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Abstract. We consider the Dirichlet problem for equations of elliptic type in a domain G
with a boundary 0G. A probabilistic representation of solutions to the problem is connected
with a system of stochastic differential equations (SDE). Unlike usual approximation of SDE
when a time-discretization is exploited, here a space-discretization is recommended. We
construct weak approximations for which an estimate of their errors contains derivatives
of the required solution to the Dirichlet problem only of lower order. In particular, it is
important for problems with a boundary layer. We simulate a Markov chain in G on the
basis of a one-step approximation using variable step in the space. The chain should be
stopped entering a sufficiently small neighborhood of the boundary OG. We estimate the
average number of steps before stopping and state some convergence theorems.

1. Introduction
Consider the Dirichlet problem for an equation of elliptic type
Lu(z) + g(z) ==

12 . L ou
— 4 —— ) =— = 1.1
5 Y a (x)axzaxf + ;b (av)axZ +c(z)u+g(z) =0, z€G (1.1)

u |og= ¢(z) (1.2)

The following conditions are assumed to be satisfied :

(i) G is open bounded set with twice continuously differentiable boundary 0G;

(ii) the coefficients a®(z), b'(z), c(z), g(z) belong to the class C*(G), c¢(z) <0, ¢ €
C*(0G);

(iii) a” = a*, and the matrix a(z) = {a"(z)} satisfies a strict ellipticity condition,
i.e., a constant a > 0 exists such that for any z € G, y € R™ the following inequality
> di(@)yy > a® >y (1.3)

ij=1 i=1
holds.

The conditions (i)-(iii) ensure the existence of the unique solution u(z) of the problem
(1.1)—(1.2) belonging to the class C*(G) [14].

Let o(z) be a matrix (for instance, a lower triangular matrix) that is obtained from
the following equality

a(z) = o(z)o ' ()
The solution to the problem (1.1)—(1.2) has various probabilistic representations:
u(@) = B [ g(X,(6)Yoa(t)dt + Bp(X, (1)) Vo (7) (1.4)

where X, (t), Y,1(t) is the solution of the Cauchy problem for the system of stochastic
differential equations (SDE)

dX =b(X)dt — o(X)h(X)dt + o(X)dw(t), X(0) ==z (1.5)
dY =c(X)Ydt+h" (X)Ydw(t), Y(0)=1 (1.6)
In (1.4)-(1.6) b(z) = (b'(z),...,b"(z))", h(z) = (h'(z),...,h"(z))", h¥(z),i=1,...,n,

are arbitrary functions belonging to the class C?(G), w(t) = (w'(t),...,w™(t))" is a
standard Wiener process, which is defined on a probabilistic space (2, F, P) and which

is measurable with respect to the flow F;, ¢ > 0, Y is a scalar, 7 is a first passage
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time of the path X,(¢) to the boundary 0G. The usual representation (see [1]) can be
seen in (1.4)—(1.6) if h = 0, other are rest on Girsanov’s theorem. Let us apply the
representation (1.4)—(1.6) under

h(z) = o '(z)b(z)
Then it has the form

w(z) = E(p(Xa(7)) Y (7) + Za,1,0(7)) (1.7)
where X, (t), Yz1(t), Zz1,0(t) is the solution to the system
dX = o(X)dw(t) (1.8)
dY = c(X)Ydt + (o7 (X)b(X)) Y dw(t) (1.9)
dZ = g(X)Ydt (1.10)

with the initial data X (0) =z, Y(0) =1, Z(0) = 0. Denote the solution of the system
(1.8)—(1.10) with the initial data X(0) = z, Y(0) = y, Z(0) = z by X,(t), Yz,(t),
Zyy.(t). We always set y > 0 for definiteness.

Introduce the function

v(2,Y,2) = B(p(Xe(7))Yay(7) + Zy2(7)) (1.11)
Clearly
v(z,y,2) =u(z)y+ 2 (1.12)

Only the last section (Section 7) is devoted to the general problem (1.1)—(1.2). The
most effective results can be obtained in the case of constant coefficients at higher
derivatives in (1.1). For simplicity, here (see Sections 3-6) we consider the more special
case when a(z) = §;;a%, where a > 0 and §;; is the Kronecker delta. In this case the
equations (1.8) and (1.9) acquire the folowing form

dX = adw(t) (1.13)

4y = e(X)Ydt + 2bT(X)de(t) (1.14)

The simplicity of the equation (1.13) allows to simulate its solution exactly.

Let I's (I'yr) be the interior of a §-neighborhood (of an ar-neighborhood) of the
boundary 8G belonging to G. Let o > a and § < ar/2. Usually r is taken sufficiently
small and § = O(r?), ¢ > 1. Introduce in R" balls U, and U(z), ¢ € G\I's : U, is the
open ball of radius p with centre at the origin; U(z) for z € G\I',, is the open ball
of radius ar and U(z) for z € I',,.\I's is the open tangent ball of radius p(z, dG) with
centre at .

Consider the following random walk over small spheres which starts at z € G\Ts.
For definiteness let z € G\I'y.. We set X, = z. Let ¥; be the first passage time of
the Wiener process w(t) to the sphere 9U,; we set X; = X, + aw(;). Clearly, X;
has the uniform distribution on U (X;). If X; € G\I'y,, we search 9¥; + ¥ which
is the first passage time of the process w(t) — w(¥), t > ¥, to the same sphere
OU, and we set Xy = X7 + a(w(¥ + ¥s) — w(¥h)). If Xy € Tp\I's, we turn to
a walk over boundary of tangent ball U(X;) : we search ¥; + ¥, which is the first
passage time of the process w(t) — w(d), t > ¥4, to the sphere OU1,(x, 00) and we
set Xo = X1 + a(w( + 92) — w(d)) as before. If X, € G\I',,, we turn again to the
walk over a sphere of radius ar with centre at X5, and if X, € ', \I's, we continue the

walk over tangent sphere and so on. At each k-th step it is a random walk over surface
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OU(X}_1). Clearly, X; has the uniform distribution on dU(Xy_1). Let v = v, be the
first number at which X, € I's. Let us set ¥4, = 0 for £ > v and X3, = X, for &k > v.
So, we obtain a random walk

XU =T

Xl = X() + CLU)(’(91)

Xe=Xp 1 +a(w +...+%) —wh +...+ % 1)), k=1,...,v

Xk = X,,, k Z 14

which stops at a random step v. It is a Markov chain.

Let By, = o(Xy, X1, ..., Xk), K = 1,2, ..., be the sequence of o-algebras generated by
the random walk X, X1, ..., X, ... .

Presuppose that a method of approximation of the system (1.13)—(1.14), (1.10) is
done and the sequences Yy, Y1, ..., Yx, ..., Zo, Z1, ..., Zg, ... which approximate Y ,(9; +
o %), Zpyo (U1 + ... +9k), k = 1,2, ..., correspondingly are constructed such that
Y:, Zy are Bi-measurable and they are stopped at the random step v. Let X, be the
point of the boundary dG closest to X,. Put Y, =Y,, Z, = Z,. We are interested in
the difference

R =Ev(X,,Y
since Ev(X,,Y,,7,) = E

mation of v(z,y, z
We have
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v(X,,Y,,2,) —v(z,y,2) = (v(X,,Y,,2,)—vX,,Y,, Z,))

—|—(’U(X,,, Y,,, Zu) - U(X,,,l, Yufla Zufl)) + ...+ (U(Xla lea Zl) - U(xa Y, Z))

— (u(X,) — u(X,)Y, + ki(v(xk, Yo Z4) — 0(Xn 1, Yo 1, Ze 1)) Xook

and consequently
R =E@u(X,) —u(X,))Y,+

> E(v(Xk, Yi, Zk) — v(Xk—1, Yic1, Zi—1)) Xvsk (1.15)
k=1

An evaluation of R depends on a bound of the first term and on a one-step approx-
imation which gives bounds for the summands in right-hand side of (1.15). Our aim is
to find such one-step approximations that do not use the simulation of ¥ (it is a fairly
difficult problem) and error of which can be bounded without using any derivatives
or at least without using high derivatives of the solution u(z) to the input problem
(1.1)—(1.2). The latter is very important for problems with a small parameter at higher
derivatives because a boundary layer arises in such a situation, and the higher deriva-
tives of the solution u the larger values they take. Such approximations are based on
simulation of some conditional mathematical expectations like as

£ = B( [ wi(s)ds/w®)), &9 =B( [ wi(s)dwi(s) /()

Section 2 is devoted to some auxiliary lemmas and to simulation of ¢!, €. Various one-
step approximations are constructed in Section 3. The bound of the first term in (1.15)
essentially depends on §. The average number of steps Ev also depends on §. A choice

of 4 is connected with exactness of a one-step approximation. As usual § = O(r*) if the
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order of one-step approximation is equal to O(r**2). Theorems on the average number
of steps Ev and other results relevant for evaluation of the sum in (1.15) are obtained
in Section 4. The convergence theorems are proved in Section 5. In the case of a small
parameter at the second derivatives (this case is treated in Section 6), the system (1.8)—
(1.10) becomes a system with a small noise and we construct some specific methods
for its approximate integration. Another way in this case rests on the fact that in the
almost whole domain G with the exception of a narrow boundary layer the solution to
the Dirichlet problem can be found sufficiently precise and simply by analytical tools
(this part of the solution is known as external expansion). Basing on this, we propose
a method of random walk in the narrow layer for searching the remaining part of the
solution (known as interior expansion). The effectiveness of this analytic-numerical
method is achieved because of small average number of steps for the random paths in
the greatly narrow domain. In the last section (Section 7) we consider two methods for
the general problem (1.1)—(1.2). In contrast to the case of constant ¢ in (1.8) we cannot
obtain the exact random walk X} now. In the first method, which is the essentially
modified variant of the method from [11], we solve (1.8) approximately by freezing its
coefficients at every step at the point X;_;. The next point X} is found by a random
walk over the boundary of a small ellipsoid. The second method is remarkable in the
respect that the corresponding random walk terminates on 0G. Therefore, we do not

require the neighborhood T's of the boundary dG, and the part E(u(X,) — u(X,))Y,
of the error R disappears. The methods represented in Section 7 are similar to the
methods developed for the boundary value problems for the equations of parabolic type
[9].

The contents of the present paper are connected with weak approximations for SDE
[7], [17], [15] (see also [8], [5]). Unlike these works where a time-discretization is
exploited, here a space-discretization is used, which is necessary to solve boundary
value problems. Moreover, here we pay a special attention to numerical analysis of
the boundary layer which arises in the case of a small diffusion. Other approaches
to probabilistic methods of solving boundary value problems for differential equations
with partial derivatives are discussed, for instance, in [2], [6], [16].

2. Conditional expectation of Ito’s integrals connected with Wiener’s
process in the ball

Here both a probabilistic representation and an explicit form of solution will be
exploited for Dirichlet’s problem in the ball U, = {z = (z',...,z") : |z|> = 2 + ... +
2
v <r?}:

1
iAu +g9(z)=0, |z| <r (2.1)

U |iaj=r= ¢(2) (2.2)

In (2.1)-(2.2) g(z) € C'(|z| < r), p(z) € C(|z| = 7).
The probabilistic representation for the solution to the problem (2.1)—(2.2) has the
form

u(z) = Ep(z + w(d,)) + E /0 " oz + w(s))ds (2.3)

where w(t) = (w!(t),...,w"(t)) is an n-dimensional standard Wiener process and 9, is

the first passage time of the process z + w(t) to the sphere 9U,.
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The explicit formula for the solution has the following form [14]

ue) = [ Ple,e@dSe+ [ Gz, E)g(e)de (24)

where P. is the Poisson kernel:

r? — |z|?

P(z,6) = ——"1 2.5
@6= e (25)

and G, is the Green function which for n = 2 is equal to

1 fe] - |(r/]z])?z — ¢
G, (z,&) = —1 ,n=2 2.6
(@6 = g0 T (26)

and for n > 2 is equal to
1 1 (r/]z)"?

GT ',I;;é. - ° - , n > 2 27
@O = w20, g (o/leha— e 20

In (2.5), (2.7) o, is area of the unit sphere in R" : ¢, = 27™/2/T(n/2). Remember
that o,7""! is area of the sphere OU, and o0,r"/n is volume of the ball U,.

Proceeding to simulation of the conditional expectation E(J’ w'(s)ds/w(®)) where
¥ = 3y is the first passage time of the Wiener process w(t) to the sphere 9U, let us
assume that

E(/Oﬁ w'(s)ds/w(d)) = aw'(¥), i=1,..,n (2.8)
If (2.8) is true then the constant a can be found from the condition
E(/Oﬂ w'(s)ds — aw'(9))? — min
ie.,

_ Ewi(9) f) wi(s)ds
a= Ew®(0) (2.9)

Lemma 2.1. For every i = 1,...,n the following formulae hold:
2

Ew’(¥) = — (2.10)
n
Bui(9) [ wi(s)ds—E [ w(s)d r!
¢ ¢ = ¢ = — 2.11
wi(@) [ wis)ds =B [T (s)ds = 5oy (2.11)
and consequently o from (2.9) is equal to
2
= 2.12
* T omn+2) (2.12)

Proof. The relation (2.10) is evident due to the identity w'*(9) + ... + w™ (¥) = r2.
Further from Ito’s formula

dw'(e) [ " wi(s)ds = / Cwi(s)ds - dwi() + w” (t)dt

and therefore

0

Ew' (") /19 w'(s)ds = E /019 w' (s)ds
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It is not difficult to verify that the function u = r* — |z|* is a solution to the problem

1
SAu+2(n+2)[2f* =0, wp=r =0
Therefore (see (2.3))
u(0) =r*=2(n+2)E Zw (n—|—2E/ s)ds
0 k=1 (2.13)
that gives (2.11). Lemma 2.1 is proved.
It turns out that the hypothesis (2.8) is true.

Theorem 2.1. For every i = 1,...,n the following equality holds:

7.2

E(/Oﬁ w'(s)ds Jw(¥)) = e 2)wi(19) (2.14)

Proof. The equality (2.14) will be proved if we prove the following relation

E(p(w(9))- [ wi(s)ds) = E(p(w(9)) - w'(9)) (2.15)
0 2(n+2)

for a sufficiently large class of functions ¢. We shall prove (2.15) for all ¢(z) € C(|z| =
r). Let us extend the function ¢(z) € C(|z| = r) to a function ¢(z) € C(|jz| < r) as
the harmonic function in the open ball U,\dU,, i.e.,

1
iAgo =0, |z <r (2.16)
Hence due to (2.4) and (2.5)
©=[ L pmyas, el <r 2.17)
P o, onr|€ — 77|”g0 o, '
As w(1¥) has the uniform distribution on the sphere OU,, we have
E(p(w(9)) - w'(9)) = / ds 2.18
(p(w(@) w' (@) = —2= J,, emn'ds, (2.18)

Thanks to Ito’s formula

do(w®) - [ wis)ds) =3 22 w(t) - [ wi(s)ds - dut(t)
0 i Oz 0

; 1 n t

+o(w(t)) +3 Z_:l 52 k2 A w'(s)ds - dt

Taking into account (2.16) we obtain from here
9 9 .

B(p(u(®) - [ wi(s)ds) = B[ plw(s)) - w'(s)ds) (2.19)

Thus from (2.3)
LA
B(p(w(9)) - [ w'(s)ds) = u(0) (2:20)
where u(z) is the solution to the problem

1 .
iAu +p(x)-2' =0, |[z| <7} U= =0 (2.21)
6



Using now (2.4) and (2.7) for z = 0 we obtain in the case n > 2

1 1 1 l.
U’(O) = /E<7‘ (’I’L _ 2)0_n ) (|§|n72 - Tn,Z) ' QD(g) -€'d¢

Substituting ¢(&) from (2.17) and using Fubini’s theorem we can write

_ L 1 PP g
O = i Jy U g~ ) g g €8

Let us calculate the integral over || < 7 in (2.22). For definiteness take i = 1 and
let n = (0, ..,n™), 0 + ...+ 0% = r2 If ! = 0 then the integral over |¢| < r is
obviously equal to zero. Let n* # 0. Introduce the vector 7y = (,0, ...,0) and consider
the orthogonal transformation T' = {t;;}, 1,5 = 1, ..., n, such that

T = o (2.23)

It follows from (2.23) that the vectors (t1, ..., tkn), K = 2, ..., n, are orthogonal to the
vector n and consequently the vector (11, ...,¢1,) is collinear with the vector 7, i.e.,

(2.22)

771 172 n
11 y U12 y o0y Uln
r r r

Let us change variables in the integral over || < r according to the formula
E=T7¢
Note that
1
n 77 n
&=t +tuC+ .+t (" = 70 +tnC® + o+t

As T is orthogonal and all the components of 1y beginning from the second compo-
nent are equal to zero, we obtain

1 _ 1 . T2 B |£|2 el
-/|€|<1"(|£|n_2 T‘”_Z) r|& —n|™ 3

. 1 _1 _T2_|<|2_77_11 2 ™"d¢ = C.nt
_/|C|<r(|C|"_2 7‘”—2) r[¢ —mol” (TC Fal b ()l = Con (2.24)

where

IR U B
O R T

To calculate C, put in (2.20), (2.22) i = 1 and p(z) = z' (p(z) = z' is evidently
harmonic). For such a function from (2.20) and (2.11) we have
4

u(0) =E /019 w' (s)ds = m

But from (2.22) and (2.24)
1 )
0=— / C.n’ds
40 = )0z Jy, O B

and evidently

n—1




Therefore

n—2 On
2(n+2) rn3
Now for ¢(z) € C(|z| = r) from (2.20), (2.22) and (2.18)

Blp(u(?)) - [ wi(s)ds) = u(0) =

n —

1 n— 2 On r2

(n—2)o2 . 2(n +2) "3 /M:T n'p(n)dS, = CE) -E(p(w(d)) - w'(9))

Thus, the theorem is proved for n > 2. The case n = 2 can be considered quite
analogously. Consider finally the case n = 1. For even functions ¢ the relation
E(w(w(é‘))-/0 w(s)ds) = £ E(p(w(9)) - w(?)) (2.25)

is evidently fulfilled because both sides of (2.25) are equal to zero. Let ¢ be odd and

©(—r) = —p(r) = c. Then one can take the function p(z) = 2 as a function ¢ in both
r

sides of (2.25) and obtain (2.25) as a consequence of (2.11). Theorem 2.1 is proved in
full.

Lemma 2.2. Let ¢ be harmonic in U, and ¢ € C*(|z| < 7). Then

E /19 :99;-01 -w?(s)ds =
9 Oy ; o 9 9%
; (9:1:3( w(s)) - w'(s)ds = 2+ 2)E Ny (w(s))ds (2.26)

Proof. Let ¢ be a harmonic function and ¥ € C?(|z| < 7). Due to harmonicity of
1 we have from Ito’s formula that

Ap((e) o) = 3. 5 D) - v Bdu ()

, 0
Fow(®)dui (D) + o0 (w(e))de
and hence
» 9

E(¢(w(9)) - —E / a;bz (2.27)

Using (2.19), (2.15) and (2.27) we obtain

9 z- 2oy

E/0 Y(w(s)) - wi(s)ds = 5o 2)E/0 o (w(s))ds (2.28)
But the function ¢(z) = 8—QO(:L') € C?(|z| < r) is harmonic. Substituting it in (2.28)

Oz’
we arrive at (2.26). Lemma 2.2 is proved.

Theorem 2.2. For every i,j = 1,...,n the following formulae hold:

E(/Oﬁ w"(s)dwi(s)/ws(ﬂ)) = 511)" () — o (2.29)



E(/Oﬁ w'(s)dw (s)/w(¥)) = %wi(ﬂ)wj(ﬂ), i #J (2.30)

Proof. The equality (2.29) is obvious since ¥ does not depend on w() and Ed =
r?/n. For (2.30) it is sufficient to prove

E(p(w(9)) - /19 w'(s)dw’(s)) = %E(w(w(ﬁ)) -w'(9)w! (9)) (2.31)

0

for any ¢ which is the trace of harmonic ¢ € C3(|z| < r) on 9U,.
We have

(o) - [ ue)aw’ () = 3 S8 (o) - [ uaw(e) - du'e)

Fp(w(t)) () (1) + 5 (w(t)) - w ()

From here and from Lemma 2.2

Bo(w(®) - [ w()dw'(s) =B [ 2 (w(s) - wi(s)ds
— E/O” 2;01 (w(s)) - w(s)ds = E(p(w(?)) - /: wi (5)dw(s)) (2.32)
But
/00 wi (8)dw'(s) = w(9)w’ (9) — /019 w(s)dw (s) (2.33)

The relation (2.31) follows from (2.32) and (2.33). Theorem 2.2 is proved.

Introduce the functions
hm(z) =EJI7, m=1,2,...

where z € U,, 9, is the first passage time of the process z + w(t) to the sphere OU,..
As it follows from one of Dynkin’s theorems (see [1], Theorem 13.17), the function
hm(z) is the only solution to the following Dirichlet problem

1
iAhl + 1 — 0, hl |3Ur: 0

1
iAhm +mhy_1(2) =0, hy lov,=0, m=2,3, ... (2.34)

The solution of the problem is obviously a function of the variable y = (z,z)Y? =
|z], 0 < x < r. We denote this function as ¢,,(x). We easily obtain the following
boundary value problem for n > 1 (we recall that n is a dimension of the Wiener
process w(t))

———q +1=0, ¢:(0) < o0, ¢(r) =0

q,, + M@m_1(x) =0, ¢n(0) < 00, gm(r) =0 (2.35)

We mark that if n = 1 then (2.34) can be rewritten in the form

]_ "
—h + mhpy 1(z) =0, hy(—7) =hyu(r) =0

9



The equations (2.35) are solvable by quadratures. One can also find the required
solution in the form

Im(x) = aox°™ + alXQ(m_l)TQ + agx2(m_2)r4 + ...+ a,,r*™

By such a way we can sequentially obtain

r? — |z|?
h =
1(2) n
4 2 2 2 4 4
) - 2l
n(n + 2) n? n?(n + 2)
and so on.
In particular
2 4 2
EY = T—, E¥? = Lr‘l, DYy =—"—_r (2.36)
n n?(n + 2) n?(n + 2)
But with growth of m such formulae become complicated. For example,
pgp_ MF1m 48 g
n3(n+2)(n+4)
Therefore, it is useful to obtain some simple bounds for A,,(z).
Lemma 2.3. The following bounds
1 !
— (1 = |2)™ < b (2) < =12 2% — |zf2), m=1,2, ... (2.37)
nm nm
hold. Consequently
1 !
< By < T pom (2.38)
nm nm
and for A < n/r?
n
E M) < —— 2.39
exp(M) < —— (2.39)

Proof. The inequalities (2.37) are true for m = 1 because hy(z) = (r* — |z|?)/n.
Let the right part of (2.37) be true for the number m. Consider the function h,, ()
satisfying the equation

1, - ! _
5 A + (m+ 1)1T—m7‘2m_2(7‘2 —|2[?) = 0, hnyi op.= 0 (2.40)
The function hp,11(z) satisfies the following equation (see (2.34))
1
iAhmH + (m+ 1)hn(z) =0, byt |ov,=0 (2.41)
Due to the inductive hypothesis we get from (2.40) and (2.41) that
fim41(2) < him s () (2.42)
Consider now
- (m+1)! ,,.
himi1(z) = WTQ (r® —|z[?)
We obtain directly
1, - ! ~
iAh’m+1 + Mrzm = 0, hm+1 |3UT: 0 (243)
nm

10



But

! 1
(m+ ) r2m Z (m+ ) ?,,Zm 2( 2 |.’E|2), OS |$| ST
nm nm
Hence it follows from (2.40), (2.43) and (2.42) that
hmi1(z) < hmia(z) < Bm+1(l‘)

The right side of (2.37) is proved.
Now prove the left part of the inequality (2.37). Introduce the function
- 1
h'm - 2 2\m
(@) = 7~ Jal?)
Due to the inductive hypothesis A, (z) < hp(z). For Any,y1(z) we obtain directly
m+1 oym , Am(m+1) , 2\m—1,2
= (r* = |=|%) +W(T — |z|*)" z|* >
—(m+ )hp(z) > —(m+ 1) (), hmi1 |ov,= 0 (2.44)
Comparing (2.41) with (2.44) we get
hni1(z) < Py (2)
The inequalities (2.37) imply (2.38) and (2.39) easily. Lemma 2.3 is proved.

1 -
ARy =
9 i

Lemma 2.4. Let ¢(t) be an F;-measurable process with continuous sample functions.
Let

E/ s)ds < oo (2.45)
Then
( max |/ s)dw;(s)))*™ <
0<t<d
4m\1/2  ,2m . — . —
K(E0r£15a<>%|g0( s -rm i=1,..,n m=1,2,... (2.46)

Proof. Let 7 be the first passage time of the process

0= [ xosepts)duls) = [ ols)dui(s)

to the endpoints of the interval (—R, R). Introduce

Z(t) = /Ot Xrro>s@(s)dw;(s) = /OTM ©(s)dw;(s)

Of course, Z(t) depends on ¢ and R. Clearly |Z(t)| < R.
We have

dZ*™(s) = 2mZ2m*1(s)XT,\gZSgo(s)dwi(s) + m(2m — 1)Z2m*2(s)xﬂ\,923g02(s)ds
(2.47)

Due to the boundedness of Z(t¢) and the condition (2.45)

t
E / Z4™(8)Xrp050” (8)ds < 00
0 >
Hence from (2.47)

t
BIZ(0)" = E [ m(2m — 1| Z()*" Xrnaz0*(s)ds <
11



m(2m — 1)B( mag | 2(s)" - mas, ¢*(s) - 0) (2.48)

By applying the Holder inequality with p = (see such a reception, for in-

2m — 2
stance, in [3]) we get

2m—2 1

E|Z()]"™ < m(2m — 1)(E max [Z(s)]") zm - (E( max |o(s)]" - 9™))m

0<s<t 0<s<¥

(2.49)

As Z(t) is a martingale, we can use the Doob inequality

2m
2m 2m 2m
B max |2(s)"" < (5 " B|(1)
From here and (2.49) and then from the Cauchy-Bunyakovskii inequality and Lemma
2.3 we have

2m om  qm
E£§§|Z(S)| < KE(Orélsag?ho(sﬂ ™) <

4m\1/2 2m\1/2 4m\1/2  2m
K (E max |o(s)[™)"" - (E9™)/* < K(E max |(s)|™)/" -

As the right side of this inequality does not depend on ¢ and R, we can direct them
to infinity and obtain the inequality (2.46). Lemma 2.4 is proved.

3. One-step approximations

Let for definiteness z € G\I'y (see Introduction). Then U(z) is a ball of radius ar
with centre at z. Let 9 be the first passage-time of the Wiener process w(t) to the
sphere OU,.. Then X,(¥) = z + aw(¥) € OU(z) and ¢ is the first passage time of the
solution X, (t) of the equation (1.13) to the sphere 8U(z). Consider the solution X, (t),
Yeu(t), Zyy.(t) of the system (1.13)-(1.14), (1.10) at the time ¥ : X, (9), Yz ,(9),
Zyy(0). Clearly, X; = X,(J) has the uniform distribution on 8U(z) and it can be
simulated exactly. Our aim is to construct approximation Yi, Z; for Y, ,(9), Z,..(9)

so that the difference
d=E(v(X1,Y1,Z1) — v(Xz(9), Yoy (9), Zsy,-(9)))

= E(u(X0)Y1 + Z1 — u(Xy(9))Yay (9) = Zay,:(9))

= Bu(X,(0))(Yi — Yoy (0)) + B(Z: — Z4,ya(9) (3.1)

should be small.
Repeatedly applying Ito’s formula like Wagner-Platen expansion [18], [8], [5] we can
obtain the following formula

Y, ,(9) =y + éyi b (@) w'(9) + c(z)yd + %yi S b ()b () /0 " (1) (1)

i=1 i=1j=1
+y> D Y (z) /0 w (t)dw'(t) + pi1 + p12 + p13 (3.2)
i=1j=1

where

pi=a3 [ [ SE K )Yey (o) ()t
- 12



+§§nl/oﬁ [ X (5)) Ve (3)eh (5)

LS [ a6 Vo)

[ (O (3 (6)) -2 (.31 (X () Ve (5) s () -

2

po= [ [(@xa(e) + ilj%(xz(s))m,y(s)dsdt

32

t 9
+Z/ / ac b (X4 (s))Yay(s)dsdt (3.4)
T’ )
and p;3 contains a sum of integrals like

4 pt ops . ) ) )
Iil,iz,isz/o /0_/0 f”m?’(Xz(81))Y;,y(81)dw“(sl)dw”(s)dwl?’(t)

i = 0,1, ... m; iy #0: ig #0 (3.5)
where f#1%2% ig a finite sum of products and any product has not more than three factors
of the form b, Ob° /027, 8%b' |0z Ok, 8%b' /OxiO2*Ox!, and c. Underline that p;3 = 0 if
b=0.

For Z we have

Zoy,(0) =z + g(@)yd + pa1 + p22 (3.6)
where
t Qo .
P21 = GZ/ / 85’ 2(8)) Yo y(s)dw' (s)dt
1 9 gt , .
#2307 [ g(Xal)H(Xa(3)) Ve (o)) (37)
=1
and
2 n 82
p22 = / / )+ = Z o (Xa(5))) Yy (s)dsdt
¢ 3g
S b (X, (5)) Yy () dsdlt (3.5)
xl
Let us put
1 2
Yi=y+ yZb’ w'(d) + c(z) y—+ yZZbZ w'(9)w ()
=1 i=1j=1
n n 8bz . 1 r2 8b’
y bz + y w] - _y z
2a2 Z ZZ;]Z; 83:3 Z} ot (3.9)
2
Zy=z+ g(x)yz (3.10)

We note that Y; > 0 for sufficiently small r as it has been supposed y > 0.
13



We have
d = E(u(X;(9)E(Y1 — Yz (9) | w(9))) + E(Z1 — Zsy,:(9)) (3.11)

Due to the relation E(¢ | w(d)) = EY = r?/n, Theorem 2.2, formulae (3.2) and (3.6)
we have from here that

d = —Eu(X(9)E(p11 + p12 + p13 | w(¥)) — E(pa1 + p22) =

—Eu(X,(9)(p11 + p12 + p13) — E(p21 + p22) (3.12)

Introduce the following integrals

tAY
Ly fir) = [ F(6(9) Yoy (s)dw, (s / X0 (Xo(5)) Yoy (), (5)

tAY  pty th_1
Lyatifir) = [ [T [T Yo (b4 iy (14) . dw (1), k> 1
(3.13)

where the indices iy, ..., i take values in the set {0,1,...,n}, and where dwy(t) is un-
derstood to mean dt.
We set I, i, (f,r) = Ly, (9; £, 7).

.....

The following lemma will be used below.

Lemma 3.1. Let r be sufficiently small, ¥ be the first passage time of w(t) to
the sphere 0U,, and f be a continuous function defined in U,,, r < ro. Then for all
sufficiently small v the integral I;, . ; (f,r) satisfies the inequality

.....

k
(ElLiy,..i, (f, )™ < Kyr2o=009) m =12, . (3.14)

where K is a constant depending on k and m, and

1, ;=0

0ij = { 0, z] #0
i.e., the degree of smallness of the integral I;, .. ;. (f,r) with respect to r can be guided by
the following rule: dt contributes two to the order of smallness, and dw;(t),i =1, ...,n,

contributes one.
Furthermore, if at least one index i;, j = 1, ..., k, is not equal to zero then

EL;, .. ik(fﬂ") =0, Zlf #0 (3-15)

Proof. The last assertion of this lemma is obvious. We shall prove (3.14) by induc-
tion on k. And we shall prove more. Namely, we prove for any m = 1,2, ... that

k
(B max [T,y ( f,7) ™) < Kyr2om00) m = 1,2, . (3.16)

o<ty ~ Y
We note that various constants in the proof are given the same letter K.
Let k =1. Let |f(z)| < K for z € U,,. If iy = 0 (i.e., dw;,(t) = dt) then
. 2m < 2m 2m <
E[)I;1{2é11(9|[0(t, )™ < KE(¢ max Y m(t)) <

T,y

4m\1/2 4m (1\\1/2
K (B9*")'/*(B max Y7 (1)) (3.17)
14



If 71 # 0 then according to Lemma 2.4

. (- 2m 2m am 1/2 .
E max L (t; £,r)[™ < Kr*"(E max Y, }'(t)) (3.18)

Let us prove that E maxo<;<s Y,'7'(t) < oo.
Since ¢(z) < 0, then

0 < Yoy (t) < Yoy (8)

where Y, ,(t) is a positive martingale satisfying the following equation

_ 1 _
dY = =b" (X)Yduw(t)
a
We have
> 4 - dm(dm —1) 1 _
avim = T X )pim g (r) 4 AmEm 1) = ) L oy primat
a a
From here
_ 4m, _
4m 4m 4m 4m —
E max Y, 1'(t) < B max Y,i8(t) < (——)"EY, J'(9)
4 2m(4dm — 1) (9
(4mni 1)4mE exp {%/{) |b(Xz(s))|2ds} < KE exp{Bv}

(3.19)

where B is a constant.

Now (3.16) for £ = 1 and for all sufficiently small r follows from (3.17)—(3.19) and
from Lemma 2.3 (see (2.39)).

Due to inductive hypothesis and (2.38) and under dw;, ,(t) = dt we have (underline
that the inequality (3.16) under given k is true for all m and, in particular, for 2m)

t
E ()Igtag)f? |Ii1,...,ik,ik+1 (t; fa T)|2m =E Ongltaé}% | /0 Xﬁzinl,_",ik(s; f, ’r‘)ds|2m S

B max |, (6 £, )P - ™) < (B max |, s (6 £,7)[ ™)/ - (B9*™)V2 <

0<t<9
k
(Kyrzj:1(1+5ij))2m . ,’,,4m

From here (as ix+1 = 1)
k , k+1 ,
(B max i, g (6 £, ) P72 < Kyrdom (705 02— foyposmr (595)
i.e., the inequality (3.16) is proved for ;1 = 1.
Now let i1 = ¢ # 0. Then due to Lemma 2.4

t
Eorg%xﬂ L, isinss (& o) P = Eorgtagg |A Xoss iy, (85 f,7)dwi,, (8) ™ <

k
K(E max [I;;, i (4 ], r)[AMY2 L (E92m)2 < (Kyp2im(H05))2m p2m

which is equivalent to (3.16). Lemma 3.1 is proved in full.

Let us return to (3.12). According to the mean value theorem

WD) = u(e) + a3 S (€ut(0) (3.20)
15 -



where £ is a point between z and X, (). Let

My(w) = max [u()], My(z) = _max _[2(6)]

€eU(z) ¢eU(), 1<i<n

We have (see (3.15))
Eu(z)(p11 + p13) =0, Epyy =0
Due to Lemma 3.1 and the Cauchy-Bunyakovskii inequality

|d| < Mo(z)[Epio| + aMi(z) Y E[w* (9)(p11 + pi3)| + Elpas|
k=1

< (KoMo(z) + K1 M (z) + Ka)yr (3.21)

where Ky, Ky, K, are constants depending only on a, b, ¢, and g.
So, we obtain the following theorem.

Theorem 3.1. The one-step error d = d(z,y,r) of the approzimation X; =
z + aw(¥) and (3.9)—(3.10) has the form (3.21), i.e., the degree of smallness of this
approzimation with respect to r is equal to 4.

Consider another approximation

1 no . 7,.2
V=gt oy Y B@w () + ey (322)
i=1
2
Zy =z + g(:z:)yﬁ (3.23)

Now from (3.11) instead of (3.12) we obtain (again using Theorem 2.2)

d = —Eu(X,(9))Y — Eu(X.(9))(p11 + p12 + p13) — E(p21 + p22)
(3.24)

where
1 n.n ) ) ) 1 72

V= b X S @P @ O ) - gy 38 @)+

2027 n &

n. ot . . 1 72 2 0b
2 J = -
r (z)w'(F)w! () 2y ; 1 l(:z:)

1y
The last two terms in (3.24) can be bounded like (3.21). For evaluating of the first
term let us write down

u(Xa(9)) = u(2) + 0 30 5 L (@)t(9) +50° 3D 5 (€ wt(9)w (9)
i Oz* 2 5= 0zkoad (3.25)
and denote
9%u
M. = el
(@) feﬁ(g}?}s{i,m oxtoxI (©)]
Since

E(u(z) + akZi: %(x)wk(ﬂ))f/ =0

we have obtained the following theorem.
16



Theorem 3.2. The one-step error d = d(z,y,r) of the approrimation X, = = +
aw(¥) and (3.22)—(3.23) has the form

d| < (KoMy(z) + K1 My (z) + KoMsy(z) + Ks)yr* (3.26)

Remark 3.1. We note that the degree of smallness of both approximations (3.9)-
(3.10) and (3.22)—(3.23) is equal to 4. But the bound (3.21) does not depend on second
derivatives of the function w.

Consider the case b‘(z) =0, i = 1,...,n. In this case
Yoy (9) =y + c(z)yd+

//taa:z o (8)) Yoy (8)duw( dt+//c1 Y, (s)dsdt =

192
/ (t)dt + e1(z )yg + p11 + P12 + P13

y + c(z)
(3.27)

where
a2 n 82
ci(z) = )+ 5 12:1 o

o1 = a ZZ/ / / e 83:1 (51)) Yoy (51)duw? (51)dw'(s)de

=1 j5=1

P12 =

az / / / o (X))ol Xa s % ]Zx o (Xa(50))) Yoy 51y (5)

+a2/ // @cl 51)) * Ve, (s1)dw! (s,)dsdt

P13 = /0’9 /Ot /05(01(Xz(81))C(Xz(31)) + L2 Xn: gz; (Xo(51))) - Yo (51)ds1dsdt

2 O
]_
For Z we have
Znyz(9) = 2+ g(z)yd+

//taa;’l §)duw( dt+/ /g1 Y, (s)dsdt

192
=z+g(z 3119—|ra2:8Z Z// (t)dt + gi(z )y3+P21+P22+p23
(3.28)
where
2 n 82
gl(.’E) g + Z 81‘12



and po1, pag, pes are similar to pi1, p12, p13 (we do not write them down here).
We note due to Lemma 3.1 that

Epi1 = Epis = Epy = Ep =0

E’wk(ﬂ)Pu =0,k=1,..,n (3.29)

and that for p;1, p21 the degree of smallness with respect to r is equal to 4, for pis, p22
it is equal to 5, for pi3, po3 it is equal to 6.
Consider the following one-step approximation (see Theorem 2.1 and (2.36))

r? " Oc r? i 1 itn
1=y +o(@)y_ a; PR e LS LS =T e (3.30)
r2 1 44n

Theorem 3.3. The one-step error d = d(z,y,r) of the approzimation X; = = +
aw(?¥) and (3.30)—(3.31) has the form

jd| < (KoMo(z) + a® K1 Mi(z) + a* K2 My () + Ky )yr® (3.32)

where Ky, K1, Ko, K3 depend only on c and g.

Proof. Due to Theorem 2.1, formula (2.36) for E9?, and (3.29) we have
d = E(u(Xo(0)E(Y1 = Yo (9) | w(9)) + E(Z1 = Zpy,.(0)) =

—Eu(X;(9)
Using expansions (3.20) and (3 25

=1j=1

(p11 + p12 + p13) — Epas

we obtain

)
)

6$k8$] (ﬂ)w](ﬁ)pll_

B3 S (6)ut (9 ~ Bu(X,(0)pis ~ Bpw

Finally, the Cauchy-Bunyakovskii inequality and Lemma 3.1 imply (3.32).
Theorem 3.3 is proved.

It is not difficult to obtain the following result.
Theorem 3.4. The one-step error d = d(z,y,r) of the approzimation

2 2
Xi=z+aw(), Vi=y+ c(:z:)y%, Zy=z+ g(x)y% (3.33)

has the form
d| < (KoMy(z) + a® K1 My (z) + Ko)yr! (3.34)

We note that the bound (3.34) does not contain second derivatives in contrast to the
case b # 0.

18



4. The average number of steps

Consider the question about average characteristics of v. In connection with the
homogeneous Markov chain X} we introduce a one-step transition function

P(x,B):P(X1€B|X0:x)

where B is a Borel set belonging to G. If £ € G\I'y, then P(z, B) is concentrated
on the surface OU(z) of radius ar, if x € T',,\I's then P(z, B) is concentrated on the
surface OU(z) of radius p(z,0G), and if z € I's then P(z, B) is concentrated at the
point z.

Define an operation P acting on functions v(z), z € G, by formula

Pu(z) = /GP(x,dy)v(y) = FEv(Xy), Xo==
and an operator
Av(z) = Pv(z) — v(x)

which is called by generator of the chain.

The generator gives an average increment of function v on the trajectory of the
considering chain per step.

Consider a boundary value problem in G

Pv(z) —v(z) = —f(z), z € G\I's (4.1)

v(z) =0, z €T (4.2)

which is connected with the chain Xj.

In (4.1) f(z) is a continuous function defined on the compact G\I's : f € C(G\I's).
It is not difficult to prove that there exists the only solution to the problem (4.1)—(4.2)
which is a continuous function on G\I's. This solution is known (see [19]) to be the
following function

ve—1

v(z) =E ) f(Xz), Xo=1 (4.3)
k=0
where v, relates to the chain starting at z.
If f =1 then
v(z) = Ey,

Further, if v(z) is the solution of the boundary value problem (4.1)—(4.2) with the
function f(z) satisfying in G\I's the inequality

flz) =1
then thanks to (4.3) we have
Ev, <u(z) (4.4)
Consider the function

A2+ (h,z) — 2%, € G\l
Vl(-’l?):{o, () .’I?GFJ\J

where the constant A% and the vector h are such that for all z € G the inequality
A%+ (h,z) —2® >0
is fulfilled. As in [10] we obtain the following result.
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Lemma 4.1. The inequalities

PVi(z) — Vi(z) < —a®*r?, 2 € G\[yr (4.5)

PVi(z) —Vi(z) <0, z € T'p\Ls (4.6)
hold.

Proof. Let z € G\I'y, and let U(z) do not intersect with I's. The measure P(z, B)
concentrates on U (z) and due to the inclusion U(z) € G\I's the function V;(y) on
OU (z) is equal to A% + (h,y) — y?. Let dS be an area element of the surface U, and
let S be an area of this surface (remember U, is a sphere with centre at the origin).
We have

PVi(z) = EVi(X1) = EVi(z + aw(¥)) =

1
5 | (A% + (h,z + az) — (z + a2)?)dS =
A%+ (h,z) — 2% — l/ (—h +2z,a2)dS — l/ a?2%dS (4.7)
’ S Jou, ’ S Jou,

Clearly
/ a’2%dS = a’r?
U,

id

| =

/ (h + 2z,a2)dS =0,
o,

and the equality (4.7) implies
PVi(z) — Vi(z) = —a’r?

Let now = € G\I',, but the part of U(z) can belong to I's. Introduce temporarily a
function V;(y) which is equal to A? + (h,y) — y? on the all surface OU(z). Therefore,
as in (4.7) we obtain

PVi(z) = A? + (h,z) — 2* — a®r®

Since Vi(y) < Vi(y) on 8U(z) we have PVi(z) < PVi(z) and consequently the
inequality (4.5) is proved for all z € G\I',,. By the same way it can be proved that
for z € T, \I's the inequality PV;(z) — Vi(z) < —p?(z, 0G) is fulfilled. Lemma 4.1 is
proved.

Now introduce the function

1n¥ +1, z€G\Ta

Va(z) = ln@ +1, z€Ta\Ts
0, xely

where p(z) = p(z, 0G).

Lemma 4.2. Ifr > 0 is sufficiently small then the inequalities
PVy(z) — Va(z) <0, z € G\Tar (4.8)

PVy(z) — Va(z) < —C,, o € T\ (4.9)

hold. Here C,, does not depend on x. If the set G is convez, the assumption of smallness

of r can be omitted.
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Proof. As Va(z) < ln% + 1 for all z € G then PVh(z) < ln% + 1 for all
z too. Consequently, the inequality (4.8) is proved. Now let z € T',,.\I's and p(z) =
p(z,0G) = p. At the beginning we consider the case § < p < %. In the case U(z) C [y,

we have
1

- g oU (z)
Let S(h), 0 < h < 2p, be an area of spherical segment of height h. We have

S T(n/2) 1 /\/th—h 2

PVy(z) Va(y)dsS

S =5 -0/ 72 b N

S(h)=S5—-S(2p—h), p<h<2p
where S is an area of sphere of radius p :
27.(.n/2

~ T(n/2)”

In the case of convexity G we have

dn,0<h<p

n—1

PVy(z) < % | 2”(mg +1)S'(h)dh (4.10)

From here

2
P%(x)—%(:p)ﬁl+ln2+ln§—¥—% 6p%dh—(ln§+l)

S 1 (5 S(h) 1 o 2(p—h)
S Ly’ Sy e LA
S TSk o2p—h"" " SJs h(2p—h)

S(h)
S

S(h)dh (4.11)

For h < p let us bound from below. We have

S(h) _ 1 T'(n/2) 1 /\/M—_h -2

S VR Nm-DR) 7 h VA
I'(n/2) 1 /v 2ph—h> pn—2

1
Vi T(n-1)/2) o

1
dn= A4, - —1(2ph _ hZ)("’l)/Z
P

where

1 I'(n/2) 1

ST I((n—-1)/2) n—-1

Using the inequality 2ph — h? > ph under h < p and continuing (4.12) we obtain
S(h) h

&2 Ans )00 (4.13)

As § < p we can use (4.13) and obtain

Ap

S0 15 S(h) S(0) . S©) ;F dh S©), 2
s tshy <5t 5 hpon s ity )
< @(—1 +In2) < (-1+1n2)-A,- (§)<"—1>/2 (4.14)

S p
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Using (4.12) find an upper bound for the third term in the right-hand part of (4.11)
1 rr2(p—h)

—= | =———5S(h)dh <
SJs 2ph — h? (h)dh <
1 P _ p n—
—A, - pre /5 2(p — h)(2ph — h2)(n N2dh < —A,, - pr= /5 2(p — h)(ph)( 3)/24p —
8 4 4 4 4
—A, _ Z\(n=1)/2 Z\(n+1)/2 415
(=1~ g G+ g ) (4.15)

The relations (4.11), (4.14) and (4.15) imply

8 4 8., 4 5.,
PVy(z) — Va(z) < _A"(n2 — +(1—In2— — 1)(;)(n n/2 4 n—H(;)( +1)(/i)16)

Remember that (4.16) is proved for z which satisfies the inequality § < p = p(z,0G) <

ar ar
> Examine now z € ', \I's with p(z, 0G) > > Introduce temporarily a function

p(y)

Va(y) which is equal to Va(y) = lnT + 1 on the all surface OU(z). Clearly, the

inequality (4.16) is fulfilled for the function Va(y) too. But Va(y) > Va(y) on dU ().
Consequently PVy(z) < PVa(z). As Va(z) = Va(z) the inequality (4.16) is proved for
all z € T, \I's. It is not difficult to find for any n = 2,3,... a constant C,, > 0 such

that under p = p(z) > §
4 6

8
1-1In2— —)(n-1)/2
n2—1+( " n—l)(p) +n—|—1

4 4

( )(n+1)/2) > Cn

p (4.17)

If G is not necessarily convex but r is sufficiently small, we can use another inequality
instead of (4.10). The new inequality is distinguished from (4.10) only by presence of
a small term in the right hand side. It is easy to see that the term is O(r?). As a result
we obtain (4.17) with a new constant C,, which differs from the old one by a quantity
of O(r?) and, consequently, new C,, will be positive again. Lemma 4.2 is proved.

An(

Remark 4.1. We do not aim for the highest precision and the bound (4.17) is fairly
rough. For example, under n = 3 the area S(h) is equal to Sh/2p, the integral in (4.10)
is equal to In2p/é and it holds

PVy(z) — Vo(z) <In2—1, z € Ty, \I's, n =3

Theorem 4.1. Ifr > 0 is sufficiently small then there exist constants B and C such
that for any x

B ar
If 6 = O(rP), p > 1, then
B+1

If G is convex and r > d/2 where d is a diameter of G then the random walk is
realized over touching spheres and

d
Ev, < Cln— 4.20
- _22 &2 .



Proof. The inequalities (4.18)—(4.20) simply flow out from Lemma 4.1, Lemma 4.2
and (4.4) if in the capacity of v(z) we take

v(z) = ‘22(;) + VQCS:) (4.21)

Theorem 4.1 is proved.

Remark 4.2. Let us emphasize that the number p does not play any essential role
for the upper bound of average number of steps Ev.

Lemma 4.3 (see [19]). Let g(z) > 0, ¢ € C(G\I'y), f(z) >0, f € C(G\I'), f(z)
0 for z € T's. Let z(x) be a solution to the boundary value problem

q(z)Pz(z) — 2(zx) = —f(z), z € G\L'; (4.22)

2(z) =0, z €Ly (4.23)
Then for x € G\I's

ve—1

z(z) = f(z) + E Z f(Xp)Etq(X5) (4.24)
Proof. We have for z € G\T's
z2(z) = f(z) +q(z)Pz(z) = f(z) + q(z)Ez(Xy) =
f(@) +q(z)E(f(X1) + ¢(X1)P2(Xy)) =
f(@) + a(2)E(xv,>1f (X1)) + ¢(2)E(xv.>19(X1)E(2(X2)/ X1)) =
f(@) + q(@)E(xp,>1/(X1)) + q(2)E(xv,>24(X1)2(X2)) =
q(z

f(@) + ¢(@)E(xv,>1f(X1)) + ¢()E(X0,>29(X1) f (X2))+

9(2)E(X1,>3q9(X1)q(X2)2(X3)) = ... = f(z) + q(z)E(xp,>1f (X1)) + ...+

9(2)E(x. >nq(X1)--q(Xn-1) f(Xw)) + 4(2)E(x0, > v 10(X1).-.q(Xn) 2(Xw11))
Turning N to infinity we obtain (4.24). Lemma 4.3 is proved.

Corollary. Let the conditions of Lemma 4.3 be fulfilled. If ¢ = const > 1, f(z)
for z € G\I's , then

1

If ¢ = const > 1, f(z) > cfor z € G\I's , then

Eq” <oo, E(1+q+..+¢= 1<

QI»—A

2(z)

Lemma 4.4. Let § = O(r?), p > 1. Then there ezists a constant 3 > 0 and a
constant K > 0 such that for all sufficiently small r

ve—1

ES (1+0r) = 0(%) (4.25)

23



E(1+8r*)= < K (4.26)

P(v, > k) < K(1 — Br?)* (4.27)

Proof. For the function v(z) from (4.21) we have
(14 Br*)Pv — (14 Br*)v < —(1+ Br?), z € G\Ts
or

(14 Br)Pv —v < Briv — (1+Br?), z € G\I's

v=0,zel}s

Thus, the function v(z) is a solution to the problem (4.22)—(4.23) with ¢(z) = 1+0r?
and with f(z) that satisfies the following inequality

2 2 » B Br?
F@) 21460~ prtu =14 4 = i) - )
Clearly, f(z) > 1/2 for sufficiently small 8 and r. By Corollary to Lemma 4.3

ve—1

E Z_: (14 Br?)k < 2v(2)

and, consequently, (4.25) is proved. The relation (4.25) implies (4.26) easily. The rela-
tion (4.27) is obtained from (4.26) with the help of the Chebyshev inequality. Lemma
4.4 is proved.

5. Convergence theorems

Here we construct a number of algorithms for the Dirichlet problem

1 N
iaZAu + sz(:p)a—ul +c(z)u+g(z) =0, z € G, (5.1)
i=1 z
u lag= () (5.2)

which are based on the one-step approximations obtained in Section 3.

The domain G and the coefficients b*(z), c¢(z), g(z) and the function p(z) in (5.1)-
(5.2) are supposed to satisfy the conditions (i)—(ii) (see Introduction). We remember
that I's is the interior of a d-neighborhood of the boundary G belonging to G. Let
U € R" be an open ball of radius 1 with centre at the origin and with the boundary
OU. Let & be a point uniformly distributed on the sphere OU and &, &,... be such
independent random points.

Basing on the one-step approximation (3.22)—(3.23) we construct the following al-
gorithm. For definiteness, let z € G\I'y, where r is sufficiently small. We set X, =
xz, r1 = r and

X1 = X() + ClT'lfl

1
If Xy € G\Ty,, we set rp 1 = 7. If Xy € Ty, \I'y2, we set 71 = —p(Xy, dG). And in
a

both cases

Xpr1 = X+ arp1€pit
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Let v = v, be the first number at which X, € I';2. Then we set X; = X, for k£ > v,
i.e., our algorithm is stopped at a random step v. We note that r, < r for all k. Now
we can write for k < v :

Xir1 = Xp +arg16p+1, Xo=12 (5.3)
Thil o : r
Yier =Y (Lt == 30 (Xi)6hor +e(Xi) 2, Yo =1 (5:4)
i—1
2,
Zk+1 Zk + Ykg(Xk) ZO =0 (5.5)

We note that if r is sufficiently small then all Yk are positive: Yy > 0.
After obtaining X,, Y,, Z, we find the point X, € G which is the closest to X,
and set Y, =Y, Z, = Z,. Then we calculate
U(Xw Yva Zu) = U(XV)YV + ZV = QO(XV)YV + Zu

The desired solution to the problem (5. 1)—(5 2) is approximately equal to
u(z) = E(e(X,)Y, + Z,) =2 — Z Xmyym ¢ zm) (5.6)

where X(™ Y™ Z(m m = 1,..., N, are independent realizations of the algorithm
(5.3)—(5.5). The first approximate equality in (5.6) involves an error brought about by
replacing X, (7), Yz1(7), Zs10(7) by X,, Y., Z,; in the second approximate equality
the error comes from the Monte-Carlo method. The first error is estimated by O(r?)
(see Theorem 5.1 below) and the second one by O(1/+/N).

Construct an algorithm basing on the one-step approximation (3.9)—(3.10):

Xk+1 = Xk + ark+1§k+1 y Xo =T (57)

r
Vier = Y- (14 % Zbl Xi)€iyr + C(Xk) i + 7 ( Xk, Thi1, k1)) , Yo =1
= (5.8)

2
r
Zhr1 = Zk + Yig(Xi) k;;rl Zy=0 (5.9)

where
n

e, €)= 55 3 Y V@ (@) -

=1

,’,.2 2

n .2 r n n
2a2n§ +EZZ

i=1j=1

abi n9b’
Jj_
57 (D)€€ ax,( z)

Let us note that
y(z,r,€)] = O(r?)

where O is uniform with respect to z € G, £ € OU and

E(v(Xk, k41, &k+1)/Br) =0 (5.10)
For the Dirichlet problem
1

EaZAu +c(z)u+g(z) =0, z€G (5.11)

u loe= ¢(z) (5.12)
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we can also suggest two algorithms. One of them is based on the one-step approxima-
tion (3.33). We write down another one which is based on the one-step approximation

1

(3.30)—(3.31). Now we choose I';s as I's and set ry 3 = —p(Xy, 0G) if Xy € [y, \[pa.
a

We obtain

Xk_|_1 = Xk + ark+1§k+1 , X() =T (513)
Y, Y, (1+ (X )r2+1+ a = Oc (X) 3 gz )+
=Yg - c —(Xp)r
k+1 k k n 2(n—|—2) part Oz k)" k+1Sk+1
Yo —oFm Xt Yo =1 (5.14)
. C r e .

r2 44+n
i = Zi + Vi - (g(Xp) 2L +

Xp)re Zy =0
n 2n2(2—|—n)gl( B)kia) s Zo

(5.15)
We note that by Theorem 4.1 the average number of steps for all the methods
1
presented here is O(—).
r

Proceeding to convergence theorems let us use the relation (1.15)

E(p(X,)Y, — Z,) — u(z)| = [R| < [E(w(X,) — u(X,))Y, |+ Y |dil
k=1
where
d~k = EXV>I<:71(U(XI<:, Yy, Zk) - U(kal, Yi1, Zkfl))

We note that v — v, here and below.

Clearly
u(Xe )Y 1 - Zr 1 =v(Xe 1, Ve 1, 25 1) =
E(U(Xxk_l (ﬂk), Yx,_ . viou (ﬂk), LXy 1y Yeor s (ﬂk))/Bk—O
Therefore
d = Ex,>r-1ds
where
di = E(v(Xg, Ya, Zk) — v(Xx_,(Ok), Yx_1 vt (), Zx_, Yo 1,201 (Ok)) / Bre—1)
(5.16)
is a one-step error for the point (X 1, Yy 1, Zk 1). Thus
R| < [Bu(X,) ~ u(X))¥el + 3 [Boicrdl (5.17)

k=1

Theorem 5.1. Let c¢(z) < —c¢y < 0. Then both the method (5.3)—(5.5) and the
method (5.7)—(5.9) have the second order of convergence with respect to r, i.e., for all
sufficiently small r

IE(¢(X,)Y, — Z,) — u(z)| < Kr? (5.18)

In addition, the constant K for the method (5.3)—(5.5) depends on the first and second
derivatives of the required solution u(z) while this constant for the method (5.7)—(5.9)

depends only on first derivatives.
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Proof. Let us restrict ourselves to the proof of the method (5.7)—(5.9). Due to
Theorem 3.1 the one-step error di from (5.16) satisfies the following inequality

di| < KYj_q1r? (5.19)
where (see (3.21))
KOMO(IE) + K]_Ml(x) + Kz S K

forall z € G.
As X, € I',2 we have

u(X,) — u(X,)| < Kr*
Therefore
IR| < Kr’EY, + Kr* Z Ex,-1Y% (5.20)
k=0
Clearly, K does not depend on the second derivatives of u(z) here.
We have for k£ > 0 (see (5.10)

EXV>k1/k < EXu>k71Yvk -

2

Tk o= - r
E(Xyst-1Ye1E(1 + ;k Z b'(Xk-1)& + C(qu)gk +Y(Xe-1,78, k) / Br1)) =
i=1

r2 ¢
E(xy>k-1Yr—1(1+ C(Xk—l)_k)) <(1- —07‘2) “Exysie-1Yr-1 <

2 2
Co o\2 Co_ovk
(1-— o7 ) ExyskoYr 2 < ..<(1-— o7 )
From here
Kr* Y Exys:Ye < Kr? (5.21)
k=0

(remember that often various constants in this paper are given the same letter K).
Further

e o]

EY, = Z Ex,-+Y:r = Z(EXV>I<:71YI<: —Exu>1Y:) = ExusoY1 + Z Exvsk(Yer1 — Yz)
k=1 k=1 k=1

But

Thil < , r
Exyst(Yer1 — Vi) = EXu>kYk(% >V (Xk)é o+ C(Xk)% + (X, Pes1, Ert1)) =
i=1
r no . 7.2
B (s ViB(— Db (Xe)€hgr + e(Xi) 5+ (X, T, €e1) [ Br)) =
i=1

2
r
E(Xu>kYk : C(Xk)%) <0
Hence
EY, < Ex,-oY:1 <EY; <1 (5.22)

The relations (5.20), (5.21) and (5.22) imply (5.18). Theorem 5.1 is proved.
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Theorem 5.2. Let ¢(z) < 0. Then the method (5.13)—(5.15) has the fourth order of
convergence with respect to r :

E(p(X,)Y, — Z,) —u(z)| < Kr (5.23)
The constant K depends on the first and second derivatives of u(z).

Proof. Due to Theorem 3.3 the one-step error di from (5.17) satisfies the following
inequality

|di| < KYj_q7°
As X, € I',« we have
u(X,) —u(X,)| < Kr'
where K depends on the first derivatives of u(z).
Therefore
IR| < Kr'EY, + Kr® Y Exus1 Y (5.24)
k=0
with K satisfying Theorem 5.1.

It follows from (5.14) that for anyhow small 3y there exists ry > 0 such that for all
T < To

Vi < Yo (14 Bor?) < ... < (1+ Bor?)*
Therefore
Ex,siYr < (1+ BOTZ)kEX:»k
Let By < B for B from Lemma 4.4. Then for all sufficiently small r

ExusYi < (1= (8 — Bo)r®)* (5.25)
In the same way as in the previous theorem one can prove that
EY, <1 (5.26)

The relations (5.24), (5.25) and (5.26) imply (5.23). Theorem 5.2 is proved.

Remark 5.1. The more simple method based on the one-step approximation (3.33)
has the second order of convergence with a constant K depending on the first derivatives
of u(z).

Remark 5.2. We have considered a number of methods in the case a”(z) = a?d;;
where §;; is the Kronecker delta. But all the results can be carried over to the case
of constant coefficients a®/. Let us construct an algorithm analogous to (5.7)—(5.9) for
definiteness. In this case we have to integrate the system (1.8)—(1.10) with a constant
matrix o.

Clearly, together with (1.3) the following inequality

aZZyiz < Z az’jyz'yj < a2 Zyﬂ (5.27)
=1 7,7=1 =1

holds for any y € R™ and a constant a > 0.

Let Xo = z. If Xy € G\I'a, we set 7441 = r, and if Xy € T'z.\I';2, we search a
number 7441 such that the ellipsoid (07" (X — Xj),07 (X — X})) = ri,, touches OG.
In both cases we set

Xpi1 = Xk +0rp1€pit
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Let v = v, be the first number at which X, € I',2. Then we set X; = X, for
. . . a
k > v, i.e., our algorithm is stopped at a random step v. We note that r, < —r for

all k. Underline that the distinction, consisting in a random walk over small ellipsoids
instead of a random walk over small spheres, is not essential.
Proceeding to an integration of (1.8)—(1.10) we get (remember that o~'b(z) = h(z))

Yeu(9) Zy+y Zn; R (z)w' (9) + c(z)yd +y Zn: Zn: R (z)h () /19 w? (t)dw' (t)+

i=1j=1 0

y 2_)1 2_)1 ZZ. (@ [  (ow(t) () (5.28)
Zoy,(0) = 2+ g(z)yd (5.29)

instead of (3.2) and (3.6).

Then we construct the one-step approximation Y7, Z; similar to (3.9), (3.10), i.e.,
2

1 . . . .
we substitute % instead of 9, Ew’(ﬁ)w’(ﬁ), i # j, instead of [” wi(t)dw'(t) and

1 2 . :
iwl (9) — ;— instead of [ w'(t)dwi(t) in (5.28) and (5.29) (see Theorem 2.2 and
n

formula (2.36)). In addition we take into account that

/oﬁ(aw(t))"dw"(t) -

Having the one-step approximation we can easily obtain an algorithm similar to
(5.7)—(5.9) substituting rx1£},, instead of w*(d) on (k + 1)-st step.

n

S ot / " Wk () dwi (t)

k=1 0

6. Boundary layer

Proceeding to the numerical investigation of a boundary layer let us consider the
following model problem:

1
552Au + c(z)u = g(z), z € Ug (6.1)

u |3UR: 0 (6.2)

where ¢ < 1, Ug € R™ is an open ball of radius R with center at the origin, ¢(z) and
g(z) belong to C*(Ug) and c(z) < —cy < 0, z € Ug.

A solution u(z,€) to this problem has a fluent alteration everywhere in Ug with the
exception of a small neighborhood of OUg which is called boundary layer and which is
narrowed with decreasing €. The solution u(z, ) varies sharply in the boundary layer.
It is well known (see [4] and references therein) that the width of the boundary layer
for the problem (6.1)—(6.2) is evaluated by le (I is a number), i.e., boundary layer has
a form I';.. Moreover, it is known that
2

U
orioxI

9
lu(z,¢)| < K, |6—;Li(x,s)| <K, | (z,€)| < K, z € Ug\I's,

ou K 0% K
<K, |— ) < R : : ) < o
u(z, o) S K, [2(e,e)] < = 5o (me) <
An analytical approach to this problem consists in construction of an external as-

ymptotic expansion V(z,e) and of an interior asymptotic expansion W (z,e). They
29
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describe the solution in Ug\I'. and in I'je correspondingly. The external expansion has
a form

Viz,e) = e*u(z)
k=0
where

vo(z) = 9(z) vp(z) = —M, k>1

c(z)’ c(z)

The function V(z,¢) is an asymptotic solution in Ug\I', i.e., the function

Vin(z,€) = ge%vk(:ﬂ) (6.4)

is distinguished from the solution in Ug\I';e by O(g?™*2).

The interior expansion W(z,¢e) is necessary for compensation of a discrepancy in
the boundary conditions. It turned out that outside of the boundary layer W(z,¢e) =
O(e"), € — 0, for any N. The sum V + W is an asymptotic solution of the problem
(6.1)—(6.2). The interior expansion is constructed in a more complicated way and it is
not brought here.

It should be noted that the problem (6.1)—(6.2) is one of the simplest ones in the
theory of boundary layer. If, for instance, the condition c¢(z) < —¢y < 0, = € Uy, is
violated so that the function ¢(z) may take zero values then analytical investigation of a
corresponding problem becomes exceedingly intricate. Therefore, a numerical approach
to problems with a small or with an intermediate parameter at higher derivatives is
actual. But it should not be supposed that one can use general numerical methods
(for example, the methods from Section 5) without taking into account the smallness
of the parameter at higher derivatives. Principal difficulties lie in the fact that the

average number of steps evaluated as O(#) by Theorem 4.1 is big, and derivatives
of the solution in the boundary layer are great. Let us analyze these and some other
difficulties for the problem (6.1)—(6.2).

As before we consider a random walk over spheres with radius er in Ug\l's, (as
we have e instead of a now) and over tangent to OUg spheres in I'..\I's where § is
sufficiently small (in any case § < er/2).

Now it is convenient to present the error R (see (5.17)) in the following form

RI < [E(u(X,) — u(X,))Yo [+ X [Bxysr-1di| <

k=1

E(u(X,) — u(X,))Y.| + D 1Exrors (Xe—1)di| + Y [Exvpr,. (Xe-1)d|
k=1

=1 (6.5)

because

Xvsk—1 = X1y \Ts (Xk—1) + Xvg\ri. (Xe-1)

Let the one-step error di be bounded by dy(r,€)Y% 1 in the part I';.\I's of the bound-
ary layer Iy and by 6;(r, )Y%_; outside of the boundary layer, i.e., in Ug\I';.. We note
that the method (5.3)—(5.5) under b(z) = 0 and the method (5.13)—(5.15) have Y3 < 1
for sufficiently small 7 if ¢(z) < —c¢y < 0. For similar methods we obtain from (6.5)
that

IR| < |E(u(X,) — u(X,))Y,| + d(r,e)Evg + 61 (r, ) Ery (6.6)
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where vy and v; are random numbers of steps inside and outside of the boundary
layer correspondingly. Clearly, vy and v; depend on z. Due to Theorem 4.1 we have
K
Ey, < ol Fortunately, due to the stated below lemma Ev, < —
2p 72
Lemma 6.1. There ezxists a constant K > 0 such that for any x € Ug\l's and
sufficiently small both € and r

K
Proof. We have

Evg =EY xr.\rs(Xk-1)

k=1
Consider the following function
3122, 0<|z|<R-Ie
v(r) =<1 (R—|z|)(Jz| — (R—4le)), R—Ile<|z|<R-§¢
0, R-6<|z|<R

Clearly v € C(G\I'5) and
lv(z)| < 41%e%, z € G\T's

Evaluate Pv(z) —v(z) for z belonging to the intersection of the boundary layer with
Ur\TLs, i.e., z € I \I's. At first let z € T'.\I's be such that U,.(z) € I'\I's. Then

Py(z) = Ev(X;) = Ev(z + ew(d)) =
%/MT(R— z + e2)(|z + e2| — (R — 4le))dS =

1
R 4 4lRs — [of? — &% + (2R — 4le) / & + e2|dS (6.8)
ouU,

Due to the Taylor formula we have

(z,2)

L l2*  (z,2)”

|z +ez| = |z| + 2 €+ 5( 2] P )e? 4+ O((re)?) (6.9)
Since
1 1)2 1 )2 )2 r?
S 8UT(Z)dS:m:§./BUT 95 =5 /BUTZ . dS_E
we get
1 2 1 & i iy2 r? s
s/, @2 dS:§Zj/aUr(“) as = "o (6.10)

From (6.9) and (6.10)

1722 1722

§@R—die) [ [0+ ealdS = (2R~ ale)(Jal + 37— 3 TE) + 0o <

[« 2nla]
1
(2R — 4le)|z| + r2e*(1 — =) + O((re)?)
n
Therefore, from (6.8) under sufficiently small re we obtain

1
Pu(z) — < — %2
v(z) v(:z[;)1 o T



This inequality can be proved for all z € T';.\I's by the same way as Lemma 4.1 has
been proved.

If 0 < |z| < R —le — re then Pv(z) — v(z) = 0 because v(z + €2) = 3l%? = const
under z € 9U,. Finally, if R —le — re < |z| < R — le, we prove that Pv(z) —v(z) <0
as in Lemma 4.1 introducing the function 9(y) = 3(%¢* > v(y).

n
Thus, we obtain for the function V(z) = ——v that
e2r

PV(‘/E) - V(x) < _Xrls\ré(x)
Consequently

2n K
El/g S V(.’E) S W4l2€2 = ﬁ

Lemma 6.1 is proved.
Let us return to the inequality (6.6). The first term in the right side of (6.6) is

Ko
bounded by — according to (6.3) (to the point let us note that for the problem
£

(6.1)-(6.2) we need not seek X, as u(X,) = 0). If we choose § = O(rP), then the
first term can be done sufficiently small. At the same time due to Theorem 4.1 the
average number of steps depends on p insignificantly and as before it is evaluated by

1 1
O(—)- The factor Evy = O(—;) in the second term (Lemma 6.1) is comparatively not
e?r
big and the other factor dy(r,€) depends on behavior of the solution in the boundary
layer and it may take big values. But the methods from the previous section do not
contain in their errors any too higher order derivatives of the solution and therefore

the second term can also be done small. The third term in (6.6) has the very big

factor Ev; = O(——) and consequently this term can be decreased only by means
e2r

of d1(r,€). Thus, the principal problem is contained in construction of a sufficiently

precise and effective one-step approximation in the larger domain Ug\I'.. Let us take

into consideration that the system (1.8)—(1.10) for the problem (6.1)—(6.2) is a system

with small noise:

dX = edw(t) (6.11)
dY = c(X)Ydt (6.12)
dZ = g(X)Ydt (6.13)

In [12], [13] some specific methods for systems with small noise are constructed.
The errors of those methods have not a traditional form O(h?) (here h is a step with
respect to time) but are estimated by O(h? + €*h?), q < p. Time-step order of such a
method is equal to ¢ which is comparatively low and thanks to this fact one may reach
a certain efficiency. Moreover, according to large p and the factor e* at h? the method
error becomes sufficiently small, and the method reaches high exactness. These ideas
can be carried over to the approximation under space-discretization as well. We shall
construct an efficient one-step approximation in the main domain Ug\I';e with an error
of the form O(r??+¢*r27). We remember that the solution u(z, ) has a fluent alteration
in UR\FZE'

At the beginning let us analyze a method based on the one-step approximation
(3.33). According to (6.3) My(z) and M;(z), z € I}, in (3.34) are bounded by K and
K /e correspondingly. Hence &y(r,e) < Kr* (of course, we have to take ¢ instead of a

in (3.34)) and due to Lemma 6.1 the second term in (6.6) has the acceptable bound
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K Kr?
O(r?). Clearly, the third term has the following bound 6;(r, e)Ev; < Kr*- <2

T2
g2r? €
and we have to choose too small r to obtain an acceptable accuracy. This circumstance

leads in turn to increasing the average number of steps.

For the method (5.13)—(5.15) we get analogously: &(r,e)Evy < Kr*, §(r,e) <
Kr8 §,(r,e)Ey, < Kg—f. But this method can be simplified without an essential loss
of accuracy. To this aim consider the following method:

Xp1 =X +erpiiéprr, Xo=¢ (6.14)

r2 " 80 p
=1

44n

e A2A(X )t YVo=1 6.15
k 2n2(2—|—n)c( ©)in s Yo (6.15)

r2 44+n
Thr = Zn + Vi - (9(Xp) 2 +

Xi)g(Xi)rs Zy=0
n 2n2(2—|—n)c( k)g( k)rk+1)a 0

(6.16)

1
Here we choose I',s as I's and set: ryyg = 7 if Xy € Ug\ler; o101 = —(R — | Xi]) if
€

Xy € Ter\Ls.
0?c g

This method does not require calculation of the second derivatives pd and Pl at

zt zt

every step in contrast to the method (5.13)—(5.15). Analogously to Theorem 3.3 one
can prove that
d| < K(My(z) + My (z))yr® + Ke*My(z)yr* + K (e*r* + )y
Therefore (see (6.3)) for both dy(r,€) and d;(r, ) we have
6:(r,e)| < K(e*r* + %), i =0,1 (6.17)

The error (6.17) is only of the fourth order with respect to r (due to this fact the
method (6.14)—(6.16) is fairly simple) but at the same time it is sufficiently small due
to the factor €2. Using (6.17) with regard to § = r® it is not difﬁcult to obtain the

following result (we remark that now the first term in (6.6) is O( ) < Kr®+ K )
Theorem 6.1. Let § = 3. The error of the method (6.14)—(6.16) is estimated by

4
R| < Kr®+ K- (6.18)
€
and the average number of steps for this method is equal to O( 5 2)
g’r

Let us emphasize that the big average number of steps leads to the extraordinary
computational expenses. At the same time we can find the solution of the problem
(6.1)—(6.2) in Ug\I';e with great accuracy according to (6.4). We use this fact and

construct below an analytic-numerical method.
We set

U(.’L‘,E) = Vm($,€), NS UR\Fle
and instead of (6.1)—(6.2) we introduce

1
§€2Au +c(z)u=g(z), R—le<|z| <R (6.19)
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U ||g|=r-1e= Vin(Z,€), U |jz)=r= 0 (6.20)

Consider the following random walk defined by r < max(e,le) and § < 7 in the

layer R—le < |z| < R:if R—le < |Xg)|] < R—le+6or R—§ < |Xi| <R, then

Xiy1 = Xpy f R—1le+0 < |Xg| < R—le+eror R—er < |X;| < R—4, then
1 1

rr+1 is equal to —(|Xgx| — (R —le)) or —(R — | Xg|) correspondingly; if R — le + er
€ €

< |Xk| < R —er, then r, 1 = 7. In the second and third cases we put
Xk+1 = Xk + 57‘k+1§k+1 (6.21)

Lemma 6.2. The average number of steps for the random walk (6.21) is estimated

1
Proof. This lemma can be proved in just the same way as Lemma 6.1 by introducing
the function

0, R—le<|z|<R—-Ile+$§
v(z) =< (R—|z|)(|z]| - (R—1¢g)), R—Ile+d<|z|<R-0
0, R—-é§<|z| <R

It is not difficult to prove the following theorem.
Theorem 6.2. Let § = r°. Then the error of the method (6.14)-(6.16) for the problem
(6.19)—(6.20) is estimated by

5
R| < K(e%? + 1Y) + K— (6.22)
g

1
and the average number of steps is equal to O(—).
T

It is clear that the error for the original problem (6.1)-(6.2) is more than (6.22)
about O(£2™*2). We see the proposed analytic-numerical method be greatly effective:
it is more exact (compare the errors (6.22) and (6.18)) and it has the lesser average
number of steps.

Remark 6.1. Undoubtedly, many results obtained for the model problem (6.1)-
(6.2) here can be used for more general problems. In particular, they can be carried
over to the problem (5.1)—(5.2) under a = ¢, b*(z) = 0, c(z) < —cy < 0 without any
essential change.

7. General problem

We offer two methods for the general problem (1.1)—(1.2) here. As in the case of
constant coefficients a”/ (see Remark 5.2) we can write the inequality (5.27). Now a*
depends on z and (5.27) holds for any = € G, y € R". For constructing a random walk
in G we use the system (1.8) with frozen coefficients and choose § = r2. Let X, = z. If
Xk € G\I'a,, we set 741 =7, and if X € T'5.\I';2, we search a number 7y, such that
the ellipsoid (67! (X;)(X — Xi), 0™ (Xi)(X — Xi)) = ri,, touches OG. In both cases
we set

Xk+1 = Xk + O'(Xk)Tk+1£k+1 (71)

Let v = v, be the first number at which X, € I',2. Then we set X; = X, for &k > v,
i.e., the random walk is stopped at a random step v.
Consider the following one-step approximation of the solution to the system (1.8)—
(1.10):
X1 =z+o(z)w(V) (7.2)
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2

Vi =y +ye(a)— + yh ()w(?) (7.3)

2
,
Zy=2z+ yg(x)g (7.4)

where w(¥) has the uniform distribution on the sphere AU, and r is such that the
ellipsoid (07 (z)(X — z),07*(z)(X — z)) = r? belongs to G.
Let u(z) be a solution to the problem (1.1)—(1.2) and let v(z,y, 2) = u(z)y + 2. In
connection with (1.15) let us evaluate
2

Ev(X,, Y1, 21) ~v(z,9,7) = E(u(z + o(@)w(9)) - (v +ve(@) — + vk (@)w(9)+

2

2+ yg(x)% — (u(z)y + 2) (7.5)
We have
u(z + o(z)w(V) ) + Z 38;@ (@)w(9))i+
1 i ]-
3.2 e BN @RO) - () +
Ly Ou g J m
5.5 G PERO) - C@UOY (@O o (16)

In (7.6) p evidently satisfies the following inequality
lp| < KMyr* (7.7)
where M, is an upper bound for the fourth partial derivatives of the solution u(z) in
G.
Let us write several relations which are necessary for our calculations:
2

Ew'(d) = 0, Ew'(9)w’(9) = (57:]'%, Ew'(9)w! (9)w™(¥) = 0 (7.8)
gy O 9))’ 9y =
3 G @) (o)) =
o3 T )Y et @ut(9) - 3 oM (zyum(9) =
2 i1 0x*OxI Pt o
12 0%u D im im 2_1 n i 0%y r?
P S S P TC R )
> (@) (o (@) - W (@u(s) =
> (@) S oM ) 3 W aum(0) =
" Ou nooL - r? no. L Ou r?
> om(@) X () T = 3 H @) @) (7.10)



Using the relations (7.6)—(7.10) and the fact that u(z) is a solution to the equation
(1.1) we easily get from (7.5):

Ev(X1,Y1,21) —v(z,y,2) =

1 2 . n r2
_ Z] fp— —
9(2“2::1“ axzax] 2} c(z)u+9(2)): —+yo =y,

where p; satisfies
|p1| S K(M2 + M3 + M4)T4

We have obtained the following lemma.

Lemma 7.1. The degree of smallness of the one-step approzimation (7.2)—(7.4) with
respect to r is equal to 4:

|EU(X17 le; Zl) o /U("L.a Y, Z)| < KyTA
where K depends on derivatives of u(z) up to the fourth order.

Basing on the random walk (7.1) and on the one-step approximation (7.2)—(7.4)
we can construct the corresponding algorithm by the same way as it has been done

in Section 5. The average number of steps for this algorithm is equal to O( ;) If

c(xz) < —cp < 0 then this algorithm has the second order of convergence with respect
to r, i.e., the relation (5.18) is fulfilled. This assertion can be proved without any
change in comparison with Theorem 5.1. But the constant K in the considered method
depends on the higher derivatives of u(z) than, for instance, in the method (5.3)—(5.5).

Let us turn to the second method. Its random walk is constructed by the following
way.
Let n be a vector with coordinates n*, ¢ = 1,...,n, that are mutually independent

1 1

random variables taking values j:T with probability 3 Clearly, if z € G\I';,, then
n

z+o(z)n € G. Forz € G we set Xg = z. If X3 € G\I'a,, we set rp,; = r, and if

Xy, € T'3-\0G, we search a minimal number 74, such that one of points from the set

{X : X = X}, + 0(Xg)rri1n} belongs to 0G. In both cases we set

X1 = Xy + 0(Xi) k1M1 (7.11)

1
In the second case the point X, with probability o falls on 0G.

Let v = v, be the first number at which X, € 0G. Then we set X; = X, for &k > v,
i.e., the random walk is stopped at a random step v. The obtained random walk gets
a finite number of values at every step (it is equal to 2") in contrast to the previous
walk and it does not require any neighborhood I's of the boundary AG. Due to this
fact we need not seek the point X, and the first term in (1.15) for the second method

is lacking.
A one-step approximation in the second method is of the form
X1 =z+o(z)rn (7.12)
2
Yi =y +ye(@)—+yh' (2)rn (7.13)
2
7y =z+ yg(:z:); (7.14)
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Now we have

(e-+ole)rn) = u(e) + 3 L (@) oln)'+
22y T o) (o
1, & Ou ; ; m
i i’j;lm(x)(a(x)n) (o(z)n) - (a(z)n)™ +p (7.15)

where p satisfies the equality (7.7) again.
Instead of (7.8)—(7.10) we get

En' =0, En'n’ = §; 1 , En'nn™ =0 (7.16)
n’
1.2 % . A T 52u
B (@)(o(z)n) - (o(z)n) = 5= ) a¥(2) 5575 (@)
Z]Z:I OxtOxd 2n Z]Z:I 0x'Ox? (7.17)

BY. J @)l (@) = £ V(e g (e (718)

Using (7.15)—(7.18) we can obtain the same results as for the first method: the
method based on the random walk (7.11) and on the one-step approximation (7.12)—
(7.14) has the second order of convergence with respect to r and its average number of

1
steps is equal to O(ﬁ)

REFERENCES

[1] E.B. Dynkin. Markov Processes (engl. transl.). Springer, Berlin, 1965.
[2] S.M. Ermakov, V.V. Nekrutkin, A.S. Spirin. Random Processes for Solving the Equations of
Mathematical Physics. Nauka, Moscow, 1984.
[3] I.I. Gichman, A.V. Skorochod. Stochastic Differential Equations. Naukova Dumka, Kiev, 1968.
[4] A.M. Ilyin. Matching of Asymptotic Expansions of Solutions of Boundary Value Problems. Nauka,
Moscow, 1989.
[5] P.E. Kloeden, E. Platen. Numerical Solution of Stochastic Differential Equations. Springer, Berlin,
1992.
[6] H.J. Kushner. Probability Methods for Approximations in Stochastic Control and for Elliptic
Equations. Academic Press, New York, 1977.
[7] G.N. Milstein. A method of second-order accuracy integration of stochastic differential equations.
Theory Prob. Appl. 23(1978), 396-401.
[8] G.N. Milstein. Numerical Integration of Stochastic Differential Equations (engl. transl.). Kluwer
Academic Publishers, 1995.
[9] G.N. Milstein. Solving the first boundary value problem of parabolic type by numerical integration
of stochastic differential equations. Theory Prob. Appl. 40(1995), 657-665.
[10] G.N. Milstein. The simulation of phase trajectories of a diffusion process in a bounded domain.
Stochastics and Stochastic Reports, 1996 (accepted)
[11] G.N. Milstein and N.F. Rybkina. An algorithm for random walks over small ellipsoids for solving
the general Dirichlet problem. Comput. Maths Math. Phys. 33(1993), No. 5, 631-647.
[12] G.N. Milstein and M.V. Tret’yakov. Mean-square numerical methods for stochastic differential
equations with small noises. STAM J. on Scientific Computing, 1997 (accepted)
[13] G.N. Milstein and M.V. Tret’yakov. Numerical methods in the weak sense for stochastic differ-
ential equations with small noise. SIAM J. on Numerical Analysis, 1997 (accepted)
[14] C. Miranda. Partial Differential Equations of Elliptic Type. Springer, 1970.
37



[15] E. Pardoux and D. Talay. Discretization and simulation of stochastic differential equations. Acta
Appl. Math. 3(1985), 23-47.

[16] K.K. Sabelfeld. Monte-Carlo methods for boundary problems. Nauka, Novosibirsk, 1989.

[17] D. Talay. Efficient numerical schemes for the approximation of expectations of functionals of the
solution of a stochastic differential equation, and applications. Lecture Notes Control Inform. Sci.
61(1984), 294-313.

[18] W. Wagner and E. Platen. Approximation of Ito integral equations. Preprint ZIMM, Akad. der
Wiss. der DDR, Berlin, 1978.

[19] A.D. Wentsell. A Course in the Theory of Random Processes. Nauka, Moscow, 1975.

38



