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A dynamical theory for singular stochastic delay differential
equations lI: Nonlinear equations and invariant manifolds

Mazyar Ghani Varzaneh, Sebastian Riedel

ABSTRACT. Building on results obtained in [GVRS]|, we prove Local Stable and Unstable Manifold
Theorems for nonlinear, singular stochastic delay differential equations. The main tools are rough paths
theory and a semi-invertible Multiplicative Ergodic Theorem for cocycles acting on measurable fields of
Banach spaces obtained in [GVRI.

INTRODUCTION

The following article is a sequel to [GVRS]. Our aim is to study stochastic delay differential equations
(SDDEs) of the form

(0.1) dyr = b(ye, Yi—r) dt + o (ys, Yt—r) dBi(w)

from a dynamical systems point of view. In (0.1), » > 0 denotes a time delay, B is a multidi-
mensional Brownian motion, b is the drift and o the diffusion coefficient. Such equations are called
(single) discrete time delay equationsﬂ The goal in the present article is to prove the existence of
random invariant manifolds for (0.1). Invariant manifolds are key objects in the theory of dynami-
cal systems, both deterministic and random, and play a central role, for instance, in stochastic bi-
furcation theory [KW83| |Arn98, ICLR0O1] and model reduction for stochastic differential equations
[DD07, [DW14, [CLW15al [CLW15Db].

Although the equation can be easily solved with 1td’s theory of stochastic integration, studying
its dynamical properties is a challenging task. In fact, the key object in the theory of random dynam-
ical systems [Arn98] is the cocyle which is induced by a stochastic differential equation. However,
Mohammed [Moh86] showed that one can not expect that an equation of the form induces a con-
tinuous stochastic flow (cf. also [MS97, Theorem 2.1] and [GVRS| Theorem 0.2] for similar results),
therefore it was believed that does, in general, not induce a cocycle. Without going too much into
detail here, we want to mention that the source of trouble in is the diffusion coefficient o which is
allowed to depend on the past. Equations where the delay only appears in the drift are easier to handle
and their dynamical properties were studied, for instance, in [MS90, IMS96, MS97, IMS03), IMS04]. If
the diffusion o is path-dependent in a smooth way, i.e. when

O(yuy.)Z/ o (Yt Yers) p(ds)

—-T
for a regular measure pu, the situation is also simpler and was considered, in parts, in the above
mentioned references. The equation (0.1) corresponds to p being the (singular) Dirac measure J_,
which is the reason for calling it a singular stochastic delay equation.

One of our main results in [GVRS] was that does indeed induce a cocycle. However, one has
to pay a price: the spaces on which the cocycle map is defined will depend on the trajectory of the
driving path B(w). More precisely, if (2, F, P, #) is a random dynamical system (cf. definition below),
the cocycle ¢ is a continuous map

QO(?’L,UJ, ) Ew — EG"w

where {E, },cq is a familiy of Banach spaces. In the literature, these type of cocycles are not new
and were already studied. For instance, they naturally appear when linearizing a stochastic differential

The results in |[GVRS] and in the present article do also apply for vector fields depending on a finite number of time
instances in the past, but we restrict ourselves to a single delay for the sake of simplicity.
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M. Ghani Varzaneh, S. Riedel 2

equation on a manifold [Arn98|, Section 4.2]. One key idea in [GVRS] was to interprete (0.1) as a ran-
dom rough differential equation in the sense of Lyons [Lyo98|INNT08| [FH14]. Doing this, we showed in
[GVRS] that Gubinelli’s spaces of controlled paths [Gub04] are possible choices for £, when studying

©-).

A major result in smooth ergodic theory is the Multiplicative Ergodic Theorem (MET) which provides a
spectral theory for linear cocycles. In [GVRS], we proved that such a theorem holds in our framework.
As a consequence, we could show that cocycles induced by linear equations of the form possess
a Lyapunov spectrum, an analogue to the set of eigenvalues of a matrix. In [GVR]|, we proved in a
more abstract framework that an Oseledets splitting, i.e. a decomposition of £, into a direct sum of
(p-invariant spaces, can also be deduced. This was the basis to prove the existence of local stable and
unstable manifolds.

In this article, we harvest the fruit of our former work. In our main results, Theorem [2.4] and Theorem
2.5, we formulate sufficient conditions under which we can deduce the existence of local stable and
unstable manifolds for equation (0.7). Let us mention that one difficulty in the unstable case is that
the cocycle induced by is not invertible, which is natural for delay equations: solutions exist only
forward in time. Therefore, we can not just apply the stable manifold theorem to the inverse cocycle as,
for instance, in [MS99]. To overcome this difficulty, we use the semi-invertible MET in [GVR] to obtain
the existence of unstable manifolds. Both theorems are formulated in a generality which allows them
to be applied to equations which are driven by a much more general noise than Brownian motion, e.g.
by semimartingales with stationary increments or by a fractional Brownian motion.

There are many invariant manifold theorems for stochastic differential equations. In the case of a finite
dimensional state space, let us mention [Car85| [Box89, Wan95| IMS99, [KN]. For infinite dimensional
state spaces, invariant manifold theorems were proved by Mohammed and Scheutzow for a class
SDDEs in [MS04] and for different classes of stochastic partial differential equations in [DLS03,|DLS04,
MZZ08|, |[CDLS10l, MZ10, IGALS10,/ICRD15, [LNS18, ICRD19, [Neai9].

The structure of the paper is as follows: In Section [1} we study properties of rough delay differential
equations. In particular, we prove their differentiability and provide bounds for the derivative. We fur-
thermore study equations with a linear drift term. Section [2 contains our main results. We introduce
random fixed points for cocycles (stationary trajectories) around which the invariant manifolds exist.
The main results are formulated in Theorem|[2.4]and Theorem Subsection [2.2] contains examples
of equations for which our theorems apply.

Preliminaries and notation. In this section we collect some conventions, the notation and basic def-
initions which will be used throughout the paper. The notation coincides with the one used in [GVRS].

B Differentiable will always mean differentiability in Fréchet-sense.

B If not stated differently, U, V, W and W will always denote finite-dimensional, normed vector
spaces over the real numbers, with norm denoted by | - |. The space L(U, W) consists of all
bounded linear functions from U to W equipped with usual operator norm.

B Let [/ be anintervalin R. Amap m : I — U will also be called a path. For a path m, we denote
its increment by m, ; = m; — m where by m; we mean m(t). We set

[[m|oc;r := sup ||
sel

and define the y-Hélder seminorm, v € (0, 1], by
|25 4|

mif~-1 1= su —_—.
|| ||’YJ s,tel;l;);ét |t — S|'Y
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Dynamical theory for SDDE |l 3

For a general 2-parameter function m#: I x I — U, the same notation is used. We will
sometimes omit I as subindex if the domain is clear from the context.

B By C*(W?2, W), we denote the space of bounded functions o: W & W — W having n
bounded derivatives, n > 0. Often, we will omit domain and codomain and just write Cj'. We
set Oyn ym 1= %a(x,y) for n,m > 0 and 0, := 0,140, 0, := 0,40,1. Dropping the

subindex b means dropping the boundedness assumption.

Next, we introduce notions from rough paths theory needed in this article. Most of them can be found
in [FH14]. We also review some of the concepts from [NNT08] and [GVRS] here.

M Let X: R — U be a locally y-Hélder path, v € (0, 1]. A Lévy area for X is a continuous
function

X:RxR—=>U®U
for which the algebraic identity
Xs,t = Xs,u + Xu,t + Xs,u ® Xu,t

is true for every s,u,t € R and for which ||X]2,.; < oo holds on every compact interval

I C R.Ify € (1/3,1/2] and X admits Lévy area X, we call X = (X, X) a y-rough path

and set || X||.; := [|X||ly:r + /|1 X|l2+:1- A delayed Lévy area for X is a continuous function
X(—r):RxR—>U®U

for which the algebraic identity

Xsut(_r> - XS,U(_T) + Xu,t(_r) + Xs—r,u—r X Xu,t

holds for every s, u, ¢ € R and for which we have || X(—r)||2,.; < 0o on every compact interval
I C R Ify € (1/3,1/2] and X admits Lévy- and delayed Lévy area X and X(—7), we call
X = (X, X, X(—r)) a delayed y-rough path with delay r > 0. For an interval [a,b] C R, we
set

1% htagn = 1 sy + 11X Dhytarrt + 4/ X rgiagy + /1% (=r) larsias

W Let ] = [a, b] be a compact interval. A path m: I — W is a controlled path based on X on
the interval [ if there exists a y-Hélder path m’: I — L(U, W) such that

/ #
mS,t - msXS,t + ms’t

for all s,t € I where m#: I x I — W satisfies ||m#||2,.; < oo. The path m’ is called a
Gubinelli derivative of m. We use 23 (I, W) to denote the space of controlled paths based on
X on the interval I. We will sometimes just write (1) or &, if codomain or domain are clear
from the context. It can be shown that this space is a Banach space with norm

Imllgg, = [1(m,m) |5z = Ima| + [me| + I/ llyir + [Im™ 2.

If « < 8 < #, the space @j'é’ﬂ(l, W) is defined as the closure of @)’2(1, W) in the space
Z%(1,W). It can be shown that P%°(I, W) is separable for o < 3 [GVRS, Lemma 3.9].
A path m: I — W is a delayed controlled path based on X on the interval I if there exist
~-Hélder paths ¢°, ¢*: I — L(U, W) such that
msy = Cng,t + Cngsfr,tfr + m5#7t

for all s,t € I where m#: I x I — W satisfies |[m*||s,.; < oo. We use D} (I, W) to
denote the space of delayed controlled paths based on X on the interval I. A norm on this
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M. Ghani Varzaneh, S. Riedel 4

space can be defined by
Imllpy = [1(m, ¢°, Moy = Imal +1¢01 + ol + 1€ sz + 11¢ sz + [ (12
We recall the concept of a random dynamical system introduced by L. Arnold [Arn98].

B Let (2, F) and (X, B) be measurable spaces. Let T be either R or Z, equipped with a o-
algebra Z given by the Borel o-algebra 3(IR) in the case of T = R and by P(Z) in the case of
T = Z. A family 6 = (0;),e7 of maps from (2 to itself is called a measurable dynamical system
if
(i) (w,t)— Gwis F @ L/F-measurable,
(i) 6y = 1d,
(i) Oy = 05086, forals,teT.
If T = Z, we will also use the notation 6 := 6, 0" :=60,,and "™ := 0_,, forn > 1. Ii Pis
furthermore a probability on (€2, F) that is invariant under any of the elements of 0,

Po@t_lzﬂj’

for every t € T, we call the tuple (Q, F,P, 0) a measurable metric dynamical system. The
system is called ergodic if every f-invariant set has probability O or 1.

B let Tt := {t € T : ¢t > 0}, equipped with the trace o-algebra. An (ergodic) measur-
able random dynamical system on (X, BB) is an (ergodic) measurable metric dynamical system
(2, F,P,6) with a measurable map

o THx QO x X = X
that enjoys the cocycle property, i.e. (0, w, -) = Idy, forallw € (2, and
@(t + S, W, ) = @(ta (950.), ) o ()0(87 W, )

forall s,t € Tt and w € 2. The map ¢ is called cocycle. If X is a topological space with
BB being the Borel o-algebra and the map ¢(-,w,): TT x X — X is continuous for every
w € (), itis called a continuous (ergodic) random dynamical system. In general, we say that ¢
has property P if and only if (¢, w,): X — X has property P foreveryt € TT and w € Q
whenever the latter statement makes sense.

We finally define measurable fields of Banach spaces and cocycles acting on it.

B Let (2, F) be a measurable space. A family of Banach spaces { E, },,cq is called a measurable
field of Banach spaces if there is a set of sections

Ac[]E.
weN

with the following properties:

(i) A'is a linear subspace of HMGQ E,.

(i) There is a countable subset Ay C A such that for every w € (2, the set {g(w) : g €

Ao} is dense in E,,.
(i) Forevery g € A, the map w — ||g(w)|| g, is measurable.
B Let (Q, F, P, 6) be a measurable metric dynamical system and ({ E,, }.cq, A) a measurable

field of Banach spaces. A continuous cocycle on {Ew}weg consists of a family of continuous
maps

(0.2) o(w, ): B, — Egy.
If ¢ is a continuous cocycle, we define p(n,w,-): E, — Egpn, as

on,w,) =@ tw,)o-o0pw,-).

DOI 10.20347/WIAS.PREPRINT.2701 Berlin 2020



Dynamical theory for SDDE |l 5

We say that ¢ acts on { E,, },,cq if the maps
(0.3) w = [lo(n,w, g(w))l|Epn,, n €N

are measurable for every g € A. In this case, we will speak of a continuous random dynamical
system on a field of Banach spaces. If the map (0.2) is bounded linear/compact/differentiable,
we call ¢ a bounded linear/compact/differentiable cocycle.

1. PROPERTIES OF NONLINEAR ROUGH DELAY EQUATIONS

In this section, we study different aspects of nonlinear rough delay differential equations. For simplicity,
we will study equations without a drift coefficient first. Fix a delay » > 0 and consider

t
Y, = & +/ o(ys, ys—r) dXgs; t € [0,7]
0
Y =&; te [0

where X = (X, X, X(—r)) is a delayed y-rough path, v € (1/3,1/2], and X: R — U is locally
~v-Hélder continuous. We recall the following result:

(1.1)

Theorem 1.1. Assume o € CP(W? L(U,W)),1/3 < a < B < v < 1/2 and either £ €
P ([—r,0,W) or & € D%°([—r,0],W). Then the equation has a unique solution y €
@)‘@([0, T),W) resp.y € @j’?ﬂ([O, T)|,W) forany T > 0. In both cases, y; = o (Yt, Yt—r)-

Proof. The case £ € @ﬁ([—r, 0], W) was shown in [GVRS, Theorem 1.8] and the case { €
2% ([—r, 0], W) follows from continuity of the solution map, cf. [GVRS, Theorem 1.9]. O

1.1. Regularity. In this subsection, we will study the regularity of the solution map induced by (1.1).
More precisely, we will give sufficient conditions under which this map is differentiable in the initial
condition, which means differentiability in Fréchet-sense on the space of controlled paths. To prove
our result, we will follow a similar strategy as in [Bai15] and [CL18].

Definition 1.2. Form € Nand 0 < k < 1, we say that f: V2 — W belongs to €™ (V2 W)
if its derivatives up to order m are bounded and continuous and if D™ f is k- Holder continuous. The
space is equipped by the norm

I/

gmee = max {| D7 flloc, D™ fli}-
7=0,...,m

Next, we give a more general definition of a delayed controlled path.

Definition 1.3. Let I = [a, b]. We say that m: I — W is a delayed («, 3, 0)-controlled path based
on X on the interval I if there exist paths ¢°, ¢': I — L(U, W) such that

msy = Cngﬂf + Cles—r,t—r + ms#,t
holds for all s,t € I where
[l asrs 11C° iz 1€ 15 @nd [m* [l < oo

We denote the corresponding space by Dg‘gﬁ’e(l, W) where the norm on this space is defined as
(1.2)
lmllpy, = 1l(m, ¢ CHllpy = mal + 16|+ 1Ca T+ llmllasr + 1 Mg + 1 g + [l [losr-
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Remark 1.4. Clearly, D5"* (I, W) = D?.(I,W). Using the sewing lemma [FH14, Lemma 4.2], it
is easy to check that we can define an integral of the form

/de

as in [GVRS| Theorem 1.5] for delayed ~y-rough paths X and delayed («, /3, 6)-controlled paths m
provided § + v > 1 and 3 4+ 27y > 1. Furthermore, the (linear) map

DY(I,L(UW)) — DY (I, W)
m — /de

is well defined and continuous .

The next theorem is a version of the Omega lemma [CL18, Proposition 5] for delayed controlled paths.

Theorem 1.5. (Delayed Omega lemma) Letn € N and (0 < k < 1 for G € €1V W),
n € (0,1) andr > 0. Then the map

DG : Z5(0,7],V) x Do([—r,0], V) = DY mP0tm9N8 (g r) W)
(yt7 ftiT)tE[O,T] = (G(fo + Yt, ft”’))te[o,r]

is locally of class €"+"(1=),

Proof. We noted in [GVRS| Remark 1.4] that every delayed controlled path based on X can be seen
as a usual controlled path based on (X, X._,) and vice versa. Using this identification, the assertion
just follows from [CL18, Proposition 5]. 0

Thanks to the delayed Omega lemma, we can state the following theorem:

Theorem 1.6. Let0 < k < 1,2 < n+rando € € ~(W?2 L(U,W)). For a delayed y-rough
path X, consider equation (1.1). Then, under the same assumptions as in Theorem the solution
map induced by (T1) is locally of class €™~ for any ) € (0, 1) provided 3(2 + xn) > 1.

Proof. Fix é € .@Q([—r, 0], W). We aim to prove the claimed regularity in a neighbourhood around
&. Choose M > 0 such that

ée B = {5 S 9)‘?([_7”7 OLW)a ”f”_@f(([fr,o],w) < M}

Let 9)‘270([% b], W) be the set of functions in 2% ([a, b], W) starting from 0. Let 0 < #, < r and
define

I':Bx 9%([0,%], W) — .@?0([0,150], W)

t
(1 3) (gt—ra yt)ogtgto — (/ J(yT + 507 gT—r)dX‘r)
0

Note that by Remarkand Theorem this map is locally of class €1 Using the estimates
(59) and (61) in [NNTOQ8]|, we see that

(1.4)

0<t<to

IPE D g0 < CrAY 1+ 1€ ) L+ 8 yl2s )
C

N 5 2 5 _
||F(§ay) - F(faﬂ)”@)ﬁ([wo] < 1A3(1 + Hy”@ﬁ[o,m] + ||y||@§’([07t0] + ||€||@§[_T,o]) ||?/ - y“@f([wo]tg g

DOI 10.20347/WIAS.PREPRINT.2701 Berlin 2020



Dynamical theory for SDDE |l 7

where C only depends on . Let C' := C1A3(1 + M?) and set 7y := (86’2)%6. From [NNTOS,
Lemma 4.1],

(1.5) sup {fu € RT : C(1+ 7 "u?) <ul < (4+2V2)C = M.
Choose 74 such that
1
ClA3(1 -+ 2M1 + M)QTgiﬁ S 5

Set 73 := min{ry, 7, r}. Choosing 73 smaller if necessary, we can assume that NV := :—3 € N. Set

Bri= {u € Z0(0.71 ) 5 10t oy < M |
With this choice, the map
I'y = F|B><Bl: B x B —» B;

is well defined. Moreover, for fixed é € B,
A1 : Bl — Bl

(y3)0<5<73 = (/0 0-(50 + Yrs é’r—?“) dX’T)

0<s<13

is a contraction, so it admits a unique fixed point which we denote by ( )0<S<T3 This shows that we
can use the implicit function theorem on Banach spaces (cf. [AMR88], 2.5.7 Implicit Function Theorem]
or [CL18| Theorem 1]) to see that there is a neighbourhood U around f such that for every £ € U,
there are functions (21¢)o<.<,, with the property that A;(25¢) = 21¢ and the map & ~— z'¢ is of
class €1~ Therefore, & > (y1¢ = & + 21)o<s<ry, Which is the solution of equation in
[0, 73], is also locally of class ‘5”“1_’7)“. Moreover,

holds for every & € U. Now we proceed mductlvely. For2 < j < N, define

Bj={ye@§,o<[<j—1>fs,m1 ) 10lg 51150 < M}

and
(ys)(j—l)q—g,gsgjm = </ O-(y(k 1)73 +y77£7' r)dX )
(G=17s (J—1)m3<s<yT3
Again, this map is contraction and admits a unique fixed point, namely (zgf) (G1)rs<s<ins’ and a

locally defined map & — (27¢) which is of class € (1= Again,

(—1)ms<s<ims
(1.7) [ PR p— ) < (4+2v2)C

holds for all £ in a neighbourhood around &. This shows that (/< = yfj B T 29%) (j_1)ry<s<jrs» the

solution of (T1) in [(j — 1)73, j73], has the same local regularity. Finally, the following map is locally
of class & Hr(1=m);

A:B— H DL — 1)73, 73]

1<j<N

§— H (yg’g)(j—l)TséséjTS‘

1<j<N

DOI 10.20347/WIAS.PREPRINT.2701 Berlin 2020
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Since we can consider 2% [0, 7] as a closed subspace of [Ticjen PE[(j — 1)73, j73), the regularity
claim is proved. [l

Remark 1.7. Since C} C %, Theorem|[1.6|implies that the solution of (T.1) is Fréchet differentiable
in the initial condition.

The proof of Theorem also reveals a bound for the solution to (1.1) which we record in the next
theorem.

Theorem 1.8. Under the same assumptions as in Theorem|[1.1] there exists a polynomial P : R x
R — R such that its coefficients depend on o, 3 and v and if y¢ denotes the solution to ({T.1) with
initial condition &, we have

3
(18) 19195 0.y < P (A M€l )

where A = 1 + || X||+,10,-

Proof. With the same notation as in the proof of Theorem (1.6}
(1.9)
1) #2000 < D NP lapfr-nrsirs) + 77PN X oy D NE ) 1)k
1<k<N 1<k<N

The estimate (1.8) now follows from (1.7), (1.9), subadditivity of the Hélder norm and our choice for
73. ]

It is possible to show that all derivatives solve linear, non-autonomous rough delay equations obtained
by formally taking the derivatives of (1.1). We give a proof of this result for the first derivative in the
next proposition. Higher order derivatives can be treated similarly.

Proposition 1.9. For & € 25 ([—r,0], W), let (5 )o<i<, be the solution to (T1). The derivative of
the solution at & in the direction of & exists and satisfies the following equation:

~ ~ t ~ ~
Dy*[€](t) — & = /0 [02(4%, &) DY [E](7) + 0y (45, &0 )& ] dXr; £ € [0, 7]
Dy*[€)(t) = & t e [-r,0].
Proof. By definition,
E+2€

o t . ;
B / (70 (4%, &) Dy [E)(7) + 0, (43, 7o) dX

-/ [U(y% 6+ 2ry) — 045, Err)

(1.10)

> - [UI (yﬁa for)Dyg [g] (T) + O'y(yfa ’S-Tfr)é‘rfr} dX;

t
_ / [[AiM: + B - [A.M, + BT]}dXT

where
' 42E P ; Ly g
Az = / oo (Yt + (1= 0)ye, &rry 4026 p)dn . MF = —
0
1 - - ~
Bf— = / Oy (773/£+Z5 + (1 - 77)3/76-7 Erer, +772€Tfr‘)€7'77‘d77
0
and

A =0,(y, &), My = Dyf[é](T), Br = O-y(y7€'7€7'—7‘)§7'—7"'

DOI 10.20347/WIAS.PREPRINT.2701 Berlin 2020



Dynamical theory for SDDE |l 9

Note that by Theorem 1; lim, o ||M?* — M‘H@)ﬁ([o ;) = 0. From continuity in the initial condition,

we furthermore see that lim_, |]yf+zé — || 8 1.1 = 0. Consequently, thanks to our assumptions
X

on o, it is not hard too see that

[0,7]

lim {H[A_ M? + B = [AM.+ Bl p3 4| =0
Using remark (1.4), equality can be verified. O

1.2. Rough delay equations with a linear drift. Our next goal is to generalize the theory in order to
include a drift term in the equation. More precisely, we aim to solve the equation

dye = B(Ye, Yo—r)dt + 0 (ye, Yo—r)dX,

1.11
( ) Z/s:fs, _T<5<O

with initial condition £ € 2% ([—r,0], W) for a linear drift B : W2 — W and to give a bound for
the solution map. We believe that we could even include a nonlinear drift satisfying suitable growth
assumptions as in [RS17], but we restrict ourselves to a linear drift here for the sake of simplicity. The
next theorem is the main result of this section.

Theorem 1.10. Let o € C}. Then the equation (T11) has a unique solution y € Z%([0,7],W).
Moreover, there is a polynomial () depending on B, o, v and 3 such that

||y||9§}([o,r]) < Q(A, ||§||@§([—r,0}))
where A = 1 + || X||5,10.11-
Proof. The idea is to give a representation of the solution to (1.11) using the flow map of the respective

equation omitting the drift term. Let £ € @ﬁ([—r, 0], W) be fixed and consider the equation

dy, = a(yt, gtfr) dX,

1.12
( ) ys=x, 0<s<t<r.

Existence and uniqueness of this equation can be shown similarly to the usual delay case. We use
@(s,t, ) to denote the solution of (T.12) at time ¢ with initial condition y, = x. From uniqueness of
the solution, we have for every 7 < s < ¢,

p(1,t, ) = (s, o(T, 5, 7).

As for usual rough differential equations [FV10, Theorem 10.14], one can show that there is a polyno-
mial P; such that

(1.13) sup  [|@(s, t,2) — x| < (t = 8)"PuA 1€l oo )

reW,0<s<t<r

In addition, one can check that the solution is differentiable with respect to initial value and that its
derivative is the matrix solution of the equation

t
Di(s.t.a) 1 = [ 0u((s,7.2). ) Dils. o)X,
Let 0 < ty < r be fixed. For 0 < 7 < ¢ < ¢y, we define
X’T = Xt()—T) XT,§ = _Xto—q,to—’ra XT,g(_T) = _Xto—g,to—T(_T)~

We say that n € @)@(([a, b], W) if we have a decomposition of the form

Nst = n;Xs,t + njft
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where

#
17| 5yfap) < o0 and SUPM < o0,
- s<t (t — 3)25

Using the sewing lemma [FH14, Lemma 4.2] we can also define

/[‘ b] anXT = hm |:777'j+1XTj,Tj+1 + 77’/7'j+1XijTj+1]
a, II

/[ . Nr—rdXr = lim Z [nTjJrl_’”XijTjJrl + 77/Tj+1—rXTj7Tj+1(_rﬂ'
@, II

[TI]—0

For& € 2% ([a,b], W), itis straightforward to check that €. := &,,_. € @é([to —b,tg—al,W)and
that
&dX, = £-dX,.
[a7b] [to—b,to—a]
For so < to < 7 and ¢(so, t,x) := @(so, to — t, x) we consider the equation
(1.14) dZ, = o, (@(Soa t>$0)75t—r)thXt
. Z[):I, Oététo—s(].

Then
ZtO*SO = [DgE(SO? to, I)]il'
Thus by standard estimates for linear equations [EV10, Theorem 10.53], we have a bound of the form
(1.15)
sup  [[Da(s,t,2)] 7" = Il < M(t = 5) Po(A, [€ll s () ex (¢ = 8) Po (A 1€l o2 o))

s<t<r,eeW
where M is just a general constant and P is a polynomial. Now we consider the ODE
d77t = [D@(()? ta nt)]ilB(@“)a ta 77t)7 gtfr)dt
no = &o-

Using the chain rule, it is straightforward to see that (0, ¢, ;) solves (T.77). Next, we choose 7 > 0
sufficiently small such that

MTBP2(A7 HSHQQ([_T,Q])) exp(7 (A, ”f”@@([_r,o]))) <1

holds. Using some basic calculations, we can check that there is a polynomial P; such that

r
(1.16) ; = P3(A7 ||§||9§3(([_r70]))-

Choosing 7 smaller if necessary, we can assume that there is some n € N such that n™ = r. Define
L, :=[(m —1)7,m7] for 1 < m < nandn) := &. Inductively, we define the equations

(1.17)
dni" = [Dg.((m — V) t.0")] " B(@((m — D7.t,07"), &0 )dt, t € [(m — 1)7,m7]
Mom—1yr = 2((m = D05 7).
Again, it is not hard to see that
ye = @((m = D7, 8,0"), ¢ €[(m—1)7,m7]
solves (1.71). From (1.15),
t
17" | = 16—yl < 2[1B]] e((m = )7, ¢, 0| + & ] ds.

(m—1)T
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By Gronwall’s lemma and (1.13), we can deduce that there is for a constant M and polynomial Py
such that

1™ Nocir,e < expIBITIN™ Nocirimr + M [exp2IIBlIT) = 1] [[I€llo + Pa(A 1€l 58 1 ory)]-
Finally, from and (1.16), for a polynomial P,
(1.18) ||y||00;[0,r] < P5(A, ||€||@§([_T7o}))-

Remember that

t ¢
Yst = / B(yogg—r) dg "‘/ U(ym&—r) dX.

Using the standard estimate for the rough integral [FH14, Theorem 4.10] and (1.18), we obtain for
0<s<t«r
(1.19)

1Yl 5151 + Hy#H%;[s,t] < Fo(4, Hﬂ’@f{([_r,o])) +(t— 5)7_5P7(Aa Hf”@f(([_r,o}))[HyHB;[s,t] + Hy#H26;[S¢}]

where Py and P; are polynomials. Again, we can find a polynomial Pz and 7 > 0 such that

r B 1

— = B €]l 2 (- rgp) and 7 PP (A €l s (o) < >
Finally, from (1.19) and subadditivity of the Hdlder norm, we can deduce the existence of a polynomial
() such that

(1.20) 191198 (0.1) < QUA €N 28 (-1 0p))-

O

Corollary 1.11. Under the same assumptions as in Theorem the results of Theorem (1.6 and
Proposition[1.9 hold for equation (1.11)), too.

Proof. We can rewrite the equation (1.11) as

dys = 5(%7 yt—r)dXt

(1.21)
yszfsa -r<s<0

where ¢ := (B, o) and X is the delayed rough path obtained from X by including ¢ — ¢ as a
smooth component, cf. [FV10, Section 9.4]. Note that ¢ has the same smoothness as ¢. Fixing an
initial condition £ and a neighbourhood around it, we can assume that ¢ is bounded for these initial
conditions by replacing the unbounded & by a version which is compactly supported in the region
where the respective solutions take their values. Therefore, we can directly apply Theorem and

Proposition[1.9]to (1.27). d

We finally give some bounds for the solution to the linearized equation. Since the proofs are a bit
technical, we decided to put them in the appendix.

Theorem 1.12. Assume o € C}. Then the solution of (1.) is differentiable and if Dy*[{] denotes
the derivative at £ in the direction &, we have the bound

(1.22) | Dy [€]

where Q is a polynomial and A = 1 + || X||, 0. Ifo € C}, we have the same result for equation
(1.11).

001 < 1052 gy exDIQUA. €l o)

Proof. Cf. appendix. [l
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Theorem 1.13. Under the same assumptions as in Theorem|1.13
(1.23)
HDyg[W] - Dyg[n]H@@om] < [1€— §||@§([_r70}||77||@§([_r70] exp [P(A7 ||§||@§([_r70p 1€ — 5||@§[—r,o])]

for a polynomial P.

Proof. Cf. appendix. O

Remark 1.14. Note that since P is a polynomial, we can find a polynomial P and an increasing
function () such that also

1Dy 0a] = Dl s gy < 1€ = Ell g 17l s vy 50 [PCA NElL sz )]

(1.24) 3 ¢
X exp [Q(”f - 5”@38([—7”70})}

holds.
Remark 1.15. If f: W2 — W has the same smoothness as ¢ and is bounded with bounded deriva-

tives, the equation

dyr = B(yt, Ye—r) dt + f(ye, Ye—r) dt + o (ys, ye—r) dX4

1.25
1:29) ys =&, —r<s<0

with initial condition & € 2% ([—r, 0], W) has a unique solution and all results in this section hold for
(-25), too, where the constants will now depend on f as well. As in the proof of Corollary [1.11] this
just follows by including ¢ — t as a smooth component of X and viewing (f, o) as an element in
CHW?, LR ® U, W)).

2. INVARIANT MANIFOLDS FOR RANDOM ROUGH DELAY EQUATIONS

Let B: W2 — W be a linear map and o € C} resp. o € C}} in the case when B # 0. Our goal is
to study invariant manifolds for the solution to stochastic delay differential equations of the form

(2.1) dy: = B(yt, yi—r) dt + o (ys, Y1—r) * dBy(w)

where xd B(w) can be either the 1to- or the Stratonovich differential. As already pointed out in [GVRS,
Section 2], it is equivalent to study the random rough delay equation

(2.2) dy = By, yi—r) dt + o (e, Y—r) dX¢(w)

where X is either B!® or BS'2! defined, using the Itd integral, as

t t
Blst?t = (Bs,t; B!gt?t; BB?&(_T)) = (Bt - BS7/ (Bu - Bs) & dBua/ (Bu—r - Bs—r) X dBu)

resp.

] 1 5
B = ( Bus, B + (¢~ 9 B (1))

Recall that we could also add a smooth drift term to (2.2) as explained in Remark[1.15] but we will not
do so in the sequel for the sake of clarity.

Using the same cut-off argument as in the proof to Corollary [1.11] we can deduce from [GVRS| The-
orem 1.13] that the solution to induces a semi-flow ¢ on the spaces of controlled paths. From
[GVRS] Theorem 3.7], we can assume that there is an ergodic metric dynamical system (£, F, P, (6;);cr)
on which B*® and BS%"2* are defined and satisfy the cocyle property. More generally, from now on, we
will consider an arbitrary delayed -y-rough path cocycle X which drives the equation (2.2), cf. [GVRS,
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Definition 3.1]. With [GVRS] Theorem 3.12], we can deduce that ¢(n,w,-) := ¢(0,nr,w,-) is a
continuous map

o(n,w,): 30, (=, 0, W) = 255 ([=r,01, W)
satisfying the cocycle property
(2.3) 90<n+m7w7'> = 90<n79mTw7'> ng(mvwv )

for every n, m € Ny with parameters 3 < v < 8 < 1. From Corollary[1.11] the cocycle is differen-
tiable. Set 6" := 0,,,., 0 := ' and assume that

(1-a)(z -5
(1=6)1 —2a)

Then by [GVRS, Proposition 3.15], {.@;’(ﬁw)([—r, 0], W)) }weq constitutes a measurable field of Ba-

nach spaces, and the cocycle ¢ defined on the discrete metric dynamical system (2, F, P, 0) acts
on it, cf. [GVRS, Theorem 3.17].

(2.4) < fB—a.

2.1. Random fixed points and formulation of the main theorems. In order to deduce the existence
of invariant manifolds, we aim to linearize the equation (2.2) around random fixed points which we
define now.

Definition 2.1. Let © be a cocycle defined on a metric dynamical system (2, F,P, ) acting on a
measurable field of Banach spaces {E,}ueo- Amap Y @ Q — []. .o Ew is called stationary
trajectory if the following properties are satisfied:

weN

() Y, € Eu,
(i) o(n,w,Y,) = Ygn, and
(i) w — ||Y, ||, is measurable.

We aim to apply the Multiplicative Ergodic Theorem in [GVR] to the linearization of (2.2) around a
random fixed point. The next lemma gives a sufficient condition under which this can be done.

Lemma 2.2. Assume that the cocycle induced by (2.2) admits a stationary trajectory Y and that
Q(Au, [IYall) € L1 ()

holds for the polynomial Q obtained in Theorem([1.14 where A, = 1 + || X(w)||y,j0.- Then ¢} =
Dy, p(n,w,-) defines a compact linear cocycle acting on the measurable field of Banach spaces
{.@;é y([=7, 0], W))}ueq and the semi-invertible Mutliplicative Ergodic Theorem [GVR, Theorem
1.20] holds true.

Proof. It is straightforward to check that 1) satisfies the cocycle property. We need to verify [GVR,
Assumption 1.1] which also implies the measurability condition (0.3). The proof of [GVR, Assumption
1.1] is very similar to the proof of [GVRS, Theorem 3.17] using that 1/ solves a (non-autnonomous)
linear delay equation, cf. Proposition [1.9]resp. Corollary[1.11] so we decided to omit it here. Compact-
ness follows as in the proof of [GVRS] Proposition 1.12]. From our assumption and Theorem [1.12]
it follows that log™ ||¢!|| is integrable. Therefore, all conditions of [GVR, Theorem 1.20] are indeed
satisfied. 0

From now on, we assume that the conditions of Lemmaare satisfied. Let €2 denote the H-invariant
set of full measure provided in [GVR) Theorem 1.20].
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Definition 2.3. Let {... < p; < pj_1 < ... < 1} € [—00,00) be the Lyapounov spectrum of ¢
provided by the MET [GVRS), Theorem 4.17] and let { H!, };cn be the fast growing subspaces provided
by the semi-invertible MET [GVR| Theorem 1.20]. Recall the splitting

9;7(/3.;)([_767 0], W)) = Hi ©---SH;® Fun+1(w)
for every n € Ny and w € Q with F,(w) defined as in [GVRS, Theorem 4.17]. Set 1, := max{; :

pj < 0} and pj, = —oo if all y; for which p1; # —oo are nonnegative. We define the stable
subspace
Sw = F, (W)
for w € . Similarly, if 1y > 0, set ko := min{k : s, > 0} and define the unstable subspace
U, = ®r<icko HY,

forw € Q. If iy <0, we set U, := {0}.

From both METs [GVRS| Theorem 4.17] and [GVR| Theorem 1.20], we know that

dim[ 25, ([7, 0], W))/S,] < 0o and  dim[U,] < o0

for every w € () and that the dimension does not depend on w. Note also that
B _
‘@;(w)q_?n? 0]7 W)) - Uw SV Sw
in the case where all Lyapounov exponents are nonzero.

Now we are ready to state our main results of this section. Note that they are basically reformulations
of the abstract stable and unstable manifold theorems in [GVR], but we decided to give a full statement
here for the readers convencience. We start with the stable case.

Theorem 2.4 (Local stable manifolds). Let X be a delayed ~y-rough path cocycle defined on an ergodic
metric dynamical system (Q, F,P, (0;).cr) and let 3 < a < 8 <~y < % be such that holds.
Assume o € C} resp. 0 € Cy} in the case B # (. Assume also that the cocycle ¢ induced by
admits a stationary trajectory Y for which

(25) P(AL VLI € L'(Q) and Q(A.,[[Y.]) € L'(9)

where A, = 1+ || X(w)||y. 0., P is the polynomial in (T:2%) and Q is the polynomial in (T.22).
Then there is a O-invariant set of full measure §) and a family of immersed submanifolds S}, .(w) of
@;(ﬁw ~)([—r, 0[,W)),0 < v < —pu,, andw € €, satisfying in the following properties for every
w e

(i) There are random variables pt (w), p3(w), positive and finite on Q, for which

1
(2.6) liminf - log p; (fPw) >0, i=1,2
p—oo P

and such that
(€ € 730, supexp(no)o(n,w.€) =~ Yino|| < ()} € Siule)
c {ee 250, swexp(no)llp(n,w, &) = Yorull < ps(w)}
(ii) /
Ty, Sppe(w) = S
(i) Forn > N(w),
(1, w, Sjoe(w)) € Spe(0"w).
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(iv) ForO < vy < va < — i,
Sioe(W) S Sioe(w)-
Also forn > N(w),
P (1, W, 516 (W)) € Sjoe (0" (W)
and consequently for§ € Sp (w),

1
(2.7) hmsup—log lo(n,w, &) — Yon|| < o

n—o0

(v)
||§0(n7w7§) — Qti)(nawa é)”
1€ =<l

limsup%log {sup{ , E#E LS (w )H < Mo

n—o0

Proof. Set E,, := .@f;’(/i)([—r, 0], W). In Lemma we saw that our assumptions imply that ¢ =
Dy, p(n,w, -) defines a compact linear cocycle acting on the measurable field of Banach spaces
{E, }weq, that [GVR, Assumption 1.1] holds and that log™ ||1}|| € L(2). In view of [GVR, Theorem
2.10], it therefore suffices to check the condition [GVR| Equation (2.5)]. Set

P, : E, — FEy,
5 — 30(170‘)7 Yw + 5) - 90<1awa Yw) - @Z&lu(f)
Then from Theorem [1.13]
1P.() = P < (el + 11D explOlEl + 1)) exp[P(Au, YD) l1€ = ]

where P is the polynomial from (1.24) and Q is an increasing function. By Birkhoff’s Ergodic Theorem,

N
hm —P(Agnw’ H)/gan) - 0
n—oo N,

almost surely. Therefore, [GVR, Equation (2.5)] is indeed satisfied and the result follows from [GVR,
Theorem 2.10]. [

Next, we formulate the result for unstable manifolds.

Theorem 2.5 (Local unstable manifolds). Assume the same setting as in Theorem|2.4, Furthermore,
assume that ;1 > 0 holds for the first Lyapunov exponent. Sets := 0~1. Then there is a O-invariant
set of full measure Q) and a family of immersed submanifolds U},.(w) of .@a”g (=7, 0, W)), 0 <

v < U, andw € Q, satisfying in the following properties for every w & Q:

(i) There are random variables py (w) % (w), positive and finite on €, for which

liminf — logpz( w)>0, i=1,2

p—o0 p

and such that

{§w € @;(w) HEenw bns1 st p(m, s"w, Eny,) = Ecn—my, forall0 < m < n and

sup exp(nU)H&”w - Yg”w” < ﬁl}(‘*})} - Uﬁac(w) - {fw @;(i El{gcnw}n?l S.t.

n=0

p(m, "w, &ny) = En-my, forall0 < m < n and sup exp(nv)||§my — Yeny|| < 1512}((*})}

n=0
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(ii)
Ty, Up(w) = U,.
(iiiy Forn > N(w),
Uge(w) S @(n,6"w, Upge(<"w))-
(iv) ForO0 < vy < vg < g,

Uz

loc

(W) € Upge(w)-
Also forn > N(w),
Ullc;lc(w) g QO(TL, gnw7 U;(?C(gnw))

and consequently for &, € Up (w),

. 1
lim sup — log qu”w - Y;”wH < k-

n—oo T

limsupllog {Sup {M € # €u» b € Uféc(w)H S ko

n—oo 1 ng - wa
Proof. Follows from [GVR, Theorem 2.17]. ]

Remark 2.6. (i) In both Theoremsand the assumption o € C? implies that the cocycle %)
is differentiable. Higher order smoothness of o will lead to higher order differentiability of ¢, cf.
Theorem As a consequence, we obtain higher order smoothness of the stable and unstable
manifolds. In fact, ¢ € C™ implies that Sy, .(w) resp. U\ (w) are almost surely locally C™ !,
cf. [GVR, Remark 2.11 and 2.18].

(ii) If all Lyapunov exponents are non-zero, the stationary trajectory Y is called hyperbolic. In this
case, the submanifolds S} .(w) and U} .(w) are transversal, i.e.

Dy = T Sire(w) ® Ty, Upo(w)
almost surely.
2.2. Examples. We will now discuss examples of stochastic delay equations for which we can apply
our results. First, we will consider the case of 0 being a deterministic fixed point for the cocycle.

Proposition 2.7. Let X be a delayed ~y-rough path cocycle defined on an ergodic metric dynamical
system (2, F, P, (0;)er) and let% <a<f<y< % be such that (2.4) holds. Assume o € C}
resp. ¢ € Cy in the case B # 0 and that

7(0,0) = 0,(0,0) = 0,(0,0) = 0.
ThenY = 0 is a stationary trajectory for the cocycle y induced by
(2.8) dyr = B(Yt, Y1—r) dt + 0 (Y, Yi—r) dX4(w).
If
(2.9) P(A,,0) € LY(Q) and Q(A,,0) € L*(Q)

where A, = 1 + || X(w)]|+,[0, P is the polynomial in (T-24) and Q is the polynomial in (1.22), the
integrability condition of Theorem[2.4 and Theorem[2.3 is satisfied and yields the existence of local
stable and unstable manifolds around 0. In particular, the result holds for X being B or B5trat,
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Proof. From

t
/ a(ys, ysfr) dXs (w> = \11[1|I—I>10 U(ytja ytjfr)th,tj+1 + 0y (ytj ) ytj*’r')0-<ytj ) ytjfr)th,tj+1
0 t;€ll

+ Uy (ytj ) yt]'—'l‘)0-<ytj ) ytj —T)th,tj+1 (_T)7

it follows that Y = 0 is a solution to (2.8) and therefore a stationary trajectory in the sense of Definition
In the case of X being B or B3t the norm of the delayed rough path cocycle has moments
of any order, cf. [GVRS! Proposition 2.2], therefore condition (2.9) is satisfied. O

Next, we propose a condition under which (1.71) admits a random stationary trajectory Y. Let B
be a two-sided Brownian motion defined on a probability space (€2, F, IP) adapted to two-parameter
filtration (F?)s<; (cf. [Arn98, Section 2.3.2]). Consider

dyt = Cyt dt + O'(yt7 yt—r)dBt

2.10
(210 ys =&, —r<s<0

as a classical stochastic delay differential equation in It6 sense where C': W — W is a linear map.
Assume that o is a bounded Lipschitz function with Lipschitz constant L and let all the eigenvalues of
C be negative. Consequently, there exist M, A > 0 such that for every ¢ > 0,

(2.11) |exp(tC)]| < M exp(—At).

Set F£  := o(Us<, FL). A stochastic process y: R — W is called (F" )-adapted if y, is F" -
measurable for every t € R. In that case for, any continuous, (F" __)-adapted process y, the following
process is well defined, continuous and (F* __)-adapted:

L)) = [ expl(t = TIC)olyrsve-r) B

By the It0 isometry,
t
ET(y)(1)]* < E/ lexp((t = 7))o (yr, yr—r)|* ds,

(2.12) o

E[L(y)(t) = T(@) (1) < E/ [exp((t = 7)) Pl (yr, yr—r) — o (G, Gr—r) | ds.

—0o0

QM L2
Y

Lemma 2.8. Assume < 1. Then there is a continuous, (F" _)-adapted process Y; such that

foreveryt € R,

Y, = /t exp((t — 7)C)o(Ya, Yo, dB..

Proof. Set
X = {y : R — W : yis continuous, (F' __)-adapted and sup(E|yt]2)% < oo} )
teR

It can easily be seen that X is a Banach space. By (2.12),
r-x —x
is a contraction, so our claim follows from a standard fixed point argument. 0

Lemma2.9. LetY be the process from Lemma[2.8|and setY, = o(Y},Y;_,). Then (Y,Y") is almost
surely controlled by B. Moreover, ||(Y,Y")|| 1 (a,51,w) € LP(§2) for every p > 0 and every a < b.
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Proof. From the Burkholder-Davis-Gundy inequality, for every m € N there exists a (35,,, € R such
that

(2.13) E|Ye [*™ < Bom(t — 5)™

for every s < t. Note that

Yor —o(Ys,Ysr)Bst = /S exp ((s — 7)C)[exp ((t — s)C) — 1|0 (Y;,Y,_,) dB;

—00

+ [ epl( = IO [V Yomr) - oV, Yeo)] dB,

+ /t [exp((t = 7)C) = 1] dB (Y5, Yo ).

By the Burkholder-Davis-Gundy inequality and our assumptions, for aa,,, € R,

2m

E‘ /_ exp (s — 7)C) [exp ((t — $)C) — 1]o(Y, Yo_)dB,| < agm(t — )™

and

2m

E‘/ [exp((t = 7)C) = 1]dB, 0(Y;, Yoor)| < om(t — 5)*™.

Using again the Burkholder-Davis-Gundy inequality, H6lder’s inequality and (2.13), we obtain that
there are constants (35,,,, 72, € R such that

2m

E\ [ et =m0 07, ¥s) — 0102, ¥, B,

m

t
< BonE: ‘ / (Yol + Yoors o )dr

t
< Bt = )" B [ (Vi P+ [¥empror )7 < = 5™

Consequently, we have shown that for every m > 1 there are constants &, such that
Elx/;,t - O—(}/;a }/Tsfr)Bs,th < de(t — 8)2m

for every s < t. Set Yjﬁ =Y, — 0(Ys, Ys_,)Bs,. By a version of Kolmogorov's continuity theorem
similar to [FH14) Theorem 3.1], we obtain

HYH%[‘Lb] + Hy#HQV;[a,b} S LP(Q)

for every p > 0 and a < b from which the result follows.
0

Proposition 2.10. Let C' be a linear map with negative eigenvalues only and o € C’g*. Let \ and

M be as in (2.11) and let L be the Lipschitz constant of o. Assume QA{\LQ < 1. Then there exists a
Stationary trajectory for the cocycle ¢ induced by

dy, = Cy dt + o (ys, yo—r)dBL®
yszgsa _T<$<O

(2.14)

and the integrability condition (2.5) of Theorem|2.4 and Theorem|2.5is satisfied.
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Proof. LetY = (Y,Y”) be defined as in Lemma From [GVRS, Proposition 3.2],

t
Ve [ expl(t = n)C)o(¥:. Vi) aBl”

—00
almost surely for every . Therefore, (i) and (i) of Definition [2.7]follow directly. Since
: Y, —Y]| Ysr — Y/ B4l
Y llgs oy = Yool HIY [+ sup  Z—22 4 sup
Z5(=r0) ' T tel—r0n@szt [t 817 sielroinosse [t — 8%
measurability of w — ||Y (w) H@g(w)([%ﬂl) follows, too. The integrability condition (25) is satisfied due
to Lemma[2.9]and [GVRS, Proposition 2.2].

O

Remark 2.11. It is possible to prove directly that the rough differential equation
t
Vim [ essl(t - C)o(F:. o) dBE°

—00

has a fixed point using the standard estimates for the rough integral. However, this would yield a

stronger condition than % < 1.

APPENDIX

Proof of Theorem[1.12. We start with equation (I.1). From Proposition the derivative of the solu-
tion at £ in the direction of £ satisfies the equation

t

Dy*[E](t) — & = /0 02 (5, &) DY IEN(T) + 0y (45, &1 )r | dX; E € [0, 7]
Dy*[E](t) = &; te[-r0].

Set Z, = Dy* [é] (t)and n, = o, (yf, Ei—r) 2y + 0y (yf, &,,n)ét,?«. Using a Taylor expansion and the

definition of controlled paths, we obtain

(2.16)

Nt = 00 (Yss Esmr) ZeX ot + [002 (U5, Eomr) (U)X ot + 00y (U5, Eomr)Eo s Xomrir] Zs
+ 0y (U5 &) () Xomrimr + [0y (U5 Eomr) (U)Xt + 042 (U5, € )E Xorir €
+ 77?;

where

(2.17)

iy = [00(Uf, &r) — 02 (W5, &) Dot + [0y (05, E-0) — 0y (U5, ) [Emramr + 0y, ) 22,

+ Uy(ﬁUEa fs—r)gj,ﬁt + [Ux? (yg» §S—T)(y£)ﬁt + Uz,y(yg7 gs—r)éir,t—r} Zs + [Um,y(yg’ gs—r)(yg)ﬁt
2

- 1 d
+ Oy2 (ygv fs—T)fir,t—r} 58—7’ + / (]' - Z)ﬁ |:0I (ny + (1 - Z)y§7 th—?" + (]' - Z)gs—r) Zs dz
: z

(2.15)

1 1 & ‘40 ¢ 1 e d
+/0< _Z)@{0y<2yt+( _Z)ysﬁzgt—r_l'( _Z)gs—r):|€s—r <

and Z,, = 7' X, + Z7, with

Z; = 0u(yss Eomr) DYFE)() + 0y (45, &1 )Esr-
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By [GVRS! Theorem 1.5], for a delayed controlled path with decomposition 7, ; = nng,t+n§X5,r7t,r+

ni, we have for any wy € W

fst Nr dXT - nsXs,t

(2.18) Hwo +/ ny dX, 98 fa < Jwol + [1al + 171 gyfas + a<sslg><b TR
and
t
fs - dXT - nsXs,t‘
sup — 3 <17 oo 1K lsta (0 = @2 4 10 [lowsfay X (=1) [0y (b — @)*0 7
a<s<t<b ‘t S’

+ M [||77#||2/3;[a,b] X sty (0= @) + 17 810 1K | 240, (0 — @) 7
+ 17?1l 8.1y || X(=7) |293]a,61 (b — @)*7 P

for a general constant M. Thanks to our assumptions on o, (2.16), (2.17) and Theorem|1.8]

max {”nluﬁ;[a,bb HTI2H6;[a,b]7 Hn#”?B;[a,b}} < [HZH@f([oﬂ + ”f“_@)ﬁ([fr,oﬂQl(A? Hf”@f([fr,o})
and
Inllsas < (0= a) ™ [1Z0l 5810, + €192 0] Qu(A, 1€l s )
for a polynomial Q. Using this bound in (2.15), we see thatfor 0 < (n — 1)7 < nr <r

||Z||@§[(n_1)77m] < TV_B||Z||@§[(n_1)77nT}Q2(Aa ||§||9§([_r,o])
102 g @2(A M€l 2 ) + 1 Zinmye] + 12001y

for a polynomial Q>. Choosing 7 such that 77 ?Qa(A, [|€]] ¢ o) S £, we can proceed as in
X )

the proof of [GVRS, Theorem 1.11] to conclude the claimed bound for (1.1). The proof for (1.11) is

similar. ]

Proof of Theorem[1.173 We will prove the statement for the solution to (1.) only, the proof for (1.11)
is similar. Set Z! := Dyf[y](7) and Z2 := Dy¢[n](7). From Proposition 1.9]

t
(2.19) 2~ 23] = / 0245, &) 27 — Z7] + B, | dX,
where

B, = [0$(y§, §rer) — U:c(yi éT—'r)]Z?- + [Uy(yga éT—T) - Uy(y§= gT—T)]nT—T
=: B! + B2
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Set C, := [0, (15, &) — Jx(yﬁ, &._,)]. By a Taylor expansion,
Cs,t = |:0-332 (yga gs—r)(yg)/s — Oy2 (y§7 gs—r)(yg)ls] Xs,t
+ [O’Ly (yf, gt—r)ggfr - O-Z,y<y§7 gt—ﬁgfgfr} Xs—r,t—r
+ [‘712 (yg; fsfr)(yg)fft — Og2 (y§7 ésfr)(yé)ﬁt] + [U:Jc,y<y§a fsfr)gft - Ux,y(lyga gsfr)gjt}

11 @ ¢+ (1 ¢ 1
+/0( _2)@[0:0(2%"_( _Z)ymxgt—r‘i‘( _Z)gs—r)

— 0y (zyf: +(1- z)yf, 2& 4+ (1 — z)és_,,)] dz

= Ol X+ C2 Xy pyr + CF,.

Note that

1 d 5 B
Csl,t = / E O 2 (ny + (1 - Z)yf7 th—r + (1 - Z)St—r)
0

— o (2 + (1= 2)yfs 26 + (1= z)éﬂ)] (v); dz
+ oy, &) (W) — (1),

1 d ~ ~
+ /[; % |:0'x2 (zy§ + (1 - Z)yga ngfr + (1 - Z)gsr):| (yg);»t dz

[ (05, &) — 0n (05 &) [(09), — (WF)3).
From Theorem[1.8] Theorem[1.12]and our assumptions on o,
(2.20)
max {[|C 0.0, 1C lostor } < 116 = Ell g gy &P [Pr(A, 1]l 9 s 116 = Ell g )]
where P is a polynomial. Note that

B;,t - [Cles,t]ZsQ + CS[(ZQ)ISXS,t] + [CEXS—T,t—T]ZsQ + CftZSQ + CS(Z2)ﬁt + OS,tZsz,t'

Setting D, = 0, (v, &) — ay(yg, éf,r), we have the same decomposition for B2 = D7, _,. with
similar estimates. Using [GVRS, Theorem 1.5], we can deduce that there exists a polynomial P, such
that for every [a, b] € [0, 7],

(2.21)
|| /a B; dXTH@f([a,b] < Hg - §||@§[_T,o]||77||@§[_r7o} exp [PQ(Aa ”5”@5’([_7«,0]’ Hg - 5”@?([_7»,0])]'
By a similar argument as in the proof of Theorem|1.12]
(2.22)
| [ outet iz - 23 ax,
for a polynomial Ps. Finally from (2.19), (2:27) and (2:22), we obtainfor 0 < (n — 1)7 < n7 <r
1 2 - 1 2
”Z -7 ||9§3([(n_1)77m] <7 BHZ -7 ||,@§(n—1)r,nr]P3(A’ ||€||9§,[—r,0])

+ ||§ - §||g§[_r,o]||77|!@§[_no} €xp [P2(A’ ||§||@§([_r,op ||§ - §||oj§[_r,o])]
+ HZl - Z2](”—1)T| + ’[Zl o Z2]/(n71)7'|

St < (0= 0122 = 2| Po(A €l g )
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Choosing 7 such that 77 ?Q(A, \]£]|9§(n71)T7nT]) < 3, we can again proceed as in the proof of
[GVRS!| Theorem 1.11] to obtain the result. [

Acknowledgements. Both authors would like to thank M. Scheutzow for valuable discussions and
comments during the preparation of the manuscript.
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