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An existence result for a class of electrothermal drift-diffusion models with
Gauss—Fermi statistics for organic semiconductors
Annegret Glitzky, Matthias Liero, Grigor Nika

Abstract

This work is concerned with the analysis of a drift-diffusion model for the electrothermal behavior of organic
semiconductor devices. A “generalized Van Roosbroeck” system coupled to the heat equation is employed,
where the former consists of continuity equations for electrons and holes and a Poisson equation for the
electrostatic potential, and the latter features source terms containing Joule heat contributions and recombi-
nation heat. Special features of organic semiconductors like Gauss—Fermi statistics and mobilities functions
depending on the electric field strength are taken into account. We prove the existence of solutions for the
stationary problem by an iteration scheme and Schauder’s fixed point theorem. The underlying solution con-
cept is related to weak solutions of the Van Roosbroeck system and entropy solutions of the heat equation.
Additionally, for data compatible with thermodynamic equilibrium, the uniqueness of the solution is verified.
It was recently shown that self-heating significantly influences the electronic properties of organic semicon-
ductor devices. Therefore, modeling the coupled electric and thermal responses of organic semiconductors
is essential for predicting the effects of temperature on the overall behavior of the device. This work puts the
electrothermal drift-diffusion model for organic semiconductors on a sound analytical basis.

1 Introduction

One of the most significant and technological breakthroughs of the second half of the twentieth century is the
discovery of semiconductors. Nowadays semiconductors are found virtually in every electronic device imagin-
able and their continuous development over the years has led to a new class of materials, commonly known as
organic semiconductors.

The first model describing drift, diffusion, and reaction processes in semiconductor devices was derived by Van
Roosbroeck (1950) from physical laws. In many modern electronic devices that employ organic semiconductors,
such as organic solar cells, organic transistors, etc. the charge transport properties are significantly influenced
by the device’s temperature [11]. Since in organic semiconductor materials the conductivity increases with tem-
perature, self-heating effects caused by the high electric fields and strong recombination have a potent impact
on the device’s performance and must be included in mathematical models [34], [21].

Self-heating effects were shown to lead to interesting nonlinear phenomena, like the S-shaped relation between
current and voltage resulting in regions where a decrease in voltage across the device resulted in an increase
in current through it, commonly denoted as regions of negative differential resistance [10], [9]. Moreover, the
synergy of self-heating and temperature activated hopping transport in combination with the heat balance re-
sults in spatially inhomogeneous current flow and temperature distribution which cause, for instance, spatially
inhomogeneous luminance in large-area organic light-emitting diodes (OLEDs) [9], [12].

In [25], a stationary thermistor model based on the heat equation for the temperature coupled to a p(x)-Laplace
type equation for the electric potential with mixed type boundary conditions has been used to model the elec-
trothermal effects in organic semiconductors, where the p-Laplacian described the non-Ohmic electrical behav-
ior of the organic material. In the analysis of the aformentioned thermistor model [16], [4], the electric current
and heat flow with a resulting source term from Joule heat that depended on the total current, were balanced.
Additionally, an Arrhenius-like temperature dependence was taken into account. Numerically the authors of [20]
showed that the model is able to capture the spatial inhomogeneities that appear in large area OLEDs.
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A. Glitzky, M. Liero, G. Nika 2

Since the establishment of the drift-diffusion model by Van Roosbroeck the statistical relation between carrier
densities and chemical potentials in semiconductors has been of fundamental importance to the mathematical
treatment of the model. For classical semiconductors equations, the existence (and under certain assumptions
uniqueness) of solutions was established provided the behavior of the semiconductor device can be described
by either the Boltzmann statistics or, the physically more realistic, Dirac-Fermi statistics [29], [13]. In organic
semiconductors in contrast, charge transport is realized by hopping of electrons (and holes) between discrete
energy levels of molecular sites nearby (see Fig. 1). This hopping transport intensifies as the temperature of the
device increases. Organic molecules have two energy states: the Highest Occupied Molecular Orbital (HOMO,
energy Er) and the Lowest Unoccupied Molecular Orbital (LUMO, energy E7). The HOMO states describe
the electrons in the localized electron pair-bindings between the atoms of the molecule, whereas the LUMO
states describe de-localized electrons in the m-bindings. By crossing the HOMO-LUMO-gap (e.g. by optical
excitation) electrons in the molecule can change from the HOMO state into the LUMO state. Thereby arises
a positively charged cavity in the charge cloud of the molecule which is called a hole. Both types of charge
carriers, electrons and holes, can move by hopping transport between energy levels of neighboring molecules.
In this respect organic semiconductor materials behave like amorphous semiconductors. The random alignment

energy

energy levels

Figure 1.1: Schematic image describing hopping-transport phenonmenon between Gaussian distributed energy
levels of neigboring molecules. Then mean energy level is denoted by Ey and the standard deviation by o (also
called disorder parameter).

of the molecules leads to a disordered system with Gaussian distributed energy levels. As a consequence,
the statistial relation between carrier densities and chemical potentials cannot be described by the classical
Boltzmann or Dirac-Fermi statistics and instead Gauss-Fermi statistics [31] should be used. Additionally, for
organic semiconductors one has to consider further special features like the dependence of mobility functions
on the electric field strength. For a complete analysis of the isothermal stationary drift-diffusion model for organic
semiconductors based on the Gauss-Fermi statistics, the interested reader can refer to the work in [7], while the
isothermal, non-stationary case was treated in [17].

In this work, we are interested in a more detailed drift-diffusion-type description of the charge transport balancing
currents of both electrons and holes in contrast to the net current flow in the p(z)-Laplace thermistor model
discussed in [25, 3]. Furthermore, we want to evaluate the heat produced by both types of current flow and
the generation-recombination of charge carriers and balance it by means of a heat flow equation. Since the
mobilities of the charge carriers and the reaction rate constant depend on the local device temperature, we obtain
an electrothermal feedback. For this purpose, we use a drift-diffusion model consisting of a “generalized Van
Roosbroeck”system for organic semiconductors coupled to the heat flow equation. For classical semiconductors
a similar energy-drift-diffusion model (based on the ideas in [33, 35]) with, in principle, the same model frame
was studied in [18]. However, the special features of the drift-diffusion models for organic devices, especially the
dependence of the mobility on the electric field strength, will not allow to proceed in the analysis as in [18].

The paper is organized as follows: In section 2 we collect and prove certain properties of the Gauss—Fermi
statistics, mobility functions, and generation/recombination of electrons and holes. In section 3 we introduce
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the “generalized Van Roosbroeck system for organic semiconductors” coupled to the heat flow equation, we
describe the notion of weak and entropy solutions, and state the main result of the paper. Section 4 is devoted
to proving existence of a solution to the system introduced in section 3 using Schauder’s fixed point theorem.
This is done by first introducing the iteration scheme where we define the fixed point map, and through a series of
lemmas we collect relevant assertions for certain solutions of subproblems that help us to verify the continuity of
the fixed point map and assert the existence result. Section 5 is allocated to concluding remarks and discussion.

2 Drift-diffusion models for organic semiconductors

2.1 Statistical relation between densities and chemical potentials

In organic semiconductor materials, the energy positions are Gaussian distibuted, such that both, the electrons
and holes, can be described by a Gaussian density of state

NGauss(E) = \/;V;)?GXP [(?)2}’

(see Fig. 1), where NNy is the total density of transport states. Fy denotes the corresponding average HOMO-
and LUMO-levels, respectively, and o2 their variance. ¢ is also called the disorder parameter which character-
izes the disorder of the organic material. For organic semiconductors which do not underly an outer field the
density of electrons is given by the Gauss-Fermi integral

(o0}
1
n= N, E dF
/oo G )exp (B2e) +1
Nro o0 (E — Ep)? 1
= exp (— ) — dFE,
oV 21 J oo 202 exp (EkBgF) T

where E denotes the Fermi energy and the Fermi function f(E,T) = (exp (Ek;?”) + 1)_1 gives the

probability that an electron is in the quantum state with the energy E. The notation kg stands for Boltzmann’s
constant and Ey, is the LUMO-energy. Using the variable £ = E;ifL we obtain

n= Noo o - exp (—52> 1 dé
= n —
onV2m )0 2/ exp (32p€ — Hpt) +1
I ( 52) 1
= exp | —— d (2.1)
V2T J o P 2/ exp (znf — 772) +1 ¢
0._ Er— Ej, __ on

0
= 3 2n ), : 2p 1=

nOg(nn n) M, kBT n kBT
with the dimensionless quantities 172 and z,,. Relation (2.1) is valid for homogeneous semiconductors in absence
of an outer field. It can be generalized to the situation that in the semiconductor an electric field —V v with a
spatially weakly varying potential v is present. Then the concept of bent bands is applied and the energy level
E;, has to be replaced by 7, — gy and £ by £ = %ﬁqw and the electron density n is expressed by

n= Nuo - [* exp (— &~ Ep + q¢)2> ! dE
on V27 J_ o 202 exp (Ek;ETF) +1
NnO o 52 1 c
= exp (——) p— — d¢ (2.2)
V 27T — 0 2 exp (kBinT _ W) + 1
— NooG(mmiz),  m _Br-Eite _aW—wn)-EL _ on
n0 my<~n)» n - kBT k‘BT ) n - /{BT'
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Similarly, using the the HOMO energy Ez, the hole density p is obtained as function of the renormalized
chemical potential 7, of the holes,

EH_(I(¢_<P;D) Jo— Op

P = NpoG(Mp: 2p)s  Mp = T S T

The densities of transport states N,g, ¢ = n, p, the average HOMO- and LUMO-levels ' and Fy, and
the disorder parameters o, 0}, are considered as temperature dependent quantities. We will assume that
Nio(,T) < Njo in the device for all T' > 0. Since the Fermi function f takes only values between 0 and 1,
relation (2.2) ensures

00 2

o (—%) d€ = Npo Vi € R, Wz, >0

Nno
0<n:NnOg(7]n;Zn) < \/72177'['
such that the carrier density in organic materials remains bounded for all values of 73,,. Considering the infinite
narrow distribution o — 0, the density of state Ngquss(E) converges to N,0d(E — Ep). Let

2

1 1
*}W )

exp{—n} + 1 \/ﬂ/ P

denote the statistical relation for the density of state N,,00(E — Ej). From

o0 2 ¢2
/_OO exp{ s }exp{zlf} +1 o = / P 7} (exp{zl‘ﬁ} +1 * exp{—if} + 1) o

o) 2 T
yEE .

it results G(0;0) = £ and G(0; z) = 1 forall z > 0.

G(n;0) =

Additionally, the mapping 1 — G(7; z) is strictly monotone increasing, G is differentiable w.r.t. 77 and

a9 / exp (26 — 1)
’ 2
dn V2 (exp(z§ -n)+ 1)
Note that the fraction in the integrand takes only values between 0 and 1. Therefore

Zi(n; z) € (0,1) and lim dg(m z) = lim @(n; z) = 0.

n—+00 dn 17— —00 d77

Lemma 2.1 The map z — G(n; z) is continuously differentiable at all z > 0 for allm € R. The derivative
follows the estimate

9 >0 ifn<0 9 )
gg(n;z) =0 ifn=0 and ‘gg(n;z)‘ < ;(1+exp|n|) Vz>0, VnelR.
<0 ifn>0

Proof. For all z > 0 we calculate

0o y__ L [T €2\ exp(z§ —n)¢
7o) ==z [ oS bt )

We writ
o ep(:6 - Eexplz)  exp(om)(exp(z€) + 1)
(exp(2€ —n) +1)?  (exp(2§) +1)%  (exp(z§ —n) + 1)

, (2.4)
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where the second factor is positive and bounded by 1+exp |7]|. To see this, we consider with @ := exp(z&) > 0
b(a+1)? _ b(a®+2a+1)

@+1)? — 267 42ab 1’ which can be estimated form above in the

and b := exp(—n) the expression [ :=
case b > 1 by

b2a2 +2ab+ b b2a2+2ab+1+b<1+b
~a?b?+2ab+1 - a?b2+2ab+1

and in the case b < 1 by

1 b%a% + 2ab? + b2 1b%a% 4+ 2ab+1 1

T b a2+ 2ab+1 —bb2a2+2ab+1 b

Next, we take a look at the absolute value of the first factor in (2.4): Since % < lfory € R, we
|€ exp(z8)|

estimate Texp(zE)117% < % In summary, the second factor in the integrand of (2.3) for all ¢ € R can be
uniformly estimated by a constant depending only on z and 7, and the integral in (2.3) exists, meaning that the

derivative %g(n; z) exists for all z > 0 and for all ) € R.

On the other hand, writing the integral in (2.3) as integral over (0, co), we calculate

9 o 52 __exp(z§ —n)¢ exp(—2§ — n)§
9,9m:2) r/ p{-5H (eXp(Z§—77)+1)2+(exp(—2§—n)+1)2}d§
/ exp {6
~ Ver p{

Vo exp(z€ =) exp(z€ — )¢
}{ (exp(s6 — )+ 1)2 (exp(—n) + exp(2§))? } %
52 exp(z€ — 1) exp(z§ —n) +1 \2
m/ {5 ptot ) 1 17 L (o) o) 1%
For arbitrary exp(z&) > 1 we have,

€ (0,1) ifn>0,
=1 ifn =0,
>1 ifn < 0.

exp(z§ — 1) +1
exp(—17) + exp(z§)

Therefore, 5~ g(n, z) is negative for 7 > 0, is zero for n = 0 and positive forn < 0. [

2.2 Mobility and recombination laws

Due to the energetic disorder in organic semiconductor materials with Gaussian density of state, charge trans-
port and recombination processes are different from their inorganic counterparts. In particular, the mobility
functions 14, 11, show a positive feedback with respect to temperature ', densities n or p, and with respect to
electrical field strength F' = |V)|. Numerical solutions of the master equation for hopping transport in organic
materials were used e.g. in [32] to determine these dependencies. In case of the electron mobility (and anal-
ogously for the hole mobility), [32] obtained the following product form as extension of the Gaussian disorder
model
(T, F) = pno(T) x g1(n, T) x go(F,T),

see also the discussion in [7]. To treat also heterostructures, we additionally take spatial dependence into ac-
count. For the analysis we suppose that /i, : €2 x (0, 00) X [0, Nyo] x Ry — R, 1, 1 2% (0, 00) x [0, Npo] X
Rt — R are Caratheodory functions fulfilling

for all 7 > 0 there exists [z, such that p, (-, 7, n, F'), pp(-, T, p, F) < i, < 00

forall (T,n,p, F) € [1,00) X [0, Npol x [0, Npo] x R4 ae.inQ,
(2.5)
0 < H S /’Ln('7T7n7F)7 Mp('7T7p7 F)

forall (T,n,p, F) € [Ty, 00) X [0, Npol x [0, Npo] x R4 ae.inQ,
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where T, is the ambient temperature. However, one fundamental difficulty for the analytical treatment remains,
namely the dependence of the mobility functions on F' = |V

Concerning the recombination of charge carriers, we follow [8] and write the generation-recombination laws for
electrons and holes in the form

R= r(-,n,p,T)(l — exp W), (2.6)

where we suppose for the analytical investigations 7 (-, n, p, T) : € x [0, Nyo] x [0, Npo] x (0,00) — Ry
is a Caratheodory function such that for all 7 > 0 there exists an 7 with 0 < r(-,n,p,T) < T, for all
(n,p,T) € [0, Nyo] x [0, Npo| X (7,00) and a.a. z € Q.

Typically, the function r has the form r(-,n,p,T) = ro(-,n,p, T)np with ro(-,n,p,T) : Q x [0, Npo] %
[0, Npo] x (0,00) — Ry. The particular form of the rate in (2.6) guarantees compatibility with thermody-
namic equilibrium. Especially in equilibrium it reflects that the quasi Fermi levels of electrons and holes have to
coincide.

3 Stationary energy model

According to the discussion in the introduction, we consider the following energy-drift-diffusion model for the
interplay of electronic and heat transport in organic semiconductor devices. We use the notation from the last
section and take into account the electrothermal effects of Joule heating resulting from both electron and hole
current, and the reaction heat as source terms in the heat flow equation. A corresponding model frame was
already formulated in [33, p. 42, p. 121] for classical semiconductors. The paper [18] deals with analytical
investigations of this problem for the classical, inorganic situation. We study the coupled system

—V - (e0&- V) = q(C = n +p),
V- jn = —qR, Jn = _qnﬂn(Tv n, ’vd}’)v@m

\VAR Jp= —qR’ jp = _qp,up<Tap7 ’VW)V‘PW
—V - (AVT) = qnpn (T, 1, [V9))[Veou|* + appp (T, p, V) [ Vipp* + qR(0p — on),
where (0 )—E E (¢ )
_ q( — on) — B on - Bk LSk ¢ 2P
n = Nnog< knT ; k‘BT)’ p= NpOQ( kT ’ k’BT)’

q(en — p) )

R:T(-,n,p,T)(l—eXp T
B

We remark that additional thermoelectric effects (Peltier, Thomson, and Seebeck) are not included in the above
model. In [22, Sect. II.D] it is argued that in the case of organic semiconductors such effects are neglible as the
thermal voltages are small compared to the applied voltage.

3.1 Rescaling of the model equation

To simplify notation in the analytical investigations, we perform the following rescaling of the problem. We define
the new quantities

w = qllja wD = qu7 [ﬁl = qvq, &zD = quZ[), VG = qVG7 T := kBT7 Ta = kBTaa
1 = n, p, and new coefficients

- E0Er v A
=g =
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We consider (3.1) in the rescaled form in {2
~V - (EVY) =C —n+p,
“Veju=-R o= —npu(T,n,|VY)VE,,
\Y '}p = —E, Ep = —pﬁp(f,p, |V7Z|)v85p7
=V - AVT) = nfin(T, 0, VDIV Gl + piip(T, 0, VD VEI* + R(Gp — Bn)
with suitable functions fi,,, fi,, 7 and

(3.2)

R= F(-,n,p,f)(l —exp%ﬂ).

Finally, we omit the tildes above all quantities in (3.2) and obtain the model equations in €2 for the analytical
investigations

-V . (eVY) =C —n+p,
—Vjn==R,  jn=—np(T,n,|VY|)Vion,
Vejp=-R,  jp=—pup(T,p,|VY)Vepp,
—V - (AVT) = njun(T,n, [V [Vonl? + ppp(T, p, V) [Vp|* + Ry — ¢n)

with
_ w—wn—EL,0n> _ (EH—(¢—¢p).Up>
n_Nnog( T ,T 9 p_Npog T ’T ?
R= r(-,n,p,T)(l — exp w>

For the formulation of boundary conditions we decompose 0f2 into Ohmic contacts I'p = UleI‘Di, a gate
contact I'; and the semiconductor-insulator interface I', i.e. Ohmic contacts like semiconductor-metal inter-
faces are modeled by Dirichlet boundary conditions, semiconductor-insulator interfaces are realized by no flux
boundary conditions, Gate contacts are described by Robin boundary conditions for the electrostatic potential
1) and no-flux boundary conditions in the continuity equations. For the heat flow equation boundary conditions
of third kind are used. Let v denote the outer normal vector. Then, in summary we close our system by the
following set of boundary conditions

v=19" en=0p, @p=¢) onlp,

eV -v=j,-v=7,-v=0 only,

eV -v+ax(y—Vg) =0, jn-v=j,-v=0 onlg,
AVT v+ k(T —T,) =0 ondQ

(3.4)

with suitable coefficient functions a,,x and k, a scaled gate voltage Vi and ambient temperature 7T},.

3.2 Notation and assumptions

We work with the Lebesgue spaces LP(2) and the Sobolev spaces W 14(£2). Moreover, we use the closed
subspace of H!(Q) = W12(Q),
HLH(Q) :={uec HY(Q) : u|r, = 0}.

In our estimates, positive constants, which may depend at most on the data of our problem, are denoted by c.
In particular, we allow them to change from line to line.

We discuss the stationary energy model for organic semiconductor devices (3.3), (3.4) under the general As-
sumptions (A):
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B Qe R?Yd=2,3,is abounded Lipschitz domain, T'p, I';, T C T' := 0N are disjoint subsets such
thatI'p UI'y UT'¢ = T"and mes(I'p) > 0,

m P e Whe(Q), oP € HY(Q)NL®(Q), [|¢P |~ < K,i=n,p,e € L®(Q),0 < e < cae.in
0, CecL*N),Vge L®[lqg),ax € LY(Tg), A € L>®(02),0 < A< Xae. inQ, k€ LE(D),
%[l 1ry > 0, Ty, = const > 0,

B E;, 0;, Nio: Qx(0,00) — R, are Caratheodory functions with | E; (-, T)| < E,0 < o4(-,T) < 7,
0 < Ny < Nlo(,T) < Niioa.e. inQforall T € (O, OO), |EJ(',T1) — EJ(',TQ)’ < C’Tl — T2|,
J = E, H, ‘Ui(~,T1) - O'i(',Tg)| < C|T1 - Tz‘, |NZ‘0(‘,T1) - Nio(-,T2)| < C|T1 - Tz‘ a.e. in { for
al Ty, Ty € [Ty, 00),7 = n,p,

B r(,n,p,T) : Q x [0, Nyl x [0, Ny] x (0,00) — Ry is a Caratheodory function such that for
all 7 > 0 there exists an 7> with 0 < r(-,n,p,T) < 7, for all (n,p,T) € [0, Nyo] x [0, Npo| X
[T,00) and a.a. z € )

By Qx (0,00) x [0, Njg] x Ry — Ry, i = n,p, are Caratheodory functions such that for all
7 > 0 there exists 7z, with i, (-, T, n, F), pp(-, T, p, F) < i, < oo forall (T, n,p, F) € [1,00) X
[0, Nno] x [0, Npo] x Ry ae.inQand 0 < pu < pin (-, T,n, F), pp(-, T, p, F) forall (T',n,p, F) €
[T, 00) % [0, Npo] x [0, Npo] x R4 ae.in Q.

In the following we set 7 := T, as well as i := fi;, .

3.3 Concept of solution

First let us note that the right hand side of the heat flow equation in (3.3) is a priori only an L' function. Therefore
we prefer to follow the concept of entropy solutions for the temperature distribution T, see e.g. [2, 30, 23] (for the
case of Dirichlet boundary conditions) or [4] (for Robin boundary conditions). For the remaining three equations
in (3.3) a weak formulation is appropriate. Thus in the present paper, we work with the following concept of
solutions for the stationary energy model for organic semiconductor devices (3.3), (3.4): Find (¢, ¢n, Pps T) e
(WP + H(Q)) % (9P + HA(Q) N L®(9Q)) x (9L + HH(Q) N L=() x {T € WH(Q) : (nT)"
L>(Q)}, where g € [1, d%‘ll) such that

/va - Vi dz —|—/ Qox (1 — Vg)dl' = /(C —n+p)dr
Q T'a Q
| (T[99 Ve T+ 1T [ V) Ve - V5, ) 0
— [ D(1- e )@ - B)e Vi BB, € HhE@), G
Q T
/AVT-V(C’m(T—w))dx—ir//i(T—Ta)Cm(T—w) or
Q T
< / hCun(T —w)dz VYw € HY(Q) NL>®(Q), Ym >0,
Q

where the densities n and p and the right hand side 5 in the heat flow equation have to be determined pointwise
by

n E n T FEo(T)— _ T
n= Nno(T)g<w d T L 2 1(1 ) = Nyo( )g( 1 )T(w 9%); 0101(1 ))7
h = npin (T, [V)|Vipn|? +pup<T,p, IWJI)\W}D\2 (3.6)
+r(n,p,T)(eXp 1) (¢n
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An existence result for a class of electrothermal drift-diffusion models 9

The notation C,,, in the entropy formulation of the heat flow equation in (3.5) means the truncation function
Cr : R — [—=m, m] realized by Cy,(s) := max{—m, min{s, m}}.

The choice of spaces guarantees that all terms in (3.5) are well-defined. The following lemma ensures that we
only have to consider admissible temperatures 1" satisfying T' > T}, (see the definition of the set A in (4.1)).

Lemma 3.1 We assume (A). Then any solution (1, ¢, pp, T') to (3.5) satisfies T > Ty, a.e. in €.

Proof. Let (1, ¥n, ¥p, T') be a solution to (3.5), then h defined in (3.6) is a nonnegative L' function. Therefore,
the result follows from Lemma 3.5 in [4] (see also Lemma 4.6). [

3.4 Main result

The main result of our paper is the following existence theorem for the stationary energy-drift-diffusion model for
organic semiconductors which we prove in Section 4.

o Problem (3.5) with 1) € P +
7). There are positive constants

=

Theorem 3.1 Under Assumption (A) there exists a solution (1, ©p, @p, T)
HY(Q), i € ¢P + HH(Q), i = nop, and T € WH(Q), g € [1,
Cyp,L>, Cyp H15 CHY, Ces Cey Cyyia depending only on the data such that

ISY
IsH

[9llzee < cyroe, 1Ol < cymn,
HQOZHLOO SKv H()OZHHl ScHla Z-:n7p7
T Z T(l a.e. Q, HTHWl,q S C‘/[/l,q7

and the by (3.6) related densities n and p are bounded by c. < n, p < ¢ a.e. on L.

Corollary 3.1 Supposing additionally to Assumption (A) that
<piD = const, i=mn,p, go,? = wz? on () (8.7

then there is a unique solution to Problem (3.5). This solution is the thermodynamic equilibrium and has the
form (*, 905 , gozl? , Tt,), where 1* is the unique weak solution to the nonlinear Poisson equation

w* - 907? - EL<Ta> . Un(Ta))

V- (V") = O = Nuo(T)G

T, T,
E Ta _ * D ]
4 NpO(Ta)g< H( ) T(@ZJ “p ) , Up](?lz)) inQ, (3.8)

v =9yP onlp, eVyY* - v=00nTy, eVi* v+ an(th* —Vg) =0o0nTg.

The proof of the corollary is given in Subsection 4.3. A general uniqueness result is not to be expected. Even in
the classical, isothermal case, where the stationary van Roosbroeck system applies it is well known that certain
devices admit multiple stationary states for certain biasing conditions, see [27].

4 Existence proof

This section is devoted to the proof of Theorem 3.1 which is based on Schauder’s fixed point theorem. First, in
Subsection 4.1 we shortly introduce the iteration scheme used to define the fixed point map Q. In Subsection 4.2
we supply and prove results for relevant subproblems with frozen arguments that are needed to ensure the well-
posedness of the iteration scheme and additionally guarantee the bounds of solutions stated in Theorem 3.1.
This concerns results for the Poisson equation (Lemma 4.1), the continuity equations (Lemma 4.3, Lemma 4.4)
and the heat equation with right-hand side only in Lt (Theorem 4.1, Lemma 4.5, Lemma 4.6). Finally, in the
Subsection 4.3, we show the continuity of the fixed point map O, see Lemma 4.7 (for the sub problem of the
Poisson equation) and Lemma 4.8 (for the final result).
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4.1 Ilteration scheme
Let

N = {(wmsop,T) € L) : lenllm, llepllmn < e, ITlwrass < epyras,

(4.1)
—K <, pp <K,andT >T, ae.in Q},

where cg1 > 0 will be given in Lemma 4.4 and Crwias > 0 will be fixed in (4.9). The fixed point map

Q: N = N with (¢, 0p, T) = Q($n, Bp, T) will be defined by the following four steps:

1. For given (¢, p, T') € N we consider the nonlinear Poisson equation

V- (eVh) =C — Nno(f)g(d} — ¢n - EL(T)’ Unj(f))

T
+Np0(T)Q<EH(T) _N(U’—‘:Ep);UpTT)> in ), (4.2)
Yp=vyP onTp, eV v+an(®—Vs) =0 onlg,
eVy-v=0 only

and obtain by Lemma 4.1 a unique weak solution 1) € 12 + HL (Q). Itfuffills [|¢|| e < ¢y 1 and [|¢]| g1 <
vaHl'
2. We set now

. ~ (== EL(T) on(T)\ - = L (Ea(T)=(—9p) op(T)
=Ny = ;= , = = ;= . 4.
i = Noo(T)6 (7= =), P NoMG (T =) 6
Lemma 4.3 ensures the uniform estimates
0<cn<n<tn, 0<¢<p<o, (4.4)
0 < cy < iptn (T, 75, [V, Prap(T, 5, [VY]) < co. (4.5)

3. Next, we solve the continuity equations with frozen electron density 72 and mobility un(i n, |Vi|) as well as
hole density p and mobility 1, (1", p, | V1|) and reaction rate coefficient (72, p, ') for a weak solution (¢, ¢p)
to

V- (ian(T, 1, [V Vign) = (i1, 5, T) (exp et 1) in®,

o~ e~ ~ ~ Pn — P .
V- (pup(Tupa WI/’DVS%) = _T(nupa T)(exp Tp - 1) in Q’ (4.6)
(pn:<p£ onI'p, ﬁun(f,ﬁ,|v¢])Vg&n-y:0 on'y UTlg,

gop:gozj? onI'p, ﬁup(f,ﬁ,|vw\)chp-y:O onI'y UTq.

By Lemma 4.4 there exists a unique weak solution (on, @) € (¢F + HE(Q)) x (oF + HE(2)) to (4.6). It
fulfills the uniform estimates

lenllzees lleplliee < K, llenllm, llepllm < cpr,
7k (T 70, [NV @ | 1o 1B (T 5, [V Vi [ 21 < e,

~ ~ Pn —
Ir (.5, T) (exp P72 = 1) (on — @) 11 < en
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with the constant K from Assumption (A) and cg1, ¢y, cg > 0.
4. These estimates ensure, that the source term for the heat equation

h = (T, 7, (V) [V onl? + Biap(T, B, [VY]) | Ve |

N( Pn — Pp

o 4.7)
+r(n,p, T)( exp T — 1) (en — ©p)

resulting from (&y,, ﬁp,f) € N is uniformly bounded in L'(€2), ||h||;1 < cp. With the source terms b €
LY(Q) and g := kT, € L(T') we solve now the linear heat flow equation

—V-(A\VT)=h in €,
(4.8)

AVT v+ kT =g onT'.
According to Theorem 4.1, there exists exactly one entropy solution 7" to (4.8). Moreover, it fulfills the estimate
1Tl wrars < cpayz(en + |6 ullprry) = epprass. (4.9)

The continuous imbedding W1:4/3(€)) — L2(€2) guarantees T' € L?(12), and Lemma 4.6 ensures T' > T
In summary, this yields that (¢n, ©p, T) = Q(@n, ¢p, T') € N.

4.2 Solvability and properties of solutions to subproblems

(1) Poisson equation. Let

N* = {(%%,T) € (L2()?: —K < ¢n, pp < K, T > T, ae.in Q} (4.10)
For given (@, ©Op, f) € N* D N we are looking for weak solutions to the nonlinear Poisson equation (4.2).

Lemma 4.1 We assume (A). Let (Pn, Pp, T) € N* be arbitrarily given. Then there exists a unique weak
solution ) € P + H})(Q) to the nonlinear Poisson equation (4.2). There are constants cy, 1o, Cy, g1 > 0

not depending on the choice of (¢y,, pp, Tv) € N™* such that

Yl < eproes Ul < cyomn

Proof. Due to the properties of the function G, for given (@, @p, T') the operator B(% 3.7 P —i—Hll) Q) —
(Hp(2))*,

Q I'e
-/ (Nno(f)g<¢—§5n%EL(f); an%ﬁ) N D=8 0D o),

Y € HL(Q), is strongly monotone and Lipschitz continuous (note that ||V-|| ;2 is an equivalent norm on
HL(Q), that Z(n:2) € (0,1) forallp € R, z > 0 and that T > T},). Thus, the unique solution 1) €
D an \ n
DL HL( Q) toB,~ ~ =1 = 0is the unique weak solution to (4.2). Since G n,z) € (0,1) forallnp € R,
D (QDTMQOINT)
z > 0 we find for

fi=C— Nno(f)g(w —on — Er(T) Un(T)> n Npo(f)g<EH(T) — (¥ —¢) Up(T))

~ 3 ~

T T

~ 3 ~

T T
that according to Assumption (A)

[l < NCllLee + Nuo + Npo < e

With this estimate of the right hand side the following Lemma 4.2 which is proved in [7] completes the proof of
Lemma4.1. [O
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Lemma 4.2 We assume (A) and f € L>°(f)). Then the weak solution to
-V (eVyY)=f inQ,
Y=y onTp, eV -v+an()—Ve)=0onTg, eVi-v=0o0nly
belongs to H' () N L>°(£2) and
19]lzee < er(Ifllzee Vel oo gy 197 lwree)s (91l < calllfllzee, Vel zoe gy 197 la)-

(4.11)

(2) Bounds for densities and mobilities.

Lemma 4.3 We assume (A). Let (Pn, ¢p, 1~“) € N* and let 1) be the weak solution to (4.2) and 1o and p be
defined by (4.3). Then there are constants c,, Cy, Cp, Cp, Cy, Co > 0 such that the defined densities and the
mobility functions fulfill the uniform estimates

en ST Gy p <SPG ey < (T, 7, V), Pup(T. 5, |VY|) < ¢ aeinQ.

Proof. Since E7, (f) EH(f) Dns (ﬁp, and v have upper and lower bounds and T is bounded from below by
T, we obtain the estimates for 7, and 7},

Cw,Loo+K+E'<~ '_w—@n—EL(f)<CwyLoo+K+E
D
R B N R (4.12)
_E+C¢7L00+K<ﬁ — EH(T)*(’(,Z)*()OP) <E+C¢,LOO +K
T, = T - Ta '

Forn < 0 the function z — G(n, z) is strictly monotone increasing, see Lemma 2.1. Thus we obtain G(7); z) >
G(n;0) forallp < 0 and all z > 0. Because of the strict monotonicity of the mapping 7 — G (n; z) we find for
i, i = m, p, in the range of relation (4.12) and all z > 0 an estimate from below by

E—’—cw’bx +K'z) > N‘og(—
T, ' —

E o+ K
T L= ¥ 0) = ¢

NioG (1, 2) > %g< - T ;

which leads to the estimates
e < 7t = Nuo(T)G(0n; o(T) /T) < Nog =1
¢ <P = Noo(D)G(1p; 0p(T)/T) < Ny =: .
Exploiting (2.5) we therefore obtain
0 < cu < Apn(T, 70, [VY]), Prp(T, 5, |VY]) <, ae.inQ (4.13)

with positive constants ¢, c,. [

(3) Continuity equations.

Lemma 4.4 We assume (A). Let (9n, ¢p, T ) € N* and let 1) be the weak solution to (4.2) and 1. and p be
given by (4.3). Then there exists a unique weak solution (pn, ¢p) € (05 + HL(Q)) x (¢F + HL(Q)) to
(4.6). It fulfills the estimates

—K <on,op <K aeonQ, |onllur, [lepllar < cq,

[Fgn (T, 7, VDIVl 1, [15p(T, B, VD [Vipp |1 <

~ ~ 5 Pn —
IG5, T) (exp 272 = 1) (on — @) 11 < en

with K from Assumption (A) and constants cg1, cr, ¢y > 0 independent of the special choice of (y,, &p, T) e
N* (and the resulting 1), 1 and p).
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Proof. 1. We use the notation
ap = (T, 0, [VY), @y = pup(T,p, [VY|), 7:=r(n,p,T).

Let par : R? — [0, 1] be a fixed Lipschitz continuous function with

oy o [0 max(lyl 2 2 01

,Z) =

pard 1 i max{Jyl, 2]} < 4.

The operator A]‘ém%i) (P + HE(Q)) x (goz? + HE(Q)) — (HH(2)*)?,
M M

(@n’%)j)(@nv 9017) = A(@ﬂ@pf) ((@m (Pp)> (‘Pm Sop))

with the argument splitting

(A 5 ((Pns o) (Bn39)): (B By) ) =
~ o~ — ~ Pn — Pp — — — 1
/ ( > ave - Ve + pM(son,@p)r(exp T 1)(% - sop)) dz, B; € Hp(Q),
0 T

1=n,p

is an operator of variational type (see [26, p. 182]). Have in mind that by (4.13) the main part (in the arguments
(ﬁn, (ﬁp) is bounded, continuous, and monotone. Furthermore, the regularized reaction term is bounded and

the map (¢n, ©p) — P (©n, @p)(exp{%} — 1) is Lipschitz continuous. Since, additionally the operator

M M

(¢n, p) is coercive, the problem A (¢n, pp) = 0 has at least one solution (¢, cpi)‘/[) €

(&n,p.T) (&n8p.T)
(e’ +Hp(Q)) x (9 + HH(Q)).
2. Using the test function (¢3! — K)T, (¢! — K)T) € HE(€2)? for A?g . T)(goﬁ/[,cpi,w) = 0 with K
nHI¥ps

from Assumption (A) we obtain

0:/ @LIV(EM — K)? da
> ame - K

1=n,p

+ /Q pr (0, ! )?( exp

M M
P 1) (@ - K - () - K

Examining the four different cases o5 (¢)!) > K (< K), we find that the integrand in the last line is always
non-negative (note that p); and r are also non-negative). Thus, (4.13) ensures that @%, @f)” < K ae.in{.
On the other hand, testing by (— (¢! + K)~, —(©)! + K)™) gives the estimates )/, ¢} > —K ae.in
Q. Therefore, if we choose M > 2K, each solution to A]\ém@pf)(cpn, ¢p) = 0is a weak solution to (4.6),
too. The estimates of Step 2 can be done in exactly the same way but leaving out the factor pps to obtain the
upper and lower bounds for all weak solutions (¢, ) to (4.6), such that ||;|| L~ < K, i =n, p.

3. To verify the uniqueness of the weak solution to (4.6) we suppose there would be two different solutions
(¢n, pp) and (Pn, @p). Using the test function (@r, — P, ©p — Pp) € Hi(Q2)? for (4.6) leads to

oz/Q S @lVigi - §)Pde

1=n,p

+/?(6Xpson~¢pexp¢n~¢p>(@n9@p(@n$p))dx‘
Q T T

Since mesI'p > 0, the estimate (4.13), the monotonicity of the exponential function, and 7 > 0 ensure
(gOn, (pp) = (@Tla @p)
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4. Finally, we establish the uniform H'-estimate for the weak solution to (4.6) by testing with (¢, — go,?, Yp —

cpg) € H}(2)?2, using Halder's and Young's inequalities and the fact that 7' > T}, and ¢y, ¢, € [ K, K]
a.e. in {2 from Step 2:

/Q ( > @l Ve — @) +?(exp% - 1) (on — sop)) dz

1=n,p

a

1 ~ Dy 2 D2 - 2K
< /92 Z ai(|[V(ei —eD)? + IVe?| )da:+2rKexmees(Q).

1=n,p

Again taking advantage from (4.13), the non-negativity of the function 7, the monotonicity of the exponential
function, and that goZD e H! (€2) are given functions, and using the constants 7 and K from Assumption (A), we
obtain the estimates ||¢;|| g1 < cg1, @ = n, p, where the constant cz1 is independent of the special choice of
(@n> Pp, TV) € N* (and the resulting 1), 1 and p). Together with Lemma 4.3 we additionally derive the uniform
estimates

g (T, 7, V) [Veon | 1, 151 (T, B, [V Vepp o1 < €

5. Finally, we find by the upper bound of  in Assumption (A) and the bounds for ¢, ©p, and the lower estimate
T > T, that

P Yn— ¥
I (.5, 7)(exp ™= ~1)(pn — gp)lix S en. O

The estimates in Step 4 and 5 of the previous proof ensure for the function h defined in (4.7) that ||h||;1 <
2cj + cp.

(4) Entropy solutions of the heat flow equation. Under the first two assumptions in (A), we consider the
stationary linear heat flow equation with Robin boundary conditions and right hand side h € Ll(Q) as well as
boundary data g € L*(T"), namely
— V- (AMz)VT) = h(z) inf, @1
—Mx)VT -v=k(z)T — g(x) onT. '
The following three results are proven in [4].

Theorem 4.1 Leth € L'(Q), g € LY(T). Then there exists a unique entropy solution T to (4.14). This entropy
solution belongs to leq(Q), foralll < q < d%‘ll. Especially, there are constants cgq > 0 not depending on
f and g such that

ITllwra < eg(lhllzy + gy, 1<a< g%

Lemma4.5 Leth' — hin LY(Q), ¢ — g in L'(I"). Then the corresponding entropy solutions T" to (4.14)
converge weakly in W1+9(Q) to the entropy solution T for datah and g, 1 < q < d%‘il.

Lemma 4.6 Leth € L1+(Q) and g = kT, withT, = const > 0. Then the entropy solution " to (4.14) fulfills
T>1T,ae. onfl.

4.3 Continuity of the fixed point map Q and existence result
We prove the continuity of the fixed point map Q@ : N +— A in two steps, first we verify the continuous

dependence of the solution to the nonlinear Poisson equation on the arguments (@, ©Op, T') and in the second
step the continuity of Q itself is established.

Lemma 4.7 We assume (A). Let (&', @’é, ™), (&, Ops T) € N with 3!, — 3, cﬁé — &p, and T' - Tin
L?(Q), let 1! and 1) denote the corresponding unique weak solutions to (4.2). Then 1! — ) in H(Q).
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Proof. Since mes I'p > 0, the expression ||V+|| 1.2 is an equivalent norm on H7,(€2) such that gHwH%{l(Q) <
el|Vw|2, for all w € H}(S2). We use the short notation Nig := Nio(T), Ny := Nio(T), 5; := o3(T),
55 = oy(TY, i = n,p, Ej := E;(T), Ef] = E;(T"), J = L, H. We test (4.2) (for the corresponding
solutions 9! and 1)) by 1! — ¢ € H}(€2) and obtain

ol — ¥l R
S/Q[Nnog<w,0%)—Néog<W;?;)}(wl—¢)dx
= -\ =~ = I~y =
_/Q [NPOQ<EH_%¢_‘P1));U%)) _Nll,og<EH_(,;Z)l _‘pp) ;1;):|(wl_¢)dx

4
=> I,
=1

where

I = Nl w V=G BY 51)—g(l/}l_@l"_ElL'aé)](w’—w)dx
4 nO Tl Tl fl ) TZ
~1

fog L3y &
/ B 3y o (B D vy

Due to the monotonicity of n — G(n, z) the term I4 is non-positive and can be omitted in our estimates.
According to Assumption (A) and the boundedness of G we find

1] < el T = T 219" = ] -

Since

s [ do(PmEm P Ty gV Oy
+AC\Q(W;@) —Q(W;%’)W—wldx,
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we estimate the term with the large absolute value bars by the derivative of G with respect to the first variable
= = _Gl _El
in an intermediate point (which is uniformly bounded) times |“ ‘0’% Ep ¥ “0721 L| an |7¢M -

#| respectively, which then due to the Lipschitz continuity of E';, and F'g7, and the lower bound T,

of the temperature for these absolute values gives a bound

(R e R X A AR\ S = B=1)]

1=n,p 1= =n,p

Moreover, using Lemma 2.1 we derive

~l

b ote B b5

oG 11 1 oG 1~
< gf[l%xg] @(77,291) ey ?_ﬁ’—i— max @(77,202) ﬁ|T—T|
2=l 20, €55, 7]

. 11 11 .
< max{T, T'}(1 +elﬁl)‘7 - T) —i—max{:, fl}a +elhy T — T
T Tl 0; g,
1

1 -~ o~
< (g + ) +e)T =T,
a

With this, we can continue the estimate for I3

,Ig‘g/ﬂc’g(ﬂ—%—ﬁi;@)_g(w , )W ol do

T! T T!
Ey—(4-) 5 - (-3 l
- [ (P ) (P = B~
Q T! T T | |
by finding the upper bound for the two terms with the large absolute value bars
_ . EL— (=3 )N ~  ~
c(1+exp‘%‘>|ﬂ 7|, and c(l+exp‘WD|Tl—T|,

respectively. Note that the argument in the exponential is uniformly bounded since (&', &é, fl), (@n, @p, f) €

L, |E§{| < E,and ||[ih||z~ < cy, 10> by Lemma 4.1. Collecting now all the previous arguments we
arrive at

I = vl < [ (X 17l + 1T =~ D)l — vl

1=n,p

<o D8 - Fillze + 1T = Tllze ) I = wlo

i=n,p

which ensures that ||¢' — || g1 — 0'since &, — @y, @ — Fp,and TV — T'in L2(Q). O
Lemma 4.8 Let the Assumption (A) be fulfilled. Then the map Q : N' — N is continuous.

Proof. 1. Let (&L, Gé, TZ), (©n, @Fp,f) € N with @&, — &, (ﬁé — ©p, and T' — Tin L%(Q), let ¢! and
1) denote the corresponding unique weak solutions to (4.2), ]:il, n and let ﬁ p be the corresponding quantities
in (4.3). We have to show that (!, @é, T := 9(¢,, (ﬁé,Tl) = (ns ps T) 1= Q(Pn, Pp, T) in L2(Q)3.
Lemma 4.7 ensures that ¢ — v in H'(Q).

2. By Lemma 4.4 we have ||, || 1, ||<péHH1 < c¢p1. We show that all weakly convergent subsequences of
{(¢h, L)} in H'(2)? converge weakly to the same limit (¢n, ©p). Then using [14, Lemma 5.4] we have
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(oL, wé) — (¢, ¢p) in HY(Q)? for the entire sequence and as a consequence ¢!, — ¢y, goé — @p in
L%(9).

Let {(¢l¥, cpék)} be some subsequence in H'(€2)? that converges weakly to some (¢}, ¢}) € H' ().
Our goal is to verify that ¢}, = ¢, and ¢ = ¢, Since ol — By, &ék — Pp,and T — T in L%(Q)
and ¥'* — 1) in H'(Q) we obtain, for a further, non-relabeled subsequence, that G/* — &, gEék — Op,
T — T, ¢ — 1), and lek — V1 a.e. in Q. Because of the continuity of the functions (1, ¢y, T') +
NnU(T)g(w—son;EL(T). on(T ) (W, 0p, T) — NpO(T)g(EH(T)}(QZJ*SDp); UP,}T)) for T > T, as well as
that of the mobility functions ,un and pu, (with respect to T°, n, p and |V1)|) we find for that subsequence

~ ~l g g
ﬁlk = Nno(le)g<¢ k— ‘PnleEL(Tk); a'njg;k)> - n _ N 0( )g(w SOHTEL(T); O'n%T)>,

~ Tl — (b —GF) o ~ op(T
]“Q‘lk:: NpO(le)g<EH(Tk)Tl(:’k ‘F’p); p](?l;k)) — pi= NpO(T)g<EH(T)T(T/’ ‘Pp)7 p%T)>’

pn (T, 7% V) = (T,70, VO], (T, 5%, [V']) = (T, B, [ V3)]) ace.in 2.
The pointwise a.e. convergences for this subsequence and Assumption (A) additionally ensure the following
convergences
Qb = Rtk g, (T 7, |V |) = @y = (T, 7, |VO]),
ay = P (T, 5%, V™) = @ = (T, 5, V), (4.15)
Pk = r(ﬁl’“,ﬁk,ﬁk) —7=r7,pT) aeinQ.

Using (¢! — on, ol — ) € H(€2)? as a test function in (4.6) we obtain

/ Z {6”“Vg0 'dngoi} -V((pé’“ — ;) dz
i=n.p ) (4.16)

I
. Pn— Sop )_ﬂik< n—¥p ))( e, — e >

We introduce the following decomposition

AV =arV (el — @) + @V,

lp l _
i 7‘P — (7 u
eXp = (7 = 7)exp =
e I _
+r [expiap expi(p] —H"expigo.
Tl

klk

Then, the fact that 7', T% > T, and ¥, ol € [-K, K] ae. in Q due to Lemma 4.4 with exp ¥ “’P <c

together with Lipschitz continuity of the map (¢, ¢p, T') +— exp £ wp on [-K, K|? x [T,, o), the bounds
from (4.13) and mes(I'p) > 0 yield from (4.16)

lk_
. o Pn —
¢ !@i’“—%ll%ﬁ/gr(exp = T exp ”T%)(soif—son—soé’“ﬂop) dz

i=n,p
<c Z V(e — @i ||L2</ }a —az‘ ’Vg02|2d33>
l n?p
1
~2 2 = =
fe S ek —soium((/ e e ) 1T Tla )
i=n,p Q
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Due to (4.13) and ||;|| 1 < cp1 the first integral on the right hand side has an integrable majorant. Since by
assumption, the function 7 is bounded also the integrand of the integral in the last line has an integrable majorant.
Thus we can apply for both integrals Lebesgue’s dominated convergence theorem to show that both integrals
tend to zero, and T — T in L2(Q) by assumption. Therefore, in summary it follows anz — @illgr — 0
for the subsequence related to the a.e. convergence of pl* go le .Yt and Vipts . Since by assumption this
subsequence also weakly converges to ¢;, we find that ¢} = (; and that the entire subsequence converges
weakly to ¢;, 2 = n, p.

Since the subsequence was arbitrary, we verified that all weakly convergent subsequences of {(gpfl, 4,0;,)} con-
verge weakly to (¢n, ). Thus by [14, Lemma 5.4] follows (!, gp,fv) — (on, @p) in HY(Q)? for the entire
sequence and therefore cpé — ; in LQ(Q), 1=n,p.

3. It remains to show for the corresponding solutions to (4.8) that 7" — T in L2((2). For this purpose we show
T — T in W'4/3(Q). According to Theorem 4.1 and (4.9) we have ||T"[|yy1,4/s < ¢, yy1.a/5 for all 1. We
show that all weakly convergent subsequences of {Tl} in the reflexive Banach space W1’4/3(Q) converge
weakly to 7'. Then it results 7" — T in WW14/3(€Q) for the entire sequence and therefore T — T'in L2()
which we finally aim to prove. Let for some subsequence {le} and some 7™ € W1’4/3(Q) hold true that
T — T*in WH4/3(Q). We verify that T* = T.

For this purpose we start with further convergences of non-relabeled subsequences, where especially @i’“ — Qi
in HY(Q), i = n, p. Since

~ ! ~ ~ ! ! ~ 1~
|V P - ai!W%’F’ <AF V(e — o) IV | + T Vel [V (0 — i)l + [a) — @[Vl

it follows with (4.5)

~1 l ~ l l l
g a|Vol|* — az'IVsOil2‘ dz < ¢l — @illmllef | m + cleillmlle — eillm
1
+ ([ =PIVl as) loilm.

Note that H(pé’“HHl, llpillzn < cpi. Due to (4.15), Lebesgue’s dominated convergence theorem gives the
convergence to zero of the last integral for a further, non-relabeled subsequence. Hence the right hand side in
the estimate tends to zero.

Moreover, Step 2 ensures (pi’“ — ; in L2(Q), and therefore, for a further, non-relabeled subsequence gpi’“
w; a.e.in §2, i = n, p. Together with

lk_ s On —

7k — 7and exp P exp T% a.e.in (2,

Tl

and the integrable majorant 4 K7 exp Lebesgues dominated convergence theorem gives for this subse-
guence

P = Pn—p
~ _ I” _ Ik o~ rn _¥p _
/Q ‘r (exp = 1) (o — o) r(exp = 1) (¢n gpp)‘ dr — 0
such that in summary

lk_
~1 1 Pn
e im 3 T P (e P 1)t

1=n,p

— h:= Z ai| Vil + (exp SDnT - 1) (on —pp) i LY(9).

i=n,p
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According to Lemma 4.5 we find for the entropy solutions T and T of (4.8) with right hand sides h'* and h,
respectively, that T — T'in W1’4/3(Q). By Theorem 4.1 the solution to (4.8) with right hand side h is unique,
it follows that T — T* = T'in W4/3(Q), for this subsequence.

4. Since we verified for arbitrary weakly convergent subsequences 7% — T* in W1’4/3(Q) that 7" = T we
obtain the weak convergence of the entire sequence T' — Tin W1’4/3(Q). And by the compact embedding
(for d < 3) of W4/3(Q) into L?(€2) we obtain the strong convergence of the entire sequence in L?(£2) which
proves in summary the continuity of the operator (). [

Proof of Theorem 3.1. The set ' is nonempty, convex, and precompact in L?(£2)3. Thus, by Lemma 4.8,
Schauder’s fixed point theorem ensures the existence of a fixed point (¢, ¢p, T') € N of Q. For a fixed point

(en, ¢p, T) € N of the mapping Q we solve By pp, 7% = 0 and calculate n = Nnog<%; %")

and p = Npog<w; %’) Then the quadruple (¢, ¢p, <pp,T) is a solution to problem (3.5) in the

sense introduced in Subsection 3.3. The bounds of the solution stated in Theorem 3.1 result from Lemma 4.1,
Lemma 4.4, Lemma 4.6, Theorem 4.1, and Lemma 4.3. Thus, the proof of Theorem 3.1 is complete. [

Proof of Corollary 3.1. Let (¢, ¢p, Op, T') be a solution to (3.5) with boundary conditions fulfilling (3.7). Testing
the continuity equations by (¢, — 2, 0, — cppD) € H},(2)? and taking into account the relations (3.7) it
results

Pn — Pp

/Q (nunlv(% = @)+ Pl Viep — 0 ) + 7 (exp = — 1) (n — wp)) dz = 0.

Since mes(I'p) > 0, the lower bounds for j1; and  as well as the lower bounds for n and p from Theorem 3.1
and the strict monotonicity of the exponential function ensure that ¢, = gof = cpzj? = @p = const. There-
fore the source term h in the heat flow equation is zero. Thus the Robin boundary condition and the unique
solvability of the heat flow equation lead to I' = T,. Finally with all these information and substituting n
and p by the statistical relation, v has to fulfill the nonlinear Poisson equation (3.8). The unique solvabil-
ity of the nonlinear Poisson equation relies on the Lipschitz continuity and strict monotonicity of the function

Aoy, ,D
s ML) (B o) — 1) o= ot

5 Concluding remarks

Theorem 3.1 gives an existence result for the stationary energy-drift-diffusion model (3.3), (3.4) for organic
semiconductors in two and three spatial dimensions. Here the components electrostatic potential 1) and the
quasi Fermi potentials oy, ), are to be understood as weak solutions to the van Roosbroeck system, whereas
the temperature distribution 1" is an entropy solution to the heat equation.

In two spatial dimensions the following higher regularity of the solutions can be verified.

Corollary 5.1 In the case d = 2, let Assumption (A) and ¢, gp{? € Wo°(Q) be fulfilled. Then there exist

n

Qs Qo> qr > 2 @ndcg,,, Cq,, Cqp > 0 such that for all solutions (1), pn, p, T') to (3.5)

[Pllran < capr l@nllwrae < cgpr llopllwrar < cqps T llwrrar < cqr-

In particular, all four components v, yy,, @y, T' are continuous functions and T' is also a weak solution of the
heat flow equation.

Proof. Let (1, n, ¢p, T') be any solution to problem (3.5) and
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be the corresponding densities. According to (4.13) we obtain
0 < ey < ap:=npp(T,n, |VY|), ap == pup(T,p, |VY]) < ¢, ae.inQ, a,, ap € L°(N).

Due to ||onl|lzee, |@plle < K, also the expression R = R(n,p,T) has a fixed L bound. With the
supposed regularity of npf, npz? and Groger’s regularity result for elliptic equations with nonsmooth data in 2D
(see [19]) applied to

—V - (anVen) =R, —V-(ayVyp) = —R,

we find an exponent g, > 2 and ¢, > 0 with [[©n|lyy1as, [[@pllyra, < cq,. Using the same regularity
result for the Poisson equation with a fixed L>° bound for the right hand side gives a ¢, > 2 and Cqy > 0
with [|4]l;;1.4, < ¢q,,- Have in mind the Assumption (A) for the coefficients € and A. The previous arguments

ensure for h = njin (T, 1, [V1) [Vipn 2 + ppip(T, p, [VO]) [V |2 + Ry — o) that h € L5 () with

a fixed bound for the norm (and with 22 > 1). Thus, for some ¢ > 2 we have h € wh@'(Q)* ¢ H'(Q)*

with % + % = 1. Therefore there exists a unique weak solution T e HI(Q) to the heat equation

—V-(AVT) =h

with Robin boundary conditions. Since Cyy, (T — w) € H(Q) for allw € H () N L=(Q), m > 0, is an
admissible test function in the weak formulation, we find that 7" is an entropy solution (compare (3.5)) to the
heat equation, too. By Theorem 4.1 the entropy solution is unique and we have 1" = T'. Additionally, again by
Groger’s regularity result for elliptic equations in 2D in [19] - now with Robin boundary conditions - there exists
aqr € (2,q) and cq, > 0 with | T'||yy1.0r < cqp. Finally, since d = 2 and gy, q,, g > 2 Sobolev’s

embedding theorem ensures that 1), ¢, ¢, T are continuous functions.  [J

In analogy to the classical, inorganic situation, uniqueness is not generally to be expected. In particular, mea-
sured S-shaped current-voltage characteristics with regions of negative differential resistance for organic n-i-n
resistors in [10] and organic LEDs in [9] underline the thermistor like behavior of organic semiconductor devices.
Even the simplified p(z)—Laplace thermistor model introduced in [25] reproduces this behavior such that for a
certain range of applied voltages there exist different solutions, see [24].

For a similar model frame in the inorganic situation (but assuming also a Dirichlet boundary of positive measure
for the heat flow equation and not Robin type boundary conditions as in the present paper), [18] applies the
implicit function theorem in the scale of Sobolev-Campanato spaces to verify local existence and uniqueness
of solutions for data nearly compatible with thermodynamic equilibrium. Moreover in the inorganic setting, local
uniqueness of the solution near thermodynamic equilibrium has been verified in [15] for models with cross
diffusion and under consideration of thermoelectric powers. There also Dirichlet boundary parts for all equations
are assumed and the heat flow equation was substituted by a balance equation for the total energy. The used
variables are the electrostatic potential, electrochemical potentials divided by temperature and minus the inverse
temperature. The techniques work in 2D and are based on the implicit function theorem and regularity results in
WP with p > 2 for systems of strongly coupled elliptic differential equations with mixed boundary conditions
and non-smooth data.

In the simplified model for organic semiconductor devices investigated in the present paper thermoelectric forces
due to Thomson, Peltier, and Seebeck effects, leading e.g. to cross diffusion terms, were completely neglected.
The next modeling steps for organic semiconductors should also include theses effects and the resulting cou-
pling terms in the balance equations. In this direction, a reformulation of the heat flow equation as an entropy
balance or balance for the total energy as done in [1, 28] or discussed in the earlier papers [5, 6] — all for the
inorganic situation — is desired in order to thermodynamically design energy models for organic semiconductor
devices.
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