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ABsSTRACT. We show tha,t a regularized stationary Boltzmann equation with diffusive
boundary conditions can be rigorously derived from a suitable stochastic N-particle
system. o ‘

1. INTRODUCTION

Stochastic particle methods are widely used in the numerical simulation of rar-
efied flows, which are described at a mathematical level by the Boltzmann equation
and hence convergence results for such schemes are of practical interest. From a
more fundamental point of view, in the study of these problems we are naturally
led to tackle subtle difficulties related to the so called propagation of chaos which
is an asymptotic (in the number of particles) statistical independence. Indeed the
convergence we want to establish is nothing else but a law of large numbers for
(somehow weakly) dependent random variables. For this reason results in this
‘direction are also of interest in the field of limit theorems for large systems of in-
teracting stochastic processes. We address the reader to Ref.s [C], [BI], [LP], [W],
[PWZ], [GM] for results concerning convergence of stochastic particle systems to
solutions of (regularized) Boltzmann equations. Unfortunately the situation is far
from being satisfactory for many reasons which we are going to illustrate.

The convergence results we mentioned above regard time dependent prob-
lems. Namely the empirical measure (that is a measure valued stochastic process)
% SN 6,:()(dz), where z;(t) is the state of the i~th particle at time ¢, is weakly
converging in probability to f(z,t), which is the solution of the Boltzmann equa-
tion with initial datum f(z,0) = fo(2), the distribution density of each particle
at time zero, assuming also that all the particles are independently distributed.
Such a convergence is not expected to hold uniformly in time. However in most
of the practical applications of these stochastic codes we deal with stationary non-
equilibrium situations, which we simulate in order to extract informations on the
macroscopic quantities like profiles and fluxes. In other words we are interested
in non-trivial stationary solutions to the Boltzmann equation. In this case the
‘methods we have discussed so far are useless. In fact, even knowing the trend to
a non-equilibrium stationary state for the Boltzmann dynamics (which is, inciden-
tally, not known but for simplified models), we could not conclude anything on the
particle 'approxima,t‘ion of this asymptotic state, being the two limits N — co and
t — oo clearly not commutable. The systematic error of some particle simulation
scheme for a stationary model Boltzmann equation was studied in [B]. An alterna-
tive approach to the construction of particle schemes for the stationary Boltzmann
equation has been proposed in [BS].

In this paper we face the above mentioned problem for a gas in a bounded
domain with diffusive boundary conditions at a possibly not constant temperature.
We consider the unique stationary measure for the N-particle system and evaluate
the distance between this and the N-fold product of the unique solution to the
stationary (cutoffed) Boltzmann equation with the same boundary conditions. We
show that, if the mean free path inverse is sufficiently small, the L; difference
between the k-particle distribution functions of such two measures, vanishes in
the limit N — oo, for any fixed k. To do this we use a technique which we
call v-functions. Such method is used in Ref. [CDPP] for time dependent problems
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related to stochastic particle systems in a lattice, in Ref. [CP] for a one-dimensional
stationary problem for a model equatlon and it is indeed very efficient as we shall
explain in section 3.

Let us conclude by criticizing the present result. As we said, it holds for small
mean free path inverse: this is consequence of the fact that we use a constructive
perturbative technique. Also the existence and uniqueness for stationary solutions
of the Boltzmann equation is proven under the same smallness assumption. We do
not even know whether recent approaches to the existence problem (see for instance
[AN] for a suitably cutoffed Boltzmann equation in a slab) can be used to obtain at
least the existence of solutions for our problem without this assumption. However
the uniqueness of such solutions, which would be preliminary for the convergence
problem we set, seems at the moment hard to be proven, even for a regularized
equation as the one we consider. ,

In the present paper the Boltzmann equation enjoys two regularizations. The
first, and more important, is a spatial smearing, which is standard in the above
quoted literature. Actually the existence theory for the true Boltzmann equation is
up to now too poor to allow us to approach the real problem. In [CP] a model equa-
tion without spatial smearing has been successfully attacked, however such model -
is one-dimensional, that is much easier to deal with. The second type of cutoff is on
the set of possible velocities, which is essentially compact and bounded away from
0. This last assumption is made to take a full advantage by the ergodic property
of the Knudsen flow. We absolutely need this as a consequence of our ignorance of
qualitative properties of the invariant measure for the N-particle system, which we
only know to exist uniquely. In facts we think that the cutoff on large velocities is
only technical: it allows us to avoid difficulties Wthh could obscure the real essence
of the approach.

2. NOTATIONS AND RESULTS

Let O C R? d = 2,3 be an open set with smooth boundary in the physical
space, V C R% a compact set not containing the origin and [0, 7] an interval on the
real line. For (z,v,1) € QxVx[0,T] con51der the following cutoffed Boltzmann
equation:

Oep(z,v,t) + (v : V‘z)p(fc,,yv,t) = AQ(p,p)(z,v,t) - (21)
with initial condition: v :
’ p(a:,v, 0) = po((l),’l)) >0 ' ‘ (22)

and boundary conditions (n(a:) is the outward normal in o € oQ):
p(z,v,t) = J(z,t)M(z,v) z€IQ, v-n(z)<O0. (2.3)
Here we have used the following symbols: ) is a real parameter,

Q(p, p)(z,v,t) = /Q dy fV dv, /S deB(v,v1, e)hp(z,y)x((v",v]) €V x V)

{p(=, b*,t)‘p(y,‘vi‘ ,t) — p(z,v,t)p(y, v1,1)} (2-4)



e is the unit vector in R?, x is the characteristic function of its argument,
v'=v+e- (vi—v)e, vi=v1—e(vs—ve, (2.5)

52-1 is the unit sphere.
Moreover B, the collision kernel, has the following form:

B(v,v1,€) = B(|’u —v1],€)
where B : R x S%! s R+, We assume

B(jv —v1],e) < c1. (2.6)

The function hg, which acts as a spatial mollifier; belongs to L , i1s vanishing for
|z —y| > B and is such that [ hg(z,y)dy = 1. J, the incoming flux at z, is defined
as ) , , , ;

J(z,t) = / Cdv ven(z)p (a: v‘t). (2.7)
v n(x)>0 ,
Fmally M is a bounded positive function defined on the set
{(z,v)|z € OQ,v € V,'u -n(z) < 0},

which we require to satisfy the following normalization condition:
/ & |v-n(2)|M(z,v) = 1. (2.8)
v-n(z)<0 :

This last assumption, together with the well known properties of ), ensures the

- conservation of the quantity:
/da:/dv p(:z:vt , ‘ - (2.9)

which we assume initially to be one so that we cons1der normalized solutions to
problem (2.1)-(2.3). |

From a physical point of view, eq.s (2.1-3) describe a rarefied gas in a vessel
with diffusive boundary conditions at possibly not constant temperature on the
boundary. The collision operator @ differs from the usual one for the cutoff on the
velocities and for the presence of the smearing function hg. The true Boltzmann
equation is recovered by removing the two cutoffs, that is letting hﬁ — 6 (6 is the
§—function centered at the origin) and assuming V = R%.

It will be useful in the sequel to deal with the mild version of the above problem:

plire,0) = SUm(e,) +) [ ds St—Qp)zvne) (210

where 5(t) is the Knudsen semigroup, that is the solution to the initial boundary
value problem : ‘

[0 + (v- Vz)]S(t)po(a;,v) =0 : (2.11)
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(S(t)po)(=,v) = J(z,8)M(z,v) @ €09Q, wv-n(z)<0. (2.12)

The solution to eq. (2.10) does exist unique, thanks to the Lipschitz continuity
in L;(z,v) of @, due to the presence of the smearing function hg and (2.6).
Here we are interested in the corresponding stationary equation:

(v Ve)o(e,0) = AQ(s,9)(@,v) (2.13)

with boundary conditions (2.3) and the normalization property:

/d¢/dvg(m,v) _1.

Existence and uniqueness of a solution for a slightly different formulation for such
problem (under suitable smallness assumption) will be established in Thm. 2.2
below. For the moment we need a preliminary property of the Knudsen flow
expressed by the following Theorem which will be proVen in Appendix.

Theorem 2.1. There exists a unique probability density § which is statlonary
under the action of the Knudsen flow i.e.

S)g=g for all teR* (2.14)

Moreover for any i > 0 there exists T(n) > 0 such that, for any t > T(n) and for
any probability density f, it is:

1S() = gllz. <n. (2.15)

Remark. We stress that the assumption for the velocities to stay bounded away
from 0 implies the independence of T(7) from the probability density f, which is
of great importance to prove our main result.

We now establish also existence and uniqueness for the stationary solu-
tion of the boundary value problem (2.13):

Theorem 2.2. If ) is sufficiently small, there exists a unique probability density
* g which is invariant for the flow (2.10):

= S(t)g + )\/t ds S(t— s)Q(g,g)  teRT (2;16)

and is globally attractive:
lp(t) = gllz. < e,

where p(t) is any solution to (2.10) and c is some constant.

The proof of this theorem, which is essentially perturbative, is given in Appendix.

Now we introduce the N-particle process which gives the approxnna.tlon in the
limit N — oo, to problem (2.1)-(2.3). Let

Zn =(z1,.y28) 2z = (zi,v;) 1=1,...,N



and for the sake of simplicity put
;Q(zlyz% e) = hﬁ(mhm?)B(vl:vZJ e)X((v*:v;) €V x V) (217)

We define the generator of the N-particle process, for any function ® as:

Gn(®)(ZN) = GQ%G(Q)(ZN) + %G;}‘m(@)(zN) (2.18)
where |
N
GF(®)(2n) = Y (v - V. )(@)(Zn) (2.19)

(With diffusive boundary conditions to be specified, see eq.  (2.24-25) below) and
ez = Y / B2 - S al 0, (2:20)
,  1<i<i<N YS! ;

being
Z(":])

(215, 2i1, 24,7, .. Zj—1, 25,0, . .. 2N). (2.21)
Note that G§7°® is the generator of N independent particles moving freely. The
outgoing velocity v of each particle after a collision with the boundary at the point
z, is distributed according to the probability density given in (2.8). In other words
exp{(G4r°°)*t} = Sn(t), where Sy (t) is the product of operators acting on a single
particle, namely:

N
Sn(t) = [ @) (2.22)
i=1

where S;(t) is the Knudsen semigroup associated to the particle i. Therefore the
process described by the generator Gy consists in free motion (including the diffu-
sive boundary conditions) of the N—particle system and random collisions. These
last take place at random times, with random impact parameter e. The particles of
the pair involved in the co].hs1on have mutual distance less than 8 and their outgo-
ing velocities after the interaction follow the deterministic law (2.5). This model,
introduced in Ref. [C] is sometimes called ”soft balls” model.

If the system is initially distributed according to a probability density f¥(Z N),
-~ its time evolution is given by f¥(t) = ezp{(Gn)*t}f¥. In other words:

8 fN (Zw,t) + Y (vi- Vo )V (Zn,t) = %Gi\}‘m”fN(ZN,ﬂ (2.23)
) =1 ) o

with initial conditions f¥(Zy,0) = f¥(Zx) and with boundary conditions:

oz o) = T (@i, 2y ()M (i, 0:) 2 €09 vi-n(e:) <O



foralli=1,...N, with Zy(?) = (21...2i—1,2i+1...25) and
TN (25,1, Zn (1)) = / dv; v n(z)fN(Zy,t). (2.25)
v n(z;)>0
If we consider the stationary version of (2.23)-(2.24), that is :

N .
(o V) F (Zw) = G Y () (2.26)
7=1 .

with the boundary conditions (2.24-25), we can state the following result, which is
proven in Appendix:

Theorem 2.3. For all N > 0 there exists a unique probability density fN =
fN(Zy) which is invariant under the N—particle process.

The main goal of this paper is to compare the stationary distribution fV with
the one-particle stationary distribution g constructed in Thm. 2.2. To this pur-
pose we introduce the k-particle distribution functlons associated to the probablhty
density N :

f,ﬁv(zk)=/.../fN(zN)dgk+1...dzN, b=1,... N1 (2.27)

Introducing analogously the k-particle distribution functions for the time de-
pendent distribution f¥(Zy,t), we obtain from (2.23) and (2.24) the well known
BBGKY hierarchy of equations:

8tflf:v(zk?t) + Gireefliv(zhi) =

A : N —
ﬁGi PN (Zx,t) + A 7

k
Ok,k+1fﬁl—1(zk;t): k= 177N—1 (228)
with boundary conditions: |

Fl(z1,ee s Ziy 2, t) = TN (23,1, Zo(0)) M (2i,v;) @ €00 v - n(z;) < 0.
| (2.29)
Here: :
Ck k+1fk+1(Zk7t) =

Z / / deisade oo 5 (G ) (T (230
SZ

Note that by Thm. 2.3 it follows that the unique solutions to the stationary
version of problem (2.28) are those defined in (2.27).

Now we introduce the infinite Boltzmann hierarchy, that is the (formal)
limit as N — oo of the BBGKY hierarchy, i.e.:

Oufr(Zr, 1) + GL™** fi(Z, 1) = ACh k1 fit1(Zi,t) B =1,2,... (2.31)
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with initial and usual boundary conditions.
It is useful to consider the mild form of it, that is:

) t
fr(t) = Sk(®)fp + /\/0 dsSk(t — 8)Cre+1fet1(s) k=1,2,... (2.32)

We denote by P(t) the solution operator of the infinite hierarchy (2. 32) that is
(P()f°)x = fr(t). P(t) acts on sequences f° = {fp}r=1...00, fv € L1((Q X V)F).

Analogously we can define PV (¢)f¥ = f¥(t) to be the solution operator of the
following finite h1erarchy of equa‘uons

HO =50 + 3 [ds si-9)6 o7 £ (01

N -k | |
P / ds Skt —8)Chpsiflia(s) k=12 .N.  (233)

Notice that eq. (2.33) for k = N is the mild version of (2.23) and the full hierarchy
is the mild version of (2.28)

Since (2.33) is a finite system of linear equations, it can easily be solved uniquely
in Li(dZ), namely f(t) are obtained by integrating fN (Zn,t), unique solution
to (2.23).

By iterating formula (2.32) we arrive to the following formal series expansion for
the solution to equation (2.31):

(P&)f°)e = fi(2) Z A ag,n(t)fh (2.34)
with
t oty tno1
ak,n(t)f,g’:f/ /
‘ 0 0 0. ’
Skt = 11)Ch k41 - Skim—1(tn—1 = tn)Chtn1,k4nSktn(tn) fiyn (2.35)

It is possible to show that the series in (2.34) converges in Ly if the quantity
At is sufficiently small, so that, under such hypothesis, the solution to (2.32) does
exist unique. The method employed is the same as in [LP] and [PWZ], inspired
by the well known result due to Lanford (see [L] and [CIP]) in a L-setup for the
. not regularized Boltzmann equation. Here we find the additional difficulty of the
diffusive boundary conditions. However, working in L;, this is not a problem, since
the only property we need of the free flow is the isometry (see (2.36) below).

We will show the convergence of the series (2.34) as well as the asymptotic
equivalence (for N — oo) of the operators P¥(¢) and P(%).

Before stating Theorem 2.4 below, we stress two fairly evident estimates of the
terms in the series (2.34): :

1Se(t)fellzy = I fell s | (2.36)
and a
|Ck,p+1frt1llz: < kall frta|lz, (2.37)
where ; '
a= 2su1,)/de q(z, 2, e). (2.38)



Theorem 2.4. Suppose At < %. Then given any sequence {fg}k=1,_,oo such that
12|z, = 1, the series (2.34) is absolutely convergent in L1((Q x V' )*) for all k > 0.
Moreover given the sequence V= {f,f’}k=1,_,N of k-particle densities, we have:

kCz

I(PY(0) = PO el < o (2:39)

for some constant c; independent of f.

Remark. Since P(t) is defined as acting on infinite sequences, in (2 39) we mean
(P(t)fY), =0 for k> N.

Proof. By (2.35), using (2.36) and (2.37) we have:

B R D o ey < P10 (240

lag ()25, <

- Therefore the series (2.34) converges for 2tal < 1.
Let us define:

DY(t) = [PY(t) - PN, (2.41)
By (t) = % /Otdssk(t _OGIT(PY ()Y, (242)
E;‘;v(t) = _éNﬁ /Ot dsSk(t — s)C’k,k+1(PN(s)fN)k+1. (2.43)

By (2.32) and (2.33) we have:

\ |
DY (t) = BIY(t) + BN (¢) + Af dsSk(t — 8)Crk+1 DRy i(s), k=1,2,...N -1,
; ,

| (2.44)
Iterating (2.44) n — 1 times, with n < N — k, we obtain:

o= [ [ [

Sk(t —t1)Ck k1 - - 5k+m—1(tm—1 - tm)ck+1ri—1,k+m_(Bk+m(tm) + B m(tm))+

t oty tnho1
An// / dt,
o Jo 0

Sk(t —t1)Chkt1 - - Skan—i(tno1 — tn)Chin1,ktn(tn) Din(tn) (2.45)
By (2.34), (2.40) and the assumption At < &, it follows:

IDR (@2, <1 + gktnl (2.46)

so that, after elementary cAalculation, we can bound the L;-norm of the last term
in the right hand side of (2.45) by the quantity 4 - 4*(3).

8



Moreover we have:

- k®)Ma
and
k2 Ma
so that (2.45) implies:
k+1 ' ’ ]
m>0 '
<j4_f tAa L4 4k(1 . ,
SNToan TG (2.49)

The thesis follows by puttingn =N —k. O

Remark. The above result can be used to show the convergence of the solutions of
the N—-particle system to the solution of our Boltzmann equation. Indeed Thm. 2.4
shows the existence and uniqueness of the solutions to hlerarchy (2.32) for short

times. Assume that the initial datum is factorizing i.e. f{¥ = f0 * where fo is some
‘one-particle probability density. Then it is easy to show that the unique solution of
the hierarchy (2.32) we have constructed is of the form fi(t) = f&*(t), where f(¢)
solves the Boltzmann equation (2.1) with initial datum fo;. This property is called
propagation of chaos. Thus we have shown that f¥(t) — f®*(¢) for all & > 0,
in L; and for short times. On the other hand ¢ must be smaller than a numerical
constant independent of f°, so that the procedure can be iterated in time to show k
that the convergence is global (see [LP], [PWZ] for details).

Commg back to the stationary problem, we conclude this section by formulating
the main result of this paper which will be proven in the next section. We
recall that g denotes the stationary solution to the boundary value problem (2.13)
constructed in Thm. 2.2 and we set:

. |
W(Zg) = H 9(z). (2.50)

We also recall that f,ﬁv denotes the k—particle distribution of the unique invariant
measure of the N-particle system. We can prove:

Theorem 2.5. There exists )\0 >0 such that for any A < A and any mteger E>1

it 1s:
k

r [
£ — grllz, < 7 V> k,

for some constant ¢ not depending on A\, k,N .



3. PrROOF oF THEOREM 2.5

We introduce a formalism which plays a very important role in what follows.
Let I C N be a bounded set of indices and let || represent its cardinality. Given
two families of symmetric functions ¢ = {dr}rcy and ¥ = {Pr}1cn, we give the
following definition of * product:

(95 *)(Z5) = Z ¢:(Zs)bns(Zn 1), (3.1)

JCI

where we are using the notation Z; = {2;|s € I}.
Let us put:

¢t = (-1)Mlgr | (3.2)
and finally let us define: | ) |
vf = (gt % ) (3.3)
where we set f(Z;) = fV(Z;)if |I]| = k.
We assume that _
févzggzvévzl. ' (3.4)
We want to stress that, if it were: ' . ‘
(2 =] #(=)
- el '
then, ‘ , | ‘ ’
11| , | ‘
v (Z1) = [ [l9(z:) = £(z:))- (3.5)
=1
This means, in a’sensé, that the functions v” represent the product of the differences

better than the difference of the products which we would have to deal with.
By (3.4) it follows that the definition (3.3) can be inverted to obtain:

fli=(g=v")r | (3.6)
and this implies, as it can be easily seen, that
1 =gilee s Y ¥l @
JCI, J#8 '

Therefore we will prove Thm. 2.5 by estimating v¥ .
As a consequence of Thm. 2.1, we have the following;:

Lemma 3.1. For any n > 0 there exists a T(n) such that, for t > T(n) and k € N
it is ‘ ' , ‘
1Se(t)o™ [ze < n¥llo¥ |z, (3.8)
Remark. Had we considered directly the difference f}v — gr in place of v¥, at the
best we would have obtained [|Sk(t)(fY — g1)l|lz, < nl|ff — grllz, and this is not

sufficient for our purpose.
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Proof. . ‘ o
The Knudsen process is a collection of independent one-particle processes. More-
over it is a.consequence of the definition of v¥ that

/dzi vM(Z1) =0

forany i =1,2,...|I|. Thus, to prove the Lemma it is enough to prove that, for all
n > 0, there exists T'(n) such that, for t > T(n), for all u = u(2),u € L, satisfying
Judz = 0, one has: ' ,

1S(ulz, < nllullz, | (3.9)

Indeed, denoting by u* and u™~ the positive and negative part of respectively,
setting - '

A= /u'*'clz = /u"dz , (3.10)
we have by Thm. 2.1:

IS@)ullz, = 1S(E)w™ - S(t)u” ||z, <

Al S(#)(

L =gln +AISE(ED) - gln < 2An=nlul. (31

d

We recall that (PY()fV)r = f¥ for all I such that 0 < |I| < N and (P(t)g); =
g1 for all I with |I| > 0. We extend this invariance property to the empty set, that
is (see (3.4)):

(PY@) M) =1 (P(t)g)e =1. | (3.12)

We also puf; | ) : :
| (P(&)f")e = 1. (3.13)

For any finite set of indices I, we have:
vff = (g7 * )= (g7 x PY)f")r =

(g* = P(&)FY)r + (g% * [PV (2) = P V). (3.14)

Before going on in the estimate of vV, we introduce a suitable norm. Given an
infinite sequence of L;-functions ¢ = {¢r} and a real number a we set:

Nl = sup kllz.e™". AR (3.15)

Puttin . s ;
) RY(t) = (g1« [PV(t) - POIFY)r | (3.16)

11



by Theorem 2.4 and (3.12) and (3 13) it follows that for o = 3log3 (from now on
ﬁxed) and M < &, we have:

lmWNh_N- (3.17)

Indeed suppose [I| =k,

Ny Ny FN 9%cy
1R m<Z(NP )~ POl < 52 (318)

so that (3.17) follows. ‘
Since (g1 * g)r = 0if |I| > 0, we have by (3.4), (3.12) and (3.14):

i = (g * P)(FY —g))z + RY (t) := (¢ = P(t))r + BT (¢) (3.19)

where, by (3.6) we have put

Yr= Y vigns, ws=0 (3.20)
scI o
|8]>0

We prove the following result.

Lemma 3.2. Let 7 be a positive real number and choose T(n) as in Lemma 3.1.
Then, for any integer k > 0 and t > T'(n) the following estimate holds:

b
— 2aXt(e* + 1)

I(P(O)8) — Se(e)ulls, < - PYla @)

with & = 25(1 + k2%~ 1e*)(1 + 2aXi(e + 1)), proﬁded that A and n are so small
to satisfy: e*[T + 2aXt(e® +1)] < 1.

Proof. To prove the Lemma, we write the expansion already introduced in (2.34-
35). More precisely:

P(t)¢jk=;_/ot/0tl..;A“/Otn—ldtl...dtnz—: S Z_:

Sk(t — tl)ok k+1 - Sktn-1(tn- )Ck-!-n 1 k+n5k+n(tn)’/)k+n (3:22)
where '
k+r-—1 .
Z C;c’—‘l-r—l,k+r = Ck'*’r"l:k'f"" r=1,2,...,n
1r=1

that is C’,i;r_l,k +r 18 the contribution due to the collision of the i.-th particle
(among the k 4 r — 1 particles) with the k + r-th. Let us indicate by I the set of

12



indices {1,2,...,r} and by I(k, n) the set Ijin \I,rc {k +1,...,n}. Then by the
deﬁmt10n of ¢ 1t is:

Vtn = Z Z vsluszgl'k+n\(51usz)X(|51l + ISZI > O) | : (3:23)
S CIy 52CI(k n)

We now select among the particles in S; those which do not interact with any other
particle. To this end, we consider the set J =57\ {71,...,1,} and notice that:

)OI IEED YD MED VDI | RO L IRCE
11yeenyin S1 CIk 52CI(k n) 5,1 CIx S, CI(k, n) JCS1 i1,unyin T=1
Defining n(s1,j) = maz(s; — j, 1), (3.22) can be rewritten as:

k : S1
(P =S+ >, > 33 S %

51=0 S].CI].-_ ] 0 JC51 n>n(31)]) 21 4-- ;7"n.
1511—-51 |7T=3

,qurmz Z (31+52>0)// /

s2=0 S, CI(n,k)

1521—52
Sras(t = t)CF ;4 i1 StasUG (b —t2) . CR s i
S‘I(t)vS:L US29Insx\S1 U 52 (325)

Here we are using the notation Sa(t) = [[;c4 Si(t) and hence S(t) represents the
Knudsen semigroup associated with the free motion of the particles with labels in

A.

(3.25) follows from the fact that we have selected the set J of particles non
interacting with the rest and hence S;(t) commutes with all other operators.

By Lemma 3.1, for 7 > 0 and ¢ > T(n) we have:

N [, NV )
||5J(75)7’s1 UsS: Iz, < TIJ”vs1 Us: Iz, -
Moreover _
Ilgfﬁ+k\51 UsS. ”L1 =1.
Thus, using the equa]ity ,

i +n—1)!
S [Txt-¢ )= A

i1yennyin T=1

by (2.37) we arrive to the formula

P~ Silerln, < nvN.naZ( ) ()7 > 3 (0)x

51=0 = - n>n(s1,5) 5220

13



(2aXt)™ (k—j +n—1)!
n! (k—j)!

Now we separate from the rest the term corresponding to s; = 0 and obtain:

e(s152)y (51 1 55 > 0). - (3.26)

P - Su il < o7 2 Yeany 3 (7)o

TL>1 s9=1

o™ || Ek: ( >e°‘51 310< ) IQk=7 }: (2axt)™ Xn: (:;)e“ (3.27)

s1=1 j= n>n(s1,5) 52=0

) (Z) a* = (1+a)

I!(P(t)¢)k — Sultbellz, < [0 la2" Z(%/\i)n (1+e*)"+

. n>1

o2 Z < > QSIZOQ) ‘ Z (2aAt)"(1 + %)™, - (3.28)

s1=1 n>n(51 .7)

By the hypothesis on A, 2aAt(1 4 e*) < 1 so that we have:

Since

NE

>
I

it follows:

2aAt(1 + %)
1 —2aXt(1l + e*)

(P — S(t)nlz, < 0¥ [la2"

k

. k W - . 51 3 . . a . i B :
[ 2aA2t(1 T e%) Z (skl)em ; (J’l)(g)j [2adi(1 + ea),]h_'] - (3:29)

1=1

After a few simple calculation, we arrive to:

ok
1 —2aXi(1 +e2) X

(P = Set)dellz, < vV la

{2aM(1+e2) + 1+ (7 + 2aM(1 + )] - 1} ‘. © (3.30)
Using the elementafy inequality |
(1+z)f—1<k2* 1z, z¢ [0,'1];‘ | (3.31)
and again the smallness assumption on A, we obtain:

- ok
1 —2aXt(1 + e)

(3.30) < [ || 2aXt(L + e*) + B25te(L 4 2001 + )] <

 14



[ L G

and the Lemma is proven. [

We have by Lemma 3.1 and recalling the definition (3.20) of 4:

1Sk(t ¢'kHL1 < Z Z RO gzr,c\JHL1 <

J=1JCI,
| 7]=3 ,

k : "k .
> 3 vl < 1l ) (F)aess =

— — \J.

= Ie 7=1

I =j ; : ‘
H’UNH (+e *n)F = 1] < [[o" k2" e, (3.33)
for ey < 1.
From Lemma 3.2 and (3.33) it finally follows tha.t

Ok

I|(P(t)¢)k|1L1 <2 2a,)\t(l + ea)l

.  (3.34)

Now the proof of the Theorem is nearly complete. The estlmate (3.34) together
with the fact that (P(t)¥)s = 0, imply for 2a)#(1 + e*) < 3

lta* Pl < 411 3 j)aj <

,‘ o «
4| || a(n + 2aXt(e® + 1)) Z (k) 27(1 + j27_1¢°‘) <

j=1

4N || a(n + 2art(e® \ Z( >23J <

8/|v" || a(n + 2aAt(e* + 1))e™9* . (3.35)
Thus
(g™ = P(£)$)llz.e™* < 80" [|a(n + 2aXt(e™ + 1))eello® %, (3.36)

NOW we can fix the parameters A, T,n. We recall that o = 3log3, and choose
n < 55==. Consequently we fix ¢ = T(n) as in Lemma 3.1. Finally we choose A in
such a way that e*2a)t(e® + 1) < 55. Then we have:

(5" * POB)ella < 51107 (3

and, by (3.19) and (3.37), '
1™l < 2/ BY (2)]]

so that (3.17) concludes the proof.
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APPENDIX

Proof of Theorem 2.1.
Consider S(t¢) the Knudsen flow and Py(z',v';z,v) the transition probability
densities given by:

/Pt(a:',v'; :v,v)f(z:',v')d:c'dv-’ = S(t)f(z,v) (A1)

for f € L1(Q x V). For any final state (z,v) trace the backward trajectories = — sv
up to the instant (say t) of the collision with the boundary. Denote y = z —vt € 9Q
the point of the collision. We set

M(B) = {(z,v) € A x V|M(y,v)n(y) -v >8> 0}. (A.2)

Then if (z,v) € M(8) and for t; = 22,

inf inf P, (z',v;z,v) >v>0. A3
z! v (z,v)EM(B) tO( ) = ( )

Here & denotes the modulus of the smallest velocity, while d is the diameter of .

Inequality (A.3) is almost evident. Indeed tracing the forward trajectory z' + tv'
up to the instant (say ¢1) of the collisions with the boundary, we denote y; = @' +v't;
the hitting point.

Since (z,v) € M(B) the transition (y,v) — (z,v) is performed with positive
probability density. So we still have to connect the points y; and y within the
remaining time 7 = to —t — t;. Note that % “T e %. The connection can be done
by choosing a sequence of intermediate points y; on the boundary, 7 = 2, ...k, such
that |y; — yi—1| = d/2 and the trajectory y1 — ¥2,...yr — y is performed with
velocities vy ... vx such that |v;| € (6,26).

As a consequence of (A.3) and the fact that M(B) has a positive measure, we
have:

inf / min( Py, (z',v';y, w), P, (z,v;y,w))dydw > € > 0. (A.4)
M(B)

! ul v

Furthermore setting (z = (z,v)) :

P(2',2) = Py(a',0;2,0), Sf(z) = f d2'P(', 2)f(2') = S(to)f(z),  (A.5)

we construct a joint representation SR of Sf and Sg, in terms of a joint represen-
tation R of f and g, by putting:

/P(z',Z';z,Z)R(z', Z"\dz'dZ' = SR(z; Z) (A.6)

where:

P(2',2';2,2) = XNz;2',2")8(z — Z)+
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(P(2',2) = M= 2", Z"))(P(Z',Z) — N(Z;7',Z"))
1— [dzX(z;2',2") '

(A7)

Inserting (A.7) in (A.6) it is easy to verify that SR is indeed a joint representation
of Sf and Sg, provided that R is a joint representation of f and g. Introducing
now the discrete distance d, namely d(z,Z) =1if 2 # Z and d(2,2) =0if Z = 2,
by the inequality:

1- /dz)\(z; 2,2V <1 ¢ (A.8)
T 15 & commtianes of (o), we nally A0d T
’ / d(z,2)SR(z,Z) < (1—¢) / d(z, 2)R(z, Z). (A.9)
Thiodbine! iratyoalliy- datihie thanittid Besbshos
ISf = Sqllz, < /d(z,Z)SR(z,Z), (A.10)
we get ’
[l Figrajis; mppnbe (A.11)

where the constant C is independent of f € L1(2 x V).
Finally we conclude that there exists a unique stationary probability density g
for which:
IS@)F —gllz. < e (4.12)

where b = tg

Thus (A.012) implies (2.15). O

Proof of Theorem 2.2. Let p = p(z,v,t) and I = I(z,v,t) be two solutions of the
initial boundary value problem (2.1-3), with initial conditions py and ly respectively.
Writing the evolution equation in mild form (2.10), we have:

p(t) = U(t) = 5(t)(po — lo) + ,\/ ds 5(t - 5)Q(p(s) +1(s),p(s) —U(s)) (A.13)

0

" where Q(f,g) is the symmetrized collision operator (2.4).
By (A.12) and the same argument leading to (3.11) ,we have that, if A = h(z,v)
has the property [h =0, then

IS(@)Allz, < e~ ||A], . (A.14)

Since [ Q(f,g) = 0 for any pair of functions f and g, we have (cf. (2.38)):
t
Ip(t) = Uz, < e™**llpo — lollz, +2a/\/ e Np(s) = Us)llz.,  (A-15)
0
so that, using the Gronwall lemma:

Ip(2) = U(t) |22 < llpo — Loz, e~ 72V, (A.16)
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Therefore, if A < %, there exists a probability density g which is the unique
global attracting point for the flow described by eq. (2.1) and also the unique
invariant solution for such evolution problem. O

Remark. It is not hard to show that g solves the stationary equation (Gfm%)*g +
AQ(g,9) = 0 and also the boundary value problem (2.13). In particular the trace of
g on the boundary does exist. These considerations are not relevant for the present
analysis so that we do not go further.

Proof of Theorem 2.3. We follow closely ref. [GLP] where the same result has been
obtained in a more difficult context.

The existence of fV is obvious by the compactness of the state space of the
process. Indeed the ergodic mean is weakly relatively compact and any cluster
point cannot fail to be invariant. The uniqueness is a consequence of the same
arguments used for the Knudsen flow. Indeed, it is enough to observe that for a
fixed time ¢, the probability of each particle of the system to perform a collisionless
motion is strictly positive.

REFERENCES

[AN] L.Arkeryd, A.Nouri, A compactness result related to the stationary Boltzmann equation
in a slab, with applications to the ezistence theory, to appear, Indiana Univ. Math. J.
(1995).

[B] H.Babovsky, Time averages of simulation schemes as approzimations to stationary
kinetic equations, Eur. J. Mech., B/Fluids 11 (1992), 199-212.

[BI] H.Babovsky, R.Illner, A convergence proof for Nanbu’s simulation method for the full
Boltzmann egquation, SIAM J. Numer. Anal. 26 (1989), 45-65.

[BS] A.V.Bobylev, J.Struckmeier, Numerical simulation of the stationary one-dimensional
Boltzmann equation by particle methods, Eur. J. Mech., B/Fluids 15 (1996), 103-118.

[C] C.Cercignani, The Grad limit for a system of soft spheres, Comm. Pure Appl. Math.

36 (1983), 479-494.

[CDPP] S.Caprino, A.De Masi, E.Presutti, M.Pulvirenti, A derivation of the Broadwell equation,
Comm. Math. Phys. 135 (1991), 443-465.

[CIP] C.Cercignani, R.Illner and M.Pulvirenti, The mathematical theory of dilute gases, Sprin-

- ger series in Appl. Math., vol. 106, 1994.

[CP] S.Caprino, M.Pulvirenti, The Boltzmann-Grad limit for a one-dimensional Boltzmann
equation in a stationary state, Comm. Math. Phys. 177 (1996), 63-81.

[GLP] S.Goldstein, J.L.Lebowitz and E.Presutti, Mechanical systems with stochastic bound-
aries, Random Fields, Esztergom, Colloquia Mathematica Societatis Janos Bolyai 27
(1981), 403-419.

[GM] C.Graham, S.Méléard, Convergence rate on path space for stochastic particle approzi-
mations to the Boltzmann equation, Preprint (Laboratoire de Probabilités, Université
Paris VI) 249 (1994).

(L] O.Lanford III, The evolution of large classical system, Lect. Notes in Physics. Springer,
(J.Moser ed.), vol. 35, 1975, pp. 1-111.
[LP] M.Lachowicz, M.Pulvirenti, A stochastic system of particles modelling the Fuler equa-

tion, Arch. Rat. Mech. Anal. 109 (1990), 81-93.

[PWZ] M.Pulvirenti, W.Wagner, M.B.Zavelani Rossi, Convergence of particle schemes for the
Boltzmann equation, Eur. J. Mech., B/Fluids 13 (1994), 339-351.

(W] W.Wagner, A convergence proof for Bird’s direct simulation Monte Carlo method for
the Boltzmann equation, J. Statist. Phys. 66 (1992), 1011-1044.

18



Recent publications of the
Weierstrafi—Institut fiir Angewandte Analysis und Stochastik

Preprints 1996

236. Georg Hebermehl, Rainer Schlundt, Horst Zscheile, Wolfgang Heinrich: Im-
proved numerical solutions for the simulation of monolithic microwave inte-
grated circuits.

237. Pavel Krejé¢i, Jiirgen Sprekels: Global solutions to a coupled parabolic—
hyperbolic system with hysteresis in 1-d magnetoelasticity.

238. Georg Hebermehl, Friedrich-Karl Hiibner: Portabilitit und Adaption von
Software der linearen Algebra fiir Distributed Memory Systeme.

239. Michael H. Neumann: Multivariate wavelet thresholding: a remedy against
the curse of dimensionality?

240. Anton Bovier, Milo§ Zahradnik: The low-temperature phase of Kac-Ising
models. ‘

241. Klaus Zacharias: A special system of reaction equations.

242. Susumu Okada, Siegfried Pro8dorf: On the solution of the generalized airfoil
equation.

243. Alexey K. Lopatin: Oscillations and dynamical systems: Normalization pro-
cedures and averaging.

244. Grigori N. Milstein: Stability index for invariant manifolds of stochastic sys-
tems. :

245. Luis Barreira, Yakov Pesin, Joérg Schmeling: Dimension of hyperbolic meas-
ures — A proof of the Eckmann—Ruelle conjecture.

246. Leonid M. Fridman, Rainer J. Rumpel: On the asymptotic analysis of sin-
gularly perturbed systems with sliding mode.

247. Bj6érn Sandstede: Instability of localised buckling modes in a one-dimensional
strut model.

248. Bj6érn Sandstede, Christopher K.R.T. Jones, James C. Alexander: Existence
and stability of N—pulses on optical fibers with phase-sensitive amplifiers.

249. Vladimir Maz'ya, Gunther Schmidt: Approximate wavelets and the approx-
imation of pseudodifferential operators.



250.

251.

252.

253.

254.
255.
256.
257.

258.
259.

260.

261.

262.

263.

264.

Gottfried Bruckner, Sybille Handrock—-Meyer, Hartmut Langmach: On the
identification of soil transmissivity from measurements of the groundwater
level.

Michael Schwarz: Phase transitions of shape memory alloys in soft and hard
loading devices.

Gottfried Bruckner, Masahiro Yamamoto: On the determination of point
sources by boundary observations: uniqueness, stability and reconstruction.

Anton Bovier, Véronique Gayrard: Hopfield models as generalized random
mean field models.

Matthias Léwe: On the storage capacity of the Hopfield model.
Grigori N. Milstein: Random walk for elliptic equations and boundary layer.
Lutz Recke, Daniela Peterhof: Abstract forced symmetry breaking.

Lutz Recke, Daniela Peterhof: Forced frequency locking in S!'-equivariant
differential equations.

Udo Krause: Idealkristalle als Abelsche Varietdten.

Nikolaus Bubner, Jiirgen Sprekels: Optimal control of martensitic phase tran-
sitions in a deformation—driven experiment on shape memory alloys.

Christof Kiilske: Metastates in disordered mean field models: random field
and Hopfield models.

Donald A. Dawson, Klaus Fleischmann: Longtime behavior of a branching
process controlled by branching catalysts.

Tino Michael, Jiirgen Borchardt: Convergence criteria for waveform iteration
methods applied to partitioned DAE systems in chemical process simulation.

Michael H. Neumann, Jens—Peter Kreiss: Bootstrap confidence bands for the
autoregression function.

Silvia Caprino, Mario Pulvirenti, Wolfgang Wagner: Stationary particle sys-
tems approximating stationary solutions to the Boltzmann equation.



