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On the existence of global-in-time weak solutions
and scaling laws for
Kolmogorov’s two-equation model for turbulence

Alexander Mielke, Joachim Naumann

Abstract

This paper is concerned with Kolmogorov’s two-equation model for turbulence in R3 involv-
ing the mean velocity u, the pressure p, an average frequency w > 0, and a mean turbulent
kinetic energy k. We consider the system with space-periodic boundary conditions in a cube
Q = (]0,a[)?, which is a good choice for studying the decay of free turbulent motion sufficiently
far away from boundaries. In particular, this choice is compatible with the rich set of similarity
transformations for turbulence.

The main part of this work consists in proving existence of global weak solutions of this model.
For this we approximate the system by adding a suitable regularizing r-Laplacian and invoke
existence result for evolutionary equations with pseudo-monotone operators. An important point
constitutes the derivation of pointwise a priori estimates for w (upper and lower) and k (only lower)
that are independent of the box size a, thus allow us to control the parabolicity of the diffusion
operators.

1 Introduction

In 1942, A.N. Kolmogorov (see [Kol42] and [Spa91], pp.214—216] for an English translation) postu-
lated the following system of PDEs as a model for the isotropic homogeneous turbulent motion of an
incompressible fluid (z,t) € R? x ]0, ool

divu =0, (1.1a)
a—u—l—(u~V)u—1/ div(ED(u)>—V +f (1.1b)
8t — o W p ) .
Ow .k 9
E%—U-Vw—l/ldlv(;Vw)—alw , (1.1c)
ok . (k k 2
e +u - Vk = 1pdiv (; Vk) + Yo~ |D(u)|” — askw. (1.1d)

Throughout the paper, bold letters denote functions with values in R? or R as well as normed spaces
of such functions. Here, the unknowns have the following physical meaning:

u is the velocity of the mean flow,
p is the average of the pressure,

w is the average of the frequency associated with the
turbulent kinetic energy,

k is the mean turbulent kinetic energy.
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A. Mielke, J. Naumann 2

The velocity field v of the fluid motion is given by v = u+wu, where u denotes the turbulent fluctuation
velocity, such that the scalar & is the time average 5 L |@|2. Further,

vy, V1, V9 > 0and as, oy > 0 are dimensionless constant;

f is a given averaged external force,

1
D(u) = 3 (Vu + (Vu) ") is the mean strain-rate tensor.

The function 1/0 denotes the kinematic eddy viscosity, while ul— and V2 denote the correspondlng
diffusion constants for the scalars w and k. The constants vy, v1, vy > 0 and as, aq > 0in ({.1)
related to the constants A, A’, A” [Kol42] (cf. also [Spa91] p.213] where b = %k) as follows:

4 2 2 7
v=-A 1r=-A, vn==-A" a=—, =1 1.2
0=73 1= 3 2=3 1= 1 2 (1.2)
In Section[2] we discuss the scaling properties of the two-equation model (1.7) with the special viscosi-
ties “v; k:/w” and loss terms “oqu” and “as kw”. These specific choices of power-law nonlinearities
relate to specific scaling laws in free turbulence. In [Kol42], there is no indication why the particular
values of a; and .y were chosen.

Since the numerical values of 11 and v, are not relevant for the existence theory of weak solutions for
(1.1) we are going to develop below, we assume them to be equal to 1. A detailed discussion of the
numerical values of closure coefficients and their role in turbulence modeling can be found, e.g., in
[Bau13] and [Wil06, Chap. 4.3.1]. However, we keep the coefficient 14y to emphasize that the viscous
dissipation generated by the viscous term in (1.1a)) is feeding into the mean turbulent kinetic energy,
see the second last term in (1.1d). Hence, for sufficiently smooth solutions we have the formal energy

relation 1
_d Zagl? - cqp —
. <2|u| + k:) dx /3 (f u cmwk) dz, (1.3)

where the first term on the right-hand side gives the power of the external forces, while the second
term is Kolmogorov’s way of modeling dissipative losses, e.g. through thermal radiation. We refer to
[ObB02, IChL14] for general issues in turbulent modeling, in particular to [ChL14, Ch.7+8] for the
mathematical analysis of the NS-TKE model (Navier-Stokes equation with Turbulent Kinetic Energy),
where the equation for w is absent and the energetic losses in are modeled via k*/2 /¢
with a suitable mixing length ¢ instead of axkw (see e.g. [ChL14, Eqn. (4.137)].

System is an outgrowth of A.N. Kolmogorov’s theory of turbulence published in a series of papers
in 1941. Comprehensive presentations of this theory can be found, e.g., in [Fri04] and [MoYQ7, Vol. I,
Chap.6.1,6.2; Vol.ll, Chap 8] (see also the article [Tik91], pp.488-503]). The function L = kl i
(“external length scale” or “size of largest eddies”) plays an important role for the study of the energy
spectrum of the turbulence (see [LaL91l, Chap. 33], [Wil06, Chap. 8.1]). A review of the work of A.N.
Kolmogorov and the Russian school of turbulence can be found in [Yag94|. This paper contains also
some remarks about a possibly “missing source term” in (1.1¢) (cf. [Spa91l p.212]).

A profound discussion of the mathematical background of Obukhoff—-Kolmogorov’s spectral theory of
turbulence (K41-functions, bounds for the energy spectrum for low and high frequencies) is given in
[Vig10Q].

In [BuM19], the authors study system in % ]0,T [, where Q C R?is abounded C'"*! domain,
with mixed boundary conditions for w and k, the condition « - m = 0 and a condition for the normal
tractlon of the tensor —pI + vy = D( ) on 02 x |0, T'[. Under these boundary conditions, system
characterizes a wall- bounded turbulent motion, i.e., turbulence is generated at the Dirichlet part
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Existence of weak solutions for Kolmogorov’s two-equation model of turbulence 3

of the boundary. The authors complete this boundary value problem by the initial conditions and
prove the existence of a weak solution by combining a truncation method and the Galerkin approxima-
tion. Wall-generated turbulence is an important topic in engineering applications where two-equation
models, including the k - ¢ model, are heavily used, see [ChL14] and the references there.

The emphasis of this paper is quite different as we are interested in free turbulence (also called
isotropic or homogeneous turbulence) that develops far away of the boundary and is rather governed
by suitable scaling symmetries in the sense of [Obe02b] and [KLP20]. In [Kol42] Kolmogorov writes
about the derivation of his model: “We may submit to a rather less complete mathematical investiga-
tion the turbulent motion which is homogeneous and isotropic (in all scales), and from which mean
flow is absent; such a flow decays continuously with time. ... Starting from the above local properties
of turbulence (and with the help of some more coarsely approximate assumptions), we may construct
the following complete system of equations to describe turbulent motion.” and then he states his two-
equation model (cited from English translation in [Spa91]).

To preserve these similarity transforms we avoid boundaries and use periodic boundary conditions
and on a cube size with side length a, that can be chosen much larger than the structures under
consideration. A bonus of the scaling invariance of for f = 0 is the existence of a rich class
of similarity solutions. Compatible with the periodic boundary conditions we have the following explicit
spatially constant solutions

W k(1) = ko
N 1+a1wot’ N (1+@1wot)a2/a1’

u=u,, p=0, w(t) (1.4)
i.e. the mean turbulent kinetic energy decays like t=2/21 if there is no feeding through macroscopic
viscous dissipation. Indeed, independent of u and k, the equation (1.1¢) for w can always be solved
by the spatially constant solution w(x,t) = w,/(1+ajwot).

To show the effect of energy feeding from viscous dissipation into the turbulent kinetic energy £ via
the source term 1% | D (u)|? we can look at the following family of exact shear flow solutions:

sin(Azx3)
cos(Ax3) |, w(x,t) =
0

Wo ko

_ k t) = ———. 1.5
14+aqwot’ (%) (1+aiw.t)? (1.5)

=
w(@,1) 1+aqwot

with p = 0, where the positive constant parameters w.,, k., A, and U are related by

UQZOQ_—%qk;O and )\QZ&M—E.
(0%} 14 ko

These solutions only exist for the case ag/al > 2, and thus the decay of k like 1/t2 is slower than
1/t*2/*1in (T4), because of the spatially constant source term v % | D (w)|? = aw.U? (1+aqwot) 2.
As in [Obe02b] these invariant solutions exist because of the scaling symmetries, and moreover they
are indeed compatible with period boundary conditions if Aa € 27N. For a given a we find infinitely
many solutions by choosing A, = 27n/a and suitable k, and w,. This also highlights the fact that
there are no uniform compactness properties unless we prescribe a lower bound for k.

In place of R? x 10, o], in the present paper we study system in the space-time cylinder () =
Q x 10,7, where Q = (]0, a[)3 with 7', @ > 0 arbitrary but fixed. To implement periodic boundary
conditions we interpret €2 as a torus by identifying the opposite sides. If 02 denotes the boundary of
the cube Q0 C R? we set

Fl' :aQﬂ{l’Z :O}, F¢+3 :an{l’l IO,} fore = 1,2,3,
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A. Mielke, J. Naumann 4

and complement (1.1) with periodic boundary conditions and initial conditions as follows:

Ulrqor] = Ylr, x0r) analogously for p,w, k,

D(u) x0T = D(u) Iroax]or(» @nalogously for Vw, VEk (1.6a)
fori =1,2,3;

U = Uug, W = wp, ]{Z:]{?O in QX{O} (16b)

Initial/boundary-value problem and characterizes a turbulent motion of an incompressible
fluid in () that evolves from {ug, wo, ko} at time ¢ = 0. We assume the pressure to be periodic thus
avoiding additional pressure gradients that might occur when assuming that Vp is periodic only. As
a consequence the mean flow a™* [, u(x,t) dx is constant, when assuming f = 0, cf. [ChI94]
KaW97|. The usage of periodic boundary conditions is common in theoretical investigations of the
Navier-Stokes equations and modeling of free turbulence, see e.g. [FMRTO1,, [LaL03], [Fri04] [Lew06),
Lel 07, [Vig1Q].

On physical grounds, the size a of the underlying cube €2 should be greater than certain quantities of
the turbulent motion. A detailed discussion of this aspect is given in [Dav04, pp. 25-26, 424—435] (cf.
also item 2° below). This is one of the main reasons why we consider a cube {2 of side length a and
periodic boundary conditions which provides an analysis that is completely independent of a. In par-
ticular, we can choose a much bigger than the “external length scale” L(x,t) := k(x,t)"/? Jw(z, t).

Our proof of the existence of weak solutions of (1.1) and (1.6), which has been already sketched in
[MiIN15], is entirely independent of the discussion in [BuM19]. More specifically, the basic aspects of
our paper are:

1° In Section we introduce the notion of weak solution {u, w, k} with defect measure y for (-]
and (1.6). This notion leads to a balance law for fQ k(z,-) dx and gives a connection between

the energy equality for %fQ ]u(x, )|2 dx and the vanishing of 1, cf. Proposition which
states that (1.3) holds if . = 0.

2° In Section we present our existence theorem for weak solutions {u,w, k} with defect mea-
sure y.. Based on comparison arguments with the explicit solution in (T-4) our solutions {u, w, k}
satisfy, for a.a. (z,t) € Q2 x |0, 77,
w* Wi k*

— > w(x,t) > — and k(z,t) >
I+ow*t — (z,1) 2 14wt (@.1) = (1+ayw,t)az/a

, (1.7)

if the initial conditions in satisfy the corresponding estimates at t = 0. It is important
to preserve these estimates even through the necessary approximations, since that provide a
lower bound for the diffusion coefficients & /w in the three evolution equations.

3° Moreover, the bounds in (1.7) provide a physically relevant lower bound for Kolmogorov’s exter-
nal length scale L = k'/2 /w, namely

ki, 8)'72

> c(14t)1722/C) forait € (0,71,

where a and «; are from (1.1c) and (1.1d), and where ¢ = const > 0 neither depends on a
nor on T (cf. Corollary [4.4]in Section [4). Using A.N. Kolmogorov's values from (1.2) we have
/oy = 11/7 and L grows at least as t*/'*, which compares well to ¢*/7 mentioned in
[Kol42)).
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Existence of weak solutions for Kolmogorov’s two-equation model of turbulence 5

4° The proof of our existence theorem is given in Section |5l It is based on the existence of an ap-
proximate solution {u., w., k. } (without defect measure) of and (1.6), establishing a-priori
estimates independently of £ and then carrying out the limit passage € — 0. The existence of
the approximate solutions is obtained by applying an abstract existence results for evolution-
ary equations with pseudo-monotone operators from [Rou13, Thm. 8.9], see Appendix [A|for the
details.

5° Our approach is easily adaptable to more general domains with suitable boundary conditions,
and to the full-space R? with general d € N. However, for notational convenience and physical
relevance we restrict ourselves to d = 3 and the spatially periodic case.

6° In [Lew97] a simplified one-equation model of turbulence is studied, where a defect measure
appears as well (see the pages 397 and 416 there). Weak solutions for the full one-equation
model were obtained in [BLM11].

The parallel work in [BuM19] developed completely independently to the present work, which had
its origin in [MiN15]. The former work is based on an intricate Galerkin approximation with several
regularization parameters and is devoted to the case of bounded domains with nontrivial (even non-
smooth) boundary conditions that can trigger the generation of turbulence. For the initial condition
ko := k(-,0) we rely on the stronger assumption ko(z) > k. > 0 to obtain the very explicit lower
bound for k(z, t) in that is independent of the domain size a. In [BuMT9] it is sufficient to assume
the much weaker condition min{0, log ko} € L'(£2), but estimates are given in terms of domain-
dependent constants. Moreover, [BuM19] has a stronger notion of solution that additionally guarantees
the validity of a local balance equation for the total energy density E(z,t) = k(x,t) + 3|u(z,t)|?,

see Remark [3.6|and relation (3.17) there.

In subsequent work we will investigate similarity solutions that are induced by the scaling laws dis-
cussed in Section |2l The most challenging question will be the derivation of suitable solution concepts
that allow the turbulent kinetic energy k to vanish on parts of the domain. This would allow us to study
the predictions of the Kolmogorov model in which way turbulent regions invade non-turbulent
regions.

2 Scaling laws and similarity

We consider the free turbulent motion of an incompressible fluid in R? x 10, oo[ which is governed by
the following system of PDEs (note that f = 0):

divu =0, (2.1a)
Kt (u Vyu = div (¢, ) D(w) ~ T, (2.1b)
%—O; + - Vi = div (da(w, k)Vew) — g2(w, k), (2.10)
% + - Vk = div (ds(w, k) VE) + di(w, k)| D(w)[* = gs(w, k)k, (2.1d)

where u, p, w and k are the unknowns, and
d; - (]0,00[)* —

2
Gm + (10,00])" —
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A. Mielke, J. Naumann 6

are given coefficients. The coefficient d; (w, k) represents a “generalized” viscosity of the fluid. System
(2.1) obviously includes Kolmogorov’s two-equation model (1.1) with

k k k
dl(ka) :V0;7 d2(w7k) :Vlaa d&(wyk) :V2;7

QZ(W, k) = W, g3<w7 k) = QW.

We want to show that these choices are special, because they give a richer structure of scaling invari-
ances than arbitrary nonlinear functions. In particular, they respect the classical Reynolds symmetry
(see [ChL14, Sec.3.3]), but go one step beyond because the viscosities d, (w, k) also have scaling
properties. We refer to [Bar93, |Obe02a, |Obe02b] where the importance of scaling symmetries for the
modeling of free turbulence is discussed.

Let {u,w, k} be a classical solution of (2.1) that has a suitable decay for || — oo such that the
following integrals over R? exist. We multiply by w, integrate by parts over R3, integrate (2.1d)
over R?, and add the equations obtained. This gives the energy balance

d

dt Jgs

cf. Proposition[3.7]in Section

1
(5]11,]2 + k> do = —/ gs3(w, k)kdz, te€]0,00], (2.2)
R3

We are now studying the invariance of {u, w, k} under the scaling
Oy = by, Oy = B0y, uw—yu, w pw, k— ok, (2.3)

where («, 8,7, p,0) € (] 0, +00 [)5 Here, the pressure p is omitted, for it can be always suitably
scaled. In addition to the well-known scaling laws for the Navier-Stokes equations, the scaling (2.3)
have to leave invariant the coefficients d;(w, k) and g,,(w, t) fori = 1,2,3 and m = 2, 3, too.

To this end, we consider the following conditions for the family of parameters («, 3, v, p, o) and the
coefficients d; and g,,:

a=py, o= (2.4)

B2d;(pw, ok) = ad;(w, k), i=1,2,3,

Vw,k>0:
- { gm(pw, k) = agp(w, k), m=2,3.

The first condition in (2.4) implies the invariance of the convective derivative 0; + u - V under (2.3),
while the second condition implies that |'u,|2 and k have the same scaling property which is necessary
for the conservation law (2.2) to hold. It is now easy to see that system (2.1) is invariant under the

scaling laws (2.3) if the conditions (2.4) and (2.5) hold.

In order to relate the present discussion to Kolmogorov's two-equation model (1.1) we make an

.. 2
“ansatz” for the parameter (3 as well as for the coefficients d; and g,,. For (7, p), (w, k) € (]0, oo[)
define

B=piy'2P (2.6)

di(w, k) = Diw kP, gm(w, k) = Grwk' 7, (2.7)

where D;, G,, (1 = 1,2,3; m = 2,3) and A, B are arbitrary positive constants. Condition is
equivalent to
/8 —A_2B -1 1 A_2(1-B) —1.

—p Ty resp. —— p°y
y By
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Existence of weak solutions for Kolmogorov’s two-equation model of turbulence 7

Observing (2.4), it is readily seen that d; and g,,, as in (2.7) obey the scaling conditions (2.5) for all
choices of D;, G,,,, A, and B.

Finally, let A = B = 1in (2.6) and (2.7), i.e. g,, does not depend on k. Then we obtain
k
di(w, k) = Di—, gm(w,k)=Grw (i=1,2,3; m=23).
w

Hence, Kolmogorov’s two-equation model of turbulence, which is obtained for D; = v;_1, Gy = o,
and (G35 = aw, is invariant under the scaling (2.3) with the two-parameter family

_(, P 2
(p77)'_>(057/6777p70-)_ <Pa77%,077>- (28)

3 Definition of weak solutions

We begin with introducing notations that will be used throughout the paper.

Let X denote any real normed space with norm | - | x, and let (z*, z) x denote the dual pairing of
¥ € X*andz € X.By LP(0,7; X) (1 < p < 400) we denote the vector space of all equivalence
classes of Bochner measurable mappings u : [0, 7] — X such that

Y
<fOT u(t)[ dt) Tt 1< p < +oo,

ess sup |u(t)|X it p=+4o00
tel0,T]

[ullzeo.r:x) =

is finite (see e.g. [Bou65, Chap. lll, §3, Chap. 1V, §3], [Bre73, App.] and [Dro01] for details). Let 2 C
RY (N > 2) be any open set, and let Q@ = 2 x |0, T[for T > 0.For1 < p < ooandu € L?(Q)
define

[w](£)(-) = u(-,t) foraa. te[0,T].

By Fubini’s theorem, the function ¢ > [, |u(z, t)|"dz is in L'(0,T) and there holds

/0 H[U](t)HZ,(Q)dt:/Q‘u@’t”pdxdt

An elementary argument shows that the mapping u — [u] is a linear isometry of L?(Q)) onto
LP(0,T; LP(€2)). Therefore, these spaces will be identified in what follows. By W'*(£2) we denote

the usual Sobolev space, and we set W' (Q) = (W“’(Q))N.

Unless otherwise stated, from now on let 2 = (]O, a[)3 denote the cube introduced in Section We
define

WP () = {u e Wh(Q); u!ri =u

per,div

ro, (0=1,2,3)},
W'l (Q) = {ue W 2(Q); divu =0ae.inQ},

per,div per

Coer (@) = {9 € CHQ)s @1 001 = ¢l axioy
(i=1,2,3), p(x,T) =0 Yz € Q},

C;er,T,div(@> = {'U < C;er,T(@); divv =0in Q}.
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A. Mielke, J. Naumann 8

We emphasize that the test functions in C’lerT(Q) vanish at ¢ = 7. Finally, by M(@) we denote the
vector space of all non-negative, bounded Radon measures on the o-algebra of Borel sets C @

To simplify the notation we subsequently set a; = 1 and 5, = 1, which can always be achieved
by exploiting the scaling (2.8). We further set 1, = 1, but keep the constant 1, > 0 to emphasize
that the source term in the equation for the turbulent energy k arises from the dissipation in the
momentum equation for u.

Definition 3.1. Let f € L'(Q), up € L' (Q) and wy, ko € L'() such that wy, ko > 0 a.e. in ).
A triple of measurable functions {u,w, k} in () is called weak solution of (T.1) and (1.6) with defect
measure ;1 € M(Q), if

w >0, g > const > 0 a.e. in(, (8.1)
w € L=(0,T; L*(Q)) N L2(0, T; W2 4,(Q)),
w e L>(0,T; L*(Q)) N L2(0,T; W2()), (3.2)
k€ L(0,T; LY(Q)) N LY¥/14(0, T; Woar™ M (),
/ k((1+ |D(w)|)|D(u)| + [Vw| + |VE]) dzdt < oo, (3.3)
Qv

the following weak equations hold
k
_/ g—?dxdt /(u®u) Vo dedt + vy | ~D(u): D(v)dzdt
Q Q QY B (3.4)
= / uo(z) - v(z,0)dz +/ frodzdt forallv e Cl, 1.4 (Q),
Q

_/w_so

k
dxdt—/wu-Vgo dxdt—l—/—Vw-Vgoda:dt
Q QW

9 0 B (3.5)
:/cug(a:)gp(x,O) d:c—/w @ dzdt forallp € Cpo 1 (Q),
Q Q
0z k )
k— dedt— | ku-Vzdedt+ | —Vk-Vzdrdt
g Ot Q . QW
= / ko(z)z(z,0) dx +/ (VO— |D('u,)|2 — agkw)z dz dt (3.6)
Q Q w
+/ zdp  forallz € Ch, 1(Q),
Q J
the Leray-Hopf type energy bound for the Navier-Stokes equation
/ ‘uxt’dx—i—// 0—‘D > dzds
fora.a.t € [0,T], (3.7)
/ ‘uo ‘dx—i—//f u dxds
and the total energy satisfies the estimate
1 t
/(ﬂu(w,t)f—i—k(x,t)) dat—i—// askw drds
Q@ 0.0 fora.a.t e [0,T]. (3.8)

g/ﬁ(%|uo(x)|2+ko(x)) dx+/0t/ﬂf-udxds

DOI 10.20347/WIAS.PREPRINT.2545 Berlin, October 16, 2018/rev. September 20, 2021



Existence of weak solutions for Kolmogorov’s two-equation model of turbulence 9

It is easy to see that all integrals in ) are well-defined. It suffices to consider the mtegrals
with integrands ku - Vz and £|D } in (3.6). Firstly, it is well-known that condition (3.2) on u

implies u € Lw/B(Q) (combine Hélder’s mequallty and Sobolev’s embedding theorem). Analogously,
the condition on k implies k € L'Y7(Q) (take N = 3,0 = 3/4, (p1,p2) = (1 15) "and

' 14
(s1,82) = (oo, 14) in LemmaB) below). Hence, ku € L'(Q). Secondly, £ | D(u ‘ e LYQ)

by virtue of (3.3}

Remark 3.2. The condition k/w > const > 0 is crucial for our existence theory, in particular for
obtaining the regularities for {u,w, k} stated in (3.2). It would be desirable to develop an existence
theory without this condition, because this would allow us to study how the support of k, which may
be called the ‘turbulent region’, invades the ‘non-turbulent region’ where k = 0.

Remark 3.3 (Classical solutions are weak solutions). Every sufficiently regular classical solution
{u,w, k} of and satisfies the variational identities (3.4), and with defect mea-
sure (v = 0. To verify this, we multiply (1.1D), and by the test functions v, ¢ and z,
respectively, and integrate by parts over the cube ) and then over the interval [ 0,T"]. Moreover, it is
easy to see that the energy inequalities and hold as equalities.

Of course, the important implication to be shown is that smooth weak solutions are indeed classi-
cal solutions. In order to establish this, we crucially use that the inequality for the total energy
Jo, (3]u|* + k) dz and combine it with the upper estimate for the macroscopic kinetic energy
Jo, 3/ul? dz and a lower energy estimate for the turbulent kinetic energy [, & da, which will be de-
rived next.

Lemma 3.4. Let {u,w, k} be a weak solution of (1.1) and (1.6) with defect measure ji. Then, we
have the integral relations

t
/w(x,t)da:+/ /wzddeZ/wo(x) dz forallt € [0,T], (3.9a)
Q 0o Ja Q
/k(x t)dx—/ko daH—// uo—’D | —%kw) dx ds (3.90)

+ u(Q2x[0,¢]) foraate0,T],

lim [ k(x,t)dz = / ko(z) dz + p(Qx{0}), (3.9¢)
Q Q

t—0
/k:(x t)dz = / k(x,s) dx—i—/t/ (yoﬁ ‘D(u)‘2 —agkw> drdr
Q ’ Q_ ’ sJO w (Sgd)
+u(Qx]s,t]) foraa s,t €[0,T]withs < t.

Proof. It suffices to prove (3.9b). The same reasoning gives (3.9a), and the relations (3.9¢) and (3.9d)
follow from @:9B). For t € 10, T [ and m > 7~ (m € N) we define

1 it 0<7<t,
(7)) = ¢ mt—7)+1 if t<7<t+=,
0 if t4+ - <7<T.
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Taking z(z,7) = 1 - 1, (7) for (z,7) € Q in (3.6), we arrive at

t+1/m t+1/m I )
m/ /k(x,T) dedr = / ko(z) dx +/ /(I/o— |D(u)|” - a2kw>nm dz dr
t Q Q 0 oy W

+ u(2x[0,t]) +/ N (T) dpa. (3.10)

QxJtt+ L[

Using 7, () € [0, 1] we observe that [ 1, . 1 7m(7) dpe < pu(Qx Jt,t + -[) — Oasm — oc.

Hence, taking the limit m — oo in (3-10) gives (3.9b) for every Lebesgue point t € [0,7'] of the
function ¢ — [, k(x,t) dz. O

We are now ready to show that smooth enough weak solutions are indeed classical solutions and that
the associated defect measure has to vanish. .

Proposition 3.5 (Smooth weak solutions are classical). If {u,w, k} is a weak solution of (1.7) and
(1.6) with defect measure 1 (in the sense of Definition such that u, w, and k are sufficiently
smooth (e.g. twice continuously differentiable in x and once int), then {w,w, k} is a classical solution

of (1.1) and (1.6).

Proof. By definition weak solutions lie in W;;jdiv(Q), which implies (1.1a). Similarly, the periodic
boundary conditions (1.6a) follow from the choice of spaces for the weak solution.

Using the smoothness of {u, w, k} we can integrate by parts in the weak equations (3.4) and (3.5).
From this we obtain the validity of the classical equations (1.1b) and (1.1¢) for w and w, respectively,
and the initial conditions (0, -) = uy and w(0, -) = wy.

Since the Navier-Stokes equation is classically satisfied, the kinetic energy satisfies (3.7) with equality.
Adding this equality to relation (3.9b) for the turbulent energy, the term 1/0§|D(u)\2 exactly cancels;
and we obtain

[ Gluta. 0 sk(e.0) do = [ GluoP ) do+ [ (Fuaake) deds + u(@x(0.¢)

fora.a. t € [0, 7). Comparing this to the total energy inequality and using p > 0, we conclude
p(2x[0,1]) for a.a. t € [0,T]. Thus, we find 1(Q2x[0, T[) = 0 which gives [, zdu = 0in @8).
Again, using the smoothness of {u,w, k} we can integrate by parts in the weak equations and
obtain the validity of the classical equations and the initial conditions £(0, -) = ko. O

We note that by the defect measure ;@ > 0 contributes positively to the integrated turbulent
energy fQ k(x,t) dz. In contrast, the energy inequality for weak solutions of the Navier-Stokes
equations provides an upper bound for the integrated kinetic energy fQ %|u(x, t)|? dz in terms of
possibly different defect measure unsg. The expectation is that these two measures exactly cancel
each other when considering the total kinetic energy [, (3|u(z,t)[*> + k(z,t)) dz, and then
holds as an equality. Our methods will not be strong enough to show this cancellation but we establish
the corresponding upper bound stated in (3.8), which may be interpreted as ;1 < pins. In the related
work [BuM19] the desired cancellation is derived by completely different methods.

Remark 3.6 (Conservation law for the energy density £). For fluid models involving an additional
energy equation, it is natural to derive equations for the total energy density, which in our case reads
E(x,t) = k(x,t) + $|u(z, t)|?. This idea goes back to Feireis| and Mélek in [FeM06, BEM0J] and
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provides a local balance law for the total energy density E. We expect that the result of [BuM19,
Thm. 1.1, Eqn. (1.50)] also holds in our case and conjecture that there exist weak solutions as stated
in Theorem[4.1) that additionally satisfy the distributional form of the local balance equation

0 : . (k k
aE +div ((E4p)u) = div (ZVk + V(J;D(’U,) u) + fru — azkw, (3.11)

A close inspection of our estimates shows that all terms in this equation can be defined as distributions,
if the pressure p is recovered from in the standard way. However, at present it remains unclear
how this relation can be derived using our approach based on pseudo-monotone operators.

Clearly, integrating the local balance law (3.77) over {2 and using the periodic boundary condition
implies that the total-energy inequality (3.8) holds as equality:

t
/<1|u(x,t)‘2+k(x,t)> da:—i—oeg//k:wdxds
o \2 0Jo

:/Q<%‘Uo(33)‘2+ko($)) da:—i—/ot/gf-udacds forallt € [0, 7.

The following result shows that in this case the defect measure p in (3.6) is closely related to the defect
measure associated with the weak solution of the Navier-Stokes equation. The result follows simply

by subtracting (3.9b) from (3.12).

(3.12)

Proposition 3.7 (Energy equalities and defect measure). Let {u,w, k} and p be a weak solution as
in Definition[3.7] If additionally the energy equality (3.12) holds, then the following two statements are
equivalent:

i) p=0;
(i) /—|ux t‘ d$+1/0// ‘D ! dxds
/|u0 | dx+//f wdrds foraa t€[0,T].

This result shows that the two energy inequalities (3.7), and the defect measure w in are
related to the classical problem of proving an energy equality for weak solutions of the Navier-Stokes
equations. A similar result for the case of Navier-Stokes equations with temperature dependent vis-
cosities has been obtained in [Nau08]. Defect measures also appear in a natural way in the context of
weak solutions of other types of nonlinear PDEs (see e.g. [AIV02, [Har06, [LLZ95]).

4 An existence theorem for weak solutions

We define the function spaces
Coo(Q) = {ula ; u € C(R?), u is a-periodic
in the directions e, e, 63},

o ={u e Cx(Q); divu=0 in Q}.

per,dlv per(
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We impose the following conditions upon the right-hand side in (1.1b) and the initial data in (1.6b):

F € LAQ): o € L3,(Q) = O ()5, wy € L2(Q), ko € L(9),
there exist positive w,, w* such thatw, < wy(r) < w* fora.a. z € €, (4.1)

there exist positive k., such that ky(z) > k, fora.a. x € €.

The following theorem is the main result of our paper.

Theorem 4.1 (Main existence result). Assume (4.7) and ay = const > 0 (cf. (1.1d)). Then there

exists a triple of measurable functions {u,w, k} in Q and a measure ;i € M(Q)) such that

Wi w* k.
< < < k(x,t) fora.a. t ; 4.2
o, = w(w,t) < T aznd<1+tm)a2 < k(z,t) foraa. (z,t) € Q; (4.2)
w € Cu([0,T] LX(Q)) N L2(0, T W (D)),
w € C’W([O,T]; LQ(Q)) N LQ(O,T; W;é%(Q)), (4.3)
ke L>(0,T; L) n (N LP(0,T; Wi (Q));
1<p<2
/ k (|D(u)‘2+\Vw]2) dz dt < oo, (4.4)
Q
4/3 . 1,0 *
’U/ € mo->16/5 L / (O’ T’ (Wper,diV<Q)) )’ (4 5)
. 1,0 * )
W € ﬂm% LY3(0,T; (WL(Q)").
The triple {u, k,w} is a weak solution of and in the sense of Definition|3. 1 with
w(0) = ug in L*(Q) and w(0) = wy in L*(Q); (4.6)
In particular, holds and for all o > 16/5 we have
g k
/ (u(t), v(t)>W1,g dt +/ (—(u@u) : Vo + vy— D(u):D(v)) dz dt
0 per,div Q w (47)
= / fodxedt forallv € L7 (0,T; W;’;’div(Q)) withv(-,T) = 0;
Q
g k
/ (W (t),0(t)) 0 dt — / wu-Vededt+ | —Vw- Ve dedt
0 . Q QY (4.8)
= - / w?o dzdt  forallp € L7(0,T; Wo2 (Q)) with (-, T) = 0.
Q

Of course, in (4.7) and (4.8) it suffices to consider o = %—i—n for an arbitrarily small 7 > 0. The deriva-
tives ' and w’ in (4.5) are understood in the sense of distributions from | 0, 7' [ into (W;gvdiV(Q))*
and (Wr}g(Q))*, respectively (see e.g. [Bre73, App.], [Dro01l, pp. 54-56] for details). Here we have

used the continuous and dense embeddings

WL Q) C LAH(Q) € (We2(Q)" foro >

per per

ot O
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Existence of weak solutions for Kolmogorov’s two-equation model of turbulence 13

To see that {u, w, k} together with the measure 1 in the above theorem are a weak solution of (1-1)
and (1.6) in the sense of the Definition 3.1} it suffices to note that (3.4) and (3.5) follow from (4.7) and
(4.8), respectively, by integration by parts of the first integrals on the left-hand sides.

Before starting the proof it is instructive to check that the above estimates (4.2) to are enough
to show that all terms in (4.7), (4.8), and (3.6) are well defined. For this, we flrst recall the classical
Gagliardo-Nirenberg estimate and then provide an anisotropic version that is adjusted to the parabolic
problems on Q = [0, 7] x £, we use the short-hand notations

L*(LP) == L*(0,T; L*(Q)) and Jy(a,b) :=a'~ 9(a+b)

Lemma 4.2 (Gagliardo-Nirenberg estimates). For N € N consider a bounded Lipschitz domain {2 C
RM.

(A) (Classical isotropic version) Assume 1 < p; < p < 00, ps € |1, N[ and 8 € ]0, 1] such that

1 1 1 1

—=(1-0)—+0(———). (4.9)
p P1 p2 N

Then, there exists a constant C' > () such that for all ) € W'#2(Q) we have

[0l e i) < C To (1] Lo @), V| o2 (@) (4.10)
(B) (Anisotropic version) Consider p, p1, p2, and @ asin (A) and s, si, and s, satisfying
1
1<s3<s<s and-=(1— 0) +9— (4.11)
S S1 S9

Then, there exists C* > ( such that for all p € L*2(0,T; W1?2(Q2)) we have

re1(ze, |Vl

s(rry < C*Je<||sol Lo Lp2)> (4.12)

Proof. Part (A) is well-known, see e.g. [Roul3, Thm. 1.24].

To establish Part (B) we apply Part (A) for » = ¢(t) a.a. t € [0, 7). Thus, we obtain (abbreviating
191l = ¥l e @)

r ) T o 0s
”= / el < ¢ [ el (0l HT A0

By Y P s PN Z2TR
" Ol e (T o e o+ Vi )™
< Cao(lelrom IV ellam) )
which is the desired estimate. O

Remark 4.3 (Well-definedness of nonlinear terms). We first show that the second integral on the left-
hand side of the variational identity in is well-defined. For the integral of (u®u):Vv we see
that allows us to use Lemmal4.4with N = 3, (s1,p1) = (00,2) and (s2,p2) = (2,2). With
0 = 3/4 part (A) gives

1/4 3/4
ol oy < € (Il e+l | Vul 2y, ). (4.13)
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whereas part (B) leads tow € L*/3(0,T; L*(2)), which implies

u®u € LY3(0,T; L*(Q)). (4.14)
With o > 16/5 > 2 we have Vv € L*(0,T; L*(?)) and [,(u®u) : Vv dz dt is well defined.
Using @ = 3/5 in Lemmal4.3(B) we obtain s = p = 10/3 and hence conclude

||U|IL10/3(Q) S 02‘]3/5<||u||L°°(L2)7 ||V’U,||L2(L2)> (415)

For the integral of £ D (u):D(v) we use w > w,/(14Tw,) > 0 from @2), k'/>?D(u) € L*(Q)
from (@.4). Using we can apply Lemmal4.4(B) to k with N = 3, (s1,p1) = (00,1), and s, =
p2 € [1,2[. Choosing § = 3/4 we obtain s = p = 4p, /3, such that k lies in L*72/3(0, T'; L*72/3(Q))
= L*2/3(Q). As py € [1,2[ is arbitrary, we have k'/? € L(Q) forall ¢ € [1,16/3]. By Holder's
inequality we arrive at

kD(u) = kY2 kY2 D(u) € LP(Q) forallp € [1,16/11]. (4.16)
Using D(v) € L°(0,T;L°(Q2)) = L°(Q) with 7 > 16/5 we see that there is always ap €
[1,16/11[ such that ;. + = < 1. Hence we conclude

k
, };D(u):D(v)‘ dz dt < C||kD(w)|| 15| D (v)]| Lo (@) < o©.

Thus, by a routine argument, (4.14) and (4.16) lead to the existence of the distributional derivative u/’
as in (4.5), see also Sections[5.4{5.6

An analogous reasoning applies to the second and the third integral on the left-hand side of the
variational identity in (4.8)).

Finally, combining uw € L*(Q) and Vk € LP(Q) forallp € [1,2] (see @3)) and k € L**/3(Q)
from above, Hélder’s inequality gives

ku € LYQ) and kVk € LU(Q) forallq € [1,8)7],

i.e., the second and third integral on the left-hand side in are well defined.

The estimates (4.2), which will be derived by using suitable comparison arguments, allow us to deduce
the following result (based on the choice a; = 1).

Corollary 4.4. Fora.a. (z,t) € (), we have the following estimates:

k(z, )12 ki
>

Lz, 1) = 1+ tw*)i-o2/? 417
(z,t) (o) _w*(+w) ; (4.17)
1 1 1

— 4+t< < — 4+t (4.18)

w* w(z,t) = w.

Kolmogorov claimed in [Kol42] that L = L(x,t) “... grows in proportion of 27 (see also [Spa9i,
p. 215], [Tik91} p. 329)). Clearly, from @#17) with a., = 10/7 it follows

1/2
3

L(z,t) > (1+tw*)7 foraa. (z,t) € Qx|t, T].

w*
Of course, Kolmogorov’s claim is compatible with our lower estimate for any choice ap > 10/7 (and
in [Kal42] cro = 11/7 was chosen). However, it cannot be true for ap € |0, 10/7].
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5 Proof of the existence theorem

The proof of the main Theorem proceeds in several steps. First we regularize the problem by
adding small higher-order dissipation terms of r-Laplacian type and small coercivity-generating lower
order terms. A general result for pseudo-monotone operators, which is detailed in Appendix |A} then
provides approximate solutions {u.,w,, k.}. In Section we provide e-independent upper and
lower bounds for w. and k. by comparison arguments. In Section mwe complement the standard
energy estimates by improved integral estimates for k. that allow us to pass to the limit ¢ ™, 0 in
Section 5.8

5.1 Defining suitable approximate solutions {u., w., k.}

Let be w,, w* and k, as in (4.1). We introduce the comparison functions

Wy w* k.
_ Ot) = —— )= — tort e [0,7], 5.1
1+ tw,’ w(t) 1+ tw*’ #(?) (1 + tw*)e= or [0, 7] (5.1)

w(t)

which will be the desired bounds for w, and k. in (). Subsequently we will use the notion
€ i=max{£,0} >0 and ¢ =min{&, 0} <0

for the positive and negative parts of real numbers or real-valued functions.

We choose a fixed number 7 € |3, oo[ and consider for all small ¢ > 0 the following r-Laplacian ap-
L . —1
proximation of (T.1), where we add the coercivity-generating terms e}ur u, e|lw|"*w and e|k|" %k

to the right-hand sides of to (1.1d), respectively:
divu = 0, (5.2a)

ou :
E—i—(u-V)u:uodlv(

b D) -V
etwt (5.2b)

"D(w)) ~ulu),

+ e(div (|D(w)

E-Fu-Vw:div

+
O ( K . Vw) —wthw
etw (5.2¢)

+ 5<div ([Vw|?*Vw) — |w|r’2w) + €(g(t))T_la

+

a—}—u-Vk:div

D) askw?
€+ wt+ ekt (5.2d)

+ 5(div (IVE[™~2VE) — \k\“%) (o))

ok (si:ﬁ Vk) + 1

The additional terms 5(g(t))r_1 and 5(%(t))r_1 are added in and (5.2d), respectively, to make
the comparison principle work again. In principle, it would be possible to use different exponents r,,,
., and 7 in the equations to (5.2d), because they need to satisfy different restrictions. In our
case r = r, = r, = T is sufficient and fits exactly with the assumptions in (A.1) with p = r for the
abstract existence Theorem[Adl
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We consider system (5.2) with initial data {w -, wo ¢, ko - } satisfying

{wo e, woe, ko) € W;Q’div(ﬂ) x WLM(Q) x WLr(Q), (5.3a)

per per

we <wpe(x) <w® and koe(x) > ke ae.in, (5.3b)

g — ugin L*(Q), wy. —> wpae.in,
(5.3¢)

koe — ko in LY(Q) fore — 0.

The existence of a sequence {u0,€}€>0 which satisfies (5.3a) follows immediately from the condition
on uy in (47), whereas the existence of sequences {wo. }-~0 and {ko }-~o satisfying (5.3) can be
derived by routine argument from the conditions on wy and kg in (.7).

The following lemma states the existence of weak solutions of under the periodic boundary
conditions and initial data (5.3). This result, which we derive in Appendix|Alby a direct application
of existence results for pseudo-monotone evolutionary problems (see Theorem|[A.1), forms the starting
point for our discussion in Subsections [5.2H5.6]

Proposition 5.1 (Existence of approximate solutions). Let {wg ., wo., ko }e>0 be as in (5.3), r > 3,
and f € L*(Q). Then, for every c > 0 there exists a triple {u.,w., k.} such that

u. € C([0,T]; L*(Q)) N L™ (0, T; W 4. (), (5.4a)
we, ke € C([0, T} L2(Q)) N L7(0,T; Wy (), (5.4b)
ul € L (0.T; (Wl ai()7), Wk, kL€ L7(0, T3 (Win(9) ), (5.4c)

and

per,div

/0 (ul(t), v(t)) 1. dtJr/QZUa,i(aiug)-’vdxdt

=1

kJr
—i—yo/ = D(u.) : D(v)dzdt
Q&+ w (5.5a)

—1—5/ (}D(Ue)r_QD(ue) : D(v) + |u.| " ?u. - v) dedt
Q

= [ f-odadt forallv € L' (0, T; W . (Q)),

per,div

T
/ (W), (1) )yprr At + / ou. - Ve, dz dt
0 per Q

Lt
+/ = ng-V<pdxdt+/w:wag0dmdt
Q Q

+
€T we (5.5b)

+5/ (|Vwe|"?*Vw, - Vo + |w.| " ?wep) do dt
Q

per
J

= 5/ (g(t))r_lgodazdt forallp € L"(0,T; Wi (),
Q

DOI 10.20347/WIAS.PREPRINT.2545 Berlin, October 16, 2018/rev. September 20, 2021



Existence of weak solutions for Kolmogorov’s two-equation model of turbulence 17

T
/ <k§(t)72(t)>wl,r dt+/zu€-Vksda:dt
0 per Q

kZr k¥ 2

(5.5¢)
+ g / kewtzdzdt+ ¢ /(\VkE\T_Qng-VZ—i—]/{E\T_ijsz) dx dt
Q Q
= 5/ (%(t))r_lz dz dt forall z € L™ (0, T; W, (€)),
Q Y,
UE(O) = U, wa<0) = Wo,e ka(o) = kO,a~ (5.6)

The proof of Proposition is the content of Appendlx Observing the separability of Wper dw(Q)
and WLr(Q) and using . a routine argument yields that the system (6.5) is equivalent to the

per

following conditions for a.a. ¢t € [0, 7T

- () .
+/Q<(u6(t).vu(t)).'w+yo o Dl (1)):D(w)) da

<u’€(t), w>W1,r

(ID(ue(t))|" D (uc(t)) : D(w) + |uc(t)] uc(t) - w) da (5.7a)
= / f(t) wdx forall w € Wper 4iv (92),
: k2 (1) )
(wi(t), ¢>W$J + /Q (@/)ua(t) - Vw(t) + Tt (D) Vwa(t).Vzﬁ) dz

+ /Q (wj(t)ws(t)w + e (| Ve ()| T Ve (t) - Vb + |wa(t) V‘%E(t)w)) dz (5.7b)
= g(g(t))rfl / Yda for all 1y € WL (Q),

per
k(1)
e+ wt(t)

kZr 2
_V0/525+w+(8)$)5k+ |D(u.(t))] zdx—i—ozg/ﬂkg(t)wj(t)zdm

g/Q(IVkE ) “TEVEL(t) - Va2t k()| Re(t)2) da

)

Vk.(t) - w) da

per

(K1), 2) 1 + / (zug(t)-ng(t)+

(5.7¢)

per

= g(%(t))”/gzdx forall z € W, ()

J
We notice that the set N C [0,T"] of measure zero of those ¢ where (5.7) fails, does not depend on
(w, 1, ). More specifically, if e = €, > 0 with lim &,, = 0, then A/ can be chosen independently

m—0o0
of m.

The variational identities in (5.7) are the point of departure for the proof of a series of the a priori
estimates for {u., w., k. } we are going to derive in Subsections

5.2 Upper and lower bounds for {w., k.}
Let w, w and sr be as in (6.1) and » > 3 as chosen in Section The following result provides

pointwise upper and lower bounds that are obtained via classical comparison arguments for weak
solutions of the scalar parabolic equations for w and k, cf. (1.1c) and ({.1d), respectively.
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Lemma 5.2. Let be {u.,w., k.} a triple according to Proposition[5.1| with > 3. Then,
W(t) <w(z,t) <w(t) and #(t) < k.(z,t) (5.8)
fora.a. (x,t) € Q andforalle > 0.

Proof. For notational simplicity, we set u = u., w = w, and k = k. within this proof.

Step 1: w > w. The function ¢ = (w(-,t) — w(t)) is an admissible test function for (5.7b). Since
w(t) does not depend on x we have 3V (¢?) = ¥Vw and Vw - Vi) = [V)|> > 0. Usingw > 0
and the monotonicity of w + |w|" 2w we arrive at

(W(t), (w(t) = w(t) )yrr + /QwQ (w—w(t)) dz

per

<e /Q ((w®) ™ = o ?w) (w—w®) dz <0 (5.9)

for a.a. t € [0,T]. By construction we have w'(t) = dw(t) = —(c_u(t))2. Identifying w with a

function in C* ([0, 7']; W2 (€2)) the estimate leads to

per

(W(t) =W (t), (wt)—w() )yrr < —/Q (w? — (g(t))2) (w—w(t) dz<0.

per

By (5.7) and (5-3b), we have w(x,0) — w(0) > 0, which means ¢ (x,0) = 0 fora.a. z € 2. Using a
slight modification of [Lio69, pp.290-291] we find

/Q %w(t)Q dz = /Q%qb(O)Z dx + /Otwl,wwplég dt =0+ /0 (W=, (w=—w) )y dt < 0.

per
Hence, we conclude ¢(t) = 0 for all ¢, which means that

w(z,t) > w(t) foraa. (z,t) € Q. (5.10)
Step 2: w < w. Next, we insert ¢ = (w(-, 1&)—@(1&))Jr in and argue as in Step 1:

(W, (w—@)+>wéé; + /sz (w— w)* dz < 8/9((g)rl—wr1) (w—w)+ dz <0.

For the last estimate we used w > w, which was obtained in Step 1. Hence, as above,

a1 300070 = 0 =0, () ~T0) Yyge < - [ () (0-D) ar <0

fora.a. t € [0,7']. Again by and (5.3b), we have ¢(0) = 0 a.e. in {2 and conclude

w(z,t) <w(t) foraa. (z,t) € Q. (5.11)

Step 3: k > 3. We first insert z = k™~ (-, t) into and find £ > 0 a.e. in (). Next, we insert the
test function z(z, t) = (k(x,t) — 5(t))  and obtain as above

(K (t), (k(t) — %(f))_>wgé; + ag/ k(t)w(t) (k—»(t)) dz <0

Q
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fora.a. t € [0,7T']. By construction s satisfies »'(t) = —aq(t)w(t) forall t € [0,7']. It follows

o S (0 2t0) ) = (R(0) = (0, (408) = (6))

dt Jo 2 oor
< —ag/ (k(t)w(t) — (t)w(t)) (k(t) — »(t)) dz < 0.
0
To see the last inequality, we use w < @ a.e. in () from Step 2, which gives k(x, t)w(z,t) < s(t)w(t)
for a.a. z of the set {z € Q; k(z,t) < 5(t)}. Since k(z,0) > 3(0) fora.a. z € Q by and

we obtain, as above, k(x,t) > »(t) fora.a. (x,t) € . Altogether the upper and lower bounds
in (5.8) are established. O

5.3 Energy estimates for (u., w.) and improved estimates for .

For the subsequent estimates we fix the data

D ={T, f, ws, W*, ks, 1}
and will indicate constants that only depend on ® by Cp. However, depending on the context the
constants C'y may be different. We also define the constant

k.

b= Tr o+ Twyee

which according to Lemma 5.2 is a lower bound for k./(e4w.). This will allows us to derive the
standard estimates for u. and w:.

Lemma 5.3. There exists a constant Cp > 0 such for all ¢ € |0, 1] and all solutions {u.,w., k.} as
in Proposition[5.1| we have the estimates

kg 2 T r
el 7 e 2y +/Q(6*+ €+%)\D(us)} dxdt+5/Q(‘D(u€)‘ +lu|") ddt 5122)
< Co([luoellzs + I1£117:),
2 kE 2 / T r
[|we ll 700 2y —l—/Q (6* + 6+W€>|Vw€| dedt +¢ g (|Vw.|" + wl) dedt (5.120)

S Cfg(l + ||CU0’5H%2).

Proof. We insert the test functions w = wu. and ¢ = w;. in (6.7a) and (5.7b), respectively. Integrating
over [0, t] and using ke > B a.e.in Q (cf. (5.8)), the desired estimates (5.12) are readily obtained

etwe —

by the aid of Gronwall’s lemma. O

By (5-3) the approximative initial conditions satisfy supg..<; (||wo.|| L2+ ||woe||r2) < oo. Therefore
all terms on the left hand sides of (5.72) are bounded independently of € € |0, 1].

Of course, one obtains a trivial bound for k. in L°°(0,7T; L'(Q)) by testing with z = 1. We
include this result in the following non-trivial estimate that implies uniform higher integrability of k.
as well as suitable bounds for Vk.. For this we test by 2 = 1 — (14+k.)~% for § € ]0,1],
which is a well-known technique for treating diffusion equations with an L' right-hand side, see e.g.
[BoG89, [Rak91l,[BD*97].
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Proposition 5.4. For given data®, p € [1,2[, and§ € |0, 1], there exists C%"S > 0 such that for all
e €10,1] and all {u.,w,, k. } as in Proposition[5.1, we have the estimate

|Vk.|?
ke |l oo 0.t +/ (k4p/3+ V[P +
kel o= 0721 (@) o \Fe Vk "+ Ty

|VEe|" r—1 (5.13)

5
< O3 (1+ llwoellFzq + KocllLie)-

) de dt

/

Proof. Step 1: For 0 < ¢ < 1 we define ® : [0, co[ — [0, oo via

1
q)( )_T—{—l—_d(l—(l—{—T)l_&), O§7'<OO

Hence, ® is convex and satisfies, for all 7 > 0, the estimates

2 1 )
=< < "=1-— ") = ——

(147 (5.14)

-
2

From [Rak92, pp.360-361; cf. also pp.365-366] (with WI}Q{’(Q) in place of Wol’p(Q)) we have the
chain rule

[ 009006 g s = [ @ti0) o= [ (o))

forallt € [0,7]. When inserting z = &' (k.(-, 7)) into we obtain

Q

/QCI>/(I<;€(~,t))uE(t)~Vk€(t)dm:/us(t)~V(<I>(k€(~,t)) dz =0 foraa t € [0,7],

where we used div u,. = 0. With this we obtain (recall vy = 1 = a»)

V. |?
/CID(k :L‘t dx+5//ge+wg 1) 1+5d$ds
|V/<: |” T 1
+€// 1+6+k 1(1—m)>dxd8
r—1 1
t k. 2 1
+/0 /Q <5+w€+5k5 ’D(%)‘ B k€w6> (1 B (1+k8)5) drds

forallt € [0,7]. By (6.12a), (5-14), and k./((e+w:)(1+k.)) > 1/(14w(T)) > 0 we find

V. |? / V.| / 5
kel (o1 +5/ dedt+ed | ——=—deds+e [ k™ dedt
IFellz=orar@) (k) 0 k0 T ’

1
< o7 + luocle + kol + 1132+ £271), (5.15)

where the constant c¢ is independent of § and . Thus, we have estimated all the terms on the left-hand
side of (5.13) except for the second and third.
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Step 2: To estimate V. we choose p € |1,2[and § = (2—p)/p € ]0, 1[. With Holder's inequality
we find

k.
/Iw: P d dt = /(1|Vk )LW (1+k)P? da dt

|Vk|* p/2 5 o (2-p)/2
< el p/(2—p)
</Q k) dxdt) ( Q(H—kg) da:dt)

1 |V |? p/2
= op/2 (5/Q (1+k. ) dz dt) T(|Q|+Hk€||L°°(0,T;L1(Q))>~

Using (5.15) this provides the estimate for the third term on the left-hand side of (5.13).
Step 3: To show higher integrability of k. we simply use the Gagliardo—Nirenberg interpolation from
Lemma [4.2|for 2 € WP(Q2) with Q C R3 where p € [1,2[ as in Step 2:

1/4

3/4
2l z0/3() < Canll2ll riqy (1211 L10) + 121 o))

I

Applying this to z = k.(t), taking the power 4p/3, and integrating ¢ € [0, T'] we obtain

T T
[t = [ gy dt < CEP [ KT+ 19D ) o
0 0

where K := [[k.(+)|| oo(z1()) < C' < 00 by Step 1. Hence, together with Step 2 the second term
on the left-hand side of (5.13)is uniformly bounded by the right-hand side of (5.13).

In summary, the desired a priori estimate (5.13) is established. O

5.4 Estimates for {ul,w., k.}

We now provide a priori estimates on the time derivative. To obtain estimates that are independent of
e € ]0,1] we recall r > 3 and will use o > r and estimate in the dual space of W1 (£2). While
for . and w. we obtain estimates in spaces L?(0, T’; (W7 (£))*) with ¢ > 1, the time derivative
k. can be estimated only for ¢ = 1, because of the source term m]D(ue)P, for which the
only e-independent a priori estimate is in L'(Q) = L'(0,T; L'(2)). This problem will result in the
occurrence of the defect measure p. The estimates for w. and w. will work for arbitrary r > 3,
however, for the estimate of k. we need to restrict 7 to the small interval [3, 11/3[. Here the upper
bound r < 11/3 seems to be critical for N = 3, while 2 < r < 3 might still be considered.

Proposition 5.5. Let® be fixed.

(A) For allr > 3 (implying v’ = r/(r—1) < 3/2) and o > r there exists a constant C'; such that for
all0 < & < 1 the solutions {u.,w., k.} of Proposition|5.1| satisfy the estimates

el o oons + 19l otz @y < O (5.16)

(B) Forallr € [3,11/3] and o > 8r/(11—3r) there exists a constant Cy such that for all 0 < ¢ <1
the solutions {u.,w., k.} of Proposition[5.1] satisfy

Hk;HLl(o,T;(WI}g;)*) < Cy. (5.17)
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Proof. Step 1. Estimate for u.: For w € w e (€2), we write (5.7d) in the form

per,div
(wet) w)yre = (U, 0y
B , B ke(t) ,
_/Q(ug(t)@i)ug(t)).dex VO/Q—5+%(75) D (u.(t)):D(w) dz (5.18)

— &

S~

(1D (o))" D (e (1)) D) + e ()] Pe(t)w) i + / Ft) - wda

4

= Z I.(t) foraa.te[0,T].

m=1

The aim is to show | I, ,,,(t)| < fom (1) ]| w||yyr1.0 ) With fc ,, bounded in L% (0, T') for some G, >
r/(r—1). For this, we proceed as in Remark but use now that w € W;e‘r’dw(Q) is fixed.
For I., we use Vw € L?(9) and need to bound |u.®u.| < |u.|? in L7 (), which means
u. € LP(Q) with p = 20/(c—1). For this we use the bounds for w., which allow us to apply
Lemma [4.2(B) with (s1,p1) = (00,2), (S2,p2) = (2,2), N = 3,and § = 3/(20) < 1/2. This
provides the desired p = 20 /(c—1) and G, = s = 40/3.

To estimate /. » we use € + w.(z,t) > w(T") > 0 and need to bound
kD) = K2 62D ()| in L%(0, T5 L7 ().

By (5-12a) we have a uniform bound for |kY/* D(u.)| in L2(Q) = L2(0, T; L*(<2)). Moreover, (5.13)
prowdes uniform bounds for || & || £ (0,711 () and for ||V k.|| Lr () with p € [1, 2[. Hence, restricting
to g, € [1, 2] we proceed as follows:

T _
||k D(u£)| L32(0,T;L°' () — < / (Hk;/QHL%/(”*Z) ||k;/2D(uE)||L2>q2 dt <
0

! q2/2 1/2 92 T2/(2—9>) —%)/2 2 02/2
[ Wl DG e < ([ 5 ) (Do ar) ™
0

The second term in the last product is already uniformly bounded. To estimate the first term we apply
Lemmal4.2(B) with (s1,p1) = (00, 1), 59 = p2 € [1,2[, N = 3,and § = 6ps/((4p2—3)0) € 10, 1],
where we use 0 > r > 3 such that p, can be chosen close to 2. From the interpolation condition
(4.11) we obtain the range of possible g, via

2 2-g, _1 6
Eal R T A S L
72 o s = ) S1 So P2 (4192—3)

Thus, we are able to choose all g, € [1,100/(50+6)| by adjusting ps suitably. As ¢ > r > 3 we
see that g, = 3/2 is always admissible.

Using 0 > r > 3 and Hélder’s inequality, we obtain
‘]673(t)| < f5,3(t)||w||W1*" with fa,S(t) = OgHua HW1T

By the uniform bound (5.12a) we obtain || f. 3|/ . o ) < C.e"=1) with a constant C., independent
of €. Thus, we can choose G; = 1’ =r/(r—1) < 3/2.

With [ L4 ()] < | F ()2 llw(®)]l 2 < ClFO)llz2[wlwre and f € L*Q) = L*(0,T; L*())
we obtain g, = 2, and conclude that in all cases we have g,, > 1’ = r/(r—1) and the first part of
(5.16) is established.
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Step 2. Estimate for w.: We proceed as in Step 1 by writing (5.7b) in the form

5
(W), V) ppre = D Jem(t) Wit [Je ()] < gen (8)][2[|wr.e,
m=1

where g. ,,, has to be bounded in L% (0, T') for suitable g,, > r’' = r/(r—1). Exploiting Lemma
namely 0 < w(7T") < w.(z,t) < @(0) = w* and and proceeding as in Step 1 we easily find
G1=q3 = G5 = 00, ¢z = 100 /(50+46) > 3/2,and g = 7’ < 3/2. Thus, the second part of (5.76),
and hence all of (5.16), is established.

Step 3. Estimate for k.: We again write

(K. (1), 2) = —/Qzus(t)-Vks(t)dx—/Q%va(t)-vzdx (5.19)
k5<t) 2
+ l/g/Q o)+ R |D(u-(t))| zdz — oy /Q k. (t)w.(t)z dx
_ 5/9 (IVE ()] 7 Vko(t) - V2 + [k (8)] ke (8)2) da + g(%(t))”/gzdx
= Z Ka,m(t)

and have to show that K ,,,(t) < he (¢)]|2]|w1., where h, ., is bounded in L' (0, T') independently
ofe €]0,1[andm =1,...,7.

Before starting the estimates we note that the condition » € [3,11/3[and ¢ > 8r/(11—3r) implies
o > 12, which will be useful below.

For m = 1 we integrate by parts using div u. = 0 and obtain
Ko (t)] = | / Feue Yz do| < b (Dllzllwre with e (£) = ket o
0
Using for u. and applying Lemma 4.2 with (s1,p1) = (00,2), (s2,p2) = (2,2), N = 3,
and f = 3/5 we find (s, p) = (10/3,10/3) which means that u. is uniformly bounded in L'%/3(Q).

Using the uniform bound (5.13) for k. in L4(Q) for all ¢ € [1,8/3] we can choose ¢ such that
% + 2 < 1/0’ <1laso > 40/13 and obtain

T T
/ hes(t) dt < / Ol (8) ooy s (8) rossgy At < Crllke Loyl [ iossi@y < O
0 0

For m = 2 we again use (5.73) and ¢ > 8. Choosing p € [1,2[ with 3/(4p) + 1/p+1/0 < 1
Holder’s inequality gives

T T
/0 |Ke,z(lt)|dt§/O 1Kel panra |V el o |V 2| o At < Copo|Kel| panra () I VRl o @) | 2l wro

The case m = 3 follows easily as ||2|| () < C||z|lw.- because o > N. Together with the simple
energy estimate (5.12a) (uniform boundedness of the dissipation) we obtain

T

ke

/ | K. 5(t)]|dt < C’/ |D(w.)|? do dt||z]| e~ < Cs|z||wr.e.
0 Q e+we
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The case m = 4 is also trivial, since | K. 4(t)| < C||k-(t)||w* 2| Loe-

The most difficult term is /K. 5 because we do not have an a priori bound on 5|Vk:a|r. We adapt the
method developed in Step 2 of the proof of Proposition Using

|K€75(t)| S h575(t)||2||wl,o with h£5 == €|||ka T_lHLU/

we proceed as follows:
T T
| hesdt = [ IR, d < IR
0 0

Vi, |’ /o’
< 1/o _‘ € 14
<eT (/Q i) (1+k.) dxdt)

for a p > 0 to be chosen appropriately. Applying Holder’s inequality with p = 7/ /0’ > 1 and using
e = et/rel/7") we continue

k.| 1/(po’) p 1/(p'o")
< 51/TT1/0</ Mdm dt) g (/ (1+k€)ppdflj dt) P _
o (1+k.)pr Q

According to both integral terms are uniformly bounded if we can choose p such that pp € |1, 2]
and p'p < 8/3. Writing >r = 1/p this means » < p < min{2s¢, 8(1—)/3}, which has solutions
p if and only if 5 € |0,8/11], i.e. we need p = 7'/’ > 11/8 which in term can only be possible if
r’ > 11/8 orr < 11/3. Then, p = 1’ /o’ > 11/8 is equivalent to 0 > 8r/(11—3r). This explains
the restriction for r and o in and provides the L' bound fOT |K.5(t)|dt < eV7C, 4 ll2]lwe-
The estimate of K. ¢ follows easily from using r—1 € [2,8/3[, which implies ||kc||z-—1(g) < C
and thus

T T
/ K.o(t)] dt < / kel dt [zl e < Cllz e,
0 0

The case of K 7 is trivial.

For later use in the limit passage ¢ — 0 we note that

T
/ (1Kes ()] + [Kes (D) + [Kea (D)) dt < €77 Cho 2l (5.20)

0
Hence, the a priori estimate for k. is established. O

5.5 Convergent subsequences

After having derived a series of a priori estimates we are now able to choose weakly converging
subsequences for ¢ — 0. Of course the major step is to identify the limits of the nonlinear terms. For
simplicity we now choose one fixed r, € [3,11/3[and a o, > 12, which implies that Part (A) and (B)

of Proposition can be applied. From (5.8), (6.12), (6.13), (5.16), and (5.17) we obtain a limit triple
{u,w, k} with the properties

w<w<wae.onQ,
w € L2(0,T; W2(Q)) N L0, T; L*(2) N W (0, T; (W5, ()7),

per,div

w € L=(Q) N L0, T; WH(Q)) N W (0, T; (W (2))*),

per

ke L>®(0,T; L*(Q)) N L*3(Q) N LP(0, T; W (€2)) NBV(0, T (W (2))*)

per per

(5.21)
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for all p € [1, 2[, such that along a suitable subsequence (not relabeled) we have

u, — u in L* (0 T, er)fr le(Q)) and weakly™ in L™ (O,T;LQ(Q)), (5.22a)
w, = in L (0, T (W7 ()7), (5.22b)
w: = w in L*(0, T} Wplef(Q)) and weakly™ in L>°(Q), (5.22c)
wl — W' in L™ (0, T (W (Q))7), (5.22d)
k. =k in LP(0, T} W;ef’(Q)) and in L*/3(Q) forallp € [1,2]. (5.22¢)

These weak convergences imply the corresponding properties of the limits w and w in (5.21). More-
@) < C < oo follows from (5.13) and (5.22€) by a routine argument. As in
[BaP12, Sec.1.3.2] the space BV (0,T; X), where X is a Banach space, denotes all functions
g :[0,T] — X such that Varx (g, [a,b]) := sup -, [lg(t:)—g(tii1)|lx < oowhere the supre-
mum is taken over all finite partitions a < tg < t; < --- < ty < b. Clearly, (5.17) implies
Var(Wple,ro)*(ka, 0,7]) = ||ké||L1(O,T;(Wp1e’,‘T)*) < (. Since for all partitions we have

N
ZHk ti )l e <hm1ansz )=k (ti) | ey < Co,

=1

which provides ||k ||gy o 7.(w Lo+ (0y)-) < C2 < 00 as stated at the end of (5.21).

per
We next apply the Aubin-Llons-Slmon lemma (see [Sim87, Cor. 4, p.85], [Lio69, Th.5.1, p.58], or
[Roul3, Lem.7.7]) to obtain strong convergence. By taking a further subsequence (not relabeled)
Vitali’s theorem implies the pointwise convergence almost everywhere.

u. — u in L*(Q) foralls € [1,10/3[ and a.e.in Q, (5.23a)
we = w in LP(Q)forallp > 1 and a.e.in @, (5.23b)
ke — k in LY(Q) forall g € [1,8/3] and a.e.in Q, (5.23c)

To obtain the results in (5.23b) and (5.23c) we first derive strong convergence for s = p = ¢ = 2
and then use the boundedness of the sequence for higher s, p, and ¢ to obtain strong convergence
for intermediate values by Riesz interpolation (use (4.15) for u.).

We are now ready to consider also the limits of the nonlinear terms. We first treat the diffusive terms.

Lemma 5.6. Along the chosen subsequences for ¢ — (0 we have the convergences

k k k k
* D(u.) — —D d—= . — —Vwin L*(Q) foralls € [1,16/11],  (5.24
. (ue) - (u) an €+%ch wVw/n (Q) foralls € [1,16/11],  (5.24a)
k
ke Vi, — —Vk; in L°(Q) forallo € [1,8/7]. (5.24b)
E+w,

Proof. We first recall the weak convergences of the gradients D(u. ), Vw,, and Vk. in LP(Q) for all
p € [1,2], see (5-22). Next we establish the strong convergence

((iz) >1/2 _ (91/2 in L9(Q) forallg € [1,16/3]. (5.25)

To see this we use the explicit estimate

) <H k. )1/2_ (L)l/Z

H k. )1/2_(E)1/2‘ )1/2_(5)1/2‘

H E+we w

e+tw, w L e+we e+twe L1(Q)
|| k. /g||2{f/2 | (e+we — w) k:l/QHLq
(1+c_u(T)>1/2 2(14+w(T))3/?
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Clearly, the first term on the right-hand side tends to 0 using and ¢/2 < 8/3. For the second
term we can still choose ¢ € ]q,16/3[ and p > 1 such that 1/¢ = 1/q + 1/p. Then, Hélder's
inequality, £'/2 € L(Q), and for p = p yield the convergence to (. Hence, the convergence
(5.25) is established.

Now using the weak convergences D(u.) — D(u) and Vw. — Vw, and Vk. — Vkin LP(Q)
for p € [1, 2] and (5.25) we obtain the weak convergences

()" Dlus) = (£)"Dlw). ()" Ve = (5) Ve, ()" Yk = (£) 7V

e+twe etwe etwe

in L4(Q) forall ¢ € [1,16/11].

However, by the standard a priori estimates (5.12) we see that the first two sequences are bounded
in L?(Q) and hence converge weakly in L?((Q) as well. The convergence of the third term cannot be
improved, because we don’t have appropriate a priori bounds.

Multiplying once again by (kE/(equE))l/z, which converges strongly according to (5.25), we obtain
the results in (5.24). O

5.6 Limit passage ¢ — 0 and appearance of the defect measure

In this subsection we finalize the proof of Theorem 4.1

Using the convergences derived above it is now straight forward to perform the limit passage € — 0
in the equation for u. and w.. In the energy equation for k. we have to be a little more careful to show
the occurrence of the defect measure p.

In the Steps 1 to 3 the limit ¢ — 0 will be done with test functions with high integrability Sin ¢ € [0, 7’|
taking values in the Sobolev W17 (£2) with large 7. This choice will be independent of the chosen ., in
the regularization terms. After the artificial 7, has disappeared in the limit, in Step 4 we discuss which
minimal s and T can be chosen in the weak form.

Step 1. Limit in the momentum balance for u., from (5.5a) to (4.7): We consider a fixed test function

v e L5(0,T; W;gdiv(Q))*) withs = 4and 7 > s, > 12 and discuss the convergence of the five

terms on the left-hand side of individually.

The first term is linear in u. and converges because of (5.22b). The second term can be rewritten as
Jo, (u-®u.) : Vv dz dt and converges by (5.23a).

For the third term we use the nonlinear convergences from Lemma cf. the first in (5.24a). The
fourth and fifth terms converge to 0 by the estimate [ |I.3(t)| dt < C.e/T+=D||D(v)|[pr(zo+) <
Ce'/ =V |v]| 517, see Step 1 of the proof of Proposition

Thus, (@7) is established for test functions v € L (0, T; W;gdiv(Q))*).

Step 2. Limit for w,, from (5.5b) to (4.8): This case works similar as Step 1.

Step 3. Limit in the energy equation for k., from (5.5¢) to (3.6): For this limit passage we choose a test
function z € C;er,T(@), because we want to take the limit of the dissipation which is bounded only in

LY(Q).
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The first term of the left-hand side in(5.5¢) is integrated by parts in time to obtain

T

/ (KL(t), 2(t) ) yyr,r dt = / koez(+,0)dx — / k' dedt — / koz(-,0) dx — / kz' dxdt
0 per Q Q Q Q

by and and (5.22€). For the second term we use and conclude

/zuE-Vkedxdt:—/ k.NVu.Vzddt — —/ ku-Vzdz dt.
Q Q Q

For the third term Lemma 5.6/ can be exploited (cf. (5.24a)) to find

k. k
/ Vk. - Vzdzdt — /—Vk-Vzdxdt.
Q€ T Wwe Qw

We return to the fourth term at the end and continue with the fifth term. Using (5-23) and w = w. >
w(-) > 0 we easily find [, kewfzdzdt — [, kwzdzdt.

The sixth and seventh term on the left-hand side and the single term on the right-hand side converge
to 0, which was establish in Step 3 of the proof of Proposition see (5.20).

For the fourth term, it remains to prove the appearance of the defect measure 1 € M ((Q)) such that

vok. 2 vok 9 _
/QW}D(’U’EH pdrdt — /QT‘D(U,)‘ <;3d:cdt—|—/@gz§d,u forall ¢ € C(Q).

(5.26)

Indeed, by the positivity of the integrand and the a priori estimate (5.12a) we can apply Riesz’_Rep-

resentation Theorem for linear continuous functionals on C'(Q). Hence, there exist 1 € M(Q)) =
(C(Q))" such that

Vok: 2 - —
— |D(u.)| ¢dadt dp forall ,
/CQE+W8+5]€5‘ (’u,)‘qﬁx —>/Q¢uora e C(Q)

As in Lemma we can show that (Huf:ﬁ)mD(ua) converges weakly to (k/w)/2D(u) in
L2(Q). Of course, this weak convergence remains true if we multiply by a continuous function ¢ €

C(Q). Thus, the lower semi-continuity of the L? norm yields
/ Pdi=tim [ — % D)o dedt > / YO D () P2 d dt
0 =0 Jg € + w: + ek, T Jo w

for all ) € C(Q). Thus, the linear functional ¢ > fQ ¢dﬁ—fQ Lok |D(u)‘2q§ dx dt is non-negative

and defines the desired defect measure 1 € M(Q)), and

/qbdﬁ:/ VOk}D(u)‘ngdde—/gbdu forall ¢ € C(Q),
Q Q

0w
which gives the desired convergence (5.26).

Step 4. More test functions: After having passed to the limit € — 0 the regularization terms involving
the exponent 7 have disappeared. From the a priori estimates (5.27) for {u,w, k} we know that

DOI 10.20347/WIAS.PREPRINT.2545 Berlin, October 16, 2018/rev. September 20, 2021



A. Mielke, J. Naumann 28

u®u € L3(Q) and £D(u) € LI(Q) forall ¢ € [1,16/11]. Thus, by density we can extend the
set of test function v in @.5) can be chosen in L (0, T; Wi (Q)) forany’s > 16/5and 7 > 16/5.

per,div

This proves (4.7) and (4.8) for the full set of test functions.
Moreover, we find u’ € Lq((W;e’f(;iv(Q))*) forall ¢ € [1,16/11[, which proves (4.5).

Step 5. Further statements: To derive we define 7 : (k,u,w) — [,k (D(w)[*+|Vw|*) dz dt
and use the a priori estimate J (k., u.,w.) < C, which follows from since w. > w(T) > 0.
The functional is convex in w and w, hence it is lower semicontinuous with respect to strong conver-
gence in k (see (5.23c)) and weak convergence for (u, w) (see (5.22a) and (5.22c)), so that

J(k,u,w) < liminf J (k., u.,w.:) < C,

e—0

which is the desired estimate (4.4). The limit passage € — 0 in the pointwise a priori estimates (5.8)
leads immediately to the pointwise estimates (4.2) for w and k.

By and the functions u.(+) and w. are uniformly bounded with respect to ¢ € ]0, 1]
in W1 (0, T; (Who=(Q))*) € CY ([0, T]; (W ())*). Thus, we have uniform convergence
and obtain (u,w) € CV/™ ([0, T]; (W7 (€2))*x (Who+(€2))*). Together with the essential bound-
edness of (u,w) in L?(2) x L?(Q) this implies

(w,w) € Cy([0,T]; LA(Q)x L2(Q2)).

Hence (4.3) is established. Moreover, with (5.3c) and the uniform convergence we deduce the initial
conditions (#.6), i.e. u(-,0) = ug and w(-,0) = wp.

Step 6. Energy estimates: To obtain the energy-dissipation inequality (3.7) for the Navier-Stokes equa-
tion, we insert w = wu.(t) into (5.7a), integrate over the interval [0, t], drop the non-negative term
[7 [, €| D(u.)|" dz dt, and take the limit e — 0.

Finally, we insert z = 1 into (5.70), integrate over [0, t| and add this identity to the one just obtained for

u,. Using £ — —F > 0 we can drop the two dissipation terms involving | D (.. )|*. Moreover,

etwe etwe+eke
the regularization term [, e|Vk.|""?Vk. - Vz dx with z = 1 gives 0. Hence, taking the limit e — 0

yields inequality (3.8) for the total energy.

With this, the proof of our main existence result in Theorem [4.1|is complete.

A Appendix. Existence of approximate solutions

We now provide the proof of Proposition which will be obtained as an application of a general
existence result of evolutionary equations of pseudo-monotone type.

We consider a separable reflexive Banach space V' that is continuously and densely embedded in
a Hilbert space H suchthat V C H ~ H* C V*. ForU € V and Z € V™ we denote the
dual pairing by (=, U). Our operator A : V' — V™ is assumed to satisfy the following conditions
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dependingonp > 1:
p-boundedness: 3C, >0 [JAU)|v- < CL(1+|U|5 ) foral U € V; (A.1a)
1
p-coercivity: 3Cy, >0: (A(U),U) > 5HUH§’/ —Cy forallU € V; (A.1b)
2

if Uy, = UinV and lim sup(A(U,,), U,,—U) < 0, then
pseudo-monotonicity: M=o (A.1c)

(A(U),U-V) <liminf(A(U,,),U,—V) foral V € V.
m—0o0
Under these conditions the following existence result is available.

Theorem A.1 (see e.g. [Roui3, Thm.8.9]). Let V and H be as above and let the operator A
V — V7 satisfy the assumptions with p > 1. Then, for all T > 0, all ug € H, and all
f € LY ([0,T); V*) there exists a solutionu € LP(0,T; V)N C([0,T]; H) N W (0,T; V*) of
the Cauchy problem

u'(t) + A(u(t)) = f(t) inV* foraa.t€[0, 7] and  u(0) = u. (A.2)

To apply this result we choose p =1 > 3, U = (u,w, k),
H=L%(Q) x L*(Q) x L*(Q), and V =Wl .(Q) x WL(Q) x WL(Q).

per,div per per

The operator A is defined to make the approximate system (5.5) equivalent to the abstract Cauchy
problem (A.2). We recall that € > 0 is fixed in Proposition so we do not keep track of the depen-
dence one. With V' = (v, ¢, w) we define A : V' — V* by

(A(U), V) =1(U,V)
= /Qu.V'u, ‘v —1—/9 i D(u) : D(v) (A.3)

£+ wt

Lt
—|—/gp’u,-Vw—|—/ Vw-Vg0+/w+w<,0
Q Q€+w+ Q

kTt kTt 2
-Vk k- - | ———|D Etw®
—l—/ﬁwu \% +/Q€+W+V Vw /g2€+w++ek+| (u)}uwl—/Q whw

+ 5/9 (‘D(u)r_?D(u) : D(v) + |u| Pu - v

+ |Vw|" *Vw - Vi + |w|" 2w + |VE|"2VE - Vu + ]k|’"’2kw).

For the rest of this appendix we continue to omit the measure symbol “dx” for integration over (2.
Moreover we have set as = 1y = 1 for notational simplicity, because these numerical constant have
no influence on the analysis.

Proof of Proposition[5.1] It remains to establish the conditions on the operator A.

Step 1. r-boundedness (A.7a): Using » > 3 and Hélder’s inequality, it is easily seen that all integrals
in the definition of (U, V') are well defined. In particular, we find a constant ¢; > 0 such that

LUV <a(lU + U1 IV]v foral U,V € V. (A.4)

But this implies because of r > 3.
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Step 2. r-coercivity (A.1b): For estimating (A(U),U) = I(U, U) from below we see that all convec-
tive terms disappear because of div u = (. After dropping the three non-negative terms arising from
the dissipation terms involving k™ /(e+w™) we find

(A(U),U) = 1(U,U) > g”(D(u),u,Vw,w,Vk, k)‘TL

_/—]{;+ }l)(u)fk
@ Jq etwt+ekt
(A.5)

forall U € V. Wenow use k*/(e+wT+ek™) < 1/cand r = 3. By Hélder's and Young’s inequality
we find ¢ > 0 such that

/52£+w++€k:+‘ W'k < 2 /‘D k=<3 /‘D 3 /'kHCQ’

where the constant ¢, depends on ¢ > 0, 7 > 3, and vol(f2). Inserting this into and using
Korn's inequality in W' (£2) we have established forp =r.

Step 3. Strong convergence: In the remaining two steps we consider a sequence U,;, = (W, Wi, ki)
satisfying the assumptions in condition (A.1c), namely

(@ U, ~UinV (b) limsup (A(U,,),U,,—U) <0. (A.6)

m—r0o0

In this step we first show that this implies the strong convergence U,, — U in V', and in Step 4 we
deduce the liminf estimate for (A.1c).

Combining parts (a) and (b) of we immediately obtain

lim sup (A(U,,) — A(U), U, = U) <0. (A7)

m—00

We decompose these duality products into ten separate integrals, namely

(A(Up) — AU), U, = U) = i Kjm (A.8)
= /Q [ Vu,—u-Vul - (u,—u) —l—/ﬂ L‘fiﬁg D(u,,) — 5f;+ D(u)} :D(u,,—u)
+ /Q(um-Vwm —u-Vw) (wy,—w) —i—/Q [afi,‘g Vwy, — ++ Vw] -V (wm—w)

+ [ hiom = ) on=s) + [ (- Th = VR) )

+/ [ b, %w} Y (k) +/(kmw,; ~ k) (k)

q Letwh e+w o
K 2 kTt 9
- ), ootz 1P~ e 1Pt

# | @D D)) Dl )+ (0:(10)  fa))
+ (2, (Vwp) — @.(Vw)) - V(wm—w) + (@4 (W) — P (w)) (win—w)
£ (0,(Th) = ,(TH)) - Tlk—k) + (@ () — ©,(0)) (k)
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where @,.(£) := |€|"2£. The last term K ,,, can be used to control U, — U in the norm of V' by
using the estimate

(©.(&) — @,(m) - (§—m) > 2*7|€ — | forall&,n e RY,
see [Lin06] for the derivation of the exact constant. In particular, we find
Ko > 227" ||Un = U, (A9)

and the strong convergence U,,, — U follows if we show lim sup,,, _, . K19, < 0.

By (A.7) we control the limsup of 21 ;j.m and hence obtain

lim sup K1, = lim sup (ZKJm ZK””>

m— 00 m—00

&7
<hmsupZK]m hmlanKlm <0 - thmelm

Mm—00 m—00 m—00
7=1

Thus, it suffices to show lim inf,, . K, > 0forl € {1,...,9}. To do so, we use U,, — U (i.e.
(A.6R)), which by 7 > 3 and the compact embedding W7 (Q2) € C°(Q) implies

Uy — W, Wy — W, ky — k uniformly in Q. (A.10)
For treating X, ,,, we use integration by parts and div u,, = divu = 0 to find
Kim= / (div(wpn®un,) : Vu—u-Vu-u,) — / (div(u®u) : Vu —u-Vu-u) = 0,
Q Q

because of the uniform convergence u,,, — u.

Similarly, the other convective terms K3 ,,, and K ,,, converge to 0, since w,, — w and k,,, — k
converge uniformly.

For the second term K5 ,,, we again use the uniform convergence in the decomposition

kt kt kt
Ky, = n_ D(u,,) : D(u,,— D(u,,—u) : D(u,,—u).
2,m /9(54—0% 5+w+) () : D(up,—u) + /Q e (Up—u) : D(uy—u)

The first integral converges to 0 as the two terms involving D are bounded in L"(2) C LQ(Q) while
the prefactor converges to 0 uniformly. The second integral is non-negative, hence lim inf K5 ,, > 0

m—00

follows. Analogously, the lim inf of K} ,, and K7, is non-negative.

m— 00

By uniform convergence of the integrands we easily obtain K ,,, — 0 and Ky, — 0.

In Ky, the integrand is a product of a function bounded uniformly in L"2(Q) and k,,—k, which
converges uniformly to 0; hence Ko ,, — 0 as well.

This finishes the proof of Step 3 guaranteeing U,,, — U in V..

Step 4. A is pseudo-monotone: For the sequence U, satisfying (A.6) we have to show

(A(U),U-V) <liminf(A(U,,),U,—V) forall V = (v,p,w) € V (A.11)

m—00

DOI 10.20347/WIAS.PREPRINT.2545 Berlin, October 16, 2018/rev. September 20, 2021



A. Mielke, J. Naumann 32

By Step 3 we are now able to use the strong convergence U,,, — U. Again we split the duality-product
term into ten parts and treat the parts separately:

10
(AUp), U = V) = Gjm (A12)
=1 "
=: . . — T — D(u,,) : D(w,—
/QumVum (U, U)+/Q<€+w;§ (Up,) : D(wpm—o)
K
"‘/Qum'vwm (wm_(P)—i_/S;g_i_wT_; Vwm-V(wm—go)
+ o
+/mewm(wm—go)+/9um-Vkm (km_w)jL/Q%?‘f'wnt Vkp - V(kn—w)

+/kaw;(km—w)—/gi|D(Um)’2(km—w)

etw;h ekt
+ /Qs<(I>r(D(um)) : D(Up—v) + @ () - (=) + . (V) - V(wn—¢)

4 D, () (Win— ) + B (Vi) - V(i —w) + cbr(km)(km—w)).

Using the uniform convergence of U,, (see (A.10)) and the strong convergence in L"(£2) of the deriva-
tives VU, it is straight forward to see that the integrals G, for j € {1,...,9} converge to their
respective limits. For Gw,m we can use the estimate

|©,(&) — ,(n)| < 3r(1€] + )" *|€ —n| foral&,neRY,

see [Boub5, exerc. 10.a, p. 257]. Thus, we conclude that (A.11) holds, even with equality.

Hence, all the assumptions in (A.1) are established, Theorem is applicable, and the proof of
Proposition[5.1]is complete. O

Remark A.2. An alternative proof for Proposition[5.1| is given in the first draft [MiN18] of the present
work. That proof is based on the method of elliptic regularization of abstract evolution equations,
cf. [Lio69, Ch. 3, Thm. 1.2].
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