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Branching controlled by branching catalysts

Abstract

The model under consideration is a catalytic branching model con-
structed in [DF96], where the catalysts themselves suffer a spatial
branching mechanism. Main attention is paid to dimension d = 3. The
key result is a convergence theorem towards a limit with full intensity
(persistence), which in a sense is comparable with the situation for
the “classical” continuous super-Brownian motion. As by-products,
strong laws of large numbers are derived for the Brownian collision
local time controlling the branching of reactants, and for the catalytic
occupation time process. Also, the occupation measures are shown to
be absolutely continuous.
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1 Introduction and main results

Consider two types of “particles” situated in R?, one of them we call the
catalysts, the others the reactants. The catalysts perform a continuous super-
Brownian motion (SBM) p with constant branching rate y > 0. The reactants
are also super-Brownian, however given p, their branching rate at time ¢ in
the volume element db of R? is just given by g;(db). In other words, first o
is realized, and then a continuous SBM X = X¢ = (X¢, P?,) evolves with
varying branching rates p;(db) (quenched approach). More precisely, the rate
of branching of a reactant with (Brownian) path W is controlled (in the sense
of Dynkin’s additive functional approach to superprocesses) by the Brownian
collision local time (BCLT) Liw,g of o, formally described by

Ly (dr) i= dr [o,(ab) 6s(W,), (1)

which exists non-trivially for dimensions d < 3 (cf. Barlow et al. [BEP91]).
In higher dimensions instead, W and p do not collide (see Barlow and Perkins
[BP94, Proposition 1.3]), and therefore branching should not occur, which
means that X¢ degenerates to the heat flow. That catalytic SBM X% in R?,
d < 3, was constructed as a continuous process in detail in [DF96].

It might be useful at this point to recall the longtime behavior of SBM
with constant branching rate, starting with a Lebesgue measure £ ([Daw77]).
In dimension one, it suffers local extinction almost surely, in dimension two
stochastically, whereas in d > 3 it converges in law to a non-trivial steady
state with expectation £ (persistence).

The study of the longtime behavior of the catalytic SBM X¢ was initi-
ated also in [DF96], but restricted only to dimension d = 1. In this case,
X? behaves quite different from the usual spatial branching models in law
dimensions. In fact, if both the catalyst process ¢ and the catalytic SBM X*
start off with the Lebesgue measure ¢, then, for almost all catalyst process
realizations, X7 converges stochastically to the starting Lebesgue measure £
(persistence).

Here we continue the study of this model X? in the time-space catalytic
medium p. In dimension d = 2, we get only some partial results, namely some
self-similarity properties (Proposition 12) and a random ergodic limit (The-
orem 14). The question whether or not persistence occurs in this “delicate”
dimension is an open problem (see also Remark 13).
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But our main result concerns dimension d = 3. Here we alternatively
allow p to start off also with the ergodic steady state (of the catalyst pro-
cess) leading to a time-stationary (in law) medium. Then the random (with
respect to p) distribution of X{ converges in law to some (possibly random)
distribution of a random measure of full intensity (convergence and persis-
tence Theorem 17 (b)). From this point of view, the time averaged process
should obey a strong law of large numbers (Theorem 9). Both can be consid-
ered as a random medium analog of properties of the classical SBM in higher
dimensions. But note that it can be expected that the limit is dependent
on the medium p, hence is different from the classical one. To complete the
picture, we also establish a strong law of large numbers for the BCLT Lw,y
(Theorem 5). , ‘

We also show that the (weighted) occupation time process Y; := [idr X,
has absolutely continuous states. :

~ The log-Laplace functional v = v} of the catalytic SBM X? at time ¢
satisfies (formally) the following reaction-diffusion equation

2 uls,8) = 50uls,0) - alda)ellse),  s<t, acR ()
with a terminal condition wv(s,-)|,_,_ = f > 0. (The backward setting re-
flects the fact that, for p fixed, the deterministic process v2 is “dual” to
the stochastic process X?¢, realized by the log-Laplace functional.) Via this
connection, our results can also be understood as a probabilistic contribu-
tion to the study of that equation with a (random) singular reaction coef-
ficient p,(da), describing a spatially heterogeneous catalytic reaction. Actu-
ally, our results give information on the longtime behavior of the L'-norm
fé(da)v(s,a) of the solution to (2) as s — —oo if it “starts” at time ¢
with a finite mass [4(da) f(a). In fact, we proved in [DF96] that in the
one-dimensional case one has convergence to the starting mass f4(da) f(a)
(persistence). Dimension two is open. But the main result of the present
paper establishes in dimension three a.s. convergence to a non-zero limit
(possibly depending on the medium p).

Note that the one-dimensional case resembles a bit a reaction-diffusion
process of electrically charged species studied by Glitzky et al. [GGHI5]. They
got convergence to an equilibrium with exponential velocity. But our three-
dimensional model behaves different in that we do not get an equilibrium at
the equation level. '
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2 Brownian collision local time

In this section we introduce the Brownian collision local time L = Ly, and
state in dimension d = 3 a strong law of large numbers (Theorem 5 at p.7).

2.1 Preliminaries

Fix a constant p > d with d > 1 the dimension of space, and introduce the
reference function

$p(b) = (L+ )2, beRd (3)

Let B? denote the space of all measurable functions f defined on R? such
 that |f| < cf¢p for some constant c;. Write CP* for the subset of all
-continuous functions f in B? such that f(b)/@,(b) has a finite limit as |b| -
oo. Equipped with the norm ||f|| = ||f/¢plloo, the Banach space crit

separable.

Set I :=1[0,T], T > 0. Write C?* for the set of all continuous functions
1 defined on I x R? such that |y,| < cydp, s € I, for some constant cy .

Let M, refer to the cone of all (non-negative) measures p defined on R?
such that

llly 5= (i) 1= [u(d8) $p(8) < +oo. (4

M, is endowed with the coarsest topology such that the maps p — (u, f)
are continuous where f = ¢, or f € C;°7F. Here C°°™P denotes the space of
continuous functions on R? with compact support (and the index + indicates
the subset of all non-negative members). Recall that each Lebesgue measure

£ belongs to M,,. Write 3, for the unit volume in R? measured with respect
to £.

Let W = (W, 11, ) denote the Brownian motion in R? on canonical path
space of continuous functions, with “generator” 7 A. Let pe(a,b) = p:(b— a)
refer to its continuous transition density function, and S = {S; : ¢ > 0}
to its semigroup. Set II,, := fu(da)Il,,. We also introduce the (time-
inhomogeneous) Brownian potential kernel

4st(a,0) = que(b—a) := /’ dr p(a,b), 0<s<t abeR:L (5)
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2.2 Catalyst process p

For convenience, we expose the following definition of the catalyst process p.

Definition 1 (catalyst process p) Write ¢ = (p, P, ) for the continuous
SBM in R? with constant branching rate v > 0. Consequently, for fixed t > 0,
the log-Laplace functional of p is glven by

_log IP,,,,,exp (Qt,_f> = (/“’v _vt(sy'»’ sSt, P"eMpa feBp7 (6)

where v; is the unique non-negative solution to (2) with g,(da) replaced by
the constant -y, and with terminal condition v(s,)|,.,_ = f. Here we always
work with a mild solution, that is with a solution to the equation in the
integrated and Dynkin’s probabilistic form

w(s,a) = Walf(W) = [26r 2 W], s<t, aeR ()
o is called the catalyst process. : - . O

Recall the ezpectation formula

IP_,“u_ (gt,f) = <[J:,S¢..._, f), S S t, B c Mp, f S B?. (8)

Recall also, that in dimensions d > 3, with respect to Po,, the catalyst
process g; has a non-trivial limit p in law as ¢ T oo which has full intensity
measure £ (see, e.g. [DP91, Proposition 6.1]). Hence, here we can form the
time-stationary continuous M,~valued process p = {p; : t € R} which one-
dimensional laws L£(g;) coincide with £(ps). In this case we write IP and
sometimes IP_q ¢ for the law of p.

The following mixing property is taken from a general result in [Fle82b],
which was formulated in a time-discrete setting. In the present particular
situation, a simplified proof will be given.

Lemma 2 (time-space mixing) In dimensions d > 3, the catalyst process
o with time-space-shift invariant law P is time-space mizing of all orders. In
particular, for f,g € C"F, the vector

[(gtl I (o, ,g)} is asymptotically independent as |t; — t2| = co.
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Proof First of all, recall the following covariance formula for p :

t1 Ao

COV-’,I‘ [(Qh )f) ) (Qtz 79)] = 2]'_[8,14 . ’)’d‘)" Sh—f‘f (Wf) Stz—fg (WT)’ (9) '

s <ty,ta, p € Mp, and f,g € CT™P; see e.g. [DF96, Proposition 11 (b)].
Hence, the covariance density function of g at [[t1,b1], [t2, ba]] with respect
to IP, is given by

t1 Ata
2/ Ydr Dty 4tp-20 (b1, b2).

Letting s | —oo, we arrive at the covariance density function at [t;,5:] and
[ta,bs] of the catalyst process o with respect to IP. Since IP is invariant with
respect to the time-space shift and infinitely divisible, it suffices to show that
this covariance density function converges to 0 as |[t;,b;] — [t2,b2]] = o
on the sets {|by — by| > €}, & > 0; see the remark after Theorem 2.0.2 in
[Fle82a]. Here we may set [t2,bs] = 0 without loss of generality. Thus it is
- sufficient to demonstrate that '

; |
/ dr per(b) — 0 as [t,]b]] = +o0 on Ry x {|}| =€}, ¢>0.

But the latter integral equals [;° dr p,(b) and can be estimated from above
by < const[|b]?>~¢ A t~/?] with a constant const depending on e. This
finishes the proof. B

2.3 Brownian collision local time Ly,

Assumption 3 From now on we restrict our attention to dimensions d <
3, and assume, if not otherwise indicated, that the catalyst process p is
distributed according to Poy or to the stationary IP, the latter of course only
if d=23. ' &

For € > 0 and given p, consider the following continuous additive func-
tional Lfy,, of Brownian motion W :

L¥(dr) = Ly 4(dr) = dr /g,(db) pe(We,b), (10)

describing the collision local time of the measure-valued path o with the
“e—vicinity” of the Brownian path W.
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Lemma 4 (Brownian collision local time Lpy,) Suppose Assumption
3, and fiz a constant ¢ € (0,3). Then for almost all paths g of the catalyst
process, there ezists a continuous additive functional L = Ly, of the Brow-
nian motion W, called the Brownian collision local time (BCLT) of o, with
the following properties.

(a) (convergence) If 1 is a (strictly) positive function in CPL I =[0,T],

T > 0, then
II tL d W -t d 2
. 8.a e r T e L - Wr 0.
SE?.UE;R“‘ ' azltlé)T [ ( r)¢ ( ) /’ ( 'r)"vb( ) =—¢0>

(b) (moments) For measurable 1 : R, x R?+— R, and s <t, a € RY,

Mo [ Binaer) e (%,) = [ for(d8) e, 2) 910,

o [ Lo (dr) 9 (,)]
) f “dr / dr fg,(db) /g,:(db’) Pr—o(a, B) prr—r (b, B) 3, (8) i (¥).

Proof This follows from Proposition 38 and Theorem 42 in [DF96]. H

2.4 A strong law of large numbers for Ly, in d =3

In this subsection we assume that Brownian motion W is distributed accord-
ing to Ilp,0 . First we recall that in dimension d = 1 the total BCLT Lyw,4(R4)
of p is finite, for almost all [W, g] ([DF96, Proposition 4.8]). Next we mention
that in d = 2 we have a self-similarity property for L = L], see Corollary
11 below. But in dimension d = 3, a strong law of large numbers holds:

Theorem 5 (strong LLN for the BCLT) If d =3, then

T~ Lw,4[0,T] T i, Moo % IPge—a.s. and Ilgp X P—a.s.
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Proof Step 1° First of all, for s < 0, by the expectation formula in
Lemma 4 (b), :

. : T 3
oo x P, T-1L[0,T] = P, T~ / dr (or,pr) =40 (11)
0
since by the expectation formula (8) |
Pycor = ¢ (12)

(independent of the dimension d). Hence, the claimed a.s. convergence follows
if we show that the Iloo x IP, s—variance of T~*L[0, T] is of order O(T~/?)
as T 1 oo, uniformly in s < 0 (covering the cases s = 0 and s = —c0
corresponding to IPo, and IP, respectively, we are interested in).

Step 2° In view of the second moment formula in Lemma 4 (b),

T T :
ToolZ(0, 7)) = 2 [ dr [ dr' [or(4) for(d8) r(8) prr—r(5,)
Therefore, by (12), by
Jeca) fe(@) .0 poor (1) = i,
and by step 1°,
o X IPa,t
T T
Y f dr / dr' Covy g [or(db), 0 (d6)]pr(8) prr—s (b, ).
0 r
But by (9), the latter covariance expression equals

211, / ~dt /db Pr—e(Wie, b) Dr (B) Parr—r—e( W , b).

T-L0, T] — o

(13)

Therefore we may continue (13) with

. T T r
= 43,T? / dr / dr’ / ~vdt pasr—2:(0).
0 r s )

However, the internal integral is of order O((r' —r)~/2), Vuniformly ins <0.
Hence, altogether we get an order O(T‘l/ 2} uniformly in s <0, finishing the
proof. | |
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3 Occupation times

Here we introduce the catalytic SBM X2, verify that its occupation time Y@
has absolutely continuous states, and satisfies a strong law of large numbers,
the latter in the case d = 3.

3.1 Catalytic SBM

Since the BCLT L = Lyw, of Lemma 4 is a locally admissible additive
functional with “small” increments one can conclude for the existence of the
catalytic SBM X? in the catalytic medium p :

Lemma 6 (catalytic SBM p) Under Assumption 3, for almost all realiza-
tions p of the catalyst process, the following statements hold:

(a) (éxistence) There ezists the continuous SBM X = X¢ = (X¢ Pg))
with branching functional given by the BCLT L = L.

(b) (log-Laplace functional) The log-Laplace functional of X is given by
—log P7 exp (X, —f) = (u, —uils, ")), (14)

s<t, p€M,, f€EBP, where v, is the unique non-negative solution to
Dynkin’s log-Laplace equation

¢ '
w(s,0) = W f0) = [ L)W, W), (19)
s<t, a€RL ;
(c) (moments) Ezpectation and covariance of X ¢ are given by

Pf,p<Xt7f):(p’)St—sf>’ 5.<_t7 /-LEMP, fGBp,

and
1AL2

Cov2,[(Xe, ), (Xerr 9)] = 21, “ L(dr) So, s f(W2) Strg(Wa),

s <ty,ty, pE My, and f,g€CT™.

Proof See [DF96], Definition 44 which is based on Theorem 18 (b), and
formula (95). : |

Note that (15) is the precise meaning of the reaction diffusion equation
(2) with reaction rate g,(da).
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3.2 Absolutely continuous occupation time states

Since X? is pathwise continuous, we may introduce the (weighted) occupation
time process Y = Y? = {¥f: t > 0} related to X = X?, defined by ¥; :=
fdr X,. 4

Recall that for the “classical” continuous SBM, say X%, in dimensions
d < 3, the related occupation measures Y;! are absolutely continuous, i.e.
density functions yf exist (see e.g. [F1e88]). This property is shared also by
the SBM X? in the catalytic medium g : ‘

Theorem 7 (densities of Y;) Under Assumption 3, for almost all catalyst
process realizations p, and fited T > 0 and z € R?, the following statements
hold: : '

(a) (L*-densities) The L*(Pg,)~lmit of (Y£,p.(z,-)) as e | 0 exists and |
is denoted by y3(z).

(b) (absolutely continuous states) With respect to P3,, the random mea-
sure Y£ 1is absolutely continuous with density function yj :

Pg,(Yr(db) = y8(b) db) = 1.
(c) (moments) The following ezpectation and variance formulas hold:
Poeyz(z) = i,
Varf9(s) = 2icf dr [or(d)air.(5,2)
(recall definition (5) of the Brownian potential kernel q).

Proof According to [DF96, Proposition 24] it suffices to show that for
almost all o

T
Ho’l./; Lwg(dr) ¢ pyy(Wry2) — 0 for 7'=0 and r=T-r.

el0
| (16)
By the expectation formula in Lemma 4 (b)

1L, / TL[W,‘,](dr)x,b,(W,)k = iy / " ar fg,(db) . (b). (17)
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Hence, the L.h.s. in (16) equals

T
il/o dr /g,(db) a2 (b, 2).

Since this is monotone in ¢, the limit as € | 0 exists (for each p). Thus it is
sufficient to show that even the expectation over g converges to 0 as € | 0.
But by (12), the latter IP, ;—expectation, s < 0, is independent of s and equals

io | dr fu@8) @t lbn) = i [ [T e [T ot (o)

Because the integrand is monotone decreasing in ¢ and ¢/, we may replace 7/
by 0, and since T is fixed we continue with

< counst / dt/ dt’ (t +t")"4? < const /2 e 0 since d<3.
0 0 el0. :
This finishes the proof. : . H

Remark 8 (occupation density field) It can be expected that for the
catalytic occupation time process Y¢ in all dimensions (d < 3) a jointly
continuous occupation density field y? exists, as it is for the “classical” contin-
uous SBM, established by Sugitani [Sug89] (and reproved in [DF96, Lemma
25)). o

3.3 A strong law of large numbers for Y2 in d =3

First we recall that in dimension d = 1, the catalytic SBM X¢ converges

P2 ,-stochastically to £, for Po —almost all g, see [DF96, Theorem 51]. This

of course implies a law of large numbers for the related occupation time

process Y;%. In d = 2, a “random self-similarity” holds instead, see Proposition

12(b) below. Here now we restrict our attention to dimension d = 3. For
s € [—00,0], set '

Pyt @ Py (dle, X?)) := IPsy(do) Py, (dX)

for the law of the (coupled) pair [, X?].
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Theorem 9 (LLN for Y) If d = 3, then
TYE ?T—> 14 Po,t® Py y—a.s. and PQ F;,—a.s.

Consequently, in dimension d = 3, the time-averaged X%—process behaves
for almost all p just as the “classical” SBM. That is, here the averaging
principle holds: Finally only the expectation £ of the medium p; is “effective”.

Proof Since Pci (T7'YE = { by the ekpectation formula in Lemma 6 (c), it
suffices to show that for fixed f > 0 in the separable Banach space C pit

Poe® Pof|T (Yr, f) — (&, /)| < const T112, (18)

uniformly in s < 0. But
T T 12 )
Varg, (Yr, f) = 210, /0 L(dr)| / dt W, F(W2)|°, (19)

see [DF96, formula (46)]. Hence, the Lh.s. in (18) equals

2 T2, /Iy s /0 " L(dr) [ / "4t T, fow)’.

Using the expectation formulas (17) and (12), we may continue with

= 24T /0 " /Z(db)[ / "t /dz pi_r(b,2) f(2)] .

Interchanging the order of integrations, and calculating the £(db)-integral,
this can be estimated from above by '

T T T
< 2 (&f)zT—Z/o dr/rl dt/; dt’ peysr—2-(0)-

As in the end of proof of Theorem 5, the internal integral can be estimated
by < comst (¢t —r)~'/2, and the claim follows. [ |

4 Random self-similarity in dimension d = 2

Recall that in dimension d = 2 the “classical” SBM p with law IPo . is self-
similar: For K > 0,

{K ™ oxe(KY2) : £ >0} £ {g: t >0} (20)
This has some consequences for the catalytic SBM X?.
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4.1 A s‘ca‘ling property of L[W, d

We start with a scaling property of the Brownian collision local time:

Lemma 10 (Scaling of the BCLT) Fiz d =2, s> 0, a € R?, and K >
0. Then for Il,, X Pos~almost all [W,p], and measurable g: Ry — R,

Joma(@) K7 (K = [Lieimpe xosop gmy)(@) o). (21)

Proof Recalling the definition (10) of L*, by definition of the BCLT L =
Liw,q it suffices to verify the claim with L replaced by LX¢ and L°, respec-
tively. Then by (10),

[1fgalar) K7 g(K ') = [dr [o.(db) pxce(W, ,8) K2 g(K ).

By a change of variables, and using the self-similarity of the Brownian tran-
sition density p, this can be written as

- /d'f'/K—ngr(Kl/zdb) ps(K-l/ZWKr ) b) g(T‘)

Again by (10), we arrive at the r.h.s. of (21) with L replaced by L¢, finishing
the proof. ' , |

Combining Lemma 10 with the self-similarity of Brownian motion W and
o (recall (20)) we get the following result.

Corollary 11 (self-similarity of the BCLT) Ford =2 and K > 0, with
respect to Ilgo X IPog,

K ' Liwg(K-) & Liwy -

4.2 Random self-similarity of [X Q,YQ]

Instead of the well-known self-similarity of the “classical” SBM in d = 2 (as
n (20)), for the catalytic SBM we have a “randomized” version:

Proposition 12 (properties of [X,Y]) Letd =2 and K > 0.
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(a) (scaling) For Po,—almost all g the following holds. If [X,Y] is dis-
tributed according to P, then the pair

(K Xk (KM%), K=Y (KM%

. - /2.
of processes has the same law as [X,Y] with respect to Pcf,{t texc (K%

(b) (random self-similarity) With respect to the random law Fy,,

(K" Xk (K, K2 (KY2)] & [X,Y].

Proof By [DF96, Hypothesis 13 and notation (47)], for T > 0 and f,g in
D
+
- log P(f,l €xp [(XT7 —f> + (YT; —g)] = (£7 UT(O: ))

with
T T ' \
vr(s,a) = n,,a[f(WT)+ [ gm) - [ Luwg(ar) i, W,)],
O'S_ s < T, a € R? Hence

— log Py exp [<XKT, —K"lf(K‘l/z-)> + <YKT, —-K‘zg(K—l/Z.)H
= (¢, vgr(0,-)) = <E, K’UKT(O,KI/Z-)> | (22)
with
, KT
K'UKT(KS, K1/2a) = HK.!,K‘/"a [f(K'—l/ZWKT) + A dr K—lg(K—l/ZWr)
‘ | _, [T - '
- K -/I(a L[pv’g](dT')K vKT(Ta Wr) .
Setting ur(s,a) := Kvxr(Ks, K*/?a) (for the fixed K), by a change of vari-

ables and using the scaling Lemma 10 (with [s, a] replaced by (K's, K*/?a)),
the latter equation can be written as

T
ur(s,a) = Hxa,xma[f(K‘”zWKTHf dr g(K~"/*Wk.)

T
_— ‘/; L[K—1/2WK.,K_lgx.(Kllz-)](dr)u%(riK_1/2WKr)]'f
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But W distributed according to g, xi/2, implies by scaling that the process
t = K~Y2Wx, has the law II, .. Therefore we may continue with

= Mo [f0V0) + [ e g0 = [ L g ermg (802 W)

Hence, by uniqueness of the solution to the log—Laplace equation, we conclude
that (22) equals

-1 1/2,
= — log P(ﬁ ex- (™) exp [(XT, -+ {Yr, —g)].

This proves the first claim. But the second one then immediately follows
from the self-similarity (20) of p, finishing the proof. ||

Remark 13 (open problems) By the random self-similarity of X, the
random law of X% coincides with the random law of TX&(T-/2.). Passing
formally to T 1 co, we arrive at X2 and z7(0). This relates the questions of
existence of a non-trivial limit X2, and of absolute continuity of X7 in the
critical dimension d = 2. But Whether or not a non-tr1v1a.l limit X2 exists
remains open. : <o

4.3 A random ergodic limit

Recall that for the continuous SBM X* in R? with constant branching rate
and with law P§, we have the following “random” ergodic limit:

T-'Y} —;——-) y*(0)¢ in law,

where ¢(0) is the random density of the occupation measure Y at time 1 at
the origin 0; see e.g. [F1e88] The two-dimensional catalytic SBM X? satisfies
a “randomized” version of this, expressed in convergence in law of random
probability distributions: ’

Theorem 14 (random ergodic limit) Let d = 2 and consider the cat-
alytic SBM X?® with Py 4-random law P(i ‘- Then the Py -random law of
T~YYF converges in Poy~law as T 1 co towards the Pos-random law of the
multiple y3(0)¢ of Lebesque measure £, where y{(0), given g, is the L?(P§,)~
density at 0 of the occupation measure Y at time 1, according to Theorem

7(a).
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Proof Using the random self-similarity in Proposition 12(b), the IPg,—
random law of T7!Y;# coincides with that of T Y¥;(T~*/2.). But by Theorem
7(a), for f € CP* and P s—almost all g

(TYATT2), f) o 480) (& f) in I(BS),
implying the claim. |

Note that opposed to dimensions 1 and 3, here the limit after the av-
eraging procedure remains random, even in a double sense (by the random
medium).

5 Persistence in dimension d = 3
In this final section we pay attentioﬁ to the following situation.

Assumption 15 (time-space-shift invariance) Let d = 3 and assume
that the catalyst process p is distributed according to the time-space-shift
invariant P (introduced in §2.2). Write P for the annealed law PP;,. <

Remark 16 (approximation) Working with the non-stationary catalyst
process p distributed according to IPg, would require some additional ap-
proximation. o

5.1 Main result

Now we are in a position to formulate our main result:

Theorem 17 (convergence and persistence) Impose Assumption 15.

(a) (annealed convergence) With respect to the annealed P, the catalytic
SBM Xr converges in law as T 1 oo to some limit X, with full
intensity £ (persistence).

(b) (random convergence) The P-random distribution of

Fs(Xre-)=Q%
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converges in IP-law as T 1 oo to some P-random distribution Q2 with
full intensity (persistence):

/ng(dy)u =t P-as.

Consequently, at the first sight, our catalytic SBM X¢ behaves similar to
the classical continuous SBM X*. However, the main difference should be
that a new limit occurs. For instance, the limiting random measure X, of
(a) should be different from the classical steady state X% . Such statements
will be investigated in a forthcoming paper.

5.2 Proof of the main theorem

The key of proof will be some backward technigue: By the time-stationarity
of the random medium p we may start X? at time —T with £, and observe
the state at time 0. Then we may continue for fized realization p, sending
—T to —oo, by exploiting some backward monotonicities.

1° (com;ergence) First of all, for IP-almost all g, the law Q% coincides with
the law P?TH (X, € ). Here pry. is the catalyst process shifted by 7. Hence,
by the tlme-shlft invariance of the catalyst process p, the distribution of the
random law Q% coincides with that of the random law P2 (X, € -).

Given p, we turn to the log-Laplace functional according to Lemma 6 (b):

For f € BY, writing (¢, f) =: || f|l1,
—log PfT,z exp (Xo,—f) = [Jvo(=T,")IIx
where by the log-Laplace equation (15),

(=T, = Tora fWe) = [ Lwa(dr) wir, ,)]

Using the expectation formula in Lemma 4 (b), we may continue with

= |fll: = i[-/;onr/g,(db) v3(r, b).
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But this non-negative expression is non-increasing!) in 7. Hence, the limit
of ||vo(—=T), )]s exists (for the fixed p) and determines (note that the family
{Q% : T > 0} is tight, see (23) below) a log-Laplace functional of a random
measure, its law denoted by Q¢ . This gives the convergence claim in (b),
and by averaging over p, also the convergence claim of (a) follows.

2° (ezpectations) For almost all p, from the expectation formula in Lemma
6(c),
Jastnn = R2Xr = ¢, (23)

which implies that
Jos(dmn < & bence  [PQZ(du)n < £ (24)

Consequently, the limiting intensity measures in (b) and (a) are bounded by

L.

3°(va,riances) Let again f € BY. Given p, by the variance formula in
Lemma 6 (c), '

: 0
Varle, (Xo, f) = 2Mny [ Lwa(dr) (S f(W)P"
In view of the expectation formula (17), we continue with
' 0

- 95 2

= 26| _dr [or(db)[S_, (b)
which monotonously converges to

0 , \ .

24 / dr /g,(db) [S_fO) as T+ oo (25)

Integrating additionally ¢ with IP, by the expectation formula (12) we get
the monotone convergence |

PVas, (Xr,1) 7 2 [U(d) f(a) [Hay) f0) [~ dr u(@9).  (26)

1) Note that this monotonicity would be violated if we started g at time —T with
o—r = {. That is, the present method only works for the time-stationary process g on the
whole time axis R. ‘
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Note that by (12), the Lh.s. is the variance of (X7, f) with respect to the
annealed law P. On the other hand, the r.h.s. is the variance expression
related to the classical steady state X% (see, e.g. [Daw77]), hence is finite.
Therefore also the limit (25) is finite IP-a.s. But this implies that in (24)
even equalities must hold. In other words, we get persistence in both cases

(a) and (b). This finishes the proof. |
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