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Multiscale modeling of vascularized tissues via non-matching
immersed methods
Luca Heltai, Alfonso Caiazzo

Abstract

We consider a multiscale approach based on immersed methods for the efficient compu-
tational modeling of tissues composed of an elastic matrix (in two or three-dimensions) and a
thin vascular structure (treated as a co-dimension two manifold) at a given pressure. We derive
different variational formulations of the coupled problem, in which the effect of the vasculature
can be surrogated in the elasticity equations via singular or hyper-singular forcing terms. These
terms only depends on information defined on co-dimension two manifolds (such as vessel center
line, cross sectional area, and mean pressure over cross section), thus drastically reducing the
complexity of the computational model. We perform several numerical tests, ranging from simple
cases with known exact solutions to the modeling of materials with random distributions of ves-
sels. In the latter case, we use our immersed method to perform an in silico characterization of
the mechanical properties of the effective biphasic material tissue via statistical simulations.

1 Introduction

This paper is motivated by mathematical and computational modeling in the context of tissue imaging,
such as Magnetic Resonance Elastography (MRE), a quantitative imaging technique sensitive to the
mechanical properties of living tissues. In MRE, the tissue undergoes external harmonic excitations,
such as shear or compression waves, and Magnetic Resonance Imaging is used to recover the me-
chanical response of the tissue in terms of the internal displacement. These data, combined with a
mathematical model of the underlying tissue dynamics, are then employed to characterize the tissue
– in vivo and non invasively – in order to identify and localize tissue anomalies, such as cancer or
fibrosis (see, e.g., [24, 29, 20, 30]).

Recent experimental studies have been dedicated to the potential of MRE to characterize intrinsic
properties of biphasic tissues (e.g., brain and liver), aiming at the non invasive diagnosis of pressure
related diseases (see, e.g., [18, 19]). To this aim, efficient models able to describe both phases (solid
matrix and fluid vasculature) are necessary. From the computational point of view, fully resolved bipha-
sic models, i.e., accounting for the coupling between the tissue and fluid vasculature at the microscale,
are practically unfeasible. On the one hand, the elevate geometrical complexity would lead to excessive
computational cost and, on the other hand, image resolution used in MRE (of the order of millimeters)
does not allow to reconstruct in full detail the vasculature. The goal of this work is to propose a novel
mathematical multiscale model for the mechanics of a biphasic tissue, (composed of an elastic matrix
and a thin fluid vasculature) in which the vasculature (microscale) is not explicitly discretized, but it is
immersed in the elasticity problem describing the matrix dynamics at the macroscale.

To this aim, we use an approach based on the Immersed Boundary Method (IBM), in order to account
for complex (one-dimensional) structures within two- and three-dimensional elastic materials.
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L. Heltai, A. Caiazzo 2

The Immersed Boundary Method was introduced by Peskin in [25], to study the blood flow around heart
valves (see also [26], or the review [22]), and evolved into a large variety of methods and algorithms.
The main idea behind this technique is to address complex fluid-structure interaction problems by
formulating them on a fixed background fluid problem, with the addition of singular source terms that
take into account the presence of the solid equations, removing the requirement that the position of
the interfaces between the fluid and solid domains should be aligned with the computational mesh.

In the original Immersed Boundary Method [25] the singular source terms are formally written in terms
of the Dirac delta distribution, and their discretization follows two possible routes: i) the Dirac delta dis-
tribution is approximated through a smooth function, or ii) the variational definition of the Dirac distribu-
tion is used directly in the Finite Element formulation of the problem. For finite difference schemes, the
first solution is the only viable option, even though the use of smooth kernels may excessively smear
the singularities, leading to large errors in the approximation [21]. In the context of finite elements,
instead, both solutions are possible. The methods derived from the Immersed Finite Element Method
(IFEM) still use approximations of the Dirac delta distribution through the Reproducing Kernel Particle
Method (RKPM) [31].

Variational formulations of the IBM were introduced in [5, 7, 8, 12], and later generalised in [15]
and [28], where the need to approximate Dirac delta distributions is removed by exploiting directly the
weak formulation. Such formulations allow the solution of PDEs with jumps in the gradients without
enriching the finite element space, and without introducing approximations of the Dirac delta distri-
bution. In the context of 3D-1D multiscale models, an approach using techniques similar to the IBM
has been described in [11, 10] for the case of diffusion equations. In this case, a diffusion problem
was solved on both the 3D and on the 1D domains, considering, additionally, the 1D vasculature as a
source of nutrients for the 3D tissue. This approach has been recently extended to the case of a 3D
porous media (Darcy) coupled to an immersed vasculature, resolving the flow in the vascular network
via a (0D) lumped parameter model [9].

In this paper, we consider the case of a 3D (or 2D) elastic matrix with an immersed 1D (resp. 0D)
vasculature with a given fluid pressure, i.e., under the assumption that the diameter of the fluid vessel
is much smaller than the size of the characteristic domain.

In the variational formulation, the effect of the fluid is then included in the elasticity equations by
means of a singular source term on a lower dimensional manifold. We begin by analyzing a singular
formulation in which the source term is concentrated on the vessel boundary. Next, we discuss a
hyper-singular alternative, in which the immersed source term is applied only at the vessel centerline
(a co-dimension two manifold), thus reducing drastically the computational effort.

The multiscale model will be derived starting from a 2D-0D axis-symmetric case and subsequently
extended to the general 3D-1D situation. We perform different numerical tests, validating the model
in a simple setting in which an analytical solution is available, and investigating the statistical effective
behavior of a biphasic material with random vessel distribution as a function of elastic and geometrical
parameters. We focus on the effective tissue dynamics assuming a steady known fluid pressure in the
vasculature.

An extension of this model including a two-way coupling with an active one-dimensional vasculature
(e.g., using the approach described in [23]) is currently under investigation and will be subject of a
future work.

The rest of the paper is organized as follows. In Section 2 we discuss the two-dimensional case,
starting from a model problem with known exact solution. The approach is extended in Section 3 to
the three dimensions, while its discretization is discussed in Section 4. Numerical results are presented
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Modeling of vascularized tissues via immersed methods 3

in Section 5, while Section 6 draws some conclusions.

2 The two-dimensional model

2.1 A simple problem setting

We consider the situation of a biphasic tissue composed of an elastic matrix and thin blood vessels,
under the assumption that the vessel diameters are much smaller of the typical size of the surrounding
matrix. To fix the ideas, we start with the derivation for a two-dimensional model problem, considering
a single vessel. Assuming that the vessels are small compared to the elastic matrix, and that long
term interaction can be neglected, the arguments can be extended also to the general domains and
multiple vessels.

Let a > 0, and let us introduce the set

Ba = {x | ‖x‖ ≤ a}

describing a circle of radius a (which will be also referred to as vessel). Next, let Ω ⊂ R2 and let us
introduce the tissue domain Ωa = Ω\Ba. We assume that the boundary of Ω is decomposed as

∂Ω = ΓD ∪ ΓN ,

and we define Γ := ∂Ba to be the vessel boundary, and we denote with n the normal vector to Γ
pointing outwards the tissue domain (see, e.g., the sketches in Figure 1).

This setting represents the case of a tissue that extends indefinitely along the z-direction with an
embedded cylindrical vessel with cross-section equal to Ba. We assume that the presence of a flow

aΓ

Ωa ΓD

n

n

ΓN

Figure 1: An example of a domain Ω with a single vessel of radius a.

inside the vessel can be modeled as a constant excess pressure p̄, that represents the difference
in pressure between the interior part of the vessel, and the surrounding elastic matrix. The excess
pressure represents the force per unit area that the vessel exerts on the elastic matrix, and we assume
that this force is directed along the normal to the vessel.

We now consider the following problem:

Problem 2.1 (2D on Ωa) Given the excess pressure p > 0, find the displacement ua : Ωa → R2
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L. Heltai, A. Caiazzo 4

solution to:
−∇ · σ(ua) = 0, in Ωa

ua = 0, on ΓD

σ(ua)n = 0, on ΓN

σ(ua)n = −pn on Γ

(1)

The above system of equations describes the dynamics of a compressible, linear elastic material,
where

σ(u) := 2µe(u) + λI divu, (2)

stands for the first Piola–Kirchoff stress tensor, e(u) = 1
2

(
∇u +∇uT

)
denotes the symmetric part

of the deformation gradient, µ and λ are the so called Lamé constants, and I is the identity matrix.

Remark 2.1 Notice that, using (2), the normal component of the solid stress σ(u)n can be also
written as σ(u)n = (2µ+ λ)(divu)n

Let us now introduce the functional spaces

V a := {v ∈ (H1(Ωa))2, such that v|ΓD
= 0}, (3)

Multiplying (1) with v ∈ V a and integrating by parts yields a standard variational formulation of
Problem 2.1:

Problem 2.2 (2D on Ωa, variational) Given the excess pressure p > 0, find the displacement ua ∈
V a solution to:

2ν(e(ua), e(v))Ωa + λ(divua, div v)Ωa =

∫
Γ

p̄n · v dΓ ∀v ∈ V a, (4)

where (·, ·)Ωa denotes the inner product in (L2(Ωa))2.

2.2 Exact solution in the axis-symmetric case

In the special case where Ω is a circle of radius R > a (see Figure 2), problem 1 can be solved
analytically. Writing equation (1) in polar coordinates, simple symmetry arguments allow to conclude

a
R

Γ

Ωa ΓD

n

n

Figure 2: An example of an axi-symmetric domain Ω with a single vessel of radius a.

that the angular component of the solution vanishes, while the radial component depends only on the
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Modeling of vascularized tissues via immersed methods 5

distance from the vessel, i.e., ua(x) = uρ
x
|x| . The elasticity problem reduces therefore to an ODE for

uρ, yielding the displacement

ua(x) =
pa2 (R2 − |x|2)

2 (R2µ+ λa2 + µa2)

x

|x|2 . (5)

Figure 3(left) shows the behaviour of the radial displacement given by (5), varying the size a of the
vessel.

Figure 3: Left: Central sections of the radial component of the exact solution ua, for different values
of the vessel radius a ∈ [0.02, 0.55] (with λ = µ = 1, R = 1, p = 1). Right: Central sections of
the radial component of the exact solution |uρ| to Problem 2.3, for different values of the vessel size
a = .1, .2, .3, .4 (λ = µ = 1, R = 1, p = 1).

We are interested in the situation where the radius of the vessel is small compared to the size of the
tissue domain. Under the assumption a� R, we obtain the approximation:

ua|Γ =
pa (R2 − a2)

2R2µ+ 2λa2 + 2µε2

x

|x| = −pa
2µ

n +O

(( a
R

)2
)

(6)

where we also used the fact that, on Γ, it holds
x

|x| = −n.

From (5)-(6), we conclude that the excess pressure p induces a radial deformation of the surrounding
elastic matrix (normal to the vessel boundary) which is of the order of pa

2µ
on the vessel boundary and

decays as 1
|x| .

2.3 A singular problem on the whole domain

Next, we aim at formulating an extension of the axi-symmetric problem on the whole domain Ω, and
at introducing a forcing term so that the solution of the extended problems coincides with the solution
ua, defined in (5), only outside of Ba.

In practice, we first extend the solution ua inside Ba as a uniform deformation, i.e., linearly in the
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L. Heltai, A. Caiazzo 6

distance from the origin (see Figure 3, right):

uΩ(x) =


p (R2 − |x|2)

2 (R2µ+ λa2 + µa2)

a2x

|x|2 |x| ≥ a

p (R2 − a2)

2R2µ+ 2λa2 + 2µa2
x |x| < a

(7)

The function uΩ defined in (7) is continuous across the vessel boundary Γ. However, the normal stress
has a jump given by

gan := Jσ(uΩ)nKΓ :=
R2p (λ+ 2µ)

R2µ+ λa2 + µa2
n . (8)

Hence, in order to define an elasticity problem on Ω, whose solution is given by uΩ, we will consider
a fictitious elastic material defined on the whole domain, with same properties as the original one
(defined in Ωa), but subjected to a singular source term that imposes the jump gan in the normal
stress. Namely, we consider the following problem:

Problem 2.3 (2D, singular) Given an excess pressure p > 0, find the distributional solution u to:

−∇ · σ(u) = FS
a , in Ω

u = 0, on ΓD

σ(u)n = 0, on ΓN

(9)

with

FS
a (x) :=

∫
Γ

δ(x− y)gan(y) dΓy, ∀x ∈ Ω (10)

where δ denotes the two-dimensional Dirac delta distribution and y stands for a local coordinate on
the interface Γ.

In order to understand the definition of Problem 2.3, let us introduce the Sobolev space

V := {v ∈ (H1(Ω))2, such that v|ΓD
= 0} ,

denoting with (·, ·) the scalar product in L2(Ω), and with< ·, · > the duality product betweenH1
0 (Ω)

and its dual space H−1(Ω). Multiplying (9) with a function v ∈ V and integrating by parts over Ωa

we obtain:
2µ (e(u), e(v))Ωa + λ (divu, div v)Ωa − (σ(u)n,v)Γ = 0 . (11)

Proceeding similarly, but considering a fictitious elasticity problem inside Ba with the same character-
istics of the surrounding elastic matrix, we obtain

2µ (e(u), e(v))Ba + λ (divu, div v)Ba + (σ(u)n,v)Γ = 0 (12)

where the signs of the last terms in (11) and (12) depend on the chosen orientation of the normal
vector n (from the tissue towards the vessel). Summing (11) and (12), imposing continuity on the
displacement and the given jump of the normal stress (8), we obtain the weak formulation:

Problem 2.4 (2D, singular, variational) Given an excess pressure p̄, find the solution u ∈ V such
that

(2µe(u), e(v))Ω + (λ divu, div v)Ω =

∫
Γ

gan · v ∀v ∈ V. (13)
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Modeling of vascularized tissues via immersed methods 7

Now, let us introduce the distributional definition of the two dimensional Dirac delta distribution, i.e.,∫
Ω

v(x)δ(x− y) dx = v(y) ∀v ∈ V ∩ C0(Ω),∀y ∈ Ω . (14)

Using (14), switching the order of integration, and interpreting the integral on Γ of functions in V in the
sense of traces, it is possible to rewrite formally the term

∫
Γ
gan · v as∫

Γ

ga(y)n(y) · v(y) dΓy =∫
Γ

ga(y)n(y) ·
∫

Ω

v(x)δ(x− y) dx dΓy =∫
Ω

∫
Γ

gan(y)δ(x− y) dΓy · v(x) dx =:< FS
a ,v >,

(15)

where FS
a is the singular forcing term introduced in (10).

For a detailed discussion on the behaviour of this distributional forcing term, see [17]. The term FS
a

is a distribution in H−1(Ω), and was introduced originally in [6] and later generalized in [12, 8, 16]
as a variational formulation of the Immersed Boundary Method [27], to approximate fluid structure
interaction problems using non-matching grids between the immersed structure and the surrounding
fluid.

2.4 The hypersingular problem

The variational formulation introduced in (13) allows to reformulate the coupled problem as an elas-
ticity problem on the whole domain Ω without explicitly taking into account the boundary condition on
the vessel boundary, so that, in the axi-symmetric case, the solution coincides with the exact one out-
side the vessel Ba. From the practical point of view, this approach might be used to employ a spatial
discretization (mesh) that does not explicitly resolve in full detail the vessel boundary, hence consid-
erably reducing the overall complexity, especially in the case of thin vessels. On the other hand, a
discretization of the formulation described in Problem 2.3 still requires a characteristic mesh size that
resolves the vessels boundary, in order to compute accurately enough the integral on Γa. For small to
very small vessels sizes, this constrain might still yield an excessive computational cost.

To tackle this issue, we generalize our approach one step further. Namely, let us consider an additional
parameter ε > 0, representing the fictitious area of influence of the vessels, and the corresponding
circle Bε of radius ε. We now look for a fictitious elasticity problem inside both Ba and Bε, so that
the solution coincides with the one defined in (5) only outside of the ball of radius max{a, ε} (see
Figure 2.4). Moreover, we impose a jump of the normal stress on the (non-physical) boundary Γε
instead of on the vessel boundary Γa.

This fictitious problem can be constructed analogously to the one defined in Section 2.3. Namely,
defining an extended – continuous – solution over the whole domain Ω, computing the jump of the
normal stress across the boundary of Bε and imposing this jump via a singular term in the elasticity
equation. In this case, the jump to be imposed reads

gε :=
a2

ε2

R2p (λ+ 2µ)

(R2µ+ λa2 + µa2)
=
a2

ε2
ga. (16)

DOI 10.20347/WIAS.PREPRINT.2555 Berlin 2018
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2ε

2a

Γ3(a3 > ε)

Γ1(a1 < ε)

Γ2(a2 ∼ ε)

2ε 2ε

2ε

Ω

Γ1

Γ2

Γ3

Figure 4: Example of vessel distribution with different radii ai, and same fictitious area of influence ε.

It is worth noticing that (16) generalizes the formula previously derived in (8). In particular, the solution
outside Ba reduces to (7) only if ε ≤ a. When ε > a, the solution coincides with the exact one only
outside of ε, and there is a region, corresponding to the area between ε and a, where the solution is
unphysical.

The advantage of using (16), is that we can define arbitrarily the scale ε, that represents the resolution
of interest, i.e., the relevant scale at which we want to approximate our singular forcing term. At a
distance at least ε from the vessels, the solution coincides with the expected one, while inside the
vessels, or inside a ball of radius ε from the vessel (whichever is bigger), the solution we obtain is
unphysical.

The resolution at which we need to integrate over Γε is now independent on the vessels size a, and,
in particular, it can be fixed a posteriori, after a discretization strategy (and a mesh size) is defined
for the domain Ω. This allows to define a forcing term in the limit for ε → 0, independently on the
vessel’s size. In this case, the forcing term for a single vessel centered at the origin in the variational
formulation would reduce to

lim
ε→0

∫
Γε

gεn · v dΓ = lim
ε→0

∫
Bε

a2

ε2
ga div v dx

= πa2ga div v(0), ∀v ∈ C1(Ω).

(17)

Equation (17) defines the hyper-singular forcing term

FH(x) := −πa2ga∇δ(x), (18)

so that
< FH ,v >:= πa2ga div v(0) ∀v ∈ C1(Ω). (19)

We remark here that FH cannot be used as-is as a source term for our elasticity problem, since it
does not belong to the space H−1(Ω).

It is however possible to mollify the hyper singular formulation (18), by employing a smooth approxi-
mation of the Dirac delta distribution δε

′
, according to a small parameter ε′, that again represents the
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Modeling of vascularized tissues via immersed methods 9

resolution at which we resolve our singular forcing terms. Although this new parameter is technically
different from the one introduced in Equation (16), in the rest of the paper we will set ε′ = ε, i.e.,
identifying the scale of interest with the radius of approximation of the Dirac delta distribution.

In particular, we consider approximations δε of the Dirac delta distribution such that:

� δε(x− y) = δε(y − x)

�
∫
<2 δ

ε(x− y) dy =
∫
Bε(x)

δε(x− y) dy = 1

� δε ∈ C1(<2)

�
∫
<2∇yδ

ε(x− y) dy =
∫
Bε(x)

∇yδ
ε(x− y) dy = 0.

and we defined the mollified forcing term

< FH
ε ,v >:=

∫
Ω

δε(y)πa2ga div v(y) dy ∀v ∈ H1(Ω). (20)

For a discussion on the properties of possible Dirac delta approximations to use, we refer the reader
to the excellent review paper [21].

The above formula can be straightforwardly generalized to the case of N vessels, of radii ai, i =
1, . . . , N and centered in xi, i = 1, . . . , N . Introducing also the approximation a � R for the
definition of the stress jump, i.e.,

gan =
R2p (λ+ 2µ)

R2µ+ λa2 + µa2
n =

2µ+ λ

µ
p+O

(( a
R

)2
)
, (21)

we obtain the hyper-singular forcing term

FH(x) = −
N∑
i=1

2µ+ λ

µ
πa2

i pi∇δ(x− xi) .

and its mollified version:

FH
ε (x) = −

N∑
i=1

2µ+ λ

µ
πa2

i pi∇δε(x− xi) .

In the two dimensional model, one can use either FS
a ,F

S
ε , or FH

ε as forcing terms and obtain a solution
that approximates the exact solution outside of the vessels up to higher order terms with respect to
both the ratio a/R and ε.

When considering finite dimensional approximations, the first two choices require the full discretiza-
tion of the vessel boundary Γ or of the fictitious boundary ∂Bε, while employing FH

ε only requires
evaluation of the integrals expressed in Equation (20).

3 Three-dimensional case

In three dimensions, we consider each vessel as a thin cylindrical domain, described via a one-
dimensional manifold, denoted as the centerline, and a radius varying along the centerline. In order
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Ts

Ns
Bs

s = 0 s = L

2a(s)

γ

Va

Figure 5: Sketch of a 3D vessel, identified via its cross-sectional radius and its centerline.

to obtain the singular source terms, we will then integrate over the centerline the equivalent of the
two-dimensional formulation discussed in Section 2 considered on a plane that is locally orthogonal to
the centerline.

In what follows, we will also assume that curvature of the vessels varies slowly w.r.t. to its arclength,
so that its effect, as well as elastic effects of the vessels, may be neglected. For a possible way to
include the elastic behaviour of the vessels we refer to [2]. In each cross sectional plane of the vessel,
we approximate the local behaviour of the problem as in the two-dimensional axi-symmetric case.

3.1 Geometrical setting

Let us introduce a one-dimensional arc-length curve

γ(s) : [0, L]→ Ω ⊂ R3,

describing the vessel centerline, and a positive function

a(s) : [0, L]→ Ω ⊂ R,

standing for the radius of the cross-section at each s ∈ [0, L]. Moreover, let us denote with A(s)
the cross-section, i.e., the disk of radius a(s) orthogonal to γ(s), and with |A(s)| the cross-sectional
area, for all s ∈ [0, L] (see Figure 5).

In order to formally derive the multiscale model, we introduce at each s ∈ [0, L] also the Frenet frame
Ts = c′(s) (tangential vector in s), Ns = T′s/|T′s|,Bs = Ts ×Ns (basis of the normal plane in s).

Finally, we assume that the fluid pressure within the vessel is constant over each cross section, thus
introducing a function

pγ(s) : [0, L]→ Ω ⊂ R,

denoting the excess pressure along the centerline.

Let us consider a three-dimensional domain Ω, the set

Va(γ) = {x ∈ Ω s.t. dist(x,γ) < a}, (22)

(denoting the vessel domain) and the tissue domain Ωa = Ω\Va. Moreover, let Γ = ∂Va(γ).

DOI 10.20347/WIAS.PREPRINT.2555 Berlin 2018



Modeling of vascularized tissues via immersed methods 11

We assume that the domain Va(γ) is non-intersecting, i.e., the coordinate transformation mapping

ϕ(r, θ, s) := γ(s) + r cos(θ)Ns + r sin(θ)Bs, (23)

is one-to-one from (r, θ, s) ∈ (0, a(s)]× [0, 2π]× [0, L] to Va(γ).

We denote with γ−1 : Va(γ) 7→ [0, L] the function that identifies, for each point x in Va(γ), the
arc-length coordinate s ∈ [0, L] such that γ(s) has minimum distance from x, i.e.,

γ−1(ϕ(r, θ, s)) := s, ∀r ∈ [0, a(s)], ∀θ ∈ [0, 2π]. (24)

Assuming that the pressure is constant over cross-sections, we define an extension p (defined in the
three dimensional vessel) of the one-dimensional excess pressure pγ via

p(x) = pγ
(
γ−1(x)

)
,∀x ∈ Va .

3.2 The singular formulation

As in the previous case, we aim to solve an elasticity problem on the domain Ωa by constructing
variational formulation on the whole three-dimensional domain Ω, in which the elasticity problem in Ωa

is extended by a fictitious problem in Va. Proceeding analogously as in Section 2.3, we seek for the
solution of a problem of the form

Problem 3.1 (3D, variational) Given the excess pressure field pγ , the vessel configuration γ, and
the radius function a, find u ∈ V such that

(2µe(u), e(v))Ω + (λ divu, div v)Ω =< F(γ,pγ ,a),v > ∀v ∈ V.

The source term F(γ,pγ ,a) shall be defined in such a way to enforce, for each s ∈ [0, L], a given jump
of the normal stresses across Γ ∩ A(s).

Ideally, we would like to use the same reasoning that lead to the definition of the two-dimensional
model problem, that is, defining F(γ,pγ ,a) such that the solution u coincides with the one that would
be obtained by solving the true problem in the elastic matrix alone, with non-homogemous Neumann
boundary conditions on the vessel boundary Γ depending on the pressure pγ .

However, in three dimensions, an explicit solution is only available for trivial vessel geometries and
boundary conditions, unless we assume that all quantities that change along the vessel coordinate
direction varies slowly w.r.t. to s. In this case we could still use the same principle used in the two
dimensional approximation by integrating the derivation of the two-dimensional model problem along
the arclength s. We start by constructing a force distribution FS(γ, pγ , a) given by

< FS
(γ,pγ ,a),v > :=

∫
Γ

(2µ+ λ)

µ
p(y)n(y) · v(y) dΓy

=

∫
Γ

(2µ+ λ)

µ
p(y)n(y) ·

∫
Ω

v(x)δ(x− y) dx dΓy

=

∫
Ω

v(x) ·
(∫

Γ

(2µ+ λ)

µ
p(y)n(y)δ(x− y) dΓy

)
dx .

(25)
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In 3D, it is therefore possible to define the singular source term as an integral over the vessel boundary
of the form

FS
(γ,pγ ,a)(x) :=

∫
Γ

(2µ+ λ)

µ
p(y)n(y)δ(x− y) dΓy, ∀x ∈ Ω .

The next step is to generalize the singular formulation in order to impose a given jump of the normal
stresses across the boundary of a vessel defined by the centerline γ([0, L]) and an arbitrary, constant,
radius ε > 0. Let Vε(γ) denote the generalized vessel of radius ε, defined analogously to Va(γ) in
(22), and let Γε = ∂Vε(γ) represent the boundary of such generalized vessel.

Proceeding as in the two-dimensional case, we introduce

ĝa(s) := πa2(s)pγ(s)
(2µ+ λ)

µ
. (26)

which is based on the approximation of the jump across the vessel boundary in the two-dimensional
case (see (21)), and the forcing term

FS
(γ,pγ ,ε)(x) :=

∫
Γε

ĝa(γ
−1(y))

πε2
n(y)δ(x− y) dΓy, ∀x ∈ Ω . (27)

3.3 The hyper-singular formulation

Let us introduce the extension of ĝa on Vε(γ) defined by

ĝ := ĝa ◦ γ−1 (28)

and consider, for any function v ∈ (C1(Ω))3 the limit

lim
ε→0

< FS
(γ,pγ ,ε),v >= lim

ε→0

∫
Γε

ĝ

πε2
v · n dΓx

= lim
ε→0

∫
Vε(γ)

1

πε2
div (ĝv) dx

= lim
ε→0

∫ L

0

∫ 2π

0

∫ ε

0

1

πε2
div (ĝv) dr r dθ ds

=

∫ L

0

(div (ĝv)) ◦ γ ds

=

∫ L

0

(Tsĝ
′
av + ĝa ((div v) ◦ γ)) ds ∀v ∈ (C1(Ω))3,

(29)

where we have used the identity∇ĝ = (Tsĝ
′
a) ◦ γ−1.

In view of (29), we consider the variational formulation

(2µe(u), e(v))Ω + (λ divu, div v)Ω =< FH
(γ,pγ ,a) + FT

(γ,pγ ,a),v > ∀v ∈ C1(Ω)

where the right hand side can be defined through the hyper-singular term

FH
(γ,pγ ,a)(x) := −

∫ L

0

ĝa(s)∇δ(x− γ(s)) ds, ∀x ∈ Ω . (30)
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and the singular source

FT
(γ,pγ ,a)(x) =

∫ L

0

ĝ′a(s)Ts δ(x− γ(s)) ds, ∀x ∈ Ω . (31)

which has support on the centerline and it is directed tangential to it.

Remark 3.1 Notice that the force introduced in (30)-(31) depends only on one-dimensional informa-
tion, such as centerline, the excess pressure p(s), the radius, and the cross-sectional area, and it
allows therefore to represent the vessel uniquely through a one-dimensional manifold.

Remark 3.2 Similarly to what happens in the two-dimensional case, the forcing term given in Equa-
tion (29) is not in V ∗, and we should replace FS

γ with a mollified version FS
(γ,pγ ,a),ε where the Dirac

delta distribution δ is replaced by a regularized version of it, δε, depending on a resolution parameter
ε.

4 The discrete problem

Let us now assume to deal with a polygonal or polyhedral domain Ω, and let {Th}h be a family of
conformal, quasi-uniform quadrilateral or hexaedral meshes exactly covering Ω where h denotes the
maximum element diameter.

We construct the finite element space of globally continuous piecewise polynomials of order k in each
coordinate directions defined by:

Vh := {v ∈ (H1
ΓD

(Ω))d, s.t. v|T ∈ Qk(T ) ∀T ∈ Th,v|ΓD
= 0}, (32)

denoting with m its dimension and with {v̂i}mi=1 a basis for the space.

We consider the following discrete problem:

Problem 4.1 (3D, Discrete) Let be given a curve γ : [0, L] → R3, a function a : [0, L] → R
describing the radius, and a pressure pγ : [0, L] → R. Moreover, let F be one of the singular or
hyper-singular source terms defined in the previous sections. Find the displacement uh ∈ Vh such
that

(2µe(uh), e(vh))Ω + (λ∇ · uh, div vh)Ω =< F ,vh >, ∀vh ∈ Vh. (33)

Problem 4.1 reduces to the solution of the following linear system of equations

KU = b, (34)

where

Kij := 2µ(e(v̂j), e(v̂i))Ω + λ(∇ · v̂j, div v̂i)Ω

bi :=< F , v̂i >Ω,
(35)

andU = {ui}i=1,...,m indicates the vector of coefficients of the finite element function uh such that

uh(x) =
m∑
i=1

uivi(x) x ∈ Ω. (36)
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The right-hand side of equation (33) contains a singular forcing term, whose numerical computation
may require a discrete approximation of the Dirac delta distribution. We use one of the classical ap-
proximations widely employed in the context of the Immersed Boundary Method [27], i.e.,

δε(x) :=
1

εd

d∏
i=1

θ
(xi
ε

)
(37)

with

θ(y) :=

{
(cos(πy) + 1) /2 if − 1 < y < 1

0 otherwise
(38)

where ε is an arbitrary (small) parameter. In the numerical experiments presented in the following
Section, we set ε = 2h, i.e., twice the diameter of the smallest triangulation element.

This approximation of the Dirac distribution guarantees that
∫
<d δ

ε dx = 1 and that δε ∈ C1(<d),
making it a good candidate for a regularization of the Dirac distribution required for the hyper-singular
formulation. For a in-depth discussion on alternative approximations of the Dirac distribution and of
their approximation properties, we point the reader to the excellent work of [21].

5 Numerical results

This section is dedicated to the numerical validation of the mathematical models derived in Sections
2 and 3. We will consider first the simple 2D axi-symmetric situation with known exact solution. Next,
we will investigate the effect of random distribution of vessels (in two and three dimensions) and use
the hyper-singular formulation to derive a statistical model for the effective tissue behavior.

All numerical examples provided in this section were obtained using an open source code based on
the deal.II library [4, 3, 1]. The code is freely available at the address https://gitlab.
com/code_projects/immersed-elasticity ([14]), and it is inspired by the deal.II
step-60 tutorial [13]. All simulations were performed using Q1 conforming finite element spaces on
quadrilaterals or hexaedral meshes.

5.1 Reference solution in two-dimension

We consider first a 2D axi-symmetric problem, comparing the results obtained via the proposed
method employing three different source terms to approximate the vessel network:

(S) A singular forcing term, whose distributional definition is given by

< F ,v >:=

∫
Γa

(2µ+ λ)

µ
pv dΓ

(RS) A regularized singular forcing term, given by

F ε(x) :=

∫
Γa

(2µ+ λ)

µ
pδε(x− y) dΓy

(RHs) A regularized hyper-singular forcing term, given by

F ε(x) := −(2µ+ λ)

µ
πa2p∇δε(x)
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Figure 6: 2D axi-symmetric problem. Comparison between the exact solution (left) and the numerical
solution obtained with the singular forcing term (case (S)).

Figure 7: Comparison of displacement magnitude on a diagonal cut of the disk, between solution on
exact domain, and the three different options for the right hand side term.

We consider λ = µ = p = 1 Pa. Figure 6 shows the comparison, on a circular domain of radius
R = 1, with a vessel of radius a = .1, between the exact solution (left plot) and the solution obtained
using the singular source (S) (right plot).

Notice that the grid does not need to be aligned to the surface Γ, thanks to the non-matching interpo-
lation techniques developed in [28, 16, 8, 12].

A more quantitative comparison is provided in Figure 7, showing the exact solution and the numerical
solutions for the three different singular source definitions along along a diagonal cut of the domain.
Although the ratio a

R
is not too small (equal to 0.1), the solutions are remarkably close outside of the

vessel, in agreement with the asymptotic expansion (21), which predicts a residual error of the order
of ∼ O

(
(a/R)2

)
.
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Figure 8: 3D axi-symmetric problem. Comparison between the numerical solution on the exact do-
main (left) and the numerical solution obtained with the regularized hyper-singular forcing term. The
displacement has been amplified of a factor 20, to better appreciate the comparison.

5.2 Axi-symmetric test in three-dimension

As an extension of the simple two-dimensional axysymmetric case, we consider a three-dimensional
extrusion of the two-dimensional case, where we probe the behaviour of our model with mixed bound-
ary conditions.

We consider an elastic cylinder, clamped at the top and at the bottom, and stress free on the lateral
surfaces, with a pressurised vessel in its center, and compare the result obtained using the exact
domain, and a regularized hyper-singular forcing term (30), used to simulate the presence of the
vessel:

F ε(x) := −
∫

Γ

(2µ+ λ)

µ
πa2p∇δε(x).

We consider λ = µ = p = 1 Pa. Figure 8 shows the comparison, on a cylindrical domain of radius
R = 1, height H = 2, with a vessel of radius a = .1, between the numerical solution on the exact
domain (left plot) and the solution obtained using the hyper-singular source term (right plot).

The difference between the maximum displacement on the external boundary of the two domain is
on the order of 10−4, with a maximum displacement on the order of 10−2, in agreement with the
estimates on the ratio between R and a.

5.3 Curvature test in three-dimension

The next test is designed to understand the effect of the curvature of the vessel on our approximation,
i.e., how strictly we should adhere to the requirements of small curvature. To this aim, we consider a
quarter of a toroidal elastic domain, with a vessel in its center, fixed at the clipping regions. The vessel
is pressurised at a given pressure.
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Figure 9: 3D toroidal problem. Comparison between the numerical solution on the exact domain (left)
and the numerical solution obtained with the regularized hyper-singular forcing term. The displacement
has been amplified of a factor 20, to better appreciate the comparison.

As in the previous test, we compare the result obtained using the exact domain, and a regularized
hyper-singular forcing term (30).

We consider λ = µ = p = 1 Pa. Figure 9 shows the comparison, on a quarter of a toroidal domain
with major radius R = 2, minor radius r = 1, with a vessel of radius a = .1, between the exact
solution (left plot) and the solution obtained using the singular source (right plot).

The difference between the maximum displacement on the external boundary of the two domain is on
the order of 10−3, with a maximum displacement on the order of 10−2. In this case we can observe
a deterioration in the solution of one order of magnitude, with respect to the model problem with no
curvatre, suggesting that a better model may be devised for those cases where the curvature of the
vessels may be significant.

5.4 In silico characterization of pressurised tissues

In the context of elastography, where data resolution (i.e., MRI images and acquired displacements)
is typically much coarser than vessel diameter, it is interesting to derive an effective material of the
biphasic tissue under consideration, i.e., to understand how the microscopic vasculature influences
the mechanical parameters (Lamé coefficients) on a coarser level.

Let us consider the case of a thick tissue sample, subjected to a known deformation along a specified
plane, such that strains along the orthogonal direction to the plane can be neglected. Such situation is
commonly referred to as plain-strain case. Typical experimental settings – targeted to the quantification
of elastic parameters – are designed to induce one of two ideal deformations: pure shear and pure
compression, represented in Figure 10.

These experiments correspond to an essentially two-dimensional configuration where the displace-
ments are given by, respectively, us = c(y, 0, 0) and ud = c

2
(x, y, 0), where c is an arbitrary con-

stant. In these cases, it is easy to show that the corresponding stresses are given by

σ(us) = c

0 µ 0
µ 0 0
0 0 0

 σ(ud) = c

(λ+ µ) 0 0
0 (λ+ µ) 0
0 0 0

 . (39)
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Figure 10: Typical plane strain experiments to infer µ and λ. Pure shear (left) and pure dilation (right).

By measuring the quantities

Fs :=

∫
As

σ(us) · n d∂Ω = c|As|µex

Fd :=

∫
Ad

σ(ud) · n d∂Ω = c|As|(λ+ µ)n,

(40)

it is thus possible to estimate µ and λ with two consecutive experiments (either imposing a force, and
measuring the shear and/or the dilation, or viceversa). A two dimensional simulation in these cases is
capable of capturing all the features of the problem.

However, when the tissue contains pressurized fluid vessels, it is no longer reasonable to assume that
the stresses are the ones presented in equation 39. In this situation, the multiscale model introduced
in Sections 2 and 3 allow for an efficient in silico characterization of the effective material properties.

In fact, let us consider a tissue domain Ω with a given distribution of vessels (e.g., recovered from
imaging or generated artificially using statistical methods), and let β represents the volume fraction of
Ω that is covered by vessels (e.g., for soft tissues, β is typically below 5%). Thanks to the structure
of the immersed finite element method, we can additively decompose the solution, isolating the effect
of the pressurized vessels on the right hand side. In other words, we can seek the solution uph in Vh
such that

(σ(uhp), e(vh)) = (F (p, a, β),vh)Ω ∀vh ∈ Vh. (41)

5.4.1 Derivation in the uniform case

To begin with, let us consider the two-dimensional problem, with an uniform random spatial distribution
of n random vessels located in {xi}ni=1, with radius ai and with excess pressure pi, for i = 1, . . . , n.

Let us now consider the Voronoi diagram covering the domain Ω with generators in {xi}ni=1 (as
in Figure 11). Indicating with Vi the i-th Voronoi cell, and with |Vi| its volume, we can define the
local vessel density βi = π2ai/|Vi|, and we can interpret the forcing term in equation (41) as the
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ai

xi

Vi

Figure 11: Voronoi diagram of the vessel centers for the two-dimensional case.

approximation through the Voronoi diagram of a continuous integral over the domain Ω:

< F ,v > :=
n∑
i=1

(2µ+ λ)

µ
piπa

2
i∇ · v(xi) =

n∑
i=1

|Vi|
(2µ+ λ)

µ
pi
πa2

i

|Vi|
∇ · v(xi)

=
n∑
i=1

βi|Vi|
(2µ+ λ)

µ
pi∇ · v(xi)

'
n∑
i=1

∫
Vi

βi
(2µ+ λ)

µ
pi∇ · v(x) '

∫
Ω

β
(2µ+ λ)

µ
p∇ · v dΩ,

(42)

where β and p are homogenised quantities that can vary spatially, and represent the local excess
pressure and the local vessel density of the tissue.

This approximation yields an homogenized elasticity problem

(σ(uhp), e(vh)) =

∫
Ω

β
(2µ+ λ)

µ
p∇ · vh dΩ ∀vh ∈ Vh, (43)

where the forcing term on the right-hand-side acts on the dilatational part of the deformation. The
solution to (43) satisfies the following conservation equation:∫

Ω

2µ|e(u)|2 + λ| divu|2 dΩ =

∫
Ω

β
(2µ+ λ)

µ
p∇ · u dΩ, (44)

where one clearly sees that the pressurized vessel network acts as a non-conservative pressure
source in the energy conservation equation.

If we consider homogenous Neumann boundary conditions, the force due to a uniform distribution of
vessels, constant pressure and fixed volume fraction would produce – up to rigid deformations – a
uniform dilation (or compression) in the form

u = cx . (45)

Let d denote the dimension (d = 2 in the considered setting). In order to determine the constant c,
we insert

| divu|2 = c2d2, |e(u)|2 = c2d
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into (44), obtaining

2µc2d+ λc2d2 = β
(2µ+ λ)

µ
pcd

and thus

c =
βp

µ

2µ+ λ

2µ+ λd
. (46)

The corresponding Cauchy stress is given by

σ(uhp)n =
βp

µ
(2µ+ λ)n, (47)

and the corresponding total force Fp on the face A can be computed as

Fp :=

∫
A

σ(uhp)n dA = |A|βp
µ

(2µ+ λ)n. (48)

In the case of a uniform spatial distribution of vessels, with constant vessel sizes and constant pres-
sure, we obtain (Fp · n)n = F, i.e., the internal force generated by the pressurized vasculature is
always directed along the normal direction to the surface.

Notice that the derivation of the total force (48) is based on the assumptions of Neumann boundary
conditions and on the fact that the term β (2µ+λ)

µ
p is constant across the domain. In this situation, the

divergence theorem yields

< F ,v >=

∫
Ω

β
(2µ+ λ)

µ
p∇ · v dΩ =

∫
∂Ω

β
(2µ+ λ)

µ
pv · n dΓ. (49)

The same argument cannot be used in the case of homogeneous Dirichlet boundary conditions. In
fact, the term on the right-hand-side of Equation (49) would be tested against functions v in V , whose
value on ∂Ω would be zero, meaning that a uniform distribution of vessels with constant pressure has
no effect on the solution.

In reality, since the distribution of vessels is discrete (although uniform), its effect should be noticeable
also with Dirichlet boundary conditions, by measuring Fp =

∫
A
σ(uhp)n for each of the faces of the

domain. By linearity, this should be equal (on average) to Equation (48).

5.4.2 Two-dimensional case

In this section, we probe the hypothesis derived in Section 5.4.1 by performing a set of statistical
simulations in two dimensions, in which we consider several realizations of a random collection of
vessels in a box domain Ω = [0, 1]2, we impose zero Dirichlet conditions, and we measure the effects
of the deformations on the boundary, by averaging the forces exerted by the expanding solid on the
faces.

In this set of tests, we fix µ = 1, p = 1, and we vary λ, the number of vessels, the radius, and
the refinement level of the grid, to understand the robustness of the method with respect to grid size,
vessel density, and material properties. In the presented simulation, the grid size is given by h = 2−ref,
where ref will be denoted as the refinement level.

The vessels are randomly distributed on Ω, assuring that they do not intersect the boundary. An
example of resulting distribution, considering 500 randomly distributed vessels of radius 5.65× 10−3
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Figure 12: Left: Example of random realization with 500 vessels of radius 5.65 × 10−4 (β = 5%).
Displacement field, obtained with λ = 1 and mesh refinement level 7 (h = 2−7 = 7.8125 × 10−3,
number of degrees of freedom equal to 33, 282). The maximum displacement is on the order of 10−3.
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Figure 13: Statistical distribution of the normal (left) and tangential (right) pressure force, generated
with β ' 5%, λ = 1, p = 1, and refinement refinement level 9 on 10,000 realizations.

(total volume fraction β ≈ 0.05) is provided in Figure 12 (left), while Figure 12 (right) shows the
results obtained with λ = 1.

Figure 13 shows the statistical distribution of the normal and tangential pressure force for 10,000
realizations of randomly distributed vessels with fixed volume fraction β ' 5%, Lamè parameter
λ = 1, and constant pressure p = 1, on a grid with refinement refinement level 9 (h = 2−9 =
1.953125× 10−3).

Figure 14 shows the mean normal force (with λ = 1 and λ = 10) as a function of the volume fraction
β. The error bars show the value of the standard deviation, which are only visible in the plot for the
refinement 8 case, as in the case with refinement 9 they are much smaller in scale.

5.4.3 Three dimensional case (aligned vessels)

In the three-dimensional setting, the homogenized hypothesis derived in Section 5.4.1 are more diffi-
cult to probe because vessels are anysotropic in nature, and realizations with totally random distribu-
tions of vessels would be unphysical, corresponding to point sources of excess pressure as opposed
to “vessel sources”.
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Figure 14: Mean and variance (vertical bars) value of the normal component of the force on the pres-
surized tissue computed from the statistical simulations, with refinement level 8 (left) and 9 (right),
compared with the value estimated in (48), for λ = 1 (bottom three experimental measures) and
λ = 10 (top three experimental measures).

For simpler settings, where the vessels are uniformly distributed and alligned along a preferred direc-
tion, the estimated forces of the two-dimensional case presented in Equation (48) are still a reasonable
estimate of the force generated by the pressurised vessels measured on boundary walls whose nor-
mals are orthogonal to the vessels center-line, but cannot be used to estimate the forces on walls
whose normal is parallel to the vessels. The two-dimensional setting corresponds to an infinite mate-
rial along the z-direction, where deformation and stress are negligible along the z-direction.

In the finite-domain case, boundary effects become more and more important, and introduce a dis-
tortion in the homogenized estimate given by Equation (48). In this section we consider several re-
alizations of random collection of streight vessels, aligned in the z-direction, included a box domain
Ω = [0, 1]3, as depicted in Figure 15.

We impose zero Dirichlet conditions, and we measure the effect of the deformations on the boundary
due to the pressurised vessels, by averaging the forces exerted by the expanding solid on the faces.
By symmetry, the z-component of the total force on each lateral face is zero. In Figure 16, we show the
statistical distribution of the non-zero components of the total force on the lateral faces of the cube.

For a domain that is infinitely long in the z-direction, this distribution should correspond to the estimates
provided by the homogeneized expression of Equation (48). By constrast, the force exerted on the top
and bottom faces is not taken into account by Equation (48). For an infinte domain, with Neumann
boundary conditions on the lateral faces, this force should be zero. However, in this case we have a
finite domain, and we impose Dirichlet boundary conditions. Figure 17 shows the statistical distribution
of the normal and x-components on the top face of the domain.

6 Conclusions

We presented a multiscale modeling of biphasic tissues composed by an elastic matrix and a set of
thin vessels. Our approach is based on neglecting long range interactions and treating the interface
between solid and fluid as an immersed one dimensional manifold (described by centerline, radius,
and pressure), taking into account the effect of the vascular network in terms of additional singular
terms in the elasticity equations.
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Figure 15: Schematic cut-view of a three-dimensional realization of a uniform distribution of vessels
aligned along the z-axis.
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Figure 16: Statistical distribution of the lateral normal (left) and of the lateral non-zero tangential (right)
pressure force, generated with β ' 5%, λ = 1, p = 1, and refinement refinement level 6 on 6,000
realizations.
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Figure 17: Statistical distribution of the top and bottom normal (left) and along the x-direction (right)
pressure force, generated with β ' 5%, λ = 1, p = 1, and refinement refinement level 6 on 1,500
realizations.

The main advantage of this method is that it reduces drastically the computational complexity when
dealing with large networks of vessels, as it does not require to fully resolve the fluid-solid interface
within the computational mesh.

We show different numerical tests, showing that the proposed reduced model yield a good qualitative
agreement with the exact (when available) and fully resolved solutions, when considering a single
vessel in two and three dimensional settings.

Moreover, we investigated the possibility of employing this multiscale model for the in silico charac-
terization of the mechanical properties of a pressurized tissue. In this case, we showed first that the
variational formulation with immersed singular terms can be used for deriving an effective tissue de-
scription (i.e., where the effect of pressurized vessels is upscaled into tissue properties) in the uniform
case, i.e., when the vasculature can be approximated by an uniform vessel distribution. As next, we
validated this hypothesis via a set of statistical simulations, in order to correlate effective material
properties with the volume fraction of the vasculature and vessel pressure. The presented examples
showed that the non-matching immersed method can be potentially used in order to investigate, in
silico and from a statistical perspective, the mechanical behavior of the tissue given the (statistical)
properties of the vasculature. To this respect, the main advantage of the immersed formulation is that
the same computational mesh can be employed for simulating different realization, since the vessels
are not explicitly resolved by the mesh. A detailed assessment of the proposed immersed method in
the context of inverse problems in tissue mechanics is currently ongoing.

In this paper, we focused on the situation of a static fluid (at a given pressure) and of a linearly elastic
solid. The generalization to more complex structural models (e.g., poroelasticity), as well as to the
fluid-structure interaction case, i.e., where fluid pressure is affected by the surrounding matrix, are
subject of current research.
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