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ABSTRACT

A three dimensional Winterbottom type construction in the regime of partial wetting is derived in
a scaling limit of a gas of microscopic Gaussian SOS droplets under the fixed volume constraint.
The proof is based on a coarse graining of the random microscopic region “wetted” by the crystal,
random walk representation of various quantities related to free massless fields and a stability
analysis of the torsional rigidity problem.

1. INTRODUCTION

- 1.1. Macroscopic Winterbottom construction. The shape of a small crystal in the equilibrium
with its vapour is assumed, disregarding gravitation, to minimize the anisotropic surface energy.
The corresponding construction was obtained at the turn of the century by Wulff [36], and much
work since then was devoted to a rigorous mathematical treatment and further generalizations
of the underlying variational problem ([8], [15], [19], [33] to mention a few) on one hand, and to
extensions of the construction to other physical situations of interest, e.g. to the case of a particle
on a solid substrate [35], see [19] for its mathematical counterpart. ‘ ,

From the purely statistical mechanical point of view, though, the problem of a rigorous derivation
of these optimal macroscopic shapes directly from the structure of local microscopic interactions
and an analysis of the corresponding Gibbs measures in an appropriate scaling limit remained
open and long pending until the late eighties, when, almost simultaneously, it was solved for
several two dimensional models. The simplest one was the gas of generalized SOS droplets in
1 + 1 dimensions [9], which gave rise to a Winterbottom like shape in the scaling limit. A two
dimensional Wulff construction was derived in the context of the supercritical phase of Bernoulli.
bond percolation in [1]. Finally, the 2D Ising model at very low temperatures was solved in the
ground breaking monograph [12], which accomplished the program initiated in early works on phase
separation [23], [24]. The approach of [12] was simplified in [27], using in a mastery way duality
methods, the latter article being of a fundamental interest in its own right. Most of the results
in [12] and [27] were formulated on the level of very precise local limit theorems. Their weaker.
‘integral versions were pushed all the way up to the critical temperature in [17], [18]. '

Further remarkable results on complete analyticity and phase separation were obtained in [29]
-and [30]. '

All the above results, however, are two dimensional, the higher dimensional problems being so far
considered at least as much formidable as interesting. In this work we obtain a three dimensional
droplet shape in the scaling limit of a 2+ 1 Gaussian counterpart of the model considered in [9]. To
be more precise, we consider the free lattice field (X;)icsy, in a square box Sy C Z?2 of side length
2N. This is the centered Gaussian random field whose covariance matrix is given by (—A)~* where
A is the discrete Laplacian on Sy with Dirichlet boundary conditions. We interpret this field as
three dimensional random surface in the 2 + 1-dimensional space Z% x R. This random field is then
equipped with three additional ingredients which govern the relation between this surface and the
“wall” Z2 x {0}: '

1. An attractive surface to wall interaction,

2. A hard wall condition, meaning that the surface has to stay on the positive side of the wall,

3. A macroscopic restriction on the volume between the surface and the wall.

A formal description will be given in 1.3.

This is the microscopic model. The macroscopic picture is obtained by scaling the lengths by
a factor 1/N. The main aim of this paper is to prove a law of large number for this macroscopic

shape.
1
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Our limit macroscopic shape is reminiscent of the one provided by the general Winterbottom
construction, and, because of the underlying Gaussian field, we call it harmonic crystal. Compared,
for example, with the Ising model or even with the supercritical Bernoulli bond percolation the
" model itself provides a rather poor approximation to the phenomena of phase separation. In

this respect our intrusion into three dimensions, though, perhaps, being not without physical and
mathematical appeal, is of a quite restricted nature, and many of the core problems for higher
dimensional interfaces remain unsolved. An interesting aspect of our results and the method to
prove them is that in three dimensions a nontrivial coarse graining procedure becomes imperative
for the proof. This could be relevant for studying more complicated 3D models in the phase
separation regime. Indeed, probably one of the most formidable problems on the way to a rigorous
justification of a genuine Wulff construction directly from the microscopic local interactions, e.g.
in the context of the 3D Ising model, is to define a natural scaling, which would substitute the 2D
skeleton computations of [12] or [27].

A simplifying feature of the Gaussian interactions is the possibility to use random walk represeén-
tations to compute many quantities exactly. This is lost if we substitute the quadratic interaction
by a general convex one, whatever growth, smoothness and strict convexity properties are assumed.
Furthermore, the geometry of the anharmonic crystal becomes more complicated as well - instead
of a Poisson problem for the Laplacian one has to solve a semilinear elliptic equation. Besides the

fact that the corresponding solution in the latter case cannot be explicitly computed, one also looses
the scaling relation enjoyed by the torsional I‘lgldlty in the Gaussian case. Recently, however, there
has been considerable progress in the study of anharmonic models with convex potentials [16] [26].
In particular, it was shown that such models admit a useful random walk representation, and, more-
over, many computations for this random walks can be reduced to the corresponding computations
for the simple random walk using the Brascamp-Lieb inequalities [8]. Based on these works, one
can derive a droplet constructlon also in the non Gaussian setting. The corresponding results are
under way.

Finally, we would like to remark that the concentration results here are obtained in the L; norm.
It would certainly be possible to upgrade them to L2 or even to L,. The real issue, however,
would be to obtain concentration in the Lo, norm. Apart from being a stronger and geometrically
nicer result, such an assertion would confirm a heuristic belief that an intrinsic statistical stability
of shapes is better than an impartial stability of the isoperimetric problems involved (see a brief
discussion about the corresponding problem for the 3D Wulff problem in [12]). One result of this
type was obtained for the membrane problem in [4] and [32]. ‘

We conclude this subsection by giving a brief description of the Winterbottom constructlon
(et [35], 19]): |

Consider a small particle P placed on a solid foreign substrate S and in the equilibrium with its
vapour V. (Figure 1).



FIGURE 2

If the gravitation is disregarded, then the energy of the particle is given by
E(P) = [ mev(ngds+ (PS|(rs - )
PV

where 7py : 52 — R, is the anisotropic particle-vapour surface tension, and 7'};5 and T};V are

surface tensions of the particle-solid and vapour-solid flat interfaces respectively, and PV, PS are

the corresponding interfaces. n; is the normal vector to the particle-vapour interface at the point s

and |PS| denotes the area of the particle-solid interface, to which we will refer as to the “wetted”

region.

The equilibrium shape of the particle is assumed to minimize the energy E(P) at a fixed volume

v. The solution to this variational problem was formulated in [35] and is, in fact, a version of the
- Wulff construction. The particle-vapour equilibrium Wulff shape Kpy centered at the origin, is

defined by

Kpy = ﬂ {zeR® : (z,n) < 1py(n)},
nes?
where (s, o) is the scalar product in R?. K3y, is its intersection with the half space H = {z € R® :
(z, e3) > T“;S - TPS} where e3 = (0,0, 1). '

If TVS — T}’ZS > T}’;V, where T};V 2 Tpy(e3), we are in the situation of complete wetting, i.e.the
particle will spread out to form a thin layer separating V from S. Otherwise the equilibrium shape
is obtained by an appropriate dilatation of K ﬁv in order to adjust its volume. In the latter case

there are still three possibilities:

Complete drymg T";S - TI’:S < —TIJ;V,

Repelling wall: —T};V <Tys—Tps <0,
and

Attracting wall: 0 < TVS - TI{S < T};V

In the first case the shape K3 2y coincides with the “free” Wulff shape Kpy. In the case of a
repelling wall S the optimal shape K2 py is depicted in Figure 2.
Finally, in the case of an attracting wall, the optimal shape K3 v is presented in Figure 3.

Note that in the latter case the optimal PV interface can be represented as a function over the
“wetted” region PS. Our model tacitly assumes the attractiveness of the wall:

: A , ‘
i.e. our results pertain to this case only. Strict positivity of Ay, which emerges in the macroscopic
limit for the model we consider here is discussed in Subsection 8.2.



FIGURE 3

We proceed by specifying the exact expression for the energy in the harmonic case.

1.2. The macroscopic description of the harmonic crystal. For the Gaussian model we consider
here, the angle dependent surface tension is defined as follows (see [22] for general definitions and
related properties) : R

Let ¢ € R?, and consider the Gaussian random field over Sy £ NS(1) N Z2 S N[-1,12NnZ?
with the Hamiltonian :

1 | 2 s
’HN’f(:E) = 5 Z(xk — .’El) , TE R-N
(kb
with £-tilted boundary conditions on dSn:

Tk = (6’ k)a

for k € 8Sy, where (s, ) is the scalar product in R?, and 8Sy is the outer boundary of Sy, i.e.
the set of points in Z2 \ Sy which have a neighbor in Sy. The sum in the above definition of the
Hamiltonian is over unordered pairs of nearest neighbor points in Sy U 8Sy. Then the Gaussian
surface tension o¢ in the direction of the unit vector n € S% n = \/11_'_?(5 ,1), is defined by

og(n) = ! lim ! log g
G V1 + |€]2 N—voo N2 ZNnp’
where the partition function Zy ¢ is given by:

ZNg = / e Mre(@) gy
RSN :

In the Gaussian case one can easily compute og

og(n) = %

€
JI+EP |
Consequently, the integrated Gaussian surface tension over an interface, parametrized by a function '
u = u(z) is given by the integral
1
= [ |Vul*dz.
5 [ Ivu

With this computation in mind we proceed to define the macroscopic model in more precise terms.
Let H%? be the usual Sobolev space of functions with one square integrable weak derivative, and
Hé’z be the ones with compact support. If D is an open set, we denote by Hé’z(D) the H'?
functions which have a compact support in D. A nonnegative function u € Hé 2 is called a profile,
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and supp(u) (which is uniquely defined by u, up to Lebesgue measure 0) the wetted region. Then
the energy of the particle with the profile u is given by

1 |
(12.1) Bw) = /D Vul? do + A | supp(u)],

Where Ay is assumed to be positive, Ay > 0. We define the harmomc crystal of volume v to be the
H 2 solution to the variational problem

(1.2.2) ~ E(u) = min, given V(u) = /udm=v

Note that if u solves (1.2.2), then so do all the shifts of u, u(z + ), for any z € R%. Below we will
see that actually all the solutions of (1.2.2) are shifts of some function h,(e).
In order to determine h,, we remark the the minimum in (1.2.2) equals

(1.2.3) inf( inf inf / |Vu|? dz + Afa),
‘ ' a \D openueHl 2(D) D
IDl=e "y ()=

and thus, (1.2.2) is splitted into three minimization problems which we can all solve. Indeed,

2

1.2.4 inf / Vul? dz = —

( ) weHL2(D) DI | x(D)
V(u)=v

where x(D) is the torsional rigidity of D [28], given by

(1.2.5) ( x(D) =/ up(z)dz,
D
where, up is the solution of the Poisson equation
Aup =-—1 inD
uplop =0.

Moreover, the infimum in (1.2.4) is attained at u% = (v/x(D))up. Next, it is well known [28], that .
the maximal torsional rigidity over domains of a fixed area a is the one for the circle B,,

2. : D) =x(B,) = —.
(1.2.6) max X(D) = x(Ba) = =
Substituting this into (1.2.3) we find that the optimal area @ = @(v, Ay) is found by minimizing
the convex function ‘
471'1)

—}-Afa

and the optimal profile h, is given by

(1.2.7) ho(z) = 2 (1 - ”|;|2) VO

a

Obviously, any shift of h, is also optimal, and these are all the solutions of (1.2.2).
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1.3. The microscopic model and the result. The first result on the droplet shape in the scaling

limit of a Gaussian higher dimensional model is contained in a recent article [3], based on results

on entropic repulsion for Gaussian lattice fields. In this model however, the wetted region played
no role, more precisely, all the microscopic droplets under consideration were bound to wet the
square S(1) = [—1,1]? (actually in [3] all the computations were done in the general case of d > 1
dimensional cubes).

In order to obtain limit shapes given by (1.2.7) one has to consider a “gas of droplets” with
varying microscopic wetted regions as, for example, the one studied in [9] in the case of 1 + 1-
dimensional models. To set up notations, let Sy = NS(1) NZ? and Qy = R¥. Our random field
X (o) € Qp represents then the heights of droplets at lattice points £ € Sy and we assume that all
the mass of the particle is confined to the box Sy, i.e. X(e) =0 on Z?\ Sy. We define

P b ZT) = 9}— X 1 i — 2
(1.3.1) Pr(X(s) edo)= ge p{ 3 2 {k—1=1(Tk = 21) }

X [Tresy (€77 der + 8o (dzr)) [Treza sy So(dzs),

“where | o | denotes the L'-norm on Z2. The dy(dxy) part is responsible for the attraction between
the surface and the wall. If it is absent, we have the purely Gaussian model which had been starting
point of [3]. Our model becomes more transparent, if we rewrite it in a different form after opening
all the brackets on the right hand side of (1.3.1): '

I@N(X(O) €dz) = % > ACSy e~ 714l exp{%{A&z,m)}

X [Ixea 9ok [Trez2\ 4 S0(dzt),

where | A| is the cardinality of A, Aq is the lattice Laplacian and (e, e) is the scalar product in RZ?,
Indeed,the expression above gives joint distribution of the microscopic wetted region A C Sy and
microscopic droplet profiles X (o) over A. Our scaled microscopic profile £y € L*(R?) is given by

1
(1.3.2) En(z) = ¥ > X (k) Ljk-Naoj<1/2}
kez2 ’

where ||(z1, z2)]| 2 max(|z1|, |z2]). Thus, £x is just a scaled plaquette reconstruction of the micro-
scopic particle profile over R? from the field X (e). Note that

supp(éw) S S(1).
Finally, define the volume Vi of the gas of droplets as

vy 2 3 X(k) = N3/ ¢n(z) dz.

keSn 5(1)
We are going to prove a result about convergence to the opﬁmal harmonic shape under the hard
wall condition
X(e) € Q4 2 {z(e) € R%" : z(k) >0V k € Z2}.
Define: R R ‘
IPN,‘*‘ = 1P)N( . I Q-l-))

Theorem A. For each J € R define

1 2N+

A = Asn(J) = J + —1o .
iN #n(J) Sl &



where EN,+ 2 ’Z\N]/IBN(Qﬂu), EN is the normalizing constant in (1.3.1) and
(1.3.3) A / exp(1/2(Anz, z)) dr,
Qn

Ap being the lattice Laplacian with zero boundary conditions on Sy. Then the limit
1.34 As=1i

(1.34) f= lm Asy

ezists and is a nondecreasing convez nonnegative function of J. Moreover,

(1.3.5) ' Af(J) >0

for J large enough.

Assume now that J is such that (1.3.5) holds and let v > 0 be fized (and small enough to enable
B; C 5(1)) and let hy(e) be given by (1.2.7) wzth a= a(v Ay). Then there ezists a sequence vy,
limy_o0o vy = 0, such that

(1.3.6) Py,+ (felgg [hy(z + o) — En(®)ll 1 (mey > VN,VN > N3v> <vy.

‘ The theorem above implies a sharp concentration of microscopic profiles around the optimal
harmonic crystal shape (1.2.7) under the measures (1.3.1) and the hard wall condition Q..

Remark 1.8.1. In contrast with the situation in {3], the box Sy is playing here a very minor réle
and could be replaced by any region NV NZ2, V C R?, where V satisfies the condition that some
translate of Bj is contained in V, and still the same limiting shape would appear. It is in fact true,
although we don’t need thls, that a thermodynamic limit P of PN as N — oo exists and defines
a random field on Z2 (see [11]). Of course, we cannot start with P, as then, due to translation
invariance, the droplet does not “know” where to emerge, but it should be obv1ous that the only
r6le of the finite box Sx is to keep the droplet confined.

In the next section we sketch the scheme of the proof and describe the principal results and
estimates involved. Subsequent sections are devoted to rigorous proofs of these results: section 3
deals with the coarse graining, section 4 with the estimates on various partition functions, section 5
with the stability of the related torsional rigidity problem, section 6 with the concentration estimates
over fixed wetted regions, section 7 with the approximation of relevant macroscopic quantities by
their mesoscopic counterparts, and, finally, section 8 contains the proof of the main Theorem A.

Remark 1.5.2. In what follows we shall use two types of constants: fixed constants related to
coarse graining or symbols like 7, and two varying constants ¢ and . The exact values of the
latter convention are of no importance for us, except that they should belong to (0, c0). Moreover,
they will always enter the estimates below in such a way, that if a certain estimate is true with
(c,8), it will also be true with (¢',d’), where ¢ > ¢ and §' < §. Thus, whenever we write ¢ (§)
we actually mean the maximum (minimum) of the corresponding constant over all the estimates
involved. Luckily, we get by with only finite number of them, so, all the results remain valid under
this convention.

2. OQOUTLINE OF THE PROOF

2.1;. Strategy. For A C Sy let A4 to denote the lattice Laplacian with zero boundary conditions on
A. Define ‘ ‘

; 1 1,.
(2.1.1) Pa(X(e) €dz) = Zexp (§<AA9:,1: ) H dry H 50 dzk),
k€A keZ2\A
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where the partition function Z4 is given by
1
(2.1.2) Zy = / exp(—(AAm,:z:>> dz.
RA 2

Then Py 4 is a convex combination;
Z4

(2.1.3) Pyi(e)= > el Z2py(e; Q).
ACSn ZN,+

Under each P4 the volume Vi has a Gaussian distribution, and it is not difficult to compute that

2
2.1.4 Pa(Viy > N30) = ex (—N2 Y _(1+o(1 )
where xn(A) is the approximate torsional rigidity of A, given by
1
(2.1.5) xn(4) = 35 D uan,
‘ keA

where ug y € R4 solves
(2.1.6) * N?Ajuay = —1in A.

One might naively think that the main contribution to @N(VN > N3v) in the representation (2.1.3)
comes from those A-s which are close in shape to some optimal microscopic wetted region Aqp,

which minimizes

2

xn(4)

This, however, is not the case. It turns out that microscopically the wetted region under @N,Jr is
given by an almost optimal shape, which supports most of the droplet volume and a non negligible
“noisy” shallow region. One already sees the problem, when remarking that the logarithm of the
number of terms in the right hand side of (2.1.3) is of the same order of magnitude as (2.1.7). In
other words, on the microscopic scale the entropy competes with probabilistic weights. Note also
that the macroscopic quantity Ay in (1.3.4) is not produced in (2.1.7).

As usual, in order to cancel the entropy and to generate all the relevant macroscopic quanti-
ties, one has to introduce an intermediate (mesoscopic) scale. We describe this scale in the next
subsection, it enables us to restrict attention to mesoscopic wetted regions B C Sy, which are
composed of blocks of the size N®, b € (0,1). We then decompose ]@N,.;. according to the value of
the mesoscopic wetted region M; ‘

Pyi(e) = D PByu(s; M=B)
BCSy
mesoscoplc

(2.1.7) J|A| —log Z4 + N?

In its turn, due to our basic expansion (2.1.3) of @N,-i- in microscopic wetted regions,

(2.1.8) Pyi(e; M=B) = Y e—JlAlipA(.; M=B; Q).

ACSw ZN +
It happens that the essential contribution to the above sum comes only from those microscopic
A C Sy, which cover B sufficiently well. A precise formulation of the latter statement is given in
Subsection 2.2. Thus, given a mesoscopic B C Sy, the sum on the right hand side of (2.1.8) is
effectively only over A-s, satisfying B C A. In order to make estimates on such a sum one should
be able to decouple both Z4 and Z N,+ over the boundary of B. The corresponding estimates on
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various partition functions are stated in Subsection 2.3. Roughly all this leads to the representation
of By + as

o s 2
(2.1.9) Pyi(e)m Y e 1Bl ZE ppe; ),
BCSy . ZB:"‘
mesoscopic .

where Z B + is defined analogously to A N,+, with B playmg the role of Sy. Note that there are only
2

O(es¥* "™ terms in the right hand side of (2.1. 10). Thus the mesoscopic wetted regions should

concentrate around minimizers of

23.4_ 1 1)2
A P A,
N2 g T (B

Provided that EY; :(B) is a good approximation to

IBI

(2.1.10) ' E¥ 4(B) &

|B] 1 o2

I T 3B

and that the shape of the infimum in (1.2.3) is stable, one obtains a concentration of the meso-
scopic wetted regions around the shifts of macroscopic optimal Bj, and the problem is reduced to
concentration estimates on

Pp+(o| Viv > Nv)
for almost optimal B. The latter task can be accomplished by means of Gaussian computations,
which however yield concentration around
: o .
| =)
instead of h,. Thus, the last step should be to estimate the L'(R?) deviation of up y from h, for

almost optimal B.
To summarize we have the following tasks to perform:

1. Coarse graining, i.e. introduction of an intermediate mesoscopic scale and derivation of the
corresponding control estimates,

Estimates on the partition functions Z4 and Z B+

Stability estimates on the torsional rigidity,

Concentration estimates on Pg_ (o[Vy > N3v) for B close to B,

Approx1mat10n of x by xn and of hy by u% .

O o

We proceed by stating all the relevant results along these lines. The proofs are relegated to
subsequent sections.

2.2. Coarse graining. Our coarse graining procedure is based on ideas introduced by Donsker and
Varadhan in their treatment of the Wiener sausage. There are two scales involved:

1. The coarse graining scale M = N®,
and
2. The cutting level H = N7, v € (0, 1).
The choice of b and = is specified in subsection 3.1 below, but we always assume for notational
convenience that 2M + 1 divides 2N + 1, but this is, of course, of no importance. Recall that
S(1) = [-1,1]? and Sy = NS(1) N Z2. We define the smoothing kernel I'js, supported in Sy, as
follows:
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Let D = {i € Z?: ||i| = k} = 98y and set Di(i) = i + Dy to denote the boundary of the
k-square Si(i) centered at i, and let {9, }nen to denote the simple random walk on Z2. For any
i € Z? and j € Dy (i) define :

(221) ) 'Yk(Z,J) = P?W(T]TD,C(,-) = .7)7

where P*W is the law of 7, starting at 1, and TD, (i) 18 the first hitting time of Dy (i) by ne. Then
we define

(22.2) Ta(i, ) = M(M+1 Zk’Yk('L 7)-

Note that I'ps (%, @) is a probability measure on Sps(7). Also, v and I'ys are shift invariant; v¢(Z,7) =
(i — §) and Tps(4,5) = Tps(é — ). The smoothened field X); € RZ” is defined by -

(2.2.3) Xa(i) = ZI‘M(i -)X(G), iez

Note that X s = 0 outside Sy under JSN- Define the coarse grained lattice
=(2M +1)Z*.
The next step is to split Z? into the blocks of the size M:

U SM(z

i€Z?,
Our coarse grained field X wm(e) is defined to be constant on each of these blocks, namely

(2.2.4) XM Z X () Lqj5-il| <1}
: ZEZZ

Obviously, the support of Xz is contained in Sy.
. We shall call a finite union of M-blocks Sps(4); @ € Z3%,, a mesoscopic region. Remark that the
number of mesoscopic subsets of Sy equals to :

9(@N+1)2/(2M+1)? < oV /M) _ exp(V2(1-1) 1og 2).
Given our cutting level H = N77, we deﬁne the mesoscopic wetted region
M= M(Xy) = {ieZ?: Xy > H} C Sy

The mesoscopic M-scale above leads to “entropic reduction” in the representation of I?’N given
in (1.3). In fact, this representation has just too many summands to be immediately useful. The
small heights cutoff given by H is necessary to get rid of the “shallow” part of the wetted region
and, simultaneously, to produce the macroscopic quantity Ay. It happens that as far as questions
of concentrations are considered, one can restrict attention to mesoscopic profiles:

Theorem 2.2.1. For all N and all' A C Sy, _
, 1
(2.2.5) PA(Z IX (i) — Xp(3)] > N%~ 5) < exp <—~N2+‘5>
i€Z2
Consequently, if £ ar is the scaled plaquette reconstruction from X M, €.

Evm(z) = Z Xar(k) - —Na<1/2}s
Nz
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then
(2.2.6) @N(]KN - EN,M”LI(R2) > N—J) < exp (-—-(IEN%"S).

This super exponential estimate lies at the heart of our coarse graining approach.

We need also another super exponential estimate, which we call the volume filling lemma. It
asserts that a IMesoscopic wetted region B cannot be effectively produced by P4 in the decomposi-
tion (2.1.3) of By .+, unless B is sufficiently well covered by A.

Lemma 2.2.2. For all N and A, B C Sy,
(2.2.7) \ ]P’A(M()?M) = B) S-exp (_%N2+6>
as soon as |B\ A| > N2-9,

2.3. Estimates on partition functions. Let A C Sy. We use the following notations:

23.1) oA ={ked: e\ Awith k-1 =1}
(232) 4 = {keA i =z > t}

Lemma 2.3.1. a) There exist constants g, > O, such that fof any A € 72

(2.3.3) q]A[—rmta,xlaAtl < logZs < ql4|.

b) For any t > 0, there exists a constant’§ > O such that for any mesoscopic wetted region
‘B € Z?, satisfying |B| > tN?,

log 7

« - .
(2.3.4) g—cN " logN < e q

¢) For any mesoscopic region B C Sy and any sets A C Sy \ B and C C B;

1 Zave

3. , < = < eN7P
(2.3.5) 0 < ¥ log Zilo = cN
d) For any sets B, A and C as above
P Q \
(2.3.6) —eN-S < log wo(e) s

N2 PPA(Q4)Pe(Qy) —

Remark 2.8.2. The condition of |B| > tN? is not essential, but it simplifies the proof of (2.3.4).
The notion of ¢ > 0 being small enough is quantified in Subsection 8.1. If ¢ > 0 is chosen small
enough, the restriction to mesoscopic regions satisfying |B| > tN? will be seen to be harmless, as
regions where this fails have a negligible contribution in (2.1.9) for the events we are interested in.
(See the proof of Proposition 8.1.2.)
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2.4. Stability results for the torsional rigidity. Let D C R? be a bounded domain with a
piecewise C2 boundary, up the solution of the Poisson equation

' —1lin D

0

Aup
U|R2\D

and let lev,up be the level sets of up,
levoup={z €D : up(z) > u}

Define a(p) = |levyup|. Then, a(u) is a strictly decreasing continuous function and let p = p(a) :
[0,|D|] = R4, be the inverse of a(s). Finally, set

D, =levyup and Ip(a)=|0D,|.

Note, that |Dg| = a and {p(a) > |0B,|, where as in the Subsection 1.2 B, is the circle of the area
a.

Theorem 2.4.1.

Dl g2
(2.4.1) x(D) < /0 o)y
and
|D| s(a
(2.42) e X(B) = x(D) = x(Bp) ~x(D) > - /0 a(l - ﬁ%) da.

The right hand side of (2.4.2) is a measure of deviation of D from the shape of the circle B p,
and the claim itself asserts that the torsional rigidity is stable with respect to this measure. From
the representation :

1
x(D) = 5/ EZMrp de,
D

where 7p is the first exit time from D of the two dimensional Brownian motion, it is clear the
Xx(e) cannot be stable with respect to the Hausdorff distance, indeed adding a thin long hair
does not change substantially both the area and the torsional rigidity. We shall see, however,
that Theorem 2.4.1 above already implies stability with respect to another “natural” measure of
deviation — the area of symmetric difference, ‘

(2.4.3) da(D) = iand}DA(a: +Bip))|-
TE .
An even more important consequence for us hére is the stability with respect to the inradius of D:

Let D be simply connected and let o = (D) be the inradius (i.e. the radius of the largest inscribed
circle) of D. Note that :

D
e o(B) = o(B|p|) = %
Lemma 2.4.2. ‘
(2.4.4) o(Bp))? — o(D)? = E;l —o(D)* < c\a/;((B|D[) = x(D)-

As a consequence we obtain the following result on the L'(R?) stability of the crystal shape: Let
v
Ei(D)= ——=+A
and u}, = \/v/x(D)up, i.e. u% is the shape of the minimal energy harmonic drop of the volume v
bound to wet D. Then,
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Lemma 2.4.3. Let D C S(1) with a piecewise smooth boundary 8D, and let v be a fized number;
v > 0 Then,

(2.4.5) Jnf Jlub = ho(e + )l < c\G/E}’,(D) — EY(By
where h, is the harmonic crystal shape defined in (1.2.7).
Remark 2.4.4. The power 1/6 in (2.4.5) is by no means optimal, but is adequate for our purpose;

In Lemma 2.4.3 the region D is not required to be simply connected.

2.5. Concentration of Pp(e [ Vy > N3v). Let A C Sy, and uy n is the solution of the approxi-
mate Poisson equation (2.1.5) on A. Define @ y : S(1) = R as ‘

v
2.5.1 % y(z) = —— U E)Liik—Nz .
(2.5.1) an(z) @ ng AN (k)L {jk-Na|<1/2} |

Then the following estimate on the concentration of the scaled profile {x(e), defined in (1.3.2),
around @} y is valid: ‘

Lemma 2.5.1. ‘For each A C Sy and a € Ry,
. : 2
(2.5.2) ]PA(Hé'N - ?jz,N”Ll(RZ) >a \ Vv > N3’U) < exp(—a?N:’z).

2.6. Approximation by discrete quantities. For a mesoscopic region B C Sy we define B C S(1)
by ; :

(2.6.1) | B= J_if— U (k + %S(l)).

keB

Lemma 2.6.1.
(2.6.2) xw(B) = x(B)] < eN7°.
uniformly in N and mesoscopic B C Sy.

This, combined with the estimates on the pé.rtition functions stated in Lemma 2.3.1, leads to
the following approximation result:

Lemma 2.6.2. For any t > 0 there ezist § = §(t) > 0 and ¢ = c(t) > 0, such that any mesoscopic
B C Sy, satisfying |B| > tN? and xn(B) > t, also satisfies :

(2.6.3) |E}(B) — By 4(B)| < N7,
where Ey ¢(B) is gien by (2.1.10), and, as before, E}’(B) = Af|B| + %—vz/x(B).
Finally, we get the following stability estimate for mesoscopic wetted regions B:

- Lemma 2.6.3. For any mesoscopic B C SN;

(2.6.4) inf |4, x — ho(e + o)llL1@r) < C{J/I]E%,f‘(B) — E%(Bg)|

where Ug p 15 the approzimated profile defined in (2.5.1), and @ is the area of the optimal wetted
region, which was defined in Subsection 1.2. \
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3. COARSE GRAINING.

3.1. Scaling parameters. We start by fixing a small (say b < 0.1) but positive value of . The
exact condition on the “smallness” of b will be be made precise at the end of Subsection 3.2. We
choose « satisfying

v+ 2 <1 <1420 < y+db

The first inequality enables to make the following reduction, which paves the way to the proof of
Theorem A in the Subsection 8.1:

Let i € Z2, and assume that X1(i) < N7, that is assume that Sas(¢) N M(Xas) = 0. Then, for
each v/ E('y+2b 1), :

{i ¢ M(Xy)}NQy = {X(k) <cNY Ve Sy(i)}

This implication is explained in Subsection 8.1. Finally, the inequality 1 + 2§ < 7 + 4b is used to
prove the volume filling estimate of Subsection 3.3. :

3.2. Proof of Theorem 2.2.1. v
Proposition 3.2.1. For all A C Sy and for any t € Ry, the following estimate holds:
1
(3.2.1) ]P’A< > X (k) - XM(k)| > tN3> < exp <cN2 N2+8bt2)
keSn

Remark 3.2.2. The claim of Theorem 2.2.1 follows from the propos1t10n above, if we take t = N ¢
for 0 small enough. :

Proof: We follow [13], to estimate

(3.2.2) Py (keZSN | X (k) — )?M(k)l > tN3> < g@N+1)? ,e{rffﬁs]v Pa(Yar(o) > N3%),
where 5
Yu(0) £ 3 o(k)(X (k) — Xar(k)).
keSy

Now, Yas(0) is zero mean Gaussian under each P4 with the variance V' (A4, a) Ea(Yar(o))? given
by

(3.2.3) V(4,0) Z Z o0 2a(i, i)
k k’€Z2 1€Spr (k)
1 ESM(k')

where A4(e, o) is given by

-)-\A('i,i’ ——GA’L'L ZPM —5)Ga(3,7)
—ZFM(k — )Gali, )
J'/

+ Z Tae(k = ))Tae(K = 7)G (5, 5')-
3,3

G 4 above stays for the Green function of the simple random walk on A with zero boundary
conditions, and the smoothing kernel I'y; was defined in (2.2.2).
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P1ck now a € (0, 1) a> b, (the exact value is to be specified later), and set L = N°. In order to

We introduce, then, the following families of pairs of subindices (k, k') € Z3, x Z2,:

A ={(k,K) : [k=F|>20L+1and {kk}n(A\ I 4) A0},
Ay ={(kK): [=K] <21},

As = {(kK): {k,K'} C AU A}

Setting
na
U(k, k') = ae{r_nﬁic}s Z Z 0i0iAa(3, i),
i€Spr (k) i €S (k')
we obtain:
(3.2.4) V(A4,0) <Y Ualk, k’) + WAk K+ Z U4k, k).
A ,

Estimate on ), : Assume that k¥ € A\ dr4 and ||k — k'|| > 2L + 1.  This means that

Sp(k) € A\ Sp(k'). Consequently, for each ! € S(k'), the function
s GA(i,l)
is harmonic on Sz,(k). Therefore, for i € SM(k) and i’ € Syr(k'),

S\A(i,i')=[GA(i,i) GA(k )+ Y Ty —5)Galk,5') - Gali,i")].

IESN(kI)
Similarly, for each [ € Spr(k’), the function
i Ga(i,l) — Ga(k,l)

is again harmonic on Sz, (k) and equals to zero at ¢ = k. Also, by Theorem 1.6.6 in [20],

(3.2.5) Ga(i,l) < Ggy(0,0) < clog N.
Consequently, using Theorem 1.7.1. a) of [20], we infer that there exists a constant ¢ > 0, such that
M ‘
(krlf}?é(Al :ggﬁ:?) Aa(,d)| < e logN
Therefore, '
(3.2.6) > Wk, K) <cN*N*°log N
e a

for some ¢ > 0.
Estimate on Z A,° From (3.2.5) and a trivial estimate

o] < NP,
it follows that

(3.2.7) S Wa(k,K) < N2 log N.
. As



16

Estimate on ) ,_:. Note, first of all, that

Z Z ())o(i")Aa(s,d") ZGA i,3 )T (0)(3,1),

i€Sp (k) i'€Snr (k') 1,8
where

Fae(0)(i,1) = o(i)al(i )—U(z)FM(kZ) Y. oW —o@Tuk—i) > o)

VeSp (k') leSp (k)
+ Tk — Ty (K —1) D> o) Y. o).
1S (k) U'eSp (k')

However, due to our definition of the kernel I'jr(e) and by the well known results on the exit
dlstrlbutlon of the simple random walk (see e.g. Lemma 1.7.4 in [20]), there exists a constant ¢ > 1,

such that ——g <Tp(l) € % for alll € Sy As a result, all |F Ml are, independently of M and o,
bounded above by some ﬁmte constant ¢ > 0, and
(3.2.8) Z\PA (k,K)<c Y Ga(i,jg)

1.7€aLA

Thus, it remains to estimate the rlght hand side of (3.2.8).
Let T4 be the exit time of a simple random walk (RW) from A. Define the following sequence of
stoppmg times:
=inf{n>0:n, €0An<T4},
and for m > 1,
Tm+1 = inf{n > L4+ 7y i qp €0LA, N < T4}
(with the usual convention inf{0} = 00). Then, for each i € 9.4,

TA
> Gali i) =EF" > 145, 4(nn) < L* Z PRV (1, < 00).
JjeILA n=0 m=1
Now, for each i € 9.4,
IP?W(%A > L[?)<1~— min P& (T{k} < L?).

Ikl <L
But,
(3.2.9) | PEW (r4y < L) > o/log L Vk €|k <L
for some g > 0. In fact, we have by the last exit decomposition
o L2
P (ray S LP) = Y B (6 = B) PEY (i > L),
) m=1

From the standard local central limit theorem, we have PEW (¢, = k) > ¢/L?, if L?/2 < k < L?,
and m has the same parity as k. Therefore ‘

L2
Y P& =k) 2c>0.

m=1

On the other hand, it is known that P (r(oy > L?) ~ m/2log L (see (31], Section 16, Theorem E.1).
Therefore, (3.2.9) follows. Consequently,

PRY (7, < 00) < (1 — o/ log L)™,
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and ,
(3.2.10) > W4k, ') < cN**10g N.
Az .
Combining (3.2.6), (3.2.7) and (3.2.10), we obtain that there exists ¢ > 0, such that ¥ A C Sy,
~(3.2.11) max _ V(4,0) < c(N?**20log N 4+ N4+b-a),
oe{-1,1}5~8 :

Therefore with b € (0,1) fixed the optimal a to yield the best possible estimate along these lines is
given by 2 + 2a = 4+ b — a < 4. For our purposes, however, it would be suﬁic1ent to remark that
for a choice of b € (0,1) small enough, (3.2.11) implies that

max  V(A,0) < cN*%,
oe{-1,1}°~

In a view of (3.2.2) this leads to the claim of the proposition.

3.3. Volume filling estimate. The volume filling lemma (Lemma 2.2.2) is a direct consequence
of (3.2.1). Indeed if |B\ A| > N?~%, then P4-a.s. on {u(Xy) = B},

X (k) — Xar(k)| > N¥+7,
kESN

Therefore, by virtue of (3.2.1), for any such A4,
Pa(M(Xy) = B) <exp (cN2 - £N2(7+4b-5))_
' c

Thus, (2.2.7) follows, as soon as
vy 4+ 4b — 6 > 1 + 4,

which is one of the two scaling conditions, specified in Subsection 3.1

4. ESTIMATES ON PARTITION FUNCTIONS.

4.1. Random walk representation. Recall that for A € Z2, we have defined Z4 as
ZL;==][ éXp<: Z&Aw T ) II dwm
RA keA
where A 4 is the discrete Dirichlet Laplacian on A C Z?;
‘ Ay =4(Py— 1),

where I is the identity operator, and P4 the transition matrix of the simple random walk, killed
at exiting from A. Let Af; k =1,...,|Al, be the eigenvalues of —Ay, and uf; k=1,...,|4|, the
corresponding eigenvalues of Pg; ,

M= 41— ud).
Then,
-4l 1A
_ 4] 1 a_A, 7 1 _
(4.1.1) logZa = 5 log 27 — 5 kz—:llog/\ =% log 23 kz:llog(l [.l,k)

We follow [14] in our approach to the right hand side of (4.1.1): Note, first of all, that
14| 1 &l

> log(1- ) = z Zuk' =~ STx(PR).
n=1
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Furthermore, since obviously Tr(P%) = 0 for any odd n, we obtain:

- 14 00 '
) ' Ay i 2n
(4.12) ;bga pd) = nz::l 5 Tr(PE").

To investigate the right hand side of (4.1.2) we use the following random walk representation:

Te(PF") = > P (m2n = k;a > 2n),

k€A
and, consequently,
_ |4] :
(4.1.3) — Z log(1 — pf) Z Z —IP (nan = k,74 > 2n),
k=1 kcAn=1

where 74 is the first exit time from A.

4.2. Estimates of Z4. It is easy to see what the volume term of (4.1.3) is. Let 77, T5,...

h1tt1ng times of 0 C Z2 by our random walk. Set

(4.2.1) - g=E}" Z Z 7B (2 = 0).

Then, as it follows from (4.1.3),
14]

(422) ~ " log(1 — uf) < al4l.
k=1

be the

Remark 4.2.1. Note that the right hand side of (4.2.1) is summable, since by the local CLT (see

e.g. [20], Theorem 1.2.1). P& (2, = 0) ~ 1/n.
Proposition 4.2.2. Define

o0
— L Rw
(4.2.3) r= nZ_l%Eo ,, (1 Joax [l )1{%:0}-
" Then, r < oo, and for each A @ Z2,
‘ 4]
(4.2.4) - Z log(1 — pg) > qlA| —r max |0A:],
k=1

where A; was defined in Subsection 2.3.

Proof: Consider

A
atn) S B5 ( gz, ol | 2n =0).

We claim that
(4.2.5) g(n) <ecvn

for some ¢ > 0. Since, as mentioned before, P ( k

fon = 0) ~ 1/n, the n-th term in the sum on the

right hand side of (4.2.3) is, thereby, of order n=3/2, and r < oo as claimed. To show (4.2.5) set

Yn = maxi<m<on |ml- Then for each K € Z,

(4.2.6) g(n) =B (Yo |non =0) < K+ > PEY (Yo > k| 2n = 0).
E>K ‘ '



19

However,

1

RW —0) — . ,
(4.2.7) P (Y > k|n2n =0) = ]P’RW(—=65E§W Lirg,<on} L {n2n=0}s

where 7, is the exist time from the box S;. Decomposing the expectation in the right hand side
of (4.2.7) we obtain

2n
B 1rg, <onyL{nn=0y = D B Loy, _ yPIY (30— = 0).

m=1

By the local CLT, Vy : |ly|| =k € [K, 2n],

' ' ' 2 k?
I]3.1)_11111/‘/'(77271—171. = 0) < (1 + O(l))m expﬁ(— >

2n—m

Therefore, optimizing in the right hand side above and substituting the result into (4.2.7), w
obtain that ,

‘ PRW Y2>k I Mn = O) CE—]POW(YH Zk)
for some ¢ > 0. Thus, choosing K = /n, we infer from (4.2.6) that
gln) <Vn+e > PEV (Y, > k) < v+ BV Y,
k>/n

Finally, EE"'Y,, is of order /n by the usual submartingale argument.
We turn now to the proof of (4.2.4): By (4.1.3),

14]

(4.2.8) = Elog (1- ) =qla| -} Z —Pk (N2 = k, 74 < 2n).

keAn=1

Recall that for t € N we defined A; = {k € A : minjegza\4 Il — k| > t}. Now, if k € dA,,

oo
1
2—2—— W(nan = k,74 < 2n) <Z—]P’0 (men = 0;7s, < 2n).

n=1
Therefore,
> Z —P,?W(nzn = k,74 < 2n)
(4.2.9) eanat ” |
» < maxlBAt] Z Z ]PO (m2n = 0,75, < 2n).
tot et 2 ‘
However,

) | ,
> B (m2n = 0575, < 2n) = EF" Yalgg,, =0},

where, as before, Y, = maxXi<m<on ||m|l- Consequently, the right hand side of (4.2.9) equals
r max; |0A:|, and, substituting the latter estimate into (4.2.8), we arrive at the claim of the propo-
sition.
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Our next task is to prove the decoupling estimate (2.3.5). Let A, B, C be as in the conditions
of Lemma 2.3.1 c), i.e. B C Sy is a mesoscopic region, A C Sy \ B and C C B. Then it follows
from (4.1.1) and the representation (4.1.3),

ZAVC - 1 RW “
0< 21 = —P; n = k; <2
< 2log 7 7o kEEA: n§=1: o (2 T4 < 2n < Tave)

‘f‘ZZ——Pk 772n=k,TC§2n<TAVC)-
keCn=1

(4.2.10)

The contribution to the right hand side of (4.2.10) comes only from those random walks, which
start in A (respectively C), and in 2An steps visit C (respectively A) without leaving AV C. Any
such random walk has to cross 9gC=0B N C. Consequently

Zave
2logZ Z < Z ZIP’k (M2n = k,Tavc > 2n)
kedgCn=1

< RW — 7. 9
< 850 kglaa;ngnZ:;Pk (12 = k; Tsy > 2n)
= [830] max GSN(k k)

where Gg, is the Green’s function of the 51mple random walk, killed upon an exist from Sy.
However, by Theorem 1.6.6 of [20], maxges, Gsy (k, k) < clog N for some ¢ > 0. Also, by the very
definition of the mesoscopic region, |8pC| < |0B| < cN?7b. Therefore,

1.z
~log 2AYC < ¢log N|85C| < eN?blog N
2 ZaZc

as was asserted in (2.3.5).

4.3. Estimates on Zp. The partition function Z, obviously possesses the following superadditive
property:
(4.3.1) BN B =0 = log Zpyp > log Zp + log Zp:.

Because of the results of the previous subsection, one can supplement (4.3.1) with an appropriate
lower bound:

(4.3.2) Zpyp =Y Y e 74O Z, 0 < exp(c|0B'|log N)Zs Zc,
ACBCCBH

where, ;

8gB'={k€ B :3l€Bwith |[k—1I|| =1} < eN?™. |

For each k € Z., define Q(k) = w%flOg Zsk- Then, {Q(2™k)}S_; is an increasing sequence, and,

by (4.3.2),

| Q™) < Q™k) < Q(2™k) + 5o log2™k.

' k
Thus, if we define,

(4.3.3) g= lim Q(2™F),
then, for k < N,
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Of course, we have to justify the tacit assumption that § in (4.3.3) doesn’t depend on the base k
chosen, but this again follows from (4.3.2), since for all &,/ € Z_,

log k
k) < Q) < ALk ) +e—m
and, in a completely symmetric way,
logl

Q) < Qkl) < Q1) + c——.

In particular, for M = N?®,
(4.3.4) QM) <4< QM) +cN™ blogN
Therefore, for a mesoscopic region B = VkeBgZ?M S (k),

Z ldg ZgM(k) <log ZB < Z log ZSM(k) + ch(l'b) log N.

keB keB
Since log ZSM(k) = (2N°+1)2Q(M), |B| = (2N°+1)?|B|, and also due to our assumption |B| > ¢t N2,
we conclude that for some ¢ = ¢(t) > 0,

o 1
QM
M= 15

and (2.3.4) now follows from (4.3.4).

4.4. The hard wall condition. If D C Sy, we denote by 87D the outer boundary of D, i.e. the
points which are not in D but have a neighbor point in D. If z € (R+)3+D , we write Pp , for
the law of the free field on RP with boundary condition z on 8T D. With this notation, we have
Ppo = Pp, where the latter is restricted to configurations on D. We will need some properties of
FKG type

Lemma 4.4.1. a) For allz € (R+)6+D, we have
Ppo(Q+) > Pp ().
b) Let D1 C Dy and f : RPt — R be bounded, measurable and increasing in all arguments. Then
Ep, (f(X) | 24) < Ep, ((X) | 24).

Proof. a) Let h, be the solution of the discrete Dirichlet problem in D, with boundary condition z
on 8tD. If X(i), ¢ € D, is distributed according to Pp, then X (z) + hg(?) is distributed according
to Ppg. As hy > 0, the statement follows.

b) If A C Sy, let Q4 be the event {X (i) > 0,i € A}. It was proved in [10], Lemma 3.1 that for
A C B the law Pg(e Iﬂj‘:) on R is associated, i.e. for any bounded measurable functions f;, fa
REZ — R which are increasing in all arguments, one has

Ep flleQ ) = Ep( f1|QA Ep(f2] Q%)

(See the proof of Lemma 3.1 of [10].) We apply this to B2 Dyand A2 (D1 U8 D;)N Ds. Settmg
PL , =Pp(e |Q4), we obtain for any t > 0

Ef 4 (f(X)| X(i) S t,i € %Dy 1 Do) SEf 4 (F(X))-

log Zp < Q(M) + cN~log N,

Letting t | 0, the Lhs. converges to Ep, (f(X) 1 Q4 ), and so we have
]EDl X)|Q+ <ED2(f IQ
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Using the fact that f and 1QD2\A are increasing, the r.h.s. is
4 ,

< EDz (f(X) ] Q+)>
which proves the claim. ' ' O

Lemma 4.4.2. Let ¢ > 0. Then there em’éts N, € N such that for N > N, and all D C Sy, we
have ‘

Pp(Q.) < 2Pp (Q+,maxXi < NE).
Proof. \
(4.4.1) Pp(Q) = Pp (m,, max X; < Nf) +Pp (ma.xXi > N¢ | Q+)]P’D(Q+).
. 1 4 .
By Lemma 4.4.1b), we have k ,
(44.2) Pp (mzaxXi > N¢ ]Q+) < Ps, (f??ijﬁ > N* | Q+) <Psy (Felg,l}éX, > Ne) [Psy (4).

The numerator is estimated in a rough way by

N25
. € 2 . € 2 _
Pg, (%%X, >N ) < 5N mzax]P’sN(Xz > N°¢) <5N exp( clogN)’

as the maximal variance of X; under Pg,, is of order log N. Pg, (Q) is of order exp(—c(log V)?)

(5] |

Let now A, C, B be as in the statement of Lemma 2.3.1, i.e. B is a mesoscopic region, and
C C B, AC Sy \ B. Let 0~ B be the set of points in B which are at distance 1 from 9B, i.e.
those points in B which can be joined by two bonds of the lattice with B but not with one. Let
D= 28"BNnC,D2£8BNC, Dt 2 9tBN A. We denote by YT, Y~, Y the restriction of a
configuration X to D, D™, and D respectively. If y* € RP", y~ € RP™, y € RP, we denote by
f(yT,y™ |y) the conditional density of the P4yc-law of (Y*,Y ™) given ¥ = y.
Lemma 4.4.3. If € > 0, then there exists ¢ > 0 such that
| |log f(y™,y™ |y) —log f(y*,y™ | 0)| < c[DIN*,
for 0 <y,yT,y~ < N¢. Here we write 0 <y < N° if all the components of y satisfy this condition.

Proof. With an abuse of notation, we write f(y™,y™) for the density of (Y*,Y ™) under Pavc, f(y)
for the density of Y, and f(y I yT,y~) for the conditional density of Y given (Y+,Y ™). Writing

flylyt )t y)

+ —_—
) y)= )
fly y» 1 ) 1)
we see that it suffices to prove :
(4.4.3) [log f(y|y*,y7) —log £(0]y*,y7)| < e[ DIN,
and
(4.4.4) |log £ (y) — log £(0)] < c|DIN?,

uniformly in 0 < y,y*,y~ < N¢. For some positive function ¢ : RPTYP™ s R we have

flylyty) = w(y+,y‘)exp{—% > W) —yTH)? - % Y. we) - y‘(j))yz}-
i€D i€D
jeD*jimjl=1 jeD=Jimjl=1
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Using this, (4.4.3) clearly follows. To prove (4.4.4), we introduce f(y) as the density of
Pyve{Y €o,|YT| <2N%, V™| < 2N%}.
Clearly

(4.4.5) 1) = Fu) + f@) Pave (ie max  |X(i)] > 2N° l Y= y)-

By a similar argument as in the proof of Lemma 4.4.2, we have

Jim Pavo max [ X(i)| > 2N¢ |¥ =y) =9,

\ie D+UD-
uniformly in 4,C C Sy, and |y| < N°¢. Using this, we get from (4.4.5):
(4.4.6) fly) < Fy) <27 (y),

uniformly in 4,C C Sk, |y| £ N¢, provided N is large enough. Now
fo) = [ Lo Sl Baol ) ()
{yt.lyt|<2Ne} J{y~ [y~ [<2N¢}

By an obvious slight modification of the argument leading to (4.4.3), this proves (4.4.4). O

Proof of Lémm‘a 2.3.1d) For two expressions ¢(A,C,N), ¥(A4,C,N) >0, where C C B, A C
Sy \ B, B mesoscopic, we write ¢ ~ 1 if

| log (4, C, N) —log (4, C, N)| < ¢|D|N?,
for any €, uniformly in A, B, C, if N is large enough. Let
c'2C\(DvD), A2 A\ DT

If y* € RPY y= € RP™, we write §(y*,y™) for the boundary condition on 8% (4’ vV C') which is
yT on DT, y~ on D~ and O otherwise. ’ '
Using Lemma 4.4.2, we get

Pave(Qy) ~ Pave(Qy and VYT, Y™ < N°)

= / PavcY " (dy) / dytdy Ty | Y) Paver g(Q4)
{0<y<Ne} {0<y+,y—<Ne}

N/ . ,PAVCY~1(dy)/ dytdy” f(y",y |0)Parver 5(Q4)
{0<y<Ne} {0<yt,y—<N¢}

= Pavc(0 <Y < N°)Plavenn (24,0 <YH, Y™ < N°)
~ Plavenn(Q2+)
=P4(Q24) P (Q4), |
where we have used Lemma 4.4.3 and Lemma 4.4.2. Applying that to A =0, we get
Po(4) ~ Bor()

_and therefore
Pave(Q4) ~ Pa(Q4) Po(Q4).
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5. STABILITY RESULTS FOR THE TORSIONAL RIGIDITY.

5.1. Main estimate. We use the notations introduced in the Subsection 2.4. Since up is analytic
in the interior of D, Vup = 0 at most at finitely many points inside D, and I',=0lev,up is an
analytic curve for all, except finitely many u € [0, maxup]. Following [2],

; ds 1 / ds
o (@) = —/ — = =T, | — —_
== | Wupl = U], Vo]

where we use |I',| to denote the length of I',. Therefore, by Jensen’s inequality,

< i [ P
a'(p) < —II‘,J|<I—m /1",, [Vuplds) = —a—(‘;-;s-.

Consequently,

a 1
> - > =
pmp(@)  p(a) 4m

for all but at most finite number of a € [0, |D|]. Now note that

x(D) = /D up(e)do = | ! a)da

/IDI (o) d ID| - 42 p
= - au(a ag/ - da,
0 o Ih(a)
and (2.4.1) follows.

An explicit calculation reveals that

(5.‘1.1)

|D| a2 |D|2
Subtracting (5.1.1) from (5.1.2) (recall s(a) = 21/7a), we obtain
ID| 1 1 1 Pl s(a)
_ 2 - > -
(5.1.3) x(Bp)) — x(D) 2/0 a (s(a)2 l%(a)) da > I ), a(l lp(a)) da,

and the proof of Theorem 2.4.1 is, thereby, concluded.

5.2. Stability of the inradius. Let D C S(1) be a simply connected (but not necessarily con-
nected) domain with a piecewise smooth boundary. Since for each a € [0,|D]], the inradius o(D,)
of D, satisfies 9(D,) < o(D), the Bonnensen inequality (see e.g [25], (4.7)) implies that

Ip(a)? — s(a)? > 7 (\f; - g<D>)2

for each a € [ro(D)?,|D|]. Therefore,

i (5l 0

and, consequently,
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At this point we stop pushing for precise constants, and simply observe that due to a trivial
estimate; Vo > 0, 1 — (1 + a)‘1/2 > a/2(l+ ),

s(a) _ 1 ‘
lD(a) Z Z(a - ﬂ-Q(D)Z)'

for all a € [ro(D)?,|D|] and c large enough. Substituting this into (5.1.3), and performing the
integration over the interval a € [ro(D)?, |D|], we infer that,

) 1
(5.2.1) x(Bip)) = x(D) > =(ID| = me(D)?)?,
and the claim of 2.4.2 follows.

1—

Remark 5.2.1. As mentioned in the introduction, our stability estimate (5.2.1) readily implies sta-
bility in terms of the area of the symmetric difference function da (), introduced in (2.4.3). Indeed,
for a simply connected D, ~ :

(5.2.2) da(D) < 2(1D| — ma(D)?) < ¢/ (x(Byp) — x(D)).

 We shall see in Subsection 5.4 that such an estimate can be easily extended to the case of not
simply connected domains as well.

5.3. Stability of crystal shapes. Let D C S(1) be as in the previous subsection, and assume
without loss of generality that the largest inscribed circle of D is centered at the origin, i.e. that

Bropy2 € D.

We are going to estimate |[u% — hy|| Ll(Rz).’ Let h%(e) denote the shape of the harmonic droplet
of the volume v, which is bound to wet the circle of radius r, centered at the origin (see (1.2.6)
and (1.2.7)),

Set r(D) =4/ L];rEl_ Then, for any « > 0,

. I — ol3qaey < l1up = K52 + [5P) = hEP |5
- ; ‘ + 1y = B 2.

We choose a = x(Bry(p)2)/x(D), so that

oDy — Y _
haw” = X(D) “Bratoy2”

Then, using monotonicity in domain of the solution of the Poisson equation with Dirichlet boundary
condition, ‘ ‘

X(BTF (D)z)
5.3.2 Uy — th,D) = (1 —res)
(53.2) Jup — APz 5
and , B )
X\ Drg(D)?
hr(D) _ pelD) |, = v(l _ XBre(n2) )
I — P o)
On the other hand, a straightforward computation reveals that
(5.33) B P

r |D|+a
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To facilitate notations set A(D) = E%(D) — E%(Bs). Then,
A(D) =z max{E}(D) — E}(B\p)) , E}(Bp)) — E¢(Ba)}-

Since E]’ﬁ(B| p|) can be computed exactly, we infer that for some ¢ > 0,

[

E%(Bp)) — E}(Ba) = =(|D| - a)?,

or, substituting the above estimate into (5.3.3),

(5.3.4) 1R5P) = hy |71 < e/A(D).
On the other hand,

v(X(Bp) = x(D)) _ (mv)? ~
2x(Bp|)x(D) Z 3 (x(Byp)) — x(D)),

the last inequality follows from (1.2.6) and the fact that D C S(1) (and hence, by (1.2.6), both
x(B|p|) and x(D) are bounded above by 2/). ‘
By (5.2.1) this means that one can choose ¢ = ¢(v), such that

|D| - me(D)? < c(v) ¥/ A(D).

Consequently, we can use (1.2.6) to derive,

(5.3.5) A(D) z E3(D) — E¢(Byp|) =

_ D] = (me(D)?)?
8T

X(D) - X(B‘II'Q(D)z) < X(B[D]) - X(Brg(D)z)

(D] - mo(D)?) < c/A(D).

T
Substituting the latter inequalities into (5.3.2) and (5.3.3), we finally obtain

<

(5.3.6) luy — h&P |2 < —— Y/A(D)
x(D)

and ' .

(5.3.7) 1BY PV — by < ﬁ {/A(D)

-

Since for any k > 0, E}(D) < k = x(D) > v?/2k, (5.3.1) and (5.3.4)~(5.3.7) imply that there
exists ¢ > 0, such that

(5.3.8) win llub = ho(e +2)lx < ¢V/A(D),
. T€

uniformly in simply connected domains D C S(1).

5.4. Estimates for general domains D C S(1). It remains to prove 2.4.3 in the case when
D C S(1) is not necessarily simply connected. For such a domain D let {Da}ae[o,l p|) be the
rearrangement of the level sets of up, defined in the Subsection 2.4. Recall that

v2 1
A(D) > BYD) - E¥Bp) = ?<x(lD) - X(B!Dl))'

Since we are interested only in the case of A(D) being small, we may assume that x(D) is bounded
away from zero uniformly in all domains D in question. Then, by the virtue (2.4.2),

A(D) > %AID!a(l— lj(?))da'
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Setting a* = max{a : {p(a) < s(a)++/A(D)}V|D|/2, we therefore obtain (modlfymg the constant
c accordmg to the convention of Remark 1 3.2): e

JAD) » Pl=¢ _ ID\D"]

c Cc

where D* 2 Dg-. Since D* is a level set of up, and using the estimate on x’ derived at the beginning
of Subsection 5.1, we conclude that

1 !
< —|D\ D*|.
B85 u0(®) < ZID\ D"
Consequently,

' lup —up+||r = x(D) = x(D*) < ¢/A(D)
(5.4.1) | and

A(D*) < e /AD).

Thus everything boils down to the following problem:
Given D C S(1) with a piecewise smooth boundary 8D satisfying

6D| < s(|DI) + A(D),
prove that:

(5.4.2) 1%)(?1) |lup — ho(z + o)1 < e/ A(D).
z€
- Again, since we are interested only in the case of A(D) being small, it can be assumed from
the beginning that [D| > @/2. First of all, notice, that if D contains two disjoint components,
D = D;V D, then :

D 2 2
x(D) = x(D1) + x(D2) SX(B|01)(Q|'5‘|2]D—2;)
- s - 22422

and, consequently,

v? 2|Dy||D
Bj(D) = AD|+ (1— DallDs| »* 2Dil|Dz|

-1
> R z
xB.op DP ) 2 By Bio) + 52~ 1pp

Therefore,
B | 2|D4||Do] _ 2
= < ZAMD
|D|? = 2 (D), ;

or, min{| D], |D2|} < ¢A(D). Thus, in order to prove (2.5.2), one can restrict attention to the case
where D is connected. o

So assume that D satisfies (5.4.1), is connected, but possibly not simply connected, i.e. that
D = G\ R, where G C S(1) is connected and simply connected, and R C G is open; both domains
having piecewise smooth boundaries. Since, |D| < |G| and |8D| = |8G| + |dR|, we immediately
infer that |AR| < A(D), and, consequently, that |R| < A(D)?/4r. Furthermore,

(1D + IR)?

LI < (D) +eAD),

(5.4.3) | x’(D) < x(G) < x(Bipj+r) =



28

where the last inequality follows by the estimate on |R| above and by (5.3.5) of the previous
subsection. Equation (5.4.3) and the above estimate on |R| = |G \ D| already contain all the
information we need to prove (5.4.2). Indeed, we readily obtain that

A(G) < cA(D) and |lug —uplrr = x(G) —x(D) < cA(D),

and it remains, thereby, to apply (5.3.8) to the function ug over the simply connected domain G.

6. CONCENTRATION UNDER Pp(e | Vy > N3v)

6.1. Gaussian concentration estimates. We give a proof of Lemma 2.5.1. Using the representa-
tion of the approximate torsional rigidity

N*xn(4) = ZMw

where [E; is the expectation of an ordinary symmetric random walk on Z2, and T4c is the first
hitting time of A°, we see that

XN(A) < XN(SN)a
and obviously (see also Lemma 2.6.1)
lim xn(Sn) = x(S(1)) < oco.
N—oo
Therefore, we have

(6.1.1) K :=sup sup xn(4) <
N ACSy

Now, we have ’
(6.1.2) varp ,(Viv) = N*xw(4).
We write

Pa(lény — a4y plls = a| Vi > N0)

v+ta/2 ’ o VN
(6.1.3) < [ Ballw — ol > of Vi = W00 P (15 € ds

Vn > N3v>
+PA(VN 2> N3<v+ g) | Vn > N3v>.
Using (6.1.1) and (6.1.2), we get
o (VN = (“ i %) Vy 2 N3v> < exp{—Nz(” L Tk )} < exp (“&‘ﬂ

2xn(4) 2xn(A 8K
Using this, (6.1.3), and the obvious fact that

luan —vanl <lz—vl,
it suffices to prove

a?n2

VN=N3:u) <e e

K\DIQ

(6.1.4) - sup Pa <||§N — Gyl =
z€lv,u+£]

The random field (X (7));c4 under the conditioned law P4( I Vy = N3v) is Gaussian with mean

Ea(X (i) | Vi = N%) = Noua (i)
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and covariances

cova(X(3), X(G) | Vi = N°) = ga(i, ) — “etr(uan()

| xn(A)
“where g4(i,5) 2 Ea(X(5)X(j)). Remark that
. 1 Ce
uan(t) = < > " gali,g),
JEA
and as xn(A) = Y4 ua,n(i)/N?, we see that |
(6.1.5) 0% & ) Jeova(X (i), X(§) | Vv = N%2)| < 2N*xn(A) < 2Ny (Sy).

i,jEA
We apply now one of the standard isoperimetric inequalities for Gaussian measures (see e.g.
[21], (4.4)). First remark that

’ 3;5
pEEy <Z |X(5) — zNuan(5) l Vy = N3w> <Y " V94(5,5) < eN?\/log N < aJ\;

JEA JEA

if N is large enough. Therefore, using (4.4) of [21], we get

Pl - ks 2 § | Vi = N%)

N3 «
=Py (Z X () ~ =Nuan| 2 25— | Vi = N%)
jEA : :
(6.1.6) 3
. . aN? | 3
<P (Z X() —aNuan(G)| Z2p+— | Wy =N m)
JEA |
a?N$
< —
- exp( 3202 )’
where

o’ = sup{varA (Z X(g(H) i Vn = N3v> : 19(9)] £ 1 for all j} <di.
jeA J

Using (6.1.5), we see that the r.h.s. of (6.1.6) is bounded by exp(—a?N?/64xn(Sy)). As

Sup xn(Sy) < oo,
we have proved the Lemma 2.5.1.

7. APPROXIMATION BY DISCRETE QUANTITIES.

7.1. Estimates on discrete rigidities. Recall that the discrete rigidity xn(A) of a lattice domain
A € 72 was defined in (2.1.5). We follow [34] to take advantage of the variational characterization

of xn:

1, in 2k (k) — u(l))?
(7.1.1)’ . xn(4) N uzoii;u% (Xk u(k))? ’
u=0 on Z%\A :

where the sum in the numerator is over all unoriented pairs of nearest neighbours in Z2.
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Note, by the way, that for a domain D € R? with a p1ecew1se C? boundary, the torsional rigidity
x(D) is given by a similar formula,
1 . f D ]Vu|2 dz

(7:12) ‘ x(D) ~ u>IOI})nD (/p udz)?

Proposition 7.1.1. Let D € R? have a piecewise C? boundary, and assume that a ﬁmte AcCz?
is such that

(7.1.3) min{ ||z — k|| : £ € ND,k€Z*\ A} > 1/2.
Then, .
(7.1.4) : x(D) < xn(A4).

Proof. The proof follows Section 2 of [34], where a similar inequality for the membrane problem
was established. We adopt it here for the sake of completeness.

Let u € H}(D). For each (o, ) € 35(1 E 1[—1,1]2, define
Va,lg(k) = u(ki%&_ﬂ)

Because of the condition (7.1.3), Vo3 = 0 on Z2\ A. Moreover if u > 0 on D, then V, 3 > 0 as
well. By (7.1.1), V¥ (o, 8), :

2
(Z va,ﬁac)) < Nixw(4) 3 (Vass (k) = Vaup ()
- k

(k:)

However, by Jensen’s inequality

/5(1) (Zvaﬂ(k) dadﬁZNz(/DU(w)dz)z,
, / (Z(V ,ﬂ» (l))z) dadB < ]%/DWUF .

(k1)
The claim follows now by (7.1.2).

_and

The estimate (7.1.4) controls the approximation from above by discrete rigidities. A possibility
to control it below as well is provided by the following

Proposition 7.1.2. Let A be a finite subset of Z? and define
2 .
= : - < .
4y = {Ic €Z? : mink - 21| < 1}
Then,
(7.1.5) | xv(4) < xan(4a).

Proof. Given a function u : Z? — R, such that ul|zz\4 = 0 and u is not identically zero, let us
define u : Z? — R, via o

(7.1.6) (k) =,—1k- S u(m),

meA(k)
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where A(k) = {m € A : ||k — 2m|| < 1}. Then, by the direct substitution of (7.1.6),

Zﬂ(k):él Z u(m

kez2 meZ?

> @k) - @0 < Y (ulm) - u(n))?

(ki) ()

Since by the very construction % = 0 outside Aq, (7.1.5) follows from the variational characteriza-
tion (7.1.1).

and

We are in position now to prove Lemma 2.6.1. Let B C Sy be a mesoscopic region, and define
BCS( ) as in (2.6.1),
= 1
B== G+ (1/2)5(1).
, keB
By the propositions 7.1.1 and 7.1.2,

X(B-n) < xn(B) < lim Xomy(Bgm),
m—>00

- A — . . -
where B_ v = {2 € B : ming gz ||z —yl| > 3/N}, and Bom = (... (B2)2)2 .. )2 (m times). Using
results of [6] and the monotonicity of x in a domain, we conclude that

xnv(B) < x(B+.n),
where B y £ {zeR? min,e g |z — yl| < 3/N }. Consequently, for any B C Sy mesoscopic,

(7.1.7) Ixw(B) = x(B)| < x(B+,5) — x(B-,n),

and it remains to estimate the right hand side of (7.1.7) uniformly in B C Sy.
Let up + and up, _ be the solutions of the P01sson equation on B+ ~ and B_ N respectively. Set
(7.1.8 ‘ ay= _max_ up4(z).
(7.1.8) | . ren S +(z)

Then,
X(Bon) =x(B-) = [ uns(e)do~ [ un_(s)do
By N B

- N

(7.1.9)
<ay|Byn| < day.

Indeed, for z € B_ y V o
un(o) =up(0)+ [ un(€elw,e),
0By

where g(z,e) is the exit distribution (harmonic measure) on dB_ y for the Brownian motion
starting at z.

In order to estimate ay in (7.1.8), let Gy = 35(1) \ N*~15(1), and let ug, be the solution of
the Poisson equation with Dirichlet boundary conditions on 0Gy. Set
N =  max ug, (2)-
, et oy o ) |
By the monotonicity considerations one infers that a)y > ay for all mesoscopic B C S(1). In order
to estimate ay define a new domain

Gy = N*1(25(1) \ 5(1)) € Gy.



32
Then ugy is majorized by the solution of the Poisson equation on Gy subject to the bouhdary
conditions 0 on (N*~15(1)) and my on 8(2N*~1S(1)), where

7.1.10 = .
( ) -mn [[m]|212ajircb—1 up(z)

Then, of course, my < c independently of N. Since the blowup of G by the factor N1=? is simply
the square annulus 25(1) \ S(1), we can use Brownian scaling to conclude that

ay < cN7P,
and the claim of Lemma 2.6.1 follows.

Let us turn to the proof of Lemma 2 6.2. By Lemma 2.3.1, for each box SM(k-) (k+NbS'(1)) n
z2,
qlSm| > IOngM(k) > qlSM| - 87"Né.

-Consequently, for a mesoscopic B = (J¢ BCZ2, S (k),

g|B| > log Zp > log Zs,,(x) > q|B| — 8rN*7".
keB

On the other hand, by the estimates (2.3.5) and (2.3.6),

' Z
(7.1.11) —eN7S < 3—21 BB < N9,
N ZB,+ZpB +

for any two disjoint mesoscopic regions B and B’. Consequently , a rerun of the subadditivity

argument of Subsection 4.3 reveals that the limit
LA 1
i+ = Mmoo log Z,+

exists, and, moreover, any mesoscopic B with |B| > tN? satisfies

(7.1.12) < eN79.

1 ~
j+ — = logZ

Since by the definition Ay = J + 4 — ¢, we conclude that any mesoscopic region B C Sy with
|B] > tN? satisfies,

1 Zp s
773 |Ar1B| —log === — J|B|1 < eN-

B,+
But, by the assumption, xn(B) > t, so the latter 1nequa11ty combmed with Lemma 2.6.1 implies
the desired estimate (2.6.3).

7.2. Approximation near the optimal shape. Let us assume that

An(B) & |EY 4(B) — E%(Ba)|

is small enough. Such an assumption clearly imposes restrictions on xn(B) from below, and all the
results from the previous subsections apply. The proof of Lemma 2.6.3 follows closely the scheme
developed in Section 5, and we shall use some of the notations introduced therein. In particular,
we can restrict our attention to the case of simply connected domains. So, let

=% U (k+ S(1)>

keB
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be connected and simply connected. Also let g = g(B) be the inradius of B, and, to facilitate the
notations, let us assume that B, is the corresponding incircle. Note that due to the results of
the previous subsection and the stability estimate (5.2.1), we may assume that

(7.2.1) I @2%¢§>&

Finally, let BY be the discretization of B,,

BY £ NB, N7
and define
oN = ﬁ%frz’N'
Set a = XN(B,%z)/XN(B)- Then,
(7.2.2) @55 — hollzs < @55 — b2, wll + 112, 5 = hSullzr + 1BE, — hulla.

Since, B7Irv§2 C B, the first term on the right hand side of (7.2.2) equals (1 — XN(B7€;2)/XN(B))U.
However, in a view of Lemma 2.6.1 and (7.2.1), .

xXn(B) = xn(Brg) < 2(x(B) = x(Brg2))-

Proceeding as at the end of Subsection 5.3, and using (2.6.3), we obtain that

X(B) = x(Brg) < ¢¥/An(B)

By (7.2.1) both xn(B) and XN(B’[]FVéz) are bounded below by a positive constant which does not
depend on B and g. Consequently, there exists ¢ > 0, such that ‘

(7.2.3) g,y — kS, izt < c¥/An(B)

For the second term on the right hand side of (7.2.2) we can simply use results on discretization
errors [6]] for the Poisson equation on a regular domain B, 52, which assert that

(7.2.4) A2, 5 = B2ulls < ¢/N.

Finally, the remaining term on the right hand side of (7.2.2) can be estimated exactly as it was
done in Subsection 5.3. Indeed, because of (7.2.1) and Lemma 2.6.2,

A(B) < 2An(B),
and all the estimates of the Subsectioh 5.3 apply. Thus
(7.2.5) 1h8y = hollzs < e/ An(B)

for some ¢ = c(v) > 0. Substituting (7.2.3)-(7.2.5) into (7.2.2), and following the pattern laid
down in Subsection 5.4 to incorporate the not simply connected case, we arrive at the conclusion
of Lemma 2.6.3.
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8. PROOF OF THEOREM A.

- 8.1. The proof. In order to facilitate notations let us define
Ey = {X() s min |y ~ hu((e +2)llze 2 va},

where, as before, £y is the plaquette reconstruction from the random field X(e), h, is the optimal
harmonic shape given by (1.2.7) and the sequence {vy}; limvy = 0, is to be appropriately selected
in the course of the proof. Our derivation of the asserted rate of convergence of I/EBN,JF( 2N | Vy >

 N3v) to zero is based on the disjoint decomposition of the event Zy with respect to mesoscopic
wetted regions: ‘

. ~ 1 =~ :

8.1.1) Py (En|Vy > N3) = = Py+( En; €(v,B)),

( e (B [V ) Py + (Vv > N3v) Bgzv ! )
mesoscopic

where £(v, B) £ {Vy > N3} n {M(Xy) = B}.
The proof of the theorem comprises two estimates:

1. A lower bound on @N,_,_ (Vi > N3v)
and R
2. Uniformly in mesoscopic regions B C Sy an upper bound on IP’N’.*.( En;E(B ,v)).

Proposition 8.1.1.
(8.1.2) | ]’P\’N,_F( Vn > N3v) 2 exp( —-Nz(mN,f +c'N"§)),
where my, s = min{E}; (B); B C Sy mesoscopic}.

Proposition 8.1.2. There ezists a sequence {vx}; limy_yoo vn = 0, such that for any B C Sy
mesoscopic,

(8.1.3) Py ( En; E(B,v)) < exp( —N*(my+cN7%) - ch_b).

Since, as we have seen before, the number of all mesoscopic subregions of Sy is bounded above
by exp(N 2(1-9)) the conclusion of Theorem A follows with a redefined vy = vy V exp(—N?).

Proof of Proposition 8.1.1: Let By be an optimal mesoscopic region, i.e let

E} ;(BN) = muy,s.

Then,
@N,—i-( Vn > N3’U) > Z e~ 14l ,\ZA ]P’A( Vy > N3y ; Q+)
(8.1.4) 42BN pal
2 Z eﬁJlAI—;:Z—é—IPA( VN 2 N31.) )]PA( Q+),
ADBy ZN,+ ,

where the second inequality follows from the FKG properties of P4. Moreover, for each A D By,
Pa( Vv = N%) > Pp, (Vx> Nv),
and, by Lemma 2.3.1 d),

Pa(921) > Paygy(Q4)Pay (24)e V.
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Finally, as it was remarked i in Section 4, Ppy( Q4 ) > e™N = uniformly in mesoscopic regions
B. Consequently,

PN,-!—( VN > N3’U) > e—-JIBN!-—cNZ_&IPBN( VN > N3U) % Z -—J|D|MP (Q+)

DB, ZN+
© By (7.1.11),
Z e—71DI ZDPD( Q+) — Z‘va’_*_ > AEJY,_Le_cNZ—s.
D2Sx\By ZBy+
Since, Vy is Gaussian under Pg,,
2
]PBN( Vv 2 Nsv) 2 exp( —NZFZ—XT}'U(‘?NS - CldgN),

and the substitution of all the above reductions into (8.1.4) leads to
~ B NI ZB + '02
P Ve > N3 > _ Nz l 1 N _ 2—4
N,+( N > D v) > exp( ( NT +N2 0g 75, +2XN(BN) cN )
(8.1.2) follows now by the definition (2.1.10) of E}; ; and the optimal choice of By; E} ((By) =
MmN, f

Proof of Proposition 8.1.2: We split all the mesoscopic wetted regions into two families:
F1 = {B —mesoscopic : EY ¢(B) > mpy;s+en}
and ,
F2 = {B —mesoscopic : By ¢(B) < my,;+en},

where the sequence {ex} is to be specified later.
Estimates for B € F;: From now on we pick a number v/;

v+2 < 4 < 1,

which is possible due to the choice of the scaling parameters b and v in Subsection 3.1.
Now, :

(8.1.5) QN {MZXy) = B} = {X(k)>N",Vk¢ B}
Indeed, by Lemma 1.7.4 in [20], (M) > §/M = §N—%. Therefore,
{X(k) 2 N7} = {Xa(k) 2 6N7 7%},

which contradicts the assumption {k ¢ M(X)}.
Next notice that one can disregard mesoscopic B-s which are too small. For fix a small positive
number ¢, and assume that |B| < tN2. By (8.1.5),

Qe NEW,B) = {Vp > N —cN*7 > N%(1 - cN79)},
where Vp = Zke 5 X (k). However, for each A C S N, V3 is a zero mean Gaussian under P4 with
the variance bounded above by '
3 GsN(k, I) < 2N?|B| < 2tN*%
kleB '
Therefore,




36

Thus, for ¢ small enough (8.1.3) is automatically satisfied.
Wlth such a small positive ¢ fixed we can proceed to consider only those B € F, for Wthh

|B| > tN?%. We have:

Py+(En; E(,B)) <Pyy(E(v,B))
(8.1.6) = Ze—”f‘lfﬁ—m( M(Xu)=B; Vy > N%; Q).
4 ZN+

Due to the volume filling estimate (2.2.7), any substantial contribution to the sum above can come
only from those A-s, which satisfy |B \ A| < ¢N?7%. Also, in a view of (8.1.5), we can further
develop the right hand side of (8.1.6) using:

Ps( M(Xy)=B; Vy > Nv; Q) < Pa( X| 5 N7 Q8P v > N3(v — cN7Y)).

We want to condition on the values of spins at 94\ 5B, which are known to stay below N7, to
decouple between events over AN B and A\ B. As in Subsection 4.4 let Psnp . to denote the
Gaussian measure on AN B subJect to boundary conditions z on Sy \ (4 N B). Clearly, for each
number a € R,

max  Panpz(Ve>a) < Panp(Vy >a—cN*7 ).
zc[0,N7']4A\B

Theréfore, (
Pa( £(,B) ; Q1) < Panp( Vi = oN3(1—eN-8)Pa( 02\5).
Finally, as it becomes apparent from the proof of Lemma 2.3.1 d) in Subsection 4.4,
—5
Pa(017) < eV Pas(04),

and, of course, Panp( Vv > a) <Pg( Vy > a) for each number a € R
Proceeding as in the proof of the Proposition 8.1.1 we, therefore, obtain:

(8.1.7) Pynq+(Ex; E(v,B)) < exp( —N2EY +(B) + cN*7%).
Since it was assumed, that E}; ¢(B) 2 mp,s + en, we deduce from (8.1.2) and (8.1.7) that
@N,+( EN; S(U,B)) < exp( —N2(eN - cN"J))I’P\’N,_F (VN > N3v).
Then, the choice ey = cN™® + c¢N~° does the job.
Estimates for B € Fp: So let B C Sy be such, that
(8.1.8) E}’V’f(B) < mpy,s + en.

This, of course, imposes a restriction on |B| from below; for example |B| > N?a/2 for N large
enough. We proceed exactly as in the F; case to conclude, that uniformly in B-s satisfying (8. 1 8)
and in A C Sy; |B\ 4] <cN2 -4

P4(En;E(v,B); Q+) < PA\B (Q4) o ]%)IS\(AOB)]P’AnB,z (En; Vv = N3o(1 —eN7?)).

If, B}, (AN B) = mpy,s + €N, then the corresponding term in the expansion’
~ _ - Z -
PN,-{-( =N E(U,B)) = Ze JlAlf\—A—]PA( oSN 5(’0,B) ) Q+)
‘ 2 ZN+
can be treated as in the F; case. Thus, it remains to consider only those A-s, for which
(8.1.9) E}’V,f(AﬂB) < mpy,f + €N-
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Only at this stage the event Ey at last comes into play. Notice that for such an almost optimal
ANB the profile @ p v is already very close to the profile @} y, and hence, by the approximation
and stability results of Sections 5 and 7, to some shift of h, itself. More precisely,

az])VB_XN(AﬂB) _y (1 XN(AOB)) .
. XN (B) UanB,N It XN(B) UANB,N Lt

However, since xn(A N B) < xn(B), and the integral of a positive function 4}, y is v regardless of
the region D C Sy, one infers that

i Ny — Tanpalor < +

XN(AOB)>
xn(B) )

On the other hand, the fact that |B\ 4] < ¢N%~% in conjunction with the inequalities (8.1.8) and
(8.1.9) implies that '

8% 5 — B ansllzs < 20 (1 -

|EYs(B) — Ens(ANB)| < 2en,
and that xn(B) > v?/4my,s. Consequently, ~

l@ans,y — oz < cen,
and, by virtue of the stability result (2.6.4),

(8.1.10) ' Iensl(fi [@ans, N — ho(e + )01 < c¥en
T

Thus, it remains to give an estimate on v
Panso(lény — Bannllzr > vy Vv = N3o(1—cN79)),

uniformly in A,B and boundary conditions z € [0, N7']5¥\(40B) " and then to choose the sequence
{v~n} in accordance with all the restrictions imposed by different estimates involved. In fact we can
reduce the bounds for different z-s to a single estimate at £ = 0. Indeed, fixan z € [0, N7 ]SN \(4nB)
and define 4% to be the plaquette reconstruction of the solution to the (dlscrete ) harmomc equation

on AN B with boundary conditions z. Then, under P4np 4, the field X (e ) X (e)—a*(e) is Gaussian
with zero boundary conditions on Sy \ (A N B). Therefore, since by the maximum principle
0<@® < N7, ‘ T

Panz( IEy — BanBnlz = vas Vv 2 No(1—cN7%)) <

Pans( én — Gansnlizr > v —NY1; Vy > N3(1 - cN7%) — NY-1).
Combining the latter estimate with (8.1.10), we see that the sequence {vy} should satisfy
(8.1.11) N"lvedey < vy < L

However, once the choice of {vx} complies with (8.1.11), we are entitled to use the concentration
estimates of Section 6 to assert that for each B € 73 and each A C Sy, such that |B\ A]. < cN 2—46

~

; 2
Py(En; E(v,B)) < eXP("N2(mN,f —-cN"‘s) +en A %)

Recall that we have already chosen ey = ¢(N~° + N79). ’I‘hen,

= ¥eyvNOTY

both satisfies the requirement (8.1. 11) and leads to the desired estimate (8.1.3).
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8.2. Positivity of As. The fact that the limit in (1. 3 2) is well deﬁned was esta,bhshed in the end
of Subsection 7.1.
One can rewrite Ay y as

1 Zy,+
A = A = 1 Q
i s () [Sn| log ~JISNIZNIP’SN(Q+) |5N| o8 Fs ()
where
Zny = ZN+(J > ez Py
ACSy
However, by the results of [10],
lim logPg, (Q24) = 0.

N—o0 IS l

Consequently, Ay is nonnegatlve
Differentiating A y with respect to J, we obtain:

d

2.1 _ 13
and
LN Va1,

where D is the random microscopic wetted reglon. Since D C Sy , Ay .y is nondecreasing and
convex. Moreover, (8.2.1) above clearly indicates that the question of whether Ay y > 0 for all
J € R or not is essentially the question of the wetting transition in our model. We do not attempt to
solve it here - such a computation would involve a rather delicate analysis of the entropic repulsion
phenomena for two-dimensional Gaussian fields with 0-boundary conditions, which would be closer
in spirit to [5] than to the problems we are addressing in this article. Instead we shall give a rather
crude and straightforward proof of the positivity of Ay for large enough values of J. Namely, we
claim that

(8.2.2) | As(J) > ﬂo—gz—@_—q,

where g is defined in (4.2.1). Indeed, by the results of Subsection 4.2,

logZy < ISN|< log2 + q)

On the other hand, a trivial computation shows that for every A C Sy,

oo 2 14] |4
ZaP4(Q24) 2 (/ e“Td:c) = exp{ log4}
0

In particular, for any A C Sy such that 4] = js_le’

e MIZ,Pa(Qy) _ Sl
> ==
e_‘IISN[ZN 2

log J - log\/i - Q)7

and (8.2.2) follows.
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