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On primal and dual approaches for distributed stochastic convex
optimization over networks

Darina Dvinskikh, Eduard Gorbunov, Alexander Gasnikov, Pavel Dvurechensky, César A. Uribe

Abstract

We introduce a primal-dual stochastic gradient oracle method for distributed convex optimiza-
tion problems over networks. We show that the proposed method is optimal in terms of communi-
cation steps. Additionally, we propose a new analysis method for the rate of convergence in terms
of duality gap and probability of large deviations. This analysis is based on a new technique that
allows to bound the distance between the iteration sequence and the optimal point. By the proper
choice of batch size, we can guarantee that this distance equals (up to a constant) to the distance
between the starting point and the solution.

1 Introduction

Distributed algorithms have been prevalent in the control theory and machine learning communities
since early 70s and 80s [1-3]. The structural flexibilities introduced by a networked structure has been
particularly relevant for recent applications, such as robotics and resource allocation [4-8], where large
quantities of data are involved, and generation and processing of information is not centralized [9-13].

A distributed system is usually modeled as a network of computing agents connected in a definite
way. These agents can act as local processors or sensors, and have communication capabilities to
exchange information with each other. Precisely, the communication between agents is subject to
the constraints imposed by the network structure. The object of study of distributed optimization is
then to design algorithms that can be locally executed by the agents, and that exploit the network
communications to solve a network-wide global problem cooperatively [14}/15].

Formally, we consider the optimization problem of minimizing the finite sum of m convex functions

m
min f(z) := > filw), (1)
i=1
where each agent ¢ = {1,2,...,m} in the network has access to the function f; only, and yet, we

seek that every agent cooperatively achieves a solution of ().

In this paper, we consider the stochastic version of problem (), when fi(z) = Ef;(x,€), and ¢ is
a random variable. We provide an accelerated dual gradient method for this stochastic problem and
estimate the number of communication steps in the network and the number of stochastic oracle calls
in order to obtain a solution with high probability.

Optimal methods for distributed optimization over networks were recently proposed and analyzed |16,
17]. However, there were only studied for deterministic settings. In [18], the authors studied a primal-
dual method for stochastic problems. The setting of the latter paper is close to what we consider
as the primal approach, but our algorithm and analysis are different, and, unlike [18], we consider
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smooth primal problem. Other approaches for distributed stochastic optimization has been studied
in the literature [19,/20]. In contrast, we provide optimal communication complexities, as well as ex-
plicit dependency on the network topology. We want to mention that primal approaches were recently
studied in [21}22].

Notation: We define the maximum eigenvalue and minimal non-zero eigenvalue of a symmetric matrix
W as Amax (W) and A, (W) respectively, and define the condition number of matrix W as y(W).
We denote by 1,, the vector of ones in R™. Denoting by || - ||2 the standard Euclidean norm, we
say that a function f is M-Lipschitz if |V f(x)|2 < M, a function f is L-smooth if ||V f(z) —
Vi)l < L||x — yl2, a function f is u-strongly convex (u-s.c.) if, for all z,y € R", f(y) >

f@)+(Vf(z),y—=z)+L]z—yl3. Given 5 € (0,1), we denote ps = 1+In(1/8) ++/In(1/5).

2 Dual distributed approaches

In this section, we follow [16,[17,/23,/24] and use primal-dual accelerated gradient methods [25-29],
and use a dual formulation of the distributed optimization problem to design a class of optimal algo-
rithms that can be executed over a network. Consider a network of m agents whose interactions are
represented by a connected and undirected graph G = (V/, E') with the set V' of m vertices and the
set of edges £ = {(4,7) : 4,7 € V}. Thus, agent i can communicate with agent j if and only if
(i,7) € E. Assume that each agent i has its own vector vector y{ € R", and its goal is to find an
approximation to the vector y* = % Zgl y? by performing communications with neighboring agents.
To do this, consider the Laplacian of the graph (7, to be defined as a matrix IV with entries,

-1, if (¢,7) € F,
(W1 = < deg(i), ifi=j,
0, otherwise,

where deg(7) is the degree of vertex i (i.e., the number of neighboring nodes). Let us denote W =
W ® I,,, where ® denotes Kronecker product and I, is the unit matrix.

First, we present the dual formulation of the distributed optimization problem for the deterministic case,
and then we develop our novel analysis for the case of stochastic dual oracles.

We assume that for all i = 1, ..., m function f; can be represented as the Fenchel-Legendre trans-
form

fi(r) = max{(y, z) — pi(y)}.

yeER™

Thus, we rewrite the problem () as follows

max ,_F(X) D= —Zfl(xl)

T1="=Tm
m
= max - § fl<x2)7 (2)
Z1,--,Tm ER™, -
VIWx=0 =1
where X = [z1,...,2,|T € R™"™ is the stacked column vector.

Then, we introduce the Lagrangian dual problem to problem (2) with dual variables
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T ..

y=1l, -, yL]f € R™ as

m

min max <<yi, [\/WXM - fz(l’z)>

yeRmn xERnmM -
=1

= min ¥(y) = p(VWy) == Z%([\/WYL')’ (3)

yeRmn

where we used the notations [vVWx]|; and [vVWy]|; for describing the i-th n-dimensional block
of vectors vVWx and Wy respectively, and also we used the equality > ;" (y;, [VWx];) =

ZL([\/WYMXJ

Note that dealing with the dual problem does not oblige us to use dual oracle of V ;. Indeed,

Vo(VIWyl) = VIVx(VIVy)];, (4)

where z;([Wy];) = argmax {([\/ Wx];, yi) — fz(xz)} So we can use the primal oracle V f; to
z;ER™

solve this auxiliary subproblem and find an approximation to V ;.

Making the change of variables y := /W'y and structure of Laplacian matrix I allows us to present

accelerated gradient method in a distributed manner for the dual problem.

Algorithm 1 Distributed Dual Algorithm

Input: Starting point A’ = y° = ¢° = x% = 0, number of iterations N, Cy = ay = 0.
1: Each agent ¢ do
2:.fork=0,...,N—1do

3 Qp+1 = 4L ,Ak+1 ZZ 1 G

4 MU= (g CF + ATF)/ Arsr

5. G == apn E;ﬂ  Wi; (j‘t)
6 U = (a1 + AE) /A
7oa) = ﬁ Zk —o i(AF).

Output: xV, yV.

Theorem 1. Let ¢ > ( be a desired accuracy and assume that |V F(x*)|| = Mg and that the
primal objective in () is ji-strongly convex. Then the sequences x¥ andy” generated by Algorithm
after N = O(+/(M}/pe)x(W)) iterations and oracle calls of dual function ¥V o; per node i =
1,...m satisfy the following condition F'(x™) + (yV) < ¢

Next, we focus on the case where we only have access to the stochastic dual oracle.

2.1 Dual Approach with Stochastic Dual Oracle

In this section we will assume that the dual function (y) © haxgegmn {{y,x) — F(x)} could be
represented as an expectation of differentiable in y functions cp(y €),ie. o(y) = E¢ [p(y, )] It

implies that o(vVWy) & (y) = Ee[(y, €)], where ¥ (y, &) E o(vVWy, £). Next we introduce

F(x,&) in such a way that the following relation holds:

V() = max { (v, VIVx) = F(x.) }

XEan
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Note that for x(vVWy, &) & argmaX, cgnm {(y, VWx) — F(x, {)} Demyanov-Danskin’s theo-

rem [30] states that Vi (y, &) = vVIWx(VWy, &) where the gradient is taken with respect the first
variable. Finally, our definitions give us new relations: x(vVWy) = E¢[x(vVWy,§)] and Vi(y) =

Ee[Vi(y, )], where x(y) £ argmax, cgom {(y,x) — F(x)} = Ve(y) and the last equality is
again due to Demyanov-Danskin theorem.

We suppose that 1)(y) is known only through the stochastic first-order oracle Vi (y, &), satisfying
the following assumption for all y € R””ﬂ:

Eeexp (|[x(y, &) — x(y)[3/02) < exp(l).

Note that this implies

E¢exp ([VY(y,€) — Vi(y)llz/oy) < exp(1).

forally € R™™, where 07, = Apax(W)o3

-
We assume that the function ¢ is L,;,-smooth. If, the primal objective is y-strongly convex, then L, <

Amax (W) / 1. Moreover, we assume that we can construct an approximation for Vi) (yy ) using batches
of size r in the following form:

"Wy, (&) Zwy &) (5)

and, similarly,

(\/_Y7{§Z}2 1) = , Z (\/_y &)

i=1

Theorem 2. Assume that F' is ji-strongly convex and ||V F(x*)|ls = Mp. Lete > 0 be a de-
sired accuracy. Assume that at each iteration of Algorithm@ the approximation for V1) (y) is chosen
according to (5) with batch size 1, = Q(max {1,070y In(N/d)/e}). Assume additionally that
F'is Lp-Lipschitz continuous on the set Bg,(0) = {x € R"™ | ||x|[ls < Rp} where Rp =

0 (max {f}yv /\jff(g/)? /\max(\/#W)JRy , Rx}>, Ry is such that ||y*[|2 < Ry, y* being an optimal

solution of the dual problem and Ry = ||x(v'Wy*)|lo. Then, after N = O(~/(M%/ue)x(W))
iterations, the outputs x™ and y™ of Algorithm|3 satisfy

F(xN) - F(x*) <e, |[VIWxN|, <e/R, (10)

with probability at least 1 — 49, where § € (0,1/4),In(N/§) > 3.

Moreover, the number of stochastic oracle calls for the dual function V p; pernodei = 1,...m is

o} Mj 1 [ M? M3
_vF il —F
O | max SN ) nf s e xW) |, e x(W)

To prove the theorem we first state a number of technical lemmas.

'We believe that the light-tail assumption can be relaxed to a more general setting [31].
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Algorithm 2 Dual Stochastic Algorithm

Input: Starting point A’ = y? = ¢ = x° = 0, number of iterations N, Cy = ag = 0,
1: fork=0,...,N —1do

2: Appr = A + g = 2Lwai+1 (6)

3:
AN = (a1 € + Ary®) A @)
4. Calculate V™ +19h(Agy1, {& )54 ) according to (B) with batch size

i1 = O (max {1, aiakﬂ In(N/6)/e})
¢ =" — ap VO (A, {& ). (8)

Y = (1 K+ Ary™) / Arya. 9

7: SetxV = ﬁ S ax(VIVNE {ETE)).
Output: xV, y".

Lemma 3. For the sequence a1 defined in (6) we have for all k > 0

k+1 > G4+l — 55 -
2L,

Lemma4. Let A, B, and {ri}i]\;O be non-negative numbers such that foralll = 1,..., N

Thenr; < C'ry, where C' is such positive number that C* > max{1,2A + 2BC'}.

The proof of the Lemma is followed from induction.

Lemma 5. Let the sequences of non-negative numbers {Oék}kzo, random non-negative variables

{Ry.} x>0 and random vectors {n*}>0 and {a*}1>o foralll = 1,..., N satisfy
1 -1 -1
SRS A0S a4 e Y ad (13
k=0 k=0

where A is deterministic non-negative number, ||a* |2 < d}N%k, d > 1 is some positive deterministic
constant and Ry, = max{Ry_1, Ry} forallk > 1, Ry = Ry, R}, depends only onny, ...,n".
Moreover, assume, vector a” is a function of n°, ..., n*~1 Vk > 1, a° is a deterministic vector, and
vk >0,

E " [ {n'}i5] =0,
E [exp (|[n*(305%) | {'}=5] < exp(1), (14)
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aps1 < a1 = D(k +2), 02 < (Ce)/(Qhy1 In(N/6)) for some D, C' > 0, e > 0. If additionally
e< H Rg /N 2 then with probability at least 1 — 20 the inequalities

R, <JR, and (15)
-1 -1
u Z apa (1 a") + CZ O‘z+1 [k
k=0 k=0
< (24CC’DH + udC CDHJg(N)) R? (16)

hold VI = 1,...,N simultaneously. Here C, is some positive constant, g(N) = (In(N/§) +
Inln (B/b))/In (N/§),

B = 2d*CDHR? (QA +udR?

+12CDe (2¢ + ud) N(N + 3)) (2ud)™
b= o2a2d?R2 and

J = max {1, udCy\/CDHg(N)

+\/u2d2(]120DHg(N) +2 48cODH}.

2.2 Example: Computation of Wasserstein Barycenters

It may seem that the problem with dual stochastic oracle is artificial. Next, we present the regularized
Wasserstein barycenter problem [32-35], which is a recent example of a function with stochastic dual
oracle,

min w 17
pes()Z:1 ;U'Qz(p) ( )

where W () = min_ {(C.m) + p(winm)}.
™0

Here C'is a transportation cost matrix, p, ¢ are elements of standard probability simplex, logarithm of
a matrix is taken componentwise. Problem is not easily tractable in the distributed setting since
cost of approximating of the gradient of W, . (p) requires to solve a large-scale minimization problem.
On the other hand, as it is shown in [32],

Wiai(p) = max { (u, p) = Wy, (u) }
D= (e (<51))

So, the conjugate function has an explicit expression and its gradient can be calculated explicitly.
Moreover, as the conjugate function has the form of finite-sum, we can use randomization and take a
component ¢ with probability ¢;. As a corollary of our general Theorem |2, we obtain

DOI 10.20347/WIAS.PREPRINT.2690 Berlin 2020
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Corollary 6. Taking the batch size ry = O((07,ayIn(N/B3)/ep)), where 03, = mAmax(W) after
N = O(y/(M2/ue)x(W)) iterations the following holds for the output p™ of Algorithm@ with
probability at least 1 — 45, where § € (0,1/4) is such that (1 + 1/In(1/6))/1/In(N/§) < 2.

m m

Zqui(Pﬁv) - ZWH:Qi(p*> <¢, H\/WPNHZ <e/Ry.

i=1 =1

Moreover, the total complexity per node is

O | nmax

where Mp* = 2nm||C||2, [33]and x = x (W) .

3 Conclusion

We consider primal-dual distributed accelerated gradient method for stochastic finite-sum minimiza-
tion. One of the key features of our analysis are large deviations bounds for the error of the algorithms.
Moreover, we show that the proposed method has optimal communication complexity, up to logarith-
mic factors. For the proposed method we provide an explicit oracle and communication complexity
analysis. We illustrate the dual approach by the Wasserstein barycenter problem. As a future work
we consider extending these results for different classes of problems, i.e., nhon-smooth and/or also
strongly convex problems.

Acknowledgements: We are grateful to A. Nemirovski for fruitful discussions.
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4 Appendix

4.1 Auxiliary results
In this subsection, we present the results from other papers that we rely on in our proofs.

Lemma 7 (Lemma 2 from [36]). For random vector & € R" following statements are equivalent up to
absolute constant difference in o.

1 Tails:P{||¢|l2 > v} < 2exp (—%) Vy > 0.

1
2 Moments: (E [£7])» < o./p for any positive integer p.
3 Super-exponential moment: E [exp (Hi—!%)] < exp(1).

Lemma 8 (Corollary 8 from [36]). Let {Sk}{le be a sequence of random vectors with values in R"
such thatfork = 1,..., N and forally > 0

2

Bl6 €] =0 Bl 27 ] Soxp () amostaury
k

N

where o belongs to the filtration o (&1, . .., &x—1) forallk = 1,... N.Let Sy = >_ &. Then there
k=1

exists an absolute constant C'y such that for any fixed d > 0 and B > b > 0 with probability at least

1—9:

N N
2 B
either Zai >B or ||Sy|2 < Ch,|max {Z a,%,b} (lng +Inln E)
k=1 k=1

Lemma 9 (corollary of Theorem 2.1, item (ii) from [37]). Let {£, }2_, be a sequence of random vectors
with values in R™ such that

E[& | &1y - oy &k—1) = 0 almost surely, k=1,...,N

N
and let Sy = Y &.. Assume that the sequence {&;, }1_, satisfy “light-tail” assumption:
k=1

2
E [exp (||§k2“2> | &1, ,&c_l} < exp(l) almost surely, k=1,..., N,
Ok

where 01, . ..,0N are some positive numbers. Then for all v > 0

P{ISwll 2 (V2+v2y)
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4.2 Proof of Theorem[d

For Algorithm [f]the following holds

L. R2
PO) + oY) < 22,

where Ry is such that ||y*|| < Ry is the radius of the solution. As it follows from [18], Ry can be taken
as R2 IVE&I3/5F. (w). Since the Lipschitz constant for the dual function 1) is L¢ = Amax(W)/y,
we get the statement of the theorem.

4.3 Proof of Theorem [2

The proof includes several steps. We start with the proofs of the technical lemmas. For convenience
we repeat statements of lemmas again.

Lemma 10. For the sequence 1 defined in (6) we have for all k > 0

def k + 2
« <a E— 19
k+1 k1 = oL, (19)
Proof. We prove by induction. For k = 0 equation (6) gives us a; = 2Ly0% <= o = ﬁ
Next we assume that holds for all k > [ — 1 and prove it for k = :
I+1 !
I(1+3)
2L,07 Q; a 1+ 1) =aq1 + .
v Z i < l+1+2L ;( +1) I+1 iL,
2
This quadratic inequality implies that a1 < 1+v4k2+12k+ < Y 2k+3) < 24’24 = ’2‘72“5 O
Lemma 11. Let A, B, and {r;} ., be non-negative numbers such that foralll = 1,..., N
L2 o gp2 4 gl
Then
11 < Cro, (21)

where C' is such positive number that C*> > max{1,2A + 2BC'}, i.e. one can choose C' =

max{l, B + v B? + 2A}.

Proof. We prove (21) by induction. For [ = 0 the inequality 7; < C'ry trivially follows since C' > 1.
Next we assume that (21) holds for some [ < N and prove it for [ + 1:

NS

Ti+1

&) BC l
¢§/%+B—-§:k+2 gm%§A+7F ;;hm)

BC [(1+1)(1+2) BC [N(N +1)
= 7”0\/5\/144‘ N 9 S?"o\/i\/A‘i‘ N 9
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On primal and dual approaches for distributed stochastic convex optimization over networks 13

S To \/2A+QBC§CT'0
<C

O

Lemma 12. Let the sequences of non-negative numbers {ay, }r>0, random non-negative variables

{ Ry} x>0 and random vectors {n*};>0 and {a*}>o foralll = 1,..., N satisfy
1 -1 -1
LR < A bu D el ) + e adaln B @)
k=0 k=0

where A is deterministic non-negative number, ||a* |2 < dﬁk, d > 1 is some positive deterministic
constant and R, = max{Ry_1, Ry} forallk > 1, Ry = Ry, Ry depends only on ng,...,n".
Moreover, assume, vector a” is a function of n°, ..., n*~1 Vk > 1, a° is a deterministic vector, and
vk >0,

E " [{}iZ] =0, E[exp (IIn"(130,7) | {n'}=5] < exp(1), (23)

Qg1 < Qg1 = D(k+2), 07 < m for some D, C' > 0, ¢ > 0. If additionally e < HE}/n?,

then with probability at least 1 — 20 the inequalities

f{l < JRy and (24)
-1 -1

u e af) + e ad I3 < (24CCDH + udCh ODHJg(N)) R (25
k=0 k=0

holdVl =1, ..., N simultaneously. Here C is some positive constant, g(N) = W

B =2d?CDHR? <2A + udR2 +12CDe (2¢ + ud) N(N + 3)) (2ud)™,

b= 02a2d?R2 and

2A
J = max {1, udCy/CDHg(N) + \/quQCfCDHg(N) t ot 4SCCDH} .
0

Proof. We start with applying Cauchy-Schwartz inequality to the second term in the right-hand side of

(13):

-1 -1

1 ~
55’12 < Atud) o |nf R+ ¢ apy In*13,
k=0 k=0

-1 -1
ud ~ ud ~
A+ > R+ (C+ 7) > a3 (26)
k=0 k=0

IN

The idea of the proof is as following: estimate R?V roughly, then apply Lemma in order to estimate
second term in the last row of and after that use the obtained recurrence to estimate right-hand

side of (22).
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Using Lemma@we get that with probability at least 1 — ]%

"l < V2 <1+ mam%) o, < V2 <1+ mam%) ~L

G I ()

_ 1 w22 vace <2, 2 vace, (27)
\/ Qg1 In (%) Qk+1 Xk+1

where in the last inequality we use In % > 3. Using union bound we get that with probability > 1 — ¢
the inequality

-1

1 ud ~
iRIQ < A+—ZR2+24C€(C+ 2> QL1

k=0
ud\ =L
< A+—ZR + 24C De (c+7> kz_o(k+2)
< A+—ZR + 12C De c—I—% I(1+3)
- 2
holds forall [ = 1,..., N S|multaneously Note that the last row in the previous inequality is non-

decreasmg function of l If we define [ as the largest integer such that [ <land R R;, we will get

that R; = R R: = Rl and, as a consequence, with probability > 1 — §

i+1 —

-1
1 ~, ud ~5 ud\ ~ ~
SBo< A §_ R? +120De <c+—2 ) I(i+3)

-1
ud ~ ud
< A+7k§ORk+120De (c+7) I(l+3), Vl=1,...,N.

Therefore, we have that with probability > 1 — &

-1
R} < 2A+ud) Rf+12CDz (2c+ud)l(l+ 3)
k=0
-2 _
< 24 (14 ud) + (ud + w*d®) Y " R + 12CDe(2c + ud) (I(1 + 3) + ud(l — 1)(I + 2))
N’ \ v

k=0
<2ud <2u?d? -

<2udl(1+3)

12
< 2ud(2A+ud2§ﬁ+12CD5(2c+ud)l(l—|—3)>, Vi=1,...,N.
k=0

Unrolling the recurrence we get that with probability > 1 — §
R < (2,4 4 udR2 + 120 D¢ (2¢ + ud) (1 + 3)) (2ud), Wl=1,...,N.

We emphasize that it is very rough estimate, but we show next that such a bound does not spoil the
final result too much. It implies that with probability > 1 — §

I—

—_

Rigz<2A+ud§3+120Dg(2c+ud)z(l+3)) (2ud), Yl=1,....N.  (28)

iy

0

DOI 10.20347/WIAS.PREPRINT.2690 Berlin 2020
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Next we apply delicate result from [36] which is presented in Section as Lemma (8 We consider
random variables £¥ = &y, 1 (n*, a*). Note that

E [é‘k | 50’ o ’fk_l} = &’H—l <E [nk | 770a te 777k_1} 7ak> =0
k\2 o2 nk 2d2}~%2
(Y ] < o (LR
k+1d R k+1d R

= E {exp (_HT] 2||2) | n°, ... ,nkl] < exp(1)
O
due to Cauchy-Schwartz inequality and assumptions of the lemma. If we denote 67 = o2a7, ,d*R?
and apply Lemmawith B =2d°CDHR? <2A + udR2 4 12CDe (2¢ + ud) N(N + 3)) (2ud)™
and b = 62, we getthatforall [ = 1,..., N with probability > 1 — %

-1 -1

. N B
ng < C ZJ,% (ln (7) +1Inln <3>)
k=0 k=0

with some constant C'; > 0 which does not depend on B or b. Using union bound we obtain that with

probability > 1 — ¢
-1 -1
. N B
k=0 k=0

and it holds foralll = 1, ..., N simultaneously. Note that with probability at least 1 — ¢

and

E

IN

E

~1
eitherz 67 > Bor

~1
eitherz 67 > Bor

-1 -1
. Ce . =~
0'13 = dzzakak—HRi < dZZln—ﬁOékJrlRi
k=0 k=0 06
_ @CDHER} — B2 < *CDHR? N + i
= N2 Y In & 3N 0
dQCDHR ~
< — (2A +udR2 + 120 De (2¢ + ud) (1 + 3)) (2ud)!
B
< =
-2
forall [ = 1,..., N simultaneously. Using union bound again we get that with probability at least

1 — 26 the inequality

-1 -1
d <o ,§<ln( )—i—lnln( )> (29)
k=0 k=0

holds foralll = 1, ..., N simultaneously.

Note that we also proved that is in the same event together with and holds with probability
> 1 — 26. Putting all together in (22), we get that with probability at least 1 — 20 the inequality

-1
1, @
§Rl2 < A+uzak+177 a" +CZO%+1H7I [

DOI 10.20347/WIAS.PREPRINT.2690 Berlin 2020
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-1 -1
. N B ~
< A+uCy E o2 (ln (F) + Inln (3>) + 24cCe E Qg1

k=0 k=0

holds foralll = 1, ..., N simultaneously. For brevity, we introduce new notation (neglecting constant

factor)
In (%) + Inln (%)

ln( )

and definition 67 = akak+1d2R2 we obtain that with proba-

~ 1.

g(N) =

Using our assum tiona <
g P mlln(%)

bility at least 1 — 24 the inequality

-1

1~
§R12 < A+Uzak+1 ", b +CZO%+1||77 [
k=0 k=0
-1
< A+ 24cCe Y Grs1 + udCyy/Ceg(N)
k=0

k=0
HR3I(+1) HR?
<
< A+ 24eCD—F = — +udCiy[CD—3 ——29(
A — =
< (ﬁ + 24cODH> RS+ “delRO CDHg(N) (k +2)R? (30)
0 k=

0
holds for all [ = 1,..., N simultaneously. Next we apply Lemma |4 with A = % + 24cCDH,
0
B = udCi\/CDHg(N), r, = Ry and get that with probability at least 1 — 24 inequality
R < J Ry

holds forall [ = 1, ..., N simultaneously with

2A
J = max {1,udC’1 CDHg(N) + \/u2d2CIQC'DHg(N) + = + 4860DH} :
0

It implies that with probability at least 1 — 24 the inequality

A+u Z ap (n*,a >+CZ i [17*113

< (4 +24cCDH) £ 4“8\ /CDHg(N ISkt 2)7
k=0

<A+ (24CCDH +udCy/CDHJIg(N) %/ W%) R

<A+ (24CCDH +udC, CDHJg(N)) R?

holds foralll = 1, ..., N simultaneously. O
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Lemma 13 (see also Theorem 1 from [38]). For each iteration of Algorithm[3 we have
1 1
Ane(y™) < SIA=COlE =Sl = ¢S (31)

N-1
+ Z i1 (¢(Ak+1> + <V\I/<Ak+17€k+l),A . Ak+1>)
k=0

N—-1
+ Z Ak<V\IJ(Ak+1,£k+1) - V¢(Ak+1),yk _ )\k+1>
k=0
N-1 A
£ PFHIVHN) - VRO € 32)
k=0

where we use the following notation for the stochastic approximation of V1)(\) according to
V(N ) = V(N {7 L)), (33)
where & = (¢f, ..., ¢k ).

Proof. The proof of this lemma follows a similar way as in the proof of Theorem 1 from [38]. We can
rewrite the update rule for ¢* in the equivalent way:

1
C’k = argmin {OékH(V‘I’()‘kHa EkH)? A— )\k+1> + §||>‘ - Cklli} :

AcR™

From the optimality condition we have that for all z € R"
(€ = ¢F + apn VI ) X = ¢ > 0. (34)
Using this we get

Qo1 <V\If()\k+1, fk—H)a Ck: _ )\>

= Oék+1<v\1,(>‘k+lv Ekﬂ), Ck - CkH) + akH(V\p()\kH’ €k+1)’ Ck+1 —A)

" 1 (VNI ght1) ¢k ety ekl ek X ¢h+ly,

One can check via direct calculations that
1 2 1 2 1 2 n
(a,b) < Zlla+ bl — Flalls = 51013, ¥ a,be R

Combining previous two inequalities we obtain

1
o (S

Oék+1<V‘1/()\k+l’£k+l)7 Ck . A> < ()ék+1<v\p(Ak+l,€k+l), Ck B Ck+1> o .

1 1
+§\|Ck — Al - §\|Ck+l — All3.

By definition of y**! and AF*!

k1l Ary® + i ¢ B Ary* + ap1CF o k+1 B\ vk+l, QRH1 [kl k
y" = = + (M = ¢F) = A === (M = ¢
Aks1 Ap1 Apia Ary1
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D. Dvinskikh, E. Gorbunov, A.Gasnikov, P. Dvurechensky, C. A. Uribe 18

Together with previous inequality, it implies

app (VI(NFL M) CF = X) < A (VI(AFFL R ARyt

AZ
I e ||>‘k+1 . yk—l—l“g

2
200,44

1 1
+3llek = M = ZlleH — A3
< A (TR g Nyt - 2 )
1 1
+§HCk = A3 - QHC’CH — A3
2L
= (T N iy - 2y )
HAR (VI8 — Vg (A1), A -y
1 1
+§||ClC — Al — §||Ck+1 = Al
From Fenchel-Young inequality (a, b) < %Ha“% + 2|13, a,b € R", n > 0, we have

(V\IJ(Ak"'l, £k+1) o V@/J(Ak"_l), )\k+1 . yk+1>
< ﬁ HV\II(A]C+1’£IC+1) _ v¢(>\k+l)”§ + LQ_wH)\kH _ yk+1||§.
Using this, we get
Qg1 (VI (AR D) CF — X)
< Appr (TN, N = ghet) = B3kt bt 2)
+§sz1 HV\I’(VH,EM) . vw(}\kﬂ)”;
+311¢F = AllZ = 3¢ = A3
< Appr (D) = (y" ) 4+ 5 1ICF = AllS = 3I¢M = Al
+ ([ VWA, gHT) — T (A2, (35)

where the last inequality follows from the L,-smoothness of ¢(y). From the convexity of 1 (y), we
have

<V\Ij(Ak+17 €k+1)7 yk - Ak+1>
= (VA1) y% = X+ (VI (AL R — V(A yF — A
< P(y") — PNF) (VU (A R — V(A1) yh — A, (36)

By definition of A**! we have
et ()\k+1 N Ck) — A, (yk i )\k+1) . (37)
Putting all together, we get

ak+1<v\1}<Ak+l7 £k+1)7 AkJrl - A>
= (VI €H0), N — ) 4 s (VI €54), ¢ — )
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AR (VU (N ghHly yh  XBHY g (VO (AR gR 1) ¢k ))
A, (w(yk) _ w()\k-u)) + Ak<V‘IJ()\k+1,£k+l) . V”Lb()\kﬂ),yk . )\k+1>
F A (V) = (y*) + 3018 = AR = 3lI¢5 = A3
+21211 “V\IJ()‘kﬁ-l’ék—&-l) _ vw(}\k-ﬁ-l)”j

Rearranging the terms and using Ay 1 = Ay + a1, we obtain

Apad (Y1) = A (y*) < aner (POV) + (TN E), X = A1) 4 3¢ — 3
—3IC = N G VRO € — Ve

2Ly,

—I—Ak<v\l’(>\k+l,€k+l) _ v¢<Ak+1)7yk _ }\k+1>’

and after summing these inequalities for k = 0, ..., N — 1 we get
1 1
Avir™) £ SIA=C = SIA - ¢MB

37 g (B + (TUAFFL 1) X — A

N-1
+ Z Ak<v\p(>\k+l’€k+l) . Vw()\k+1>7yk . )\k+1>

k=0

Aps1
£ JFHIVEN) - VR €
where we use that Ay = 0. O

Now, we are ready to prove our main result in Theorem[2]on the communication and oracle complexity
of Algorithm[2| For convenience we provide the statement of the theorem once again.

Theorem 14. Assume that F' is pi-strongly convex and ||V F(x*)|ls = Mp. Lete > 0 be a de-
sired accuracy. Assume that at each iteration of Algorithm @ the approximation for V1)(y) is cho-
sen according to with batch size ry = Q(ma'x {1, o5k 1H(N/5)/a}). Assume additionally that
F'is Lp-Lipschitz continuous on the set Bg,(0) = {x € R"™ | ||x|[la < Rp} where Rp =

Q (max {f—}yv Ajff(gv)a AmaX(ﬂW)JRy : Rx}>, Ry is such that ||y*|l2 < Ry, y* being an optimal

solution of the dual problem and Ry = ||x(vVWy*)||s. Then, after N = O ( (M%/ME)X(W)>

iterations, the outputs x" and y™ of Algorithm|3 satisfy

FxM)—F(x*) <e, |[VIWxY|,< Ri (38)

y

with probability at least 1 — 46, where ¢ € (0,1/4), In(N/s) > 3. Moreover, the number of stochastic
oracle calls for the dual function V p; pernodei = 1,...m is

o2 M? 1 [M? M?2
10 T E a2 EE v (w ZE (W
max 52)\;;in(W) n (5 /,65 X( ) 9 ILLE X( )
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Proof. From Lemmal[i3we have

1 1
Ae(y™) < SIA=COlE = Sl = ¢S (39)

N—
Z k+1 Ak—i—l <V\I/<)\k+17€k+1)7A . )\k+1>)

Z V\If AEtL Vw(}\k-i-l’ £k+1)7yk _ )\k+1>

Ak—l—l

+ |va()\k+l) V\I]()\k+l7€k+l)|’§. (40)

k=0
From definition of A**1 (see (7)) we have
. ()\kJrl Ck) — A, (yk _ )\k+1) _ (1)

Using this, we add and subtract 3" a1 (V4 (A1), A* — A*+1) in @0), and obtain by choosing
A=A

1 1
Anip(y") < §H>\* —¢°lI3 - §H)\* - <M (42)
N-1
+ 3 (W) (VAR A7 — AR
k=0

N—-1
+ Z i1 <V\I’()\k+l, €k+l) o Vw()\k—&-l)? ak>
k=0

N—-1
+ ) [V = VI (AR )3, (43)
k=0

where a¥ = X\* — ¢*. From convexity of 1) we have
o et (D) 4 (VR (AFF), A — A1)
< Yise ke (W) + (A7) — (M)
= P(A) 2 ke = Av(X) < Ave(y™)

From this and we get

1. 1.
§H>\ —¢M;3 < §H)\ — ¢

N-1

+ Z &k+1<v‘1’(>\k+17 £k+1) - V@Z)(Akﬂ)a ak>
k=0
+ ) A VN — V(AR A3, (44)

Next step we introduce sequences { Ry, } x>0 and { Ry, }x=o as follows

Ry = [|¢x — A*||2 and By, = max {ék—laRk} ,Ry = Ry.
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Since ¢° = 0 in Algorithm 2| then Ry = Ry, where Ry is such that || A*||2 < R,. One can obtain
by induction that VEk > 0 XML yR ¢k e Bg (A*), where B (A*) is Euclidean ball with radius
Ry and center A*. Indeed, since from (@) y**! is a convex combination of ¢*** € Bp,, (A*) C
Bg,., (A7) and y* € By (A*) C Bg, ., (A7), where we use the fact that a ball is a convex set, we
gety*t! € Bg,,,(A*). Analogously, since from Mt+1is a convex combination of y* and ¢* we
have A1 € Bg (A*). Using new notation we can rewrite as

N-1
1 1
Sy S SR+ D apn (VI M) — V(A af)
k=0
N-1
+ ) AR [V = VO g5, (45)
k=0

where ||a¥||s = || A* = ¢¥[|» < Ry

Let us denote ¥ = VW(AF+L €h+1) — Wih(AF+L). Theorem 2.1 from [37] (see Lemmalg]in the
Section says that

P "o > (\/§+ \/§7> \/>| {7} < exp (—7;) .

Using this and Lemma 2 from [36] (see Lemma|7]in the Section we get that
B {exp <” 1l ) (Y ] < exp(1),

where ak § . g m where a1 is defined in (19), C' and C' are some positive constants.

Moreover, a* depends only on n°, ... ,77’“_1. Putting all together in and changing the indices we
get, foralll =1,..., N,

-1
1 1
B Ry < 3 §+Zak {0 k>+204k+1\|77k+1||§'
k=0
Next we apply the Lemmawith the constants A = %Rg,u =1l,c=1D = 2L,d = 1 and

2
using € < H]f,fo which holds for some positive constant H due to our choice of /V, and get that with
probability at least 1 — 20 the inequalities

R < J R, and (46)
-1 -1
CHJg(N
> araln® @) + > a3 < (12CH+ Cy %) R, @)
k=0 k=0
) ) . h’l(%)-‘rlﬂlﬂ(%)
holdforalll = 1, ..., N simultaneously, where ('} is some positive constant, g(N) = ] (N) ,
(s

B=CHR2 (2R3 + 8% N(N +3)) 2V, b = 03a? R3 and

2
J = max {1,01\/CH9(N) + \/010H9(N) Y14 24OH} .

2 2
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To estimate the duality gap we need again refer to (40). Since A is chosen arbitrary we can take the
minimum in X by the set Bog, (0) = {X : [|[A]]2 < 2Ry}

Ant(y™)

N-1
= [ in {—IIA C°H2+Zak+l A’““)+<W(>\’f“,g’f+1),>\_>\k+1>)}

)\EBQ
N-1
+ > A(VIR ) — TN,y — A
k=0
N—-1

A
£ gp IV = VI €3
k=0
@
< 2R’ 4 i Z Q1 (BAFFTY) 4 (VAR gk X — ARF1Y)
N-1
+ Z Oék+1<v\1/(Ak+1,£k+1) o vw(Ak+1)7 Ak+1 . Ck>
k=0

N-1
Akt

k+1y k+1 £k+1y\)12
+ 30 S IVENT) = VB 48)

k=0

where we also used 1||A — ¢V||3 > 0 and ¢, = 0. By adding and subtracting
SOV gy (VA (AFFD)) A — AR under minimum in we obtain

min NZ_ Qi1 (w(Ak—H) + <V\I/(Ak+1,€k+1), A — }\k+1>)

AGBQRy( _
min Zk 0 Qk+1 ( DN+ (VY (A, A — Ak+1>)
AEBQRY(O
N-1

+ max > ap (VU(AFFL D) — Tah (AL X)

}\EBgRy(O) k=0
N-1

4 Z ak+1<v\1/()‘k+1’ ék—&-l) o V¢(Ak+1), _)‘k+1>'
k=0

Since —A\* € Byg, (0) we have that

=

-1

ak+1<vq]<)\k+l7 €k+1) o Vw()\k+1>’ _)\k+1> (49)

i
2@
—_

(]

Oék+1<V\I/<Ak+17€k+1) . V@Z)(Ak—‘rl), A* o Ak+1>

bl
o

=2

+ ak+1(V\If(Ak“, £k+1) o V@/J(Ak—i_l), —)\*>

0

|

1
S ak+1<vqj<)\k+l7£k+l) o vw(AkJrl)’ )\* . )\k+1>

k=0

=z

N-1

+ max Z ak+1 V‘I/(AkJrl €k+1) V¢(Ak+1>,A>

)\GBQRy
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Putting all together in and using (6) we get

Avp(y") < 2R+ min iakﬂ (PAFFL) + (VAR X = AR

)‘GBQRy

N-1

42 max Yo (VIR R — vy (AR X)

AEB 0
2Ry (0) Py

N-1

+ Z V1 <V\I’(Ak+1, £k+1) . vw(AkJrl), ak>
k=0

N—-1
+) i [V — V(AR gh)| 3, (50)
k=0

where a* = X\* — ¢*. From we have that with probability at least 1 — 24 the following inequality
holds:

N—-1
N : k+1 k+1 k+1
Any(y") < Aeg;ﬁ(o);akﬂ(lﬁ(}\ )+ (VA1) A = AF)
N-1
k+1 p#k+1 k+1
+2A6g1§>y<(0)2am VU(AR ) -V (A1), A)
H
+2R2+ (120H+01 CHIg\N) ‘]29< ))Ri. (51)

By the definition of the norm we get

N-1

max 35 g (VE(AT ML) — Vi (A1), X)

AEB3ry, (0) =0

< 2Ry (V\I/(/\k+1,fk+1)—v¢(>\k+l)

2

Next we apply Lemma[9|to the r.h.s of previous inequality and get

R e VAR e

+1
< exp (—%) .

aiak In(N/§)
€

2
Since N? < % and 7, = (max{l,
L < _ Co HL,CoR2
Tk — oa;&n(%) - oaszln(
this we get that with probability at least 1 — 9

[0 e (VoA g41) vww“))HQ < V2 (1) Ry U0 pES

D ovar o/ HLyCo st = 2R, VHC, NV+3)

}) one can choose such Cy > 0 that

. Let us choose v such that exp ( ) =0 :7 = +/31In(1/s). From
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< 4Ry\/C,. (53)

Putting all together and using union bound we get that with probability at least 1 — 39

AN@Z)(YN) &0 g min Z ak—H }\k-}—l <V@/J(>\k+1), N — )‘k-l-l))

AEBZRy

+ <8\/HC’2 +2+12CH + O, OHJTQ(N)> Ry, (54)

This brings us to the final part of the proof. Firstly, by definition of @ZJ(A’“) and Demyanov—Danskin’s
theorem we have

V) = (VO N = (A VIVX(VIVAY) = F(x(VIVAR) = (Vi(A*), X)

= —F(x(VIWAR)).
Summing up this equality for k = 1, ..., N with weights c;, and using convexity of F' we get
N-1 o
Z ak+1 AkJrl <v,¢(Ak+1)’ Ak+1>) _ _AN Z Ak-‘rl F(X( /W)\k+1>>
N
k=0
N—-1 o
< —ANF k“x(\/W/\kH)
= AN
= —AyF(xy), (55)

where Xy & -L N Zk o a1 x(VIW AR Secondly, by definition of the norm

k‘-i-l _ k+1
Aegggyl(mzakﬂ (VeXD.2) = Aegggyl(o)<2ak+1vw>\ ) >

N-1

= —2R Ay Z g1 V(AR

2

1
= —QRyAN A_N Z Op41V WX( Vv WAk—H)
k=0

= 2R AN|VIVEY 5. (56)

Combining inequalities (54), and we obtain that with probability at least 1 — 30
4 N—-1

Avir) DS as (W) - (THO). ) + i 5 o (TR, A)

AEB2Ry, (0) =p

+ (8\/_H02 +2+120H + G, CHJTWV)) R?

-+. A
—ANF( N) — 2R ANH\/ XNH2

+ (&/HC2 +2+12CH + Oy %) R2. (57)

Y
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Lemma [9] states that for all v > 0

k=0 !
<o (-3)
— 3 .
1 o2 oy, In &¥
Taking 7 = 1/31n 5 and using 7, > =~ o 2 we get that with probability at least 1 —
L=
”XN . AN||2 — A_ ' Opt1 (X(‘ /W)\k+17£k+l) . X( /WAk_H))
N 2
- V2
S
2
< N
S
< 2 [ 0G|

- (k+2)HLyRy 2R, | 6CH )
AV A\ &= 20N 7 Ay | A ()

It implies that with probability at least 1 — o
VWY — VIV, VIV ]2 - 1™ = %Vl

<

&3 2R 6CoH 2R

S V )\max(W) 4 2 - Y V 6CQH (59)
AN )\max<W> AN

and due to triangle inequality with probability > 1 — 9

2RO ANIIVIWEN o > 2R AN|[VIWXY ||y — 2R, An|[VIVEY — VIV,
(]
2Ry AN || VWX || — AR2\/6C,H. (60)

W

Now we want to apply Lipschitz-continuity of /" on the ball Bg,.(0) and specify our choice of Rr. Re-

call that x(A) £ argmax, pam {(A, x) — F(x)} and due to Demyanov-Danskin theorem x(\) =
V(). Together with L.,-smoothness of ¢ it implies that

I (VIVAF )| [V (VIV AR

IVo(VIVARY) — Vo (VIVY )2 + |V (VIVY )2
L [VIWAM — VIVy*||s + [[x(VIVy) 2
Amax(VIV)

L

VANNVANNI

IN

IAH = y*[l2 + Rx
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From this and we get that with probability at least 1 — 20 the inequality

Ix(VIPAR [, < (L;/W” + %) R, (61)
Yy

holds forall k = 0,1,2,..., N — 1 simultaneously since A**! € By, (y*) C B
convexity of the norm we get that with probability at least 1 — 26

N—-1
15V < -2 S o (VAR |, D (A VDT B
AN k=0 1% Ry

(¥"). Using the

Ry

(62)

We notice that the last inequality lies in the same probability event when holds.

Consider the probability event £/ = {inequalities — hold simultaneously }. Using union bound
we get that P{ £’} > 1 — 4. Combining and we get that inequality

2 [ 6CoH  Amx(VW)J R
N, < |IxN N N < | 2o 2 max Lx
I l2 < [lx lo 1% o < (ANV o) . + Ry) Ry  (63)

lies in the event E'. Here we can specify our choice of Rr: Ry should be at least

2 6CoH Amax(VW)J Ry
= M A (VIV)T | B Ry.
AN )\max(W) H Ry

Then we get that the fact that points x and X* lie in Br,.(0) is a consequence of E. Therefore, we
can apply Lipschitz-continuity of F for the points x" and X" and get that inequalities

2pRy | 6C,H

F&M) = P < Ll —xls < == 5~ (64
and
)
ANF(EN) = ANF(xN) + Ay (F(xY) = F(x")) > AyF(x") — 2LpRy 6C=H (65)

)\max<W>

also lie in the event E. It remains to use inequalities and to bound first and second terms in
the right hand side of inequality and obtain that with probability at least 1 — 44

AnY(y™) + ANF(xXN) + 2Ry Ay [ VIV,

2Lg 6CLH
< |4 H A / 8v HC
< < 6CyH + Ry )\max(W) + 2

CHJg(N
+2+12CH + ¢4 %) R:. (66)
Using that Ay grows as Q(N?/Ly) [39], Ly < ’\"‘%(W) and, as in the Section R, < %

we obtain that the choice of IV in the theorem statement guarantees that the r.h.s. of the last inequality
is no greater than e A . By weak duality —F'(x*) < t(y*), we have with probability at least 1 — 49

F(xV) = F(x*) < F(x™) +¢(y*) < F(xV) +o(y") <e. (67)
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Since y* is an optimal solution of the dual problem, we have, for any x, F'(x*) < F(x)—(y*, VIWVx).
Then using assumption ||y *||2 < Ry, Cauchy-Schawrz inequality (y, v Wx) > —||y*||2-||VWx||s =
—Ry||[v/Wx||, and choosing x = xV, we get

F(x"V) 2 F(x") = Ry|[VWx"|s (68)
Using this and weak duality — F'(x*) < ¢ (y*), we obtain
V) + F(xY) 2 0(y") + F(xY) 2 =F(x) + F(xY) > =Ry [VWx"]s,

which implies that inequality
E+€1 ¢
IVl < — (69)
Ry
holds together with with probability at least 1 — 44. Number of communication rounds is equal
to the number of iterations similarly as for Algorithm |1} The total number of stochastic gradient oracle
calls is Zszl 7%, which gives the bound in the problem statement since Z]kvzl a1 = An. O
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