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Randomized optimal stopping algorithms
and their convergence analysis

Christian Bayer, Denis Belomestny, Paul Hager,
Paolo Pigato, John G. M. Schoenmakers

Abstract

In this paper we study randomized optimal stopping problems and consider corresponding
forward and backward Monte Carlo based optimization algorithms. In particular we prove the
convergence of the proposed algorithms and derive the corresponding convergence rates.

1 Introduction

Optimal stopping problems play an important role in quantitative finance, as some of the most liquid
options are of American or Bermudan type, that is, they allow the holder to exercise the option at any
time before some terminal time or on a finite, discrete set of exercise times, respectively. Mathemat-
ically, the price of an American or Bermudan option is, hence, given as the solution of the optimal
stopping problem

supEZ,,

TET
where Z; denotes the discounted payoff to the holder of the option when exercising at time ¢, and
T denotes the set of all stopping times taking values in [0, 7] in the American case and the set of
stopping times taking values in the set of exercise dates {to, ..., ¢} in the Bermudan case. Here E
stands for the expectation w.r.t. some risk neutral measure. In this paper, we restrict ourselves to the
Bermudan case, either because the option under consideration is of Bermudan type or because we
have already discretized the American option in time.

1.1 Background

Due to the fundamental importance of optimal stopping in finance and operations research, numerous
numerical methods have been suggested. If the dimension of the underlying driving process is high
then deterministic methods become inefficient. As a result most state-of-the-art methods are based
on the dynamic programming principle combined with Monte Carlo. This class includes regression
methods (local or global) [17), 8], mesh methods [11] and optimization based Monte Carlo algorithms
[l [7]. Other approaches include the quantization method [3] and stochastic policy iteration [16] for
example. While the above methods aim at constructing (in general suboptimal) policies, hence lower
estimations of the optimal stopping problem, the dual approach independently initiated by [19] and
[15] has led to a stream of developments for computing upper bounds of the stopping problem (see,
for instance, [10] and the references therein).

In this paper, we revisit optimization-based Monte Carlo (OPMC) algorithms and extend them to the
case of randomized stopping times. The idea behind OPMC methods is to maximize a MC estimate of
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the associated value function over a family of stopping policies thus approximating the early exercise
region associated to the optimal stopping problem rather than the value function. This idea goes back
to [1]]. For a more general formulation see for instance [20], Ch. 5.3, and [7] for a theoretical analysis.
One problem of OPMC algorithms is that the corresponding loss functions are usually very irregular,
as was observed in [7] and [4]. In order to obtain smooth optimization problems, the authors in [9] and
[4] suggested to relax the problem by randomizing the set of possible stopping times. For example,
in the continuous exercise case, it was suggested in [4] to stop at the first jump time of a Poisson
process with time and state dependent rate. The advantage of this approach is that the resulting
optimization problem becomes smooth. In general the solution of the randomized optimal stopping
problem coincides with the solution of the standard optimal stopping problem, as earlier observed in
[13].

Let us also mention the recent works [5} 6] that use deep neural networks to solve optimal stopping
problems numerically. These papers show very good performance of deep neural networks for solving
optimal stopping problems, especially in high dimensions. However a complete convergence analysis
of these approaches is still missing. A key issue in [5] [6] is a kind of smoothing of the functional rep-
resentations of exercise boundaries or policies in order to make them suited for the standard gradient
based optimization algorithms in the neural network based framework. In fact, we demonstrate that the
randomized stopping provides a nice theoretical framework for such smoothing techniques. As such
our results, in particular Corollary can be interpreted as a theoretical justification of the neural
network based methods in [5, [6].

Summing up, the contribution of this paper is twofold. On the one hand, we propose general OPMC
methods that use randomized stopping times, instead of the ordinary ones, thus leading to smooth op-
timization problems. On the other hand, we provide a thorough convergence analysis of the proposed
algorithms that justify the use of randomized stopping times.

The structure of the paper is as follows. In Section [2| we introduce the precise probabilistic setting.
In the following Section 3 we introduce the forward and the backward Monte Carlo methods. Conver-
gence rates for both methods are stated and proved in Section[4] In Section [5|we describe a numerical
implementation and present some numerical results for the Bermudan max-call. Finally, there is an
appendix with technical proofs presented in Section [A]and with a reminder on the theory of empirical
processes in Section

2 Randomized optimal stopping problems

Let (Q, F, (F;),>0) be a given filtered probability space, and (2o, BB) be some auxiliary space that is
“rich enough” in some sense. A randomized stopping time 7 is defined as a mapping from Q= Qx Qo
to N (including 0) that is measurable with respect to the o-field Fi=o0 {FxB:F¢eF, BeB},
and satisfies
{TSj}Ef’-:j::U{FxB:FEfj, BeB}, jeN

While abusing notation a bit, F and F; are identified with o { F' x Qy : F € F} C Fando {F x Q
FeF}C J‘Ej, respectively. Let further P be a given probability measure on (€2, F), and P be its
extension to (2, F) in the sense that

P(Qoyx F)=P(F) forall FeF.

In this setup we may think of P as the measure governing the dynamics of some given adapted
nonnegative reward process (Z;);>o on (€2, F, (F;);j>0). We then may write (with E denoting the
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Randomized optimal stopping algorithms 3

expectation with respect to the “overall measure” ﬁ)

E[Z]=E|> Zp, (1)
j=0
with _
pj =E[Lmpy| F] =P(r=j| F}).
Hence the sequence of nonnegative random variables py, p1, . . ., is adapted to (.7-}-)]20 and satisfies
ij = Z E [1{7-:]'}‘ ‘F} =1 a.s.
§=0 j=0
In this paper we shall study discrete time optimal stopping problems of the form
Yj = sup E[Z|F), j=0,....], (@)
T€T4,J]
where 7~’[j, J] is the set of randomized stopping times taking values in {j, ..., J}. It is well-known

(see [9] and [13]) that there exists a family of ordinary stopping times TJ’.*, 7 =20,...,J, solving
that satisfies the so-called consistency property 77 > j = 77 = 77, ;. That s, at the same time,

Y= sup E[Z;|F)], j=0,....J
T€T[5,J]

where T [j, J] is the set of the (usual) F-stopping times. Studying over a larger class of stopping
times is motivated by the fact that the set of randomized stopping times is convex, see [9].

From now on we consider the Markovian case with Z; = G;(X), where (X ),>0 is a Markov chain
on (Q, F, (F;)7_y) with values in R? and (G;) ;0 is a sequence of RY — R, functions. We also
shall deal with consistent families of randomized stopping times (Tj)jzo satisfying j < 7; < J with
77 = Jand 1; > j = 7; = T;41. Such a consistent family (7x), together with a corresponding

family of conditional exercise probabilities
peg =E[lmep| Fi] . G=k, .. ), (3)

may be constructed by backward induction in the following way. We start with 7; = J almost surely
and set p; ; = 1 reflecting the fact that, since Z > 0 by assumption, stopping at ./ is optimal provided
one did not stop before .J. Assume that 7, with & < 7, < J, and pyj, j = k, ..., J, satisfying (3),
are already defined for some k with 0 < k& < J.

Next take some uniformly distributed random variable U/ ~ U[0, 1], independent from F and 7, and
a function hy,_; € H with H being a class of functions mapping R to [0, 1]. We then set

. k—1, U< hpg1(Xg1),
k— pu—
! Tk, U > hp1(Xg_1)

and

D (e j=k-1
—1,7 — .
’ (1= he—1(Xe—1)) oy J >k
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Obviously, we then have for j > k,

E |:1{Tk—1:j}‘ JTJ] E [1{Tk:j}E [1U2hk—1(Xk—1)‘ ‘FJ N Tk] "FJ]
(1= Pt (X 1))E [Lmmpp| Fi] = prorge

That is, (3) with k replaced by k& — 1 is fulfilled.

It is immediately seen that, by the above construction, the thus obtained family of randomized stopping
times (71.);_, is consistent, and that

[Tk|fk _E

Z pk:]

with h; = 1 by definition, and where

j—1
pry = hi(X) [ = (X)), j=k,....J (6)
I=k
Hence each (conditional) probability py ; is a function of X, ..., X by construction, and so in par-

ticular it is measurable with respect to the o- algebra ;. In view of (1), (&), and @ we now consider
the following optimization problems

-1
?] = Sup E ZZlhl Xl) H(l_hT(Xr>)‘-;C]] ; j:07-"7<]_17 (7)
r=j

J—=j
heH —j

where empty products are equal to 1 by definition, and the supremum is taken over vector functions
h = (ho,...,hyj_1) € H'77. Itis well known, that the optimal process (Snell envelope) (Y7) can
be attained by using indicator functions (/) of the form %;(x) = 1s:(x) in (7), where the stopping
regions (.S7) have the following characterization

={z e R": Gj(z) > Cy(x)}, Cj(x) =EY}4|X;=1], j=0,...,J—1,

with S% = R? by definition. A family of optimal stopping times (77)j=0.....7 solving (@) can then be
defined as a family of first entry times

T;:mln{]SZSJXIGSl*}a j:O,,J (8)

Note that this definition implies that the family (77)7_ is consistent.

3 Monte Carlo optimization algorithms

We now propose two Monte Carlo optimization algorithms for estimating Y;" in . The first one (for-
ward approach) is based on simultaneous optimization of a Monte Carlo estimate for over the
exercise probability functions Ay, ..., h;, whereas in the second approach these functions are esti-
mated step by step backwardly from h; down to hg based on . The latter procedure is referred to
as the backward approach.

DOI 10.20347/WIAS.PREPRINT.2697 Berlin 2020



Randomized optimal stopping algorithms 5

3.1 Forward approach

Let us consider the empirical counterpart of the optimization problem at time 3 = 0. To this end
we generate a set of independent trajectories of the chain (Xj) :

Dy = {(Xgm>,...,xgm>), m = 1,...,M}
and consider the optimization problem

1 M
sup {Mz

heH’ m—1

J -1
ST Gux ™ mx™ T - m(x,ﬁ”“»] } . 9)

=0 r=0

Let hj; be one of its solutions. Next we generate new /N independent paths of the chain (Xj)jzo and
build an estimate for the optimal value Y as

1 X
Yun = N Z

Note that the estimate Y, x is low biased, that is, E[Y, x| D] < Y. The algorithms based on @)
and are referred to as forward algorithms in contrast to the backward algorithms described in the
next section.

Z XM (X 1:[(1 - hM,r(Xr(”)))] (10)

1=0 r=0

In Section we shall study the properties of the estimate Y}, obtained by the forward approach.
In particular we there show that Y}, y converges to Y as /N, M/ — oo, and moreover we derive the
corresponding convergence rates.

3.2 Backward approach

The forward approach in the previous sections can be rather costly especially if ./ is large, as it requires
optimization over a product space . In this section we propose an alternative approximative method
which is based on a backward recursion. Fix again a class H of functions h : RY — [0,1]. We

construct estimates hy, . . ., hq recursively using a set of trajectories

Dy = {(Xém>,X{m>,...,X§m>) = 1,...,M}.

We start with ﬁj = 1. Suppose that ﬁk, e ,EJ are already constructed, then define
hi—1 = argsup Qx_1(h, hg ..., hy) (11)
heH
with

@k—l(hk—l, ceey hJ) =

—_

3

1 M
=1
in view of (7).

DOI 10.20347/WIAS.PREPRINT.2697 Berlin 2020
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Remark 3.1. Note that the optimal functions hj*(x) = 1{165;}, 7 =0,...,J—1, can be sequentially
constructed via relations

hy_, = argsup|Qr_1(h, hi, ..., hY)], K5 =1,
heH

where

7j—1
Qi1 (hir, ks Ty ZZh D) T =), (13)

j=k—1 I=k—1

(see also (@ and @ ), provided that hy, . . ., b’y € H. This fact was used in [6] to construct approxima-
tions for h, j = 0,. .., J, via neural networks. Although it might seem appealing to consider classes
of functions H : RY — {0, 1}, this may lead to nonsmooth and nonconvex optimization problems.
Here we present general framework allowing us to balance between smoothness of the class H and
its ability to approximate h;, 7=0,...,J see Section

Working all the way back we thus end up with a sequence ﬁj, . ,ﬁo and, similar to , may next
obtain a low-biased approximation Y, x via an independent re-simulation with sample size N. By
writing

@\k l(hk 1y---> J) =
1 M J Jj—1
i <Gk 1( Xy ))—ZGj(X H (1 — Ry( X(m ))) hk—l(X]giLi)
m=1 j=k =k
1 M J Jj—1
+— 3> G () [T = ha(x™))
m=1 j=k =k

we see that the backward step (11)-(12) is equivalent to

hi—1 = argsup @kfl(ha/ﬁk e ,EJ)

heH
M
= arg su R(X ™
}%GHP; ( k71)
J 7—1
x <Gk (XM =G "N = h(x™ )))
ji=k =k
=:argsu 14
hgeﬂpmzf (14)

Advantage of the backward algorithm is its computational efficiency: in each step of the algorithm we
need to perform optimization over a space 7 and not over the product space H’ as in the forward
approach.

4 Convergence analysis

In this section we provide a convergence analysis of the procedures introduced in Section and
Section [3.2) respectively.

DOI 10.20347/WIAS.PREPRINT.2697 Berlin 2020



Randomized optimal stopping algorithms 7

4.1 Convergence analysis of the forward approach

We make the following assumptions.

(H) Denote for any by, hy € H,

j-1 2

J—1
dx(hi,ho) = [ E [|> ] 1h15(X5) = ho (X)) (1 = haa(X0))
=0 1=0
Assume that the class of functions H is such that

log[NV (6, H”, dx)] < A5* (15)

for some constant A > 0,any 0 < ¢ < 1 and some p € (0,2), where AV is the minimal
number (covering number) of closed balls of radius d (w.r.t. dx) needed to cover the class H.

(G) Assume that all functions G, j = 0,. .., J, are uniformly bounded by a constant C'z.
(B) Assume that the inequalities
P(IG;(X;) = Ci(X))]| < 6) < Apj0®, &< dy (16)
hold for some o > 0, Ap; > 0,7 =1,...,J —1,and §y > 0.

Remark 4.1. Note that

<
—

dx(hi,ha) < ) llhaj = hojlliaey),

<
Il
o

where Px, stands for the distribution of X ;. Hence holds if

I\ P
| log\(6 4. La(Py ) < () (1)

§=0,...,J—1 )
for some constant A’ > 0.

Theorem 4.2. Assume that assumptions (H), (G) and (B) hold. Then for any U > Uy and M > M
it holds with probability at least 1 — 9,

2 5 ﬁ
log”(1/ >> .

0 ¥; — Eiiou] <€ (0

with some constants Uy > 0, My > 0 and C' > 0, provided that
0 <Yy —Yo < DMVH02), (19)

for a constant D > 0, where Y q is defined in (7).

DOI 10.20347/WIAS.PREPRINT.2697 Berlin 2020
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Proof. Denote

J
=E Z Z;pj(h)
§=0

with

—_

]_
pj 1_thl j:O,,J
l:O

Define also Ay (h) := v M(Qy(h) — Q(h)) with

1 M J 7j—1
B = L3 |30 2 () TT -,
j=0 1=0

and put Ay (h', h) := Ap(h') — Apr(h). Let h be one of the solutions of the optimization problem
suppeys Q(h). Since Qs (hyr) > Qur(h), we obviously have

Alha) < A(B) + [Ay(R*, ) + Ay (R, BY)) |

v M
Set ey, = M~1/2+0) and derive
Alha) < A(R) + — sip |Aw(hR)]
M) > - — M )
VM hent: Ax(h* h)<en
AP ) Bub B |
\/M heH‘IIAX(h*,h)>€1\/[ Ag;_p/Q)(h*, h) )

where

J J
Ax(hl, hg) = E Z ijj(h1> — Z Zj])j(hg) s hl, h2 c HJ.
=0 7=0

The reason behind splitting the r. h. s. of (20) into two parts is that the behavior of the empirical process
Ay (R*, h) is different on the sets {h € H" Ax(h* h) > ey tand {h € H/ : Ax(h*,h) <
£ }- The following lemma holds.

Lemma 4.3. It holds

Ax(hi, hy) < Czdx(hy, hs)
forany hy, hy € H”.
Lemma [4.3]immediately implies that

log (N(6,H”, Ax)) < Jlog(N(5,H.dx)) (22)

DOI 10.20347/WIAS.PREPRINT.2697 Berlin 2020



Randomized optimal stopping algorithms 9

where NV (9, S, d) is the covering number of a class S w.r.t. the pseudo-distance d. Hence due to the
assumption (H) we derive from [22] that for any h € H” and any U > U,

_ U
P sup |Apr(h, )| > UE}MP/Z < Cexp (—p—2> (23)

R e’ Ax(h,h)<en enC

and
Ay (h, b
P sup W >U | < Cexp(—U/C?), (24)
R e, Ax(hh)y>en Ay ” (R, ')
P ( sup |Apy(h,h')| > z\/M) < Cexp(—Mz*/C?B) (25)
h'en’

with some constants C' > 0, B > 0 and Uy > 0. To simplify notations denote
Wim = sup |Ap(R* R,
hE'H‘]: AX (h*,h)ﬁz’;‘]w
Ay (h*, h
Wa v 1= sup |(1p/(2) - )
heH!: Ax(h*h)>enr Ay (h*, h)

and set Ay := {W u < Us}\;p/z} for some U > Uj. Then the inequality leads to the estimate
P(Ay) < Cexp(—Ue;f/C?).
Furthermore, since A(h) < DM~/ (1+r/2) and 5}\;”/2/\/M = M~V/(+r/2) e geton A,

A(l—P/Q)(h* h )
A(hyy) < CoM~V0F0/2) 4 9 =X M
(har) < Co a7

with Cy = D + 2U. Now we need to find a bound for Ax (h*, hy) in terms of A(hyy). This is
exactly the place, where the condition is used. The following proposition holds.

Wa.m (26)

Proposition 4.4. Suppose that the assumption (BA) holds for 6 > 0, then there exists a constant
co > 0 not depending on J such that for all h € H” it holds

Ax(h* h) < coVTAY ) (),
where c,, depends on o only.
Let us introduce a set
Ay = {A(har) > Co(1 — 5) MY 0Fe/2Y
for some 0 < 3¢ < 1. Thus we geton Ay N A;

Ae=p/2/C40) (b, )
W2,M7
wv M

where the constant C'; depends on « but not on p. Therefore

A(hy) < C4

A(har) < (3/C) VMW,

DOI 10.20347/WIAS.PREPRINT.2697 Berlin 2020
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%. Applying inequality to W3, and using the fact that v/2 < 1/(1 + p/2)

forall 0 < p < 2, we finally obtain the desired bound for A(hyy),

with v 1=

P ({Alhar) > (V/MY72) N Ay <
P({A(hy) > (V/M)"*} N Ay N Ay + P(Ay)
< Cexp(—VV/B) + Cexp (—UMp/(2+p)/C'2)

which holds for all V' > Vj and M > M, with some constant B depending on p and «. O

4.2 Convergence analysis of the backward approach

In this section we study the properties of the backward algorithm and prove its convergence. The
following result holds.

Proposition 4.5. Forany k > 1 and any hy_1,...,h; € H, one has that
0 < Quor (s 1) = Quoa (it ) < Qulhf - 1) = Qulhis - hy)
+E [(Zkfl o I:—l) ( fe1(Xk—1) — hk—l(qu))} .
Note that Zy,_y — C;_; > 0ifh}_1(Xy—1) = 1land Zy_1 — C;_; < 0ifh}_(Xk—1) = 0 due to
the dynamic programming principle.
This implies the desired convergence.

Theorem 4.6. Assume (G) and suppose that

max N(0,H, Ly(Px,)) < (é)v (27)

§=0,....J—1 )

holds for some V> 0 and A > 0. Then with probability at least1 — 6, andk =1, ..., J,

~ Vilog(JA
OSQkfl(hZ_l,-- ) Qk1hk 1,...,h)<J %4—

Vﬁiﬂ? IMEKz—chmXo—M&»L<%>

lf

where < stands for inequality up to a constant depending on C'.

Remark 4.7. A simple inequality

J—-1 J—-1

l_zkjl inf E[(Z = CF) (h (Xi) = h(X)))] < C7 l_zkjl inf (b= i aey,

shows that we can chose class H to minimise infycy || — h}||L,(py. ). Consider classes H of the
J
form:

i=1 =1

Hog(R) = {Z a; (A +b), A e R a; e R, bR, Z |a;| < R}

DOI 10.20347/WIAS.PREPRINT.2697 Berlin 2020



Randomized optimal stopping algorithms 11

where i) : R” — R is infinitely many times differentiable in some open sphere in R™ andr < d. Then
according to Corollary[B.3,
uf = By, < C(d,0) n7a

for arbitrary small 6 > 0 and large enough R > 0, provided that each measure PXj is regular in the
sense that

Px,(S3\ (S)°) < aqe, (29)

where for any set A in R¢ we denote by A® the set A° := {x € R? : dist(x, A) < }. Moreover,
it is not difficult to see that (27) holds for H.,, , with V' proportional to n and A proportional to R, see
Lemma 16.6 in [14].

Corollary 4.8. F?emark./mplles that the second term in (28) converges to 0 at the rate O (n ="/ (24)+?)
asn — 0o, wheren is the number of neurons in the approximating neural network. On the other hand,
the constant A in is proportional to n., so that we get

* > - nJ log(A

Qk*l( 2,17..~,hJ>_Qkfl(hkfl,...,hj)g,] %_f_
log(1/6) J

- M nl/(2d)’

By balancing two errors we arrive at the bound

. . R - J log(1/6
OSQ,%I( k1,...,hj)—Qk1(hkh-n,hJ)SJJ(\/MlH/d—i_\/ ](\4/ ))

with probability 1 — ¢. In fact, this gives the overall error bounds for the case of one layer neural
networks based approximations.

Proof. Using (11), (12), (13), we have
0< QB s 1y) = Qe (s )
= ian <Qk—1( ey 1) = Qrr (P, B, sz))

hx_1€

+ @k—l(ﬁk—la e 7};J) - Qk—l(ﬁk—la o ,EJ)
< inf (Qk—1(h2_1, k) — Qk—l(hk—h/fzka e 7EJ)>

hip_1€EH

+2  sup ‘Qk71<hk71>hk7--~ahg]) _@kfl(hkflahka---ahJ)‘

hg_1,.. s hgEH

< Qilhi, ... 1) — Qulhu, ... hy)

+, inf E[(Ze = i) (B (Xor) = hiea (X)) (30)
k—1

+2 sup ‘Qk’—l(hk—bh‘k‘a"'ahJ)_Q\k—l(hk—lahka"wh&])‘v (31)
hi_1,...,hgEH

where the last step follows from Proposition [4.5] Set

J j—1
gh(Xk_l,...,XJ): Z Zjh] H 1_hl Xl , h:(hk_l,...,hJ),
=k

j=k—1 l=k—1

DOI 10.20347/WIAS.PREPRINT.2697 Berlin 2020
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then

Qrr(hi1, - hy) = Qea(hiors - )
1 M
=y {gh(X,gT{, XY g™ ,X},m))]} .
m=1

Now consider the class G := {gn, h € H/=**1D} of uniformly bounded functions on R¥’=*+1),
Indeed we have |gn| < Cz. Moreover

N(0,G,L>(P)) < (A/9)"" (32)
under (27). Denote

Z=vM sup ‘Qkfl(hkfhhka“-ah‘]) _Q\kfl(hkflahka--whtl) )
hg—1,--shg€H

then the Talagrand inequality (see [21] and [12]) yields
P(Z > E[Z] + \/x(4CLE[Z] + M) + Cyx/3) < €77,

where

E[Z] < /M Jlog(ACy)

provided holds. O

5 Implementation of the Bermudan max-call

In this section we implement the pricing of the Bermudan max-call, a benchmark example in the
literature [2]. As underlying we take a d-dimensional Black & Scholes model, with log-price dynamics

given by
2

dXZ:Jthi—l-(T—(S_%)dta t=1...4d,

where Xé = 0and W' i = 1,...,d, are independent Brownian Motions. Parameters o, r, d rep-
resent respectively volatility, interest, and dividend rate. The corresponding stock prices are given by
Si = Siexp(X}), t € [0,T]. Our goal is the price of a Bermudan max-call option, given by the
following representation,

sup Ele™"™ max (S. — K) ],

reT i=1,...,d
where 7 is the set of stopping times in {ty = 0,t1,ts,...,t; = T} adapted to the process X =
(X1, ..., X%, and (), denotes the positive part.

5.1 Backward approach

In order to implement a randomized stopping strategy we need some suitable parametric choice for h.
For example we may take /() to be the composition of a polynomial in x with the logistic function

1_*;; (cf. [6, Framework 3.1] and [5, Section 2.2]), i.e.

epolgl (2)

hi(z) = hy,(z) = , 1=0,..,J, (33)
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where polg(:c) is a polynomial of degree ¢ in x and 6 is the vector of its coefficients. As another

example we may compose polynomials in = with a Gumble type distribution function f(x) := 1 —
exp(—exp(z)), i.e.
hi(z) = hg,(7) = 1 — exp(— exp(poly (v))), 1=0,...,J. (34)

Both functions are smooth approximations of the indicator function. Let us choose the latter and carry
out the backward procedure in Section Assume that we have already determined parameters
Ok, ...,0;_1 (hence the corresponding functions hy,...,h;_1, hy = h*% = 1). Now, according to
(14), the estimate of ék_l is given by the maximization over 6 of the function

M
Lii(hg,h,. .. hy) =Y ) ho (XM, (35)
m=1
where f,(ﬁ)l is as in (14). The corresponding gradient is given by

M
VoLi—1(ho, i, ... hy) =D &7 Vha(X(™). (36)
m=1

The parametric choice allows for the following representation of the 6-gradient. We may write
straightforwardly

Voho(x) = (1 — hy(z)) exp (polj(x)) Vgpolj(z) (37)
and since 0 is the vector of the coefficients of pol3, the gradient Vypol, is the vector of monomials
in = of degree less or equal than g. Injecting this representation in (36) we get an explicit expression
for the gradient of the objective function that we can feed into the optimization algorithm. In fact, the
catch of the randomization is the smoothness of %y in with respect to 6. This in turn allows for
gradient based optimization procedures with explicitly given objective function and gradient. However,
a non-trivial issue is how to find the global maximum, at each step, of the function L. This is also a
well know issue in machine learning, see for instance [6, Section 2.6] or [5, Section 2.3]. We do not
dig into this question in the present paper and just refer to [5] [6] for relevant literature.

5.2 Forward approach

We can alternatively write h;(X,;) = h(X,t;) with h(z,t) = hg(x,t) a function depending on a
parameter 6 to be optimized. In this case we use the forward approach, since the backward induction
cannot be used with this type of parametrization.

As an example (analogous to (34)), we consider

ho(z,t) = 1 — exp(—exp(poly(z,t))), (38)

with polg polynomial of degree g in x and ¢, from which

Voh(z,t) = exp(— exp(poly(z,t))) exp(polf(z,t))Vepolj(x, 1)
= (1 — hy(x, 1)) exp(poly(x,t))Vgpoly(z,t)

As before, we want to maximize over € the payoff

P:E['

J
Jj=

Zi(X)P (X1, ,Xj)].

1
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’ So \ K \ Backward, g = 3 \ Forward, g = 4 \ NN price in [6] \ 95% Clin [2] ‘
90 | 100 8.072 8.055 8.072 [8.053, 8.082]
100 | 100 13.728 13.882 13.899 [13.892,13.934]

Table 1: Bermudan max-call prices for Black-Scholes model, with d = 2,7 = 3,J = 9and r =
0.05,6 =0.1,0 = 0.2.

We have

WP:E[iZJ X)Vap(Xi, ., X;)]

J=1

with pQ Xy,...,X;)asin (6). Explicit computations give now
J J

V@]??(Xl, e ,Xj) = p?(Xl, e ,Xj)

1 J
(— exp(polf (X;, 1;))Vpol§ (X;, t;) — Y _ exp(pol§ (X, 1)) Vopold (X, m)
ho(X;, ;) —
forj = 1,...,.J. We can compute V4P and use in the optimization this explicit expression for the

gradient of the loss function.

5.3 Numerical results

We take parameters r = 0.05,0 = 0.1, 0 = 0.2 (as in [2,6]). We first compute the stopping functions
hin using the backward method with M = 107 trajectories. The price is then re-computed using
107 independent trajectories. We compute each step in the backward optimization as described in the
previous section, using polynomials of degree three in the case of two stocks (ten parameters for each
time in tg,t1,...,t;). Wetake J =9and 7' = 3, with t; = ¢/3, i =1,...,9.

Then, we also implement the time-dependent stopping function in and optimize it using the for-
ward method on the same example, this time using polynomials of degree four. Results and relative
benchmark are given in Table [5.3] We report results obtained in [6] using neural networks (NN) and
the confidence intervals (Cl) given in [2].

The experiments were also repeated with the alternative parametrization (33), with comparable nu-
merical results.

A Proofs of auxiliary results

A.1 Proof of Lemma

Set
j—1 7—1
T = ZZ I (X5) TJ(1 = haa(X0)) ZZ ha i (X5) JJ(1 = hau(X2)).
=0 =0
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We have
J j—1
T =" Z; (hj(X;) = hai(X;) [T(1 = hou(X2)
j=0 =0
J 7—1 7j—1
+3° Zih (X (1= Ry a(X0) = JJ(1 = hau(X0))
=0 1=0 1=0
Due to the simple identity
K K K
Hak —ku Z ay — by) Haz H by,
k=1 k=1 k=1 =1 r=k+1
we derive
j—1 j—1
[T = ha(x0) = ] = hau(X0))
1=0 1=0
7j—1 -1 7j—1
h2l Xl hll Xl H 1_h28 s H (1_h1,m(Xm))
1=0 s=0 m=l+1
Hence
J j—1
T =" Z; (h1j(X;) = ha i (X)) [ [ (1 = haa(X2)
j=0 =0
J j—1 -1 j—1
+ 3 Ziha (X)) (haa(X)) = hia(X0) T = ho(X0)) [T (1= hom(Xo))
j=0 l=r s=0 m=Il+1
J 7j—1
=Y Z; (h i (X5) = hay (X)) [ [ (1 = hou(X0))

-1 J j—1
+ > (hoa(X0) = hia(X0) [T (1 = hao( X)) { > Zi(Xy) I (- hl,m(Xm))}

<o

=)
o~
Il
o

=0 s=0 j=l+1 m=I[+1
and
J—1 j—1
T < Cz ) 1hg(X;) = hoy(X \H (1 = hg,(X3))

Jj=0

A.2 Proof of Proposition

Lemma A.1. Let (71 ;) and (2 ;) be two consistent families of randomized stopping times, then

-1
ET [ZTl,r - 7—2 7‘ Z {Zl El T1 l+1j| } (QI,Z - QQ,Z) H (1 - QQ,k)
k=r

with gi; = P (1i; = j) i = 1,2, and E,[] = E[-|F,].
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Proof. We have

Er[Zn, = Zn,) = {2~ B [2,]} (P e = 1) =P (1, = 1)

[( +1 [Zn r+1 7'2 r+1}) ﬁ (7—2,7“ > T)}
= {Z E. [Zn ,+J} Qe — Q2,r)
[( r+1 [ZTl r1 T2 r+1]) (1 - QQ,T)] :

By denoting A, = E,. [Z

T1,r

—Zy, J , we derive the following recurrent relation

AT = {ZT - ET |:Z7—1,7‘+1:|} (QLT - q2,7“) + ET [Ar-l—l] (1 - q27r> 5

where all quantities with index r are J,,—measurable. O

Using the property (8) we derive an important corollary.
Corollary A.2. It holds for any consistent family (7,.)?_, of randomized stopping times,

-1
g —al JJ(1- qk)] :
k=r

J-1

Sl
=0

where q; = P (n=1)andq = 1{—y.

Denote
.Al = {|Gl(Xl)—Cl*(Xl)| >(5}, lZO,...,J—l,
then
J—1
>E [ZlAl ‘Zz—Ez [ ml} h _QI|H (1 —ax ]
1=0
J—1 -1 J—1
:6{E[ | (X0) — b ()| T T (1 = Pa(Xi) ] P ( }
1=0 k=0 1=0
Due to (B)
J—1 J—1
P(A) < Ag6%, Ag=) Agy
=0 =0
and hence

a3 (h*, h) A% (h*, h)
Ah) > 62X 277 A6 >0 A5
2o { SR | 2 { S - )

due to Lemmal4.3] Taking maximum of the right hand side in 0, we get
Ax(h*, h) < coVJAY G+ (p)

for some constant c,, depending on « only.
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A.3 Proof of Proposition

By we may write,

0< Quor(Wo g b 1) = Quy (ars iy )
= E[Zeoahi s (Xir) = 2 e (3 D]

+E|(1— hj_ (Xem))E ZZ X ﬁ - hl*(Xl))‘f“”
—E | (1= hpoa(Xen))E ZZ i J (=l Fkl”

=E [(Zk 1 C]: 1) hz 1(Xk 1) + Ck 1 Zk—lhk—1<Xk—1>} - Qk(hk> BRI hJ)

' ]

)| Fr—1

7j—1
+E [hr_1(Xx_1)E

ZZ hy( H (1 - h(X)))

:Qk<h27hz77 J> —Qk(hk,,h])
+E [(Zk 11— Cr_ ) (h; 1(Xk 1) = hie—1 (Xo— 1))}

Jj—1
hlek1< ZZh Hl—h,Xl
j=k =k

< Qr(hi, by h5) — Qi(hyy ... hy)
+E[(Zir — Ciy) (M) (Xim1) — hiea (X)) -

+E

)

B Some auxiliary results

Let X C R? and let 7 be a probability measure on X'. We denote by C(X) a set of all continuous
(possibly piecewise) functions on X and by C*(X’) the set of all s-times continuously differentiable
(possibly piecewise) functions on X'. For a real-valued function » on X C R? we write ||| e(ry =

([ |h(z)[P7(x)dz) /P with 1 < p < oco. The set of all functions h with ||| e < oo is denoted
by LP(m). If X is the Lebesgue measure, we write shortly L instead of L”()\). The (real) Sobolev
space is denoted by W*P(X), i.e.,

WP(X):={ue L?: D e [P, V|o| < s}, (39)
where @ = (ay, ..., qq) is @ multi-index with |a] = a1 + ... + a4 and D® stands for differential
operator of the form

olel
5 — (40)

aq ag
0x{" ... 0x,

Here all derivatives are understood in the weak sense. The Sobolev norm is defined as

lullwercey = D 11Dl

o <r

Theorem B.1 (Theorem 2.1 in [18]). Let1 < r < d,p > 1,n > 1 be integers, 1) : R" — R be
infinitely many times differentiable in some open sphere in R" and moreover, there is b € R" in this
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sphere such that D1)(b) # 0 for all v. Then there are  x d real matrices { A;}_, with the following
property. For any f € W*P?(X) with s > 1 there are coefficients a;( f)

cl[ fllwsr(x)

< ns/d ’

Lr(X)

Hf - Zai(fW(Ai(‘) +0)

where c is an absolute constant. Moreover, a; are continuous linear functionals on W*P(X') with
> i1 la;] < C and C depending on || f|| v (x)-

For any set A C R? let

A ={reR:pale) e} palw) = inf |z —yl.

Lemma B.2. Let a set A C R? be convex. Then for any ¢ > 0 there exists a infinitely differentiable
function p o with 0 < ¢ < 1, such that

1, x €A,
pa(r) = {

0, z€ R4\ A°
and for any multiindex o = (v, . . ., )
Ca
|Dag0,4(._'[')| S m, x € Rd

with a constant C,, > 0.

Corollary B.3. Let S C R? be convex and let function 1 satisfy the conditions of Theorem Then
for any fixed s > d, there are r x d real matrices { A;}7_, and b € R" with the following property

n

15() = S a(S)U(A() +b)

=1

VBN

— gsps/d
La(m)

for some constant Cy > 0 and some real numbers a1, . . . , a,, depending on S such that Z?:l |a2-| <
() where () is an absolute constant.

Proof. Due to Lemma[B.2] there is an infinitely smooth function ¢5 such that

sup [1g(z) — ¢s(x)] < w(5\ 5).

zERY

According to Theorem[B.] we have with p = oo

- C
su x—g a;(S)(Ax +b)| < ——
for some matrices r x d real matrices {Aj};-‘zl and real numbers a1, . . ., a,, depending on S. O
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