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Instationary drift-diffusion problems with Gauss—Fermi statistics

and field-dependent mobility for organic semiconductor devices
Annegret Glitzky, Matthias Liero

Abstract

This paper deals with the analysis of an instationary drift-diffusion model for organic semicon-
ductor devices including Gauss—Fermi statistics and application-specific mobility functions. The
charge transport in organic materials is realized by hopping of carriers between adjacent ener-
getic sites and is described by complicated mobility laws with a strong nonlinear dependence on
temperature, carrier densities and the electric field strength.

To prove the existence of global weak solutions, we consider a problem with (for small den-
sities) regularized state equations on any arbitrarily chosen finite time interval. We ensure its
solvability by time discretization and passage to the time-continuous limit. Positive lower a priori
estimates for the densities of its solutions that are independent of the regularization level en-
sure the existence of solutions to the original problem. Furthermore, we derive for these solutions
global positive lower and upper bounds strictly below the density of transport states for the densi-
ties. The estimates rely on Moser iteration techniques.

1 Introduction

Organic electronics is a future-oriented green technology using carbon-based semiconductor mate-
rials. Today, devices based on these materials surround us in our everyday life, e.g., in smartphone
displays or solar cells. On the one hand, the technological adaption to other applications such as ad-
vanced lighting applications and thin-film transistors is still at an early stage. On the other hand, the
tremendously fast pace in the development of new organic materials with fine-tuned properties yields
the potential for smart three-dimensional vertical structures with desired electronic behavior.

Contrary to classical, inorganic semiconductor materials, in the organic case charge transport is re-
alized by temperature activated hopping of electrons and holes between adjacent molecules. The
random alignment of the molecules leads to a disordered system with Gaussian distributed energy
levels for the carriers. Therefore, in contrast to inorganic semiconductors (where either Fermi—Dirac
or Boltzmann statistics are used), the statistical description of the energetic distribution of the charge
carriers here has to be substituted by Gauss—Fermi statistics (see Subsection 2.1).

In the literature (e.g. [16] and the references therein), organic materials are modeled at different scales,
ranging from density functional theory for molecules, master equation approaches for carrier dynamics
in homogeneous materials, to drift-diffusion equations. However, a master equation approach for the
hopping transport with kinetic Monte-Carlo methods as proposed in [22, 15] are in general computa-
tionally very costly and are less suited for the description of complicated geometric device structures
and the inclusion of other physical effects such as heat flow. On the other hand, coarser models, such
as the p(x)-Laplace thermistor model for the electrothermal interplay in organic light-emitting diodes
considered in [19, 18], reduce the computational effort and allow to treat the full geometric device
structure but are less accurate.
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A. Glitzky, M. Liero 2

Within the hierarchy of models, the drift-diffusion modeling is most adequate for the description and
simulation of complex, multi-dimensional organic devices. E.g., to determine the behavior of advanced
organic LEDs or to identify current paths in small scale devices like vertical organic field-effect transis-
tors, a detailed description on the drift-diffusion level incorporating electron and hole currents, recombi-
nations, and heterostructures is needed. The description should be entirely based on the geometrical
structure and on the individual properties of each material layer, allowing to simulate the behavior
of the device and in perspective, to study optimization strategies for the device layout including ef-
ficient doping designs. As a milestone in this direction, stable numerical discretization schemes for
non-Boltzmann statistics have been introduced in [5]. Moreover, drift-diffusion modeling is well suited
to couple also other physical effects such as heat flow.

In the analytical treatment of drift-diffusion models for organics with Gauss—Fermi statistics we have
to overcome two new essential problems in comparison to the usual classical van Roosbroeck system
(studied e.g. in [20, 8] and the references therein):

(i) The mobility laws, which arise from fitting to kinetic Monte—Carlo simulations, exhibit strongly non-
linear dependences on the temperature T', carrier density n and the electric field strength F' (see
Subsection 2.2). They are usually given in product form

pn (T, F) = pino(T) X g1(n, T') x g2(F,T).

Especially the dependence of the mobility on the field strength has to be managed and requires new
arguments in the existence proof.

(i) The statistical relation in organic semiconductor materials is given by Gauss-Fermi integrals [21],
i.e.

=/ " Nowss(E)F(E — ) dE,

where Ngauss denotes a Gaussian density, E'r is the Fermi energy, and f is the Fermi-Dirac occu-
pation probability. In particular, the Gauss—Fermi statistic does not satisfy the standard assumption of
monotone and unbounded statistical relations as in Gajewski/Groger [7, Eq. (2.3)] for the treatment of
non-Boltzmann statistics (see also [9, Eq. (3.5)], [12, 10, 11, 6]).

In the literature, there are only a few papers dealing with the analysis of drift-diffusion problems in
the setting of organics. They mostly concentrate on special aspects arising in photovoltaics (excitons,
polarons) and they do not take the Gauss—Fermi statistics into account. However, they consider some
field strength dependent (Poole—Frenkel) mobility laws (see e.g. [23, 2] and the references therein).

For the stationary problem, [4] gives the first existence result taking all the features of an organic drift-
diffusion model into account. The present paper now tackles the corresponding instationary problem
in two spatial dimensions. We verify existence of weak solutions as well as upper and lower bounds
for solutions.

The plan of the paper is as follows: In Section 2, we introduce the model equations and identify the cru-
cial differences to the classical van Roosbroeck system such as the carrier statistics (Subsection 2.1)
and nonlinear mobility laws (Subsection 2.2). In Section 3, we rescale the model equations, formu-
late our assumption for the analytical treatment of the problem, and give the weak formulation of
the instationary drift-diffusion system. Moreover we introduce the associated free energy functional,
give energy estimates and estimates of the electrostatic potential for weak solutions of the prob-
lem (Subsection 3.4). Section 4 is devoted to the existence of weak solutions (see Theorem 4.1).
In Subsection 4.1, we consider a problem with (for small densities) regularized state equations. lts
solvability is ensured by time discretization and passage to the limit. Positive lower a priori estimates
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Instationary drift-diffusion models for organic devices 3

energy

energy levels

Figure 1: Hopping-transport of electrons between Gaussian distributed energy levels (centered at £},
with variance o,,) of neighboring molecules.

for the densities of its solutions that are independent of the regularization level (Lemma 4.3) ensure
the solvability of the original problem. Finally, in Section 5 we derive global positive lower bounds
(Theorem 5.1) and global upper bounds strictly less than the number of transport states (Theorem 5.2)
for the carrier densities by Moser iteration.

2 Drift-diffusion modeling of organic semiconductor devices

In organic semiconductor devices, which are based on organic molecules or polymers, the trans-
port of electrons (and holes) happens via hopping processes of charge carriers between discrete
energy levels of adjacent molecular sites, see Fig. 1. For charge carriers, there exist two energy states
on organic molecules: the Highest Occupied Molecular Orbital (HOMO, energy E) as well as the
Lowest Unoccupied Molecular Orbital (LUMO, energy E). The LUMO-states describe delocalized
electrons in the m-bindings, whereas the HOMO-states describe the electrons in the localized elec-
tron pair-bindings between the atoms of the molecule. By crossing the HOMO-LUMO gap (e.g. by
optical excitation) electrons in the molecule can change from the HOMO-state into the LUMO-state.
Thereby there arises a positively charged cavity in the charge cloud of the molecule which is called
a hole. Since charge carriers can move by hopping transport between energy levels of neighboring
molecules, organic semiconductor materials behave like amorphous semiconductors.

Charge transport in organic semiconductor devices, neglecting thermal effects, is described by gen-
eralized drift-diffusion models of van Roosbroeck type. The model contains continuity equations for
the densities n and p of electrons and holes, respectively, and a Poisson equation for the electrostatic
potential 1) considered on the product of a time interval and a spatial domain €2:

=V - (e0&, V) = q¢(C —n +p),

on . .

G =V in=—qR  jn=—qnuVen, (2.1)
op . .

47 +V-ip=—qR,  J, = —qppVe,.

ot

Here q is the elementary charge, ¢, the relative permittivity, and 12 the recombination rate. ¢,, and ¢,
denote the quasi-Fermi potentials j,, and j,, are the electron- and hole current densities that are char-
acterized by the electric mobilities 1i,,, 1. In principle, (2.1) looks like the van Roosbroeck system for
classical inorganic semiconductors. However, there are essential differences with respect to statistical
relations and mobility functions that depend in the organic case on the gradient of the electrostatic
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A. Glitzky, M. Liero 4

potential. These cause additional difficulties in the mathematical analysis for the model. The essential
features are shortly explained in the next subsections, for a more detailed discussion see also [4].

2.1 Statistical relation between densities and chemical potentials via Gaus-
sian Disorder Model (GDM)

In organic semiconductors, the energy positions are Gaussian distributed, such that both, the electrons
and holes, can be described by a Gaussian density of state, see Fig. 1

Nowse(B) = <2 [~(Z=22) ],

where N, gives the total density of transport states. Fj; denotes the corresponding average HOMO-
and LUMO-levels, respectively, and o their variance. o is also called the disorder parameter which
characterizes the disorder of the organic material. The density of electrons (and similarly also for
holes) is given by the Gauss—Fermi integral

N, o EF—-F 2 1
n= 0 / exp <_( L;_ qv) ) —— dE (2.2)
V2T o, J-oo 202 exp ( kBTF) +1

where E, stands for the LUMO-energy, E'r denotes the 1Fermi energy, kg is Boltzmann’s constant,
and the Fermi function f(E,T) = (exp (Ek;?) + 1) gives the probability that an electron is in
the quantum state with the energy E. The shift by g1/ in the Gaussian describes the situation that an

electric field —V 1) is present in the semiconductor with a weakly spatially varying potential ).

Thus, using the variable § = %ﬁf‘w it follows from (2.2) that

n= exp ( —— — or—s

vV 27T — 00 2 exXp (kB_T — FTW) + 1
Npo [ ( €2> 1

= exp | —= d 2.3
V2T J oo P 2 exp (Sng - nn) +1 f =9

Er — E; + —w,) — F On
- nOgsn (nn)a M = r L qw = q<w 4 ) L7 Sp 1=
/{BT kBT kBT

with the dimensionless quantities s,, and 7,.

Similar to this representation of the electron density by means of the renormalized chemical potential

of the electrons, the hole density p is given as function of the renormalized chemical potential of the
holes:

En —q(y — ¢p) Op

b= Npogsp(n;IJ)? Mp = kBT y  Sp = kBTa

where E'y; denotes the HOMO energy.

Next, we collect some properties of the so called Gauss—Fermi statistics G, which are useful in the
analysis performed in this paper. Since the Fermi function f takes only values between 0 and 1, (2.3)
ensures

NnO [e] 62
0<n=nn,) < ex <——>d =N, Vn, € R,
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Instationary drift-diffusion models for organic devices 5

such that the carrier density in organic materials remains bounded for all values of 7). By partial
integration we can rewrite

1 00 52
Go(n) = — exp (= )€ In(exp(—s& +n) + 1) de.
275 J oo 2
Moreover, the map 7 — G4(n) is strictly monotonously increasing, G, is differentiable and
exp(s§ — 1) &
G.(n) / exp [ —> ) d¢ (2.4)
\/ 27 exp 35 77) + 1) ( 2 )
_ 1 /°O exp (=5 )€ d¢ (2.5)
27s J oo €xXP(s€ — 1) + 17 '

Note that the fraction in the first integrand takes only values between 0 and 1. Therefore,

Gi(n) € (0,1), lim Gi(n) = lim Gi(n) =0, Gi(n) =Gi(—n).

n—r—+00 ——00
Moreover, using exp (s — 1) < exp(s€ — 1) + 1 in the expression (2.4) for G/, we have

Gi(n) < Gs(n) VneR, ¥s>0. (2.6)

The properties of the Gauss—Fermi statistics stated in the following lemma are of significant impor-
tance for the proof of upper bounds of the carrier densities 7 and p (strictly less than N,,o and Ny,
respectively,) of the solutions to the instationary problem (2.1).

Lemma 2.1 For all s > 0 there are constants c(s), ¢(s) > 0 such that

c(s) <e"Gl(n) <e(s), e"Gl(n)| < 3é(s), ’g%/((:;)” < ?f(f)) foralln > s. (2.7)

Moreover, G (1) < 0 foralln > 0.

Proof. According to the expression for G.(7) in (2.4) we find for > s that

G TV / exp(z}gp (25)) PR
> \/%/ exp ( dé eXp( op(=s) _ c(s).
Moreover, exploiting the inequality
exp@gl_mﬂ <1 e
we obtain
6l = 7= [ o exp<iip<2§)+ e s = o (-5) ente)as

—s)? s?

\/ﬂ/ exp —2 ) exp (E) d¢ =:¢(s).
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A. Glitzky, M. Liero 6

Additionally, from the expression for G.(n) in (2.4) we calculate

" . §2 exp (85 T]) [exp(sg - T]) - 1}
9. r/ (exp(s€ — ) + 1)

dg

1 2
m/ exp (=) ex (s - Ul ey ey RS

Therefore, (2.8) results in

- SR A exp(sf) 2 exp (s€)
"G ()] < \/ﬁ/_oo D 2 ) [(exp(s{ —n)+1)2 - (exp(s§ —n) + 1)3] de

< ¢(s) + 2¢(s) = 3¢(s),

such that also the last two assertions in (2.7) follow. Using the expression for G’ (n) in (2.5), we derive

s 1 exp (=5)€ exp(sg — ) d¢
100 =~z | e 17 9
B > ox & exp(s€ —n)  exp(=sf—n)

B s / Eexp ( 2 ) [(exp(sf —n)+1)2  (exp(—s& —n)+ 1)2] dz.

Fors > 0,¢& > 0and n > 0 we obtain from
0< (e —1)(e"—1)=e* —e?—e +1
by dividing by e” that ¢~ + 1 < e~ 4 e . This ensures the estimate

exp(s§ — 1) exp(s€—n)  _ exp(=s{—n)
(exp(s§ —n) +1)> = (exp(—n) +exp(s§))*  (exp(—s§ —n) + 1)

and the integrand in the second line of (2.9) is positive such that we obtain the property G”(n) < 0
forn>0. O

2.2 Mobility functions

The mobility functions 4, 11, for organic semiconductor materials with Gaussian density of state show
a positive feedback with respect to temperature 7", density n or p, and with respect to electrical field
strength F' = |V|. In [4] we discussed and summarized the results of [22], [3], and [15] obtained
as extension of the Gaussian disorder model for the dependence of the charge carrier mobility. They
arise from numerical solutions of the master equation for hopping transport in a disordered energy
landscape with a Gaussian density of state to determine these dependencies. Written exemplarily for
the electron mobility, [22] ended up in the product form of the mobility

tn (T, F) = pino(T) X g1(n, T) x go(F,T). (2.10)

For the further analysis, we suppose as in [4] for the electron and hole mobilities that p,, : €2 x
(0,00) x [0,esssup Npo] x Ry — R, p, = 2 x (0,00) x [0,esssup Ny| x Ry — R are
Caratheodory functions fulfilling

0<p<pn(, Ty, F), pip(-,T,p, F) <o < 00

2.11
Y(T,n,p, F) € [T,,00) x [0,esssup Nyo] x [0, esssup Ny| x R a.e.in €. 1)

DOI 10.20347/WIAS.PREPRINT.2523 Berlin 2018



Instationary drift-diffusion models for organic devices 7

2.3 Generation-recombination term

Following the depiction in [5] and in [4], we assume for the generation-recombination term an expres-
sion of the form

Pn — @p)

R:T(~,n,p,T)(1—eXp Q( knT )7 T(-,n,p,T) :TO('anapaT)npa (212)
B

where r(-,n,p,T) : Q x [0,esssup N,o] % [0,esssup Ny| x (0,00) — R is a Caratheodory
function with

0<ro(-,n,p,T) <7 ¥(n,p,T) € [0,esssup Ny X [0, esssup Ny x (0,00) and a.a. x € €.
In case of Boltzmann statistics, this ansatz is equivalent to the widely used form

R(n,p) = C(n,p)(np — n7),
where n; is the intrinsic carrier density. The expression for the rate in (2.12) is compatible with ther-

modynamic equilibrium. Especially, it reflects the fact, that in equilibrium the quasi Fermi levels of
electrons and holes have to coincide.

2.4 Boundary conditions

For the formulation of boundary conditions we decompose 0f2 into Ohmic contacts I'p = UleFDi, a
gate contact I'; and the semiconductor-insulator interface Iy, i.e. Ohmic contacts like semiconductor-
metal interfaces are modeled by Dirichlet boundary conditions

¢:¢*+V;: Son:‘/za (10;0:‘/; OnRJrXFDi?

where V; denotes the corresponding externally applied contact voltage at I"p;. The value ¢, (at the
boundary) is defined by the local electroneutrality condition,

0=C — NyuG, (M) + NG, (M)

2.13
kgT kgT (@.13)

Due to the boundedness of the carrier densities, the solvability of (2.13) gives a restriction to the range
of the doping profile. The semiconductor-insulator interface is realized by no-flux boundary conditions

€0&rVY -V =17, -v=7,-v=0 onRy xTI'y,

where v denotes the outer normal vector. Gate contacts are described by Robin boundary conditions
for the electrostatic potential 1) and Neumann boundary conditions in the continuity equations

06,V - U 4 e () — VE) = 0, Jn-Vv=7Jp-v=0 onRy xTg,

where aq > 0 and V¢ is the applied gate votlage.
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A. Glitzky, M. Liero 8

3 Analysis of the instationary drift-diffusion model

3.1 Rescaling of the instationary drift-diffusion model

In Section 2, we introduced the instationary drift-diffusion problem (2.1) and discussed the relevant
statistical relations, the ansatz for the flux functions, the form of mobility laws and generation-recombi-
nation rate for problems in organic electronics in the correct physical quantities. To simplify the notation
for the analysis, we now introduce scaled quantities as follows

B The potentials ¥, ©,,, ¢, V' and the applied voltage are scaled by kBT

B The band edges E}, j are divided by kg7’ and we denote (,, := — kBT, Cp = kBT

B The mobility functions i,,, 1, are multiplied by kBT

Dividing the Poisson equation as well as the continuity equations by ¢ and denoting the scaled quan-
tities by the same symbol as the original ones, we obtain in (0, 00) X 2

5~ Vedn=—R Gu= Vs, n=NuGy (=0t G, (3.1)
E +V- jp = —R, jp = —pupVgap, p= Np(]gsp( - (1/} - @p) + Cp)

with
R = R(n’p7 “ns Pps T) = r(n>p7 T)(l - e%-@p))

and the new coefficients in the Poisson equation and the gate boundary condition are

€0€TkBT OéOX]{?BT
= — o = .

@2 e
The initial and boundary conditions read as
n(0) =n’, p(0)=p" inQ, (3.2)

¢:¢Dv Pn :wga Pp = Sop on (Oa OO) X FDa
eV -v=yg,-v=7j,-v=0 on(0,00) x 'y, (3.3)
eV -vH+al—9) =0, j,-v=7,-v=0 on(0,00)x g

3.2 Assumptions on the data

We work with in the Lebesgue spaces L?({2) and the Sobolev spaces W'4(Q), ¢ € [1,00], and
HY(Q) = W'2(Q). Let G := QUTy UT¢. For ¢ € [1, 0] we denote by W, "(G) the closure of
the set

{vlg : v e CPRY), suppv N (G\G) =0}

in the Sobolev space Wl’q(Q) equipped with the standard norm of this space. The dual space to
Wy ' (@), 1/q+1/¢' = 1is denoted by W~14(G).
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Instationary drift-diffusion models for organic devices 9

In our estimates, positive constants, which may depend at most on the data of our problem, are
denoted by c. In particular, we allow them to change from line to line.

We investigate the instationary drift-diffusion model under the following assumptions:
(A1) Q € R? bounded Lipschitz domain, I'pp, I'y, ' € T =: 95 disjoint subsets
suchthat Ip UTy Ul = I"and mes(I'p) > 0.
(A1) Qe R? G :=QUTIyUT( is regular in the sense of Groger ([13]).

(A2) T = const, N;y = const, (; = const, ; = const, = = n, p.

(A3) € L>®(Q),0<c<cae.inf,
PP, ol of € Whe(Q), ¢ € L*(Tg), a € LY (L)

(A4) (T, 0) - 2 x [0, Nyl x Ry — R, are Caratheodory functions, i = n, p,
fulfilling 0 < g < i, (-, Ty, F), (-, T, p, F) < i < 00
forall (n,p, F) € [0, Nyo| X [0, Nyo| x Ry a.e.in Q.

(A5) R =r(-,n,p, T)(l — e‘P”*%), such that (-, n,p,T) = ro(-,n, p, T) n p, where
ro: 2% [0, Npo] x [0, Npo] X (0,00) — R is a Caratheodory function with
0 < 1ol p, T) < Fforall (n,p, T) € [0, Nug] X [0, Nyo] x (0, 5) and a.a. = € 9.

(A6) n°, p” € L=(Q),0 <y <n’ <7, < Npo, 0 <y <p” <7, < Ny ae. in Q.

In the following we suppress in the writing the spatial position x and the argument 7" in the mobility
functions (i, 1, and in the reaction coefficient r. Moreover, in Section 4 and Section 5 the letter 1’
will denote the endpoint of the time interval S := [0, 7.

3.3 Weak formulation

We introduce the following function spaces
Voi= HUG), V=V, H="Vyx LX(Q)x LX(Q),
Z:={ve H(Q) x L*(Q)*: (v;)” € L®(Q), i = n,p},
U:={ueVyxL*Q) x L*(Q) : 0 <essinfu,;, u; < Ny, i =n,p}.

Asin [7, 9], we intend to use a weak formulation in the form v/ + A(v) = 0, u = E(v), u(0) = u°

with the variables v = (vo,vn,vp) = (Y, — gon,<pp — ), u = (ug, Un,up) = (ug,n,p),
0 0,0 ,0

u® = (ug, ud, ud) = (ud,n°,p°), where (ug, w) = [,,(p — n)wdz, (ug, w) = [,(p° — n’)wdx

for allw € V. We define e; : R — (0, Njo), z—np,

€Z(y) = Niogsi(y + Q), Yy < R. (3.4)

Note that the inverse ¢; " is well-defined on (0, Nyp).

DOI 10.20347/WIAS.PREPRINT.2523 Berlin 2018



A. Glitzky, M. Liero 10

We consider the operators Ey : v + Vo = Vi, E 0P +V = V5 A (WP + V)N Z — V7,

<E()UQ,5Q> = / {€VUO : V@o — C@()} dr + / (1/(?)0 — ’l/)G)EO dF,
Q el
E(v) 1= (Eovo, €n(vn), €5(vp)),

(A(v),T) = /Q [ — gt (1, V06 ) Vi - V(B — T0) + prin(ps [Veo)Vigy - V(T, +T0) } da
+ /Q r(n,p) (1 — e*" %) (v, — Ty + T, + D) da
_ /Qunun(un, V00])V (0 — v0) - V(T — )
+ [ it V)T 0, + ) - V5, + 7o) da
- /Q 7 (Un, up) (1 — e7"7%) (U, + T,) dz
_ / [t (0, V)V - VB, + pity(p, V) Vg, - V5, L da
n /Qr(n,p) (# = — 1)@, —B,)dz ¥ T, T, T € Vi,

where ©,, = Uy — Uy, P, =TUp + 7o and the densities have to be calculated pointwise by n = u,, =
en(Un), P = up = €,(vp).
For the initial state u°, we denote by v8 the unique solution to Fyvg = u8 (Ey is strongly monotone

and Lipschitz continuous). Moreover, let v := e;*(u?), i = n, p, and v° := (v, v2,v2).

n) Yp
The weak formulation of the drift-diffusion system (3.1), (3.2), (3.3) with Gauss—Fermi statistics is the
problem

u' 4+ AWw) =0, u=FE{) aeonR;, u(0)=1u’
ue€ HL (R, V), v—ovP e L2 (R, V)NLIR,,Z).

loc loc loc

3.4 Energy estimates for weak solutions

The operator F is a strictly monotone operator with the potential ® : v” +V — R,

€ € vi
CIDU::/ ~IVuol? = 2|Vl |2 — C(vg — vP) + /ei dy rdx
()= | {5190l =51Vl = Cloo =)+ 37 | erlw)dy |

i=np (3.5)

i / {%@3 ~ (0)?) = (v — vf) T

The boundedness of e,,, ¢, implies dom ® =V + vP. The functional ® is continuous, strictly convex
and Gét_eaux differentiable, hence subdifferentiable and 0 = FE. The conjugate functional of ® :
V* — R, denoted by ¥, is

() := &*(u) = sup{(u, w) — &(w + v°)}, (3.6)

weV
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Instationary drift-diffusion models for organic devices 11

see [1]. The functional V¥ is proper, lower semicontinuous and convex. Additionally, we have u =
E(v) = 0®(v) if and only if v — v” € OW(u). For a state u € V* the quantity ¥(u) can be
interpreted as the free energy of the state w.

By results of convex analysis, the free energy can be calculated for states u = E(v) by
U(u) = (B(v),v —v”) — ®(v)
€ Dh 12 o'
= —\V(vo—vo)| dz + —(vo — v)*dl
Q2 rg 2

+Z/

where we take advantage from the fact that vy is the unique solution to Fyvy = ug. For more details
on the free energy functional see Appendix A.

2

—§ >{ v; — vP T exp{—(s:{—vi—;) }+1
2/ Lexp(si§—vi—(;)+1 exp{—(si{—vP—G)}+1

exp ( e da,

Theorem 3.1 Let (A1) — (A6) be fulfilled. If (u, v) is a weak solution to the instationary problem (P)
then
U(u(t)) < U(u(0) +ct V>0

Additionally, if the Dirichlet values are compatible with thermodynamic equilibrium (meaning gplD =
const, i = n,p, vy = —v) the free energy W(u(t)) is monotonically decreasing.

Proof. Let t € R, be arbitrarily given. We test v’ + A(v) = 0 by v — v? € L%*(0,¢; V). Since
u(t) = E(v(t)) faa. t € S we obtain v(t) — v” € F (u(t)) a.e. in S and the Brezis formula (cf.
[1, Lemma 3.3]) ensures the chain rule

W(u(t)) — (u(0)) = / (t(s), 0(s) — vP) ds = — / (A(u(s)), v(s) — v7) ds
//Zulu1V<pz- i gplp)dxds

1=n,p

— / / r(e?n = — 1) (pn — 0p — OF + gof) dzds (3.7)

< [ ] 3 wu Vo= e+ AV DIV dras

// ([[vf + v | =) dz ds.

Note that the expression from the generation-recombination term

R:= (1=e"7%) (o0 — p — 93, + )
is estimated differently for the three different cases

A) —pl + ol > 0:

R<(1—e#9) (=2 + D) < | — 0P + ¢P| = [v2 + o7

B) —pP + 0P <0, pu < R<O
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C) =k + vy <0, vn > @y

R

IN

D_ D
(1_elpn @p)(gpn—@p—@g_’_@f)
(1) (o2 + o) < c(Iof + 1Pl )

IA

In (3.7), we apply Young’s inequality and take into account that || V|| ;2 < ¢ and that u; < Njo on
solutions (since u(t) = E(v(t)) f.a.a. t) and obtain U (u(t)) < WU (u(0)) + ct forall t > 0. The last
assertion for data compatible with thermodynamic equilibrium directly results from (3.7). [J

Furthermore, the following estimates for the solution to the Poisson equation are available.

Lemma 3.1 We assume (Al) — (A6). If vy is the weak solution to the Poisson equation Eyvy = g
with right-hand side u then there is a ¢ > 0 such that ||vy|| .~ < c¢. Under the additional assumption
(A1) (two spatial dimensions, G = Q2 U 'y U g regular in the sense of Gréger [13]), there are an
exponent q > 2 and a constant ¢ > 0 such that ||vo ||y 1.« < c.

If (u, v) is a weak solution to the instationary problem (P) then

lvo(t) ||z < ¢, (under(AL):||vo(t)||wie <c¢) faateRy.

Proof. 1. Since Eyvy = uy, regularity results for the Poisson equation with L°° right-hand side C' —
u, + u, (note that u; < Njp, © = n,p) obtained by Moser estimates (see e.g. [4, Lemma 3.1],
applicable in the two- and three-dimensional case) give the desired L estimate for the electrostatic
potential.

2. Under assumption (A1), by the regularity result of Gréger [13, Theorem 1] we can fix some ¢ =
q(€2,€) > 2 such that, if

Yw € V- /SVw-V@dx:(g,E>, geEW (@), wel,
Q

then w € Wy (G and [wl[y10 < cllgllw—1.q. Here W—14(@) means the dual of W7 (G), where
¢' denotes the dual exponent to g.

3. For the instationary problem (P), ||C' — w,,(t) + u,(t)|| L=, (in the two-dimensional case with (A1’):
|C' — un(t) + up(t)|lw-1.4) is uniformly bounded, therefore we get a uniform bound for ||vg(2)]| o<,
(in 2D: HU(](t)le,q) fa.a.t > 0. Il

4 Global existence result

In the treatment of the instationary drift-diffusion model in the organic setting, we have to overcome
two new essential problems compared to the classical van Roosbroeck system:

(i) The dependence of the mobilities 11,,,, on |Vvy| has to be taken into account and needs new
arguments in the existence proof as well as in the lower estimate for the charge carrier densities. On
the one hand, in former estimates (see e.g. [7]) the inverse constant mobility was used as one factor in
applied test functions for the continuity equations. For constant mobility and constant €, the treatment
of drift terms was realized in this way by substituting the weak formulation of the Poisson equation at
this place. On the other hand known techniques for a uniqueness proof of solutions fail. Moreover, let
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us mention that even the techniques to prove local in time existence of solutions to the van Roosbroeck
system presented in [14] do not allow a dependence of the mobility on |Vy|.

(i) The statistical relation does not satisfy the standard assumption in Gajewski/Groger [7, (2.3)] (see
also [9, (3.5)], [12, 10, 11, 6] also for the treatment of non-Boltzmann statistics). In particular, we have
finite charge carrier densities in the Gauss—Fermi case such that we do not have the property that
lim, o €;(y) = 400. However, the estimate e;(y) > epe;(y) for all y € R remains true in the
case of Gauss—Fermi statistics which is of importance for the proof of lower bounds for the carrier
densities.

The guideline for the existence proof is as follows: To show the existence of a weak solution for any
arbitrarily chosen finite time interval S = [0, 7|, we first discuss a regularized problem (Py) on the
finite time interval S, where the state equations as well as the reaction term are regularized (with
parameter M). We ensure the solvability of (Py) by time discretization, derivation of suitable a priori
estimates, and passage to the limit (see Lemma 4.2).

Then, we provide a priori estimates for solutions to (Py) that are independent of M (see Lemma 4.3,
here we use Moser techniques to get positive lower bounds for the carrier densities). Thus a solution
to (Py) is a solution to (P) on S, if M is chosen sufficiently large.

To cover the dependence of the mobility on |Vvy|, we restrict our investigations to the spatially two-
dimensional case. Here Groger’s regularity result [13] for elliptic equations applied for the gradient
of the electrostatic potential in combination with the Gagliardo-Nirenberg inequalities in the two-
dimensional setting enable us to establish lower (positive) bounds for the carrier densities (see the
proof of Lemma 4.3).

4.1 A regularized problem (Py)

We consider any finite time interval S := [0, T']. For
M > M* = max { e (W)l ey )l 02, 0Pl . @)

we define the lower cut off function Dy; : R — [—M,00), Dy(2) := max{z,—M?} and the
regularized statistical relations

w; = e;(Dar(vy)) =: eppi(v), i =mn,p.

For our problem, we regularize the statistical relation and the reaction term (by writing it in terms of
densities), and consider regularized operators Ep; : vP +V — V*, Ay - U x (08 + V) x (vP +
V) — V¥,

EM(U) = (EOUOa eMn(“TL)? eMp(”p))?
(Apn(u, vg,v),0) = / {n,un(n, \Vo|) Ve - V@, + piy(p, Vo] ) Ve, - V@p} dx
Q
+ [ rulnpnp(exp { = ¢ )~ ¢ (w)} = 1) (7, - 7,) do
v
where (1, p) = (un, up), Pn = —Uy + Vo, @p = U, + vo. Note that our regularization of the reaction

term differs from the one in [7], its value can be estimated in terms of M since the factor with the
exponential is bounded by e’ + 1. We solve the problem

u + Ay (u,v9,0) =0, u= Ep(v), u(0) = u’, v—oP e LQ(S, V) (Pm)
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by time discretization. For any Banach space X and k£ € N we define h; := % and C(S, X)
as the space of all functions u : .S — X being constant on each of the intervals (({—1)hg, lhg],
[ =1,..., k. Let u! denote the value of u € Cy(S, X) on ((I—1)hy, Lhy]. Furthermore we define
the maps 7 and Ay, from C (S, X) into itself via

1
(ow)' =™t (Agu) = ; —(uh—uY, 1=1,... )k,
k

with the given initial value u". Additionally, we introduce the continuous, piecewise linear function

t
(Kpug)(t) == u® —l—/ (Agug)(s)ds.
0
The time-discrete analogon of (Py) now reads
Akuk + AM(TkUk,TkUkO,Uk) = O, U = EM(Uk), Vg — UD - Ck(S, V) (4.2)

or written in more detail

Eyr(vh) + hp Apr(ub ! U,lcol,vfc) Ey(oi ), 1=1,... k, w3
u) = Ep(v)) = u’.

Lemma 4.1 We assume (A1) — (A6). Then for all k € N there exists a unique solution (uy, vy) to
problem (4.2). Additionally,

sup {|Ivk — 0P| 2y + | Akl L2y + ||KkUkHC(S,H)} < 0.
S

Proof. 1. Foru € U andw € Vo—i-véj, the map v — hikEM(v) + Apr(u,w,v) is strongly monotone

and Lipschitz continuous from v + V to V*. Therefore, for any given ul ' = Ej/(vi ") and v,
there is a unique solution vfc to (4.3). Thus, we can compose from the solution for each time step a
unique solution to (4.2).

2. We introduce the regularized functionals ®; : v2 +V — R, ¥y, : V* — (—00, 00] by

£ €
Dy (v) ::/Q{§|VU0]2_§\VUOD| C(vo —vg) Z/ eni(y dy d:l:

i=n,p
+/ {508 = 0P —vC— D) pdr, vev” +V, 44
el
Was(u) == sup{(u,w) — ®pr(w+0")}, we V™

weV

The functional @, is Fréchet differentiable with derivative ®,, = E);, and the conjugate functional
W for arguments u = F);(v) is obtained by

o (u) = (u,v —v”) = @ (v) = ((Eovo, earn(vn), enrp(vp)), v — 07) — @py(v).  (4.5)

Moreover, we have v — v € OW,(u) provided that u = Ey;(v) for v € v + V. Exploiting (4.4)
and (4.5), we estimate for u = F)/(v)

Ua(u ):/{—W vo—v)|? —|—Z/ —enri(y dy}dx—l—/g(vo—vé))zdl“

i=n,p
Dy (v
> el =+ 3 | / i~ ely)) dyda “6)
i=n,p
>ch0—v0HH1+Z/ u; — e;(vP + 1)) da.
i=n,p
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The estimate in the last line results from separately considering the cases UZ-D <,> Dy(v;) and

|vP — Dyr(vs)| >, < 1. Using (4.3), the subdifferential property, and the strong monotonicity of A,
in the last argument, we findfor [ = 1,.. ., k,

War(ug) — Wy (uf) = Z (Uar(ug) — War(ul ) < Z (g, —ul o, — ")

j=1 7j=1
l
= _hk Z <AM(uk 17 Uiala ’Ui)v Ui - UD>
j=1
l . .
= —hie S (Al o ) — Al vy o), o]~ oP)
e (4.7)

+<AM(ui_1,vial,vD),vi—vD>}

l
< —h (—M VJ_DQ A j—1 -1 Dy .j . D
< —he Y 4 ST ean(=MplV (el — o) 3 + (Ani(ul " vly ' 0P), 0 — 0P)

j=1 i=n,p
= _5/ Z ei(—M)pllV (ori — o ) 72dt + e,
0 1=n,p

where ¢;; > 0 does not depend on k. Here we used that for any test function w € L2(S, Vo), we can
estimate the reaction term

/ / T(Tkuk)(e—egl(”@“kn)_e;l”’““k@) — Dwdzdt < c||e* + 11252 ||wl| 25,02y (4.8)
s Ja

Because of ¥/ (u’) < oo, the estimates (4.6), (4.7) guarantee that

iug {Hvko — vé)HLoo(SyO) + ||og — UDHLz(Sy)} < 0. (4.9)
€

Since u!, = E/(vl), we now conclude from (4.9) and (4.8) that

sup || Anr (Twtn, TeVko, Vk) || 22(s,v+) < 00, sup || Agug| r2¢s,v+) < 00.
keN keN

Moreover, from uyg = Egvgg and (4.9) we derive supy.cy ||ukol| L (s,v) < 0o. Taking into account
that 61(—M) < Uy < Ni01 and

t t
(Kyug)(t) = <h_k -1+ 1)u§C + (l - h:)ui?l fort € ((I—1)hg, Lhy]
we have Kjuy, € C(S, H) and supycy || Krur|lo@s,m < oo. O

Lemma 4.2 We assume (A1) — (A6). Then there exists a solution (u, v) to problem (Py).

Proof. 1. Let {(u, vk) }ren be a sequence of solutions to the time discretized problems according to
Lemma 4.1. Then, we find functions v and u and a non-relabeled subsequence such that

v —vP = v —0Pin L*(S,V), Kpup — win L*(S, H) and H'(S, V™). (4.10)
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2. Sinceforw € V andt € Sthe map z — (z(t),w), z € H'(S,V*), gives a continuous linear
functional on the space H' (.S, V*) we obtain from (4.10) that (Kyuy)(t) — u(t) in V*forall t € S.
Furthermore, the boundedness of (Kjuy)(t) in H then ensures (K uy)(t) — u(t)in H fort € S.
From (Kjux)(0) = v k € N, we obtain u(0) = u°.

3. Because of || Kjuy — upl|z2(sv+) < hal|Axug||r2¢s,v+) — 0 we can find another non-relabeled
subsequence such that

(Kpup —ug)(t) — 0in V*, and weakly ux(t) — u(t)in H, faa.t € S.

Since uy; = epri(vri) < Nyo, enr; are Lipschitzian, and {vy; } are bounded in L?(S, H') we obtain
the boundedness of {uy; } in L2(S, H'), too. By Lebesgue’s theorem we additionally ensure that

ug; — u;in L2(S, L*(Q)), i =n,p. (4.11)
We use the inequality (6.40) in [17, p. 529]:

For all ¢ > 0 there is a L. € N such that
L

lwlfe <D (w )7 +elwlfn Yw e H'(Q) ({#}jen ON-base in L?).
j=1

We integrate this inequality for w = wuy; — uy; over S. Using the weak convergence in L?(12) a.e.
in S, the boundedness of {u;(t)} in L*(Q2) for t € S, Lebesgue’s theorem and the boundedness
of {uy; } in L*(S, H'(2)) we verify that {uy; } is a Cauchy sequence in L*(S, L*(2)). And (4.11)
leads to the strong convergence

up — w; in L2(S, L*(Q)), i=n,p. (4.12)

In connection with (Kuy, —uy); — 0in L2(S, Vi) we conclude that (Kjup —u); — 0in L2(S, V),
1 =mn,Dp.

4. For any fixed indices k; and ks of our subsequence and every wy € Vyandt € S we obtain by
partial integration

t
/ <Akluk1 — A, Up,y, (wo,wo, —wo)> ds = <(Kkluk1 - Kkgukz)(t)a (wmwo, —w0)> = 0.
0

Using wo(t) = Jy H[( Kk ur, — Krytr,)o(t)], where Jy is the duality map of V; leads to
H(Kklukl - Kkzuk2)0<t)| %/O* = <(Kk1uk1 - Kk2uk2)0<t)7 ng[(Kklukl - Kk2uk2)0(t)]>

= _<(Kk1uk1 - Kk2uk2)n(t) - (Kkluk'l - Kk2uk2)p(t>7 JJI[(Kklukl - Kk2uk2)0<t)]>'

Integration over S yields
(K, — Kyt Jollz2sai) < ¢ > I(Krytiny = Kyt )il z2gs,v)-
i=n,p

Therefore the last convergence result of Step 3 and the weak convergence in (4.10) guarantee the
strong convergences (Kyuy)o — uo in L*(S, V) and Kyup — win L*(S,V*). Together with
Step 3, we also have u; — u in L?*(S, H), and for a non-relabeled subsequence, uy,(t) — u(t) in
V*taa.te S.
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5. Let S be any subinterval of S and & € V* with U),(%) < oco. Using that v, — v € OW y (uy)
a.e. in .S and the lower semicontinuity of ¥, we estimate

/(ﬂ— u(t),v(t) —vPydt = lim [ (@ — ug(t), ve(t) — 0P) dt

< Tim sup / (W3 () — Wy e(1))) e

< / (Vs (@) — Wag(ut))) d.

This ensures for a.a. t € S that (u — u(t),v(t) — vP) < Uy (u) — Uy (u(t)) meaning that
v(t) — v € Uy (u(t)) and u(t) € 0Py (v(t)) = Epr(v(t)) foraa. t € S. By the chain rule [1,
Lemma 3.3] we obtain

War(u(t)) — U (ul) = /Ot(u’(s),v(s) —oP)Yds Vte s, (4.13)

6. Since £ is strongly monotone and ug(t) = Eovy(t), uro(t) = Eovko(t) a.e. in S we find for the
subsequence by testing with v, — vg € V; and integration over .S

clluro — Uoﬂiz(s,vo) < /S<Eovk0 — Egvo, vko — vo)dt < [Juko — uol|L2(s,vp)

Therefore, c||vro — vollz2(s,vp) < |luro — wollz2(s,vz) — 0 according to Step 4. In particular we
obtain Vogg — Vg in L2(S, L*(£2)), which implies with (4.9) that 7, Vurg — Vg in L2(S, L*(Q))
and L?(S x ). Additionally, from (4.12) we get T,ux; — u; in L*(S x Q), i = n, p. For the latter two
convergences, we argue as follows: For wy, € C (S, L*)NL> (S, L*(£2)) (compare with Lemma 3.1)
with wy, — w in L2(S, L*(Q)), , lwl|ze < W ae.in S we estimate

T
/||w — (Tewy) ()]32 dtghk4W2+/ |w(t) — w(t — hy)||3. dt

hi

T
—|—/ ||w(t—hk) —wk(t—hk)H%z dt - 0 fork — oo.

h

Thus, for a non-relabeled subsequence, 7. Vu,g — Vg and mpug; — u; a.e.in S x €. Using these
a.e. convergences and the boundedness of the functions (;, the reaction coefficient r as well as of
Trug; and of the exponential term in the reaction rate

‘e—egl(mukn)—egl(rkukp) . 1| <e2M
we derive by Lebesgue’s theorem the convergence
Anr (T, ko, v) — Anr(u, vg,v)  in L2(S, V). (4.14)
7. Since (uy, vy,) solve (4.2), our convergence results for a subsequence obtained so far ensure (see

also Step 2 in the proof of Lemma 4.1)

0= khm (Akuk + AM(Tkuk, TrUKO, Uk), Vi — U> dt
— 00 S

= lim {(Akuk,vk — Py — (v —oP)
k—oo [g

+<AM<TkUk77-kUkO; V) — A (Trtg, TkUko, V), Vg — U>+<AM(TkUk7 TRUKO, V), Uk — U>} dt

> timsup {War(u) = War(u?) + [ [(0,0® = 0) + 3 ex(-MlVows = o] e .

k—o0 S i=n.p
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Note that the limit of the last term in the third line is zero because of (4.14) and v, — vP — v — VP

in L2(S, V). The last term in the last line results from the strong monotonicity of Ay in the last
argument. The weak lower continuity of ¥, on V* ensures

limsup Wy (uf) = limsup W (ug(T)) > War(u(T)).

k—00 k—00
Therefore, using (4.13), the estimates of Step 7 lead to

Ori — i — 0in L2(S,Vy), i =mn,p. (4.15)
Since in Step 6 it was already verified that ||vio — vo||£2(s,1,) — 0 we also conclude the convergence

|vei — vill L2(s,vp) — 0,4 = n, p, and finally ||v, — v||L2(s,vy) — 0.

8. For arbitrary w € L?(S, V') we estimate

<AM(Tkuk> Tk VK0, ’Uk) - AM(U, Vo, U)7 w}
= (An (TwUk, TiVko, V) — Anr (ThUk, TKVK0, V), W)
+ (An (Thuk, TR0, v) — A (u, vo, v), w)
<e Y ek — ill 2w lwll sy
i=n,p

+ || Ans (Trtr, TeURo, V) — AM(%“O;”)HH(S,V*)

wHL2(S,V).

Using (4.15) and (4.14), we obtain for the subsequence A/ (Txuy, TkUko, Vi) — Apr(u, v, v) in
L*(S,V*). Since we know already from Step 1 that Ay (Tpug, Thro, V) = —Agup — —u' in
L%(S,V*), we verify the identity u' + As(u,v9,v) = 0. The relation u = Ej;v was already

established in Step 5 such that the limit (u, v) is indeed a solution to (Py) and the proof is complete.
0

4.2 A priori estimate for problem (Py)

Under the assumption (A1’), we use the exponent ¢ > 2 from Lemma 3.1 and define related expo-
nents r and 1’ as well as the quantity «

2q / 2q ( 2r
=y T i Vel + 1) : 4.16
: q—2 4 q+2 K Vool oo (s,La(2)) (4.16)

Lemma 4.3 We assume (A1) — (A6), and (A1’). Let M > M™ with M* as in (4.1). Then there exists
a co > 0 depending only on the data (but not on M and ") such that

wi(t) >co aeinQ VteS, i=n,p,

for any solution (u, v) to (Py).

Proof. 1. Let (u, v) be a solution to (Py). We set

K := max { max ||In e; (v)|| Lo, max ||(lnu?)_||Loo}.
1=n,p 1=n,p
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Our choice of K, (A2), (A3), and (A6) guarantee that (Inwu; + K) (0) = 0and (Inu; + K) €
L*(S,V}), i = n, p. We show the assertion for i = n and use the test function
Zafl .
—ae”(0,=——,0) € L*(S,V), a>2, z:=(lnu,+K) .
n
(Analogously this can be done for 7 = p.) Note that due to the definition of the reaction rate, the
boundedness of 1y and the charge carrier density and the sign of the test function

a—1 a—1

z

R = ro(tn, up)unup<1 — exp {—e;l(un)—egl(up)n T <o, (4.17)
Up, U,
We arrive at
e[|z (t)]| 7
< /t as / { V( ) V(za_1> +c(zo‘+zo‘_1)}dxds
< | e« U, V (0, — vp) -
o 0 0 U, (4.18)

t
< / easa/ {,un(an — V) - Vz((oz—l)zo‘_2 + z"‘_l) + (2% + 1)} dz ds.
0 Q
With (2.6) it holds that egpel, (y) < e,(y) for ally € R and with eg = 1 such that
/ / 2
Vo, V2 = _|vvn‘2m < —eo<\an!M) = —¢|Vz[2.  (4.19)
eMn(Un) eMTL(UTL)

Moreover, we rewrite

4(a—1)

-1
a(a—1)2072| V2> = =——L| V222,
o
azafl\VzP _ do ‘VZ(Q+1)/2|2,
(v +1)2

aVug - Vzz207! = 2V, - V222072
< 2|Vuo| [V222] 222,
a(a—1)Vuy - V22972 = 2(a—1) Vg - V22207271
< 2(a—1)|Vuo| V222 (|22/2| + 1)

and continue our estimate (4.18) with suitable 6 > 0 and ¢ > 1 by
e[| () e
t
< —/ easa/eoun|Vz\2((a—1)z°‘_2+zo‘_1)dxds
0 0
t
+ / easoz/ {,uano -Vz ((a—l)za_2 + zo‘_1> + (2% + 1)} dzds
0 Q
! )
< [Fes{ = bl - C e,
0 «

+ caHVUoHLq(Hz“/QHLT + 1)Hza/2HHl + COé(HZa/2H%2 + 1)} ds

(4.20)

t 5 R
< [Feme{ = LU 2 (o + 1)}
0
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Here we used Hdlder’s, Gagliardo-Nirenberg’s and Young’s inequality and the definition of k in (4.16).

2. With the estimate for values p € R and the function z € Vj
)
4/3 4/3
pliallis < pellallias = pell?PII < pellz2137 < 12215 + e,

we now consider the inequality (4.20) for &« = 2 and get ||z(¢)||3, < cx® for all ¢ € S. Therefore
|zl < cllz(t)]|2 < ex®2forallt € S.

For arbitrary o > 2, we exploit (4.20) and omit the first term on the right-hand side to obtain

|z(0)]|Fa < Ea”‘%(sug Hza/Q(S)H%l +1). (4.21)
EIS

3. Setting now

Wy, = SUP Hz(s)HiT;m +1, m=0,1,2,...
ses

we find from (4.21) for « = 2™, m > 1, that w,,, < ¢"kw?,_,, ¢ := ¢2%", and repeated application
gives wy, < (Ckwy)?" which means ||2(t)]| 2m < Ck(supseg |[2(8)]|z: + 1), and leads in the limit
m — oo to

|z()|| e < Ck(sup ||z(s)||pr +1) VteS. (4.22)

seS

Together with the uniform bound || z(¢)[| .1 < ¢||2(t) |2 < cx®/? we obtain || 2(t) ||~ < cx®? for all
t € S. This ensures

—Inu,(t) < K + ck”?, e Kmen®? < u,(t) aeinQ ViteS. O

4.3 Gilobal solvability of problem (P)

Theorem 4.1 We assume (A1) — (A6), and (A1’). Then, forall T > 0, S = [0, T)], there is a solution
to problem

u' + A(v) =0, u=FE@) aeonS, u(0)=1u’

P
we HY(S, V), v—oP e L*8V)NL>(S,2). (Ps)

Proof. For arbitrarily chosen T" > 0, S = [0, T'] the problem (Py) has a solution, see Lemma 4.2. The
a priori estimates for (Py) in Lemma 4.3 guarantee that for M sufficiently large every solution (u, v) to
(Py) satisfies the equalities Dy,v; = v;, i = n, p. Therefore, the reaction terms in A/ (u, vo, v) and
A(v) coincide and we have Ey/(v) = E(v), Ay(u, vo,v) = A(v) and the pair (u, v) is a solution
to (Pg), too. [

Remark 4.1 Due to the dependence of the mobilities on |V vy | the question of uniqueness of the so-
lution remains still an open question. Other forms of the dependency of the mobilities on the gradients
of the quasi Fermi potentials but with included monotonicity properties have been discussed e.g. in

9l

DOI 10.20347/WIAS.PREPRINT.2523 Berlin 2018



Instationary drift-diffusion models for organic devices 21

5 Global bounds for solutions to (P)

In the two-dimensional case, global bounds for solutions of the van Roosbroeck system in case of
inorganic semiconductors are obtained by the following rules (see e.g. [7, 8]). Estimates of the free
energy (estimates of ||u; Inu;||z: in the Boltzmann case) ensure the start of a Moser iteration for
powers of (truncated) charge-carrier densities (u; — K ) to obtain global L bounds for u;. However,
in our case of organic semiconductors the statistical relation does not fulfill lim,_, 4~ ei(y) = +oo
and we have lim,_, . - €}(y) = 0 this technique does not work.

In the case of inorganic semiconductors, with the knowledge of global upper bounds another Moser
iteration for (In u; + K')~ guarantees the global positive lower bounds of the densities u; (see [7, 8]).
In the case of organic materials we benefit from the fact that u; < N,y and argue in a similar way to
obtain positive lower bounds.

After obtaining these lower bounds we are able to verify suited upper bounds for u; less than N,q by
choosing powers of the function (e — K')™ for a Moser iteration technique (see Theorem 5.2).

5.1 Global positive lower bounds for solutions to (P)

Theorem 5.1 We assume (A1) — (A6), and (A1’). Then there exists a ¢y > 0 depending only on the
data such that any solution (u, v) to (P) fulfills

ui(t) > co, vi=e; (u) >e; (co) aeinQ VtER,, i=n,p.

Proof. For any fixed T" > 0, S = [0, 7] the proof of Lemma 4.3 can be done almost in the same

way for Problem (Pg) itself. Note that for solutions to (P) we have u = E(v), v € L*(S, H(Q2)),
. —Ja—1

(v;)” € L®(S,L>*(Q2)) and ¢}(y) < csuch that it is guaranteed that % € L*(S, H}),

« > 2, is an admissible test function.

In the estimate (4.19) we now argue directly with the original statistical relation ¢; instead of ey,
1 = n,p. Since the lower bounds for the charge carrier densities established in the proof do not
depend on the length 7" of the time interval S, we obtain the desired global bound. [

5.2 Global upper bounds for solutions to (P)

For the derivation of global upper bounds for the densities u; strictly lower than N;q we verify global
finite upper bounds for the potentials v;, more precisely, for €”, 1 = n, p. This is recommendable,
since for test functions of the form .

[(evi _ K)+] AT Qv
e;(v;)
in a corresponding Moser iteration, all terms arising from the test of the continuity equation for u; can
be handled. Here the estimates of Lemma 2.1 play an important role.

(5.1)

However, we can not use the function in (5.1) directly since it is not a priori clear that it belongs to
L2 (R, , H}). We have to approximate it by substituting v; in (5.1) by vz, := min(v;, L) for L large
enough and considering the limit L — oo in the resulting estimates.
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Theorem 5.2 We assume (A1) — (A6), and (A1’). Then there exists a c, < 1 depending only on the
data such that any solution (u, v) to (P) satisfies

u;(t) < culNy aeinQ VteR,, i=n,p.

Proof. 1. Let (u, v) be a solution to (P). We set

D ~1(,,0 e
K = max{maxe””i e max elles (Wl max e Cl}.
i=n,p i=n,p i=n,p

Lemma 2.1 ensures for v; > s; — (; the inequalities

< = <
c(si)Nig — evief(v;) et NGl (v +G) ~ c(si)Nio’

lef/ (v;)] o |g;/1(vl—|—g)| 3¢(s;) o -
e(vi)  GL(vi+¢) = c(sy)’ e;(vi) <0, i=n,p.

We show the assertion of the theorem for ¢« = n (analogously this can be done for ¢ = p).

2. Let

L>InK >0, vg:=min(v;,L), L:=ey(L), uj:=min(uy,L).

We intend to use the test function

ae®(0, Fr(vy,),0) := aeo‘t(O, —,0), a>2, zpi= (e”L — K)+. (5.3)

Since €/ (y) > 0Vyand G/(n) < 0foralln > 0, we obtain €/, (v,) > ¢(L) > 0forv, > In K.
Moreover, e’Z < ¢(L). (5.2) ensures an upper bound for |e! (v, )|. Thus we find an estimate for

(a=D)[(e’s — K)F]o%e™s [(e™ — K)F]*lev
VEL(vn) = { el (vr) e (vr)
(e — K)*]*leer(vy)
- Y Xtz

such that Fr(v,) € L2 (R, H'). Moreover, our choice of K guarantees that z;(0) = 0 and

loc
zr, =0onTp. Thus, Fr(v,) € L2 (R, H}), and (5.3) is an admissible test function.

loc
Next, we rewrite
[(eegl(ui) . K)+]afleegl(uz)

Frlon) = (e 1))

and obtain

/Ot e (u,, uz) ds = /Q (e g(un(t)) — g(u))) da — /Ot/ﬂaeasg(un<5))dl’d8, 54)

where

~1(mi L —1 e Y(min(r,L
gly) = / a9
0 el (e (min(r, L)))

n n
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The validity of (5.4) is clear for smooth u,, € H..(R., H). For general u,, the validity of this relation
is obtained via approximation by smooth functions and passing to the limit. Note that due to the choice
of K we have g(u?) = 0. Additionally, we have that

_ min(un,z) [(eeﬁl(min(T,Z)) _ K)—l—]oc—lee;l(min(T,Z))
g(uy,) > g(min(u,, L)) = g(uz :/ =
o) = gt E) =9t = e (e (min(r. )

_ [(eeﬁl(min(u”’L)) _ K)+]a _ [(emin(vn,L) _ K>+]a _ [(evL _ K)+]a _ Z%.

Moreover, using (5.2), g(u,,) can be estimated from above by

~ [(een'(up) _ a—lgen ' (ug)
o(1) = a(u5) + gl,) = ) < ) + (u — £y L0

[(evL _ K)—i—]oa—levLevL

o lop) o < 2% ezt Mz + K)? < (20 4+ 1).

§ 22+Nn0

3. Note that due to the form of the reaction rate, the boundedness of 1y and of the charge carrier
densities by /V;q and the lower bounds for v;, © = n, p, from Theorem 5.1 and (5.2) we arrive at the
estimate

ZOé 1e’UL Za 1eUL
—RZL =ro(n,p np(e_”"_”p — 1> L
enfory P enfor)

1 (5.5)
zy e'telt -1 2 o+l
<et———<ec2p (e +K)" <eclzp™ +1).
evre! (vp)
4. Using the test function (5.3) and the relation (5.4), the estimates for the function g, and (5.5) it
follows that

ez ()7
a—1_ vy,

/ e a/ — i,V (v, — vg) - V(ZGL (veL) ) + c(z5 T 1)} dx ds (5.6)

/ / unun 11 + I+ I3+ Iy + I + 16> + ca(20T + 1)} dz ds,

where the terms [;,7 = 1, ..., 6, are defined and estimated separately. We use the properties Vv, -
Vzp = |Vzr|? e 8, 21 < e, Vv, - Vg, = |V |? as well as the estimates in (5.2) such that

UL

o a2 € 2 a-2_ “L
I .= a(a—1)Vu, - Vz 2} (1) > a(a—1)|Vzr|” 2] eviel (vr)
1 do(a—1) V2TV 8 ol (at1)/2
_ )|V |2 g0t — > — \Vt 2
Oé(Oé )| ZL| 27 e“LGQL(UL) (Oé—|— 1) e”Len(UL) 9E(Sn)Nn0| L ‘
e’rel (vr) evr
I ;= —aVu, - Vo 207 —"2 2 >0, | Vup|? 2971 >0
) Vo Vor 257 SN 2 3= a|Vour|® 2 o (on) =
Moreover, for the term I, we have the estimate
a—2 et aTil aTis e’
2a(a—1) atl  a=3  VLeVL

= T V(5,2 )z

a+1 evre! (vg)’

o+l atl
|I,] < ca|Vv0||VzL ](|ZL2 | + 1) < ca| V|| Vz, 2 \(|ZL2 | + 1).

evre! (vp)
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Finally, for I5 and I, we compute that

evelfun) s e )
Iy = —aVuy - Vo 207150 Gy - Vo, ® 2,2 ;
5 Vg v 2p, (€%<UL))2 Vg RLRLT Zp e”Le’(UL) el(UL)’

(at1)/2) (1. %% 1 len(ve)| (at+1)/2) (1. %%
Il < el Vooll V= PN (1 |+ 1) s T < Vel VP (1 |+ 1),
vr, a—-1 a—1 eUL
=aVuy-Vazrz? 2.7

Is := oV - Vg 27~ 1

~—

evre! (vp)’

at1
< | Vol [V (12,7 |+ 1).

e%(’uL

(a+1)/
o] < eVl V2§ (2% !+1)W

The estimates for [;, ¢ = 1,...,6, mes(I'p) > 0, (A4), (A5), (5.6) and the global positive lower
estimates of the charge carrier densities from Theorem 5.1 ensure with a suitable o > 0 that

t
eatt)le < [ o] = 8T I + calller? e + 1)
0

a+1
+ ol Veolla(lz? 1o+ Dz b ds 5.7)

! Y ~ 9 et 9
< [Fem{ = Sl B + 2l I+ 1)} ds,
0

where we used the quantities ¢, r and s from Lemma 3.1 and (4.16). As in the estimate (4.21) in the

proof of Lemma 4.3, we applled Hélder’'s, Gagliardo-Nirenberg’s and Young’s inequality, but now for
D¢+1

the function z; 2 instead of z72.

5. Next, we estimate

4

atl atl % =T atl _at2 \ Ao
It e = ([ =27 aa)™ < (e sl ™ um) = (= 13 x Nz 1750

[ o+I
G o 5 ah G

= ||ZL || X ||ZL | L S ”ZL || X ||ZL ”

_46ca’T kN e - e
e B 5 e [

§ 1 (0+1)? 4T R\ iy, o et
L P aa R P

5 1 (@+1)? r4ea® K\ e g
< Ol I e () Ty )

which leads together with (5.7) and a suitable cs > 1 to

™|z ()| 2
2 a+2 (oHrl)

t
§ et (atn? /4 i ([~ e L8
< [l )P () G )
0

t at1 o
< [ = J1® I + esa® (112 + 1)} ds.
0

6. We find for values p € R

3/214/3 3/214/3 3/2
pllzollie < pellznlles = pell 222108 < pe|l 22235 < _—|| 722

T cp’.
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Inserting this in estimate (5.8) for &« = 2 we establish that ||z, (t)||.2 < cforallt € R, and therefore
also supeg, [[20(t)||lr < e

For arbitrary o« > 2, it results from (5.8) that

Iz ()] Ta < c(;aﬁ’”_l(sug 122 ()7 +1). (5.9)
S

7. Setting now

Wy = SUP HZL(S)H%T;" +1, m=0,1,2,...

SER+

we find from (5.9) for & = 2™, m > 1, and ¢ := ¢; 2" that w,,, < ¢™w?, | and repeated application
gives wy, < (Cwo)®” which means ||z (t)||2m < E(supyer, ||z0(s)[l21 +1), and leads in the limit
m — oo to

[zL(®)l[ < T (sup [[zL(s)][rr +1) VE€R,. (5.10)

S€R+

With the uniform estimate for sup;cg, [|22()[|z1, (5.10) ensures that ||z (t)||~ < co forall t €
R,.

8. The constant c., does not depend on the choice of L. Therefore we can pass to the limit . — oo
in this estimate and derive || (e"* — K)+(t) |z < ¢oo and

) <K 4o, (1) SIn(K 4 o), un(t) < en(In(K +cso)) < Npo VEeR,. O

Remark 5.1 Using the global positive lower bounds for the charge carrier densities of solutions to (P)
established in Theorem 5.1 and the energy estimates performed in (3.7) in the proof of Theorem 3.1
we obtain under the assumptions (A1) — (A6), and (A1’) the estimates ||;||r2(s,q1) < c(S), i =
n, p. Together with the W14 estimate for vy from Lemma 3.1 and the relation of p; and v; estimates of
the form ||v;|| r2¢s,11) < ¢(S), @ = n, p, also depending on the length of the time interval S = [0, T'|
are ensured. Furthermore, together with the global upper bounds for v,,, v, this leads to the estimates
for the whole vectors

[A@) 2 (s, 1 ][ z2sve) < e(S).

A Properties of the free energy functional

We collect important properties of the free energy functional in the case of Gauss—Fermi statistics.
First, note that

o { Infexp{—(s:€ = v = G} + 1] = Ifexp{—(s:€ — o7 = )} + 1] de
- e e :5_—?>}}++11 joe

LV p g SR((s 6+ ep{u)
7 L (G e e e

(A1)

Here we used the relation

ea+bl _|_ 1 ebl (ea + e*bl) ea + e*bl

R R R ) A2)
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Second, for u € L?(€)3 with u; < 0 or u; > N;o on a set M of positive measure fori = nori = p
it holds true W(u) = +o0. (For this we argue as follows: Let, e.g., u,, < 0 on a set M. We take a
subset My C M of positive measure with M N T'p = () and choose w = (0, w,,0) € V such
that w, < 0 a.e. on My, w, = 0 a.e. on 2\ M. We define sequences {w'};cn, {v'}ien, with

=lw € V,v' := w'+vP. Then by (A.1), and !, < v2 on M, we find ®(v') < 0. Additionally,
by construction (u, w') — oo as | — oo. Thus (3.6) ensures W (u) = +oo. Similar arguments can
be used for u,, < 0 on a set M.

Let now u,, > 0 a.e. in 2 and u,, > N,o on a set M. We again use a corresponding subset M
and take w = (0, w,,0) € V such that w,, > 0 on a.e. My, w, = 0 a.e. on 2\ M,. We define
sequences {w'}en, {v'}en, with w! == lw € V, v! := w' + v and calculate

(u, w'y — ®(v")
l exp{—(sn = v =)} +1
/MO \/ﬂ/ eXp >{“nw —Nno{ln GXE{—(Sng_UE—Q)}—:—l}dgdx
> [ v oo () = Nt

> / (tn, — Npo)lw, dz — 400 asl — o
Mo

and again obtain ¥(u) = +o0. In the last chain of estimates we used (A.2) where the last term is
negative for by > b,.
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