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- Summary. We find the asymptotics for the large and moderate large deviation
probabilities of common distribution of the empirical measure and the empirical
bootstrap measure (empirical measure obtaining by the bootstrap method). For
the most widespread statistical functionals depending on empirical measure we -
compare their asymptotics of moderate large deviation probabilities with similar

asymptotics given by the bootstrap procedure.

1. Introduction. Let S be a Hausdorff space, & the o-field of Borel sets in
S and A the space of all probability measures (pms) on (S5,S). Let X;,...,X,
be ii.d.r.v.’s taking values in S according to a pm Fy € A and let P, be the
empirical measure of Xj,...,X,. The distributions of statistics depending oﬁ
the sample X;,..., X, are often analyzed on the base of the bbotstrap procedure
(see Hall (1992), Mammen (1992) and Efron and Tibshirany(1993)). For a given
statistics V(Xi,... ,Xs), we simulate independent samples X},..., X* with the
distribution B, and consider the empirical distribution of V(X},...,X}) as an
estimator‘of the distribution of V(Xj,...,X,). What is of espebial interest, are
the estimates of large and moderate large deviation probabilities of V(Xj,... ,Xn)
From this vieWpoint it is natural to compa,re probabilities of large and moderate
 large deviations for V(Xj,...,X,) and V(X7,...,X;). In the paper we carry
out such a comparison in a slightly different setting. The statistics V(X 1; ey Xn)

usually can be represented as a functional‘T(Pn)' of the empirical measure P,:

V(X1,...,X,) = T(P,). Similarly, V(X%,...,X) = T(P¥), where P: is the

empirical measure of X7,...,X;. Thus, the problem is reduced to the study of
large and moderate deviations of statistical functionals T'(8,) — T'(P) and T(E?) —
T(B,).

The problems related to large and moderate large deviation probabilities of em-
pirical measures have been studied in many papers (see Sanov (1957), Hoadley
(1967), Stone (1974), Sievers (1978), Groeneboom, Qosterhoff, Ruymgaarf (1979)
(GOR), Borovkov and Mogulskii (1980), and Ermakov (1992),(1995)). These pa-
pers contain complete results proved under rather general assumptions.‘ Our goal
here is to develop similar techniques for large and moderate large deviations of -
Py x P, and to use these techniques to compare the probabilities of the deviations
T(P,) — T(P) and T(PZ) - T (P,). Thus, we intend to consider the following two
settings: the asymptotics of the probabilities Po(P:x P, € Q) withQ € A2 =AxA



and the asymptotics of the probabilities Po(P* x B, € Q,,) where {1, C A? and P,
is a limiting point of Q. ‘

The problem of large deviations for empirical bootstrap measure has been studied
earlier in Chaganty (1993). These results were obtained on the base of another -
approach and were given in terms of the topology of weak convergence instead
of the T-topology considered in the paper. It seems that the approach developed
in GOR (1979) can be easily extended to the large deviations problem for the
empirical bootstrap measure. Similar situation takes place also for the moderate
large deviations, with the only difference that here more essential modification of
analytical technique of GOR. (1979) and Ermakov (1992), (1995) is required.

Note that the results on large deviations for Py x P, are far from being “com-
putable”, except some special cases (see Chaganty (1993)). At the same time the
moderate large deviation theorems allow easily to compare the probabilities of devi-
ations of T'(B,) = T(P) and T(P*)—T(£,) for the majority of widespread statistics.
Using the same technique as in GOR (1979) and Ermakov (1992), (1995), we also
consider the problem of moderate large deviation in tle pa,rameﬁric bootstrap set-
ting. The large deviation problem for parametric bootstrap has been studied earlier
in Chaganty (1993) in terms of the topology of weak convergence.

In this paper we use the following notations. We denote by C, c arbitrary positive
~ constants, by x(A) the indicator of an event A, and by [¢] the inte‘gr\al part of a

real number ¢.

2. Large deviation probabilities. Introduce the 7-topology of weak convergence
in the space A. We say that a sequence @), € A converges to ¢ € A in 7-topology
iff

lizm, [ fdQn= [ fdQ

n—o Jg S
for each bounded Stmeasurable function f : § — R!. In what follows all topological
notions, except otherwise is explicitly stated, relate to -topology (for details, see
GOR (1979)). For any set Q C A the closure and the interior of € are denoted by
cl () and int () respectively. The 7-topology in A? is defined as the corresponding
product topology. ' ’ |
- For any P, Q € A we introduce the Kullback-Leibler information number K(Q, P)

as

' : d
K(Q,P)= /SqloquP, qg= %

if Q is absolutely continuous w.r.t. P, and K(Q, P) = oo otherwise. It is known
(see, e.g., GOR (1979)) that the asymptotics of large deviation probabilities of



empirical measures P, can be expressed in terms of the Kullback-Leibler informa-
tion numbers. The analog of Kullback-Leibler information numbers for the large
deviation probabilities of P’ x P, is the functional K;(Q, P) which is defined as
Ky(Q,P) = K(Q2,Q1)+ K(Q1,P) for any Q = Q; X Q; € A> and P € A. We also
set Kp(Q, P) = inf{K;(Q, P): @ € Q} for any @ C A? and P € A.

Theorem 2.1. Let Py € A and let O C A%, Let Ky(int (), Po) = Kp(cl (Q), By).
Then B

lim n™" log Po(Py x P € Q) = —K,(Q, Ry). (21

Remark. Theorem 2.1 admits the following interpretation. The righthand side of
(2.1) equals the infimum of the product of asymptotics of two probabilities. The
first is the asymptotics of probability that the empirical measure P, belongs to
“3 small vicinity of pm @;”. The second is the asymptotics of probability that
the empirical bootstrap measure P* belongs to “a small vicinity of @,” under the

condition that P, belongs to “a small vicinity of @,”.

The proof of Theorem 2.1 in its main elements is based on the same arguments as
the proof of theorem on large deviations of empirical measures (see GOR (1979)).
In particular, the analogies of Lemmas 2.3-2.5 in GOR (1979) are valid for our
setting as well. The differences in the proof of the analogy of the main Lemma
3.1 in GOR (1979) are clearly seen from similar arguments for the moderate large
deviation setting (see the proof of Theorem 3.2 below).v

Chaganty (1993) has developed a special technique to prove the convergence of
K3(Qn, P) to K3(Q, P) ifa sequence of pms Q.. converges to Q in weak topology.
As a consequence, Chaganty obtained a version of Theorem 2.1 related to weak
topology. Passing to such a limit cannot be used straightforwardly in our setting,
and here we apply the partition technique. For any P € A, Q = Q; x Q2 € A? and
a partition IT = {5;}7.; of S consisting of Borel sets 5;, let
Q2(55)
| Q(S5)
For any 0 C A? we set K,(Q, P|II) = inf{K}(Q, P|II) : @ € Q} With this notation,
all analytical estimates are based on the relation (compare with Lemma 2.4 in GOR
(1979))

m

(@, PI) = 35 @u(5) o

i=1

+ Q1(S;) log

Fisr)

K;(Q, P) = sup{Kp(Q, P) : I is a partition of S} (2.2)
if K3(Q, P) = Ky(cl(, P).



The proof of (2.2) makes use of the same arguments as the proof of similar
relation (2.5) in GOR (1979) and is based on the fact that the set I' = {Q :
Ky(Q,P) < C < o0,Q € A?} is uniformly absolutely continuous w.r.t. P and is
both compact and sequent'ially compact in the 7-topology. These statements are
proved similarly to that one of Lemma 2.3 in GOR (1979).

3. Moderate large deviation probabilities. Let us introduce the linear spacé
Ao generated by all differences P — @ with P,@) € A and define the 7-topologies
on Ag and A2 similarly to that one on A and AZ, respectively.

For any P, € A, introduce the Hellinger distance |

p(P?Qj - ( / ((%)1/2—<%)1/2)2db’,) 1/2, R=2(P+Q).  (31)

Define also, for any G € Ag and P € A, the functional po(G, P) such that

, ;

i) = [ (53] e (2)
if G is absolutely continuous w.r.t. P and po(G : P) = co otherwise. The func-
tionals p and po are the standard tools for the study of moderate large deviation
probabilities of empirical measures P, (see Borovkov and Mogulskii (1980) and
Ermakov (1992), (1995)). It is well known that for any G € Aq satisfying the
inclusion P + uG € A and such that po(G : P) < oo it holds

K(P +uG, P) = 2p*(P + uG, P) + o(v?) = —;—u2p2(G : P) + o(u?)

as u — 0.
Forany Q = Q1 X Q; € A2 and G = G4 x G, € A2 denote Q +G = (Q1+G1) X
(Q2 + G2). We set '

p2Q, P) = p*(Q2, Q1) + p*(Q1, P),
pos(G, P) = pg(G2 — Gr.: P) + p5(Gh, P).

The functionals py and pos play the same role in the study of moderate large
deviations of P* x P, as the functional Kj in the study‘ of large deviations. It
is easily‘seen that for any G = Gy x Gy € Ag such that P+ uGi, P+uG, € A and
pos(G : P) < oo it holds ‘ 4

w?pos(G : P) + o(u?)

DO =

Ks((P +uG), P) = 2p,((P + uG), P) + o(u?) =

asu—0. Hore P=P x P



For any Q C A,  C A? and Qo C Ao, Qo -C A2 define
p(Q P) =inf{p(Q, P) : Q € 0},
po(Qo : P) = inf{po(G: P): G € Qp},
pv(Q, P) = inf{py(Q, P) : Q € 0}
and pos(Qo, P) = inf{pos(Q, P) : Q@ € Qo}.
Theorem 3.1. Let Py € A and Qo C A2. Let

pos(int (Q0) : Py) = poy(cl (o) : Po). | (3.3)

Then, for any sequence b, — 0, nb2 — co as n — oo,
. - . B = 1, :

Remark. A similar version of a theorem on moderate large deviation probabilities

- of empirical measures is proved in Borovkov and Mogulskii (1980).

The asymptotics (3.4) can be applied for the study of moderate large deviations of
homogeneous functionals. At the same time, the majority of statistical fuctionals
are only approximately homogeneous. To obtain the results for this latter case, we
have developed the following approach (see Ermakov (1992), (1995))

Let a sequence of pms P, converge to pm Pyand let Py = Py x Py be a limiting
point of sets 1, C A% Denote b, = p(Qn,‘_P ) and suppose that nb? — oco as
n — 0.

Assume that

Al. The;:‘e exists a SequenceHn € Ap such that H,, are absolutely continudus w.r.t.

Py, p(Pn, Po + b, Hy) = o(b,;) as n — oo and for any sequence C,, — co as n — 00

i (dHn)ZX ( dH,

n—=oo J5 \ dP, dP,
A1l implies that pms P, can be approximated by a sequence of pms Fy + b, H,, such
that dH /dPy are uniformly integrable in La(B).

A2, There exist an open set Qo C A? and a function w, w(z)/z — 0as z — 0 such
that

i. For any sequence G, € Qo there exists a sequence @, € Q, such that pp(Qn, Po+ |
b G ) <w(pb(Po,P0+b G )

#. For any sequence Qn € Q, there exists a sequence G, € Qg such that pb(Qn, P+
buGn) < w(ps(FPo, @n))-



A2 implies that the sequence of sets (2, can be approximated in the Hellinger metric’
by the sets Py + b,Qo. ‘

Theorem 3.2. Assume A1,A2. Let b, — 0, nb2 — o0 as n — oo and let
pos(cl Qo : Po) = pOb(lntQO By) . Then

i log P.( Py x f)n e ) _
n—co 2np¢(Qn, P,) -

~1. (3.6)

The analogy of Theorem 3.2 is also valid for the moderate large deviations of
Py x P, Where P} is the empirical measure of independent sample X7,..., X}
with the pm P,. ‘

Suppose that k/n — v > 0 as n. — 0.

For any @ = Q; x Q2 € A and G = G x Gy € A2 denote

pu(Qa ) =Vvp (Q27Q1) +P (Qlap)

p5,(G: P) =vp3(Ga— Gy : P)+ pp(Gh : P).
For any O C A? and Qy C A2 we set p,(Q, P) = inf{p,(Q,P) : Q € O} and
pov(Qo : P) = inf{po, (G : P) : G € Qo} | ‘ :
Theorem 3.3. Assume A1,A2. Let b, — 0, nbi — o0 as n — oo and let
povcl (Qo) : Py) = po,(int (Qo) : By). Then

o log P.(P; x B, € Q) _
noroo 2”/’3(@7»7 Pn) -

Let H, = b, H, H € Ao. Then, in the other terms, (3.7) can be written as

~1. (3.7)

Tim (n82)™" log Pa(P x Pr € Q) = -%pg,,((zo _H:B)
where H = (vH) x H.

Clearly, similar version of Theorem 3.3 can be established also for the large devi-
ation probabilities of empirical bootstrap measure. The proof of Theorem 3.3 is

akin to that one of Theorem 3.2 and is omitted. From now ori, we assume k = n.

Ezample 3.1. Differentiable statistical functionals. A linear approximation of sta-
tistics is the standard tool to prove its asymptotic normality (see ‘Serﬁing (1980),
Denker (1985)). Here we apply the same technique for the study of moderate large
deviation. We assume that the functional 7' : A — R! admits a linear approxima-

tion of the following type.



B. There exist a bounded function r and a norm N in Ag continuous in T-topology
such that » ;
T(Q)~T(F) - [ rd(@ - Po)| < w(N(@ - By)).

where w(t) is an increasing function such that w(t)/t — 0 as ¢ — 0.

Assumptions of such a type without that severe limitations on the function r and
the norm N (continuiuty in T-topology) were used for the proof of asymptotic
normality of statistics T'(2,) (see Serfling (1980)) and in implicit form also for the
study of moderate large deviations (see Jureckova, Kallenberg and Veraverbeke
(1988), Inglot, Kallenberg and Ledwina (1990),(1992), and Ermakov (1994)). At
the same time the corresponding technique to weaken these limitations is developed
in the theory of large deviations of empirical measures in Groeneboom and Shorack
(1981). That allows to suppose that a similar results can be obtained for this setting
as well.

.If B holds, then, as it follows easily from Theorems 3.1 and 3.2, for any sequence

P, converging to P and satisfying Al we have

lim (nb2)™/?log Po(T(Py) = T(Ba) > bn) =
Tim (n82)"? log P, ( [.rd(p; - Pn>‘> ) =

1. .f o
—amf{/s((gg——gl)z—l-gf)dPo . /S(gz—gl)rdPg >/Sr2dP0} =
‘ 1 2 : .
-3 /S r? dPy, (3.8)

lim (nb})™/?log Pa(T(Bn) = T(Pn) > bn) =

Jim (n2) "2 log P, ( [rd. - P> b,;) -
_1 'nf{/ FdPy: / grdpPy> [ f?dpo} - —-1-/ r2dP (3.9)
2 s s Js 2)s " .
Thus, the asymptotics of moderate large deviation probabilities of T'(Py) — T(P,)
and T(P,) — T(P) coincide. At the same time by Theorem 3.2 ‘

Tim (nb}) ™% log Pa(T(Py) = T(Pa) > bn) =

| 5 , « 1
: 2\—1/2 * —_ = 2
Jim (n82) "/ log P /S rd(P; = Pa) > b) = =7 [S PR (310)
The proof of (3.8) is very easy and (3.9),(3.10) are obtained by a similar technique.
Introduce the inverse function @(t) of w(s) such that &(t) = s impliesw(s) =t. By

ATheorem 3.2 and B we haye

(Pu(T(P7) = T(B) > bs) = Pul [, rd(P* = By) > ba)| <



Po(N(P: = P,) > @(b,)) < exp{—Cn*(b,)}.
The asymptotics of P,(fgr d(Pr — Pn) > b,,) follows directly from Theorem 3.2.

Ezample 3.2. Variance. Let T(P) = Varp[X] = Ep[X?] — (Ep[X])®. Then the
problem of identifying the asymptotics of the right-hand side of (3.8) can be reduced

to minimization of the functional

/S((gz - 9)’ +97)dPy (3.11)

under the constraint that

‘ 2

[ on(e)=on(e) Bode)= ([ 4*(1-+ o) Pode)) +( 200 + ) o)) =
[,7*(@1(2) = () Poliz) ~ 28, 1X] [ a(on(z) = 01(2)) Po( )+
[ ol0n(2) ~ 91(@)) Poda) [ a(a1(s) + 92(2)) Po(da) =

[, (@(0)=0r(a)) Po(de) 2BR[X] [ a(ga(e)=a(z)) Polda) +olbw) > by (3.12)

Thus, the functional T'(P) admits the linear approximation and

Tim (n82)™?log Po(T(PS) = T(P,) > by) =

Tim (n62) 2 log Po(T(By) — T(By) > bn) = —%E[XZ X EX]E. (3.13)
This example can be considered as a particular case of Example 3.1, since Varp[X]

has the influence function.

Ezample 3.3. Homogeneous functionals. It is easily seen that the analog of (3.10)
holds also in the case of an arbitrary norm N : Ag — R! continuous in 7-topology ‘

lim (nb2)™'/*log Po(N(Py — Po) > b,) = —Zpg(no : By). (3.14)
“Here Qo = {G: N(G) > 1,G € Ao}. |

For the moderate large deviations of empirical ’rneasurepn (sée Ermakov (1995))

we have‘
Tim (n82)"2 log Po(N(B, — o) > by) = -%pg(n(, :B).  (3.15)
In particular, the relations (3.14) and (3.15) are valid for the functional N defined

as the functional of the Kolmogorov and the omega-square test statistics
N(P - P)) = max{|F(z) — z| : z € S}

or

N(P - By) = ( /0 (F(z) - x)Zda:)l/z.
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Here S = (0,1), B, is the pm of the uniform distribution and F is the distribution
function of pm P.

Let us proﬁze that

n-=

lim (nb,)™"/?log Po(N(P; — Po) = N(P, — Po) > b,) = -%pg(no : ). (3.16)

For any a,d > 0 denote (a) = {P : N(P = B) < a, P € A} and (d) = {P :

N(P—PR)>d, PeA},2d)-Qa)={G:G=Q-P,Qecdd),Pc Q(a)}.
Relation (3.16) is given by Theorem 3.1 combined with the following computation:

inf{ | (92~ 61)" + ) dBy : N(G) = N(Ga) 2 by

g1 = dG1/dPy, g2 = dG3/dPy, G1,G> € Ao} =

= inf{ég(@(d) —Qa): Po) + p5(a) — Po: Po) : d—a > by} (3.17)

By Theorem 3.2 in Ermakov (1995), there exists a function A € Ly(PRy), [ hdPy =
0 such that the family of pms Wy, A > 0, dW)/dPy = c\ + Ahy(z), ha(z) =
h(z)x(h(z) > —ca/A), ex = 1 as A — 0, satisfies as follows Wy € ®(\ + o(})) and

P(EO), Po) = (W3, Ro)(1 +o(1) = ¥ [ W(s)dR(140(1)) (319

as A — 0. Note that (3.17) is valid also in the case of Q(0) = {Py}. Therefore the
right-hand side of (3.18) equals

inf{(d—a)’ +a?1d—a > b} [ K2(s)ds (1 +0(1)) =
b202(00 : Po)(1 + o(1)), o ' (3.19)

and (3.16) follows.

The moderate large deviation probabilities of T'(Py) — T(“If’n)'with T(P)=N7(P-
Fy), v > 1, can be expressed similarly to (3.17),(3.19). Here we get

lim (nb2)~? log Po(N"(P; — Po) = N*(B, = Py) > b,) =

inf{(d—a)’ +a?: d" — " > b} > /S h*(s)ds(1 + o(1))

This relation shows that for v > 1 the asymptotics of log P(T(P2) — T(P,) > b,)
does not coincide with the corresponding asymptotics of log P(T' (Pn) —T(P) > b,).

4. Moderate large deviations in the parametric bootstrap. Let Xi,... , X,
be i.i.d.r.v.’s with pm Py, € © C R? and let T(P,) be an estimator of 6. In the
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parametric bootstrap procedure, given T(Pn) = 0,, the bootstrap sample is a se-
quence of i.i.d. observations X7,..., X, from P; . We shall study these procedures

under the following assumptions;

C1. There exist charges Hy,...,H; € Ag and a function w, w{z)/z — 0 as z — 0,
such that p (Pa, Py, + 2%, (8; — 90i)Hi) < w(p(Ps, Py, )). Here 6 = (61,...,8,) and
o = (b1, - .. , Boa)-

C2. The charges H;, 1 <1 < d, aré absolutely continuous w.r.t. Py, and have
bounded densities h; = dH;[dPy,, 1 <i <d.

Suppose that T'(P) = (Ti(P),... ,T4(P)).

C3. There exist bounded functions r;, 1 <7 < d, and a norm N : Ay = R! which

is continuous in the 7-topology such that
T(P) = TdPr) = [ rid(P = Py
foralll <7 <d. ‘ |

Sw(N(P - Py)) (4.1)

For any G € Ao denote

(G, Py,) = Z/rsz/hth%/rjdG

=1
For G = G X G E‘,A«g we set
P2(G, P) = p? (G2 _ é L ri Gy H; : Poo) + 1(Gh, Py,)-

For any Q) CAj, let pop(Qo: P) = ir}f{pép((? : P): G € Q).
Theorem 4.1. Assume A2 and B1-B3. Let b, — 0, nb2 — c0 asn — oo.‘ Then

lim (n82)™ log P(} x Py, € 00) = 3, (o : By) (42)
Ezample 4 1. Let 8 € R* and let 6, = TI(IE’n) be the estimator of 6 satisfying
C3 with the functional Ty, satisfying (4.1). Let T : A — R' satisfy (4.1) with

i = 2. Then the moderate large deviation probabilities of T5(Py) — T2(F; ) and
T>(Py) — T2(Py, ) have the following asymptotics. Then

lim (nb2) ™" log Py, (Ta(Py) — Ta(P;,) > ba) =

. n—o0

1 . 2 2
— inf {( [.rian dPgo) /. WdPy + / (gg ~h /S rigi dP90> dP;, :

/S ra (92 —h /S rigt dP90> APy, > fs 2 dPoo} =5 fs RdP,  (43)
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and

) ) * . L
lim (nb2) 1logP?0(T2(Pn)—T2(P90) > by) = —§1nf{( /S rlglydPg()) /S h2 APy, +

2
[5 (gg——h fs iy dP90> dPy, : /s ragadPa, > /S r%dPgO} -

_l (Js 7"zdP@o) Js h?dPy,
2 [573 dPy, Jsh? dPy, + (fsroh dPy,)"

(4.4)

5. Proofs of Theorems 3.2 and 4.1. The reasoning in its main elements is
akin to Ermakov (1995). The arguments are based on the approximation of the
problém in question by the associated problem for the multinomial distributions.
The approximation is realized on the base of partitions IT = {S;}* of the Hausdorff
space S consisting of the finite number of Borel sets ;. We analyze the probabilities
of a number of observations (X7, X;,) in each set S; x Sj, and, as a result, obtain

the assertions of Theorem'3.2 and 4.1.

Proof of Theorem 3.2. For any partition IT = {S;}7* and any Q,P € A, G € A,
Q=01 xQye A, G=G x G, € A2 denote
k
P*(Q, PITI) = Y (QY*(S;) — PV3(Sy))%,
7=1
pg(@a PIH) = bz»(Q27 Q1|H) + pZ(Qla PIH)v
m G2 S
(G Pimy =3 £E)
iz P

p3(G : PII) = p§(Ga — Gy : P|I) + p5(Gy : PIII).

It is easy to see that | |
p(Q,P) = Sup p(Q, P|II), ps(Q, P) = Sup (@, PID),

po(G : P) = sup p(G : P, pon(G : I0) = sup pos(G : PIII).

Here the supremum is taken over the all partitions II of S.

For any partition IT = {S;}* and any sets & C A? and denote py(, P|II) =
inf{ps(Q, P|I) : Q € Q} and pos(Qo, P|Pi) = inf{pos(G : P|II) : G € Q} respec-
tively. V

Suppose that the sequence H, converges to H € Ao. Since the sequence of

densities dH, /dP is compact set in Ly(P) the general setting is akin to this one.
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Similarly to the main line of the proof of Sanov theorem the analytical technique

will be based on the following relation (compare with (2.2))
| pos(Qo : P) = sup{pas(§o, P|II) : IL is a partition of S} (5.1)
if pos(Qo P) = po(cl (Qo) : P).
- By Al1,A2, (5.1) implies
Po(Qny P (L + 0(1)) = sup{ps(Qn, Pn'H) : IT is a partition of S} (5.2)

as n — 0o.
The proof of (5.1) is akin to that one of Lemma 2.4 in GOR (1979).

By A1,A2, the convergence H, to H implies that there exists G = Gy x Gy €
cl (QO) such that

PO Pu) = g2, Py buH)(1 4 (1)) = pzm, + buflo, Po + buH)(L + o(1)) =

P2(Po + bGr, Po + by H)(1 + 0(1)) = bnp0b<a — I Py)(1 +0(1)).
Here H=H x H and G — H = (G, — )X(Gg—H).’ .

Let IT = {S;}7" be a partition of S such that p; = P(S;) > 0,1 < j < m.
Denote p,; = Pnj(Sj), h; = H(Sj)a Jinj = Gln(Sj)7 Gong = Gzn(Sj)v g1 = Gl(sj)a
925 = ng(Sj) for all 1 S j S k. Put ‘

— 1 ~ _
Yo =pp(G: BafTD), 7" = 2p0s(G — H : BolIl).

It is clear that

—

(2, PalTD) = B92(1 + o(1) = 78272(1+ o(1)) (53)

as n — o0.

By the Stirling formula, we get
Po(Pr x P, € 1,) < Pa(ps( P X Pn,P IH) > pp(Sn, P, |TT)) =

(n!)? nenj TT nong
"J J <
X e e A T
* 1 m 1 m .
C> exp{(l—m)logn — '2'~21°g “ni = 5 > log znj—
J=1 Jj=1 ‘
| nZzn] log——anm log— = B(Y,) | (5.4)
j=1 nj j=1 Znj

Here 3" denotes the summation over the set ¥, of all z, = (2n1,... , 2nm) and z, =

(Zniy .- s Tnm) such that nz,g, ..., nzny, and nz,y, ..., Ty, are whole nonnegative
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n'umbers, Zm + ...+ Znm = 1’ Tn1 + R o = l and Jln(zn) + Jzn(.’vn, Zn) > bn’yn

Here
m

Tin(z2) Z 1/2 1/2’ Ton(@ny 22) Z( /2 _ 1/20

Fix € > 0. For all whole numbers 1y, 3; > —1/ 6—1 and all integers 7y introduce the
sets Uni; = {2n : (1 + €01)0272 < Jin(zn) < (1 +€(is +1))0242, 2, = (2py, . .. s Znm )y
NZn1, ... ,MZnm are whole nonnegative numbers, 2,1 +. ..+ 2npm = 1} and W, (zn) =
{zn : ezzbn7n < Jon(Zn, 2n) < €(t2 4+ 10292, Tp = (Tuty- -+ » Tam), Ny - -, NTam
are whole nonnegative numbers, z,; + ...+ Z,»n = 1}. Denote Yaiis = {(2n,20) :
Zn € Uniy, Tn € Waiy(20) }.

Put d. = —[1/¢] — 1.

The numbers of elements Uniy and Wy, (2,) for iy > dc+1,43 > 1and z, € Uni,

equal
Ce(nbuwyn)™ (1 + €ir)*™ T ps(1 +o(1)) (5-5)
j=1
and
Ce (nbnfyn)z’\ (eig)*? Hzm 1+O( ))s - (5.6)
j=1

respectively. Here A = (m —1)/2. :
Expanding log(zn;/pr;) and log(:z:n] /z,;) in Taylor series by powers of (25 bz _

P/ 2)an1/ ? and (z ,142 P Q)zn] respectively we get
(¥i) < OEH1-+ i) e) o exp(2n(0L+ i+ ). (57
The detailed estimates in (5.7) are akin to (6.5) in Ermakov (1995).
Define the sequence € = ¢, such that ¢, — 0, nenbn'yn — 00 as n — oo. Then

we have

Z Z B(Y;lmz)g

11>dn t1+i2>0

C(nb2y,)* /ooo ! exp{—2nb42t} /loot exp{ 2nbn7ns}dsdt <

Ont22)™ [~ exp{~2nbiyPu}du =
1
exp{—2nb2y2(1 + 0(1))} = exp{—2nb27*(1 + o(1))} (5.8)
Thus it remains to estimate

> B(Ynde,ia) < Plos(PyxBu, PII) > pb(Q, PI)(140(1)) | p(Pr, PIIL) > €;70777) <

i2>1/€n

> Cenleni)™” 1(nbn’rn) exp{—2nie,b}73} = exp{-2nb7*(1 + o(1))}, (5.9)
1>—dn . ) i
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> I(Yair0) < CP(p(Bn, PITT) > p(, PI)(1 4 0(1))) <

11>0 ]
exp{—2nb2~%(1 + o(1))}. (5.10)
Here (59) follows from (6.6) in Ermakov (1995) and the estimates in (5.10) are
similar to that in (5.9). Now (5.8)-(5.10) together implies (3.6).
Proof of Theorem 4.1. The difference in the arguments has no principal character in
comparison with the proof of Theorem 3.2. Thus we introduce only new notations
and point out auxilliary relatlons allowing to pass to the arguments of the proof of

Theorem 3.2.
For any partition IT and set @ C A? denote

pP(Q’ Peo) = inf{pb(@vpeo) Q = Q2 X Py E‘Q}a

pP(Q,P%lH) = inf{Pb(QsP%IH) : Q =2 X P € Q}

By B1-B3, for any 0, — g, 6, = (0r1,... ;0r4), as n — o0 and' @), converging to

Qg, in T-topology we have

o*(Pa, Poy) = 2 (6s — Bo:) / bibidPa Oy — G+ o), (511
p (PT(Qn)v Py, + E/Srid(Qn — Py,) Hi) < w(p(Prg,), Peo))’, ‘ (5.12)
(PT(Qn)aP% = (P9o +Z/ rid(Qn — Peo)HnPao) + 0(w(p(Pr@.), Fn))),

| (5.13)

F(Pron Fu) =7 2 > [ (@ Bu) [ hidP, [ rid(@— Bt

d )
O (Z _/Srzd(Q Peo) (N(Qn - PGg))) (5.14)
Hence we get ' ‘ |

(s Pr) = 782p0p(T0 : PY(1+0(1) (5.15)

as n — oQ.

The further arguments are akin to the proof of Theorem 3.2. We write
PGO(P: X Pén € QTL) < P9o (pb(P': X P(in’ P90|H) > pP‘(Qna Pﬁo IH)) . (516)

and make use versions of relations (5.11) - (5.16) written for a given partition II.
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