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Additive functionals as rough paths

Jean—-Dominique Deuschel, Tal Orenshtein, Nicolas Perkowski

Abstract

We consider additive functionals of stationary Markov processes and show that under Kipnis-
Varadhan type conditions they converge in rough path topology to a Stratonovich Brownian mo-
tion, with a correction to the Lévy area that can be described in terms of the asymmetry (non-
reversibility) of the underlying Markov process. We apply this abstract result to three model prob-
lems: First we study random walks with random conductances under the annealed law. If we
consider the 1té rough path, then we see a correction to the iterated integrals even though the
underlying Markov process is reversible. If we consider the Stratonovich rough path, then there
is no correction. The second example is a non-reversible Ornstein-Uhlenbeck process, while the
last example is a diffusion in a periodic environment.

As a technical step we prove an estimate for the p-variation of stochastic integrals with respect
to martingales that can be viewed as an extension of the rough path Burkholder-Davis-Gundy
inequality for local martingale rough paths of [FV08| ICF19, [FZ18] to the case where only the
integrator is a local martingale.

1 Introduction

In recent years there has been an increased interest in the link between homogenization and rough
paths. It had been observed previously that homogenization often gives rise to non-standard rough
path limits [LLO3] [FGL15]. The more recent investigations were initiated with the work of Kelly and
Melbourne [KM17, KM16, Kel16] who study rough path limits of additive functionals of the form
Vi [, f(Ys)ds, where Y is a deterministic dynamical system with suitable mixing conditions. In
that way they are able to prove homogenization results for the convergence of deterministic multiscale
systems of the type

dX™ = Vab(XP, Y dt,
dY" = nf(Y")dt,

for which under suitable conditions X" converges to an autonomous stochastic differential equation.
This line of research was picked up and extended for example by [BC17,|CFK™19b, CFK™19a,[LS18
LO18]. More recent results also cover discontinuous limits [CEKM19].

Motivated by this problem, as well as by the aim of understanding the invariance principle for random
walks in random environment in rough path topology, we want to study rough path invariance princi-
ples for additive functionals \/ﬁfon' f(Xs)ds of Markov processes X in generic situations. If we are
only interested in a central limit theorem at a fixed time, then there are of course many results of this
type and many ways of showing them. See for example [Pel19] for a recent and fairly general result. A
particularly successful approach for proving such a central limit theorem and even the functional cen-
tral limit theorem (invariance principle) is based on Dynkin’s formula and martingale arguments, and it
was developed by Kipnis and Varadhan [KV86] for reversible Markov processes and later extended to
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J.—D. Deuschel, T. Orenshtein, N. Perkowski 2

many other situations; see the nice monograph [KLO12]. Here we extend this approach to the rough
path topology and we study some applications to model problems like random walks among random
conductances, additive functionals of Ornstein-Uhlenbeck processes, and periodic diffusions.

This can also be seen as a complementary direction of research with respect to the recent advances
in regularity structures [BHZ19|ICH16,IBCCH17], where the aim is to find generic convergence results
for models associated to singular stochastic PDEs. In those works the equations tend to be extremely
complicated, but the approximation of the noise is typically quite simple (the prototypical example is
just a mollification of the driving noise, but [CH16] also allow some stationary mixing random fields that
converge to the space-time white noise by the central limit theorem). In our setting the equation that
we study is very simple (just a stochastic ODE), but the approximation of the noise is very complicated
and (at least for us) it seems difficult to check whether the conditions of [CH16, Theorem 2.34] are
satisfied for the kind of examples that we are interested in.

The most interesting model that we study here is probably the random walk among random con-
ductances. Here we distribute i.i.d. conductances (17({, y}))..yezd.ony ON the bonds of Z¢ (where
x ~ y means z and y are neighbors). Then we let a continuous time random walk move along Z¢,
with jump rate n({z, y}) from z to y (resp. from y to ). We are interested in the large scale behavior,
i.e. we study n~12X,, forn — oo. Itis well known that the path itself converges in distribution under
the annealed law to a Brownian motion B with an effective diffusion coefficient. Our contribution is to
extend this convergence to the rough path topology, which allows us for example to understand the
limit of discrete stochastic differential equations

dY" = o(V)dXT, (1

but also of SPDEs driven by X™. And here we encounter a surprise: Even though X is in a certain
sense reversible (more precisely the underlying Markov process of the environment as seen from the
walker is reversible), the iterated integrals fo X7 ®dX do not converge to fo B, ® dB,, but instead
we see a correction: We have

(X”,/ bl @dxg) — (B,/ Bs®st+Ft),
0 0

where I is a correction given by

['= (B, B)y — Bln({0, e} la = 5 ({B, B): — Exln({0, 1)) + n({0, ~r)]1)

for the law 7 of the random conductances. Of course, " vanishes if the conductances are deterministic
(i.e. if m is a Dirac measure). But if the conductances are truly random, then typically the effective
diffusion is not just given by the expected conductance, and in d = 1 one can even show that this is
never the case (see the discussion at the top of p.89 of [KLO12])). Therefore, 1" is typically non-zero,
and the solution Y™ of (1) converges to the solution Y of

Y, = o(Y)dB, + ) 0k (Ye)one(Yo)T et

gkt

If on the other hand we denote by X" the linear interpolation of the pure jump path X", then
(X", IN X"dX™) converges to the limit that we would naively expect, namely to the Stratonovich
rough path above B. From the point of view of stochastic calculus this is a bit surprising: After all,
there are stability results for 1td integrals [KP91], while the quadratic variation (i.e. the difference be-
tween It6 and Stratonovich integrals) is very unstable. In fact, we are not aware of any previous results
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Additive functionals as rough paths 3

of this type (naive limit for the Stratonovich rough path, correction for the 1té6 rough path), but it seems
to be a generic phenomenon. The same effect appears for periodic diffusions, and we expect to see it
for nearly all models treated in the monograph [KLO12]. On the other hand, for ballistic random walks
in random environment, after centering, a correction to the Stratonovich rough path is identified in
terms of the expected stochastic area on a regeneration interval [LO18, Theorem 3.3]. Moreover, for
random walks in deterministic periodic environments simple examples for non-vanishing corrections
are available [LS18, Section 1.2] (or [LO18| Section 4.2]). For processes that can be handled with the
Kipnis-Varadhan approach we generically expect to see a correction to the Stratonovich rough path if
and only if the underlying Markov process is non-reversible.

Structure of the paper In the next section we introduce some basic notions from rough path theory.
Section [3| presents our main result Theorem the rough path invariance principle for additive func-
tionals of stationary Markov processes, which holds under the same conditions as the abstract result
in [KLO12]. The proof is based on recent advances on It6 rough paths with jumps due to Friz and
Zhang [FZ18], on stability results for It6 integrals under the so called UCV condition by Kurtz and Prot-
ter [KP91], on Lépingle’s Burkholder-Davis-Gundy inequality in p-variation |[Lep75], and on repeated
integrations by parts together with a new estimate on the p-variation of stochastic integrals (Proposi-
tion [3.13). In Section [4] we apply our abstract result to three model problems: random walks among
random conductances, additive functionals of Ornstein-Uhlenbeck processes, and periodic diffusions.
Finally, Section [5] contains the proof of Proposition [3.73| which might be of independent interest.

Notation For two families (a;);cr, (b;)icr of real numbers indexed by I the notation a; < b; means
that a; < cb; forevery i € I where ¢ € (0,00) is a constant. Let Ay := {s,t € [0,T] : s < t} for
T > 0. We interpret any function X : [0,7] — R? also as a function on Ay via X, := X; — X,
(s,t) € Aqp. For a metric space (E, d) we write C'([0, T, E) resp. D([0, T, E) for the continuous
resp. cadlag functions from [0, 7] to E. A function X : Ay — F is called continuous resp. cadlag
if for all s € [0,7") the map ¢ — X, on [s, T is continuous resp. cadlag, and we write C(Ar, E)

resp. D(Ar, E) for the corresponding function spaces.

2 Elements of rough path theory

Here we recall some basic elements of rough path theory for 1td rough paths with jumps. See [FZ18]
for much more detail.

Let us write || X [|oo, 0,71 := Supsejo 7y | Xt| (resp. [|X]|ojo.r) = SUD(s1ea, [Xsil) to denote the
uniform norm of X € D([0,T],R%) (resp. X € D(Ar,R%¥%)). For 0 < p < oo and a normed
space (F,| - |g), we define the p-variation of = : A7 — FE (and so in particular of = : [0,7] — E)
by

1/p
IEllpom = <Sup > |Es,t|f’) € [0, +oq], )
P s qep

where the supremum is taken over all finite partitions P of [0, 7'] and the summation is over all intervals
[s,t] € P. Note that for any 0 < p < ¢ < 0o, we have that ||Z||. 0,77 < ||E]lp,0,177-

Definition 2.1 (p-variation rough path space). Forp € [2,3), the space D, o ([0, T], RY x R¥*?)
(resp. Cpar([0, T], R x R*4)) of cadlag (resp. continuous) p-variation rough paths is defined by
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the subspace of all functions (X,X) € D([0,T],R%) x D(Ap,R?¥*?) satisfying Chen’s relation,
that is,

Xr,t - XT,S - Xs,t = Xr,s ® Xr,t 3)
for0 <r<s<t<T,and
1/2
[ Xo| + | X[lp0m + HX”p/z,[O,T] < 0. (4)

The p-variation Skorohod distance on D, ([0, T, (R4, R?*9)) is

p,0.11((X, X), (Y, Y)) := AienAfTﬂ/\\\/(|!XO/\—Y0>\||p,[o,T1+HXO()\, A)=Yo (X Mllp/zom)}

where Ar are the strictly increasing bijective functions from [0, 7'] onto itself, and || = sup,¢(o 7y [A(2)—
t|. The uniform Skorohod distance is defined similarly, except with the p-variation respectively p/2-
variation distance replaced by the uniform distance; see [FZ18| Section 5] for details.

For X, Y € D([0,T],R%) we use the notation fot Y,_ ® d X, for the left-point Riemann integral, that
is

t
/YS®dXS ;:/ Yo @dX,=lim { ) Y, @ (X,—-X.)},
0 (0,t]

n— oo
[’U‘,’U} Gpn

whenever this limit is well defined along an implicitly fixed sequence of partitions (7,,) of [0, ¢] with
mesh size going to zero. Note that if X is a semimartingale and Y is adapted to the same filtration,
then this definition coincides with the lto integral. We remark also that the iterated integrals

t
Xs,t = / Xs,uf ®dX, = Xs,uf ® qu7

(s,1]
satisfy Chen’s relation (3). Moreover, so do Xs,t = X;¢ + (t — s)I, for any fixed matrix I".

Remark 2.2. Note that by Chen’s relation X ; = X ; — X s — X0 s® X, whenever0 < s <t < T,
and therefore

X = Yloo,or; = sup [Xep — Yo

0<s<t<T

S X0, — Yo, [[oo,jo,71 + ([[ X0, oo o1 V Y0, lls.jo.2) 1| Xo, — Yo, I|oc,f0,7-

Consequently, the uniform resp. Skorohod distance of the (one-parameter) paths (X07., X&_) and
(Yo.., Yo..) controls the uniform resp. Skorohod distance of (X, X) and (Y, Y).

The following lemma by [FZ18] will be useful in the sequel.

Lemma 2.3. Let (Z™,7") be a sequence of cadlag rough paths and let p < 3. Assume that there
exists a cadlag rough path (Z, 7)) such that (2™, Z"™) — (Z,Z) in distribution in the Skorohod (resp.
uniform) topology and that the family of real valued random variables (||(Z",Z")||,.j0,1])n Is tight.
Then (Z",Z") — (Z,Z) in distribution in the p’-variation Skorohod (resp. uniform) topology for all
P € (p,3).

Proof. This follows from a simple interpolation argument, see the proof of Theorem 6.1 in [FZ18]. O
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Additive functionals as rough paths 5

Invariance principles for rough path sequences guarantee the convergence of the solutions to rough
differential equations where the noise is approximated by the path sequence. Moreover, whenever
the second level (the first order ‘iterated integrals’) of the rough path has a correction, the limit-
ing path solves a drift-modified rough equation defined explicitly in terms of the correction. More
precisely, [FZ18, Theorem 6.1 and Proposition 6.9] proved the following. Let (Z™) be a sequence
of semimartingales and assume that (2", [, ZI.dZ!") converges in distribution in p-variation Sko-
rohod (resp. uniform) distance to a rough path (Z,Z), where Z is a semimartingale and Z,; =
[1Z,,- ®dZ, +T x (t — s) for I' € R¥% Then the solutions (Y™ of

Ay = o(Y)dz, Y=y,
converge in distribution in the Skorohod (resp. uniform) topology to the solution Y of

dY, = 0(Y,2)d(Z,Z), = 0(Yi_)dZ, + > 0k (V)or(Yo)Tjedt, Yo =y,

Ikt

where d(Z, Z), denotes rough path integration and d 7, is just the 1t6 integral.

3 Additive functionals as rough paths

Here we present our abstract convergence result for additive functionals of stationary Markov pro-
cesses. We place ourselves in the context of Chapter 2 in [KLO12]: Let (X;):>0 be a cadlag Markov
process in a filtration satisfying the usual conditions, with values in a Polish space E, and let 7 be a
stationary probability measure for X and X, ~ m. We assume that the transition semigroup of X
can be extended to a strongly continuous contraction semigroup (7})¢=o on L?(7). We write £ for the
infinitesimal generator of (7}) and we assume that 7 is ergodic for £, i.e. that I is m-almost surely
constant whenever m({LF = 0}) = 1. We also assume that there exists a common core C for £
and £*, where L* is the L*(7)-adjoint of £, and that C contains the constant functions. We write

1 1
Ls=5(L+ L) and  La= (L—L).

Notation. We write P or P, (and E or IE,;) for the distribution of the stationary process (X;)i=o on
the Skorohod space D(R ., E). The notation E. is reserved for the integration with respect to  on
the space E.

Definition 3.1. The space H! is defined as the completion of C with respect to the norm
|F|If := Ex[F(=L)F] = Bx[F(~Ls)F],

or more precisely we identify F, G € C if||F — G|, = 0, and H' is the completion of the equivalence
classes. The space H ™! is the dual of H': We define for F € C

IF|IZ, = sup E;[FG] = sup{2E-[FG] - ||G|7}
Gec Gec

eC:
Gla<t

and then H~ is the completion of { ' € C : || F’||_1 < oo} with respectto || - || 1.
If F takes values in R? we also write F' € H'(R?), F € H™'(R?) or F € L?(m,R%), etc.
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J.—D. Deuschel, T. Orenshtein, N. Perkowski 6

Note that if E;[F] # 0 then we cantake G = A € C for A € R so that ||G||; = 0 and by sending
A\ — 400 we see that || F'||_; = co. Therefore, we get that E,[F| = Oforall ' € L*(m) N H ™ .

Letnow F' € H~1(RY)N L?(7r, R?). Our aim is to derive a scaling limit for the (absolutely continuous)
rough path (2™, Z"), where
1 nt

\/ﬁ ns

and the integration with respect to Z" is in the Riemann-Stieltjes sense. Let us first recall the following
result:

¢
Z3y = F(X,)dr, Ly, = / Z$ ® dzr",

Lemma 3.2 ([KLO12], Theorem 2.33). Assume that  is ergodic for L*. Let I € L*(m,R%) N
H 1 (RY) and assume that the solution ®) to the resolvent equation (A — L)®, = F with A > 0
satisfies

tim (VA0 + 03 = @]l1) =0 (5)

for some ® € H*(R?). Then (Z™),, converges in distribution in C'([0, T], R?) to a Brownian motion
with covariance matrix

(B, B) = 20(®, @@} = 2t((2Y), &) 1)1t pca = 2 i (27, 81 1)1crpca

Our aim is to extend Lemma 3.2]to the rough path topology. Our main result is:

Theorem 3.3. Let p > 2. Under the assumptions of Lemma the process (Z™,7") converges

weakly to
t
(Bt, / B, ® odB, + Ft) (6)
0 t>0

in the (uniform) p-variation topology on Cyyar ([0, T], R? x R¥*4), where B is the same Brownian
motion as in Lemmal3.2

t t
1
/ B, ® odB, := / B, ®dB, + 3(B.B),
0 0

denotes Stratonovich integration, and I' is given by the following limit, which exists:

I' = lim EW[CI))\ & ,CA(I))\].
A—=0

For the rest of the section we shall assume without further mention that the conditions of Theorem [3.3]
are satisfied.

Remark 3.4. As Z" is of finite variation the iterated integral fot Z} ®dZ? “‘wants” to converge to the
Stratonovich integral, and I" describes the area correction. Note that 1" = 0 if L is symmetric, i.e. if X
is reversible, so in that case we indeed obtain the Stratonovich rough path over B.

Remark 3.5. In Lemma and Theorem|(3.3 the ergodicity of T with respect to L* is only needed for
proving the tightness of (Z™, ™) in the uniform topology. This is relatively subtle because we need
tightness of certain martingales M for which we only know that E[(MY); — (MY),] < |t—s|, which
is insufficient to apply Kolmogorov's continuity criterion. If we can show E[|(MY), — (M) |**9] <
|t — s|'+9 for some & > 0 and for the martingales M of Lemmal3.9 below, then we do not need the
ergodicity of ™ with respect to L* (although we do need ergodicity with respect to L).
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Additive functionals as rough paths 7

The strategy for proving Theorem [3.3]is to apply Lemma 2.3 which separates the convergence proof
into two problems: Showing tightness of (2", Z") in the p-variation topology, and identifying the limit
in the Skorohod topology. To identify the limit we follow a similar strategy as in [KLO12] and combine
it with tools from rough paths together with a simple integration by parts formula.

Let us formally sketch how the correction I arises, under the assumption that we can solve the Poisson
equation —LP = F' (which is for example the case if X has a spectral gap and E,[F] = 0). In that

case we have ] ]
"= — (X)) — —=B(X,;) + M>"
t \/ﬁ ( 0) \/ﬁ ( t)+ t

for a sequence of martingales (M™). Therefore,

t t t
/ Zn @ dzn = / (B(Xo) — B(Xo)) @ F(Xoe)ds + / M @ dzr.
0 0 0
By the ergodic theorem, the first term on the right hand side converges to
HP(Xo) ® EL[F] — E;[®® F|) =tE; [P ® LD].

To understand the contribution of the remaining contribution we use integration by parts: Since Z" is
of finite variation, we have

t t
/ M:@dZ;‘:Mt”@Zt”—/ Zy @dM;.
0 0
Since X is stationary, we have Z" = M™ 4+ O(n~'/?), and (Z", M™) converges jointly to (B, B).
And the martingale sequence (/™) satisfies the “UCV condition” (see the next section for details),

and therefore fg Zr@dM} — fot B, ® dB,. After passing to the limit we apply integration by parts
once more and deduce that

t t t
/ M§®dZ§—>Bt®Bt—/ BS®stz/ Bs; ® dBs + (B, B);.
0 0 0
So overall
t t 1
/ 7' ®dZ" — / B, ®0dB, + (B, B)y + tE[® ® L)
0 0
t
_ / B, ® odB, + tE,[® © (—L5)®] + tE,[ © L]
0

t
_ / B, ® odB, + LE[® @ £ 0]
0

3.1 Tightness in p-variation

The following notion was introduced by Kurtz-Protter [KP91].

Definition 3.6 (UCV condition). Let (X™),>1 C D([0,T],R) be a sequence of cadlag local martin-
gales. We say that (X™),,> satisfies the Uniformly Controlled Variation (UCV) condition if

sng [X"]r] < 0.
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Strictly speaking this is a very particular special case of the definition by Kurtz and Protter, who are
much more permissive and consider general semimartingales rather than local martingales, and they
allow for localization with stopping times as well as truncation of large jumps. But here we only need
the special case above.

The celebrated result of Kurtz-Protter [KP91] guarantees the convergence in the Skorokhod topology
of the stochastic integrals of a sequence of cadlag local martingales satisfying the UCV condition.
Before we state it, recall that a sequence of processes (Y ™),y in D(R, R?) is called C-tight if it is
tight in the Skorohod topology and all limit points are continuous processes.

Theorem 3.7 ([KP91], Theorem 2.2). Let (X", Y"),>1 C D([0,T],R?) be converging in proba-
bility in the Skorokhod topology (or jointly in distribution) to a pair (X,Y) € D([0,T],R?). Sup-
pose that (X™),>1 is a sequence of local martingales which satisfies the UCV condition. Then,
(X, Y™, [ Y] dXT]) converges to (XY, [ Y,_dX,) asn — oo in probability (or weakly) in
D([0, T), R®). In particular, if in addition [, Y,_dX, € C([0,T],R), then [, Y] dX7 is C-tight.

Corollary 3.8. Let (X", Y™),>1 C D([0,T],IR?) satisfy the same assumptions as in Theorem[3.7 If

in addition (Y,,)n>1 is a sequence of semimartingales and (X", Y™, [ X", Y™"]) convergesto (X, Y, A)
in probability (or jointly in distribution), where Y is a semimartingale and A is an adapted cadlag pro-

cess of finite variation, then

(X",Y”,/ X;"‘_@d}g”,/ ij_@dX:) s (X,Y,/ X,. ®dY, + [X,Y] —A,/ Ys®dXs>
0 0 0 0

in probability (or weakly) in D([0, T'|,R*). In particular, if in addition fo X,- ®dY; € C([0,T],R),
then [; X7 ® dY]"is C-tight.

Proof. Using integration by parts, we have

/ Xy @dY"'=X"@Y" —XSN}?YJ‘—/ Y @dXD — [ X" Y7,
0 0
so that the claim follows from the Kurz-Protter result together with another integration by parts:

X®Y—X0®Yo—/YS_®dXS—A:/XS_®dYS+[X,Y]—A.
0 0

O
Throughout this section we will often use the following representation of additive functionals:
Lemma 3.9. Let ¥ € C(R™). Then we have forT > (
t 1 R R
/ LV (X,)ds = §(Mt‘1’ + MY‘{’ — M%’_t), te0,T] (7)
0

where MY is a martingale and MY s a martingale with respect to the backward filtration ]:"t =
o(Xr_s: s <), such that

E[(M"),] = E[(M"),] = 2E[¥ @ (—Ls) W]t = 2t((V, Ue)1)1hecm, L€ [0,T]. (8)

Assume that  is ergodic for L*. Then under the rescaling T — nT and M,"" = n~"/ MY and
similarly for M'¥"™ both processes converge in distribution in D([0,T],R™) to a Wiener process,
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Additive functionals as rough paths 9

and by (8) they satisfy the UCV condition. If G, H € L*(m,R™) and As; = f [ G(X,,)dr, ®
H(X,,)dr, for0 < s <t <T,then

t
Ay = / / o )dry @ dMY — —/ / G(X,,)dr, ® MY )
T—r1

/ G(X,)dr @ (VY — NIE,) + / [ G (HX,) - £0(X, )

Proof. The representation (7) is obtained e.g. by applying Dynkin’s formula to U (X) and \P(X)

[0,u],u € [0,T], and then computing MY + MY — MY ,. I ¥ is in the domain of L, then
also (8) follows from Dynkin’s formula; otherwise we use an approximation argument, see p.35 of
[KLO12]. For the convergence of M¥"™ and MY" see the proof of Theorem 2.32/2.33 in [KLO12].
The representation for A&t follows by writing the integral against MI‘IL as a limit of Riemann sums
— note that fo G(X,.)dr is continuous and of finite variation, so the integral is defined pathwise and
we do not need to worry about quadratic covariations or the difference between forward and backward
integral. O

For f € D(R,R%) and 6, T > 0 we define the modulus of continuity

wr(f,0):= sup |f(t) = f(s)|.
ey

We will need the following lemma:

Lemma 3.10 ([JS03], Proposition VI.3.26). The sequence (Y™) is C-tight if and only if the following
two conditions hold:

i. ForallT > (0 we have

lim limsupP( sup |Y"| > K) = 0;

K=00 poco te[0,77]

ii. foralle, T > 0 we have

lim lim sup P(wr(Y™,0) > ¢) = 0.

00 psoo

If (Y™) is a sequence of processes in C'(R,., R?), then these two conditions are equivalent to tight-
ness in the uniform topology.

Since the uniform modulus of continuity is subadditive, i.e. wr(f + ¢,0) < wr(f,d) + wr(g,d), it
follows from this Lemma that the sum of two C-tight sequences is again C-tight. Note that the same is
not necessarily true for sequences that are tight in the Skorohod topology on D (R, Rd).

Lemma 3.11. Under the assumptions of Lemma the sequence (Z",Z") is tight in C(R,,R? @
Rd®d).

Proof. By Lemmaand Remark it suffices to show that Zg . is tight in C'(IR 1 , R9®) We shall
use Lemma [3.10] Since the set L£sC is dense |n {1, see Claim B on p.42 of [KLOT2], we can
find ®,, € C(R?) so that [|F — Ls®,,,[|-1 < . Then eq. (9 from Lemma (or rather a slight
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modification with the inner integral in the second term on the right hand side running from 1" — r; to
T instead of from I" — rq to t) gives
1

t 1 T N 1 A ~
s [ mewnme L[ @)oo Lape ien - i)
0

73, =
0t 9 2 Jry 2

+ /t Z" @ V(F(Xps) — LsPrm(Xns))ds.

By Theorem together with Lemma [3.2| the two stochastic integrals are C-tight in D([0, 7], R%)
(note that Z — ZJ._, is adapted to F5). The third term on the right hand side is C-tight by the
characterization of Lemma[3.10l It remains to treat the term

/Z"@f(( ) = LB, (X,))ds

t
1 n Sr®on,n “rF.n
_ / SQUIER 4 NEE™ = NEF2) @ \/R(F(Xp,) = LB (X))

/ - / L5 (X,))dr ©® Vit(F(Xps) — Ls®pn(Xpa))ds.

By Corollary [3.8] the integral of the two martingales can be handled as before. The remaining term
satisfies

sup
t€[0,T]

/ / — L (X))dr © (F(X,) — L@ (X2))ds| | S TIF—Lo®lly <

by Lemmal|A.]in the appendix. Combining all this with the necessity of the conditions in Lemma[3.10]
we get

lim limsupP | sup |Zj,| > K
K—=0o noeo te[0,T] ’

< lim limsupP ( sup / / — L5, (X,))dr @ (F(X;) — LsP,(Xs))ds

K—=0co nooo te[0,T)

>K—O
5 | =

by Chebyshev’s inequality, and similarly we get by bounding wz(f,0) < 2|| f1]oo,f0,71:
lim lim sup P(wr(Zg ., 0) > ¢)

=0 noeco
< lim limsup P (wT ( / / — Le®(X,))dr @ (F(X,) — Egdﬁ)m(Xs))ds,é) > g)
2

< THF Ls®,%, < —>Oasm—> 00.

Hence Z; . satisfies the assumptions of Lemma and therefore it is tight in C'(R, , R9®?) and the
proof is complete. O

To apply Lemma [2.3| it remains to show that ||(Z", Z")||, 0,1 is a tight sequence of real valued
random variables. For that purpose we first recall the following estimate:

Lemma 3.12. LetG € L*(m)N'H ' andT > 0 andp > 2. Then

2 2

E /0 ' G(Xds

sup S TG,

t<T

.

/ G(X.)ds

0

p,[0,T]
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Additive functionals as rough paths 11

Proof. See Corollary 3.5 in [GP18]. This corollary is written for the specific process studied in [GP18],
but the proof carries over verbatim to the general situation considered here. O

In particular, we get ]E[HZ”HP o1 S T||F||;. To bound || Z"||,,,j0,7] We need the following auxiliary
result, which is the core technical result of this section and which replaces the Burkholder-Davis-Gundy
inequality for local martingale rough paths of [CE19, [FZ18] in the case where only the integrator is a
local martingale:

Proposition 3.13. Let (Y}):c[o,7] be a predictable cadlag process with Yy = 0 and such that E[||Y[|> oyl <
oo for some p > 2 and let (Ny):cpo,r) be a cadlag local martingale with E[(N')7r| < oo. Define
Ast = fst Y, »dN,.. Then for any ¢ > p > 2 and for all sufficiently small e > 0

Bl 0m) S (1 +E Y I20m] ") ELN)22

To not disrupt the flow of reading we give the proof in Section 5] below, see in particular the more
precise result in Proposition[5.2]

Corollary 3.14. Let G, H € H™' N L(r) and set A, = [! [ G(X,,)droH (X,,)dr;. Then we
have forallp > 2 and’l’ > 0 ande > 0

E[l|All,: (1+TY2|Gl-1) (1 + T2 H] ).

p/2, [OT]

Proof. Lemma[3.91shows that

. 1 [t . R
/ / rp)drad MY — = / X, )drod MY + 3 / G(X,)dr(My_, — My_,)
T—r1 s

—l—/s/s G(X,,)dro(H(X,,) — Ls¥(X,,))dr. (10)

The first two terms on the right hand side will be controlled with Proposition and Lemma
The third term of is bounded by

I - - .
5 coxani, - )| < g 00

D,[s,t]

2

and the fourth term by

7«2 d?"g H(Xrl) — ES\If(Xm))drl

/ G(XT2 d?”g
0

Recall also Lépingle’s p-variation Burkholder-Davis-Gundy inequality, see Theorem|[A.2] and note that
E[[MY]r] = E[{MY)7] which can be easily seen by stopping the local martingale [M Y] — (MY)

S sup
rE(s,t]

/ H(X,) — LsU(X,,)|dr.
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and then applying monotone convergence. So by Proposition together with (10)-(12) we obtain

E[[|All, or] S |1+E

1/2
OT]] (L+ [ELMT)7][2 + [E[(M")7][?)

) (1—e)/2
+E ] E[| M2 10,1~
[0,7]

</0T (X)) = Es\I!(Xﬁ”dTl)Q] (1-e)/2

: 1/2
] (L+ T2 W]y + TIH = LoV 12())
[0,T]

/ G(X,)dr

0

- . o7 (1—€)/2
+E | sup /G(XTQ)drg ] E
0

_TG[O,T}

<|1+E

/ G(X,)dr

0

S+ TPGI-) + T2+ TIH = LW z2m),

where the last step follows from Lemma Now we take ¥ = &4 as the solution to the Poisson
equation (A — Lg)®¥ = —H. Note that in general % ¢ C, but we can approximate ® with
functions in C and get the same estimate. Then standard estimates for the solution of the resolvent
equation, see eq. (2.15) in [KLO12], give || @4 {|1-+v/A|| @4 || 12y S || H || -1, and since H—Ls @Y =

A& 4 we can send A — 0 to deduce the claimed estimate. O

Corollary 3.15. The process (72", 7™) is tight in the p-variation topology on C' (R, , R¢ & R®%),

Proof. 1t remains to show that (||Z"||,/2,/0,77)n is tight for all T > 0, for which it suffices that
E[|Z™||1. paor] < C for all n. But this follows from Corollary 3.14r We set G = H = n~12F
and replace 1" with nI" to obtain

E(Z"500) S U+ (D)2 [0 2E| ) (1 4+ (D) 202 F ) 2y) = (1 + T2 F-1)%

3.2 Identification of the limit

To prove tightness we worked with the forward-backward decomposition of Lemma[3.9] But since the
process MY from that lemma is only a martingale in the backward filtration, this decomposition is not
useful for identifying the limit. So here we work instead with the following decomposition based on the
resolvent equation:

Lemma 3.16. For A > 0 we write ®, for the solution of the resolvent equation (A — L)®, = F.
Then

M@allZ2( + @Al < IIF)12, (13)
and there exists a martingale M* with Mg = 0 and with E[(M*);] = 2E,[®) ® (—Ls)®]t, such
that . .

/ F(X,)ds = ®(X,) — ®5(X,) +/ AP (X,)ds + M)} =: R} + M.
0

0
We write M n~12M?, and R’\ T =n"2RA.
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Additive functionals as rough paths 13

Proof. This formally follows by applying Dynkin’s formula to ®, and to make it rigorous if &, @ ¢, ¢
dom(L) one can use an approximation argument (see p.35 of [KLO12]). O

Lemma 3.17. Assume (5). Then there exist processes R™, M™ € D(R, ,R?) such that forall T > 0
andn € N

lim {E[sup |7 — M} +E[sup | Ry — RM"[*]} = 0.

t<T t<T

Moreover, M™ is a martingale with E[(M");] = 2t limy_,o £ [P\ @ (—Ls)D,].
Proof. This is all shown in [KLO12], see Lemma 2.9 and (2.26) therein. O

The following corollary completes the proof of Theorem (3.3}

Corollary 3.18. Under the assumptions of Theorem the process (Z", ™) converges in distribu-
tion in the p-variation topology on C' (R, , R% & R¥®?) to

t
(Bt, / B, ® odB, + Ft) : (14)
0 t=0

=

where B is a d-dimensional Brownian motion with covariance
2t lim EW[(I)/\ X (—ES)(I))\} =2t llm<(1))\, ®(I))\>1,
A—0 A—0

and where
I' = lim EW[CI))\ & ,C,A(I))\].
A—0

Proof. Let Z" = M™ + R™ as above. In Theorem 2.32 of [KLO12] it is shown that both (/™) and
(Z™) converge in distribution in the Skorohod topology on D (R, R?) to a Brownian motion B with
covariance (B, B); = 2tlimy_,o E;[P) ® (—Lg)®P,]. Therefore both Z™ and M™ are C-tight, and
thus also R" is C-tight. It is shown in Proposition 2.8 of [KLO12] that E[| R}"|?] — 0 for each fixed
t > 0, which together with the C'-tightness gives the convergence of R™ to zero in distribution in
C(R,, Rd) (and thus in probability because the limit is deterministic). Since 2" = M"™ + R", this
gives the joint convergence of (Z™, M™, R") in distribution in C (R, , R3?) to (B, B, 0). By the ‘more-
over’ part of LemmaM” satisfies UCV. Consequently, Corollaryshows the joint convergence

(Zn7Mn7/ Mg®dzg) N (B,B,/ B, ® dB, + <B,B>>.
0 0

It remains to study the term [, R? ® dZ”'. We claim that for all 7" > 0

t
/ (R 4+ n~Y2®, 1 (X,,)) @ dZ"
0

n—oo t<T

lim E {sup

} = 0. (15)

Indeed, R — R" ™" = M~ — M™, and since E[sup,.p [ M — M} "2] < [|® =&, 1|2 = 0
we can apply integration by parts together with the Burkholder-Davis-Gundy inequality to show that
E [sup,cp | 5 (B2 — B2 ") @ dzz

} — 0. The remaining term involves only the continuous finite
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variation process Rg“l’” +n~Y2®,,1(X,,), so that we can apply Lemmato obtain

! /nt(R"1"+ 129, 1 (X,)) ® F(X,)d
= -1 n n- s s)ds
iy e 1

< limsup E[sup |R"_," 4+ n~ 2@, 1 (X,))ds[?]/2T2|| F||_,.

n—o00 t<nT

n—o00 t<T

t
[ e, () 0 az:
0

limsup E {sup

= limsupE {sup

n— 00 t<T

To bound the expectation on the right hand side note that

Efsup [ " + n 20,1 (X)) 2] < E[ln 20,1 (Xo)[?] + E

t<T

sup
t<T

nt
n_l/Q/ n '@, (X,)ds
0

2]
S| @y H%?(w) + T2 7| @n 1 |22y
= (14+T%)n |1 [172(),

and since according to assumption (5) the right hand side vanishes for n — oo we deduce (T5). There-
fore, it suffices to study the limit of [ n=/2®,,-1(X,,,) ®dZ" = n~"! Om D,-1(X,5) @ F(Xps)ds.
Let A > 0, then

E {sup n! /Ont((bn1(an) — DA (Xns)) ® F(Xps)ds

t<T

} < TE[(®,1 — @) ® F]
<T@y = Dl |,

and by assumption the right hand side converges to T'||® — ®,||{||F'||_1, which goes to zero for
A — 0. Moreover, by the ergodic theorem the term n ! font O, (X,s5) ® F(X,,5)ds converges almost
surely and in L*(PP) to t ;. [®, ® F']. By Lemma/A.3]in the appendix this convergence is even uniform
int € [0, 7] (to get the required uniform integrability note that

sup
te[0,T

nt nT
n_l/ P (Xns) ® F(X,5)ds| < n—1/ 1P\ (Xns) @ F(X,5)|ds,
0 0

and the right hand side converges in L' by the ergodic theorem). Now it suffices to send A — 0 to
deduce that [} R7 ® dZ" converges to the deterministic limit —¢ limy,_o B[ ® F]in C(R,, RY),
Consequently,

t
(Z",Z") — (B,/ By ® dB. + (B, B), — tlim E[®, @ F])
0 —
¢ 1
— (B,/ B, ® odB, + =(B, B); — tlim E,[®) ® F]) :
0 2 A—0

and finally we have

A—0 A—0 A—0

because VA®, — 0 in L?(7). The limit on the left hand side exists because ®, converges in
H' and F € H~', and thus also the limit on the right hand side exists. Moreover, (B, B); =
tlimy o E,[P\&(—Ls)P,] and since L—Lg = L 4 we get the claimed form ' = lim g £, [P \®
L 4®,] (and in particular this limit exists). O
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4 Applications

To illustrate the applicability of our results we derive here scaling limits in the rough path topology for
three classes of models, random walks with random conductances, Ornstein-Uhlenbeck process with
divergence free drift, and diffusions with periodic coefficients.

4.1 Random walks with random conductances

We place ourselves in the setting of Chapter 3.1 of [KLO12] or [Mou12]. Namely, let
n={n{z,y}) =n{y,2}) : 2,y € 2%, |z — y| = 1}

be a set of numbers with 0 < ¢ < n({x,y}) < C for all z,y and let us write X for the continuous
time random walk in Z¢ with X;] = 0 and that jumps from z to  (resp. from y to z) with rate n({x, y}).
Since the rates are bounded from above this random walk exists for all times. We interpret n({z, y})
as the conductance on the bond {z, y}. To simplify notation we will write

n(z,y) =y, x) =n({z, y})

from now on. We are interested in the situation where (1({x, y}))|z—y|=1 is an i.i.d. family of random
variables (and each n(x, y) still takes values in [c, C1).

4.1.1 Scaling limit for the It6 rough path

Let us write 7 for the distribution of 7 and write X, = lim; X and then

t
X7, — / X7 @ dX?.

We also define
X" =n"12X])

nt» S,r—

t
X = / X" @ dX

Our aim is to show an invariance principle in the rough path topology for (X" X"™") under the
annealed measure

[ BUrCeean).
The corresponding annealed invariance principle for X7 in the Skorohod topology is established in
Chapter 3.1 of [KLO12]. The approach there is based on writing X" as an additive functional of a
certain Markov process plus a martingale, and on applying Lemma [3.2]to the additive functional. The
Markov process is the “environment as seen from the walker”: For x € Z< let us write
TNy, z) = nly + .,z + ),
and then we define
Nt = TX?U?

which is a cadlag process with values in the compact space [c, C] B equipped with the product topol-
ogy, where £ = {{x,y} : x,y € Z%, |x — y| = 1} are the bonds in Z. We write

Fi=o0(XIVn:s<t),

so that (1) is adapted to (F). In the following all martingales are with respect to (F;) and the
annealed measure, unless explicitly stated otherwise.
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Lemma 4.1 ([KLO12], Lemma 3.1). The process (1;)i=0 is Markovian with respect to (F;), with
generator

LEm) = > n(0,y)(F(rn) — Fn))
ylye\zdl:

and with reversible and ergodic invariant distribution .

In Lemma 3.1 of [KLO12]| the filtration with respect to which the Markov property holds is not specified,
but (a slight modification of) their proof shows that we can take (F;) and not just the canonical filtration

of (Th)
Let us define the local drift F - [¢, C]E" — R% by

F(n) =Y yn(0,y).
lyl=1

It is shown on p.86 of [KLO12] that there exists a cadlag martingale (N;)~o such that
t
XZ] = Nt +/ F('I’}S)ds = Nt ‘I— Zt7 (16)
0

and therefore X,"" = N+ Z* with the obvious definition of the rescaled processes N™ and Z". The
idea is now to apply the invariance principle for additive functionals to Z" and to apply the martingale
central limit theorem to N™. Recall that (7)) is reversible, so by the discussion in Chapter 2.7.1 in
[KLO12] we have F' € L?(mw)NH ! and the assumptions of Theorem are satisfied. Of course, we
also have to understand the joint convergence of (N™, Z™), and for that purpose on p.88 of [KLO12]
the predictable quadratic covariation between N™ and the martingale M ™" from the decomposition
of Lemmais derived, namely for a, b € R

1 nt
(aN" +bM™, aN" +bM"™ ) = > ~ / 15(0,y) (ay + b(PxA(1y15) — ®A(15)))**ds (17)
yl=1 7Y
A simple adaptation of Theorem 3.2 in [KLO12|] now leads to the following:

Lemma 4.2. Under the annealed measure the pair (N™, Z™) converges in distribution in the Skorohod
topology on D(R ,,IR?%) to a 2d-dimensional Brownian motion (BY , B?) such that for a,b € R

(aBY +0B? aBY +bB%), = tlim E-[(0.y)(ay + b(®a(ryn) — Pa(1) ™). (18)
ly|=1

Moreover, the sequence of processes (IN™) satisfies the UCV condition.

Combining this result with Theorem [3.3] we easily obtain the following convergence in rough path
topology:

Theorem 4.3. The process (X", X""™) converges in distribution in the p-variation rough path topol-

ogy to
t
B,(/ Bs®st+Ft> ,
0 >0

DOI 10.20347/WIAS.PREPRINT.2685 Berlin 2020



Additive functionals as rough paths 17

where B is a Brownian motion with covariance

(B, B)y = tlim 3 B[n(0, 5)(y + (B(ryn) — (1)),

ly|=1
and where for the unit matrix I, and the vectore; = (1,0,...,0) € Z%
1
I = (B, B) — Bn(0,en)a

Proof. Using together with the arguments from the proof of Corollary it is not hard to
strengthen Lemma[4.2]to obtain the joint convergence

' 1
N,z 7t ) — | BN,B?, | B? ®dB? + =(B?,B?) ).
0, 0 s s 2

Since the limit is continuous the triple is even C-tight, and therefore by Lemma also X" =
N™+ Z"™ converges in distribution in the Skorohod topology to B = B + B", and the convergence
is jointly with (N, Z", Zg .). The iterated integrals of X" are given by

t t
Xiy = / X" ®dNT + / NI ®dZ} + Zy,. (19)
0 0

Recall from Lemma that N" satisfies the UCV property. Since Z" is continuous and of finite
variation, we get from Theorem [3.7]and Corollary [3.8| the joint convergence

<Nn7znjzg7,,xmn7/ Xg_®st”,/ N§_®dZ§)
0 0

. 1 . ‘
— (BN,BZ,/ BZ ® dB? + 5<BZ,BZ>,B,/ B, @dB;V,/ BY ® dBZ + <BN,BZ>) .
0 0 0

Since all the limiting processes are continuous the tuple is C-tight and the joint convergence extends
to sums of the entries, so from (19) we get

' 1
(X" X0 — (B,/ B, ® dB, + 5<BZ, B?) + (BY, BZ>)
0

' 1 1
— (B,/ B,®dB, + =(B,B) — =(B", BN>)
0 2 2
and by the last term on the right hand side is given by
1 t
—(BY, BY) =~ Z Ex[n(0,y)y @ y) = 5 E:[n(0,e1)] Yy ®y = —tE[n(0, e1) L.
Iy\ 1 ly|=1

To complete the proof it remains to show tightness of the p-variation. Since holds in the re-
versible case, see [KLO12, Section 2.7.1], Theorem [3.3|implies that (||Z" |07 + [|Z" ||p/2,[0,17)n
is tight. For the first level of the rough path we have || X" ||, 077 < || Nallpjo,11 + 12"l p,j0,17, and

E[||N"|? sor S E[(N™)r] < 1 by Theorem together with (17), and we already know that

() wmeaz)
7 0<s<t<T

| Z"™|| 0,17 is tight. From we get

( / X ® dN[L)
s 0<s<t<T

+ HZan/Z[O,T}'

1 X" || /2,00, <

p/2,[0,T] p/2,[0,7]
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We apply Proposition for the first term on the right hand side and obtain

1—¢
( / X1 g dN")
s 0<s<t<T

p/Q,[O,T}

E < (AHE[IX™ 5 009]*) (1 +E(N™)7]Y?) S 1,

where p’ € (2, p). The second term on the right hand side can be controlled via integration by parts
and a similar application of Proposition And we already know that (||Z" |,,/2,0,11)n is tight. Hence
we get the tightness of (||X""||,/2,/0,71)n, and this concludes the proof. O

Remark 4.4. We did not really use that the conductances are i.i.d., and the same proof works if they
are only ergodic with respect to the shifts on Z. In that case the correction " of Theorem is given

by
D= (B, B): — ding(Baln(0,e1)]. . Erln(0, )],

where diag(. .. ) is a diagonal matrix with the respective entries on the diagonal. In the i.i.d. setting
and for d > 2 we expect that it is possible to get stronger results (Holder topology instead of p-
variation, speed of convergence, convergence under the quenched measure) by using the spectral
gap result of [GNO15].

4.1.2 Scaling limit for the Stratonovich rough path
In our discrete setting of the random walk in random environment it seems natural to consider the 1t6

iterated integrals f; XLZ’T”, ® dXM". But of course this is not the only option, and we might also turn
X" into a continuous path by connecting the jumps piecewise linearly, as it is often done for Donsker’s

invariance principle. More precisely, if o/, k = 1,2, ... are the jump times of the process X", then
we set
. t— oy
XM= X0 b X
t O - TPk 41

n o n
Ok+1 — O

for off < t < of,,. We then define X!} = [’ X7 @ dX?™, and as usual X{" = X{7". Note
that sup,o | X" — X" < n~1/2, and therefore X" converges to the same Brownian motion as
X" The difference arises only on the level of the iterated integrals: We have

n nn
Tk+1 v,n V1,1 1 n n n,n XO—’]’CL’O-I:7+1 n,n n,n
KXoy @AXI" = (0 = 0p) Xoion | @ ——— 5 + Xop' @ Xowlon |
o k+1 k
1
_ n,n n,n nmn
- §(XO';€1 + XOIZLJA) ® XO'IZL’UZJA,
Therefore,

i 75
S I T 7157 mnn mnn
U GRS ( Xy © dX" — XO0 © X7 m)

oo
=0 ol

k—1

2 X5y, )
Jj=

.

DO | —
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Using the ergodic theorem for the stationary ergodic sequence ({7(s) : s € [k, k + 1]}),-, and the
fact that a}j = no}, we get for fixed ¢

5 Y (X ) = 5 2 ()

k opst 0<s<nt

Int] 1 & -
= on ot Dol 2 | 2 e
k=0 \k<s<k+1 \|y=1
1
. Xﬂ ®2
+2n Z ( S—,S)
[nt]<s<nt
nt] 1 "&E 1
— (6 0,1 o=
ST 2 Vo) e ) + (3)
t
— §Ew[‘11({n(5) s€[0,1]})]
t
_ n ®2
= 3Ex > (X o)
0<j:a]1g1

where the convergence as n — oo is in Ll(]P’ﬂ) (easy to see) and P, almost surely (to be justified
below), and where

®2

U({n(s):s€ 0,0 = > [ D ylo@=nne | - (20)

0<s<l \ |y|=1

To see that the O(%) term converges [P, almost surely to zero, note that by stationarity and since the
®2

normof ¢ — > )., <Z|y\:1 y]ln(s):Tyn(s_)> € R4 s increasing in t:

2 2

E, % 3o(xn ) < LE, > (XL )=

~ 4n?
[nt]<s<nt 0<s<1

Our jump rates are uniformly bounded and the size of each jump is bounded by 1, and therefore the
expectation on the right hand side is finite. Consequently,

2
1 2
E Y| 2 (X% | <o
n [nt|<s<nt
and thus the summands converge almost surely to zero.

By Lemma in the appendix the Ll(ﬁ)—convergence holds even locally uniformly in time. Let us
compute the limit: Since the additive functional in the decomposition of X" in does not jump we
have X' ;, = N;_, forallt > 0, and therefore

=F

> (X

0<t<1

Er Z (Xn] 1:01)®2 = E-

0<j:aj1-<1

Z (Nt,t)®2]

0<t<1

= EWHNv N]l] = ETF[<N7 N>1] = <BNvBN>1~
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Therefore,

— 1(<BN,BN>t)

(X?m - X?n> t€[0,7] 2

te[0,T] asn — oo, (21)

and since the left hand side is increasing in the sense of positive definite matrices and thus in norm and

the convergence is uniform in L, it holds even for the 1-variation norm. In the proof of Theorem |4.3
we saw that

1 1
§<BNvBN>t - §<BaB>t - Ft7

so together with and the fact that the Stratonovich integral equals fot B, ® odB, = fot B, ®
dB, + %(B, B);, we deduce for the case of linear interpolations that the limit is the Stratonovich
Brownian rough path, with no correction:

Corollary 4.5. Let ()_( . X”’") be the linear interpolation of the path X" and its corresponding
iterated integral defined above. Then ()_( . X”’”) converges in distribution in the p-variation topology
to (B , fo B, ® ost), where B is the same Brownian motion as in Theorem , and o denotes
Stratonovich integration.

4.2 Additive functional of Ornstein-Uhlenbeck process with divergence-free
drift

In this section we give a simple example of an additive functional of an Ornstein-Uhlenbeck process

with divergence free drift with a non-vanishing area anomaly, i.e. so that the correction I" from (6) is

non-zero. Let U : R? — R be given by U(z) = £|z|? — log 27 and let

b(z) = (_x2) e V@ — Aze7U®  where A = ((1] _01)

xy
Note that b is divergence free. We define the operator
Lf = Af—VU-Vf—=b" -Vf = 'V (eVVf)—beV -V,
which is the generator of the Ornstein-Uhlenbeck process
dX, = —VU(X,)dt — b(X,)e" X dt + V2dW, = — (I + A)X,dt 4+ V2dW,.

One can check that 7(dz) = e~V dx is invariant for X Indeed, if f € C2(R?), then integration by
parts yields

/ﬁerdaz = /(V'(eUVf)—Zer)dx = /(VL(eUVf)—l—fV'b)dx = 0,

because V - b = 0. We consider X started in the invariant measure and we are interested in the

rough path limit of
1 nt
Z = —/ X,ds.
v

For that purpose let F'(x) = x. Since X has a spectral gap, it converges exponentially fast to its
invariant measure and we can directly the Poisson equation —L® = F/, i.e. there is no need to first
consider the resolvent equation (A — £)®, = F and then send A — 0. To compute the explicit
solution to the Poisson equation, we use the standard ansatz

B(z) = Cr = (CH 012) (%) _ (Cnmcmw?)
Ca Cy To Corxy 4+ Cpxa )
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Write ®(z) = (E;Eg) then VO(z) = (gg;gg) = (g; g;z) = (C for (x) = Cu.
Hence, for j = 1, 2,
—LPj(x)=(I+A)x—-V) - Vo(x)=I+A)zx-Cj,,

or more compactly

—LP(x) =C(I+ A)z.
The equation —LP(z) = F(x) = x then yields

CI+A) =1

C‘%(I_A)_%<—11 D

The Ornstein-Uhlenbeck operator has a spectral gap, so condition is satisfied; see [KLO12, Theo-
rem 2.18]. By Theorem [3.3] we get the convergence

t
(z",7") — | B, (/ B, 0dB, + Ft) :
0 t€[0,T]

in distribution in p-variation, where B is a Brownian motion with covariance

Since A? = —1I, this implies

(B', BY); = 2t E,[®'(—Ls)®’] = 2tE,[(C2)"(Cx)’] = 2t(Ci1Cj1 + CioCyp) = I,

where we used that under 7 the coordinates (', x) are independent standard Gaussians, and where

;= Eﬂ[qﬂﬁA@j] = Eﬂ[(Cx)i(_CAx)j] _ (Ci CiZ) Eﬂ[x(AJ;)T] <gj )

_ 2 C 0 -1
e e |( ) (@) - seica (1 7).
ij

In other words, we see a nontrivial correction to the iterated integrals of 5.

4.3 Diffusions with periodic coefficients

Consider a smooth Z?-periodic function a : R? — R%>@and L = V - (aV), that is

d

Lf(x) =) (ay(2)di0; f(x) + Diay(x); f(x)) .

4,j=1

We assume that the symmetric part of a is uniformly elliptic (a itself is not necessarily symmetric).
Then there is a unique diffusion process associated with L, with coefficients

J d
dxi = Z Oyai; (Xy)dt + \/52 75 (Xe) AW,
— i=1

where 1 1
o= Vad, aS:§(a+a*), aAzﬁ(a—a*).
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To simplify notation we write

d
bj = Z@iaij =V- Q.
=1
SO
dX, = b(X,)dt + V20 (X,)dW,.

We assume that X is uniformly distributed on [—5, 5] (just so that the Markov process Y below is

stationary) and we want to understand the large scale behavior of X in rough path topology, for which
we will derive the following result:

Theorem 4.6. Let
Xr=n"'2X,, tel0,T].

Then the following convergence holds in p-variation rough path topology:

t t
(X?,/ X?®OdX§> — (Bt,/ Bs®ost+t/(vq>i-(—aA)vqﬂ)de),
0 0

-

=T
where ® solves the Poisson equation
—V - (aVP)=b
and B is a Brownian motion with quadratic variation
(B!, BY), = 2t/(vq>i +e;) - a® (VP + ¢;)da,
for the standard basis (e1, . . ., eq) of RY. For the It6 rough path we see an additional correction:

t t 1 . .
(Xt",/ Xg®dxg) — (Bt,/ B, ® dB, + §<B,B>t —t/asdx —t/(V(I)Z : aAVq)j)ijdx) :
0 0

Remark 4.7. The convergence of the Stratonovich rough path was previously shown by Lejay and
Lyons [LLO3, Proposition 6]. Their proof uses the fact that we control all moments of X, from where
the required tightness in Hélder topology (which is stronger than p-variation) easily follows via a Kol-
mogorov continuity criterion for rough paths, and there is no need to invoke a result like Proposi-
tion Our general approach has the advantage that it applies to a much wider class of models
and that we can apply it without having to do additional estimations, but in this special case it gives a
weaker result.

We now sketch the proof of the claimed convergence. Let us rewrite
Y; = X; mod Z°.
Since the coefficients of X are periodic, Y is a Markov process with values in T¢ = (R/Z)?, with

generator £ given by the same expression as L, except now it acts on C?(T4) rather than on C%(R?).
The Lebesgue measure on T is invariant for Y, and we have

/b dx—/ Z@aw
Td
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by the periodic boundary conditions.

Therefore, we can write (slightly abusing notation by also considering b, o etc. as functions on T%)
nt nt
nV2X,, = n1/2/ b(Y,)ds + n1/2/ V20 (Y,)dW, = Z" + M,
0 0

where M™ is a martingale with quadratic variation

=2 [ R / " o (Xo)ds = 2 / " a8 (v)ds
n J, I nJt, Y nt, 2V

and where Z" is a functional that we can control with our tools from Section 3| By the uniform ellipticity
of a® together with the Poincaré inequality we have for all f with J fdx =0

/f(—z)fdx:/Vf-andx:/Vf-aSVfdxz/|Vf\2dxz/f2dx,

i.e. £ has a spectral gap and Y is exponentially ergodic. Thus (M™); — 2t [ a®(x)dz, from where
we can show with some more work that M" — B™ for a d-dimensional Brownian motion with
covariance

(BM BM), = Qt/as(x)dx.

Since M™ satisfies the UCV condition, the convergence of the lifted path also holds in the p-variation
rough path topology for every p > 2 by Proposition [3.13| or, since both integrator and integrand are
martingales, also by [FZ18], Theorem 6.1]. To control the term Z" we use that Y has a spectral gap
and that therefore we can directly solve the resolvent equation with A = 0, i.e. we consider the solution
® to the Poisson equation

—LO =—-V-(aVP) =b,

which is given by & = fooo P,bdt, where (P,) is the semigroup of Y. The time integral converges
because P,b converges exponentially fast to f bdx = 0. Since Y has a spectral gap, the conditions of
Theoremare satisfied (see [KLO12, Theorem 2.18]), and therefore (Z", [, ZI' ® dZ]') converges
to the corrected Stratonovich rough path

(BZ,/ Bf@ostZth/(I)@EA(I)dx),
0

where B is a Brownian motion with covariance

(B%,B%)7 = 2/@i(—£s)q>ﬂ'dx — Q/thi-asvcbjdx,

( / <I>®£A<I>dx> =— / Vo' (a*VeT)da
ij

It remains to understand the quadratic covariation of B and B?, as well as the cross-integrals
f Z"™ ® dM™ and f M™ ® dZ". To derive the covariation, note that we get with the solution to the
Poisson equation ¢

and where

1 nt )
Z; = ~0(%o) - n=2o(Y,,) + n-1/2/ V2 0;9(X,)o5i(X,)dW, = R} + N},
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and the covariation of N™ and M™ is thus given by
<Nn,Mn>ij = / Z@;C(I)Z O'kg )O’jg(Xs)dS
0

_ / Zakcblak]
— 2t/zak<bia£jdx,
k

so that B = B + BM is a Brownian motion with covariance
<B7 B>t = <BM7 BM>t + <BZ7 BZ>t + 2<BZ7 BM>t
=2t / (aij + VO - a VP +2) akcbiagj) da
k ij
- 2t/ (V' +¢;) - a® (VP +e)), do
The cross-iterated integrals satisfy according to Theorem [3.7]and Corollary [3.8]
/ Zg®dMg—>/ B ® dB}",
0 0
/ M!® dZ! — / BM ® dB? + (BM, B%) -0,
0 0
so that overall
t
(Xt”,/ XS”®dXS")
0

! 1
— <Bt,/ B, ®dB, + 5(BZ, By, +(BM B?), +t / d(7) ® £A<I>(x)dx) :
0
and the first part of the correction can be further simplified to

1 1
—(B?,B?),+ (BM,B?), = (B B?), +

1 1 1
92 _<BMaBZ>t:§<BuB>t_§<BMJBM>t7

2

which finally yields the limit
t t 1 . ,
/ Xr@dX! — / B, ®dB; + (B, B): - t/asdx — t/(vqﬂ - a*Vd);;dr,
0 0

Tightness in p-variation follows as in the example of the random conductance model. This proves the
first claim of Theorem[4.6] about the limit of the 1t6 rough path.
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To identify the limit of the Stratonovich rough path we use that (X", X") = (M", M™) and thus

1
—(X", X"
2< ) >t

t t
/X:®odxg:/xg®dxg+
0 Ot 1
:/ X1 @ dX] 4+ S (M, M),
0
¢ 1 1
%/ Bs®st+§<B,B>t—§<BM,BM>t+t/<I>(x)®£A<I>( Ydz + = <BM BM),
0
t 1
:/ Bs®dBS—|—§<B,B>t+t/<1>(x)®£ACD(:U)dx
0

t
= / B, ® odB, —t / Vo' (a*VP)de.

0

5 Proof of Proposition 3.13

We write || f||,,(s,4 for the p-variation of f restricted to the interval [s, t].
Definition 5.1. A control function is a map ¢ : AT — [0, 00) with ¢(t,t) = 0 forallt € [0,T] and
such that c(s,u) + c(u,t) < c(s,t) forall0 < s <u <t <T.

Observe that if f : [0,T] — R? satisfies | fs+|P < c(s,t) for all (s,t) € Ar, then the p-variation of
f is bounded from above by c(0, T')!/?. Indeed, we have for any partition 7 of [0, 7]

1/p 1/p
Slfal | < D) sty | <017
[s,t]lem [s,t]em
Conversely, if f is of finite p-variation, then c(s,t) == || f||? s, defines a control function because

c(t,t) = |fi:l = 0 and
o) tewty= s S Ul d s 3 |l

7 Part. of [s,u] m Part. of [u,t]

TUETI' rv€7r
[

< swp P

m Part. of [s,t] [ryo]€
2

m Part. of[s t]
stuem

= ¢(s,1).

Note also that the sum of two control functions is a control function. Proposition directly follows
from the next result:

[rv]en

Proposition 5.2. Let (Y;).c0.1] be a cadlag adapted process such that ||Y ||, 0.7 < oo and let N
be a square-integrable martingale. Set A ; = f; Y,_dN, — Y;Ns,. Then we have for allp,q > 2

~1
1 1 .
and all r > (; + a) ;

1
1Al < (1 4+ Nog Y logorntl) ¥ lpsor (K5 + [V llggom) 2
where K is a random variable with E[ K %] S E[(N)r]. In particular, we get fore > 0

E |[Aln] S (1+E Y12 en]") BELN) 2 (29)
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Remark 5.3. Forp < 2 it follows directly from Young integration estimates that || A||1/q /p+1/m),j0,11 S
1Y {]p, 0,171

Proof. Define the stopping times 73 := 0 and 777, ; := inf{t > 7" : [Y;n ;| > 27"} and set

o
Y= A, (0o,
k=0
such that sup,¢(o 7 Y, — Y| <277, where Y;_ := limy Y and Y_ := Y{ and we also write

(Y_); :==Y;_. We have

t t
|Ag | < / (Y- =Y") + / Y'dN, — YiNg,| . (24)
The first term on the right hand side is bounded for ¢ > 2and n € Z \ {0} by
t 1 1
[ (e = YN < fnf2 s, )31, 25)
where we define ' q
K::EZIM”WQ/OL—KWM@ (26)
meZ\{0} 0 ¢,[0,T]
and
dst)__Eimaam}Wﬂ‘@qu%< R P L (AW g A Ly ey
’ ZmEZ\{O} |m|—q2mq Hf()( r— Y;m dNTHZ,[O,T] HYHP [0,T HNHq [OT
(27)
Note that || Y'[|7 1o 77 = Y=} 1077, @nd therefore c(s, t) < ¢(0,T') = 4.

To bound the second term in . let to := min{7! : 7' € (s,t)} At Uity = 10 < t, we let
T,?Oer_l be the maximal 7} € (s,t), form > 1, and we write ¢}, := T,QBHC fork=1,...,m—1,
while t,,, := t. Otherwise we set m := 0. Then
tm
[ -y
to

+ ’(Y;SZ - Yto)Nto,tm‘ + |(Y;0 - }{S)Nto,tmh (28)

t to
/KMM—KM¢</)WWW—KMM+

The first and third term on the right hand side are bounded by

to
/ Y;”ndNr - Y;Nsﬂfo + ’(Y;tg - Y;fo)Nto,tm‘ = ’YZLNS,to - }/;NS,to‘ + ‘(thg - Y;‘/O)Nt07tm|

1
<2x27"(s,t)7||N||g0m, (29)
and the last term is controlled by

1,1
|(Yig = Yo)Nigo| < s, )77 ||V

20171V g.0,77-

To bound the second term in (28) we use an idea from [PP16, Theorem 4.12]: We apply Young’s
maximal inequality despite the fact that Y_ and /N are not sufficiently regular for the construction of
the Young integral. This will give us a divergent factor in n, but on the other hand it gives us a large
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power of (s, t). Then we balance this term with the other terms in the upper bound for |A; ;| (which
all contain a factor 27") by choosing the right . Young’s idea is to successively delete points from the
partition ¢y < - - - < t,, in order to pass from 22”2_01 Y:, Niy oty 10 Yio Nig 1., - We want to delete the
points in an optimal way, and to express what optimal means we first renormalize Y and /V:

tm m—1 m—1
/ (Y — Yn JAN, = Z Vi, — Yi) Ntk:tk+1 Z }/;/k }/;/O NtkikﬂHY“P OT]HN”q (0,77
to =0 k=0
where Y = ”Y” 0 and N = W Then ¢ controls Y and N and by the superadditivity of ¢
a1V,
there exists ¢ € {1 — 1} with c(tr—1, te11) < —25c(s, t) whenever m > 1 (for m = 1 the

integral vanishes). By deleting the point ¢, from the partition and subtracting the resulting expression,
we get

+

S =
Q=

|Y;e—1Nte—1,te + KﬁthmeH - Kﬁe—1Ntz—1, |Y;f£ 17t2Nt17té+ | (tf 1>tf+1)

<(FEen)

We proceed by successively deleting all points except ¢y and ¢,,, from the partition, each time in such
an “optimal” way, and obtain

tot1 |

+1
q

’S\H

m— m—1 141
P a _1_1 141
Z Ytk Ytg Ntk,tkﬂ <—C (s,t ) < (m— 1)1 P qc(S,t)P+q.
k= k=1
Moreover,
m—1=g{k: 7 € (0, )} <2V} o g < 2%c(s, )NV 0.1y
So overall
tm n n < np(l— ) ( 1)+1
(V" =Y )dN,| 52 c(s, t)HYHp[OT] N[ g,0,77- (30)
to

We combine (24), (25), (28), (29), (30), and obtain the key bound
—n 1 1 no(1— ER]
Auel Shnl2 (s, 0% (K5 4 [V lggo1) + 2705 De(s, 1Y 12000 [Nl
1,1
+ (s, )7 Y [ ol N llg o7

To balance the first and second term, choose n € Z \ {0} so that £ < 2"¢(s, t) 1Y [p 01 < 2.
Then

[Asel S Inle(s, 02 Y llpgorry (K7 + N o
1 1,1 1
= Jlog (c(s, 0% 1Y Il )| e, 024 1V lpgoury (K3 + [N llggoim)
1 1,1 1
< ([tog (cts, 7 )| + og 1Y lpjom|) els, )5 51V lpgoiry (K7 + [ Nllggoim)

and since c(s,t)% < 4 we have ’10g <c(s,t)%>‘ < s, t)7¢ for e > 0. Thus, we get for all
r>(1/p+ 1/q)_1 our first inequality (22). This yields

2—2¢
2

c 2—2¢7 %
B[4 ] S B[+ Tog [V o DY llpjom)™ ] °E [ K7 + [NI2 7]
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The second expectation on the right hand side is easy to control: since 2/¢ < 1we have (>, am)Q/q <
Zm a?,{q, and Theorem (Lépingle’s g-variation Burkholder-Davis-Gundy inequality), we get

2

E

o) < X e | [ - vman] | BN )

mez\{0} i ¢,[0,T]

> e || [ 0 - vmaw] |+ E

meZ\{0} -

AN

= > |m|2"E _ </0.(YT — Y’”m)dNT>T] + E[(N)1]

meZ\{0}

= %l | [ - vepa, | + )

meZ\{0} -
S E[(N)z],

The remaining expectation is bounded by
E[((1 + [1og [IY [lp. o DIY lpo.0)* ] S 1+ E[[Y ][5, 10.79]:

and this concludes the proof. O

A Auxiliary estimates

Lemma A.1 (lterated Kipnis-Varadhan estimate). Let H € H~' N L?(w) and let A be a continuous
adapted process of finite variation. Then

t
E [Sup / ASH(Xs)ds] < Efsup | 42272 H]| ;.
t<T | Jo t<T
s0 in particular we get for A, = [, G(X,)ds with G € H~' N L?(r)
E |sup / / D)5 | £ TIGI Al
t<T

Proof. The second inequality follows from the first one together with the usual Kipnis-Varadhan esti-
mate from Lemma To show the first inequality, let ¥ € C and apply Lemma|[3.9}

t t 1 T .
/ AH(X,)ds = % / A dMY — 3 / (Ap — Ap_y)drdMY
0

0 T—t

1 R R t
b AT~ N )+ / AJ(H(X,) = LsW(X,)ds,
0

where we need that A is continuous and of finite variation in order to interpret the integrals against
MY in a pathwise sense and without having to worry about the difference of forward and backward
integral. Now we get from the Burkholder-Davis-Gundy and Cauchy-Schwartz inequalities together
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with Lemma

t
E[sup / ASH(XS)ds] < Efsup | A 2)Y2TY2|@ |,
t<T |Jo t<T
t
+]E{sup / AS(H(XS)—ES\II(XS))dS}
t<T 0

S Elsup (AP + TIH ~ L5V 12m).

By approximation we can take ¥ = &% as the solution to the Poisson equation (A — Lg)®4 =
—H and as in the proof of Corollary we use that ||®¥||; < ||H|_; forall A > 0 and that
|H — LsP||12(r) — 0as A — 0 to deduce the claimed estimate. O

The following is the Lépingle p-variation inequality [Lép75, Proposition 2] which is here commonly
combined with the well-known Burkholder-Davis-Gundy inequality.

Theorem A.2 (Lépingle p-variation Burkholder-Davis-Gundy inequality). Let (M;):>o be a local mar-
tingale with trajectories in D(R,.,R™). Forevery T > 0 andp > 2

B [M]r] < E [ M 011] < CoE [[M]1],
where c,, C,, > 0.

Next lemma is a strengthening of the ergodic theorem to give a path uniform convergence.

Lemma A.3. Let (Y});>0 be a process with trajectories in D(R ., R™) and with stationary increments
and such that E[sup,c (o 1) |Yi|] < CT forall T > 0 and such that n~'Y,, — a for some a € R™,
both a.s. and in L'. Assume also that (sup,c(o 17" |Yat| Jnen is uniformly integrable for all T' > 0.
Then we have for all'l’ > 0

lim E {sup In~ 1Y, — at|] = 0.

n—o0 th

Proof. This follows from a minor adaptation of the proof of Theorem 2.29 in [KLO12]: Like in that proof
we decompose

Yn S_Yn t Yn t
|n_1ym_aﬂ<8up| s = Yiny| | [t] i) _ o 4 1af A
s€[0,1] n n | |nt] n

The last term on the right hand side is bounded by |a|/n. The first term on the right hand side is
bounded for all t € [0, T] by
Yn s Yn Supy Y; s Y;
sup | [nt]+ L tJ| < T max p e[o,1]| k+ k:|’
s€[0,1] n k<|nT] |nT |

and by Lemma 2.30 in [KLO12] the right hand side vanishes as n — oo, both a.s. and in L' (here
we need that Y has stationary increments). To handle the last remaining term, we decompose for
5 €(0,7):

[nt]

tefo,r] M

Y ‘
— —a| < max —
k kE<[né| M

Yy,

—al| + max —|— —al.
k [né|<k<|nT| N

k

Vs ‘_ b
[nt]

= max —
k<|nT| M
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The second term on the right hand side converges almost surely to zero by assumption, and it is

bounded from above by sup;cjo ) 7" Yol Since (supyepo.y 7" [Youe])n is uniformly integrable by
assumption, this second term also converges to zero in L. The remaining part satisfies

k

E {max —

k<|ndé] N

Y
— —a
k<|nd)

} < lI['Il {max |Yk|} + |ald < C6 + ald,
n

where the last part follows by assumption on Y. The proof is then completed by sendingd — 0. O
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