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Abstract

In applications, solitary-wave solutions of semilinear elliptic equations
Au+g(u, Vu) =0 (z,y) ERxQ

in infinite cylinders frequently arise as travelling waves of parabolic equations. As
such, their bifurcations are an interesting issue. Interpreting elliptic equations on
infinite cylinders as dynamical systems in z has proved very useful. Still, there
are major obstacles in obtaining, for instance, bifurcation results similar to those
for ordinary differential equations. In this article, persistence and continuation of
exponential dichotomies for linear elliptic equations is proved. With this technique
at hands, Lyapunov-Schmidt reduction near solitary waves can be applied. As an
example, existence of shift dynamics near solitary waves is shown if a perturbation

uh(z,u, Vu) periodic in z is added.

1 Intljbduction

In this article, semilinear elliptic equations
(1.1) Ugg + Ayt + (Y, U, g, Vyu) = 0 (z,y) eRxQ,

in infinite cylinders IR x § are investigated. Here, © is an open and bounded subset of R™,
and boundary conditions on IR x 8Q should be added. Solitary waves are localized solutions
u(z,y) of (1.1) satisfying

' lim u(z,y) =0

: |z|—00
uniformly for y € 2. In applications, they frequently arise as travelling waves u(z — ct, y)

for parabolic equations
(1.2) Ut = Ugg + Ayt + 9(y, ¥, Ug, Vyu) — cug -~ (z,y) ER X Q.

As such, their bifurcations to periodic waves or N-solitary waves resembling N copies of
a primary solitary wave are interesting issues. Of importance is also their stability with
respect to the parabolic equation ‘(1.2). Another issue is the numerical computation of
solitary-wave solutions since it is in general impossible to obtain explicit expressions. Typ-
ical applications include problems in structural mechanics like rods and struts, chemical
kinetics, combustion, and nerve impulses, éee, for instance, [VVV94] and the comprehen-
sive bibliography therein. Existence of solitary waves or fronts has been proveh for many
equations of the form (1.1), see again [VVV94, Section 1.6.6] for references. Thus, in this

paper, we will assume that a solitary wave of (1.1) exists, and shall study its bifurcations.

Tn order to investigate elliptic equations in cylinders IR x €, it has proved very useful to
consider them a dynamical system in the unbounded variable z. Properties like dissipa-

tivity, re\}ersibility, Hamiltonian structure, and zero numbers have been exploited in order



to describe bounded solutions of such equations, see, for example, [Kir82], [Fis84], [Mie86],
[Mie91], [CMS93], [Mie94a)], and [Sch96]. The main technique has been reduction to lo-
cal center or global essential manifolds containing some or all bounded solutions of (1.1).
For instance, Mielke derived bifurcation equations close to stationary [Mie86] and periodic

[Mie94b] solutions on a center manifold.

However, the use of geometric reductions like local cénter or global essential manifolds is
limited. Finite-dimensional essential or inertial manifolds are only C* smooth. Also, the
reduction requires spectral gaps and works only for particular nonlinearities, see [Mie91] and
[Mie94a]. On the other hand, finite-dimensional smooth local center manifolds exist only
in the neighborhood of small solutions. Using analytical methods like Lyapunov-Schmidt

reduction near solutions of (1.1) with large amplitudes may resolve these problems.

Therefore, rather than studying the set of all bounded solutions of (1.1), we shall only
investigate solutions close to solitary waves hoping to get a more detailed picture of the
nearby dynamics. Interpreting the variable z as time, we write (1.1) as the first order

system

(1.3) Us | _ 0 id u) ‘ 0
- Uz _Ay 0 v g(y,u,v,VyU) ‘

Here, for each fixed z € IR, (u,v)(z) is a function of y € Q contained in some func-
tion space depending on the boundary conditions on 8Q. A solitary wave of (1.1) cor-
responds to a homoclinic orbit of (1.3), that is to a solution (g(z), gz(z)) of (1.3) with

+ limy),00(q(2), gz (2)) — 0 in the underlying function space.

There are two different techniques available for investigating homoclinic solutions. The
first approach is to consider Poincaré maps. HoWever, (1.3) is still ill-posed and will not
generate a semiflow. Thus it is not even possible to define a Poincaré mapy. The second ap-
proach, which is adopted in this article, is entirely analytic and based on Lyapunov-Schmidt
reductions. The heart of this technique are exponential dichotomies for the linearization of
(1.3)

N\ Uz ""Ay - Dug - DVyug Vy D'U-zg v

along the solitary wave (g(z),g-(z)). Here, derivatives of g are evaluated at (y, ¢, gz, Vy9).
Exponentia,l dichotomies are projections onto z-dependent stable and unstable subspaces,
say E°(z) and E*(z), such that solutions (u,v)(z) of (1.4) associated with initial values
(u,v)(zp) in the stable space E*(zg) exist for z > zo and decay exponentially for z — oo.
In contrast, solutions (u,v)(x) associated with initial values (u,v)(zo) in the unstable space
E*(z() solve (1.4) in backward z-direction z < zy and decay exponentially for decreasing
z. Existence of éxponential dichotomies for ordinary, parabolic or fﬁnctional differential

equations is well known, see, for instance, [Cop78], [Hen81], and [HL86]. However, the



- proofs known thus far rely on the existence of a semiflow. Even though in [San93] a
functional-analytic framework for the existence on time intervals [r, c0) for large 7 has been
~ developed, the global extension to the half line IR™ has been carried out using semiflows.
In the context of elliptic equations, stable and unstable subspaces will both be infinite-
"dimensional and the semiflow on the unstable subspace defined for backward z-direction

cannot be inverted. Hence, (1.4) will not define a semiflow.

In this article, we present a proof of the existence of dichotomies for equation (1.4). The
proof employs a functional-analytic framework combining ideas from [San93] and [Sch96].
In the former work, exponential dichotomies for pdrabolic equations have been investigated
using only integral equations. In [Sch96], an integral-equation based approach has been
given for elliptic equations. We will derive an integral equation — see equation (2.4) -
solved by exponential dichotomies. In contrast to previous works on ordinary and parabolic
differential equations, we cannot use semiflows or the Gronwall lemma for the reasons
explained above. Also, the irltegrands arising in the integral formulation are not small
preventing us from using contraction mapping principles. Instead, Fredholm’s alternative
is employed for proving existence of dichotomies on arbitrary subintervals of IRT. The
adVantdge of this approach is that it preserves the symmetry between stable and unstable

subspaces in the definition of dichotomies and does not a priori distinguish a time direction.

As a result, all bounded solutions of the nonlinear equation (1.3) staying close to the solitary
wave for all values of z are accessible using Lyapunov-Schmidt reduction. For illustration,
and as a first application, Melnikov’s method for intersections of stable and unstable mani-
folds is extended to semilinear elliptic equations. Main result is the embedding of a shift on
N symbols, with positive topological entropy, into the dynamical system generated by the
shift of bounded solutions close to the solitary wave, provided a small generic perturbation
ph(z,y,u, ug, Vyu) periodic in z is added to (1.1). | '

In a forthcoming paper, we will giw}e other applications. In particular, algorithms for the
numerical computation of homoclinic orbits in ordinary differential equations due to [Bey90]
and othérs will be extended to ellipﬁc equations. They will be justified by stability and
convergence proofs. As another issue, bifurcations to periodic waves as well as N-solitary.
waves close to a primary solitary wave will be investigated using techniques developed in‘ '
[Lin90] and [San93]. -

We hope that the methods introduced here can be used to investigate stability of solitary
waves with respect to the parabolic equation (1.2) using an extension of the Evans function:
Also, it may be possible t0 use this method to stucly elliptic equations for Q = IR” provided
the solitary wave is localized in the z and y variable, see the remark at the end of Section 2.1.
Note that in this case essential manifolds will not exist due to the presence of continuous

spectrum.



This article is organized as follows. In Section 2, existence of exponential dichotomies for
abstract linear equations is shown. Smoothing properties for abstract linear and nonlinear
equations are addressed in Section 3. In Section 4, the effect of small non-autonomous
perturbations of an abstract autonomous equation is investigated. Finally, Section 5 is
devoted to applications to semilinear elliptic equations, and an example on the infinite

cylinder IR x (0, 7)™ is presented.

Acknowledgement. DP was supported by the Deutsche Forschungsgemeinschaft (DFG)
under grants La525/4-2- and La525/4-4. BS was partially supported by a Feodor-Lynen
Fellowship of the Alexander von Humboldt Foundation.

2 Exponential Dichotomies

2.1 A class of abstract differential equations

Let X be a reflexive Banach space, and A D(A) ¢ X = X be a closed unbounded
operator such that its domain D(A) is dense in X. Then X7 : D(A) is a Banach space
when equipped with the norm |u|x1 = |u| x + |Au|x. Let Z be some Banach space such

that there are continuous embeddmgs
X' Z 5 X.

Later, Z is chosen as an inferpolation space between X' and X. Moreover, let B €
C°J,L(Z, X)) be a continuous family of operators where J C IR is some interval. We will

be mainly interested in J = R, J = [1,00) or J = (—o00, 7].

Consider the differential equation
(2.1) ’ t=(A+B{)z
A function z(t) defined on a closed interval J C IR is called a solution of (2.1) if
() z(-) € CO(int J, X1) N C(int J, X),
(i) z(-) € C°(J, 2),
(iii) z(-) satisfies equation (2.1) on int J with values in X.

We are particularly interested in solutions with some prescribed exponential behavior.

Throughout, range and kernel of an operator L are denoted R(L) and N (L), respectively.

Definition (Ezponential Dichotomy) |

Eqﬁatz’on (2.1) is said to possess an ezponential dichotomy in Z on the interval J C R if



there ezists a family of projections P(t) for t € J such that
P(t) € L(Z), P*(t) = P(t), P()z € C%J,Z) for any z € Z

and there exist constants K,n > 0 with the following properties.

e Stability. For any s € J and z € Z, there ezists a unique solution z°(t;s,2) of (2.1)
defined for t >'s in J with 2°(s; s,z) = P(s)z and

|z°(t; 8, 2)|z < K e~nlt=s| |z|z
for allt > s witht € J.

o Instability. For any s € J and z € Z, there ezists a unique solution z*(t;s,z) of
(2.1) defined for t < s in J with z¥(s;s,2) = (id —P(s))z and

lz¥(t;5,2)|z < K e M5l 2|4
for allt <s witht e J.

o Invariance. The solutions z°(t;s,z) and z%(t;s,z) satisfy
z°(t;8,2) € R(P(t)) forall t>s witht,seJ
z“(t;8,2) € N(P(t)) forall t<s witht,seJ

First, we shall give sufficient conditions such that the equation
(2.2) o t = Az,

that is (2.1) with B(¢) = 0, has an exponential dichotomy on IR in X. These conditions
are not necessary for the existence of dichotomies, but shall be used later in deriving the

main perturbation and continuation result.

Hypothesis 1 Suppose that there is a constant C such that

, C
G —A) o) < e |+1

for all p € R. Let § > 0 such that |Re | > d for any A € o(4).

Lemma 2.1 Assume that Hypothesis 1 is met. Then equation (2.2) has an ezponential
| dichotomy on IR in X. The projections P(t) = P € L(X) do not depend on t and commute
with A on D(A). Moreover, —PA and (id —P)A are sectorial operators wz'thvdomaz'ns dense
in R(P) and N(P), respectively. -



Proof. The resolvent estimate allows for an application of [Bur72, Lemma 3.1]. Note that

Hypothesis (3.1) in [Bur72] is satisfied on account of Hypothesis 1. |

We define P~ = P, Py =id—P and A_ = —P_A, A, = P; A, and let X_ = R(P-) and
X.|_ = R(P+) Then, '

—A_ 0
A= on X_ x Xy.
U .
By Lemma 2.1, the operators A_ and A, are sectorial. Thus, they generate analytic
semigroups
1
At = —/ MA—A)Td\,  t<0
2mi Jr,.
1
emAt = L / MO —A)dy, >0
21 Jr_
Here, the curves I'y = —I'_ are asymptotic to re**, 7 — 00,0 < ¢ <.3, see, for instance,

[Bur72]. Note that both generators A_ and A, have their spectrum in the right half
plane. With the constant § appearing in Hypothesis 1, the semigroups satisfy the growth
conditions o ‘ |

le™*~*llex) + He—A+t”L(X) <Ce™®

for some constant C and all ¢ > 0. As a matter of fact, the projection P is given by

Pz = limy_,0 e 4-tz.

Finally, we define the interpolé,tion spaces X¢ = D(A%) and X® = D(A%) for a > 0, see
[Hen81] or [Yos74], and set X = X¢ x X®. Then the semigroups e~ 4+ and e~4-* satisfy
HG"A't”L(Xa,X) + ][eéA+t'|lL(X“,X) < C'max(1,t"%)e™%
for some constant C and all ¢t > 0. In addition, the projection P obtained in Lemma 2.1 is

in L(X®) for any a < 1.

From now on, we take J = IRT. The cases J = IR™, J = [r,00) and J = (—o0, 7] can
be treated similarly. The perturbation B(t) appearing in (2.1) should satisfy the following
hypotheses.

Hypothesis 2 There ezist o € (0,1) and 9 > 0 such that B € C%?(RT, L(X%, X)).
Moreover, there are € >0 and t* > 0 such that || B(t)||p(x«,x) < € for all t > t*.

Hypothesis 3 The only bounded solution z(t) of (2.1) or its adjoint equation on IR¥ with
z(0) = 0 is the trivial solution z(t) = 0.



- . Here, the adjoint equation is given by
(2.3) | §=—(A"+B(t)")¢, € X",

Note that, under the assumptions made on-A and B(t ( ), the adjoint operators 4* and B(t)*
considered with range in X* satisfy the same hypotheses as X is reflexive, see [Paz83,
Section 1.10], [Hen81, Section 7.3], and [Kat66, Chapter II1].

Finally, as mentioned in the introduction, some compactness properties will be needed later

on. Thus, we assume that either A has compact resolvent
Hypothesis 4 Suppose that the inverse A~ is a compact operator in L(X )
or else the operators B(t) are sums of compact and small operators

Hypothesis 5 Thkere ezist families S, K € CO?(RY, L(X%, X)) such that B(t) = S(t) +
K(t) and ||S(t)||p(xa,x) < € for all t € R*. Moreover, there ezists a subspace X C X with
compact inclusion such that D(A) N X is dense in X, Az € X for any z € D(A)NX and
K(t) : X* = X is bounded uniformly in t € R¥.

Hypothesis 5 may be useful when considering elliptic equations on IR x R™ with localized
solutions u(z,y) such that |u(z,y)| < Ce~%¥l for some 6 > 0 uniformly in z. Then B is a
differential operator with coefficients decaying exponentially in y, and X can be chosen as

a function space with exponential weights.

Note that the adjoint operators A* or B(t)* regarded as closed operators with range in X*
satisfy Hypothesis 4 or 5 whenever A or B(t) do, see the references cited above. |
2.2 Perturbation and continuation of exponential dichotomies
We call a closed subspace E of X¢ admissible if
dim N(Pi|g) =codim P E =k < oo

holds. The main theorem of this section can now be stated.

Theorem 1 Suppose that Hypothesis 1 is satisfied. Choose 1 such that 0 < 1 < & where
0 appears in Hypothesis 1. Then there are constants ¢g > 0 and C > 0 with the following
properties. Assume that Hypotheses 2 and 3 are met with € < €. In addition, either
Hypothésis 4 or Hypothesis 5 is satisfied.

Then equation (2.1) has an ezponential dichotomy in X with rate 7.



Furthermore, the projections P(t) are Holder continuous in t with values in L(X*). The

range E° of P(0) is uniquely determined and satisfies
z€ B*=R(P(0)) => z=P_z+P.(S+Kp)z

for some operators Sy and Ko with ||So||p(x=) < Ce and Koy compact in L(X®). For
any admissible complement E" of E° there erists a unique ezponential dichotomy with
R(P(0)) = E* and N(P(0)) = E*. In particular, admissible complements do ezist.

It is straightforward to generalize Theorem 1 in that perturbations of the non-autonomous
equation (2.1) instead of the autonomous equation (2.2) are considered. In that case, we
have to require that the solutions z°(¢; s, z) and z%(¢; s, 2) of (2.1) map X% into X9 for
some positive ¢ and are Holder continuous between these spaces. We will not state a result

but refer the reader to Section 3 where the necessary regularizing properties are proved.

Theorem 1 shows that, up to factoring a ﬁnite—dimehsional subspace of the stable subspace
E*, the range R(P(0)) = E* is close to the space R(P_). Hence, dimensions can be counted

on account of the compactness assumptions 4 or 5.

Corollary 1 Suppose that A and B(t) satisfy the assumptions of Theorem 1 for both t €
IR* and t € IR™. Denote the projections of the exponential dichotomies by Py (t) and P_ (t)
for t >0 and ¢t <0, respectively. Then R(P4(0)) N R(P-(0)) is finite-dimensional. |

We point out that, under the assumptions of Theorem 1, exponential dichotomies actually
exist for any complement E* of E° and not just for admissible choices. Indeed, let L :
R(id —P(0)) — R(P(0)) be a bounded operator such that graph L = E%. Then, define -

P(t) = P(t) —2°(t;0,) Lz*(0;t,-) t>0
B(t;s,) = z°(t;s,-) P(s) ot 2520
C#%(t;s,) = (Id—P(t)) z%(t; s, ) (id —P(s)) s>t>0,

and # is an exponential dichotomy of (2.1) such that R(P(0)) = graph L, see [San93].

If the perturbation B(t) tends to zero as ¢ — oo, we expect the projection P(t) of the
exponential dichotomy to converge to the spectral projection P_. This is made precise in

the following corollary.

Corollary 2 Suppose that A and B(t) satisfy thé assumptions of Theorem 1 and, in ad-
dition, | ' |

IB@)llz e x) < Ce™? £>0
holds for some constants C,0 > 0. Then, the mfe 1 appearing in Theorem 1 can be chosen

i the range 0 < n < § and we have

1P(t) = Pllgxey < Ce™@t 47 £20



for some constant C > 0.

Next, we state a theorem characterizing equations having exponential dichotomies on the

real line IR.

Theorem 2 Suppose that the assumptions of Theorem 1 hold for both t € IRY andt € IR™.
Then, z(-) = 0 is the only bounded solution of equation (2.1) on t € R if and only if

equation (2.1) has an ezponential dichotomy on IR.

" The remainder part of this section will be occupied with the proofs of the theorems and

the corollaries.:

2.3 Proof of Theorem 1

We write z = (2°,2%) and z = z_ + z; € X® with 2_ = P_z, z, = P,z, and whenever

confusion is impossible z°(¢; s, z) = z°(¢, s), z%(¢; s, 2) = z¥(¢, 5).
The following mild formulation of equation (2.1) is the key to our approach.
e~ A-0=8)y_ = g%(t,s) +e 4-z% (0, s) —G—/ e+ B(r)z*(r, s) dr
t

t s
—/ e_A_(t_T)B(T)ws(T,S)dT-F/ e~ A-C-T) B(1)z¥(r, s) dr
(24) S X |

eArt=9) = g¥(ts) — e Atz (0, s) — / eA+-T) B(r)z¥(r, s) dr
E]

0 00
—i—/ é"A‘(t_T)B(T)a:“(T,s) dr —/ eA+(t"T)B(T)$s(T,s) dr.
t .

§

Here, t > s > 0 in the first and s > ¢ > 0 in the second equation of (2.4). We will see that
solutions of (2.4) are in fact the evolution operators arising‘ in the definition of exponential
dichotomies. In particular, we will prove that the projections of the exponential dichotomy
are given by P(t)z = z°(t;t,2) and (id—P(t))z = wﬁ(t; t,z) for solutions z*(t;s,z) and
z%(t; s, 2) of (2.4). The operator z%(0;0,-) is determined by the choice of the complement
E®.

Notice that the integrands appearing in (2.4) are not small since B might have large norm.
Therefore, it is not possible to use the contraction mapping theorem for solving equation
(2.4). |

The outline of the proof is as follows. First, it is proved that equation (2.1) and (24) are
equivalent. Then, setting s = 0, the subspace E® = R(P(0)) consisting of bounded solution
on IRT is constructed using the Fredholm alternative. Next, suppose that an admissible
complement E* of ES in X has been chosen. Then, for a fixed choice of E¥, it is shown
that equation (2.4) has a unique solution (z*°(,s),z"(:,s)) for any fixed s > 0 satisfying
z*(0,s) € E*. Finally, we verify that these solutions are strongly continuous in s and that

they satisfy the semigroup properties.



Lemma 2.2 Suppose that © = (z°,z%) solves equation (2.4) for some z € X®. Then,
z°(-,8) and z%(-,s) solve (2.1) on the intervals J = [s,00) and J = [0,s], respectively.
Conversely, any two solutions z'(-), z%(-) of (2.1) on J1 = [s,00) and J» = [0,s] are
solutions of (2.4) with z5(t,s) = z1(t), %(t,s) = z2(t) and z = z1(s) + z2(s).

Proof. Suppose z = (z°,z") solves equation (2.4). Then, by [Hen81, Lemma 3.5.1],
the integral operators are continuously differentiable in t since the family B(t) is Holder

continuous. Thus, for ¢ # s, we can differentiate with respect to ¢ and obtain that

°(t,s) = (A+ B(t))z°(¢,s) t>s
z*(t,s) = (A+ B(t))z"(t,s) t<s.

Therefore, Az*(t, s) and Az“(t, s) are continuous, too, and z°(¢, s) and z*(¢, s) are solutions.

Conversely, suppose that z(¢) and z2(t) solve (2.1). As z(-) are bounded for i = 1,2, they

are solutions of
() = e~ A-(t=s)p1 (s) + /t e 4- (15""')B(7-):1:1 (r)dr — ‘/too eA'*(t'"T)‘B(T)ml(T);h
2 (t) = ‘e—A‘tzz_(O) +VeA+(t_s):ci_(s) + /: e+ B(r)az?(r)dr
+/(: C_A_(t—T)B(T)m‘Z(T)CZT, |
by integration. Setting z = z1(s) + z2(s), we obtain equation (2.4). | [
For avﬁxed choice of n € [0, d), and"for any t > 0, define

th = {w € CO([t7 00)7Xa); |m|X: ‘= SUPr>t en(T—t)lm(T)]X"‘ < OO}

(2.5)
Xy = {zeC%)0,t],X®); |o|xy = sup, <, €™ [z(7)|x« < 00}

“equipped with the norms | - |x; and | - |xp, respectively, and set Ay = A} x A}

We construct the stable subspace consisting of bounded solutions of (2.1) defined on IR™.
For fixed z € X%, we shall solve the equation

(2.6) ' Goz = Tya®,
for z° € &, where
~ i o0
Goa)t) = o @)= [ 4 CIBEOa () dr+ [ eAIB(re () dr
0 t

and (@oz)(t) = e~z for t > 0. Thus, equation (2.6) coincides with the first equation in
(2.4) evaluated at s = 0 with z* = 0. It is straightforward to verify that g : X* — Af is
bounded. ‘

Lemma 2.3 The operator Ty € L(X3) is Fredholm with indez zero.

10



- Proof. It is straightforward to show that To is a bounded operator from A into itself.

The operator Ty is of the form Ty = id +I; + I, where I and I are the integral operators

(Liz®)(t) = —/Ot e_A_(t_T)B(T).’Bs(T) dr

(La')(t) = /t * ¢4+ B(r)g () dr.

We claim that [; and I3 can be written as sums of arbitrarily small, bounded operators S;

and compact operators K for j = 1,2. Apparently, this will prove the lemma.

For any t* > 0, we may decompose I; = S; + K according to

t
[ men s
(Kra*)(t) = e
oA (t=t") /O e~ A~ B(r)e(r)dr  for t > t*,
0 for ¢t < ¢*

S51z°)(t) = t
(512°)(2) _/ e~4-(=1B(r)z*(r)dr for t > ¢*.
t\ﬁ

As Siz° and Kiz° are continuous at ¢ = t*, they map Aj into itself. Moreover, for large
t*, we have

[151lzeag) < Ctslltp |1 B@)lz(x=x) < Ce.

It remains to prove that K; is compact. The proof for compactness of K; depends on

whether Hypothesis 4 or 5 is satisfied.

First, assume that Hypothesis 4 is met. Restricting the images Kz° to the interval [0, #*],
it follows that K; maps X§ continuously into C%*([0,¢*], X*) for some small x > 0, see
[Hen81, Lemma 3.5.1]. As A has compact resolvent, the inclusion X* — X is compact.
Thus, by Arzéla’s theorem, the space C%*([0,#*], X*) is precompact when regarded as
a subset of A7. Thus, K isa compéct operator as it is the composition of the above

restriction with the bounded multiplication operator associated with
id for 0<t<¢

e~A-0=)  for <t

Next, assume that Hypothesis 5 is met. Then the proof is similar to the one above. Note
that B(t) = S(t) + K(t) with S small. 'Subsume the part of K associated with the
operator S(t) into S;. The remaining term of K associated with K (t) is compact. Indeed,
it maps &3 continuously into C%:([0,#*], X) since e~A-(=7) maps X into itself. Finally,
C%=([0,t*], X) is a precompact subset of Ag.

The proof for I, is similar. ' B

We denote the stable subspace’at t=0 by

B = (BN (R(%0)))(0) = {z € X°; Fa* € X with Toz® = oz}
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In other words, E* consists of all initial values yielding bounded solutions on [0, co). Note
that E° is closed as Ty is Fredholm, see Lemma, 2.3, and R(@) is closed.

Lemma 2.4 The equality
dim N (P_|g+) = dim N(Ty) = codim R(Ty) = codimx_ P_E°* = k*

holds for some k° < 0.

Proof. We start by showing the first equality. The mapping

N(Tp) = N(P-|gs)
z°() = z°(0)

is well defined, continuous and one-to-one by the uniqueness assumption 3. It is also onto
by construction of E°. This proves dim N(P_|g:) = dim N(Tp) = k < co.

Next, choose a complement V_ of P_E?® in X_. By construction, for any z € V_, the map
t — e~4-tz is not contained in R(’f’o). Thus the mapping z € V_ — e~4-"z € X§ maps the
complement V_ of P_E® in X_ one-to-one into a complement of R(TO) in &35. This implies
codimy_ P_E* < codim R(Ty) = k.

We shall use the adjoint equation
(2.7) £ =—(4"+ B()"), feXx

to show equality. Note that results obtained so far apply to the adJomt equation as well

see the comments in Section 2.1. It is easy to see that

Ze-)=0
for arbitrary solutions ¢ and z of (2.7) and (2.1), respectively. Since all bounded solutions
z° satisfy the estimate |2°(¢)|x« < Ce™™|2*(0)|x=, any bounded solution of the adjoint
equation has to annihilate E° at ¢ = 0. Call E? the subspace of X* consisting of initial
values £(0) of bounded solutions for (2.7). Next, we apply the arguments obtained thus far
to the adjbint equation. The configuration space X* can be written as X} x X i; Therefore,

using the arguments given so far, the stable subspace satisfies
oo > dim NV (PilEf) =k*> codile PiE:.
Hence, using that E; annihilates E°, we obtain

= dimN (Pilz:) < dim N (Pl ansino))
= dim{(6_,0) € (X2)* x (X2)*; £_ -z =0Vz_ € R(P_E*)}
= codimx_(P_-E°) <k. ‘

12



Repeating the same argument for the adjoint system and using reflexivity of X, yields
E** =dimN (PX*|gs,) =k =dim N (P_|gs)

and
Ek=k"< codimxi PIE; <k* <k,

where the strict inequality holds if and only if dim N(P-|gs) > codimx_(P_E®). |

Next, choose a complement E* of E° in X* subject to
codimyx, Py E* = dim N(Py|p«) = k" < oo.

To accomplish this, choose for instance complements EY and EY of P_E° in X% and
- N(P_|gs) in X%, respectively. Then E¥ x E_‘,‘_ C X2 x X¢ is a complement of E° in X©

satisfying the above condition with £* = k°.

For any closed subspace E < X, we define the closed subspace
XF = {(z*,2") € X x & 2*(0,¢) € B}

of X7 x X*. This incorporates a fixed choice of E* = N(P(0)) into our functional analytic
setting. |

For fixed s, the right hand side of equation (2.4) defines an operator denoted T}

Tor() = 2@ +e 20+ [ AEBm(r)dr
- / -G B(r)e (1) dr+ [ e A B (r)dr
P By = a) - e tan(0) - [ B ) dr
+ / ") B(r)a*(r) dr — / % AT B(r)g* (r) dr,
while the left hand side defines a bounded operator ¢, : X% — X+ éiven by
(2.9) (ps2)5(t) = e A-(t=3)y t>s>0
(ps2)(t) = e+(t=2)z, 0<t<s,

with bound independent of s.

Proposition 1 For any fized s > 0, the opemtor T deﬁned by (2.8) is an zsomorphzsm

when considered as a map T, : xXEF* — XX+

Proof. First, notice that T is well-defined and bounded independently of s. Indeed, T is
bounded as an operator from X x X" into itself and its bound does not depend on s. Also,

for any admissible choice of E¥, the range of T; is included in XSX *, so T is well-defined.

13



Indeed, the only term appearing in the equation for z* in (2.4) which does not belong to
X is the integral . ‘
/ e~ 4 (t_T)B(T)a:”('r, s)dr.

t
However, this term vanishes at ¢ = 0.

We claim that
(i) N(Ts) = {0} and
(i) Ts is Fredholm with index zero for B = 0.

By arguments similar to those given in Lemma 2.3, we conclude from (ii) that 7% is Fredholm
with index zero for any perturbation B satisfying Hypothesis 2 for € small enough. Note
that € can be chosen independent of s since it depends only on the norm of P_ and the
decay rates § and 7. Then the first assertion shows that T is one-to-one and thus, using
the second assertion (ii), onto. Therefore, by the closed graph theorerh, T, is continuously -

invertible.

With a slight abuse of notation, but for the sake of clafity, we write elements (z°(-),z%(-)) €

X, as (z°(-, 8), z%(: 8)) indicating the domain of definition.

We first prove (i). Suppose that Ti(z®,z*) = 0 for some (z°,z%) € XZ“. This implies
xu(s; s) = —z°(s, s) by adding the two equations in (2.4). Thus, the function

(2.10)
—z°(t,s) for s<t<oo

7°(t,0) == { z¥(t,s) for 0<t<s

is continuous. Using the definition (2.9) of ¢, we claim that Z°(¢,0) solves
(2'11) T0(53870) = (PO(‘Ei-(O) 0)’ 52:_(0, 0)) = ‘:00(371—‘—(0) 3))“’1(0) 3)))
that is, |

e~A-tz%(0,s) = :T:s(t,O)—i-/ eA+(t"T)B(T):E"'(T,O)dT
t

t
(2.12) : —/ e~ A=) B(+)z°(7,0) dr t>0
0
o]
x4 (0,s) = —/ e~ 4T B(1)z%(r,0) dr t=0.
0 B

By assumption, (z*®, z*) satisfies (2.4) for z_ = z; =0, that is
0 = z%(t,s) +e Atz (0,s) +/ e+t B(r)z* (1, s) dr
t
t . s
—/ e_A‘(t“T)B(T)mS(T, s)dr +/ e—A‘(t"')B(T)w“(T, s)dr
(2.13) 8 ¢ Y0
0 = z%(t,s) —e 4-t z%(0,s) —/ e+ B(r)g¥(r, s) dr

0 : § oo
-I-/ e 4-C-") B(r)z¥(r, s) dr — / e+t B(r)z* (1, 5) dr
t . . s
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for t > s and t < s, respectively. Using (2.10) and distinguishing the cases ¢t < s and ¢ > s,
it is seen that (2.12) and (2.13) are identical. '

Thus #°(t,0) solves (2.11). However, CES<O, 0) = #%(0,s) € E* and, at the same time,
bélongs to E° as it is a bounded solution of (2.4) at s = 0. Therefore °(0,0) = 0 vanishes
since E¥N E° = {0}. By the uniqueness hypothesis 3, we conclude £*(t,0) = 0 for all £ > 0,
which proves (i).

It remains to prove (ii). For B = 0, the equation Ty (z*, z%) = (g°, g%) € X;** reads

wi(tas) = g (tas)a xs_(tys) = g_s_(t,s)—e_A‘ta:’i(O,s)

S
(2'14) u jl_ u —A_tu
i (t,s) = g%t s), zh(t,s) = e “-'z%(0,s).

First, suppose that g = (g°,g%) = 0. Then, for any z*(0,s) satisfying (z%(0,s),0) €
N(Py|gs), we get a unique solution of (2.14) in XF*. Note that dim N(P|g«) = k*. On
the other hand, we can solve for any g provided g% (0, s) € PLE" which defines a subspace

of X+ of codimension k*. This proves (i) and thus the proposition. B
Finally, we show the assertions of Theorem 1.

Proof of Theorem 1. Similar to (2.5), we define the function spaces

X = {ze€C%D%X%); |z|as = SUp(t’s)eDs eMt=sl|z(t, s)| x« < oo}
X = {ze€ CO(D“,X"‘);_ |2 = sup(; oy px eMt=sl|z(t, s)| xo < o0}
with
D®={(t,s);t>s>0} and D*={(t5s); s>t>0},
énd set ’

I.XE = {(z*®,z") € X° x X%; z%(0,s) € E for all s > 0}
for any closed subspace E of X®. As before, the left hand side of (2.4) defines a bounded

operator- ,
p: X% > XX+ pz = (e‘A‘(f"s)z_, eA+(""3)z+).

Let T be the operator defined by the right hand side of (2.4). We shall solve T'z = z.

We claim that T': X* — X%+ is an isomorphism. Notice that T is well-defined — see the

proof of Proposition 1 — and continuous.

Assuming that ¢ € N(T'), we get z(-,s) € N(T}) for any s > 0 whence z(-,s) = 0 by

Proposition 1. Thus N(T') = {0}. :

It is more difficult to prove that T is onto. Due to Proposition 1, there exists a unique
| family z(-,s) solving Tsx(-,s) = sz for any fixed s. This family solves Tz = ¢ provided

z(-,-) € X%". In particular, we have to show that z(-,s) is continuous in s and decays

exponentially uniformly in s. Denoting the unique solution (z°,z*) of Ty(z*,2%) = ¢,z by

(z(t; s, 2), %(¢; 8, 2)), we shall prove the following.
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(i) Invariance and semigroup properties.

z*(t; 7,2 (13 8, 2)) = 2°(t; 8, 2) t>7>s
z*(t; 7, 2%(7;8,2)) =0 T<ts
z(t; T, 2% (T; 5,z)) = z%(t; s, 2) t<7<s
z(t; T, 2% (73 8,2)) =0 T > t,s.k |

(ii) Continuity.

z%(+;+, 2) and z¥(+;-, 2) are continuous.

(iii) Exponential decay.
|2 (t; 8, 2)| x> < Ce™M* |z xa t>s
|2%(t; 5, 2)|x= < Ce™ M2l 2] xa t<s.

First consider (i). Let 7 > s, and define 2 := z°(7; s, 2) and

y*(t) =2 (7, 2) = 2° (7, 2°(73 8, 2)) t>7

(2.15)
yu(t) =z (b7, 2) = 2¥(t; 7, 2%(75 8, 2)) t< T

By definition, (y°,y*) = (z°,z%)(; 7, £) solves T:-(y°,y*) = 2, that is,

e~ A-0-T) s = (T,(y°,y*))*(¢) tzr

(2.16) eA+(t—r)2+ = (Tr(y*%,y")*“(¢) ¢

IN ]

where (TTy)s and (T,y)* are the components of Ty in XS = XS x XY

On the other hand, using the definition 2 = z°(r; s, z), we obtain

(2.17) 2z = e"A‘(T_S)L—e‘A“va’_‘_(O;s,z)—/ e~ 4= B(o)z*(0; s, z) do
0 ‘

- / eA+(7=9) B(0)2° (03 5, 2) do + / ¢4 B(g)a* (0} 5, 2) do.

Substituting (2.17) into (2.16) yields

e A-(t=e),_ = /3e—A-@-")B(o)m“(a;s,z)da
0 T
(218) - [ e+ BE e ) do
; ‘ +e~ A=tz (055, 2) + (T (y°, y™))*(2)
0 = / e+t B(o)z* (03 s, 2) do + (T (y°, y™))*(2),

for t > 7 and t < T, respectively. Regarding (y°, y*) as unknowns, we can uniquely solve
(2.18) since T is invertible. Thus the unique solution (y°,y*) is given by (2.15). On the
- other hand, it is straightforward to calculate that

v () = z°(¢;s,2) t>r

yi(t) = 0 t<r
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solves (2.18) as well, proving two of the four identities in (i). The remaining two are proved

in a similar way, see also [San93].

Next, we shall prove (ii). This is achieved by comparing the solutions z(-, s +h) and (-, s)
for small h. First, we take h > 0 and fix z € X* with |z|x« = 1. The case h < 0 is proved

similarly. Define

s .'L's(t,s—l—h) t>s+h
yi(t) =

z—x“(t,s+h) s+h>t>s
yR(t) = z%(t,s+h) t<s.

Then, y, € XF" since yi is continuous at ¢ = s + h. With an abuse of notation, we will

denote the norms | - | xF by || - || in this paragraph. We claim that the estimate
(2.19) o | Tsyn — Tz (-, )|l < o(1) (1 + [|yall)

holds for some function o(1) satisfying o(1) — 0 as h tends to zero. Assume for the moment

that (2.19) is true. Since the inverse of T is continuous, we then have

lyn — z(-, $)|| < C1llTsyn — Tez (-, 8)[| < o(B)(1 + llyall) < o(1)(1 +llyn — 2(-, )| + H»’v(j, s)I)

for some constant C; > 0 independent of & which we subsume into the o(1) term. Therefore,
we conclude that ||y, — z(, s)|| = o(1) — 0 as h tends to zero. Thus, in order to prove (ii),

it suffices to prove (2.19). ;

Note that, by definition, Ts+ha:(-; s+h) = @s1p. We shall compare Tsyy, with Ty pz(-, s+h).
Consider ¢ < s first. Using equation (2.4) and the definition of yz, we obtain

S s+h
T (®) = Tnalost )0~ [ A (54 h) dr
s+h ¢
— [ et Bz — 2, s + ) dr
§
= ez, +0(1) O(e™*l) (1 + iyl

since the arguments in the integrals are bounded by Hw( s + h)|| which is bounded by
1+ ||lynll. Next, consider t > s + h. Then

(Tsyn)*(t)

(Tnalrs R0 = [ ARz = 0 (r,s 4+ B dr
+/ e~ A-C-T)B(r)g¥(r, s + h) dr |
A, +0(1) O(e™1=) (1+ ]
holds. It remains to consider s < ¢ <s+h.
@any(©) = == omalos + B0 - [ B e st s+ ) dr
-I—/ eA+t=T) B(r zdr+/ ~@=") B(7)z*(r,s + h) dr
= z— MmNz, 1 0(1) (™) (1 + [lyall). |
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Summarizing the above inequalities and using T,z(-, s) = s, we obtain

| €A+(t_s) (G—A"'h - P+)Z+ + Rs(t) t>s+h
Tsyn)®(t) — (Tsz(,8))°(t) =< , a
(Tsyn)“(t) — (Tsz (-, 8)) () = e 4-U=s=M(P_ —e=4-P)z_+ R%(z) t<s '

for some remainder term with norm [|R|| = o(1) (1 + ||lya||). This completes the proof of

inequality (2.19).

It remains to show (iii). In order to prove uniform exponential decay for z*, it suffices
to consider ¢,s > t* for some t* large. Indeed, as z°(t;s,z) = z°(¢;t*, 2°(t%;s,2)) for
t > t* > s, we can employ boundedness of x°(t;s,2) on t,s < t* and obtain the result in
full generality. Up to this point, we have investigated the operator T on the interval [0, co).
However, we may as well restrict to [t*,00). On this smaller interval, T' is continuously
invertible as T = id 4+ for some integral operator I which is small in norm on [t*, c0)
as B is small, see the proof of Lemma 2.3 or [San93]. Thlis the operators z°(t;s,-) have
uniform exponential bounds for ¢ > s > t*. The arguments for z* are similar. Note that,
by calculating the norm of I, the constant €y determining the largest admissible norm of

B(t) on [t*, 00) depends only on the choice of the exponent 7.

Thus, T is onto and therefore continubusly invertible. Finally, we construct the exponential
dichotomy. Let
P(t)z = z°(t;t, 2).

By the semigroup property (i), P(t) is a projection. Moreover, P(t) is bounded as T~ is.
The invariance properties of R(P(t)) and N(P(t)) follow immediately from the invariance
property (i). The uniform exponential bounds can be obtained from the uniform bounds

on z° and z%.

Finally, by inspecting (2.4), we have

(e o]
z2€E = z=P_z- / e 4+7B(7)z* (730, z) dr
0

as z%(0;0,z) = (id—P(0))z = 0. It has been proved in Lemma 2.3 that the integral
operator is the sum of a compact operator and an operator with norm less than Ce for

some constant C independent of .

This completes the proof of Theorem 1. . |

2.4 Proof of the corollaries and Theorem 2

Proof of Corollary 1. The corollary follows easily from the characterization of the stable

subspaces in Theorem 1. A ' » |
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Proof of Corollary 2. It is straightforward to verify that the right hand side of the
integral equation (2.4) is well-defined and an isomorphism from XZ* to XX+ even for
n = ¢ provided B(t) decays exponentially as t — co. This proves the claim concerning the

choice of 7.

The projection P(t) satisfies
t :
(2.20) P(t)z = z_ —e A-tg¥(0;¢, z)—/ B_A_(t_T)B(T)LEu(T;t, z)dr
: 0
+/ e"A"“(t"‘T)B(T)a:S(T;t, z)dr.
St

We shall prove the corollary using the assumption that B(t) decays exponentially with rate
6. Using (2.20) and Theorem 1, we have

t ,
|P(t)z — z_|x= < |e”*- 2% (0;¢, 2)| x= + I/o e 4-C= B(r)z¥(r;t, 2) d'rIXa

+‘ / ‘é‘A+(t_T)B(T)xS(T; t, z) d'rl
t X

IN

~ t ‘
Ce™ Mt 2] e + CC | / (14 (6 = 7)7)e™0 e e dr | 7] e
0 .

+CC:"! / (1+ (8 — 7)) 8(—t) g=b7 g=n(r=1) d'r‘ |2] xa
t
< Cem @Mt 4 om0 |2 xa,

Which proves the corollary. . B

" Proof of Theorem 2. If (2.1) has an éxponential dichotomy P(t) on IR, any bounded
solution xz(t) satisfies (id —P(0))z(0) = 0, since z(t) is bounded for t > 0. Similarly,
P(0)z(0) = 0 on account of boundedness of z(t) for ¢ < 0. Therefore, z(0) = 0, which
implies z(-) = 0 by the uniqueness hypothesis 3.

Assume conversely, that z(-) = 0 is the only bounded solution of (2.1) on IR. The mild
formulation (2.1) can be written as
Tz = & - ‘ teR*

’ Ttz = @t¢ teR™.
Denote the corresponding projections of the exponential dichotomies by P(t) and Q(t)
defined for t € IR™ and t € IR™, respectively. We have R(P(0)) N R(id —Q(0)) = {0}, since,
by aSsumption, equation (2.1) has no bounded non-trivial solution on IR. On the other
hand, Lemma 2.4 guarantees that R(id —Q(0)) is an admissible complement to R(P(0)) in
the sense that we can construct an exponential dichotomy on IRt with associated projection
P(t) such that R(P(0)) = R(P(0)) and N(P(0)) = R(id —Q(0)). By the same token, an
exponential dichotbmy exists for ¢ € IR™ such that the associated projection at ¢ = 0 is V
again given by P(0). Thus, the projectiohs are continuous at t = 0, whence we obtain an

exponential dichotomy on IR. ' , ' |

19



3 Regularity and nonlinear equations

In this section, we use the notation

z°(t;s,2) = @°(t,8)z, t>s
z(t;s,2) = ®“(t,9)z, t<s,
where z € X®. We shall verify some additional properties for the families ®°(¢,5), 0 < s <t

and ®%(¢,s), s >t > 0 of evolution operators. The statements are similar to the parabolic

case, where the ranges R(®“(, s)) are finite-dimensional for ¢ < s.

Theorem 3 Assume that A and B(t) satisfy the conditions of Theorem 1. Then the evo-

lution operators ®°(t,s) with t > s have the following properties.

(i) For any t > s, ®°(t,s) has a bounded extension to X satisfying ®°(¢,t) = idx and
®5(t, 7)®%(7,8)z = ®%(t,8)z for allt > 7 > s and any z € X. "

(i) ®%(t,s), t > s is strongly continuous in (t, s) with values in L(XP) for any0 < B < 1.

(iii) For any 0 <+, < 1, there is a constant C' > 0 such that ®°(t,s) € L(X7, X?) for
t>s and
12°(t, 8)|| (xv,x8) < Cmax(l, (¢ — 5)7=8) g=n(t=s)

holds.
Analogous properties hold for ®%(t,s) with t < s.

Proof. The assertion of the theorem is similar to [Hen81, Theorem 7.1.3]. However, the
Gronwall-type lemma used in the proof therein is not available in the present setting. The
intégral operators appearing in (2.4) are nonlocal in time and cannot be made small. Thus,
we have to proceed in a different way. For the sake of clarity, we take the exponential

weight n = 0.

First, we prove (i) and (ii). Note that the claims are true if 8 > o by applying Theorem
1 to the space X?. Thus, we would like to solve the equation Tz = ¢z for z € XP with

B < . However, @z is continuous with values in X only for ¢ # s, but satisfies an estimate
|(02)° (&, 8)lxe = Je™ 4=z |xa < Clt — 5"~z x,

~ast — s, and similarly for (pz)*(¢).

The key idea is to subtract the part coming from the autonomous equation, that is the

operator ¢z, from the solution z(t,s). So, define

y'(t;s,2) = z(t; 5,2) — (9z)(t — s).
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The new unknown y' solves the equation Ty! = @'z where ¢ is given by
'z = (id =T)pz.

Again, the crucial point is continuity of ¢! as ¢t — s. We claim that ¢! is continuous with

values in X7 for any v < 1 — a + 3, and satisfies the slightly better estimate
|(¢"2)°(t, 8)|x= < Ot — 5P~ 1= 2]y,

as t — s, and similarly for (¢'z)*. Assuming that the claim has been proved, we may
proceed by induction. Let | .
kg — Z:l(id —T)pz
i=0
which solves the equation '
(3.1) Ty* = (id —T)*pz.

By the same arguments as in the first step, we shall see that the right hand side of this

equation is continuous for z € X? with values in X provided k(1 — a) > o — 8.

So, we have split the solution z in a Wéll—behaving, continuous part y* and explicitly given
discontinuous parts (id —T')%pz, which behave better than @z. Choosing k large enough,

we can solve equation (3.1) as its right hand side is continuous with values in X @,

From this observation, (1) and (ii) follow immediately. Indeed, the explicit part

k-1

) ([d =Tz

1=0
extends to X? for any 8 < a. Therefore, it suffices to prove the smoothing property for
the operators (id —T)*. '

The function ¢'z = (id —T)yz is given by

(pr2)%(t,8) = — /oo e+ B(r)eA- (") 2 dr
A , .

i : 8 :
+/ e~ 4-0-T) B(r)e~4- (r=9)z_dr — / e A~ B(re 4+ dr,  t>s
s 0

t
(Gr2)e(t, 5) = / A=) B(7)e= A+~ 2, dr
0 s . oo
—/ e~ A-C-T) B(r)e= 4+ (T8 7, dr + / e B(r)e A" _dr, ¢t <s,
t s
see (2.4), as the exponential terms diéappear due to the definition of pz. ,Nof‘e that this
property is preserved under the iteration (id —7')* for the same reason as in the proof of

Proposition 1.

First, consider the integral

(ho)(t,s) = [ A+ B(r)g(r,s)dr
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where g(t, s) is continuous for ¢ > s with values in X* satisfying
lg(t, 8)|x < Clt— 5|7

as t — s for some 6 > 0. Notice that I; is continuous for ¢ > s with values in X% We

estimate

(hg)(s + by s)|xa < A=) B(r)g(r,s) dr |,

s+h

IA

edlst+h=T) |s+h—7|7% ]s —7]7? d'rl
s+h

S éhldg

as h — 0 for some constants C and s} independent of A. Thus, as claimed, the exponent 6
is decreased by 1 — a. The calculations for the other integral operators are similar, and we

 will omit them.
The proof of (iii) is completely analogous to the above and we will omit it, too. H
Theorem 1 and 3 are used for obtaining existence of solutions of inhomogeneous linear
equations -
&= (A+ B(t)z + f(t) f € C°(R*, X)
as well as nonlinear equations
& = (A+ B(t)z + Gy, z) G € CH(IR? x X, X)
with G(0,0) = DG(0,0) = 0. The associated weak formulation is given by
e~ A-(t=9)z_ = (¢, (£, 5) +e‘A ¥ (0, 5)
-l-/ eA+(t=T) ( Vz° (1, 8) + F(z*(, s)))dT
/ - (t=7) (B z*(1,8) + F(z°(T, s)))
/ ~=0) (B(r)a(r, s) + F(a*(r, ) ) dr

eA+t=9)z, = g¥(t,s) — e Atz (0,3)
- / e+t~ (B(r)s*(r,5) + F(z"(r,s)) )dr
+/ —A-(t-7) (B(T) “(1, 8) + F(z*(r, s)))dT
- / e+ (B(r)a*(r, 5) + F(a*(,5)) ) dr,

where F is replaced by either f or G. In the former case, usmg Theorem 1 and 3, existence
is easily obtained, see [Hen81, Theorem 7.1.4]. In the latter case, the right hand side of
(3.2) defines a differentiable map from & E* to XX+ with § = 0. Also, the linear part is

(3.2)

invertible as T is. Thus, we may employ an implicif function theorem and obtain solution
operators ®°(t;s,2) and ®“(t;5,2) for t > s and 0 < ¢ < s for small z € X* depending

smoothly on z.
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4 Transverse homoclinic orbits in periodically perturbed equa-

tions

In this section, we extend the Melnikov theory, see, for instance, [Mel63] or [Pal84], for
intersections of stable and unstable manifolds to the general class of differential equations
investigated in the previous sections. With the exception of the proof of Theorem 4, we
can closely follow the presentation in [Pal84], and will only indicate the changes necessary
to adapt the proofs given therein to the situation studied here. We refer to [Bla86] and

[Pet93] for proofs for parabolic equations.

Throughout this section, we assume that A is a closed opéra.tor on X satisfying Hypotheses
1 and 4 stated in Section 2. Consider the following small non-autonomous perturbation of

an autonomous nonlinear equation
(4.1) & = Az + G(z) + pH(t, z, 1) (z,p) e X* xR

for some fixed a € [0,1). Suppose that G € Ch1(X?, X) with G(0) = 0 and ’DG(O) = 0.
The perturbation H belongs to C*(IR x X x IR, X) such that, in addition,

t - D:H(t,z,p) and z — D H(t, z, u)

are locally Holder and Lipschitz continuous, respectively, in the sup-norm. Furthermore,
H is periodic in t with period p, that is H(t + p,-,+) = H(t,-,-) for all t € IR.

Hypothesis 6 Assume that A meets Hypotheses 1 and 4. Suppose that equation (4.1) has
a homoclinic orbit for u = 0, that is a solution q(t) € C*(IR, X*)NC(IR, X*) with q(t) = 0
as t = too. We assume that ¢(t) is the only bounded solution (up to constant multiples)

of the variational equation
(4.2) z = Az + DG(q(t))z

along q(t). Furthermore, it is required that the operator DG(q(t)) satisfies Hypothesis 8.

Note that Hypothesis 2 is met for the variational equation for any € > 0 since g(t) — 0.

With these assumptions at hand, the adjoint equation
y=—(A"+DG(q(t)")y

has a unique, up to scalar multiples, bounded solution ¥(t). Furthermore, by Theorem 1,
equation (4.2) and its adjoint equation have exponential dichotomies on the intervals IR™
and IR™. Moreover, the results of Section 3 apply to the nonlinear equation (4.1), and all

bounded solutions close to the homoclinic orbit are given by (3.2).
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We define the Melnikov integral

(43 M) = [ (HE - B,a0),0),(2) ds

—0Q

for B € S* =0, p]/ ~. Note that M is C' in 8. The next theorem characterizes transverse
intersections of the stable and unstable manifold of zero (more precisely, of the unique

" hyperbolic p-periodic orbit p-close to zero).

Theorem 4 Assume that Hypotheses 1, 4, and 6 are met. If there is a number By € S*
such that M(Bo) = 0 and M'(Bo) # 0, then there exist positive constants o and 8y such
that equation (4.2) has a unique solution z(t,u) for any p with 0 < |u| < po satisfying

sup [z(t, 1) — q(t + Bo)|x= < o.
telR

As a matter of fact,
sup |z(t, u) — q(t + Bo)|x= = O(k)
telR

as p — 0 and the variational equation
(4.4) 9 =(A+DG(z(t, b)) + uD-H(t, 2(t, u), 1))y

has an ezponential dichotomy on IR.

Proof. First, we prove the existence of z(t, n). We introduce a new variable z by
z(t) = q(t + ) + 2(t + ) BER,
and write equation (4.1) in the form
(4.5) z=Az+ DG(q(t))z + F(t, z, u, B).
with
F(t,z,1,8) = G(q(t) + 2) — G(q(t)) — DG(q(t))z + nH(t - B,q(t) + z,n).

On account of Theorem 1 and the hypotheses made, we know that the linea.rvpart of equation
(4.5), that is equation (4.2), has an ejcponential dichotomy on IR* and IR, respectively.
As in Section 3 and Theorem 3, we denote the solution operators of (4.2) by ®5(¢,s) and

Y(t,s) for t > s € RT and s > t € IRT, respectively, and by ®%(t,s) and ®§(¢,s) for
t < s € R” and s < t € IR7, respectively. We decompose the suBspaces of bounded

solutions for t — 00 according to

R(®§(0,0)) =Y; ®spang(0) and - R(®%(0,0)) = Ya & span 4(0).
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Solutions of the nonlinear equation (4.5) are bounded on IR™ and IR™, respectively, if and
only if there exist &1 € Y7 and & € Y5 such that

al) = 16,006+ [ B 7R, a ()0 0)dr

- /t ®U(t, 7)F (1, 21(7), 1, B) dr " fort € Rt

il

2(0) = 06+ [ BN ()0 dr

t .
+ [ (), 8) dr fort€ R,
—0Q

respectively. Thus, for any & € Y; and & € Y3 near zero, we get bounded solutions
z1(t; &1, B, 1) and 2z2(%; €2, B, ) of equation (4.5) for ¢ € R™ and ¢t € IR™, respectively, by
the implicit function theorem, see Theorem 3. The maps (1,08, 4) — z1(t;€1,8,1) and -

(2,8, 1) — 22(t; €2, B, ) are C*. Next, for any small u, we seek & = & + & € Y1 © Y5 and
B € S* such that 21(0;¢, 8, u) = 22(0; &, 8, 1). This is equivalent to solving the equation

0 _ :
@6  (@0,0-250,0% = [ @501l Bu)m6)dr
+ [T 880, F(r21(r, 60,8, ), 1, B)

According to the proof of Theorem 1, L = $3(0,0) — ®%(0,0) € L(X“) is a Fredholm oper-
ator with index zero, null space N(L) = span¢(0) and range R(L) = {n € X*; (n,4(0)) =
0}. Therefore, using Lyapunov-Schmidt reduction, it follows that equation (46) is solvable
near 8 = [ if and only if ‘

/:o(H(t—ﬂo,q(t),‘O),w(t))dt =0
/-oowﬁﬂ(t‘ﬁo’Q(t ¢(t) Vdt # 0
for some fo € S§*. The solution is given by z(t, u) = q(t + B(w)) + 2(t + B(n), u) with

B(-) € CY((—po, ko), IR) and B(0) = Bo. This proves the first part of the theorem.

It remains to show that equation (4.4) has an exponential dichotomy on IR. On account of
Theorem 1, equation (4.4) has an exponential dichotomy on IR* and IR, respectively, for

any small u.

For a bounded solution y(t) of equation (4.4), we set y(t) = &(¢, u) ‘+ w(t) such that
47 v = (A + DG( (t, 1)) + pDo H(t, z(2, u),u))w — uDeH(t,2(t, 1), 1)
| = (A+DG(a(t,w)))w+ (DG(x(t, ) — DG(a(t, 1)) +

uD:H(t, z(t W), 1)) w = wDH (b, (t, 1), 1)
= (4 DG(aft, )+ Oy ~ WDLH(, a(t, ) ).
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Lyapunov-Schmidt reduction shows that this equation has a bounded solution if and only
if

() = [ ((DG(alt,w) - DG(g(t + B(w)) + wDaH(t,a(t, 1), 1)) wlt, )
—~pDeH (8, 3(t, 1), 1), w(t + B(w)) ) dt
= 0,

where w(t, p) = O(u) solves the invertible part of (4.7). However, on account of w(t,u) =

O(u), we have

3() = —p | (DUt a(t, ), 1) + O(u), (¢ + B(w) d,

which is non-zero since M'(8y) # 0. An application of Theorem 2 shows that equation

(4.4) has an exponential dichotomy on IR. ‘ ]

We proceed by proving the shadowing lemma, see also [Bla86] for a proof for the parabolic

case. We consider the slightly more general nonlinear equation
(4.8) - & = Az + F(t, z)

with F € BCY(IR x X*, X) for some « € [0,1) and D, F(t,-) being Lipschitz. Note that F

is not necessarily periodic in .

Theorem 5 Assume that Hypotheses 1 and 4 are met. Furthermore, suppose equation
(4.8) has solutions u_n,(t), ur(t), and un,(t) for —m1 < k < ng defined on the intervals
Ip = (~00,top,], Ir = [tk—1,tk], and I, = [tn,,00) for —ny < k < ng, respectively, such
that ‘ A

(i) the variational equation v
¥ =(A+ DoF(t,uk(t)))y

has an ezponential dichotomy on Iy with projections Pi(t), ezponent § and bound K for

—ny < k < no. Also, Hypotheses 2 and 3 are met for the variational equations.
(i) |tk — tr—1| > 6 1 In3K.

Then, there exists a positive constant ey such that the following holds. For any € with

0 < € < ¢ there exists a constant v(e) > 0 such that, if in addition

(ZZ'L) ]uk_l(tk_i) - uk(tk_1)|Xa < l/(e), and

(1) | Pe—1(tg—-1) — Pe(tr—1)llp(x=) < v(e),

are met, equation (4.8) has a unique bounded solution z(t) on IR satisfying
2) — w(lxe < ¢

forte Iy and —ny < k < no.
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Proof. We define a function u(t) for ¢ € R by u(t) = ug(t) for t € I;. Then, u(t)
- is Holder continuous except at the points ¢;. For any fixed v > 0, there is a function
(t) € L®(IR, X)) with sup,c |6(t)|x < v such that F(u(t),t) + 0(¢) is Hélder continuous
on IR. We approximate u(t) by the unique bounded solution z(t) of the equation

2= Az + F(u(t),t) + 6(t).

Since the equation z = Az has an exponential dichotomy on IR, the above equation has a

unique solution. We have the estima‘pe
lu(t) — z(t)|x= < C(v+v)
for some constant C > 0. Thus, for v and ~ sufficiently small, and due to Hypothesis (ii),
i = (A+DoF(t,2(0)y |

has an exponential dichotomy on IR, see [Pal84] for the details.

Finally, we introduce new coordinates z(t) = z(t) + w(t) and write equation (4.8) in the
form
b = (A+DaF(t2(t))w+ Flt,2(t) +w) — Flt, 2(t)) — DoF(t, (8))uw
+F(t,2(t)) — F(t,u(t)) — 0(¢).

For v and v small, we thus obtain a unique solution of equation (4.8) employing an implicit

function theorem. B

We now define the Bernoulli shift. Let IV be a positive integer and
Sy = {(ak)rez; ax € {0,...,N — 1} for all k € Z}

with the product topology. The shift o : Sy — S, defined by (0(a))r = aki1, is a

homeomorphism.

Corollary 3 Assume that the hypotheses of Theorem 5 are met and that, in addition,
F(t,x) is periodic in t with period p. Moreover, suppose that (4.8) has a bounded solution
v(t) and a T-periodic solution u(t) such that

(i) the variational equation
§=Ay+ D:F(¢,v(t))y

has an ezponential dichotomy on R and

(11) [v(t) — u(t)|x=« — 0 as |t| = oo.
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Then there are €9 > 0 and functions My(-) for each N € IN such that, for given e with
0 <e< e and m > My(e) the following holds. For any a € Sy, equation (4.8) has a

unique bounded solution z,(t) defined on IR satisfying
(4.9) |Za(t + (2k — 1)mT) — v(t + axT)|x« < €

for t € [-mT,mT)] and for all k € Z. The map ¢(a) = z,(0) is a homeomorphism onto a

compact subset ¥ of X®. Furthermore,

zqa(2mp) € X
Il?a,(2mp) = To(a) (0) = ¢(U(a))

is true for any a € Sy.

Proof. The conditions of Theorem 5 are satisfied for k € [—n0,n0] and ng € IN if we define
ug(t) = v(t + axT — (2k — 1)mT) and t; = 2kmT for m large enough. Thus, for any ny,
we obtain a solution z,, that satisfies inequality (4.9) for k € [~no,ng]. The sequence
of solutions {wano }noen 1s a Cauchy sequence on compact intervals and converges to the
solution z,. The remaining part of the proof is similar to the one given by Palmer [Pal84,
Corollary 3.6]. : [

We can interpret the statement of the corollary as follows. The solution v(¢) has IV parts

which correspond to the time segments
[=mT, mT), [(-m + )T, (m + 1)T), ...,[(=m + N — )T, (m + N — 1)T).
The solution z,(t) shadows one of these N ﬁarts of v(¢) in each time segment
[(2k — 2)mT, 2kmT] -

but switches randomly from one part to another.

5 An application to semilinear elliptic equations

In this section, we shall apply Melnikov’s method as developed in the last section to semi-
linear elliptic equations. First, we have to relate the abstract equation investigated in the
previous sections to elliptic equations. Then, elliptfc equations on infinite cylinders are
considered. We state conditions guaranteeing that the theory. developed in the present

paper applies. Finally, a concrete example on the inﬁnite’cylinder IR x (0, 7)™ is presented.
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5.1 Abstract elliptic equations

Let Y be a Hilbert space and L : D(L) C Y — Y a densely defined, strictly positive and
self-adjoint operator. Moreover, denote the fractional power spaces associated with L by
Y®. In particular, Y = D(L). Finally, suppose that g: Y* =Y is a nonlinearity of class
C* for some a € [0, 1) which we will fix from now on. We shall be interested in the abstract
elliptic equation ;

(5.1) Uge — Lu = g(u) z€IR

forueYe.

Consider the operator

0 id
(5.2) A=(L;>:wxyiaﬁxx

Then Lemma 2.1 applies. In fact, the projections Py are given by

1
id LI}
po=<| ¢ “)ivixyovixy
2\ 7 id

and the operators A4 by

—

ST

13 +id\
Ai=%( ’ ).

L L

As a matter of fact, the fractional powers-are given by

ol L%  +L°F
T2\ 21 I8
with associated fractional power spaces X¢ =Y** xY%. Consider the equation

(5.3) | Ed;u = Av + G(v)

with G(v) = (0,9(v)). As g:Y® — Y is CF, we see that G : X* — X is C* as well.

Furthermore, it is straightforward to show that A has compact resolvent whenever L has.
Therefore, it suffices to verify the assumptions made on L and g stated at the beginning of
this section in order to apply the results in Section 2 and 4 to equation (5.3) which is (5.1)
written as a first order system in z. We emphasize that similar statements hold if (5.1) is
of fourth order in z.

5.2 Semilinear elliptic equations on infinite cylinders

Consider a scalar semilinear elliptic equation

(5.4) gy Ayu + g(y, U, Uz, Vyu) + ph(z,y, u, ug, Vyu) =0 (z,y) e Rx Q.
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Here, 1 is a small real parameter, h is periodic in z with period p and Q C IR™ is an open
bounded domain with smooth boundary. For the sake of simplicity, we consider Neumann

boundary conditions
(5.5) : Syu(z,y) =0 (z,y) € R x 9Q

where v denotes the outer normal of Q. Let' Y = L2(Q). Then L = —Ay+uisa

self-adjoint and positive operator with compact resolvent and dense domain
Y! = D(L) = {u € H*(Q); 8,u = 0 on 30}

in Y, see, for instance, [GT83]. Furthermore, we assume that the nonlinearities g and h
map the space Y'® smoothly into Y for some « € [0,1). Depending on the dimension of €,

this may require some nonlinear growth restrictions for which we refer to the literature.

The uniqueness assumption 3 is met under very weak conditions on equation (5.4). Indeed,

Cordes [Cor56, Satz 5] proved that any solution u of class C? satisfying

Ugz + Ayt + a(z, y)uz + b(z,y)Vyu + c(z,y)u =0 (z,y) e RxQ

(5.6)

vanishes identically u(z,y) = 0 on IR x © provided the coefficients a, b, and c are locally

Lipschitz continuous.

Suppose that g(z,y) is a homoclinic solution of (5.4) for = 0 satisfying lim;| e g(2,y) =
0. In addition, assume that g,(z,y) is the unique, up to scalar multiples, bounded solution
of ‘

(57) Vg + Ay'U + Duzg(ya q, 9z, va)'”:c ‘
+Dv,ug(¥, 4, 92> V@) Vyv + Dug(y, ¢, 42, Vyq)v = 0,

which is of the form (5.6). Also, as limjz|0q(2,y) = 0, the coefficients converge for

|z| — oo to functions depending only on y.

Thus, the theory deileloped in the previous sections applies. Indeed, using the results in

the previous subsection, it is possible to write (5.4) as an evolution equation

(5.8) %v — Av + G(v) + pH(z,v)
where
- 0 id
~A,+id 0

~and ;
G)(y) =
'—g(ya V1,02, Vyvl) — U
0

H(z,v)(y) = .
—ph(z,y,v1,v2, Vyu1) |

30



The linearization

i
Ea;v = Av + DG(q, qz)'u

at the homoclinic solution satisfies Hypothesis 3 whenever, for instance, Cordes’ result
applies to (5.7). Also, the smallness assumption 2 is always satisfied based on the above

remarks.

5.3 An example on an infinite cylinder

As an example, we take = (0, 7)™ and consider
(5.9) gz + 72 Ayu —u +u® + p(1 + h(y)) cosz =0 (z,y) € R x (0,m)",
for n € IN with Neumann boundary conditions

Oyu(z,y) =0 for (z,y) € IR x 8Q.

Here, v # 0, and h(y) is a smooth function with zero mean, that is [, h(y)dy = 0. Note
that the nonlinearity is analytic for p = 0. Hence the uniqueness hypothesis 3 is satisfied
since any solution of either (5.9) or its linearization is analytic as well. Though the domain
) is not smooth, equation (5.9) fits into the setting of the last section. Alternatively, the
reader may consider the n-dimensional unit ball using spherical harmonics instead of the

trigonometric expansion employed below.

We remark that the reduction to essential manifolds developed by Mielke [Mie94a] applies
to equation (5.9) provided n = 1. However, as pointed out in the introduction, the re-
sultihg manifold will only be of class C1. For n > 1‘, the results in [Mie91] do not apply
since they require that the nonlinearity is independent of z. Also, the example can be
modiﬁed easily such that the spectral gaps are not arbitrarily large as required by any
inertial-manifold reduction - repla,ce, for instance, 2 as defined above by [17=1(0, ajm) with

rationally independent constants a; > 0.

Rewrite equation (5.9) according to

dfwu) _ 0 1 v\ 0
dz \ o, - —12A, +1 0 vy v? 4+ u(1+ h(y)) cos z

= Av+Gv)+ pH(z,v).
Let k € ING be a multi-index and define |k|* := >-7_; k3. Then, the eigenvalﬁés of the linear

operator A are given by

AF = £4/1 4+ 92|k[2 for k € IN?

with associated eigenfunctions

wE(y) = for k € ING.

( :I:\/1+ paE ) HCOS’W |
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In the invariant subspace Wy = span{wy, wy }, the homoclinic solution

3 1 3 1 1
(q(z), gz(z)) = (5 sech 3% sech 5T tanh 5:15)

of (5.9) is found for u = 0. Consider the variational equation

(5.10) %v — (A+ DG(q(z)))v.

It turns out that the subspaces W}, = span{w; ,w; } are invariant under the flow of (5.10)
for k € INg. In the subspace Wy, equation (5.10) reads

(5.11) Wae — (1+ 72|k|2 — 2¢(z))w =0 zER,

where w(z) is the amplitude. We are interested in the set of bounded solutions to this

equation. First consider the spectrum of the operator
(5.12) Lw = wyy — (1 — 2¢(z))w z € R

The spectrum of L is given by isolated simple eigenvalues Ao = 2, A\; = 0, and Ay = —3
with eigenfi_u_lctions wo(z) = sech%(%x) and @w;(z) = gz(z). The remainder part (—oo, —1]

of the spectrum is essential spectrum. See [San96, Lemma 2.1] for the proofs.

Now suppose that -

NG

(5.13)  # 2—15 for all [ € IN.

Then the linearized equation (5.11) has non-trivial bounded solutions only for ¥ = 0 and
Hypothesis 6 holds by non-degeneracy of the homoclinic orbif in the plane Wy. Therefore,
Theorem 4 and Corolléry 3 apply once (5.13) is met. Note that, in particular, (5.13) is met
ify > %—5 |

In passing, we remark that the subspace Wy becomes normally hyperbolic for v — oo.
In this case, equation (5.9) is posed on a thin domain as can be seen by rescaling the y

variable.

It remains to calculate the Melnikov integrals. The bounded solution of the adjoint vequa,tion

d " *
v = (4" + DG(g(a)")v

is given by
(—%a(z), %(2)) = (—Gae(2), g2(2))-

Therefore, we obtain

ME) = [7 [ aule)t+ b)) costo— ) dy da

= " /_o:o g(z) sin(z — B) dz

¥} * 3 M
-7 /_oo 1+coshzx sm(m ~B)dz

67r”+1

= sin 8.

sinhm
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For B = 0, we have M(0) = 0 and M’'(0) # 0. Thus, the conclusions of Theorem 4 and
Corollary 3 apply to this particular example.

Note that, for non-zero h(y) and p # 0, the subspace Wy is no longer invariant whence the
‘solutions ensured by Corollary 3 do have non-trivial y-dependence. These solutions can bé

viewed as complicated equilibria u(z,y) of the parabolic equation
(5.14) = Uz + 7 Ayu—u+u® + u(1+h(y)) cosz (z,y) € R x (0,m)"

on the cylinder IR x (0,7)". Moreover, for small ¢, the above results still hold if a term
picug is added to (5.9). Then Corollary 3 ensures existence of many travelling-wave solutions
u(z — pet,y) of (5.14) with non-trivial spatial dependence travelling with non-zero speed

ue.
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