro—Svaiter envelop we preferred
variant from [4], but we generalize (see Appendixes) [4] on composite case [17] and on uniformly
convex problem target functions [12].

Second, we consider the case when f and g has Lipshitz derivatives of different order ps and p,
respectively. We apply a similar technique as above, but using non-accelerated tensor methods as
building blocks. We demonstrate that in this case, complexities can also be separated, but they turn
out to be not optimal. This states an open problem of an optimal combination of optimal methods that
use oracles of a different order. As far as we know for the moment there exists only one optimal result
concerns the methods of different orders. This is the result from [3], where authors considered sliding
of optimal 0-order and 1-order methods.

2 Problem Statement and Preliminaries

In what follows, we work in a finite-dimensional linear vector space E. lts dual space, the space of all
linear functions on F, is denoted by E*. For z € F and s € E*, we denote by (s, z) the value of a
linear function s at . For the (primal) space E, we introduce a norm || - ||z. Then the dual norm is
defined in the standard way:

8]z = I;l&g{{(s,@ Czlle < 13

Finally, for a convex function f : dom f — R with dom f C E we denote by V f(z) € E* one of
its subgradients.

We consider the following convex optimization problem:

min F(z) = f(z) + g(x), (1)

zeFE

where f(z) and g(x) are convex functions with Lipschitz p-th derivative, it means that

1D f(x) = D f(y)ll < Ly slle =yl (2)
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Then Taylor approximation of function f(x) can be written as follows:

p
1 k
Q(fmy) = fle)+ ) HD’“f(x) ly—=z]",ye E
k=1
By (2) and the standard integration we can get next inequality

L
1f(y) = (f, z9)] < ﬁ”y — z||Pt. 3)

Now we introduce an additional condition for the functions.

Definition 1. Function F'(x) is r-uniformly convex (r > 2) if
o, .
Fly) 2 F(z) + (VF(@),y —2) + |y —al, Ve,yeE
with constant o,

One of the main examples of r-uniformly convex functions is 1|z ||" from Lemma 5 [7].

Lemma 1. For fixed r > 2, consider the following function:
1 T
fr@) = =lal", =€k
Function f,(z) is uniformly convex of degree r with o, = 2%~

Problem (1) can be solved by tensor methods [26] or its accelerated versions [25], [4], [17], [13] . This
methods have next basic step:

. H
Tite) = argmin { 0,7 + g, + 22l o'}
Y !
For H,, > L, this subproblem is convex and hence implementable. Note that this method does not
use information about sum type problem and compute their derivatives the same number of times. We
want to separate computation complexity of high-order derivatives for sum of two functions. In next
section we will describe this idea in more details.

As an accelerated optimal method, we introduce Accelerated Taylor Descent (ATD) from [4]. But for
our paper we need to get a composite variant of ATD.

Algorithm [1|is a generalization of ATD from [4] for composite optimization problem. It means, that we
try to minimize sum of two functions F'(xz) = f(x) + g(x), where g(x) is a proper closed convex
function and subproblem (@) with g() is easy to solve. Note that if g() smooth and has a gradient,
s0 ¢'(yk+1) = Vg(yry1), but if g(x) has only subgradient, we should introduce ¢’ (Y1) Similarly
to (2.9) from [6] by using optimality condition for (4) we define

- p+1)H), R -
g/(ka) = _VQp(f; Th; Yk1) — (p#ﬂym — Tl l(yk-i-l — Tp)

Theorem 2. Let F((x) = f(x) + g(z), where f denote a convex function whose p™ derivative is

L,,-Lipschitz, g(x) is a proper closed convex function and let x,, denote a minimizer of F'. Then CATD
3p+1

satisfies, with ¢, = 2P"Y(p+1)"2 /(p — 1)\,

¢, L, RPt1
F(yr) — F(z.) < pk’g'T, (5)

2
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Algorithm 1 Composite Accelerated Taylor Descent

1: Input: convex function f : R? — R such that V7f is L,,-Lipschitz, proper closed convex g :
R¢ — R.

2: Set AQ = O,.CEO = Yo

3:for k=0tok=K —1 do

4:  Compute a pair \j+1 > 0 and y1 € R? such that

1 H . k — {Z‘k p—1
b Bl —ml b
2 (p— 1) p+1
where "
Yr41 = argmin {Qp<f, T y) + ;’f ly — Zl|PH + g(y)} , (4)
Y !
and
Akt + \/)\zﬂ + 41 A . A, Akt
g1 = 5 , A1 = A + apy1 ,and Ty, = A, 1yk + A
+ +
5 Update zpy1 := 2 — ap1 V. f (Ybt1) — @19 (Yit1)
6: end for
7: return yg
where
R = ||xg — 27| (6)

is the maximal radius of the initial set. Furthermore each iteration of ATD can be implemented in O(l)
calls to a pth-order Taylor expansion oracle, where O means up to logarithmic factors.

We prove this theorem similarly to the proof of [4] in Appendix [Al

Now we assume that function F'(x) is additionally r-uniformly convex, hence we may get a speed up
by using restarts. We formulate method and theorem for CATD with restarts.

Algorithm 2 CATD with restarts

1: Input: r-unformly convex function ' : R — R with constant o, and CATD conditions.
2: Set zg = o = 0 and RO = ||ZO — .T*”

3: fork =0, to K do

4 SetR, = Ry-27%and

L2 ST
Ni, = max{ {(TCPU—’DRZH"”) w ,1} . 7)

Set z;11 1= yYn, as the output of CATD started from z;, and run for N}, steps.
: end for
return zg

N o g
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On the optimal combination of tensor optimization methods 5

Theorem 3. CATD with restarts for r-uniformly convex function F' with constant o,. converges with N,
steps of CATD per restart and with N total number of CATD steps, where

L, R 3T
( Or > '

We prove this theorem similarly to [12] in Appendix [C]

NF:O

3 Uniformly convex functions

We consider similar to (1) problem.
min F(z) = f(z) + g(x), (8)

where additionally F'(x) is r-uniformly convex function. We also assume, thatp + 1 > r-.

If we will use Algorithm|2]for problem (8) we get next convergence speed. To reach F'(zy) — F(z*) <
g, we need Ny + N, iterations, where

r 2
| /L. mpti-r\ 1
N;=0 <—P’f d ) ] , (9)
o,
[ /L, pprir\ wa
N, =0 (”—) ] . (10)
o,

Note that for this method we compute N + N, derivatives for both f(x) and g(z) functions. We want
to separate this computations and compute Ny derivatives for the function f and NN, derivatives for
the function g.

Next we will describe the our framework. We assume that L, ; < L, 4, it means that Ny < N,. For
that case we consider problem as a composite problem with g(z) as a composite part. We solve this
problem by Algorithm [2] In_this algorithm we have tensor subproblem (4). To solve this subproblem
we run another Algorithm [2| with objective function €,(f, Zx; y) + H;!*f ly — Zx|P™* + g(y) up to
the desired accuracy. As we will prove next, this subproblem may be solved linearly by the desired
accuracy, so we should not worry too much about the level of the desired accuracy. We write more
details about the correctness of this part and the more precise level of desired accuracy in Appendix
As a result we get Algorithm 3]

Now we prove that this framework split computation’s complexities.

Theorem 4. Assume F'(x) is r-uniformly convex function (r > 2), f(x) and g(x) are convex func-
tions with Lipshitz p-th derivative (p > 1,p+1 > r)and L, y < L, ,. Then by using our framework
with H, ; = 2L, ;, method converges to F(xy) — F(z*) < ¢ with Ny as (@) computations of
derivatives f(x) and N, as computation of derivatives ().

Proof. As we prove in3|for the outer composite method with constant H,, ; = 2L,, ; we need to make

(2pr prH_r) “’2“]
o,

DOI 10.20347/WIAS.PREPRINT.2710 Berlin 2020

Nout =0




D. Kamzolov, A. Gasnikov, P. Dvurechensky 6

Algorithm 3 Tensor Methods Combination

—_

: Input: 7-unformly convex function F'(z) = f(x) + g(x) with constant ,., convex functions f(x)
and g(x) such that V? f is L, -Lipschitz and Vg is L, ,-Lipschitz.

2: Set zp = Yo = To
3: fork=0,t0o K — 1do
4: Run Algorithm [2|for problem f(z) + g(z), where g(z) is a composite part.
5. form=0,to M —1do
6: Run Algorithm [2] up to desired accuracy for subproblem

. - H, -

win (0,715 + 222y~ 5+ 00

7:  end for
8: end for

9: return 2y

outer steps, it means that we need to compute N,,,; = Nf derivatives of f(a:) Now we compute how
much steps of inner method we need. Note that inner function has Lipshitz p-th derivative Hy, y + L.
Also it is (p + 1)-uniformly convex with o, ;. To compute o,,+1 we need to split H,, ; into two parts
H, ; = Hy+ H,, where the first part needs to make Q,(f, z;y) + %Hy — x||P*! a convex function

and the second part needs to make %Hy — z||P** a uniformly convex term. Hence, from Lemma

Ho(p+1)22—

we have 0,1 = o " Wetake H, = H, = Ly, ¢. As a result, the number of inner iterations

equal to

_2
Ninn = O <M> " lOg (F(x(]) - F(.T*) + Hpvap—i_l)

(P+1) Ly, y227P £

p!
( L, g) Tt
Lp,f

Hence the total number of inner iterations and total number of derivative’s computations of g(x) is

- 2
=0 <2Lp7f + Lp,g> il Lp,f;LP,g 0)

(p+1)Lp,f22_p
p!

2
~ | (L, ;RPN\ | | (L, %
NgzNout'Nmn:O ( 2 -0 g
Or L,y
=0 Lp,ngHir s
O-T’
So we prove the theorem and split computation complexities. O

Note, that this framework also easily adapts to methods without accelerating like [26], [6]. But, unfor-
tunately, it is much harder to adapt for other acceleration schemes. As we know, it is possible to adapt
this framework for speed ups from [12] and [17] for p > 2, but for p = 1 it may arise some troubles
because of adaptive inner regularisation and hence hard subproblem. As for [26] acceleration it also
hard to adapt, because the inner subproblem is much harder with increasing complexity.

Also note that this framework can be generalized to the problem of the sum of m functions.

DOI 10.20347/WIAS.PREPRINT.2710 Berlin 2020



On the optimal combination of tensor optimization methods 7

4 General convex functions

We consider (1)) problem for convex functions.

If we will use Algorithm|{]for problem (T) we get next convergence speed. To reach F'(zy) — F(z*) <
e, we need Ny + N, iterations, where

B 2
~ L P+ 3p+1
Ny =0 (—p’fR ) ] : (12)
S
/L, peri\ e
N, =0 (%) ] . (13)

Now we prove that the our framework split computation’s complexities for convex functions.

Theorem 5. Assume f(x) and g(x) are convex functions with Lipshitz p-th derivative (p > 1, p +
1 >gq)and L,; < L, 4. Then by using our framework with H, ; = 2L,, ;, method converges to
F(xy) — F(2*) < e with Ny as computations of derivatives f(x) and N, as computation
of derivatives g(x).

Proof. For the outer method [f]with constant H,, ; = 2L, ;, we make

<2Lp pr+1)3£+1]
g

outer steps, it means that we need to compute NV, = N derivatives of f(x) For inner method to
solve subproblem (4) similarly we has the same rate as Hence the total number of inner iterations
and total number of derivative’s computations of g(x) is

Nout =0

2 2
~ | (2L, (RPN | | (L,,\ %"

Ng = Nout ' Nmn =0 ( pftt -0 —Lp’g

€ p.f
_2
=0 Ly g RPFHY 30

€
So for convex function computation complexities are also splitting. O

5 Multi-Composite Tensor Method

The natural generalization of framework[3]is to use for the sum of two functions with different smooth-
ness and hence different order of methods. But as we know, in the literature there is no method that
works with the sum of two functions with different smoothness. We need to use tensor methods for the
smallest order. To improve this situation we we introduce the new type of problem, where f(x) and
g(x) have different smoothness order. Similar idea for the first and second order was in the paper [8].
Next we propose a tensor method to solve such problem with splitting the complexities.

We introduce a multi-composite tensor optimization problem.

Fx) = f(x) + g(x) + h(z),

DOI 10.20347/WIAS.PREPRINT.2710 Berlin 2020



D. Kamzolov, A. Gasnikov, P. Dvurechensky 8

where h(zx) is a simple proper closed convex function, f(z) is a convex functions with Lipschitz ¢-th
derivative and g(x) is a convex functions with Lipschitz p-th derivative. By using Theorem 1 from [26]
we can get for f(z) if H, > gL, s, that

iy — 2|

Qq(faim?/)

(g + 1)
is convex and

qu q+1
fly) <Q(f,z;9) + @Té)!”y — || 7F

Now we propose our method

Ty, ;. m,,(® EArgmin{Q f,xy) + . y — |7
a.f ) ( ) . q( ) (q+1)'|‘ ||
+ Qp(g,25y) + Mo ly — z|["*" + h(y)
P (R (p+1)|
Then
vt = T, g a1, (20) (14)

One can see that our method based on method [26] and combine models of two functions. Next we
start to prove, that our method converges and split the complexities.

We assume that exists at least one solution x,. of problem (1) and the level sets of F' are bounded. By
the first-order optimality condition for 7' = Ty, . p, ,(z) we get:

qu(T

Qs T) + D~ gl

H, (T
+VQ,(g9,2;T) + L
p

)||T—x||p L+ 0n(T) =0
For the proof we need next small lemma.

Lemma 2. Foranyxr € £, H,y > qL,yand H, , > pL, ,, we have

P, (0)) < min { ) + 50y et 4 e Elrag, - apei} g
Proof.
F(Tu, ; m,,()) < myin {Qq(f,x;y) v + 1) Hly — x||7t
D9, 5w) + il — 2l () 3
min { F(y) + B Rl — pfovt 4 e lpay, - pppn ]

This leads us to the main theorem, that proves the convergence speed of our method.
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On the optimal combination of tensor optimization methods 9

Theorem 6. If f,(x) is convex functions with Lipshitz constant L,  for g-th derivative, f,(x) is convex
functions with Lipshitz constant L, , for p-th derivative; H, y > qL, s and Hy, ; > pL,, ;. o is chosen
such that g = 1 and oy, € [0;1] t > 1, then for any t > 0 for method (T4) we have

t ot vz
F(:Ct+1) - F(l'*) < Atz [Cf ;1 HZ'Z - JE*H(Hl + Cg A Hl'z —x*Herl
i=0 ! !
where
_ Hos+ Loy _ Hpg + Lp,g.
(g+ 1) 7 g (p+1)! 7
1, t=0
A = 16
YT =), t>1 (16)
i=1
Proof. From (15)
. Hyr+ Loy Hy,,+ L
F(x < min{ F + q.f q, = q+1+ P,g P,g _ p—H}
() < in { () 4 Ly ot 4 B Epa

< F(y) + Crlly =z + Cylly — o ||PH
If we take y = x; + oy (z. — x;), then by convexity

F(zen) < F(y) + Craft|z, — 2| + Cpad |, — P
< (1 —ay)F(xe) + o Fx,) + CfagHHf* - 37t||q+1 + CgafHHx* - xt”pH-

Hence

Fapn) = Fre) < (1 —ap) (F(a) = Fz.)

+ Craf M|z, — @[ + Cyaf ™ [l — a7
Fort = 0and ap = 1 we get
F(z) = F(z.) < Cfllwe — 20| + Cyl|e — o[

For t > (0 we divide both sides by A;:

1 (1 — Oét)
E(F(ﬂﬁtﬂ) — F(z,)) < A, (F(x) — F(z4))
aq+1 Ozf—H
+ Cf;ftHx* — x| + A |z, — z|PH
1
< (F(ze) — F(z.))
Ay
q+1 p+1
+C; At |z, — 2]| " + Cy At 2. — |7
By summarising both sides we obtain O

Next we can fix parameters of this theorem and get next corollary.
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Corollary 7. For method ({4) and oy = 2 we have

t+p+1
H, L, ¢ )Rt H L, )RrH!
F(:Et—i-l) —F(ZL'*) S Eq( q7f+ q7f) p( p,9+ p,g) (17)
(t+p+ 1) (t+p+1)p
where ( )k:+1
_ b+l _
Ey = RUESV k={q,p}
Proof. We use
t aq+1 . ap+1 .
F(ri) — Flz) < Ay [cf T |z — 2|7 + €, T 2 — .|
@ LAttt L APt
< C;R™! i 4o, R i
— f . Az + g : Az
=0 =0
_ _ptl
Now we compute these sums for a; = ti,ﬁ
t . p+1
i th(p+1)! 1
Ay = 1—a;) = : = =(p+ 1) :
‘ H( ) Hz—i—p—i—l Gipr @ )Ht—i—z
(p+1)!
—(t+ 1)t
For the second sum we get
iAta;fﬂ - L (p+ 1)t Hfi(zﬂLJ) N +1)|Iﬁ
2o & (it PTG
t p+l i+j p+1 1
— 1 p+1
(p+1) ;Hi+p+1ﬂt+i
(p+ 1P
T (t+p+1)p
For the first sum we get For second sum we have
LAl K+ DTG+ ) v+ )"ﬁ
—~ A —~ (t+p+1)rti(p+1)! b Tt
t p+1/- . p+1
(Y A T L
— (i+p+1)att ST t+id
(p+1)rH
T (t+p+ 1)
From this two formulas for sums we get O

Finally, we prove that our method converges with the desired speed and split the complexities. Note
that this algorithm can be generalized for the sum of m functions.
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On the optimal combination of tensor optimization methods 11

6 Conclusion

In this paper, we consider the minimization of the sum of two functions f + g each having Lipshitz
p-th order derivatives with different Lipschitz constants. We propose a general framework to acceler-
ate tensor methods by splitting computational complexities. As a result, we get near-optimal oracle
complexity for each function in the sum separately for any p > 1, including the first-order methods. To
be more precise, if the near optimal complexity to minimize f is N¢(¢) iterations and to minimize g
is N, (<), then our method requires no more than O(N(¢)) oracle calls for f and O(N,(¢)) oracle
calls for g to minimze f + g. We prove, that our framework works with both convex and uniformly con-
vex functions. To get this result, we additionally generalize near-optimal tensor methods for composite
problems with inexact inner tensor step.

Further, we investigate the situation when the functions in the sum have Lipschitz derivatives of a
different order. For this situation, we propose a generic way to separate the oracle complexity between
the parts of the sum. It is the first tensor method that works with functions with different smoothness.
Our method is not optimal, which leads to an open problem of the optimal combination of oracles of a
different order.
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A Proof of Composite Accelerated Taylor Descent

This section is a rewriting of proof from [4], with adding composite part into the proof. Next theorem
based on Theorem 2.1 from [4]

Theorem 8. Let (y;)1>1 be a sequence of points in R and (\.)r>1 a sequence in R . Define
(ag)k>1 such that A\ Ay = ai where A, = Zle a;. Define also for any k > 0, x;, = x¢ —
Zle a;(Vf(y:) + ¢ (y;)) and Ty, := Z’;“ Ty, + <2k—y,.. Finally assume if for some o € [0, 1]

+1 Agia

yk+1 = (@ = Mt VI i) | < 0 g — 2] (18)
then one has for any © € R,
2|||?

Flyy) — F(z) < ———3,
Yk <<Zf:1\/x.>

and
k

Ai T s
Z/\—Hyi—xi_lﬂ ST

; l1—0
i=1 "*

To prove this theorem we introduce auxiliaries lemmas based on lemmas 2.2-2.5 and 3.1 , lemmas
2.6 and 3.3 one can take directly from [4] without any changes.

Lemma 3. Let ip(x) = % |z — wo||* and define by induction V. (x) = ¥r_1(x) + axS (F, yp, x).
Thenzy, = xo — Zle a;(V f(yi) + ¢’ (v:)) is the minimizer of 1, and Yy, (z) < ApF(z) + 1|z —

0| where Ay, = S5 a.
Lemma 4. Let (z;,) be a sequence such that

Ur(xg) — ARF(2) > 0.
Then one has for any .,

|l — o[

F(z) < F(x) + o,

Proof. One has (recall Lemma[3):

AF(5) < n(ae) < ) < AcF (@) + =l — 2ol

2
O
Lemma 5. One has for any x,
Vr1(2) — Ap1 F(yrgr) — (Vr(or) — ArF (21))
a A 1
> Ap1 (Vi (Wke1) + 9" (rgr)) - ( ot 2 - yk+1) + <z — i )?.
A1 Apy1 2
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Proof. Firstly, by simple calculation we note that:

1 1
Yi(x) = r(zr) + §||3? — z||?, and Yrs1(z) = Yp(zr) + §H3«" — 21l|? + ar 10 (fs Yrrr, )

so that ]
Vg1 () — Yr(xr) = a1 0 (F, Ypgr, ) + 5”95 —xi|]?. (19)

Now we want to make appear the term Ak+1F(zk+1) — AkF(zk) as a lower bound on the right hand
side of when evaluated at * = x1. Using the inequality 21 (F, Y11, 2x) < f(zx) we have:

ak+1Q1(F7 Yk+1, 55') = Ak+1Ql(Fa Yk+1, 55) - Ale(F, yk+1,x)
= At (F Yrg1, ) — AV F(Ypga) - (2 — 2) — Ae0 (F, Yrgrs 2x)

A
= A (F, Ykt1,T — —k(ﬂf - Zk)) — A0 (F, Yry1, 2e)

> Ap1F (Y1) — ApF(21)

A

. a
+ A1t (Vf(rg1) + 9 (Yrgr)) - <A:J:m + Akf—lzk — ka) ,

which concludes the proof. O

. a2 - A
Lemma 6. Denoting A\j41 := Af:l and T, := j’;:l T+ Tily’f one has:

V1 (Thi1) — App1 F(Ukr) — (Or(n) — ApF (yr))

A _ 5 /
> Aen (nykﬂ = s = (B = Mt (VFos)) + 9 <yk+1>>||2) .

T 20

In particular, we have in light of

1—0'2 K Az - 2
Vi) = AF(ye) 2 — ZT”%—%AW

1=1

Proof. We apply Lemmawith 2 = Y and x = x 1, and note that (with T := Z’Zﬁx + Aﬁil Yr):

’ k1 Ae 1 e

(V) + o one) - (G2 =) + 5o =

N 1 Appr (. Ag ?
— / . —_— _ —_
= (VIfWrs1) + 9" (Wrs1)) - (T — Yog1) + s || ares (5’5 Ak—i—lyk Tk

. Apr ||~ g1 Ay, ?
E— / . — — —_—
= (Vf(Wrt1) + 9 W) - (T — Yrg1) + 2ai+1 ( A, kT Ak+1yk

This yields:
V1 (Tr1) — Aep1 F(Ys1) — (Ur(zr) — AeF(yr))

. 1 -
> Aprr-min § (Vf(es1) + 6 (Urr1)) - (& = yogr) + [ER
zeR4 2)\k+1

The value of the minimum is easy to compute. O
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For the first conclusion in Theorem|[8] it suffices to combine Lemma [g| with Lemma 4] and Lemma 2.5
from [4]. The second conclusion in Theorem 8] follows from Lemma[6|and Lemma 3]

The following lemma shows that minimizing the p** order Taylor expansion can be viewed as an
implicit gradient step for some “large” step size:

Lemma 7. Equation (18) holds true with o = 1/2 for (@), provided that one has:

1 L,- — TPt
=< st P |Yr+1 — Z]| < p . (20)
2 (p—1)! p+1
Proof. Observe that the optimality condition gives:
. L,-(p+1 . .
Vool ) + %(ykﬂ — ) lykr — ZellP™ + 9 (1) = 0. (21)

In particular we get:
Yrr1 — Tk = M1t (VFWrr1) + 6 (Wr11))) = Mt (VF (Wr1) + 9" (Y1)

p! N
- Ly-(p+1) - lypsr — TplJP~? (Vo fo(yrsr: ) + 9 (yer1)) -

By doing a Taylor expansion of the gradient function one obtains:

L
IVf(y) = Vyfply, z)|| < p—fl\y —x|”,
so that we find:

k1 — @k = A1 (VI Wrr1) + 9 (Wrsn))

L p!
< Mep1— [ Yksr — TelP + [Aegr — = NV fo(Wit1, Te) + 9 (Yrsa
+1 p' || +1 || +1 Lp . (p+ 1) . ||yk+1 o kap—l || Yy p( + ) ( + )H
- L, Ly-(p+1) - |ypsr — Tpl|P!
< g1 — Tl ()‘k‘—i-lp lyrr1 — Te P '/\k+1 p ) LL! . H -1

N n p+1
. (— ; ‘n pri_ 1‘)
p p

Lplykq1—&ellP~!

where we used in the second last equation and we let 7 1= Ax41 o) in the last
equation. The result follows from the assumption 1/2 < n < p/(p + 1) in (20). O

Finally, if we replace ||z*|| by ||zo—«*|| in Lemma 3.3 and use Lemma 3.4 from [4] we prove Theorem

8l

B Inexact solution of the subproblem
Suppose that (4) can not be solved exactly. Assume that we can find only inexact solution ¥ 1 satisfies

LGk — TP (22)

H (fp(yk-&-laxk) + —Hyk+1 — EllP 4 g (Gg) )H <o

In this case Lemma 7] should be corrected.
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Lemma 8. Equation holds true with o = 3/4 for (22), provided that one has:

Ly - | Gk1 — il [P p

<A .
S Akt (p—1) S0

1
2
Proof. Let’s introduce
= ~ . Ly, . = ||p+1 ~
Skt = V| fo(Urs1, Tu) + F”yk—i-l — TP + 9(Grt1) | -
The main difference with the proof of Lemma[7]is in the following line

Tk1 — @k = M1 (VI Trs1) + 9 (Grs1)) |

L, _ -
< )\k+1p—f“yk+1 — I[P+

P! S o -
Akt1 — |V Aer1=
T L+ D) - G — allr IV fo(Ors1, Te) + 9" ()] + Mer1Zk4a
. - Ly . . o Ly-(p4+ 1) |Gks1 — Zxl|P?
< k1 — @l ()\k+1p_?”yk+l — [P+ ‘)\kJrl p 2t ]) |]|)|ykJrl e 1‘)
T Ly 1 Gr1 = Zll”~
— S\ P
+ |Gk — @ % k+1 (p—1)
To complete the proof it’s left to notice that due to the

— Ly, . -
12kl < 2—;,Hyk+1 — T ||P.

O
Based on we try to relate the accuracy € we need to solve auxiliary problem to the desired

accuracy ¢ for the problem (). For this we use Lemma 2.1 from [15]. This Lemma guarantee that if

1
dp(p+1)
then holds true. So it's sufficient to solve auxiliary problem in terms of (23).

N N L, . N - N
HV(H@thﬂ+}§Mm1—$Mml+g@mﬁ> IVEGa)l,  @3)

Assume that F(x) is r-uniformly convex function with constant o, (r > 2, o, > 0, see Definition ,
then from Lemma 2 [7] we have

i , r—1/1\"T ) .
Fion) — min F(x) < (—) IV F ()77 24
zel r Oy

Inequalities (23), give us guarantees that it's sufficient to solve auxiliary problem with the accuracy

E=0 ((6“107«)%>

in terms of criteria (23). Since auxiliary problem is every time r-uniformly convex we can apply
to auxiliary problem to estimate the accuracy in terms of function discrepancy. Anyway we will have
that there is no need to think about it since the dependence of this accuracy are logarithmic. The
only restrictive assumption we made is that F'(x) is r-uniformly convex. If this is not a case, like
in Section [4, we may use regularisation tricks [11]. This lead us to 09 ~ €. So the dependence &
becomes worthier, but this doesn’t change the main conclusion about possibility to skip the details
concern the accuracy of the solution of auxiliary problem.
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C CATD with restarts

The proof of the theorem

Proof. As F'is r-uniformly convex function we get

Sl

S =

N

chpRI,;+1
Ty =
Nk 2

Rit = [l2ee1 — 2] < (

r(F(zr) = F(ar*)))

U’I’
1 1
re, L,REVINT @ ( RVTYONT R,
=\ = | S\gpnr) T
o.N, ? k
Now we compute the total number of CATD steps.

K K =2 K 2
rc,L,2" ) 2Pt rc,L,2" _ o\ et

> N <D (—pap Ry ) +E =) (—p P (Ro27 )P ) +K

k=0 k=0 "

o
k=0 r

3p+1 + K

2
— = K
(rchpZ’"RgH T) . szzml—r)k
k=0

oy
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