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On the L”-theory for second-order elliptic operators in

divergence form with complex coefficients
A.F.M. ter Elst, Robert Haller-Dintelmann, Joachim Rehberg, Patrick Tolksdorf

Abstract

Given a complex, elliptic coefficient function we investigate for which values of p the cor-
responding second-order divergence form operator, complemented with Dirichlet, Neumann or
mixed boundary conditions, generates a strongly continuous semigroup on LP(€2). Additional
properties like analyticity of the semigroup, H°-calculus and maximal regularity arealso dis-
cussed. Finally we prove a perturbation result for real coefficients that gives the whole range
of p’s for small imaginary parts of the coefficients. Our results are based on the recent notion of
p-ellipticity, reverse Holder inequalities and Gaussian estimates for the real coefficients.

1 Introduction

One of the central items when considering elliptic operators is their ‘parabolic behaviour’, such as the
generator property of (analytic) semigroups ([46], [33]) or maximal parabolic regularity ([18], [41]). In
case of second-order divergence operators and real measurable coefficients very satisfactory results
are available even in case of non-smooth domains and mixed boundary conditions. This is due to
the fact that one can prove upper Gaussian estimates for the semigroup on L2, see [28]. From this
one can deduce that the semigroup extrapolates to a consistent semigroup on L? for all p € [1, 0o,
see [45, Ch. 7]. In addition, maximal parabolic regularity on L for all p € (1, 00) can be shown ([37]
and [14]) and even a bounded H*-calculus is obtained [23]. Moreover, it can be shown that these
semigroups on L” are all contraction semigroups ([45, Ch. 4] or [39]). This then allows for another
proof of a bounded H*-calculus via [15] and for maximal parabolic regularity via [42].

Unfortunately nearly all of this breaks down when admitting complex coefficients. The only thing that
obviously remains true is the fact that the L? semigroup extrapolates consistently to strongly contin-
uous semigroups on the spaces L? for all p € (2,,2*), where 2* is the first Sobolev exponent and
2, = (2*)" is the dual exponent. This is a consequence of the inclusion W2 C 1P if p € [2,2%).

Apart of this, compared to the case of real-valued measurable coefficient functions several severe
obstructions appear. We list four of the most striking ones. First, even if there is a consistent semigroup
on L™, this need not be a contraction semigroup [5]. Secondly, the 'parabolic maximum principle’
does not hold, as was pointed out in [6]. Furthermore, an ingenious example in [43] shows that a
distributional solution for the elliptic equation with right-hand side 0 is not necessarily locally bounded.
Finally, thesemigroups may even cease to exist on an LP space with finite p, see [17].

The aim of this paper is to investigate the following two questions: First, given a bounded open set
Q) c R¥with d > 2, and a strongly elliptic coefficient matrix p € L>°(€2; C?*%), for which p does the
elliptic divergence form operator — A := V - uV complemented with appropriate boundary conditions
generate a strongly continuous semigroup on L”? Secondly, if this is true, what additional properties,
such as analyticity of the semigroup, bounded holomorphic functional calculus, and maximal parabolic
regularity does the operator have?

DOI 10.20347/WIAS.PREPRINT.2590 Berlin 2019



A.F.M. ter Elst, R. Haller-Dintelmann, J. Rehberg, P. Tolksdorf 2

It is well-known that there exists an €q > 0 such that —A generates an analytic semigroup on L”((2)
for all p € (1, 00) with

‘ L1 ’ < ! + (1)

- — = -+e¢

p 2 d 0>
see [16) 18, 13, 49]. In the case d = 2, this condition already covers the 1”-spaces for all p € (1, 00).
In general, however, condition () is sharp, i.e., for each p € [1, 00) that satisfies |1/p — 1/2| > 1/d
there exists a strongly elliptic coefficient function 1 € L>°(£2; C%*9) such that — A does not generate
an analytic semigroup on L?(€), see [38]. This raises the issue of quantifying the largeness of & for
given coefficients.

In their pioneering works [10, [11,[12], Cialdea and Maz’ya found a purely algebraic condition between
i and p that implies that — A is accretive on L?(£2). Subsequently, this condition was elegantly refor-
mulated by Carbonaro and Dragigevié [9] as follows. A coefficient function p € L°°(€2; C?*4) is called
p-elliptic if there exists a A, > 0 such that

Re(u(2)§, T,(€)) = Aplé/*

for almost every x € 2 and £ € C¢, where

Re(©) , ilm(g)
P P

Tp(§) :=2< ) (& e C.

It is shown in [9], that given a strongly elliptic matrix 1 € L°°(€2; C%*4) there exists a unique number

2 < po(p) < oo such that p is p-elliptic if and only if p € (po(t)’, po(pt)), where po(u)’ denotes the
Hélder conjugate exponent to po ().

If A is complemented with mixed Dirichlet/Neumann boundary conditions we show in Theorem [3.1

that under very general conditions on €2 the operator — A generates a bounded analytic semigroup on
LP() if

po(ﬂ)d po(p)d
dpo(p)—D+2 ~ P d—2

(@)

This gives a lower bound on €y, namely

L ol) =2)d—2)
- 2po(p)d

The proof of Theorem [3.1|relies on the verification of weak reverse Holder estimates for the resolvent
operators (A + A)*1 which combined with Shen’s LP-extrapolation theorem [48] extrapolates L2-
resolvent estimates to LP. The proof of these weak reverse Holder estimates relies on a Moser-type
iteration scheme and it was the insight of Cialdea and Maz'ya [10] that the p-ellipticity condition is just
the right condition that allows to test the equation with a testfunction of the form |u|P~2u. Subsequently,
a localized version of this testfunction was used by Dindo$ and Pipher [19] to prove the validity of weak
reverse Holder estimates of solutions u that satisfy —V - pVu = 0 in interior balls. In Theorem |4.2]
we give an adapted argument of how to establish weak reverse Holder estimates for balls centred at
the boundary and also for the resolvent equation.

Notice that Theorem [3.1] was independently proven by Egert in [26] by a different approach. Another
version of Theorem [3.1] was proved in [27] with a probabilistic viewpoint instead of explicit boundary
conditions.
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In Theorem we present a perturbation result for real-valued coefficients. We show that, given
a real-valued elliptic matrix s, there exists an € > 0 such that for every v € L>°(Q; C?*?) with
|V]|Lsoc(cay) < € the operator —A associated to the matrix 1 + v still generates an analytic
semigroup on L?(§2) for all p € [1,00). As a corollary one obtains the existence of a ‘threshold’
pe > 2 depending only on the geometry and the ellipticity constants of a complex-valued y such that,
whenever po (/1) > p., the operator — A generates an analytic semigroup on L?(2) forall p € (1, c0).

In our approach one of the the central instruments are De Giorgi estimates. In view of our results,
it seems notaccidental that in [43] the lack of 1.°°-bounds for the solution of the elliptic equation is
brought in connection with the breakdown of the classical De Giorgi arguments.

The bounded analyticity of the semigroup (e‘tA)tZO combined with results in [24] have twofold con-

sequences. One is that A viewed as an operator on L”(€2) with p subject to (2) admits the property
of maximal L?-regularity for all 1 < ¢ < oo. The second consequence is that the operator A viewed
as an operator on the negative scale ng’p(Q) admits maximal L4-regularity for all 1 < ¢ < oo and
p > 2 subject to (2). This is described in Corollary [3.3|and Section[7] respectively.

Finally, in Theorem we give optimal bounds for the operator V(A + A)~! in LP(Q) and the
operator V(A + A)~tdiv in LP(Q,C%), where 2 < p < 2 + ¢ for some € > (. These estimates
imply gradient estimates for the semigroup operators. Notice that this is an analogue of the higher
integrability statement of Meyers in [44]. We remark that the proof also works in two dimensions and
for elliptic systems. It is already known (in the case A = 0) that the bound p < 2 + ¢ is sharp, see,
e.g., the striking counterexample in the plane in [1].

The article is organised as follows. In Section [2| we introduce the geometric setup, discuss the p-
ellipticity condition and present some preparatory lemmas. In Section[3|we formulate our main results
and in Section 4] we prove all weak reverse Holder estimates that are needed to extrapolate estimates
from L2(£2) to LP(2). In Section [5| we prove Theorems [3.1]and [3.4] and in Section 6] we prove the
perturbation result of real-valued matrices, i.e., Theorem Finally, in Section [/] we discuss the
transference of the maximal regularity to the ng’q-scale.

2 Notation and preliminary results

Throughout this paper the space dimension d > 3 is fixed. All Sobolev and Lebesgue spaces are con-
sidered as Banach spaces over the complex field. If A C R? is bounded and Lebesgue measurable
with its Lebesgue measure |A] > 0 and if f € Lj .(R?), then denote by f4 = |A|"! [, f da the

mean value of f over A. The characteristic function of the set A is denoted by y 4.

In the following, we consider a bounded and open set 2 C R? along with a closed subset D C 02
of its boundary. The subset D corresponds to the boundary part where Dirichlet boundary conditions
are prescribed and will be called the Dirichlet boundary. The complementary part N = 02 \ D is
called the Neumann boundary. We denote by

CH(Q) = {vla : ¢ € CX(R?) and supp(y) N D = 0}

the space of all smooth functions that vanish on D. For all 1 < p < oo we denote by p’ the conjugate
exponent to p and we denote by

WP (Q)
W5(Q) = CF(Q)
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the first-order Sobolev space of functions that vanish on D. By the very definition, it is clear that
WBp(Q) is invariant under multiplication by smooth and compactly supported functions. For the record
we state the following two lemmas.

Lemma 2.1. Let1 < p < co andu € W (Q). Ifn € C2(RY), thennu € W ().
Lemma 2.2. Let]l < p < oo andu € WP (Q). Then |u| € WP (9Q).

Proof. Let n € N. There exists a ¢, € C°(R?) such that D N supp ¢, = @ and, moreover,
lenlo — ullwre@) < +. Lete, > 0 and define v, = \/|¢,|> + €2 — ;. Clearly ¢, € C(R?)
and supp ¥, = supp ¢,. So ¥, € C*(R?). Write w,, = 9,,]o. Then w,, € W1 (€2). Choose
en > 0 such that |1, — |@nl[lLers < 2. Now Vi), = Re@nVien) g6 |Veh,| < V| and

Vit

HwnHWgP(Q) < |lullwrr() + 2. Therefore the sequence (w,)nen is bounded in W (€) and it

has a weakly convergent subsequence in WBP(Q). The weak limit is an element of WBP(Q). But
lim,, o0 w, = |u| in LP(£2). Hence the weak limit is equal to |u|. Consequently |u| € W P(Q). O

In the following, we define as usual W5'*(Q) to be the antidual space of W,I:;p/(Q) whenever 1 <
p < 00,

2.1 The geometric setup and related inequalities

The set €2 under consideration is supposed to satisfy the following condition at the closure of the
Neumann boundary.

Assumption N. There exists a constant M > 1 such that for every x € N there exist an open
nelghbourhood U, C R?of 2 and a bi-Lipschitz homeomorphism ®,, from an open neighbourhood of
U, onto an open subset of R? such that @, () = 0,

¢, (U,) = (-1,1)¢,
(U, NQ) = (—1,1)1 x (0,1),
O, (U, NON) = (—1,1)41 x {0},

and such that the Lipschitz constants of ¢, and <I> are both less than M.

We emphasise that the constant M is independent of the point .

In the following, we will frequently intersect ) with a ball B(x, r) so that we introduce the short-hand
notation

Qx,r) = QN B(x,r).

Remark 2.3. Let z € N. Then Assumption N allows to construct a local extension operator F in a
neighbourhood of x by reflection at the Lipschitz boundary, see [49, Prop. 2.3 and Rem. 2.2]. More
precisely, given 0 < r < 1/4 there exists a linear operator E that maps measurable functions on €2
to measurable functions on Q0 U B(x, r/(M+/d)) which satisfies for all 1 < p < oo the estimates

VE [l (s arvay < Clf @) (f € L7())
IVEflloserorvacy < CIVFlu@uancn  (f € WP (Q)).

Here the constant C' > 0 depends only on d, p and M.
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In some situations it is desirable to have Sobolev’s embedding theorem for a function u € W};‘”(Q)
on sets of the form €2(z, ) available, where xy € 02 and r > 0 is small enough. The set Q(x, ),
however, might be very irregular as it might contain cuspidal boundary points at boundary parts where
u does not vanish. A way out is guaranteed if one allows the domain of integration in the integral on
the right-hand side of Sobolev’s inequality to be slightly enlarged. Indeed, this allows to introduce a
suitable superset of (g, r) which is regular enough to employ Sobolev’s embedding theorem there.
A quantitative version of this argument is presented in the following lemma whose proof can be found
in [49, Lem. 5.4].

Lemma 2.4. Let) C R? be open and bounded and D C OS2 be subject to Assumption N. Letp €
[1,00) andu € WiP(Q). Letzy € Qand0 < r < 1/(4M+/d) be such that either B(zo,7) C Q
orzg € OS2 Ifq € [1,00) issuchthat0 < 1/p—1/q < 1/d, then there exists a constant Cs,1, > 0,
depending only on p, q, d and M, such that

1 1/a 1 1/p 1 1/p
(—d/ |ul? dx) < C'Sob{r(—d/ |Vul? dx) + (—d/ |ul? dx) },
r Q(zo,r) r Q(zo,ar) r Q(z0,r)

where o := M2\/a.

Remark 2.5. We will use Sobolev's embedding only in the cases p = 2 and ¢ = 2d/(d — 2), or
p=2d/(d+ 2) and ¢ = 2. In these cases Cs,, depends only on d and M.

To obtain higher integrability properties of the gradient of the solution to elliptic equations a further reg-
ularity property of €2 will be required in the proof. This property is the so-called corkscrew or plumpness
condition of (2¢.

Assumption 2. There exist 7o > 0 and x € (0, 1) such that for all z € 92 and 0 < r < 7 there
exists an z* € Q° such that B(z*, krr) C Q° N B(z, 7).

Remark 2.6. Notice that if {2 satisfies Assumption N, then the plumpness condition is automatically
satisfied in a neighbourhood of IV due to the existence of the bi-Lipschitz coordinate charts. Thus, in

this case, Assumption 2¢ only introduces a condition to the behaviour of € at the Dirichlet boundary
D.

Another condition that is needed for the higher integrability property of the gradient is a plumpness
condition for the Dirichlet boundary. This prevents the interface that separates D and N to have
cusps that reach into the Neumann part.

Assumption D. There exist 5o > 0 and ¢ € (0,1) such thatforallz € DN Nand0 < r < sg
there exists an x* € D N B(x,r) such that B(x*,tr) N N = ().

Under Assumptions N, €2¢ and D one can prove the following Poincaré-type inequality close to the
Dirichlet boundary.

Lemma 2.7. Let ) C R? be a bounded, open set and D C 052 be closed and subject to Assump-
tions N, Q2 and D. Let p € [1,00). Then there exists a constant C' > 0 such that

H“HLP(Q(:E,T)) < CTHVU||LP(Q(z,m);<Cd),

forallu € WP (Q), z € 9Q and0 < r < min{so/2,70/(2t),70,1/(8M~/d)} with B(z,r)ND #
0, where 8 := AM>\/d. Here C > 0 depends only ond, M, p, k and t.

DOI 10.20347/WIAS.PREPRINT.2590 Berlin 2019
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Proof. First of all, let z € dQ and 0 < 7 < 7 be such that B(x,7) N N = ). Letu € W"(€).
Let u be the extension by zero to B(z,r) of u|oe,). Then u € WB”(Q) by [29, Lem. 2.2(b)].
Assumption €€ implies the existence of a point z* € )¢ such that B(z*, kr) C Q°N B(x, 7). By
[32, Lem. 7.16] one deduces that

2d
1) ~ | < i [ =2 G s
( ) d|B(07 1)"id B(z,r)

for almost every y € B(x,r). Notice that w is zero on B(z*, k) so that the mean value integral on
the left-hand side is zero. Taking L”-norms with respect to the variable y € B(z, 1) together with the
boundedness of the Riesz potential [32, Lem. 7.12] yields

_ 2d ~ 2d
ul|r @@y = [tllLeB@r) < ETHVU||LP(B(Q:,T);@) = ETHVUHLP(Q(Q:,T);(Cd) 3)

as required.

Forallz € 0Qand 0 < r < min{so/2,70/(2t),79,1/(8 M)} that satisfy B(xz,7) N N # () and
B(z,r) N D # () the situation is reduced to the previous case as follows. First of all, notice that there
existsaz € NN DN B(x,r) and that B(z,r) C B(z,2r). Employ Assumption D to obtain a
point z* € D N B(z, 2r) such that B(z*,2tr) N N = (). Moreover, let E denote the local extension
operator described in Remark [2.3] By employing the fact Eu = u on Q(z,r) and the triangle and
Hélder’s inequality together with B(x, ) C B(z, 2r) one estimates

| B(x, )|/
ullLe @) < [[Bu — (Bu)oes 20) ||lLeB(z2r)) + WHUHLP(Q(Z*,ZW))- (4)

Note that Assumption N implies that

Bz, )|
Bk el ) IR
QG 2 = © &)

with a constant C' > 0 that depends only on ¢, d, M and p. Then the second term on the right-hand
side of (4) is estimated by (3). It remains to control the term

| Bu — (Ew)a(s 2u)l|Lr(B(z,2r)) -

This is done as in the first part of the proof by virtue of [32, Lem. 7.12/7.16] and gives together with
a constant C' > 0 that depends only on d, p, M and ¢ such that

HEU - (EU)Q(Z*,QLT)HLP(B(z,Qr)) < CT||VEU||LP(B(Z727»);(Cd).

Employing Remarkand B(z,2M?\/dr) C B(x,4M?\/dr) concludes the proof. O

For later purposes, we introduce some more geometric concepts. To do so, denote by H? ! the
(d — 1)-dimensional Hausdorff measure defined on R¢.

Definition 2.8. 1 Anopen or closed set = C R?is called a d-set if there exists a ¢ > 0 such that
2N B(z,r)| > criforallz € Zand 0 < r < 1.

2 A closed set E C R is called a (d — 1)-set if there exist C,c > 0 such that crd=t <
HIYEN B(x,r)) <Crilforalz € Fand 0 < r < 1.
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Moreover, we formulate another assumption. To do so, denote by B’(z’, r') the open ball in R4 with
radius > 0 and centre z’.

Assumption P. Let () C_Rd be open, D C 0N be closed, and set N := 92 \ D. If Q is subject to
Assumption N and o € N N D let ®,, denote the corresponding bi-Lipschitz homeomorphism with
corresponding set U,,,. Then there are ¢y € (0,1) and ¢; > 0 such that

Ha{y € B'(2,r) : dist((y/,0), Py, (Upy, N N)) > cor} > eyt
forallr € (0,1] and 2’ € R¥! with (2/,0) € ®,,(U,, N DN N).
Remark 2.9. Notice that Assumption D implies Assumption P.

Remark 2.10. All stated geometric conditions are fulfilled in case that €2 is a bounded Lipschitz domain
and in case that the interface separating D and N is Lipschitz as well. In particular the cases D = ()
and D = 0f) are included, which will give Neumann and Dirichlet boundary conditions for the elliptic
operator below.

2.2 The elliptic operator
The operator under consideration is an elliptic operator —V - 1V in divergence form. The matrix of
coefficients is assumed to satisfy the following standard conditions.

Assumption 2.11. Let ;1 € L°°(§); C¥*9) be such that there exist numbers c,, c® > 0 with
Il @uiecay < ¢ and  Re(u(2)€,€) > afé]* (£ €C? ae x€Q).
Let 1 € L>°(€2; C¥*?) be subject to Assumption [2.11] Define the sesquilinear form
£ W Q) x WI2(Q) = C, Hu, o] = / (1Vu, Vo) da. ©)
Q

Let A, be the operator in L%(€2) associated to t. It is defined as follows. Let u, f € L?(Q2). Then by
definition u € dom(A,) and Ayu = f if and only if u € W5*(Q) and t[u, v] = Jq, fU d for all
v € W5*(Q). Itis classical that A, is a sectorial operator in L2(2), i.e., there exists a § € (/2 7)
such that

So = {z € C\ {0} : |arg(2)| < 0} C p(—A,)

and there exists a constant C' > 0 such that
IAA+ A2) " fllez) < Cllfllezy (A€ S, f € LA(Q)).
Here the constants C' and € can be chosen to depend only on ¢,, ¢* and d.
To investigate this operator on L?(2) one defines for all p > 2 the operator A, by
dom(A,) = {u € dom(A;) NLP(Q) : Ayu € LP(Q)},
Ayu = Asu  (u € dom(A4,)),

i.e., A, is the part of Ay in LP(£2).

If 1 < p < 2,then A, is defined as the closure of A; whenever A, is closable in LP(£2). To decide
whether A, is closable in L”(£2) one can check whether the adjoint operator on L¥ () is densely
defined by using the following lemma [49, Lem. 2.8]).

DOI 10.20347/WIAS.PREPRINT.2590 Berlin 2019
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Lemma 2.12. Let A C R¢ be a bounded open set, p € (1,2) and let B be a densely defined operator
inL2(A). Then dom(B) is dense in LP(A\) and B is closable in L¥ () if and only if the part of B* in
L¥ (A) is densely defined. In this case (B,)* = (B*),, where B, denotes the closure of B in L?(A)
and (B*),s denotes the part of B* in L (A).

To obtain information about the numbers p € (1, 00) for which a reasonable LP-theory of the elliptic
operator can be established, we introduce the notion of p-ellipticity. The origin of p-ellipticity is con-
tained in the pioneering works of Cialdea and Maz'ya [10, 11, 12, [13]. In [10], Cialdea and Maz'ya
show that the algebraic condition

4 2

p—]y(Re(ﬂ(;c))a, a) + (Re(u(x))8, B) + %(Im(/ﬁ(ﬂf))a,@ - 1?<a’ Im(u(x))B) = 0

for almost every € Q) and all o, 3 € R is sufficient for the operator A to be an accretive operator
in L”(€2). Here Re(u(z)) is the matrix obtained by taking the real part of each matrix element of
p(x). Similarly Im(gu(x)) is defined. The term on the left-hand side can be written as
4 2 2
ﬁme(“(x))o" a) + (Re(u(x))B, ) + 2—9<1m(u($))a, p) - ]7<04, Im(p(2))B)
oo i
— pRe(p(o) +i8), 5 + ),

where o/ = 2a//p. The term on the right-hand side was investigated thoroughly by Carbonaro and
DragiCevi¢ in [9] and we next introduce their concepts.

Definition 2.13. Let p € (1, 00). Define J,: C* — R by
a ip
g0 =2(5+2),

where £ = o + i3 with o, B € R?. Following [9] the matrix 1 is called p-elliptic if there exists a
number A\, > 0 such that

Re{u(z)E, T,(€)) > MJE)P (€€ C aeze). @)

Obviously, a matrix p subject to Assumption is always 2-elliptic and if 14 is in additional real-valued,
then 1 is p-elliptic for all p € (1, 00), see Lemma below. Next, define

A1) = essinf min Re(p(x)E, J,(€))

z€Q  |¢|=1
to be the p-ellipticity constant of . Then p is p-elliptic if and only if A, (1) > 0. Moreover,
Ap(p) = Ay (1)

by Proposition 5.8 in [9]. As a consequence, i is p-elliptic if and only if it is p’-elliptic. Moreover, by [9,
Cor. 5.17] the conjugate coefficient function p* is p-elliptic if and only if y is p-elliptic.

Define

o(p) = essinf ReM.
@geaxci\{o}  [(u(x)E, &)l

DOI 10.20347/WIAS.PREPRINT.2590 Berlin 2019
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In [9] Prop. 5.15] Carbonaro and Dragicevi¢ proved that

Ap(p)

C.

éé(u)—(l—%\é

Ap()o (1)

Ce

This relation separates 1 and p and it implies that p is p-elliptic if and only if
2
1- —) < o).
-5

Since any u that satisfies Assumption is always 2-elliptic it follows that §(x) > 0. Consequently,
there always exists an open interval (pj, po) for some py € (2, 00], such that p is p-elliptic for all
p € (ph, Po)- On the other hand, [9, Cor. 5.16] states that

2,00) 2 p = Ay(1)

is Lipschitz continuous and decreasing. Consequently, there is a unique py € (2, 00] such that i is
p-elliptic if and only if p € (pj, po).

Notation 2.14. For a matrix ;. subject to Assumption denote by po(p) € (2, 00] the unique
number such that p is p-elliptic if and only if p € (po(1)’, po(1t))-

Next, we mention how to quantify a lower bound on by means of the p-ellipticity constant. Let
p€ (1,00)and a, B € R If o/ = 2a/p, then

o) (22 +19). 20 +18) = pRe{ute’ +100. 5 + 2 2 22 (AL i)

for almost every x € €2 and any number 0 < A\, < A, (). In particular, this shows that

’<u( )(%HB) p—+iﬁ>‘ §C~Re<u( )(2—a+1ﬁ) —+1B>

for some constant C' > 0 that only depends on c*®, p and \,,. It follows that there exists some angle
w € (0,7/2) that only depends on d, c*, p and A, such that

() (2 +18), 7 +i5) € 5. (10)

for almost every € Q and all o, 3 € R,

To conclude this preparatory section, we state a short result that quantifies the size of the imaginary
part of 1 by the real part of 11 of a p-elliptic matrix, where p > 2.

Lemma 2.15. Let i be p-elliptic for some p > 2. Then

(p— 1)1/2

Tm ()| ey < [Re(11(2))] (e (11)

for almost every x € (). In particular, if (1 is subject to Assumption then p is p-elliptic for all
p € (1,00) ifand only if Im(p) = 0.
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Proof. Estimating the right-hand side of (8) from below by zero implies that

()30} < o (IReGuelegen (12 + 120 ) 4 o 217 )

for almost every x € Q2 and all o, 3 € RY Taking the supremum over all o € R with |a| = 1 gives

[Tm(p()) 8] < p’(lRe(u(fr))!md) (Z} + %) 4 |1m<u<x>>|£(Rd)|p@|),

Lett > 0, replace 3 by t[3, divide by ¢, and minimize the right-hand side with respect to the parameter
t to obtain

/

1/2 ,
Im(u(x))B] < 2Re(u(x) e (%) 51+ 2 i) e |3

Taking the supremum over all 3 € R< with | 3| = 1 shows (T1).

Notice that for p — oo one concludes that Im () = 0 if i is p-elliptic for all p € (1, 00). On the other
hand, if Im () = 0 a direct calculation shows that y is p-elliptic for all p € (1, c0). O

3 Formulation of the main results

The first main result provides an interval in (1, 00) in which one obtains resolvent bounds for the
operator A,.

Theorem 3.1. Let Q) C R? be open and bounded, where d > 3. Let D C 052 be closed and set
N = 00\ D. Adopt Assumption N and let ;i € L>(£2; C4*9) be subject to Assumption Then
forallp € (1,00) that satisfy

po(ﬂ)d po(ﬂ)d
dipolw) — 1) +2 '~ d—2

the operator A,, is sectorial. This means, there existf € (m/2, ) and C' > 0 such thatSy C p(—A,)
and

(12)

IAA+ 4p) " fllee) < Cllfllrey) (A€ Se, f € LP(Q).

Finally, given v > 0, the constants 6 and C' can be chosen to depend only ond, p, M, c,, c* and ~,
whenever Amax(2, d=2 p)(,u) > 7o if p > 2 and with p replaced by p’ ifp < 2.

We shall prove Theorem in Section 5| This theorem has the following direct corollary.

Corollary 3.2. Let Q) C R? be open and bounded, where d > 3. Let D C 05 be closed and set
N = 99\ D. Adopt Assumption N and let i € L>°(§2; C4*4) be subject to Assumption Then
for every p € (1,00) that satisfies condition the operator —A,, generates a bounded analytic
semigroup (e~47),>o on LP(Q).

Let X be a Banach space, —.A the generator of an analytic semigroup on X, 0 < T < oo and
1 < q < oo. Consider the problem

u'(t)+ Au(t) = f(t)  (0<t<T),
u(0) = 0.
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We say that .4 has maximal L?-regularity if for every f € L?(0,7"; X') the unique mild solution

u(t) = /Ot e 94f(5)ds  (0<t<T)

satisfies u(t) € dom(.A) for aimost every 0 < ¢t < T and Au,u’ € 1.9(0,T; X). Since maximal
L4-regularity is independent of ¢, we will simply say maximal regularity.

Under Assumption N, Egert has shown in [25, Thm. 1.3] that the H*-calculus of A,, is bounded with
corresponding H>-angle less than 7/2 whenever —A, generates a bounded analytic semigroup.
Since the boundedness of the H>-calculus with angle less than 7/2 in turn implies that A, has
maximal regularity for every 0 < T" < oo by [40, p. 340], we have the following corollary.

Corollary 3.3. Let () C R? pe open and bounded, where d > 3. Let D C 0f) be closed and set
N = 00\ D. Adopt Assumption N and let ;i € L>°(£2; C4*4) be subject to Assumption Then
for every p € (1,00) that satisfies condition and for every 0 < T < oo the operator A, has
maximal regularity.

The next theorem provides optimal estimates for gradients of resolvents. Hence it gives optimal es-
timates of the gradient of the solution to the resolvent equation. In particular, a higher-integrability
estimate for right-hand sides in L?(£2) with 2 < p < 2 + ¢ is derived. In the case A = 0 and for
Dirichlet boundary conditions this resembles a classical result due to Meyers [44]. The result of Meyers
essentially states that there exists an € > 0 such that forall 2 < p < 2+ ¢ the gradient of a solution to
an elliptic equation with right-hand side in W=7 (Q) lies in L?({2) as well. The theorem below gives
a corresponding result for the resolvent problem including quantitative estimates with respect to the
resolvent parameter \. Note that additional geometric assumptions are required in order to obtain the
existence of this number ¢ > 0.

Theorem 3.4. Let ) C RY be open and bounded, where d > 3. Let D C 0f) be closed and set
N = 0Q\ D. Adopt Assumption N and let i1 € 1.>°(Q; C?™*?) be subject to Assumption Let
p € (1,00).

(a) If

po(ﬂ)d
<2 13
Ao D12 - P= 19

then dom(A,) € W (2). Moreover, given ~y, > 0 there exists a constant C' > 0 such that
NIV +Ap) " fllis@en < Cllflline) (V€ Se, fELP(Q).  (14)

Here C' > 0 depends only ond, p, M, c,, c® and ~y,, whenever Amax@ a2 p,)(u) > 7o and 6
denotes the angle as in Theorem(3.1]

(b) If in addition Assumptions €2 and D are satisfied, then there exists an ¢ > (0 such that
dom(A,) € WZP(Q) for all

2<p<2+e. (15)
Moreover, there exists a constant C' > 0 such that is valid. Here C',e > 0 depend only

ond, p, k, L, Ty, So, M, ce and c®.
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(©) If in addition Assumptions ()¢ and D are satisfied, then there exists an € > (0 such that the
operator V(A + A,)~! div extends from C°(2; C%) to a bounded operator on 1P (£2; C¢) for
all

24¢e) <p<2+e
and \ € Sy. Furthermore, there exists a C' > 0 such that
IV + A) 7 div flloen < Cllfls@esn (A€ So, f € L(QCY).

Here e > 0 is as in[(b) and C' > 0 depends only ond, p, Kk, i, ro, So, M, ce and c®.

We shall prove Theorem [3.4]in Section

Remark 3.5. An analogue of Theorem [3.4[b)| and (c) for elliptic systems with L>°-coefficients follows
literally by the same lines of proof and it holds also in two space-dimensions.

—tA

The representation of e *“*» by the Cauchy integral formula directly leads to the following corollary.

Corollary 3.6. Let Q) C R? be open and bounded, where d > 3. Let D C 05 be closed and set
N = 09\ D. Adopt Assumption N and let ;i € 1.>°(£2; C4*?) be subject to Assumption Let

pE (%, 2|. Then there exists a constant C' > 0 such that

IVe ™ fllipcn < CE2 fllo@  (F €L(Q), ¢ > 0).

If in addition Assumptions Q)¢ and D are satisfied, the same estimate holds for allp € [2,2+¢), where
e > 0 is as in Theorem[3.4(b)} Moreover, there exists a C' > 0 such that

Ve ™ div fllLpcsy < O I fllurey  (F € LP(;C7), ¢ > 0)
forall(2+¢) <p<2+e.

Remark 3.7. Let Q@ C R? open, D C 02 closed and N := 99 \ D subject to Assumption N.
In [25], Egert proved under the assumptions that € is a d-set and D a (d — 1)-set that there exists
an € > 0 such that for all numbers p that satisfy or the operator A}/ WE(Q) — LP(Q)
is an isomorphism. Direct consequences of this isomorphism property are the gradient estimates in
Corollary We emphasise that the gradient estimates in Theorem are valid for all p < 2
subject to without any additional assumptions to €2 and D. We note that for the estimates in
Theorem for the case p € [2,2 + &) neither Assumptions €2° and D imply the assumptions
made by Egert nor do the assumptions made by Egert imply the Assumptions €2¢ and D. Vividly
spoken, our Assumptions €2¢ and D allow for the presence of outward cusps in the Dirichlet part while
Egert’s assumptions allow for the presence of inward cusps and slits in the Dirichlet part. Note that
under Assumption N these cusps cannot accumulate towards the Neumann boundary.

Our final result concerns the perturbation of real-valued matrices of coefficients 11 by complex-valued
matrices. We obtain semigroups which are consistent on L (€2) for all p € [1, 00). As a consequence
also all resolvent operators are consistent on L”(€2) for the full range p € [1, 00). We emphasise that
the semigroups are no longer quasi-contractive for all p € [1, c0).
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Theorem 3.8. Let ) C RY be open and bounded, where d > 3. Let D C 0f) be closed and set
N = 90\ D. Assume that Q) is a d-set and adopt Assumptions N and P, Finally let ju € 1.°°(£); R%*?)
be a real-valued coefficient function subject to Assumption[2.71]

Then there exists ane > 0 such that for all (complex valued)v € L>(2; C**?) satisfying ||v|| 1 (0.c(cay) <
¢ the L%-realisation Ay = —V - (uu + v)V is m-sectorial. Moreover, for all p € (1,00) the operator
—A, generates an analytic Cy-semigroup on LP(2). These semigroups also extend to an analytic
Cy-semigroup on Ll(Q). The semigroups have a kernel with Gaussian bounds, that is, there are

b, c,w > 0 such that for allt > 0 there exists a measurable K, : ) x Q) — C that satisfies

lz—y[?

|Kt(x,y)|§ct_d/2e_b i et

forallt > 0 andx,y € €, and
(€ u)(w) = [ Kalo)uly) dy
Q

forallt > 0,p € (1,00), u € LP(Q2) and = € ). The constants ¢, b, ¢ and w can be chosen to
depend only on d, M, c,, c®, o, ¢y and c1. Here o > 0 is such that | B(z,r) N Q¢| > ar? for all
x € 9Q andr € (0,1].

We prove Theorem[3.8]in Section[g] A combination of Theorem [3.8 with Lemma establishes the
following corollary.

Corollary 3.9. Let Q) C R? be open and bounded, where d > 3. Let D C 05 be closed and set
N = 0Q\ D. Assume that Q)¢ is a d-set and adopt Assumptions N and P. Given c,,c® > 0 there
exists ap, > 2, depending only on c,, c*, d, M, a, ¢y and ¢y, such that for every i € L>°(£2; C?*9),
that is subject to Assumption with constants c, and ¢* and satisfies po(p) > p., the operator
—A, generates an analytic Cyp-semigroup for all p € (1,00), which is consistent with an analytic
Co-semigroup on L*(Q)). Here a > 0 is such that |B(x,r) N Q°| > ar? for all x € 99 and
r e (0,1].

4 Weak reverse Holder estimates for resolvent equations

Throughout this section let 2 C R be open and bounded, where d > 3. Let D C 0f) be closed and
set N = 00\ D. Adopt Assumption N and let i € L>°(£2; C?*?) be subject to Assumption In
order to prove Theorem [3.1} we show the validity of weak reverse Hoélder estimates for the resolvent.
More precisely, let u € W;*(€2) be a solution to

)\/uidx+/<,uVu,Vv> dz =0,
Q Q

for all v € W3(Q) with supp(v) C B(zq, 2r). Then for any p € (2, dpo()/(d — 2)), we prove
that there exist constants C' > 0 and ¢ € (0, 1) such that

1 1/p 1 1/2
r Q(zo,cr) r Q(z0,27)

For interior balls and in the case A = 0 this inequality was proven by Dindo$ and Pipher in [19] which
follows the ideas of Cialdea and Maz’ya [10]. We choose, however, a slightly different approach that
allows to treat balls centred at the boundary.
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To begin with, we introduce the following cut-off function. For all 0 < § < L define | - |5.: R —
(0,00) by |x|s =0 V |x| A L. So

5 if|z] <9,
|zl = < |x] ifo < x| <L,
L it|z] > L.

In order to prove the weak reverse Holder estimate, we will test the resolvent equation with the test-
function
. 2 -2
v = ntluly o,
where 7) is a suitable cut-off function. To do so, we need the following lemma.

Lemma4.1. Ifp € [1,00),0 < § < L andu € W5 (Q), thenw := ]u|§7_L2u e W5 (Q).

Proof. There exists a sequence (uy,)nen in C%(£2) such that u,, — uasn — oo in WhH2(Q).
Passing to a subsequence if necessary, we may without loss of generality assume that u,, — u
and Vu,, — Vu almost everywhere as n — oo. For all n € N define w,, = ]un]f;’fun. Then
dist(supp(wy,), D) > 0. If n € N, then
—2 —2 —2
Jwn = wllLa@) < [[(lualsy” — luls )ulliz@) + [ual§ L (un — w2

< p—2_ p—2 6p_2 Lp—2 o (16)
< N (unlsy” = luls ) ullize) + max{6”™, L7 H|u, — ullrz(o).

Hence lim,, o, w, = w in L?(2) by the L?-convergence of (u, ),y to u and the dominated con-
vergence theorem.

Notice that w is weakly differentiable with weak derivative
ojw = |u|§’228ju +(p— 2)X{5<|u‘<L}|u|p_4uRe(U8ju).

The same formula is valid for ijn with u replaced by w,,. Write shortly x,, ‘= X{s<Ju,|<L} and
X = X{s<[u<L} in the following. The convergence of the sequence (]un]f;’fajun)neN to ]u\gfﬁju
in L2(92) follows as in (T6). Hence it remains to estimate

1|t [P~ Re (W, 05u,) — X]u|p_4uRe(ﬂ8ju)HLz(Q)
This is bounded, using the triangle inequality, by
L? max{6"~*, L""*}|0jun — Ojullrzia) + || Xn|un [P unRe(@,05u) — x|ulP~*uRe(ud;u)||r2(q)-

The first term converges to zero as n — oo by the L?-convergence of (Vu, )nen to Vu. For the
second term, introduce the sets

Co={zxeQ:|ulx) e (L)}, Cr={xecQ:|u(x)]el0,0)U(L,ox]},
Co={zeQ:|ulx)|=76, Cy={xrecQ:|ulx)=L}

and decompose the domain of integration to deduce the inequality

Hxn|un\p’4unRe(u_n8ju) - X\u]p"luRe(ﬂ@ju)HLz(Q)
3
< Il un Re (o) L2y + Xnl " unRe(@05u) — x|ul’ ™ uRe(m0;u)]||L2(cy)-
k=1
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Since limy, o0 Xon|un [P~ *u,Re(u,0;u) = x|uP~*uRe(ud;u) almost everywhere on Cj, the last
term tends to zero for n — oo by the dominated convergence theorem. Similarly the integral on C}
tends to zero. Next, if Cy is not a set of measure zero, then aj\u| = 0 on C5 almost everywhere
by [32, Lem. 7.7]. This implies that Re(wd;u) = 0 on C5 and hence

Re(w,0;u) = Re (%ﬂ@u) = —Im(un__ U)Im(ﬂﬁju) on Cs.

u

The same holds on C5. Now, the dominated convergence theorem implies that the remaining terms
on the right-hand side converge to zero.

We proved that lim,,_, w, = w in WH2(Q). It remains to prove that w,, € W *(Q) for all n € N.
Since W *(Q) is a Banach space this implies that w € W;*(12).

Letn € N. By definition of the space C(€2) there exists a ¢ € C°(R?) such that supp(p,, )N D =
() and u,, = ¢|q- Let (px)ren be a standard approximation of the identity. For all & € N define

fe = (el e) * pr.

Then f;, € C°(R%) and if k is large enough then supp(fi) N'.D = 0. So frlo € W5 (Q) if k is
large enough. Since limy_, fx|o = |un\§fun = w,, one deduces that w,, € WBQ(Q). The proof
is complete. O

Now, we are in the position to prove the validity of the weak reverse Hoélder estimates of the resolvent
problem.

Theorem 4.2. Let ) C RY be open and bounded, where d > 3. Let D C 00 be closed and set
N = 9Q \ D. Adopt Assumption N and let ;i € 1L>(2; C?*%) be subject to Assumption If
p € [2,p0(1n)), then there exists a @) € (m/2, ) such that for all \ € Sy, zo € QL andr € (0, M/4)
the following is valid. Letu, € W ;*(2) with

/\/uﬁdx—i-t[u,v] =0
Q

for allv € W5 (Q) with supp(v) C B(xq, 2r). Then there exist C > 0 and ¢ € (0, 1) such that
u € LPY@=2)(Q) (2, cr)) and

d—2 1

1 Z 1 2

(—d/ |u|dpfdz dx) < C(—d/ |u)? dx) :
r Q(z0,cr) r Q(wo,27)

For given ~y > 0 the constants C and  can be chosen to depend only on d, p, M, c,, c* and v, as
long as A, (1) > o and ¢ can be chosen to depend only on d, p and M.

Proof. FixT € C2°(R%) suchthat 7|p(,1) = 1,0 < 7 < landsupp C B(0,2). One can arrange
that ||V 7| < 2.Letxg € R?and r > 0. Define n € C(R?) by n(z) = 7(r~*(z — x)). Then
n € CX(B(x0,2r)), 0 < n < 1, 0B@ery = 1 and [[Vn|jre < 2/r.Let0 < 6 < L. By
Lemmas [2.1]and 4.1l the testfunction

vi=nPluffCu

satisfies v € Wp;*(€2). Next, define ¢ = |u|"z" u and Qs = {0 < |u] < L}. Then |g0|%g0 =
|u|P~?u. On the set s 1, one establishes with [32] Lem. 7.6] that

V(¢ ¢) = V(lul~2u) = uV a2 + [0 "2Vu = uV|ul2,? + [ulf*Vu = V(|ulf, ).
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—2
Consequently, Vv = V(2|¢| 7 ¢). Using [32, Cor. 7.7, the definition of ¢ and the product rule one
deduces that

tlu, v] = /(uVu,V(n2|u|§7L2u)> dx
0

= o2 / 1*(uVu, Vu) dz 4 2672 / n{uVu,uVn) dz
{|u|<68} {lul<d}

+ LP2 /{| | }772<uVu, Vu) dz + 2Lp2/{ n(uVu,uVn) dz
u|>L

lu|>L}

4 / WV (o5 ), VLol 5 ) da
é,L

Introduce the functions ® := Re(sgnpVy) and ¥ = Im(5gn @V ), where sgn z = itz e
C\ {0} and sgn 0 = 0. Then

Vip| = @. (17)

Relying only on the definitions of  and ¥, the product rule and one calculates

/ V(™7 9), V(Ple| 7 ¢)) dx
Qs.1,

20 20 4
:/ 7]2<,u<— —H\Il), (—/ + 1\I/>> dr + —/ n{u®, |p|Vn) dx
Qs.1. p D P Jas,
+2i/ (¥, [|Vn) dz.
Q5,1

Since A fQ uwv dx + t{u, v] = 0, a combination of the previous calculations and a rearrangement of
the terms gives

/\/ 772|U|§7_LQ|U|2 dx + (5p_2/ n*(uVu, Vu) dz
Q {lul<d}

2¢ 29
—|—Lp_2/ n* (uVu, Vu) dx—i—/ 7]2<,u(——|—i\11>, (—/+i\11>> dz
{lu|>L} Qs.1, p p
4

=— —/ n{pd, |o|Vn) dv — 21/ n{u¥, |o|Vn) do
p Qs.1, Qs 1,

— 26P2 /{ . n(uVu,uVn)y doe — 2Lp_2/{ n(uVu,uVn) dz.
u|<

lu|>L}

We next determine the angle 6 for the sector Sy for A. Ellipticity of 12 gives the estimate [Im(u(x)¢, &)| <
€] < ERefu(x)€, €) forall € € C* and almost every z € (2. Define

2 o
Oy = arctan( < > € (0,%).
Then (u(x)&, €) € Sy, for all € € C? and almost every x € €). Hence

5p_2/ " (uVu, Vu) dz € Sy, and Lp_2/ 7 (uVu, Vu) dz € Sy, .
{lul<s} {

[ul>L}
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Furthermore, by virtue of there exists an w € (0, 7 ), depending only on c*, p and o, such that

/Q&L n2<u(% +n11) (2]3—? + 1\1/)> dz € S_.

Choose
9. 3 max{fy,w}
S 4 2 7
then # > /2 and
3 0
0 + max{fy,w} = Zﬂ + w < .

Notice that this implies that there exists a Cg,w > () such that
|ZQ| + |Z3| + |Z4| S |21| + |ZQ| + |Z3| + |Z4| S 097w|21 + Z9 + Z3 + Z4|

forall 21 € Sy and 2o, 23, 24 € Smax(fo,w)- Hence if A € S, then

5”_2‘/ " (uVu, Vu) dx‘
{lul<s}

/{|u|>L} i, V) da + | /QM (% +iv), (2]3—(? +iv) ) do|

A / 0 lulsul? de + 672 / n*(uVu, Vu) dz
Q {lul<s}

+ L2 /{U>L} n*(uVu, Vu) dz + /QM T]2<,u<% + 1\11) (é + 1\If)> dx‘.

Using the ellipticity of 1« together with @) and the condition A, (1) > 7, on the left-hand side and
on the right-hand side yields

c.6p2/ n?|Vul? dr + c.LpZ/ n?|Vul? do
{lu|<d} {lul=L}

2
+ﬂ n |<I>|2 dx+p%/ 172|\If|2 dz
QgL 2 Qé,L

+ L2

S Cﬂ,w

4
SC'Ce,w{—/ n®||eVn| dx+2/ In¥||eVn| dz
P Jas,

Q5,1

+ 2072 /{ | 6}!WUHuvn\ d:z:+2L”_2/{ [NV ul[uV] dﬂf}-
ul<

|ul>L}
Use the properties of the cut-off function 7 as well as Young’s inequality to derive the estimates

2

4 402,
—C°Ce7w/ n®||eVn| do < —/ | dx + —% '2/ |o]* dz,
p Q&,L pﬂyor QgYLﬂB(:L'Q,QT‘)

2

2C
QC'Ce,w/ |Vl de < P20 [ 2w de + 0 '2/ |o|* dz,
Q&L 2 Qg’L pror Qs LﬂB(SEo,QT)

> / n?|Vul? do
{lul<d}
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25p_2c.2002,w 2
27 o juf? d
CeT" {|u|<8YNB(zo,2r)

and

col P2

L
2Lp2C.Cg7w/ InVul||uVn| dx < / n’|Vul? dz
{ul2L} 2 Juizny

20P72c°2C2 2
CoT" {lul>L}NB(x0,2r)

Combining these estimates with (T9), while incorporating the fact that » = 1 on B(x¢,r) and rear-
ranging yields

2
c.6p_2/ (Vul? dz + c.Lp_2/ |Vul? dz + il |®* do
{|u|<8}NB(zo,r) {|u|>L}NB(zo,r) b Qs,.NB(xo,r)
4C3 (3
= —2{— / |o]? da
r P Qs,,NB(x0,2r)

§p—2 p—2
+ / u|? do + / |u|? da:}.
Co  J{|u|<8}NB(x0,2r) Co  J{|u|>L}INB(m0,2r)

(20)

p=2
Next, define analogously to the function  the function w51, := |u|;7 u. Then Lemmasand
imply that |s.,| € W5*(€). Define o .= M?+/d and recall that 2* = 2d/(d — 2). An application of
the local embedding Lemmal2.4]to |¢s, 1| together with ({7) gives
. 3
2 da:)

1
1 2" (9 . 2% 1
<—d/ |U|5?L(p uf? dl“) = (—d/ 05,1
r Q(zo,r/a) r Qzo,r/a)
| g :
< CSob{ (—d/ |D? dx) +T<—d/ 62| Vul? dx)
r ngLﬁB(xo,T) r {‘U‘S(S}OB(IOJ’)
1 : 1 2 2
(g ) ()}
T T '
{|u|>L}NB(x0,r) Q(zo,r)

where we used that |V |u| | < |Vu|. Apply (20) to the first three terms of the right hand side and split
the integral in the fourth term in three parts. Then

1 1
1 2" (p . * 1 2
([ i ae)” <cf (4] P de )
r Q(zo,r/a) ' r Qs ,NB(x0,2r)
1 —2 2 % 1 —2 2 %
+{ = O ulfdr ) + | = LP~*|ul® dx :
" J{u|<8}nB(xo,2r) T J{u|>L}NB(x0,2r)

for some constant C' > 0 that only depends on d, p, M, c,, ¢* and 7. Now assume for a moment
that u € LP(£2(xo, 2r)) and use Fatou’s lemma to deduce from (27)
1
* 2*
2 dx)

1
]. * % 1 2 -
(_d/ WQTP dﬂf) < lim inf (—d/ ’“‘52/;@ 2)]u
T JQ(zo,r/a) 5—0 Sz r /o) :

L—oo

1 3
<C|— |ul? da
™ JQ(xo,2r)
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For further reference, we rephrase this fact with a slight modification of the notation. We proved that

2

1 2%g 2%q %
- lu| =" dz <C lu|? da (22)
™ JQ(xo,R/c) Q(z0,2R)

forall 7o € Q, R > 0and q € [2, po())

Now we iterate to obtain the desired weak reverse Holder estimate. For this purpose, let zg €
Qr € (0,5) and p € [2,po(p)) with Ay(p) > 0. Letng = min{k e N: p < 2- (%)k} and
define po, - . ., Png11 € [2,00) by

pk;zz.(%)k, itk € {0,...,no—1},
Prnog = D,
__2*
Pro+1 = TP

Since [2,00) 3 ¢ — A,(u) is decreasing by [9, Cor. 5.16] it follows that A, (1) > A,(p) > 7o
and in particular 11 is py-elliptic for all k € {0,...,ng}. Since u € W;*(2) C L7 (), we deduce
from with ¢ = pp and R = r that

1 o\ . \?
— |ulP* dx <C lu|*dz ) .
r Q(zo,r/a) Q(z0,2r)

It follows that u € L' (Q(xq, r/a)).

Next we perform a second iteration step. Another application of applied in the situation where
q = piand R = (2a) 7 'r gives

1 % 1 P1
—d/ |u|P? dz <C —d/ |ulPt dz
r Q(zo,(2a)~1r/a) r Q(zo,r/)

Applying the zeroth iteration step, it follows

1 1
1 P2 1 2
(_d/ Ju[P2 dx) < C(—d/ |ul? dx) ,
™™ JQ(zo,(20)" 17 /) ™ JQ(wo,2r)

where (' is the product of the constants in the respective inequalities. In particular, it follows that
u € LP2(Q(xg, 227 1r)). Continuing this procedure iteratively yields

1

1
1 n 1 2
(—d/ |u|Pro+t dx)p "< C"(—d/ |u)? da:) :
™ JQ(xo,(20) 07 /) ™ JQ(mo,2r)

Altogether, this proves the validity of the desired weak reverse Hélder estimates. O

Following a classical idea, which can be found for example in the book of Giaquinta [30, p. 119],
we establish a weak reverse Holder estimate for Vu. Its proof essentially relies on a subsequent
application of Caccioppoli’s inequality, Sobolev’'s embedding and Poincaré’s inequality. We start with an
adapted version of Caccioppoli’s inequality for mixed boundary conditions and the resolvent problem.

Lemma 4.3. Let Q) C R be a bounded open set, D C OS2 be closed, and let
2c*

Ce

0<0<7r—arctan< >::7r—00.
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Then there exists a constant Cy, g > 0 such that for all \ € Sy, z9 € Q,7 > 0 andu € W5 (Q)
that satisfy

/\/ uv dx + tju,v] =0
Q
for allv € W5*(R2) withsupp(v) C B(zo, 2r) the following is valid.

(@ IfB(xo,2r) N D =10, thenforallc € C

|/\|/ fuf? dx+ﬁ/ IVl dz
Q(zo,7) 2 Q(zo,r)

24%2C, ,C2c*2 1
< ceo,e{uncr f i+ 2ECsCEEL [ dx}.
Q(z0,2r)

Q(z0,2r) Co r?
() I B(xzg,2r) N D # 0, then

. 2d202 CQan 1
|)\|/ uf? d + C—/ Vul? dz < ﬁﬁf (uf? da.
Q(zo,r) 2 Q(zo,r) Ce r Q(z0,2r)

Proof. {(@)]. Since 0 + 0, < m there exists a Cy, 9 > 0 such that || + |22 < Cyelz1 + 22
for all z; € Spand 2o € Sy,. Let n € C(B(x¢,2r)) be such that 0 < 1 < 1, N B@or) = 1
and || V7|~ < 2/r, cf. the proof of Theorem Let ¢ € C and define v := n?(u + c¢). Then
v € W5X(9Q) since B(x,2r) N D = (.Hence

0= /\/QnQUW dz + L(MVU,V(T]2(U+ c))) d
= )\/QnQIu\Q do + )\E/QHQU dx + /Q(nz,uVu, Vu) dz + Q/Qn(uVu, (u+c)Vn) d.
The ellipticity of © implies that
/QT]ZQLVU, Vu) dx € Sy,.

Therefore
\)\|/Q7)2]u\2 dx+c./9772]Vu]2 dz < 09079{])\]]0] /anlu\ dx+2dc’/gn|VuHV77Hu+c| dx}.
Consequently, by Young'’s inequality

2d000,90°/ﬂ77WUHV77HU +c| dz < %/QUZWu]Q dr + 26[20%%”96.2 /Q|V77]2\u + c]* dz

and the term involving the gradient of u can be absorbed into the left-hand side. The properties of 1
then yield

Ce

\)\|/ lu* dz + / |Vul? do
Q(zo,r) 2 Q(zo,r)

2d2Cy, 4C2c*? 1
< Cao,e{P\Hc]/ lu| dz + &—2/ lu+ cf? dx}
Q(z0,2r) Ce T JQ(xo,2r)

. The argument is almost as above, but now one has to choose ¢ = 0, i.e., v = 772u. O

as required.
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We continue by combining Lemma [4.3| with the local Sobolev embedding (Lemma [2.4) and the local
Poincaré inequality (Lemma/[2.7).

Lemma 4.4. Let ) C R be open and bounded, where d > 3. Let D C 05 be closed and set N =
00\ D. Adopt Assumptions N, Q¢ and D, and let j1 € 1L°°(Q2; C?*¢) be subject to Assumption|2.11]

Let) < 0 < K be chosen as in Lemmal4.3 Then there exists a constant C' > 0 such that for all
A€ Sy, 20 €Q,0 <7 <min{se/4,70/(4L),70/2,1/(16 M+/d)} andu € W3*(Q) satisfying

/\/uﬁdx—l—t[u,v] =0
Q

forallv € W;* () with supp(v) C B(zo, 2r) it follows that

1 1
1 1 2 1 1 2%
(—d/ {2l + A2 [Vul}? dx) < C(—d/ (x| + A7Vl }* dx) :
I J(wo,r) T J 2o 8M2/dr)
where 2, = %.

Proof. If B(zo,2r) C €, then Lemma4.3|with ¢ := —up (s, 2r) gives

w/ fuf? dx+/ IVl dz
B(zo,r) B(zo,r)

1
<fWluseasol [ fuldor g [ s g df
B(zo,2r) " JB(xo,2r)

for a suitable constant C' > (. The first term on the right-hand side is controlled by Holder's inequality
and the second term is controlled by means of a Sobolev—Poincaré inequality. This altogether yields

|/\|/ |ul? dx—f—/ |Vul? dz
B(zo,r) B(zo,r)

2 2
1 2 1 e
< C’rd{w (—d/ |u|** d:v) + <—d/ |Vl dx) }
" JB(x0,2r) ™ JB(zo,2r)
0

Now, multiplying by | \|, dividing by ¢, and taking the square root of the inequality leads us to

1 1
(—d/ | \ul? + (\)\MVUDZ dx)
r B(zo,r)

1 ) En 1 ) 5 23
<Ci| = Au[*dz | + (= (IA2[Vul)™ dz :
r B(zo,2r) r B(zo,2r)

Finally, the equivalence of norms in R?, in particular the estimates

(a+b)2<2(a®+1), a*> +b% < (a+b)* and a> +b> < (a+b)*

forall a,b € [0, 00) yield the desired estimate for interior balls.

DOI 10.20347/WIAS.PREPRINT.2590 Berlin 2019



A.F.M. ter Elst, R. Haller-Dintelmann, J. Rehberg, P. Tolksdorf 22

If 2o € 0 and B(zo,2r) N D = (), then we do almost the same, but we take ¢ = —(Eu) (z,,2r),
where E denotes the local reflection operator from Remark[2.3] In this case, Lemma[4.3|gives

|/\|/ |u)? dx+/ |Vul? dz
Q(zo,r) Q(zo,r)

1
< c{WIED sl [ ldot G [ B (B0 ds
Q(zo,2r) r B(zo,2r)

2
1 1 En
< ord{|A||(Eu)on,2r |—/ | dz + (—/ V(B[ dx) }
( 4 d
7% JQ(zo,2r) " J B(xo,2r)

The estimates given in Remark [2.3]imply
2

2
1 En 1 En
(—d/ IV (Eu)* dx) < C’(—d/ |Vl dx) :
r B(zo,2r) r Q(z0,2M2/dr)

where C” > 0 only depends on d and M and

"
|(EU)B(:E0,27")| < _d/ |U| dz.
r Q(m0,2M2\/av')

Using once again the Hélder inequality we arrive at

|)\|/ uf? dx+/ Vul? dz
Q(zo,r) Q(zo,r)

2 2
1 2 1 2
< C”’rd{|)\] <—d/ |u|** dm) + (—d/ |Vul|* dz) }
T JQ(zo,2M2/dr) " JQ(zo,2M2/dr)

Multiplying again by |\|, dividing by r¢, taking the square root and employing the equivalence of norms
in R? as above establishes the desired inequality.

If 2y € O and B(zg, 2r) N D # (), then Lemmal4.3|implies

C
|/\|/ lu|? dz —l—/ |Vul? dz < —2/ lu|? dz.
Q(zo,r) Q(zo,r) r Q(z0,2r)

Now Lemma 2.4 guarantees that

1 1

1 ) /1 ) = 1/1 ) 22
= lu|* dx < Cr — Vul* dz ] + - |ul** dx :
r Q(z0,21) r Q(x0,2M2/dr) TA\T Q(z0,2r)
An application of Lemma[2.7|with p = 2, yields the desired inequality. O

5 From weak reverse Holder estimates to [.”-estimates

In this section we provide the proofs of Theorems and The proofs fundamentally base on
the following LP-extrapolation theorem of Shen [48, Thm. 3.3] which was initially proved on bounded
Lipschitz domains and generalised in [49, Thm. 4.1] to general bounded measurable sets.
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Theorem 5.1. Let ) C R? be bounded and Lebesgue-measurable, letk,m € N, M > 0, and let
T € L(LQ(Q, Ck%L?((L(Cm)) with HTHE(L2(Q;(Ck),Lz(Q;(C"L)) S M Further letp > 2, RO > 0,
s > aq > 1 andC > 0. Suppose that

1 1/p 1 1/2
(5] mrar) se(L [ jrsra)
r Q(zo,r) r Q(zo,017)

forall0 < r < Ry and xy that either satisfy xo € 0S) or B(xg, ar) C ) and for all compactly
supported f € L>(2; C*) with f = 0 on Q(xg, aar).

Then T restricts for all 2 < q < p to a bounded operator in L(L%(; C*), L4(Q; C™)) with an
operator norm that is bounded by a constant depending on d, p, q, ax, ae, C, M, Ry and diam(£2).

Now we are in the position to give a proof of Theorem (3.1

Proof of Theorem[3.1| and Theorem|[3.4(a) By the Lax—Milgram lemma, there are 6, € (7/2, ) and
M > 0, depending only on ¢, and ¢* such that Sy, C p(—A2) and

INA+ A2) " fllez@) S M flley (f € L2(Q), A € Sp,).
Similarly, it follows that
IAZ[[+ A9) 7 div gllizi) < Mlglle@esy (9 € LAQ;CY), A€ Sp,).  (23)

Here the operator (A + Ag)—l div is understood as the solution operator to the equation

)\/Quﬁ dz + t{u,v] = —/Q(g, Vu)yde  (ve W5 (Q)).

Let 2 < p < po(p). Furthermore, let 6, € (7/2,7) denote the angle obtained in Theorem
Define # := min{#;,0,}. Let 0 < ¢ < 1 be the constant (which only depends on d, p and M) as in
Theorem[4.2] Let C be as in Theorem[4.2] Note that C depends only on d, p, M, c., ¢* and 7. For all
A € Sy define

Ty: L3(Q; C7) = L2(Q; C*Y, Ta(f,g9) = ( AA+ Ay)7Lf ) |

IA|Z(A+ Ay)divyg

let 0 < r < cM/4 = Ry and zy € ). Suppose either 7o € 9 or B(xg, (3/c)r) C €. Let
(f,g) € L=(Q; C'*4) and suppose that (f, g) vanishes on Q(xq, (3/c)r). Then

d—2

1
1 pd_ pd 1 2
(_d/ Iek= dm) gc(—d/ IT\(f,9)I dx) :
r Q(zo,r) r Q(=o,(2/c)r)

by Theorem[4.2] Taking v = 2/c and iy := 3/c it follows from Theorem [5.1]that T} restricts to a
bounded operator on LI(€2) for all ¢ € (2, pd/(d — 2)). Moreover, the operator norm is bounded by
a constant that depends only on d, p, g, M, ¢, C, M, 7o and diam(£2). This implies that there exists
a constant C' > 0 such that

AN+ A2) ™ flleo) < Cllflleaey (f € LURQ), A € Sp)
and

NI+ A2) "t div glloe) < Cllgllagen (9 € LU CY), A€ Sp).
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Since A, is the part of Ay in L(2) this immediately yields Sy C p(—A4,) and (A + Ay) 7' f =
(A+ A, fforall f € LI(Q) and A € Sy. Consequently, A, is a sectorial operator in L¢({2) and
by [34, Prop. 2.1.1(h)] it is densely defined. Now Lemmayields that (A§)q/ is well-defined and
by duality it is sectorial of the same angle. The operator A3 is the divergence form operator that is
associated to the matrix 4*. Finally, since (1*)* = p and because po(it) = po(p*), by [9, Cor. 5.17],
we find by the argumentation above with p replaced by p* that A, is well-defined and sectorial.
Moreover, the gradient estimate in Theorem foIIows by duality as well. Since 2 < p < po(u) is
arbitrary this concludes the proof. O

The proof of Theorem and|[(c)|is similar.

Proof of Theorem([3.4(b) and|(c)} Dualising implies the estimate
A2V + A2) 7 fllizoen < Ml fllee  (F € L(9),X € Say).
Moreover, the Lax—Milgram lemma implies the validity of
IV(A+ A2) 7 div gllie ey € Mllgllzesy (9 € L2(2CY), A € Sy,).

Let fo € (m/2,7) denote the angle as in Lemma |4.3 and define § := min{6;, 0 }. Define the
operator

AN+ Ay)7Lf
AEV(A+ A7 f
IA|Z(A+ Ay)divyg
V(A + Ay)~tdivyg

Sy: LH(Q; CHFY) — L2(Q; CHIF) Sy (f,9) =

which defines a uniformly bounded family of operators on L2,

Let 0 < r < min{sg/4,70/(41),70,1/(16M+/d)} and let z, € Q satisfy either z; € O
or B(zo, 16M?Vdr) C Q. Let (f,g) € L>®(€;C*?) vanish on Q(x0,16M?V/dr). Then by
Lemma [4.4]there exists a constant C' > 0 such that the weak reverse Hélder estimate

1 . \? 1 o\ 2
= Sy(f, )" dx ) <C(— |Sx(f; g)[4+2 dz
™ JQ(zo,r) ™ JQ(xo,8M2/dr)

is valid. By [49] Lem. 4.2] the weak reverse Hélder estimate is even valid for all zy € R? with a
different constant C' (independent of x and r). Consequently, the self-improving property of weak
reverse Holder estimates, see e.g., [31, Thm. 6.38], establishes the existence of an £ > 0 such that
the weak reverse Holder estimate

1 ’ 1 2
(—d [ isor dx) < o(—d / 529 dx)
™ JQ(xo,r) ™ JQ(x0,8M2Vdr)

is valid for all 2 < p < 2 + . It follows that S) restricts to a uniformly bounded family of operators
from L9(£2; C*4) into L4(Q; C1+a+1+4) for all 2 < ¢ < 2 + €. Noticing that the boundedness of .S
implies the boundedness of the operators in each row proves the theorem. O
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6 Perturbation of real-valued matrices

This section is devoted to the perturbation theory of elliptic operators with complex coefficients. First,
we record the following lemma that shows that p-ellipticity is stable under small perturbations of the
coefficients.

Lemma 6.1. Let Q2 C RY be open and bounded, where d > 3. Let i1 € L>(92; C?™*%) be subject
to Assumption|2.11| Let v € L>°(Q; C**?) and suppose that ||V || (a;c(cay) < Co. Then i+ v is
subject to Assumption Moreover,

11
Ayl v) 2 Ayfy0) = 2ma () Il ecen)

for allp € (1,00). In particular, if 1 is p-elliptic and 2 max( zla’ 1%

W+ v is p-elliptic.

MvllLes@iecay < Ap(u), then

Proof. The first part is easy.

Leta, B € RY. Write § = a+if3. Letz € Q. Then | 7,(£)|? = ﬁ]a|2+%\5]2 < 4dmax(;, o) €%
So

11
(@), TN < Illmaueen O] < 2max (=) Il @ueccn &P

and the lemma follows. O

Next, we prove Theorem Recall that Lemma [2.15] states that p is p-elliptic for all p € (1, co) if
and only if Im(x) = 0. Thus, Theorem cannot be concluded by perturbing the p-ellipticity as in
Lemma and then by applying Theorem [3.1]Instead, the proof is based on the Gaussian kernel
estimates obtained in [29, Thm. 7.5], which were a consequence of De Giorgi estimates for the op-
erator A,. The De Giorgi estimates allow to have a (complex) perturbation. This was shown first for
operators on R? by Auscher [2, Thm. 4.4]. We modify the proofs in [2] and [29] for our situation. In the
proof we need the next well-known lemma of Campanato, which allows for the perturbation of the De
Giorgi estimates, cf. [31, Lemma 5.12] or [30, Lemma Ill.2.1].

Lemma 6.2. Forallc, o, 3 > 0 with > (3 there existe > 0 and ¢ > 0 (depending only on ¢, o and
() such that the following is valid.

Let B> 0,Ry > 0,andletV: (0, Ry] — [0, 00) be an increasing function with the property that

U(r) < c((}%f +2)U(R) + BR?

forallr,R € Rwith0 <r < R < Ry. Then

r

W(r) < 5((E)ﬂ\y(3) + Brf)

forall0 < r < R < Rg.

In the forthcoming proofs it will be important to not emphasise the set D, where functions in W}J’Q(Q)
vanish, but to emphasise the complementary set N = 92\ D. Thus, in order to simplify the notation,
we introduce

W) = W2

8Q\N(Q)'
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Moreover, for all z € R% and r > 0 we shall write in the following N (z,7) = N N B(x,r) and
Q(z,7) = QN B(x,r), where Q willbe (—1,1)%"! x (0, 1). Recall that we already write (z, )
for QN B(z, 7).

Definition 6.3. Let 2 C R? be open, N a relatively open subset of 9 and A C 9\ N be
closed. Let u € L(2; C¥?) subject to Assumption and let A, be the associated operator.
Let ko € (0,1), cpg > 0and T C Q be a set. Then we say that A, satisfies (ko, cp)-De Giorgi
estimates on Y for functions vanishing on A and Neumann boundary conditions on NV if

d-2+2x
/ Vul? dz < cpg (}%) O/ |Vul? dz
Q(z,r) Q(z,R)

forallz e Y, 0<r<R<landu € WXQ(Q) satisfying
/ (uVu, Vo) de =0
Q(z,R)

forallv € \/N\Jl\}%ij)(Q(a:, R)).

We start with a perturbation of [29, Prop. 5.3]. As we work in the following only in the L? scale, we
drop the index p = 2 at the operator. Furthermore, we adopt the notation A* to indicate that A" is
the divergence-form operator with coefficients L.

Proposition 6.4. Let Q) C R be open, D C 92 be closed and N := 9 \ D subject to Assump-
tion N. Let xy € N N D and let ® = ®,, be the bi-Lipschitz homeomorphism of Assumption N

with corresponding neighbourhood U = U, . In addition, suppose that Assumption P is valid and let
i € L2(Q; R4 be subject to Assumption

Then there exists ane > 0 such that for all (complex valued)v € L.°°(2; C*™*?) satistying ||V || (q.c(cay) <
¢ the operator A"V is m-sectorial. Moreover, if A" denotes the operator in (—1,1)%~! x (0, 1)
obtained from A*V under the transformation ®, there are ko € (0, 1) and cpe > 0 such that the
operator Al satisfies (o, cpc)-De Giorgi estimates on (—3, )41 x (0, 1) for functions vanishing
on ®(U N D) and Neumann boundary conditions on ®(U N N). The constants ¢, ko and cp¢ can

be chosen to depend only ond, M, c,, c*, ¢ and c;.

Proof. By [29, Prop. 5.3] there exist ko € (0, 1) and cpe > 0 such that the transformed operator A%
satisfies (o, ¢pe)-De Giorgi estimates on (—3, 2)%* x (0, 1) for functions vanishing on (U N D)
and Neumann boundary conditions on ®(UNN). Set ¢ = 4epg, o = d—2+2kg and 5 = d—2+ky.

Lete > 0 and ¢ > 0 be as in Lemmal6.2 Define

Ce \/EC. < 4CDG >1/2

o,
© T N @M \2 {depg

Then

=2
14

M(CHMCH?) = <e

4CDG Ce
and € € (0, c,).

Let v € L(€; C?) with ||| 10 (0, 2(cay) < €. Let u® and (1 + 1/)® be the coefficient functions on
(—1,1)%1 % (0, 1) obtained from 1 and f1+ v under the transformation ®. Define Q = (—1,1)¢"1 x
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(0,1), Dg = ®(U N D) and Ng = ®(U N N). Letu € W2 (Q) and = € Q. Fix Ry € (0,1].
Suppose that

/ {(u+v)®*Vu, Vo) doz = 0
Q(x,Ro)
forallv € W}\}Z(M)(Q(x, Rp)). Let 0 < r < R < Ry. By [29, Lem. 6.1(b)] and the Lax—Milgram

lemma there exists a unique U € \/N\}V’Z(I »(Q(z, R)) such that

/ (u*V0, V) dz = / (1*Vu, V) dz (24)
Q. R) Q)

forall ¢ € \/N\]l\}z(mﬂ)(@(:c, R)). Define v: Q@ — C by

o ):{ i(y), ity € Qla, R),
Y 0, ify €@\ Qx,R).

Thenv € W\}VZ(Q) C WBZ(Q) by [29, Lem. 6.4]. Setw = u — . Thenw € WBZ(Q). Moreover,
/ (n®*Vw, V) dr =0
Q(z,R)

forall o € \/N\}\}z(m »(Q(z, R)) by (24). The De Giorgi inequalities applied to the function w imply

/ IVl dr < 2/ IVl dx+2/ Vi[? de
Q(z,r) Q(z,r) Q(z,r)

d—242k
< 2¢pe <1> O/ Vw|* do + 2/ |Vo|* do
R Q(.R) Q)

r

d—242kg 9 12
< 4depe <—> |Vul|* dz + (2 + 4cpe) / |Vo|© de.
R Qa.R) Q.R)
Choose ¢ = ¥ in (24). Then

/ (u*Vo, Vo) dx:/ (u*Vu, Vo) da::/ (u® = (u+ v)*)Vu, Vo) dz.
Q(z,R) Q(z,R) Q(z,R)

Hence the estimate ¢, — £ > <, ellipticity on () (see [29] Prop. 4.3(b)) and the Cauchy—Schwarz
inequality give

3 2
(d!Md”)—lﬁ/ |Vo|? do < d!Md”g(/ |Va|? dx) (/ Vo2 da:) :
2 Jo@.R) Qa.R) Q.R)

Therefore
4 482

/ (Vo|* do < (d!MO+?) —2/ |Vl dz
Q(z,R) % JQ(x,R)
and

d—2+2k
/ |Vu|2 dz < 4cpa (L) ’ / |Vu|2 dz
Q) R Q,R)
4452

(2 4 depe) (d M2 / Vi dz
Q(z,R)

&
1 d—2+2kKg 9
<cpg +e |Vul® dx.
R Q(a.R)
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Hence by Lemma 6.2 one concludes that

d—2+kK
/ |Vu|? do < E<£> 0/ |Vu|? do
Q) R Qa.R)

forall 0 < r < R < Ry. The proposition follows by choosing R = Rj,. O

The next proposition gives perturbed De Giorgi estimates near the Neumann part of the boundary, but
away from the Dirichlet part of the boundary.

Proposition 6.5. Let 0 C R? be open, D C 0f) be closed and N = 9 \ D subject to As-
sumption N. Let o € N and let ®,,, be the bi-Lipschitz homeomorphism of Assumption N whose
corresponding set U, satisfies U,, N 0 C N. Moreover, let i € 1L>(Q; R?*?) be subject to

Assumption[2.71]

Then there exists ane > 0 such that for all (complex valued)v € L>(§2; C**?) satisfying ||v|| 1= (0.c(cay) <
¢ the operator A**" is m-sectorial. Moreover, if A" denotes the operator in (—1,1)?~! x (0, 1)

obtained from A*+V under the transformation ®, there are ko € (0, 1) and cpe > 0 such that Ay
satisfies (Ko, ¢pg)-De Giorgi estimates on (—%, %)d_l x (0, %) for functions vanishing on () and Neu-
mann boundary conditions on (—1,1)4=1 x {0}. The constants ¢, ko and cpq can be chosen to

depend only ond, M, c, and c®.

Proof. The proof is similar to the proof of Proposition[6.4} using [29] Lem. 5.1] instead of [29, Prop. 5.3].
O

Finally we need a perturbed version of [29) Prop. 2.1].

Proposition 6.6. Let Q) C R? be open, D C OS2 closed, and set N = 02\ D. Let Y C () be a
subset. Suppose there exist a, { > 0 such that dist(N, ) > ¢ and |B(x,7) \ | > ar? for all

r € (0,1] and x € 9Q with dist(z, T) < C.

Then there exists ane > 0 such that for all (complex valued)v € L>(Q2; C*™*?) satisfying ||v|| 1= (0.c(ca)) <
e the operator A" is m-sectorial. Moreover there are rq € (0, 1) and cpg > 0 such that the oper-

ator A*V satisfies (Ko, cpc)-De Giorgi estimates on Y for functions vanishing on D and Neumann

boundary conditions on (). The constants ¢, ko and cpg can be chosen to depend only ond, ¢, c, ce
and c®.

Proof. The proof is similar to the proof of Proposition but restrict to the case Ry < (. Of course
this time one uses [29, Prop. 2.1] instead of [29, Prop. 5.3]. This gives the De Giorgi estimates for
0 <r < R< (. Thecase R € ((, 1] follows easily from the case R = (. O

Proof of Theorem|3.8. The proof is similar to the proof of [29, Thm. 7.5], with the obvious changes to
use Propositions and One deduces the Gaussian kernel bounds of Theorem These
imply that the semigroup on L?(2) extends consistently to L”(2) for all p € [1, 00). O

Finally, we present the proof of Corollary 3.9

Proof of Corollary[3.9 Lete > 0 be the ¢ from Theorem 3.8|that belongs to real valued matrices with
ellipticity constants ¢, /2 and 2¢*. Choose p. > 2 such that

c 1 1/2 .
uc’ < min {5,0’,6—}.
pc_2 2
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Now let 1 € L>®(Q2; C?™*?) be subject to Assumption and suppose that po(¢t) > p.. Then
Lemma[2.15|gives
(po(w) =)' (pe = D',

I o (Q- < < < €.
H m(u)HL (L(Cd) > pO(N)_Q c = pc_2 ¢ €

Therefore Theorem [3.8] is applicable with 1 replaced by Re(u) and v = ilm(yu), and the corollary
follows. O

7 Regularity for the induced operators on the Wl_)l’q scale

In Corollary we investigated regularity properties for the divergence operators in the L? scale.
In view of parabolic and general evolution equations this is the most commonly used one, but in the
treatment of real world problems there are at least two effects that make this choice inadequate. These
are, on the one hand, inhomogeneous Neumann boundary conditions and, on the other hand, reaction
terms which live on lower dimensional manifolds. For instance, the latter is of eminent importance when
treating the semiconductor equations where it is quite common to consider generation/recombination
mechanisms that are situated on surfaces. See [47, Section 4.2] and [21, Section 3] for a detailed
discussion from the mathematical viewpoint. If the above-mentioned phenomena occur, the adequate
spaces for the treatment of semilinear and quasilinear parabolic equations are often spaces from the
ng’q scale or duals of Bessel potential spaces, see the detailed discussion in [35 Section 6].

For this purpose we will deduce parabolic regularity results on the Wl;l’q scale from the results re-
ceived above. Following the philosophy of [35] (see also [4], Section 11] for more advanced ideas) we
will ‘transport’ properties for the divergence operators —V - 41V, formerly obtained on the L? scale,
into the ng’q scale by the knowledge of the square root isomorphism

(=V -V +1)72: W5 (Q) - LY(Q). (25)

The isomorphism property of is deduced in [4] for real coefficient functions p, while in his pi-
oneering paper [25] Egert succeeded to prove the isomorphy for complex coefficient functions
(and even for systems) as long as the corresponding semigroup is well-behaved on L?(€2).

In order to go into details, we quote and apply the results from [25] that are relevant for our purposes.

Definition 7.1. Let @ C R? be open and let 1 € L>(€2; C?*?) be subject to Assumption [2.11]
Let J(u) be the interval of all numbers p € (1,00) for which the semigroup generated by — A,
on L2(0) extrapolates consistently to a bounded Cj-semigroup S on the space LP(2), that is

SUDye(0.00) 117 | 2oy < 0.
The first result from [25] is a bounded holomorphic functional calculus, see [25, Thm. 1.3].

Theorem 7.2. Let$) C R be open and bounded, where d > 3. Let D C 02 be closed and set N =
0Q\ D. Adopt Assumption N and let ;1 € L>°(2; C?*4) be subject to Assumption Let w denote
the half angle of sectoriality for the operator As. Further, letp, € J(u) andp € (p1,2) U (2,p1). Let
¢ € (w, ). Then there exists a ¢ > 0 such that

1f (Az)ulluog) < ellfllemesolulluag), (v € LA(Q) NLP(Q))

for every bounded, holomorphic function f on S.. The constant c can be chosen to depend only on d,
M, ca, ¢®, ¢, p andsup;e g o0 117 | ccum )-
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The second is a topological isomorphism.

Theorem 7.3. Let ) C RY be open and bounded, where d > 3. Let D C 02 be closed and set
N = 00\ D. Suppose that () is a d-set and D is a (d — 1)-set. Adopt Assumption N and let
p € L2(Q; C™4) be subject to Assumption|2.11, Then for all p € (dp% 2| the operator

(po(p)—1)+27
(4, +1) 72 L7(Q) —» W(Q) (26)
is a topological isomorphism.
Proof. This follows from Corollary [3.2]together with [25, Thm. 1.2(i)]. O

po(p)d po(p)d
d(po(p)—1)+27 d—2

the operator corresponding to . Then A](g“*) denotes the operator which corresponds to the conjugate
coefficient function p*. It is standard that (Ag“ N = Al

In all what follows, for a given coefficient function o and p € (

) we denote by A

Noting that po (4¢) and po(*) coincide (see Section[2.2), one obtains the following corollary.

Corollary 7.4. Adopt the notation and assumptions of Theorem above. Then for every p €
* 1N/ —
(%, 2| the adjoint map ((Aé“ )+ 1)72)" is a topological isomorphism from W ,"7(€2)

onto L4(Q2) which is consistent with (Al +1)~2.

Definition 7.5. Adopt the notation and assumptions of Theorem Forallg € [2, %) we denote
by E¥ W,(Q) — LI(Q) the adjoint map of

(AW +1)72: LP(Q) = WiP(Q).

We emphasise that E}' : W,h(Q) — L9Q) is a topological isomorphism. Let ¢ € [2, %).
Then —Ag is the generator of a Cy-semigroup S@ on L(Q) by Corollary We use Eé‘ to transfer

5@ 10 a Cy-semigroup 7@ on WBI’Q(Q) defined by
T;;(Q) — (E(;;)—l SISQ) E’(/IL.

We denote the generator of 79 by —BY. Next, define A: W;*(Q) — Wp'(Q) by (Au)(v) =

t{u, v] forall u, v € W5*(Q), where t was defined in (6). We consider .A as a densily defined operator
. —-1,2
in W,"7(Q).

)’ d—2
part of A in W;,"(Q), that is dom(BY) = {u € W,"(Q) : Au € W;"(Q)} and Biu = Au
for allu € dom(BY).

Lemma 7.6. Adopt the notation and assumptions of Theorem Letq € [2 ’M). Then B! is the

Proof. This follows as in [20, Lem. 6.9(c)]. O

Theorem 7.7. Let ) C RY be open and bounded, where d > 3. Let D C 0f2 be closed and set

N = 0Q\ D. Suppose that (2 is a d-set and D is a (d — 1)-set. Adopt Assumption N and let

p € L2°(Q; C¥*?) be subject to Assumption Let w denote the half angle of sectoriality for the
po(p)d

operator As. Further letq € (2, W)' Then one has the following.
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(a)  Forall( € (w,/2) the operator B! +1 admits a bounded holomorphic calculus on the sector
S¢. In particular, B! + 1 admits bounded imaginary powers on ng’q(Q) and

sup |[(B*+1)* 1, < 0.
Se[_ﬂ}”( q ) HL(WD Q)

(b)  The operator B! has maximal regularity on WBl’q ().

Proof. . Since |2, pod(T‘gd) C J(u) by Corollary , it follows that the operator A% + 1 has a
bounded holomorphic calculus on L4(€2) by Theorem Since Eé‘ is a topological isomorphism
the bounded holomorphic calculus transfers to W,}l’q(Q), with the same angle as for A/}, is implied

by [18, Prop. 2.11]. The boundedness of the purely imaginary powers follows from this, see [18], p. 25].

. The operator Bg + 1 has maximal parabolic regularity by Statementand [22]. Therefore also
the operator Bj; has maximal parabolic regularity. O

Remark 7.8.

B It is known that maximal parabolic regularity is preserved under (real and complex) interpolation,
see [35, Lemma 5.3]. Using the interpolation results from [7], this shows that the minus gener-
ator of the consistent Cj-semigroup on the (dual of) Bessel potential spaces with non-integer
differentiability index between —1 and 0 also satisfies maximal parabolic regularity. This consid-
erably generalizes the results in [35, Thm. 5.16 and Section 6] in view of complex coefficients
and much more general admissible geometries for €2 and D.

B If one is only interested in maximal parabolic regularity, it is also possible to transport this prop-
erty directly from L9(£2) to ng’q(Q) by the square root isomorphism (25), see [36, Lem. 5.12].
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