1 Introduction

In this paper, we present the optimal control of a system of two coupled nonlinear partial
differential equations. This system describes the dynamics of first order martensitic phase
transitions occurring in a thin rod of a shape memory alloy (SMA) which is fixed on one
side and pushed and pulled on the other side in the course of time by an elongation m. This
so—called deformation—driven experiment, and related ones, are performed by I.Miller and
his co—workers [8,9], for instance.

We have chosen the Landau—Ginzburg model developed by Falk to describe this exper-
iment. A large number of papers is dealing with the general derivation of this model [e.g.
2,5,6,7,14]; we omit the details, here. For details concerning the application of the model
to this experiment, the determination of physical parameters and numerical simulations, we
refer the reader to [3,4].

Summarizing, we have the following system (2 := (0,[), Q7 :=Q x (0,T)):

pug — (7(0 —0)ug — Bud + aud)y + SUggee =0, in Qr,
Ce bt — KOy —yOuzug = g(z,t), in Qr,

w(0,t) = upr(0,t) = uze(l,t) =0, w(l,t) =m(t), Vtel0,T],
6.(0,t) =0, —k0,(l,t)=r(68(I,t)—0r(t)), Vte][0,T],
u(z,0) = ug(z), w(z,0) =wu(z), Vzel,

8(z,0) = bo(z), Vz e Q.

The equations (1.1a) and (1.1b) represent the balance laws of momentum and energy,
respectively. The physical meanings of the involved quantities are: p — constant mass density,
u — displacement in the direction of the rod, # — absolute temperature, u, — strain in the
direction of the rod, ¢, — specific heat, k — positive constant heat conductivity, g — density
of heat sources or sinks, [ — length of the rod (which is normalized to unity: [ := 1), & —
positive constant heat exchange coeflicient, r — temperature of the surrounding medium.
The couple stress leads to the Ginzburg—term 6 - Ugzzes, the linearized strain is € = u,, and
a, B, v, and § are material constants to be determined for each specimen. The boundary

condition for u at z = 1 reflects the pulling and pushing of the rod in the course of time



by a prescribed elongation m. The other boundary condition for the momentum balance
has been taken in analogy to [16]. The boundary condition for the energy balance models
a heat exchange with the surrounding temperature at £ = 1 using Newton’s law. For the
mathematical analysis, as well as for the numerical approximation, the system is transformed
by 4(z,t) := u(z,t) — z - m(t). Then we deal with homogeneous boundary conditions. An
additional term p - - m(t) appears only on the left hand side of the momentum balance.
Furthermore, we normalize all physical constants to 1, except for §; which is set to 0, and

we set F(g) := —% + 26. We obtain the following system:

e + @ 1(t) = (0 (e + m(t) + F'(ls +m(t))) + fisaes =0, in Qr, (1.2a)
9, — @ (g +m(2)) (G + m(t)): — 6, — g9(z,t), in Qr, (1.2b)
4(0,8) = A(1,1) = 0 = G0e(0,8) = Gwa(1,¢), Vi€ [0,T], (1.2¢)
0.(0,t) =0,  —0,(1,t)=60(1,t) — 6p(t), Vte[0,T], (1.2d)
(z,0) = u(z,0) — zm(0) = uo(z),

t(z,0) = u(z,0) — 2m(0) = ui(z), 6(z,0) =6o(z), Vze (1.2¢)

Here, we have assumed that m(0) = 0 = m(0). We impose the following compatibility

conditions (For simplicity, the tilde is omitted from now on.).

(H1)  uo(0) =uo(l) =0; u1(0) =wus(1) =0; (1.3a)
ug(0) = ug(1) = 0;  uf(0) = uj(1) = 0; (1.3b)
ug (0) =05 ug'(1) = —rn(0) — (6o(1) — Or(0)) uo(1); (1.3c)
6,(0) =0; —65(1) = 6o(1) — 6r(0). (1.3d)

Some control problems concerning applications of or experiments on SMA, respectively,
have been studied in recent years: dynamical shape control problems of a thin rod in [11], the
optimal control of phase transitions in a load—driven experiment in [1,2], and these control
problems with state constraints in [12,13]. We will make use of some of these results to
deal with the actual case of the optimal control of phase transitions in a deformation—driven
experiment. We will consider a weak formulation of the system (1.2) which is introduced in
(3.5). The aim is to achieve, possibly isothermically, a prescribed distribution of the phases.
Therefore, it is natural to consider a cost functional involving the order parameter ¢ = u,

and 8 (or rather, the stress ¢ = v(6 — 6;)u, — Bud + oul), as well as the natural control



variables m, 0r, and g¢:
T T
T, 6m,0,00) = [ [ @i(us(a,t),6(e,0)) dodt + [ (@a(ii (1)) + Ba(6r(2))) dt

—|—/()T/Q<I>3(g(a:,t))da:dt, (1.4)

where ®,, ®3 € Cz(IRz), ®,, &, € C*(IR), and P,, P53 and P, are convex in their arguments.

For instance, one could investigate the case when
J(u,0;m,g,0r) = a1(|| o= 220, 116 - g“%?(nT))
+a,|| ||%2(0,T) + asllg ||%2(QT) + aual| Or ||%2(0,T)7 (1.5)

where o;, 7 = 1,...,4, are non-negative constants, and where & and 8 denote the desired

stress and temperature distribution during the evolution of the process, respectively.

The following problem is considered.
(CP) Minimize J(u,8;m,g,0r), subject to (3.5) and (m, g,0r) € Us,a.

Here, U,q denotes the set of admissible controls which is assumed to be a non-empty,

bounded, convex and closed subset of

M = My x M, x Mg, (1.6)
where

M, = { meH0,T) | m(0)=0, m(0)=0 },

M, = { g€ L*0,T;LQ)) | g(z,¢)>0 on Or },

My, = { 6r€ H'(0,T) | 6r(t)>0 on [0,T] }. (1.7)

The existence of at least one solution to (CP) can be proved in the same way as theorem
3.1 in [15] (see [3]).

In Section 2 the existence of a local classical solution to the system (1.2) is shown. We
prove global existence of a classical and, under weaker assumptions on the data, of a weak
solution, respectively, as well as the corresponding uniqueness in Section 3. Section 4 finally
presents the differentiability of the observation operator and the necessary conditions of

optimality.

2 Local existence

In this section, we sketch the proof of the existence for a local classical solution. We define

the following spaces.



X1, = L*(0,7; H°(Q)) N H?(0,7; H'(Q)), Xy, = H**(Q,), and
XT = Xlﬂ- X Xgﬂ-.

In the sequel, ||.| denotes the norm of L?(Q). Let

K. ::{ (u,8) € X, ‘
u(z,0) = uo(z), w(z,0) = ui(z), 6(z,0) = o(z), Vz e Q,
w(0,1) = u(l,1) = 0 = uge(0,2) = use(1,2), Vi€ [0,7],
6.(0,t) =0, —6,(1,t) = 6(1,¢) — 6r(t), Vitelo,r],
max ([[u(®)? + [[uee(®)? + l[ue(t) o)) < Mi,

0<t<r

max [90)IF + [ 160 &t < M,

max ([[use)| + fusw()] + [fuos(t) [Fo(e) < M,

max ([16=(4)[1° +6°(1,8) + / "6t dt < M,

max [0(t)l[z(a) < Ms,

max ([[uee(®)]” + lusor (B + [[use(®)] |3y < M,

10ax ([|0=e(0)|I° + [16:(2) ooy + | (U622 + 821,8)) a < ay,
102x ([[sewea(t)]]* + 10O + [tae(t) [1r )

[ 108 fmqey dt < M,
| (tase®)12 + Jatzame()]12) dt < M,
max ([18=(1)]1* +67(1,2)) + | (16 + 18aa(2)]12) dt < M,
23 ([Baza(®)? + 1) By + 62(8) r )

4 [ (Itosaas®)? + [Bazaal8)I2) dt < Mix

where M;, 2 =1,...,11, denote positive constants which have to be constructed.

Let 7 € (0,T] . We consider the operator
T K. CX, > Xr,  (4,0)— T[40, 6] = (u,6),
where (u, 8) solves the linear initial-boundary value problem

Ugg + Ugzze = fl; mn QT;

(2.4)

(2.5a)



0 — 0y = fa, in Q (2.5b)
u(0,t) = u(l,t) = 0= 1uu(0,t) =um(l,t), Vte][0,7], (2.5¢)
6.(0,¢) =0, —6,(1,¢t) = 0(1,t)— 6r(¢), vVt e [0,7], (2.5d)
u(z,0) = uo(z), w(z,0) = wui(z), 0(z,0)=0(z), Vzell (2.5e)

The right hand side is given by
fio= —ain(t) + (0 (G +m(t)) + F'(ds + m(t)))z, (2.6)
fo = g(et) + 8 (@ + ml(t)) (B + () 2.7)

The proof of the following result can be found in [3].

Lemma 2.1 Let 7 > 0, and suppose that ug € H®*(Q),u; € H*(Q),00 € H*Q),m €
H*(0,7),g € L*(0,7; H3(Q)) N HY(0,7; H*(Q)),0r € H?*(0,7), and that the compatibility
conditions (H1) are satisfied. Therefore,

fr € H**(Q)NH'(0,7; H'(Q)) and fo € H*'(Q,). (2.8)
Then the linear problem (2.5) has a unique solution (u,8) satisfying
u € L*(0,7; H*(Q)) N H?(0,7; H'()), 6 ¢ H**(Q,). (2.9)

Next, we show the existence of a local solution to the system (1.2).

Theorem 2.1 Let the compatibility conditions (H1) be satisfied, uo € H*(Q),u; € H*(Q), o
€ H3(Q),m € H*0,T),g9 € L*(0,T; H*(Q)) N H(0,T; H*(Q)), and 6r € H*(0,T). Then
there exists some T > 0, depending only on ug,uy,00,m,q,0r, and T, such that the system
(1.2) has a solution (u,0) on §Q, satisfying

u € L*(0,7; H*(Q)) N H?*(0,7; H(Q)), 6 ¢ H**(Q,). (2.10)

Proof. In order to prove this theorem we apply Tikhonov’s fixed point theorem which
can be found, for example, as Corollary 9.7 in Chapter 9 in [17]. It claims: If X is a reflexive
and separable Banach space, M a nonempty, closed, bounded, and convex subset of X, and

T a weakly sequentially continuous operator on M with
T-MCX — M, (2.11)

then T has a fixed point in M.
To apply the fixed point theorem to our problem, we have to show that
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(I) the operator 7 maps K, into itself,
(IT) the operator T is weakly sequentially continuous on K, that is

if {(ﬁn,én)}CKT and (ﬁn,én) — (ﬁ,é) weakly in X,
then 7TT[tn, 0, — T[4,6] weakly in X,. (2.12)

We start showing (I). This takes 8 steps of which we will only show the first two. Again, for
further details we refer the reader to [3].
In order to show that the operator 7 maps K, into itself for sufficiently small 7 > 0,

suitable constants M;,: =1,...,11, are constructed. We define

- |£|Smrf%>;§|m(t)|(lfl+IF(€)|+IF(€)|+|F 1+ 1F"(&)| + [F™()),  (2.13)

where 7 € (0,T) is arbitrary and ¢ € (0,7]. With Ci,éi,i € IN, positive constants are
denoted, the former depending only on ug,u1, 80, m, g,0r, and T. We will make use of the

fact that for functions v € L*(0,7; H*(Q)) N C([0, 7]; L*(Q)) it holds
o) 3@y < Cr (o) + [0()]?), ae in (0,7), (2.14)

and
L () @y ds < Cov/(max (v + [ floals)]*ds), (2.15)

where the inequalities of Young, Holder and Nirenberg have been used.

Step 1. Multiplying (2.5a) by u; and integrating over §;, we arrive at

1 t t
S (@I + luae®)?) < C1+ [ [ frucdads < €1+ max us)] [ 1i(s)]ds. (216)
Holder’s inequality gives
t

[ 1£:s)]ds

t ~ A
< [ (1= om(s)l + 1 (o + m())l| + 16 dasl] + |17 (it +m(s)) ) dis

t . t t .
< G(VE+p [ 10.5)ds +p [ Nlao(s)llds + [ 18(s)sen - 1haa(s)]] ds)
t . L

< Cg\/i_ﬁ(l—l—p\/Mg—l—p zulﬂ/zul(/0 ||0(s)||%w(n)ds)2). (2.17)

Then, (2.15) leads to

/0t||f1(s)||ds < C/i(1+ py/Ms + py/M; + /M M3). (2.18)
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Now, from Schwarz’s inequality and the boundary conditions, we infer that

[ue(t)ll L) < l[tza(t)]]- (2.19)

Taking the maximum over ¢t € [0, 7] on both sides of (2.16), Young’s inequality yields

s ()] + uaa®)]? + lsa () imqey) < O (1+7 (02D + 92 My + M) ). (2.20)

0<t<r

Step 2. Testing (2.5b) with 8, one obtains, again by the help of Young’s inequality,

—||0 )2 +/ 162(s)[12ds + = /0213 ds < Ce - /HF ds—|—//f20da:ds (2.21)
It holds
1
[ [ 1a61dods < [“lg(s)]- 16(s)ds < Crv mpa 16(s)]] < 15 gmaz 16(s)P + C .
(2.22)

Furthermore,

\/t/ 06 (g +m(s)) m(s) dmds\ < Cgp/OtHH(s)H 116(s)|| ds

< Cropy/t M, max 116(s) g max 16(5)]|? + Cr1p> My t, (2.23)
and, using partial integration, we have for the other term of f5
t N t A
\/ / 66 (iix + m(s)) ey dz ds | < \/ / 66 ity i da ds | (2.24)
0 Ja 0 Ja

t R t ~
\/ /Hzﬂ(ﬁz—l—m(s))ﬁtdmds‘—l—‘/ /Hﬂz(ﬁz—l—m(s))ﬁtdmds‘:: Lth+ls
0 JO 0 JQ

By virtue of (2.15) and owing to the inequalities of Hélder and Young, one has

t A
|11 S/ 16(s) |z~ () -||9(8)||L°° @) - te(s)]| ds
<M ([ 1005) Bewiay @) ([ 1862y )
<M1012\/tM2(max 16(s)]| + /||e ()] ds )? )

~

Uz (s)]] -

S%ggsaéctﬂﬂ )2+ /||e )|[2ds + CraM2Mst, (2.25)
5 < 7 [ 1007 ds + Cuag? [ 10(5) ey  u(5)]?

< i/ot 16.(s)|” ds + Cusp® My M5, (2.26)
1< p [ 1005)lmtoy - 19:(9)] - e(5)] s

< oMM [ 166 ooy ds )
SClm/MlMgpt‘l*(maX 16(s)]| + /||9 |2 ds) )

1
< — max ||6(s)|* + Z/o 162(3)|> ds + Ci7p? M, M/t (2.27)
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Taking the maximum over t € [0, 7], we arrive at

max [0(8)| + [ 162(s)12ds + [ 6%(1,5)ds
0 0

0<t<r

< 018(1 + \/F(1 + p> M, + M} M, + p2M1M2)). (2.28)

Now, we define:

M1 =2 05, M2 =2 Clg. (229)

In this way p is fixed, and we deduce from (2.20) and (2.28) that there exists a 73 > 0 with

2 2 2
s (I + san )P + [ (8) i) < M, (2.30)
max ||0(t)||2—|—/7||0z(s)||2ds —|—/702(1,s)ds < M,. (2.31)
OStSTl 0 0

Continuing in a similar manner, it can be demonstrated that there exist some sufficiently
small 7 > 0 such that 7 maps K, into itself with the values for the M; given in (2.3).

We now show (II). The proof for the energy balance being analogous, we only work it out
for the momentum balance.
Let (tn, én) € K,,n € IN, with (4, én) — (@, é), weakly in X,.. We have to show that

(tn, ) := Ttin, 0] = T[4, 0] =: (u,8), weakly in X,. (2.32)

Since {én} converges weakly in H*?((2,) to é, {énz} converges weakly in H*'(Q,) to 9,;, too;
and since the embedding H?!(Q,) — C(Q,) is compact, {énz} converges uniformly on Q,
to 8. Furthermore, Proposition 2.3, Chapter 4 in [10], states H**(Q,) — H'(0,7; H*(Q2))
in the sense of a continuous embedding. Thus, for any sequence {4,} C H*?(Q,), we have
{lnzz} C H*'(Q;) which therefore converges weakly in H*!(Q,) to Uzz. As shown above,

it follows that {4y z} converges uniformly on Q, to Uge. So, we find that
Fim(z,t) := —27(t) 4 On tingg + On g (g + M) + F" (G g + m(t)) G 2 (2.33)

converges uniformly on Q, to f;. Since (Un,bn) € K., {un} is bounded in X; ., there exists
a weakly convergent subsequence {uz} in X;,. Thus, there is a @ € X; , such that {usu}

and {us zees} converge weakly in L2(0,7; H'(Q)) to Gy and tggzss, respectively. Then, for all

¢ € L*(0,7; L*(Q)), it holds

/ . / iy pda dt + / . / free ddzdt = lim / . / (wiss + U mase) da db
0 1] 0 1] 0 1]

i— 00

= Jim [ [ (= 0(t) + Oninse + b (e +m(8)) + F"(iing + (1)) fna) ¢ do &t
0 JQ

i— 00

= [ [ (= ot) + s + 0o (i + m(t)) + F (i + m(2)) i) ¢l (2.34)

8



Thus,
Gigt + Upaze = —T 170(t) + O ligg + Oy (Gig + m()) + F"(Gig + m(t)) gy, a.e. in Q. (2.35)

Uniform convergence yields

%(0,t) = Ugy(0,8) = 0 = 4(1,2) = Uge(1,¢), 0<t <7, and a(z,0)=wuo(z), z€.

Owing to the compact embedding H!(0,7; H'(Q)) — C(€,), we infer us; — iz, uniformly
on Q,, ie. U(z,0) = ui(z),z € Q. We have & = u because of the uniqueness of the
linear problem (2.1). Since the limit does not depend on the choice of the subsequence, the
whole sequence {u,} converges weakly in X, to u. The operator T is weakly sequentially

continuous. O

Remark 2.1 A consequence of the proof is that
Uget € L®(0,7; L2(Q))  and  Uggzzs € L(0,7; L*()), (2.36)

whence the Holder continuity of the functions uu, Usess, Yszt, O, and 8yp on Q7 can be

shown in the same way as in [18].

3 Global existence

3.1 Classical solution

In this subsection, we prove the existence of a global classical solution. The following as-

sumptions are needed.

(H2) m e HE (0, c0; H'(Q));

g(z,t) >0 on Qx[0,00); 6r€ H: (0,00); 6p(t)>0 on [0,00). (3.1
!
=u

(0,00); g € Li,c(0,00; H*(Q)) N H,,

loc loc

(H3) wuo € Hy() :={uc H(Q) | u(0) =u"(0) = u(1) (1) = 0};
u € Hi(Q) = {u € H*(Q) [ u(0) = u"(0) = u(1) = u"(1) = 0};
0o € H*(Q); 6p(z) >0 on (. (3.2)
We define
X’LT =X, NW2(0,T; H(Q)) N Wh*(0,T; H>(Q)) N L=(0, T; H*(Q)), (3.3)
and
XT = Xl,T X Xg,T. (34)

There holds



Theorem 3.1 Suppose that (H1)-(H3) are satisfied. Then the system (1.2) has a classical
solution (u,8) on Q% [0,00) with 6(z,t) > 0 on Qx[0,00). Furthermore, we have (u,0) € Xr
for any T > 0.

Proof. Since the proof is almost identical with the proof of theorem 2.1 in [16], except for
the first a priori estimate, we omit it here. It has already been mentioned in [19] that the
proof of global existence for the system describing load—driven experiments can be carried
over to other boundary conditions. The first a priori estimate is identical with the first one

given in the proof of the next theorem for a weak solution, so we refer to it. O

3.2 Weak solution

In order to deal with less assumptions for the initial, boundary and compatibility conditions,
we investigate a weak formulation. The following weak formulation of the system (1.2) is

considered.

/0T<utt()¢()>H1H1 ds—l—//azm ¢dmd3—|—// (ug + m(s))

+F(ug + m(s))) ¢ dzds — /0 /Qu_,,;_,,:z b.dzds =0, V¢c L*(0,T; Hy(Q)), (3.5a)
0 — 0 (ugy + m(t)) (uge + ™M(t)) — bz = g, ae. in O, (3.5b)
u(0,t) =u(l,¢) =0, Vte€[0,T], uz(0,t) =uz(l,t)=0, ae. in (0,7),
0,(0,t) =0, —0,(1,¢)=20(1,t)—6r(t), ae in (0,7),
u(z,0) = uo(z), w(z,0) =wui(z), 68(z,0)=0(z), Vzecq. (3.5¢)

Instead of (H1) through (H3), we impose the following assumptions:

(H4) me H*0,T); g€ L*0,T;L*R)); g(z,t)>0 on Qx[0,T];

6r € HY(0,T): 6p(t)>0 on [0,T]. (3.6)
(H5) wo € Hy(Q) :={uc H}Q) ‘ u(0) = u"(0) = u(1) =u"(1) = 0};

up € HY(Q); 6, H'(Q); (z) >0 on Q. (3.7)

There holds

Theorem 3.2 Suppose that (H{) and (H5) are satisfied. Then the system (8.5) has a solu-
tion (u,8) on Q x [0, T] satisfying

u € Xar:=W2>»(0,T; H'(Q))nW'*(0,T; H'(Q)) N L*=(0,T; H3(Q)) and
0 ¢ Xyr:=H>(Qr)NL®(0,T; H(Q)), (3.8)

for any T > 0.
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Proof. In order to invoke the existence of a solution, we introduce sequences of smooth
approximations of the initial and boundary data, respectively. Let {ug}, {u}}, {05}, {m"},
{g"}, and {07} satisfy the assumptions of theorem 3.1 and

ug = ug in HE(Q), ul—w; in H}Q), 65 —6, in HY(Q),

m®™ —=m in H*0,T), g —g in L*0,T;L*R)), and
6p —~6r in HY0,T), n— oo, for some T >0. (3.9)

Such sequences can be constructed in formulating appropriate boundary value problems so
that they comply with the compatibility conditions (1.3). The corresponding solutions are
denoted by {(u",0")}. We infer from the maximum principle for parabolic equations that
6"(z,t) > 0 on Qy. Taking the initial and boundary data given in (3.9), we will derive a
priori estimates that do not depend on n.

The necessary a priori estimates will be given in the following four lemmas. In the sequel,
the index ‘n’ is omitted for simplicity if no confusion will arise. Furthermore, C;, Cs,, é’i,
1 € IN, and C, respectively, denote positive constants which may depend on 7', but not on

n.

Lemma 3.1 It holds
sup (||9( Mzt @) + (@)1 + lluaa()]® + [Juz(t) +m()]|2e ) + ||uz(t)||%w(n)) <C. (3.10)

te(0,T

Proof We proceed in two steps. First, testing (1.2a) with u yields

—/ /utdazds —I-/utu‘ dz +/ /azm )udz ds +/ /uzdmds
+/0 /Qu (6 (ug +m(s)) + F'(ug +m(s))) deds =0, (3.11)
and therefore
[ (602 + 02+ Flua (o)) (o m(s)) dods < [ [ (|F(ue -+ mi(s)mls)
+ [fugm(s)| + |zr(s)u] +u} ) deds —/Qutu‘;daz. (3.12)
Since u(0,¢) = 0 = w(l,¢), we conclude from (2.19) that us(t)[2 < use(t)||?. Thus,

F'(ug +m(s)) (ug + m(s)) > Ci(ug +m(s))® — Cy, (3.13)
F'(ug + m(s)) m(s) f < lmllmoz (Calue +m(s)|° + Ca),

1 pt t
//|0uz s)|deds < 5/0/Qﬁuidmds—l—05||m||§{1(o,t)/o/Qﬂdmds, (3.14)

. L Lot o
/O/Q|mm(s)u|dazds < §||m||H2(0,t)—|—§/o/Qu dzds
1 9 1 st 9
< Slmley + 5 [ lusls)]*ds
1 9 1 rt 9
< Slml + 5 [ lluse(s)| s, (3.15)
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t 1
~ [wul de < Sluol®+ full?) + 61 [ ui(t)de +Cis [ ui(t)do

1 t
< Sluol + fwil?) + 61 [ ul(t)do + Cogt [ [ ui(a,s)deds,  (3.16)

where we have made use of the inequalities of Young, Poincaré and Holder. Altogether, we

end up with

2/ / fu 4+ ul)dads < Ca(l—l—/ /utdazds—|—||m||H10t//uz—|—m Sdzds
+||m||Hl(0,t)/0 /QHda:ds + il o + 20

Hluol + ) + 61 [ wi(t)de. (3.17)

Similarly, one has

//|0uz )|deds < - //eu dzds + Crl[ml|a0, / /Hdazds (3.18)

and therefore
[ [10uri(s)|deds < Co(1+ [ [ w2dods +mllmnion [ [ (e +mi(s)Pdods
Himley [ [ 0deds + mliee,
ol + ) + 61 [ () do. (3.19)

Secondly, we test (1.2a) with u; and add equation (1.2b) which has been integrated over

time and space. Partial integration yields
1 t t
~|ue(#)]|* + / / zm(s)usdzds + / / Ugt 0 (uy + m(s)) dz ds
2 o Ja 0 Ja

¢ ¢ ¢
—I—/ /F'(uz—l—m(s))uztdm ds —I—/ /umumt dz ds —I—/ /Ht dz ds
o Ja o Ja o Ja
¢ ¢ ¢
—/ /H(uz—l—m(s))uztdmds —/ /H(uz—l—m(s))m(s)dazds —/ /Hmdazds
o Ja o Ja o Ja

¢ 1
/0 /Q|g|da:ds + Sl (3.20)

The third and the seventh term on the left hand side cancel. Involving the boundary condi-

tions for 6, we find

1 ¢ . ¢ 1
—||ut(t)||2—|—/ /azm(s)utdazds +/ /F'(uz—l—m(s))uztdazds + = {fuaa(t)]?
2 0 Ja 0 Ja 2

+ [ 8(a,0)do —/Ot/nﬂ(uz—l-m(s))m(s)dmds -I-/Otﬂ(l,s)ds

1 1 i
= lu®)? + L+ L+ §||um(t)ll2+/00(m,t) do — (Is+f4)+/0 0(1,5)ds

]_ t
§||u0||12r{2(0,t)—|—/00(m,0) dz +/0 Br(s) ds. (3.21)

IN
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Recall that 6 remains positive for all times. To deal with I3, we use (3.19). Furthermore,

one has
<1t 2m?(s)dzd L 2dzds < 2 Lt 2deds;
|| < 5/0/Qa:m(s) z s—|—§/0/nut z s_Cg||m||H2(0,t)—|—§/o/Qut zds;
t
Ll < Culmlfy | [ 0dods. (3.22)

Partial integration and Young’s inequality lead to
I ‘o F dz d t F' n(s)dzd
g = /o%/n (ug +m(s))dz s—//Q (ug + m(s))m(s)dzds
> / F(uz +m(t))dz — Cui([luollzsg) + Im(0)[°) — Ci2
—//ﬁpufmn)n|'@umm
> Cia [ (o +m(t))" do — Cusljuol (e — Cis
—Cis||m||m2(0,0) / / ug +m(s))°dzds —1) (3.23)

We deduce that

1 t
-ﬂwmw+mﬁmm+0@ﬂ%+mt6m+/emtm+/e1sm

< 016 1—|—/ /utdmds ‘|‘||m||H20t / / Uy + m(s ) dz ds —|—||m||H20t / /Hdazds
+uollFr2 (0,4 + 1ol Ze () + Iluall® + [|60]®

Hlglagay + ImlBmn + Il + 106l00) + [ [ 10uri(s)|dods.  (3.24)

Invoking the first step (3.19), one concludes

1 t
-ﬂwmw+mﬁmm+0@ﬂ%+mt6m+/emtm+/e1sm

< 017 1—|—/ /utdmds ‘|‘||m||H20t / / Uy + m(s ) dz ds —|—||m||H20t / /Hdazds
+uollFr2 (0,4 + 1ol Ze () + Iluall® + [|60]®
gl 2200 + M2, + ||0F||%2(0,t)) + bl (2)]12. (3.25)

Recall that the norms on the right hand side are bounded. Now, with suitably chosen é1,

we apply Gronwall’s lemma and take the supremum over [0, T]. We arrive at

250 (1800 + O + [ + [+ 0 f) < Con (320
Invoking (2.19) completes the proof. O
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Lemma 3.2 It holds

sup 1601+ [ (1817 + 62(01,5) + 60 3miay) < € (3.27)

te(0,T

Proof. We remark that, in contrast to the foregoing lemma, the bounds for the norms of

the initial and boundary data, respectively, are immediately included into the constants C;.

Furthermore, the proofs of this lemma and the following one are almost identical with the

proofs of lemma 2.5 and 2.6 of [16], respectively. We will give the proof to this lemma in

order to show that it works for our purposes as well, but the next proof then will be omitted.
Testing (1.2b) with 6, one obtains

IO+ [P ds 5 [[00,9)ds — [ [ 6 (e +m(s) ol
- /Ot/nez(uz + m(s))m(s)dzds < Cp + /Ot 16(s)])* ds . (3.28)
It is
‘/Ot/002 (ug + m(t)) uge da ds\ _ ‘/Ot/n (02 (ug —|—m(s))ut)zdaz ds
—/Otjnzeez (uz +m(s)) us dz ds —/Otjnﬂzumutdmds\ = I + L. (3.29)

The first term on the right hand side vanishes due to the boundary conditions. With (3.10),
it holds

‘Il‘ < 51/ /szazds —I—C'15/ /02ut ug +m(s))?dzds
< 51/ /03 dzds + O 01,5/ 16(3) |30y s (3.30)
0 Ja 0
Nirenberg’s inequality yields
10) ]| ze=() < CullB=(2)II* - 10(E)]121q) + C2NlO() 22 @), (3.31)
and Young’s inequality gives

~ 2 A 2 A 4 A
(Cllba(t)]1 + Ca)” < 2C3 ||6:(1)||° +2CF
83 Cs)|0:(1)||? + Cas. (3.32)

16211 Zeo )

VAN VAN

Altogether, we have for I,

L] < & /Otjnegdmds +01,5/0t (62 C3[18.(5)| + Cas o) ds

t 2
< (51+(01,50352))/0 /Qﬁzda:ds 4+ C15CasCa (3.33)

14



Analogously, the second integral can be estimated by

t
1L < Cs/o 1)1 2o sy - lltsaa(3)] - Iluse(5)]] ds

t t
06/ 16(5) | en(y ds < 0752/ /eg dzds + CasCs. (3.34)
0 0 JO

IN

Furthermore,

¢ ¢
2 . < 2
/0 /Q|0 (ug + m(s))m(s)) |dzds _Cg/o /QH dzds. (3.35)
We arrive at
1 ¢ 1 rt
SIB)I+ (1= 61— C15 Ca 8 — Cr ) /0 /Qeg dzds + 5/0 62(1,s) ds
¢
<Ci+Cu [ [ 67ds +Cis5CosCat CosCs. (3.36)
o Ja

Again, applying Gronwall’s lemma, choosing §; and d, appropriately, and taking the supre-
mum on both sides, we arrive at the statement (3.27) except for the last estimate. Due to

(3.32), also
T
| 1)yt < © (3.37)
holds. O

Lemma 3.3 It holds

u

S (st ()1 + taaa ) |2+ (D] +6°(1, 1)) + [ " (1) + 18 ()) dt < C. (3.38)

Proof. See [16], lemma 2.6. O
Lemma 3.4 It holds

sup e (t)[3-1a) < C. (3.39)
te(0,T)

Proof. From equation (3.5a), we have
< ua(t), $(t) >n-saap = [ @it dde + [ (8(us+m()
+F(up + m(t))) ¢ do — /Qu godo =0, Vée L*(0,T;HYQ)).  (3.40)
Therefore, taking into account the estimates of the foregoing lemmas,
<uu(t),¢(t) >g-1xm: < C - |lm@), Vo€ L*(0,T;Hy(Q)) ae in (0,T), (3.41)

and

||’U«tt(t)||H—1(Q)§C a.e. in (0,7), (3.42)

15



whence the assertion follows. O

Now, from lemma 3.1 to 3.4 it follows that, possibly for a subsequence which is again

denoted by {(u™,0")}, there exist functions (u, 8) satisfying
u" — u, weakly-star in Xz, 0" — 0, weakly—star in X,r. (3.43)

We will show that these convergences are sufficient to arrive at the weak solution (3.5).

Since the embedding H?'(Qr) — C(Qr) is compact, {6™} converges uniformly to 6 on
Q7. In addition, {u"} C Whe°(0,T; L*(Q)) N L>(0,T; H*(Q)) C H*'(Qr), and therefore
the same argument applies to {u?}. Thus, V¢ € L*(0,T; Hy(Q2)),

nh_>r£lo / / u’tt u’tt (u’zzz ’u’EEfE) ¢¢E
+(0™ (ul + m™) — 0 (ug + m)) ¢z + (F(ul + m™) — F(um—l—m))gbz) dz dt

,}l_,rf,lo/ / (up +m™) ¢p + 6 (ul + m™ — uy, — m) ¢z) dzdt =0, (3.44)
since F is a continuous function and {m"} converges uniformly to m. Similarly, as {ul,} C
L>(0,T; L*(Q)) and m™ — m uniformly,
M T n n
T [0 006~ (62— 6a2)

(O ) (0 7" — 6 (a4 ) (4 7)) 8) e

hm/ / 0”—0 (up +m™) (uz, + m™) + 0 (up + m™ —uy —m) (ug, + m")

n—oo

+0 (uz + m) (up, + Mm"™ — U — m)) ¢ dzdt = 0. (3.45)

Due to the regularity of the solutions {(u",8")}, no problem arises concerning the boundary

data. The theorem is completely proved. O

3.3 Uniqueness

We have uniqueness of the global classical and of the weak solution, respectively. The proof
of uniqueness for the weak solution is almost identical with the proofs of theorem 2.3 in [15]
and of theorem 2.2 in [1], respectively. These papers deal with the problem of load—driven
experiments for which existence has been shown in [16], as mentioned above. So, we only
state the result of the obtained stability result, implying uniqueness, and omit the proof. In

the next section, on the control problem, we will make use of this stability result.

Lemma 3.5 Let the assumptions of theorem 3.2 be satisfied. We denote by u®, 00 1 =12,
weak solutions to the problem (1.2) in the sense of theorem 3.2, respectively, and by m®) g

16



and 01@ the corresponding boundary data, and set v := u() — 4 § .= () — 9() m =

m) —m) g:= g — ¢ and 6 := 01(}) — 01(3). Then it holds

sup ([Jue(t)]* + laa(t)[1? + 1E)]12 + [[a(t)]3er ()
te(0,T)

T
[ (I8 + 62(1,2) + 16(2) mqey) tt +
sup ([fuse(t) > + tsea(t) 1> + [18(8)]° + °(1,8) 4 use(t) [For )
te(0,T)
T
lua (@) + a8 sy + 108 ogeny) + [ (16O + 82a(2)]12)

< C- (Iml3ser + 9132 + 100l 0))- (3.46)

Uniqueness for the global classical solution can be shown in the same way as in the proof
of lemma 3.5. In fact, one has to derive the same estimates for © and 6 as for the global

existence which has been shown in [3]. So, this proof is omitted, too.

4 The control problem

4.1 Differentiability of the observation operator

In order to derive the necessary conditions of optimality, we have to show the Fréchet differ-
entiability of the observation operator S. The operator maps each (m,g,0r) in the control

set to the corresponding unique solution (u,8) of (3.5). The control space is defined as
Z = H*0,T) x L*(0,T; L*(Q)) x H*(0,T), (4.1)
therefore M C Z. For (m,g,0r) € U,q we define

K*(m,g,0r) = { (h,k,1)€Z | (mE Ak, g£ Ak, br £ Al) € Uug

Yae[o,N, X>0 }. (4.2)
There holds:

Theorem 4.1 Let the assumptions of theorem 3.2 be satisfied and (m, g,0r) € Uyq. Then S

has a directional derivative

(¢7¢) = D(h,k,l)S(magael") (43)
at (m, g,0r) in the direction (h,k,l) for all (h,k,l) € K*(m,g,0r). Moreover, with (u,0) =
S(m,g,0r) and € = u, + m(t), (¢,9) € Xar X Xar1 solves the linear initial boundary value

problem

17



/OT < pu(s), &(s) >g-ixm ds —/()T/ngszz dzds = —/()T/Qa:fz(s)fdmds (4.4a)

- /OT/Q (6¢ +(0+ F"(€)) (¢z + h(s))) (.deds, Vée L2(0,T; HX(Q)), (4.4b)
Vi — Yoo =k + 06 (do +A(t)) +ecet) + e (dor +A(t)), ae i Qr, (44c)

é(z,0) = ¢¢(z,0) = 0 = 9(=,0), Vz e Q, (4.4d)
#(0,t) = ¢(1,t) =0, Vte[0,T], ¢22(0,t) = pua(1,t) =0, a.e. in (0,7),
¥2(0,8) =0, —v(1,¢) =v(1,t) — I(2), a.e. in (0,T). (4.4e)

A corresponding result holds for the directional derivative D(_p, g _1)S(m,g,0r) of S at
(m, g,0r) in the direction (—h,—k, 1) if (h,k,l) € K~ (m,g,0r).

Proof. It follows from the standard theory of linear partial differential equations that (4.4)
has a unique solution (¢,%) € Xar X X47. Now, let (h,k,1) € K*(m,g,0r) and A > 0 such
that (m + Ak, g + Ak, Op + M) € U,g, whenever 0 < A < ). We define

(u*, 6*) := S(m + Ah, g + Ak, 0r + M), e = u) +m(t) + Ah(2),
P i=ut —u— A\, =0 —60— . (4.5)

To prove the theorem we have to show that
I ) lxaner =02) as A — 0+, (46)
For this purpose we need some preparation. Setting
G(e,0) :=6¢e+ F'(e), (4.7)

we obtain the following system which is solved by (p*, ¢*):

[ < phs)ols) >ae @ — [ [ phaiadads = [ [ (6(,6Y) - G(e.)

~X(Ge(e,8) (¢o + (1)) + Go(e, 0) %)) gz dz ds, Vo € L*(0,T; HX(Q)),  (4.8a)
g —qr =0 ere} —fee, — (Hst(qbz—l—h(t))—l—astqﬁ
+0 (o + (1)), ae in Qr,  (4.8b)
pA(az,O) = pt}‘(az,O) =0= q>‘( ,0), z €, (4.8¢)
pA(O,t) = pA(l,t) =0, Vtel0,T], pi‘z( 1) = pm(l t)=0, ae in (0,7),
2(0,t) =0, —q(1,t) = ¢*(1,1), ae in (0,T).  (4.8d)
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Taylor’s theorem leads to
G(e*,0%) = G(e,0) + G.(c,0) (" — €) + Ge(e, ) (6* — 6)
+G1(e%€) (" —e)* + (" — ) (6* — 6), (4.9)

with Gy(e*,¢) = (105 —3e+ (105 —1)(e* — ) +5e(e* —e)? + (e* — 5)3). Since e* — ¢ =
P2 + Moz + h(2)) and 6* — § = ¢* + \yp, we have

A = aﬂ(a(g*, 0*) — G(e,0) — A(Ge(e, 0) (¢ + h(t)) + Go(e, ) ¥))
= T (Gule0) P+ Cole,0) 8+ Cu(),0) (& — ) + (& — ) (6 — 1))
= aﬂA G.(g,0)p), + Go(e,8) gp + Geole, 8) 6, p)
+Ges(€,0) €2 ¢ + Gee(€,0) exp) + G1(e*,€) 2 (e — €)(e) — €2) (4.10)

+Hea =€) (01 — 0) + (% — &) (02 — 6z) + (Groa (e, €) €2 + Gue(e,€) &) (1 — €)*.
Taylor’s theorem for the right hand side of equation (4.8b) yields
B = ee,q*+0ep)+0ep), + ((0>‘ —0) e (e —¢)

H(O* —0)e (e} — &) + 0 (X —e) (e —&1)). (4.11)

We now prove assertion (4.6). We divide the proof into three lemmas. In the following,

C;,1 € IN, denote suitably chosen constants.
Lemma 4.1 It holds
o2 (IO + 1PN + 2O + 12 G + 220l =)

[T (12017 + ¢ (1,87) e = 00%) (4.12)

Proof. Testing (4.8a) with p}, partial integration, Holder’s and Young’s inequalities and the

corresponding stability result (see lemma 3.5) lead to

1
SR+ 192 01P) = [ [ 4p} deds
t
< O [ (IR + 1B + Ipka(s) + g (s)]12 + dullaX(s) ) s
t
+Ca [ [ (1 = eff +[ed = ealt + 16* - 6]%) dw ds
0 JQ
t
-I-/ /Q({;‘A—a)(ﬂi‘—ﬂz)pt}‘dmds
0
t
Cs [ (I () + Ip2() + 12 ()12 + 1) + 8alla2(s) )
t
+02/0 /ﬂ(|&—5|4+ €3 — e[* 4 [6* — 6]*) dz ds + Cy)*

t
Cs [ (IR +122) 1 + 22 ()12 + 18() 2 + Gilla(s)]F) ds + Csht. (4.13)

IN

IN
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Next, we test (4.8b) with ¢*. Again, partial integration and Young’s inequality give

1

1 t t
Sl + [ )P ds — [ ad(s) X(s)], ds
0 0
t
< //qA(eéfpi‘t-l-q}‘sst—l—Hstpi‘)dazds
0 JQ
I ds + Co [ [ (1 — el + 16 017) dods
6 Jo 0 JO
t
Jr/o /{2((0*—0)5(55 —e)+0(* —¢)(e} — ) ¢ duds, (4.14)

With the help of our stability result we have that the last terms are bounded by C,\* +

%fg ||C]>‘(s)||2 ds. Moreover,

t t
[ [ (2 eeitepd)dods| < Co [ (l6)]° + 82lla2(s)?) ds
0 JQ 0
+85Co sup ||p3,(2)]%, (4.15)
te(0,T)

where we have made use of (2.14) and (2.19) for p*(¢). The first term on the right hand side
of (4.14) yields

/t/ Agep) deds = /t/i(keg ) da ds
) Qq Dt = o Jo dz q Y2

t
—/0/Q(qi‘@apt}‘—kq}‘ﬂzapt)‘—l—q)‘ﬁazpt}‘)da:ds. (4.16)

The first term on the right hand side vanishes due to the boundary conditions. Again,

invoking (2.14), Holder’s and Young’s inequalities, we have

SR+ [ 1267 ds) + [ @2 ds < 0o (417)

t
+010 [[ (IO + 2P + 52+ 8+ 85) [22(5)IP) ds + 805 sup [P (A"
€(o,
Altogether, we conclude from (4.13) and (4.17):

I8 + I @I + 117 + [ (I + (1,52 ds

t
< CuX+ 012/0 (B2 (I + 122 ()1? + 122 ()1” + la*(s) 1

+(81 + 82 + b4 + 85) |2 ()]1?) ds + 6305 e 125, ()12 (4.18)
te(o,

Taking into account Poincaré’s inequality, i.e. ||p*(2)|| < ||p2(2)]], (2-19) for p*(¢), chosing &,
1=1,...,5, suitably, applying Gronwall’s lemma, and taking the supremum on both sides,

the assertion is proved. O
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Lemma 4.2 It holds

sup ([Ip2 ()1 + P2 (DI + 12 @)1 + 21, 8)° + P2 () 3oy + [IP2e ()3

te(0,T)
HP ) + [ (RO + g 0)]7) d = 0(x%) (4.19)

Proof. Testing (4.8b) with g}, partial integration yields

[l@@Ids + [ [ adeds - [ @i ds <6 [ ads)Pds + €, (420)

where we proceeded as in the foregoing lemma. Considering the initial and boundary con-

ditions, we obtain
¢ A 2 1 A 2 1 A 2 4
(1= 6) [ IaX(s)*ds + Sl + 5 (L8 < Cuxt (4.21)

Next, we test (4.8a) with —p)_,. Using the initial and boundary conditions, we arrive at

1 t
SR + e ®)?) = = [ [ Apk,dods
0 JQ
t ~ ~
= —/ /Atpi‘mdazds —I—/ Apd(t)dz. (4.22)
0 JQ Q

The first integral can be estimated by

[ (6ue. 005+ Gole,6) G2 + Guole, )67 + Gisle, 6) 06 + Gl ) 1
+Gi(e ,5) 2(e% —e) (&7 —&e) + (g7 — &) (87 — 6)
+(e* =€) (8} — 6,) + (Gl,ex(a‘}‘, g)e} 4+ Gy (e, ¢) 5t) (e* — 5)2) P, dzds \

t
< G [ (Ipb)IF + 12 + [a ()P + ()12 + Gallad(s)7) ds + Can’
t
< G [ (Ips)IF + Ipeals)]1? + Gallal(s) %) ds + Cah, (4.23)

where we have made use of the foregoing lemma and the stability result. Also, that is why

the second integral is bounded by

5 A t 2 C )\t 2 At 2 C A L4 0)\_04 d
allpea DI + Co (IR0 + 1)) + Cr [ (Ie* = el +16* — 8]%) da
< Gallpla(t)] + Cal". (4.24)

Both inequalities lead to
1 A 2 1 A 2 1 ¢ A 2 1 A 2 1 A 2
SR + G = 82)[Pa DI + G = 61— 8) [ ()P ds + 5|2 + 5 a1, )
0
t
< M+ Ca [ (IIpd(s)® + 1P2a()]17) ds. (4.25)
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Now, a suitable choice of &;, ¢+ = 1,2,3, Gronwall’s lemma and taking the supremum on
both sides, invoking (2.14) and lemma 4.1 as usual, the lemma is proved except for the term

fOT lg2,(#)]|? d¢t. Looking into equations (4.8b) and (4.11), respectively, one easily sees that
it is also bounded by O(A*). O

Lemma 4.3 It holds

sup P8 (t)[|5r-1 () < O(A?). (4.26)
te(0,T)

Proof. This works analogously to lemma 3.4. With the help of equations (4.8a), (4.10) and

the foregoing lemma, one finds

sup ||pt>‘t(t)||H—1(Q) < O()\z) a.e. in (0,7), (4.27)

te(0,T)
whence the assertions follows. O
Thus, theorem 4.1 is completely proved. O

Remark 4.1 The result of theorem 4.1 is much stronger than the corresponding result of
theorem 2.3 in [1]. In fact, here we have shown the differentiability of S as mapping into the
solution space X371 X X471, while in [1] only the differentiability into the Banach space

B = Wbu(0,T; L3(Q)) N L=(0,T; Hy (Q) N HX(Q))
x L0, T; HY(Q)) N L=(0, T; L*(Q)) (4.28)

has been proved. Since X,r is continuously imbedded in C(Qr), this means that also
pointwise constraints on the temperature § could be included in the control problem. This
was not possible in [12] and [13] where only pointwise constraints on the displacement u
and the strain ¢, respectively, could be admitted. Note that pointwise constraints for 8 are
very realistic for the particular experimental setup discussed here, where 8 is kept close to a

prescribed (constant) temperature 4.

4.2 Necessary conditions of optimality

We introduce the adjoint system. Let (p, g) be the adjoint variables to (u*,0*) € Xz 1 x Xa T,

we have
T T T 9
| [apdedt+ [ cwyptyde = [ [ tupmdodt == [ [ e =((6r
+F"(e*))pe + q: 0" €* + q0f e* + D1 Py (ul, 0*)) dzds, in Qr, (4.29a)

V¢ e HY(0,T; L3(Q)) n L*(0,T; Hy () N H(Q)), 0<t<T,
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Gt + Quw — Pu € +qe*e; = Dy®y(ul,0%), ae in Qr, (4.29b)

p(z,T) = pi(z,T) =0 = g(z,T), for z€q, (4.29¢)
p(O,t) = p(l,t) =0= pzz(oat) = pzz(l,t),
g:(0,t) =0 =g,(1,t) + q(1,t), for 0<t¢t<T, &"=ul+m*¢). (4.29d)

The following theorem can be proved as theorem 3.1 in [1].

Theorem 4.2 Suppose that (u*,6*) € Xar X Xor and ®&; € C?*(IR?). Then there ez-
ists a pair (p*,q*) such that p* € H'(0,T; L*(Q)) N L“(O,T;;Il (Q) N H2(Q)) and ¢* €
HY0,T; H'(Q)) N L*(0,T; H*()), which solve the adjoint system (4.29).

The following theorem is the main result of this section.

Theorem 4.3 Let (u*, 6*;m*, g%, 05) denote any solution of the control problem (CP). Then

there ezist functions (p*, ¢*) as in theorem 4.2 which solve the following variational inequality:
/ / [ h(t)p e —h(t) g 0" c* + h(t) (p3 (6" + F'(e") —q" 0" ¢}) } dads
P h d ! P, k dzd
() h(t ¢ / / 3 _ ¢ ¢
b [ { e eae Y as [ { e -a b de
T
[ { @ -y by a > o (4.30)
V(h,k,1) € KT (m*, g*, 6}). For (h,k,l) € K~ (m* g*,0%) we obtain the reverse inequality.
Proof. Let (u*,8*;m*, g*,07) solve (CP). Then, for sufficiently small A > 0, one has
J(w,0%m*, g2, 08) > J(w*,8%m*, g, 61), V(hk,1) € K*(m*,g",6F). (4.31)
Theorem 4.1 then yields
(w*,60%) = (u",8%) + A(¢",9") + o(N), (4.32)

where (¢*,1*) solves (4.4). Taking the limit A — 0+, invoking (1.4) and (4.31), one arrives

[
+/0<I> dt+//<I>’ )k dz dt
I

+ ®,(0r(t))(t)dt > 0, V(h,k,1)e Kt (m* g*,0F). (4.33)

Dy®y(uz,6%) ¢% + Da®y(ul, 0%)9*) dz dt
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Denoting by (p*, ¢*) the adjoint variables, we have

T T T . T 9
[ <tursuoam - [ [ drriiats [ [ahtpasec— [ [ 2 (e
0 0 o Ja~ Oz

+ (0" + F(e%) (45 + Rt dazdt+// (41— 92—k — (61 (6 +h(2)
bttt e (¢;t—|—h(t))))dmdt — 0, &=+ m(d).

(4.34)
Partial integration leads to
—/ [éinidndt — [ g)pide + [ [ Stupeadodr+ [ [ (o1 (0"
F"(e")) (¢ +h(t)) + P xh(t) + ph e’ ¥" + 9" (—qf — ab,) — gk — ¢" 6" €] (¢5 + h(2))
g v e YT+ (¢"0 ") by — g 0% " h(t)) dzdt — /OT g*(1,t)l(t)dt = 0. (4.35)

It follows

T
_/ /¢t pt dzdt — /¢t pt d:IJ —I-/ /qﬁzzpzz dzdt — / / (6 pz
° X
+ Fll(g*)) - q* g* 5: + (q* 0* 5*)15)) dx dt —|—A A¢* _ qz‘ _ q;z _I_p: * q* e 5*) dz dt
T 3
+ /0 /Q (P: (0* 4+ F"(e*))h(t) + p* z h(t) — q* 6" €} h(t)

T

— kg0 h()) dazdt—/ F(L)Id = o, (4.36)

0
and therefore

T
_/0 /¢t pt dzdt — /¢t pt da: ‘|’/ /¢mpm dezdt — / / (
+ F"(6*))+q2‘9*6*+q*92‘6*)) dz dt —/0 /Qlﬁ* a4 + 4. — PrE +q*5*5:) dz dt
/ / (h(8) 9% (6" + F"(e*)) + h(t) p* = — o'k

T

¢ 6 (h(t)e; + h(t)e*)) dedt — / ¢(L1)I()dt = o (4.37)
0
With theorem 4.2, we obtain
T o T
/ /¢*—qu>1 ut,6%) dz dt —/ /¢* D, ®: (uf, 0%) dz dt
0 Q
+ / | (h)pz (6 + F/(e) + h(t)p* 2 — o'

T

— g0 (h(t) el + h(t) ")) dazdt—/o F(LY)It)dt = o. (4.38)

Invoking equation (4.33) yields
/ / 1) pt (8% + F"(e*)) + h(t)p*z — gk
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— (h(t)aHh(t)s*)) dz dt —/Tq*(l,t)l(t) dt

n AT¢gm*@nuwdt+ATAfg@wkdm&-+AT¢u%@»uwdt > 0. (4.39)

Hence, the variational inequality (4.30) follows. O
References
[1] Brokate, M., Sprekels, J.: Optimal Control of Thermomechanical Phase Transitions in

[10]

[11]

Shape Memory Alloys: Necessary Conditions of Optimality, Mathematical Methods in
the Applied Sciences 14 (1991) 265-280.

Brokate, M., Sprekels, J.: Hysteresis and Phase Transitions, Applied Mathematical
Sciences Vol. 121, Springer—Verlag, New York, 1996.

Bubner, N.: Modellierung dehnungsgesteuerter Phasentbergange in Formgedachtnisle-

gierungen, Doctoral Dissertation, Universitat—GH Essen, Verlag Shaker, Aachen, 1995.

Bubner, N.: Landau-Ginzburg Model for a Deformation-Driven Ezperiment on Shape

Memory Alloys, Continuum Mechanics and Thermodynamics, to appear.

Falk, F.: Landau Theory and Martensitic Phase Transitions, Journal de Physique C4
(1982) 3-15.

Falk, F.: One-dimensional model of shape memory alloys, Archives of Mechanics 35

(1983) 63-84.

Falk, F.: Elastic Phase Transitions and Nonconver Energy Functions. In: “Free Bound-
ary Problems: Theory and Applications I” (K.—H. Hoffmann, J. Sprekels, eds.), 45-59,
Longman, London, 1990.

Fu, S., Huo, Y., Miller, I.: Thermodynamics of pseudoelasticity — an analytical ap-
proach, Acta Mechanica 99 (1993) 1-19.

Huo, Y., Miller, I.: Nonequilibrium Thermodynamics of Pseudoelasticity, Continuum

Mechanics and Thermodynamics 5 (1993) 163-204.

Lions, J.L., Magenes, E.: Non-Homogeneous Boundary Value Problems and Applica-
tions, Vol. II, Springer—Verlag, Berlin — Heidelberg, 1972.

Sokotowski, J., Sprekels, J.: Dynamical Shape Control and the Stabilization of Nonlinear
Thin Rods, Mathematical Methods in the Applied Sciences 14 (1991) 63-78.

25



[12]

[13]

[16]

[17]

18]

[19]

Sokotowski, J., Sprekels, J.: Control Problems with State Contraints for Shape Memory
Alloys, Mathematical Methods in the Applied Sciences 17 (1994) 943-952.

Sokotowski, J., Sprekels, J.: Control problems for shape memory alloys with constraints
on the shear strain. In: “Control of Partial Differential Equations” (G. Da Prato, L.
Tubaro, eds.), Lecture Notes in Pure and Applied Mathematics Vol. 165 189-195,
Marcel Dekker, New York, 1994.

Sprekels, J.: Shape Memory Alloys: Mathematical Models for a Class of First Order
Solid-Solid Phase Transitions in Metals, Control and Cybernetics 19 (1990) 287-308.

Sprekels, J.: One-Dimensional thermomechanical phase transitions with non—convex
potentials of Ginzburg—Landau type. In: “Nonlinear Evolution Equations That Change
Type” (B. L. Keyfitz, M. Shearer, eds.), IMA Volumes in Mathematics and its Appli-
cations 27 243-257, Springer—Verlag, 1990.

Sprekels, J., Zheng, S.: Global Solutions to the Equations of a Ginzburg—Landau Theory
for structural Phase Transitions in Shape Memory Alloys, Physica D 39 (1989) 59-76.

Zeidler, E.: Nonlinear Functional Analysis and its Applications, Vol. I, Springer—Verlag,
New York, 1986.

Zheng, S.: Global solutions to thermomechanical equations with nonconver Landau—
Ginzburg free energy, Zeitschrift fiir angewandte Mathematik und Physik 40(1) (1989)
111-127.

Zheng, S.: Nonlinear Parabolic Equations and Hyperbolic—Parabolic Coupled Systems,
Pitman Monographs and Surveys in Pure and Applied Mathematics Vol. 76, Burnt
Mill, Harlow, Longman, 1994.

26



