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Brownian motion in attenuated or renormalized inverse-square
Poisson potential

Peter Nelson, Renato Soares dos Santos

ABSTRACT. We consider the parabolic Anderson problem with random potentials having inverse-square
singularities around the points of a standard Poisson point process in R¢, d > 3. The potentials we
consider are obtained via superposition of translations over the points of the Poisson point process of a
kernel £ behaving as &(x) ~ 6|z|~2 near the origin, where 6 € (0, (d — 2)?/16]. In order to make
sense of the corresponding path integrals, we require the potential to be either attenuated (meaning that
R is integrable at infinity) or, when d = 3, renormalized, as introduced by Chen and Kulik in [8]. Our
main results include existence and large-time asymptotics of non-negative solutions via Feynman-Kac
representation. In particular, we settle for the renormalized potential in d = 3 the problem with critical
parameter § = 1/16, left open by Chen and Rosinski in [9].

1. INTRODUCTION AND MAIN RESULTS

Fix d € Nand let W = (W;);>0 be a standard Brownian motion in R?. We denote by P, its law
when started at , and by E,, the corresponding expectation. Let V : RY — R be a random potential
function, which we take independent of 1. The integral fot V' (W5)ds represents the total potential
energy along the Brownian path up to time ¢, and is used to define the quenched Gibbs measure

Quel) = B [exp { [ V(W)ds} 1{W €},

(1) ¢
where Zyw = E, [exp IN V(Ws)ds} ,

describing the behaviour of 1 under the influence of the random potential.

A main feature in the study of Brownian motion in random potential is the connection to the (continuous)
parabolic Anderson model, i.e., the initial value problem

dwu(t,x) = Au(t,z) + V(z)u(t,z), (t,z)€ (0,00) x R,

2
@ u(0,) = uo(x), v e R

where A = Y7 82—: denotes the (weak) Laplacian in L?(R%), and uy, € L2(IR?) is some initial
data. When V' is e.g. in the Kato class (cf. [24, page 8, equation (2.4)]), the unique mild solution to (2)
(in the sense of [21, Definition 6.1.1]) is given by the classical Feynman-Kac formula

@) u(t,z) = K, [uo(Wt) exp { /O t V(Ws)dsH |

In particular, u(t, ) = Z; . in (1) solves (2) with ug = 1.

In this paper, we are interested in Poisson (or shot noise) potentials, obtained by superposing trans-
lations of a fixed function over the points of a Poisson cloud. To describe them, let w be a standard
Poisson point process in RY, i.e., having the Lebesgue measure as its intensity measure. Denote by P
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P. Nelson, R.S. dos Santos 2

the law of w, and by P = {y € R? : w({y}) > 0} its support, which is almost surely discrete. For a
Borel-measurable shape function (or kernel) & : R? — R, we define the Poisson potential

V(z) =V(z,w) = Zﬁ(x —y) = /Rd Az —y)w(dy), = €R™L

yeP

Since the Gibbs measure in (1) favours paths with larger energy functional f(f V(W5 )ds, the points of
w will under it either attract the Brownian particle if K is positive, or repel it if K is negative.

The study of the model of Brownian motion in a random Poisson potential is motivated by various
applications from physics and other fields. Think, e.g., of an electron moving in a crystal with impurities,
cf. [5, 17, 19]. For an overview on the mathematical treatment of the subject and further references, we
refer the reader to the monographs [18, 24]. In [24], essentially two types of potentials are considered:
the soft obstacle potential, where R is assumed to be negative, bounded and compactly supported,
and the hard obstacle potential, where formally & = —oo1 for some compact, nonpolar set C' C R,
i.e., the Brownian particle is immediately killed when entering the C-neighbourhood of the Poisson
cloud and moves freely up to the entrance time. The case of K positive, bounded and continuous (and
satisfying a decay property) has been considered in [6, 16]. The works mentioned identify almost-sure
large-time asymptotics for Z; , in (1).

It is of natural concern to study shape functions that are neither bounded nor have compact support.
Kernels of the form R(z) = |z|? are physically motivated, e.g. p = d — 2 corresponds to Newton’s
law of gravitation. The inverse-square case p = 2 is of special interest both in mathematics and physics
(cf. e.g.[2,1, 11, 14, 15, 23]), and is related to the inverse-cube central force; in this case, K is not in
the Kato class (cf. [24, Example 2.3, page 9)). It turns out however that, when p < d, the corresponding
Poisson potential almost surely explodes, i.e.,

(4) / |z —y|Pw(dy) = oo  P-as. foreachz € R?,
R4

cf. [8, Proposition 2.1]. Indeed, when p < d, the integrability in (4) is obstructed by the slow decay of
the function |x| " at infinity. To solve this problem, Chen and Kulik have constructed a renormalized
version V' of the Poisson potential 1/, formally written as

5) V(z) = /R o — y|Plw(dy) — dyl, = € R

The mathematical definition of V' is as limit in probability of the same expression with integrable ap-
proximating kernels, for which both integrals against dy and w(dy) are well defined; for details, we refer
the reader to [8, Section 2]. This procedure is natural since, at each step of the approximation, both
Vand V give rise to the same quenched Gibbs measure. In [8, Corollary 1.3], it is shown that (5) is
well-defined whenever d/2 < p < d, in particular when p = 2, d = 3.

Even if (5) is well defined, the exponential moment Z, , in (1) (with Vin place of V') may still be infinite.
Indeed, Theorem 1.5 in [8] states that, for d/2 < p < dand any 6,¢ > 0,

b P-as. if 2
Eo |exp 9/ V(Wy)ds s o0 as I P=2
0 =00 P-as. if p>2.
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Brownian motion in attenuated or renormalized inverse-square Poisson potential 3

In the critical case p = 2 (and necessarily d = 3), the integrability depends on the value of the
parameter #: according to [9, Theorem 2.1], for any t > 0,

t ; 1
— < oo P-as. if 0 < =,
(6) Eo |exp 9/ V(Wy)ds . 16
0 =o0 P-as. if 0> 4.
The boundary case 0 = 1—16 is not considered in [9], and is included in our Theorem 1.7 below. The fact
that 0 = % is critical is related to the celebrated Hardy inequality (in d = 3)

(d—2)° 9*(x) 1 2 1(pd
) s L 0 S 5l Vel g€ HIRY,
where H 1(]Rd) is the Sobolev space of LQ(Rd) functions whose (weak) partial derivatives are also in
L*(R?), and the constant (d — 2)?/8 is sharp.

Once finiteness of exponential moments is settled, our interest turns to large-time asymptotics. In the
non-critical regime d/2 < p < min(2,d), § > 0, itis shown in [7, Theorem 2.2] that

2
2— —
(8) lim E (logl—ogt> ’ log K [eafot V(Ws)ds} =c(d,p,0) P-as,
t—oo logt

where c(d, p, ) is an explicit deterministic constant depending only on d, p, §. The case p = 2, d =
3, already considered in [9], turns out to be rather different: after suitable rescaling, the log of the
exponential moment does not converge to a constant, but fluctuates randomly, cf. Theorem 1.10 below.
Here we again extend the investigation to the boundary case 6 = 1/16.

Finally, we do not restrict our analysis to the renormalized potential V, but also consider integrable
versions of the inverse-square kernel. For this class of attenuated potentials, cf. Definition 1.1 below,
we show similar results as outlined above in all dimensions d > 3; in fact, our asymptotic results for 1%
in d = 3 are obtained via comparison to attenuated potentials, cf. Theorem 1.9 below.

1.1. Main results. Let d > 3. We define next the class .#  of potential kernels we are after, whose
elements have an inverse-square singularity at the origin and are integrable at infinity.

Definition 1.1. We say that a measurable & : R? \ {0} — R belongs to the class %" if and only if

(9) y— sup |[R(z—y)|A1 belongsto L'(R%)
zeB1\{0}
and
. ) 1
(10) lim sup max { a” sup |R(z)[, sup [R(z) — —5| p < oo
al0 |z|>a |z|<a ’.Z'|

We call % the class of attenuated inverse-square potential kernels.

Given R € ¥, we denote the Poisson potential with kernel & by

(11) V) (z) = /Rd Rz — y)w(dy), r € R\ P.
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By [8, Proposition 2.1], V% is a.s. well-defined and finite. Important examples are the truncated kernels
Ra(z) = |2| 721 {jz)<a}, @ > 0, in which case we abbreviate VV(*) := /(%)

To state our results for V%), denote by

d —2)?

(12) hd = —( 3 )

as in the form (7) of Hardy’s inequality, and set, for 6 € (0, hy/2],
h

(13) ko = {?‘J > 2.

Our first two results show existence of solutions to (2) via Feynman-Kac representation.

Theorem 1.2. Foralld > 3,8 € ¥ and @ € (0, %] it holds P -almost surely that
t
(14) uéﬁ‘)(t,x) =E, {exp (0/ V(ﬁ)(Ws)ds)l <oo VzeR\P, t>0.
0

Theorem 1.3. ué ) defined in (14) is a mild solution to (2) with V = V™ and ug = 1.

The converse of Theorem 1.2 is also true, i.e., (14) is infinite when 6 > h,;/2. A proof can be obtained
along the lines of [9, Theorem 2.1]; we refrain from giving the details.

Our next three results concern large time asymptotics of u, )(t 0), starting with tightness.

Theorem 1.4. Letd > 3, & € # and € (0,%]. Foranyt — g(t) > 0 with g(t) == oo,

kp+1
(15) g(t)t_# log IE {exp( / v 5>] 2% 50 in probability
and
kot ¢ t—o0
(16) g(t)~1t *T log I, [exp (9 / V@(Ws)ds)] %0 in probability.
0

kg+1
In other words, the processt *o—' log u(ﬁ) (¢,0),t > 0 is tight on the open interval (0, c0).

The following two theorems provide almost-sure lim sup and lim inf asymptotics.

Theorem 1.5. Letd > 3, 8 € ¥ and 0 € (0, ). For any slowly varying (: (0, 00) — (1, c0),

byt 0 Pas if [7 < 00,
; T kp—1 d(k i) (R) 1 M(7")
(17) limsupt *e-14(t) %=1 logu, ' (t,0) = P.as. if [~ .

t—o00

7[(7

Theorem 1.6. Foranyd > 3 and € (0, %] there exist 0 < Ciy < C™ < oo such that, for all
Re X,

kg+1

(18) liminft¢ %1 (loglogt)? Ty =1) logu(ﬁ)( t,0) € [Cins, C™] P-as.

t—o00
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Brownian motion in attenuated or renormalized inverse-square Poisson potential 5

Theorems 1.4—1.6 imply in particular that there is no rescaling under which log uéﬁ)(t, 0) converges
almost surely as ¢ — 00 to a non-trivial deterministic constant. We conjecture that, after rescaling by
t(ko+1)/(ko—1) 'jt converges in distribution to a non-degenerate random variable.

Corresponding results also hold for the renormalized potential V when d = 3. We start with the ana-
logues of Theorems 1.2—1.3.

Theorem 1.7. Letd = 3. Foreach 6 € (0, 1/16], it holds P-almost surely that
t

(19) Ugp(z,t) :=E, {exp (0/ ‘_/(Ws)ds)
0

Theorem 1.8. @y defined in (19) is a mild solution to (2) withd = 3,V = 0V and uy = 1.

<oo VzeR*\P,t>0.

Our next theorem provides a convenient comparison between potential kernels, allowing us to concen-
trate on the truncated case R, (z) = |z|"*L{js<a}-

Theorem 1.9. Forany 6 € (0, hq/2|, anya € (0,00) andany 8 € ¥,
log u§V (¢, 0
- ogu(, (t,0)

(20)
= Jog Ua (t,0)

=1 P-almost surely,

where ué Q). uéﬁ“) When d = 3, (20) also holds with tig in place of uéﬁ).

Finally, using Theorem 1.9, we can transfer our results for VR o V:

Theorem 1.10. Letd = 3 and § € (0
o

, 16] The statements of Theorems 1.4, 1.5 and 1.6 also hold

with V, g in place of V&
We discuss next our theorems and provide some heuristics for the scale tko+1)/(ko—1)

1.2. Discussion and heuristics. As already mentioned, our main contribution in Theorems 1.7, 1.8
and 1.10 is the boundary case ¢ = 1/16 left open in [9]. The proof of (19) givenin [9] for 0 < 6 < 1
cannot be extended to the case = 16, as it is based on the following strategy. Decompose the
Brownian path according to which of the cubes @, = (— R, Rn) has been exited until time ¢, where
(R,)nen is some properly chosen increasing sequence; i.e., setting 7o = 0, 7, = inf{s > 0: Wy ¢

Qn}, write

¢ 00 ¢
Eo {exp <9/ \_/(Ws)ds>] = ZEO {exp (9/ ‘_/(Ws)ds) H{Tn_1§t<m}]

0 — 0
[e%¢} 1/‘1
S e

by Hélder’s inequality, where p,q > 0, p~! + ¢~ = 1. The last expectation cannot be controlled if

qf > 1/16, and thus 6 < 1/16 is required to use this argument. In order to overcome this, we develop
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P. Nelson, R.S. dos Santos 6

for our proof a more careful decomposition of Brownian paths according to their excursions to and from
certain islands whose principal eigenvalues are large, cf. Section 3 below.

We provide next some heuristics for the scale t(ko+1)/(ko—1)

appearing in Theorem 1.4. The main point
is that the logarithmic order of uéﬁ) (t,0) in (14) is the same when restricting the expectation to Brownian
paths that reach by time s < t a region D C R? containing precisely ks + 1 Poisson points, and
afterwards stay there until time ¢. Spectral methods show that the reward for staying in D for time
t — s is approximately e('~*Amx, where A, is the principal Dirichlet eigenvalue of 2A + V% in
D. Asymptotics for this eigenvalue may be estimated with the help of multipolar Hardy inequalities as
in [4] (see also Section 2.4 below), yielding that its order roughly equals diam(D)_Q. Now, if R is the
distance of D to the origin, Poisson statistics dictate that it may be chosen with diam(D) ~ R~'/ke,
but not much smaller. On the other hand, the probabilistic cost for Brownian motion to reach D by time
s is roughly e~ ™°/%_ The total contribution is thus about exp{(t — s)R**® — R2/s}; optimizing the

exponent over s and R, we obtain R = t%o/(ks+1) and log ul¥ (¢, 0) ~ ¢ke+1)/(ke—1)

1.3. Outline and notation. The rest of the paper is organized as follows. After introducing some no-
tation, we develop in Section 2 upper and lower spectral bounds on the Feynman-Kac functional (3)
in the setting of deterministic point clouds. The upper bounds are extended in Section 3 using a path
decomposition technique. Section 4 presents some elementary geometric properties of the standard
Poisson point process. The proofs of the main theorems are completed in Section 5.

Notation and terminology. We write B,.(z) = {y € R¢: |x — y| < r} for the open ball with radius
r € (0,00) around = € R with respect to the Euclidean norm | - |; when © = 0 we abbreviate
B, := B.(0). For D C RY, we write B.(D) = {x € R?: Jy € D,|z — y| < r} for the -
neighbourhood of D). We denote by |D| the volume of a Borel measurable subset D C R¢, and by
7p = inf{t > 0: W, € D} the entrance time of Brownian motion in D. A subset D C R is called
a domain if it is open and connected. For a real-valued function f, a positive function g and a # 0,
we write f(z) ~ ag(z) as * — oo to denote that lim, ., f(z)/g(z) = a; when a = 0, we write
f = o(g) instead, or equivalently | f| < gorg > |f]. Wewrite f = O(g) as © — oo if there exists a
constant C' € (0, 00) such that f(x) < Cg(z) for all large enough z. We write log™ 2 := log(z V e),
r € R

2. DETERMINISTIC SPECTRAL BOUNDS

In this section, we consider Brownian motion in R%, d > 3, moving among a deterministic point cloud.
Our goal is to obtain lower and upper spectral bounds in L' and L for relevant Feynman-Kac formulae.
First we collect some basic tools from the theory of Schrédinger operators (Section 2.1), which are
then applied to derive upper bounds on both time-dependent and stopped Feynman-Kac functionals
(Section 2.2). After that, we obtain a lower bound for the time-dependent functional (Section 2.3), and
conclude the section with a multipolar Hardy inequality (Section 2.4).

Define the family of non-empty, locally finite subsets of R?

(21) W ={YCR" Y#0, #KNY < ooV compact K C R},

DOI 10.20347/WIAS.PREPRINT.2482 Berlin 2018
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as well as the family of non-empty, finite subsets
(22) Y={YVe¥: #Y < o}

Note that the support P = {z € R¢: w({x}) = 1} of the Poisson point process w belongs almost
surely to &". For Y € % and a € (0, o] satisfying either ) € % or a < oo, let

1 z—y|<a
(23) nga) () = Z “llo—ylza} y‘i}, r e R\ Y.
el |
When a < oo, V7§a) = V) asin (11) with &,(z) = |2| 21 {jz)<a}. For Y € %, we write V3 =
vy,
y

2.1. Preliminaries on Schrédinger operators and the Feynman-Kac formula. The content of this
section is classical and has been treated by many authors. Our major references here are the books
[12] by Engel and Nagel and [10] by Chung and Zhao.

Let D C R? be an open subset. By H}(D) we denote the Sobolev space on D with zero-boundary
condition, i.e. the closure of the space C5°(D) of smooth, compactly supported functions on D with
respect to the Sobolev norm || f|| 1 (p) = D1 <;<q4 |0i f|| 22(), Where “0;” denotes differentiation with
respect to the i-th coordinate. For a potential ¢ € L} (D), we define

(24) Amax(D, q) = sup {/DQ(OS);JJ)de %/D|Vg(ft)l2dw} € RU {+oo}.

gGH&(D), ||g||L2(D):1

Note that Apax (D, ¢) > 0if ¢ > 0; more generally, the following monotonicity property holds.

Remark 2.1. Let D; C Dy C R%beopenand q; € L}, .(D1),q € L}, .(Ds) with ¢; < g2 on Dy.
Then

(25) /\max(Dh QI) S /\max(D27 QQ)

When ¢ has some regularity (e.g. when it is in the Kato class), Anax(D, q) is the supremum of the
spectrum of the Schrédinger operator H, = A + g in L2(D) with zero Dirichlet boundary conditions,
where A is the weak Laplacian whose domain is dense in H (D). This holds in particular when

(26) q € L=(D),

in which case Apax (D, q) < oo and H, is a closed self-adjoint operator generating a strongly contin-
uous semigroup (7} )0 = (e'"*1);>¢ on L?(D) (see e.g. [10, Proposition 3.29]). We will assume (26)
in the remainder of this subsection.

An important fact about A, is that it controls the growth of 7} via the inequality

(27) ||T;5f||L2(D) < ||f||L2(D) exp{t)‘max(Dv Q)} vt > Oa

cf. e.g. [10, Equation (30), Section 8.3]. From this we get the basic but crucial bound for the resolvent
of the operator H,, (cf. e.g. [12, Theorem 11.1.10]): for v > A\pax(D, q),

1

- )\max(D; Q) '

(28) (Hg =) Hl2y=r20) < 5
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The semigroup (7}):>0 can be used to solve the initial boundary value problem

(29) Owu(t,x) = %u(t,x) + q(x)u(t, x), (t,z) € [0,00) x D
(30) u(t,z) =0, (t,x) € [0,00) x 0D
(31) u(0,x) = up(x), xreD

with initial data ug € L2(D) as follows. We want to consider solutions to (29)-(31) in the mild sense
(cf. [21, Definition 6.1.1]), i.e., we demand that

(32) / /pt s =) |g)u(s,y)|ldyds < 0o Vz e D,t>0

and

(33) u(t,x) = uo(x / / p—s(z —y)q(y)u(s,y)dyds  Vax € D,t >0,
where p;(z) is the Gaussian density

(34) pi() = (2mt) =2 exp{—|z[*/(20)},

i.e., the transition density of Brownian motion at time ¢ started from 0.

The next proposition characterizes the mild solutions to (29)—(31), connecting Schrédinger semigroups
and Brownian motion via the celebrated Feynman-Kac representation:

Proposition 2.2 (Feynman-Kac formula). Under (26), the unique mild solution to (29)-(31) is given by
t
(35) u(t,x) = Ttuﬁ(x) =E, |:u0(Wt) exXp (/ Q(Ws)ds) IL{7’Dc>t}:| .
0

Proof. Follows from e.g. [12, Proposition 11.6.4]) and [10, Theorems 3.17 and 3.27]. O

Additionally to the time-dependent Feynman-Kac formula (35), we will use a stopped Feynman-Kac
formula as follows. Consider the time-independent Schrédinger equation

(36) @) + a(@)u(w) = yu(x), weD,
u(z) = f(z), xe€dD,

with f: 9D — R continuous and v € R. A function u € L. (D) is called a weak solution to (36) if

(37) /Du(x)A¢(x)d:U = —Q/D(q(x) — y)u(x)p(x)dx

for all ¢ € C°(D), and u is continuous on D with u = f on OD. Recall that D is called regular if
P.(tpe = 0) = 1forall x € JD. The next result follows from [10, Theorems 4.7 and 4.19].

Proposition 2.3. Assume (26). If D is a bounded regular domain and y > Anax(D, q), then

8 ute) =B, [oxn ([ ta0v) - 05 ) 5007,

DOI 10.20347/WIAS.PREPRINT.2482 Berlin 2018



Brownian motion in attenuated or renormalized inverse-square Poisson potential 9

is the unique weak solution to the boundary value problem (36).

2.2. Upper bounds. Let D C R? be a bounded regular domain. Recall by = (d — 2)?/8. Fix
0 € (0,hg), Y € ZwithY C D andput M := #)). We give next an L' upper bound for the stopped
Feynman-Kac functional in (38) with potentials of the form (23). We note that A, (RY, 6V3) < oo by

the multipolar Hardy inequality formulated in [4, Theorem 1]; by Remark 2.1, also Apax (D, HVJSG)) < 0
forany a > 0.

Lemma 2.4. There exists a constant c = c¢(d) € (0, 00) not depending on D, 6 or Y such that, for
any open bounded D' C R%, any a € (0, 00] and any y > Apax(D, QVJEQ)),

7 + (M? +0) dlst(D y)
¥ = Amax(D, GV )

(39) /E [effm OV (Wa)=s| gy < | D] + e/ [D||D' N D)

Proof. Fix D' C R? open and bounded, a > 0 and v > )\maX(D,HVJSQ)). Note that, since the
integrand in the left-hand side of (39) equals 1 when € D°, we may and will assume that D' C D.

Form € N, let F,, = mln(V)g ), m). By Proposition 2.3, u,, () = E, [exp [ (6F,,(W,) — 7)ds]
is the unique weak solution to the boundary value problem

(%+«9Fm—7)u(x):(), xeD
uw(z) =1, x€dD.

(40)

Abbreviate ¢ := dist(D¢,)), take g: R — [0, 1] smooth with g(r) = 0 forr < 1/2and g(r) = 1
forr > 1, and put ¢(z) := [],cy, g(|z — y| /). We may check that ¢ € C*(R?),0 < ¢ < 1on D,
¢ =1on D", and there exists a constant ¢ = ¢(d) € (1, 00), not depending on D, # or Y, such that
|Ag| < 2cM25-2 and ®Vy < 52 uniformly on RY. Moreover, v,,, := u,, — ¢ solves

A
(% +0F,, — 7) () = — <5 +0F,, — 7) o(z), z€D,
() =0, x € 0D,

(41)

ie., vy = —R™ (£ +6F,, — ) ¢ where Rgm) is the resolvent of A + 0F,, at . Hence
A
ol = {|-RE (5 4650 =) o] 1)
12(D)
ST [172.(m) S
< VID'||R] HL2(D)—>L2(D) 5 TO0m=7)¢

Y4 e(M?* +60)52
< \/|D' v |D
(42) - | |Py - )\maX(Dv QFm) | |

L*(D)
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by the bound (28) on the resolvent and the pointwise bounds on ¢, A¢ and V3,¢. Noting now that, since
E, < V)S“), Amax (D, 0F ) < Amax(D, HVJSG)) by Remark 2.1, we obtain

+ (M? +60)6—2
43)  lumllzron < lomllzi oy + 6]l < e/ [DD]- ) @ T D
5 = Amax(D, OV

Now (39) follows by monotone convergence since F,, T V)g“) as m — Q. O

From the L'-bound above we derive two pointwise estimates that will be useful in Section 3.

Lemma 2.5. Fix z € D\)Y and sete, = %dist(x, V). Assume that 0 < a < &, and vy >
Amax (D, QVJEG)), and let c = c(d) be the constant from Lemma 2.4. Then

|D| v+ (M?+ 0)dist(D°, V)2

Be.l 4 = (D, OV)

44 E, [exp / T v, —v)ds] <otc
0

Moreover, for allt € (0, 00),
(45)

t
E. |:]]-{TDc>t} exp/ (enga)(ws) - 7)d5:| <2+
0

D| (1 L (O 4 f)dist(D" y)?)
|B€ac| Y )\max(Du enga))

Proof. Fix 0 < r < &, and abbreviate I’ := exp f;(QVJSG)(Wu) — v)du. We begin with the proof of
(44). Since nga) = 0 on B, (), using the strong Markov property we may write

(46) B, (177] €1+ B [V ecrpey 25, < 1HE [, 1157]]
Since W7, ., is uniformly distributed on the sphere 0B, (x),
1
) B <1 [ Bl o)
aar OB, (z)

where o denotes surface measure on 8BT(x) and oy is the area of the d-dimensional unit sphere.
Multiplying both sides of (47) by o47¢~! and integrating over r between 0 and ¢, leads to

s Bl @7 -0 [ B
B€z (CE)
Now apply the L*-bound from Lemma 2.4 to the right-hand side with D’ = B._(x), which gives

D M? + 6)dist( D¢, )) 2
Be, (2) | B-.,| Y = Amax(D, 0V3")

This yields (44), and we continue with the proof of (45). Again, by the strong Markov property and since
ng“) = 0 on B., (),

(50) E, [Iéﬂ{rmwf}} <1+E, [e_'m’B’”(”)]l{raBT(I)q}]EWTaBT(x) [I(t)_s]l{rDot—s}}S:TBBT(Q:)] :
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Split the event {7pc > t — s} according to whether 7. > ¢ or not to write, using v > 0, nga) >0,

_ t—s (a) o c
(51) I pesi gy = el "V Wadsmtuy < e T ey + [ )
Substituting this back into (50), we obtain

1
ogrid-1

(52) E. [LiLirpesty] <1+ / E. [I§1{rpesey + 157 ] 0(dz),
OBr(x)

and the same calculation as between (47)—(48) gives

(53) B, | (Bo [I{Lirpesty] —1) < /

Bsz (I)

E, [Ié]l{TDc>t}] dz + / E, [I;7°] dz.

BEz ($)

To bound the first integral in (53), write (Tt(m))meN for the Schrédinger semigroup associated with the
potential (V§“’(Ws) A m) as discussed after (24), i.e., given by (35). Note that, for all m € N,

t (a) _ s _ m
/ E. [efo(e(vy (Ws)vm)—)d ﬂ{TDc>t}] dz =e m@BEI(z),Tt( )]lD>L2(D)
BET(w)

< e 1p., w2 1T | 2p)— 220 11 | 22y
< e~"/|B_.|[D| e D0V am) < /IB D],

where we used the Cauchy-Schwarz inequality and Ayax (D, QVJSC”) Am) < Amax(D, GVJS“)) < 7y by
Remark 2.1. Letting m — 00, we obtain by monotone convergence the same inequality with m = oo
in the left-hand side, which together with (53) and (49) finishes the proof of (45). [l

2.3. Lower bound. We derive here an L' lower bound (cf. Lemma 2.8 below) on the Feynman-Kac
functional in (35) with ¢ = V3, Y € %. Recall hq = (d — 2)?/8. Define the truncated potential

(55) Viz):= {1’ el <1

|z| 72, else.

Lemma 2.6. Foranyc > 0, there exists K. € [1, 00) such that, for all K > K.,

~ 1
(50 swp  (ha+e) [ P@V @ - Vgl > 0.
e BB Ngll 25, =1 By

Proof. Taking, forn € N,

1 when |z| <1,
) ||~ (d-2/2 when 1 < |z <n,
7 =
(57) Gn() n=Y2(2n — |z|) when n < |z| < 2n,
0 when |z| > 2n,
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it follows that, for all K > 2n, g, € Hj (B ) and

58 (hat o) Sy Gn(@)V (w)dz N <1+(d§_52)2) (1 c )

%fBK |V g (x)]2dx logn

for some constant ¢ € (0, 00). Letting gy, := §n/|Gn || L2(By), We obtain

~ 1 2e
(59) (ha + 5)/3 ga(x)V (z)dx — §\|V9n||%2(BK) > MHVQHH%Q(BK) >0
K

for n large and K > 2n. ]

LetY € Zwith M = #Y > 2 and fix § € (427, =271 we define

1 hqg
x — Ok d, M, 0 = = 1 — .
(60) 0 = 0u( )= ( 7 M)
Lemma 2.7. If|y| < 4, forally € Y, then
(61) OVy(z) > (hy +20M05,) V(z) Yz e R\ Y.
Proof. Follows from a simple computation using |z — y|* < |z|* + 2|z||y| + |y/|*. O

The following is the key lemma to obtain a lower bound on the total mass.

Lemma 2.8. There exist constants K > 1 and ¢y, co > 0 depending on d, M, 6 such that, for any
a € (0,00) andany z € R\ Y such thaty C B,(z),

(62) / E, [efot OVyWaldsq Lrp (o) > t}] dz > cra%e™™ Vit >0.
BKa(x)

Proof. By translation invariance, we may suppose that x = 0 and Y C B,. Setb = d,/a, K =
K, /), where K, is given by Lemma 2.6 with ¢ := 20 d,, and write

(63) / E. [efot OV Wo)ds {rpe > t}} dz =b"1 /
Bka

Ez/b |:ef0t 0Vy(Ws)dsl{TB%a > t}] dZ
Bg,

By Brownian scaling, the integrand in the right-hand side of (63) equals

2
(64) ]EZ |:ef0t GVy(bflVVbQS)dSIL{TB%( > th}] — ]Ez |:ef0b t@be(Ws)dS]l{TB% > th}:|
where b)Y := {by: y € V}. Since |y| < d, forally € b)Y, (64) is at least

(65) E.

b2t _
exp {/0 (ha+¢) V(Ws)ds} g, > th}]
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by Lemma 2.6. Now using a Fourier expansion as in [16, Equation (2.33)], we obtain

(66) / E,
BK*

where Amax := Amax(Bkx., (ha 4 €)V) is the principal Dirichlet eigenvalue of A+ (hg + &)V in
Bk, and ey is the corresponding eigenfunction normalized so that ||e1 || 2(,, ) = 1. Now (62) follows

b2t -
exp {/ (hd + 6) V(Ws)ds} 1{7’3;(* > b2t}] dz Z eth/\maxH€1H%1(BK*)
0

with ¢; = 5:d||@1||%1(3K*) and s = 62 Aax, Which is strictly positive by Lemma 2.6. O

2.4. Multipolar Hardy inequality. We provide in this section upper bounds for /\maX(Rd, q) in (24)
with ¢ = 0Vy, Y € % and 0 € (0, hy] (recall hy = (d — 2)?/8), which will be useful to control (44)
and (45).

When #) = 1, Hardy’s inequality (7) states that

(67) Amax(RE, V) =0 if 0<6 < hy,
which clearly extends to #) > 2 in the sense that, with M = #)),
(68) Amax (R, 0Vy) =0 if 0<6 < e,

More general bounds, known as multipolar Hardy inequalities, are considered for example in [4]. The
next proposition is obtained by combining results and methods from [4], and offers in some cases an
improvement of Theorem 1 therein.

Proposition 2.9. Fix) € %. Assume that M := #) > 2 and 6 € (%, o 1)] Let
(69) [':=inf{r > 0: B,(Y) is connected} .
Then
M(m* + 30)
70 Amax (R, V) < ———— "2
(70) ( Vy) = o2

Proof. Fixr € (0,I") and choose JA/ C Y such that JA) #0,N := #:)Ai < |M/2],
(71) B,(Y) is connected and B, (Y) N B,(Y \ V) = 0,

~

i.e., B.()) is a connected component of B,.())) containing at most half of the points of ). Define a
partition of unity (cf. definition after Theorem 1 in [4]) with 2 terms as follows. Set

0, tel0,1/2],
(72) J(t) :== ¢ —cos(mt), te[l/2,1],
1 £>1,

)

put Jy () := [T ey J(J& — yl/r) and Jo(x) := [1 — Jy(x)*]"/?. By Lemma 2 in [4],

(73)  Q[u] ;:/Rd{evy(x)( — |Vu(x |}dx—ZQJu / ZWJ )|?dz
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forall u € H'(R?). Note that, by (71) and the definition of .J;, J5,

(74) Vy(x)Jy(z)? < V)A)(JS)JQ(ZIT)Q + M; VzeRN\Y
while, forall z ¢ Y := Y\ Y,
]]‘ x T
()0 = 15 + D
N J(t)? 2N
(75) < Vj;(m)Jl(x)Q + ﬁtsiil/)Q (2) < Vy(z)/i(z )2 + —

where for the last step we used sup;s; p J(t)?/t* = sup;c(y o1 cos(nt)?/t* < 2 (see the proof of
Lemma 3 in [4]). Applying (67)—(68), we obtain
2
M+ N
(76) > Q] <0 3 lullf2@e ¥ ue H(RY).

=1

Next we claim that

(77) ZWJ |2<N— Yz e R

Indeed, we may restrict to = € BT(Y), in which case we note that
2
VA(@)]? _ 7
(78) V()] =-——""2_-<— sup F(n),
Z! @)" = 1= AR ()
where, forn = (n1,...,ny) € [0,7/2)V

(79) F(n) = (1 — Hsin(m)Q) (Z cos(n; Hsm ur > :

JF
Let us show that sup, c(o /2~ F'(7) < N. First note that, if min; 7; = 0, then F'() < 1 < N, and
thus we may restrict to 7 € (0, 7/2)Y. In the latter set, I' = f/g where

(80) f(n) = (Z Cot(m)) , g(n) = 1—[080(7%)2 -

Using csc(n;)® = 1 + cot(n;)? and expanding the product in the definition of g, we obtain g(7)
SV, cot(1;)2. On the other hand, by the Cauchy-Schwarz inequality, f(1) < N S~ | cot(n;)?
Ng(n), finishing the proof of (77). As a consequence,

2 2
@) [ur Y 9aokar < BT g e R

i=1
Collecting now (73), (76), (81) and letting r T I', we conclude (70). Il
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3. PATH EXPANSIONS

In this section, we provide an upper bound for the contribution to the Feynman-Kac formula of Brownian
paths that leave a large ball. This is achieved by means of a path expansion technique that splits the
Brownian path in excursions between neighbourhoods of the Poisson points, cf. Section 3.1 below.

Recall hy = (d—2)%/8 and fix ) € % (cf. (22)). Given 7 > 0, we denote by (Kj(f) the set of connected
components of B,.()). Fora € (0,7),0 € (0,hy] and C € £ et

(82) Ne=#YN0C, A= Amax(C,0VY) = M (C, V) > 0,

where VJEQ) is as in (23) and Apax (D, V') as in (24). Note that A¢ < oo by [4, Theorem 1]. Define

(83) NJ(,T) := max Ng, Agf’a’r) ‘= max Ac.
Ce‘ﬁj(,")
The following is the main result of this section.

Theorem 3.1. There exist constants K € [1,00) and ¢, ¢, € (0, 00) such that the following holds. Let

Ye#0e(0,hg,a>0andr > 4a. Fory > Ag?’“’r), let

d
5/2 d 14 0)—2
L=L.0,a,r7) = K(Nj(j)) <f> 2 (142 E( +(9 )r) ,
a _ ABar
v Ay
o=0,0,a,r,7v) = Lexp{—ac.\/7}.
Assume that o < 1/2. Then

(84)

t
a 1
(85) sup suplE, [exp/ {GVJS )(Ws) — y}ds} < —— <2
2€B,(Y)e 20 0 I—p
Moreover, for all R > ST’NJ(;T) and allt > 0,
t (a) R cr? %
(86)  sup B lirye e} OXP / {0V (We) = ~}ds| <2KLJ —e "0 40" ¢
2€B(Y)° R¥= 0 r

3.1. Proof of Theorem 3.1. We start with auxiliary results that will be needed in the following, and that
will allow us to identify the constants in Theorem 3.1. The first lemma concerns standard bounds for
Brownian motion.

Lemma 3.2. There exist K. = K, (d) € [1,00) and ¢, = c.(d) € (0, 00) such that

2
(87) P, (Sup W,| > R) < K.e ™ forallt,R >0,
0<s<t
and
(88) Eo[e™™2:] < K,e™™V" foralla,u > 0.

Proof. Follows from union bounds and standard estimates for one-dimensional Brownian motion, e.g.
Remark 2.22 and Exercise 2.18 in [20]. U
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The next lemma is a consequence of the pointwise bounds in Lemma 2.5.

Lemma 3.3. There exists a constant K, € [1,00) such that, forall Y € %, 0 € (0, hql, a € (0, 00),
r>2a,C € %J(f), v > Acandz € C\ By(Y),

d
oo @ - 5/2 (T2 v+ (1+6)r2
89 E, {exp/o (Wy (W) 7) ds} < KalNe <a> (1 *

7= Ac
and
i (V42 W) 52 (T2 (| 7+ (140
(90) supE, |elo "7y VT Liresn | < KN (—) 1+ — )
>0 a ¥ —Ac

Proof. By [10, Proposition 1.22], each C € ‘Kj(f) is a bounded regular domain. Noting that nga) (r) =
VJS%)C($) forz € C\ )V, apply Lemma 2.5 with D = C and use |C| < | By|N¢r?, Ne > 1. O

Corollary 3.4. Forany Y € %, 0 € (0,hy], a € (0,00), r > 4a, C € ‘53(,”, v > Ac and

2 €CNBro(V)\ BsalD),
(91)

E, [exp /Och <9v§“)(WS) — 7) ds} < K*KlNé’/2 <£>

where K, c, are as in Lemma 3.2 and K, as in Lemma 3.3.

d
2

s (1 Lo+ 9)r—2>
Y= Ae

Proof. Use the strong Markov property at the exit time of B,(x) and apply Lemma 3.3 and (88). Il

With these results in place, we may identify the constants K, ¢ in Theorem 3.1 as
Cy

(92) K = 2(K*)2K1, Cc = 1—6,

where K, c, are as in Lemma 3.2 and K; as in Lemma 3.3.

Fixnow Y € %, 6 € (0,hy], a > 0,7 > 4aand v > A:()}O,a,r). In the following, we fix K, ¢ as in (92)

and let L, o be defined by (84).

The core of the proof of Theorem 3.1 is a decomposition of the Brownian path according to its ex-
cursions to and from neighbourhoods of ), which are marked by the following stopping times. Let
To = 7o := 0 and, recursively for n. > 0,

§ %) if 7, = o0,
Tkl = gpf {t >7,: W, € Bg,a(y)} otherwise,

N ) o0 if T,e1 = 00,
Tn+1 =

(93)

inf {t > 7,11: Wi ¢ B.())} otherwise.
Fort > 0, define
(94) E,:=inf{n > 0: 7,41 > t}.
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In the following we will abbreviate, for 0 < 51 < s9 < 00,
52
(95) I3 :=exp {/ <9V3ga)(W5) — 7) ds} .
S1
Lemma 3.5. Foralln € Ny,

(96) sup sup B, (Il g,—ny] < 0"
2@ Br(Y) t>0

Proof. We will prove (96) by induction in n. The case n = 0 is simple since then vy(“)(WS) = 0 for
all0 < s < t. Totreat the case n = 1, fix x ¢ B,()) and t > 0. There are two cases: either
7 <t<f,ort <t< i letC € ‘53(,” such that W5, € C. Using the Markov property,

v > Agf’a’r) and Lemma 3.3, we may bound, P,-a.s. on the event {7, < t},

]E’I [[élﬂ{f1§t<f1} | 7V-1’ (Ws)sg‘h} = EW{—I [Ié_sﬂ{ch>tfs}:|
(97) < L/(2K?) < L/(2K.)

S=7‘1,C:C1

and, using that VJS“)(WS) = Oforall s € [71,t] when 77 <t < 7, and Corollary 3.4,
E. [[;11{?’1St<7‘2} ’ 1, (WS)SS‘fl} <E, [[7311 1, <W3)S§ﬁ}

= ]EWi'l [ISCC]CZCl

(98) < 0/(2K,) < L/(2K.).
Since r > 4aand x ¢ B,(Y), Ti > Tps(») and thus
(99) B, [I7'1n<n] <Eo o777 ] < Ko™

by Lemma 3.2. This together with (97)—(98) gives
E. [Iol{—1y] = Bo [I§' Ln<nBa 12 Lip—ny | 71, (We)szn ]
(100) < Le W7 =p

by (84), concluding the case n = 1. Suppose now by induction that (96) has been shown for some
n>1.1f £, =n+1,then 7y <t and we can write

E; [[iL{g=n+1}] = Eq [fglﬂ{ﬁst}]Ewﬁ [Ié_sﬂ{Etfs:”}]s:ﬁ]
(101) < 0K, I 5,<n] < 0"/ (2K,
by the induction hypothesis, (98) and (84). This concludes the proof. Ul

The next result is the key lemma for the proof of Theorem 3.1.
Lemma 3.6. Foreachz € RY, R > 0 andn € Ny,

Vo ¢ B.(Y),t>0:

102 4
B2 B, (1 (kmnny 20| <2000 Py (suppe,c W — 2| > R— 2N nr)

DOI 10.20347/WIAS.PREPRINT.2482 Berlin 2018



P. Nelson, R.S. dos Santos 18

Proof. Fix z € R% and R > 0. We will again prove (102) by induction in n. The case n = 0 follows
since then VJ(,a)(WS) = (Qforall 0 < s < ¢. Define the events

(103) EN = { sup |Ws—z| > R— QHT‘N)(,T)} , n &€ Ng,u>0.

u
0<s<u

For the case n = 1, fix x ¢ B,()) and t > 0. Consider first the case The(z) < T1. We claim
that, on this event, 5;1 occurs. Indeed, if TBS,(2) < 74 this is clear, and if 77 < TBS,(2) < 7, then

|W:, — z| > R — 2r Ny as the diameter of any component C € CKJ(,T) is bounded by QTNJ(,T). Thus

E, [ISH{TBCR(Z)Sfl,Etil}} <E, |:]]-£}_10{i—1§t}E1‘ (1L Lipm1y | 71, (Ws)sgﬁ]]
(104) < LP, (&)
by (97)—(98) above. If ¢ > Tpe (») > 71, then 71 < t < Ty, and thus

(105) E, [15]1{+1<7332<z>§t,Et=1}] <E, {fglﬂ{ﬁ«}lpwﬁ (&@;)SJ :
Note now that, since 71 < 71 and |W;, — W5 | < 2r Ny,

(106) Pw,, (&), < Py (EL)
and thus (105) is at most

(107) E, [ﬂ{ﬁgt}ﬂmwﬁ (Es) oes, Ewr, [Ié“]c:@l} < gﬂ% (&) < LP, (&)
by Corollary 3.4 and (84). Collecting (104)—(107), we conclude the case n = 1.

s=T1

Assume now by induction that (102) holds for some 1. > 1. There are two possible cases: either
TBS,(2) < 77 or not. In the first case, we conclude as before that 6}11 occurs. Then we may write

B, [Ié]l{Et:n"'lvTB%(z)Sﬁ}} <E, [Iglﬂfilﬂ{ﬁgt}EWﬁ [I(t)is]l{Etfs:n}Lzﬁ]
S QnEI [15;10{%1§t}EW-P1 Ii]gcc]c:(jli|
(108) < Qng P, (&) < Lo"P, (&)
by Lemma 3.5, Corollary 3.4 and (84). Consider now the case 71 < TBe,(2) and write
]Ex |:](€]]-{Et:n+1,’?1<7'33_z(z)St}} = E*’E |:Iglﬂ{%1§t}EW""1 |:]8_Sﬂ{Etfs:n’TB%(z)St_s}] s:?1:|

(109) <2Lo"'E, []0%1 Lz <y Pwr (ggl—s) 5:%1:|

by the induction hypothesis. Reasoning as for (106), we get IP’W+1 ((‘,’1?_8)8:%1 < Pwﬁ (gf_tl)szﬁ ’

and hence (109) is at most

(10) 200" 'E, [Lgn<oPows, (E14),,, B [1i]ee, | < 200" (0/2)Ps (£7)
by Corollary 3.4. Combining (108) and (110) we conclude the induction step. O

DOI 10.20347/WIAS.PREPRINT.2482 Berlin 2018



Brownian motion in attenuated or renormalized inverse-square Poisson potential 19

We are now ready to finish the:

Proof of Theorem 3.1. Item (85) follows from Lemma 3.5. To show (86), fix z € B,.()))° and write

E, [[é]l{TB%@)St}} = ZEZ [[é]l{TB%(z)St»Et:n}]

n=0

(111) < ZLZ Q(n_1)+P0 ( sup |W| > R — QNJ(;T)TZT)
n=0

0<s<t

by Lemma 3.6 and the translation invariance of Brownian motion. Split the sum in (111) according to
whether 4N3(f)(n — 1)r > R or not to obtain

1 G R
_Ez [ISB{TB%(Z)SQ] < 2Q4'r'N§;) + <— + 2) PO (Sup ’WS| > leR)

2L 4rNJ(}") 0<s<t
_R_ R (g2
(112) SK{g“Nqu—e—'f }
r
using o < 1/2, R > 8r N Lemma 3.2 and (92). This concludes the proof. d

4. SMALL DISTANCES IN POISSON CLOUDS

We collect some elementary facts concerning the probability to find Poisson points close to each other.
With the help of Proposition 2.9, this will allow us to control in Section 5.1 the growth of the maximal
principal eigenvalue Agf’a’r) appearing in Theorem 3.1 with ) = P N Bpy.

Lemma 4.1. For any measurable D C R¢, anyr € (0, 00) and any k € Ny,

- | B,|*
. Sy < < N b
(113) P(EI distinct yg, .. ., yx € P: 4o ED’EQ%)%‘% Yi1| _r) < ’D‘(k—l—l)!'
Moreover,
(114) P (supw(B,(z) > k+1] < |B,(D)]M.

Proof. We start with (113). We may assume that | D| < co. First note that, if yo € D and |y; — y;_1| <
rforl < i <k, then {yo,...,ys} C Dy := By.(D). Let (X;);>0 be i.i.d. random vectors, each
uniformly distributed in Dy. Note that, for any fixed N € N, D, NP has under its conditional law given
that w(Dy) = N the same distribution as {X7,..., Xy}. For N > k + 1, estimate with a union
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bound

P (Eldistinctjo,...,j;~C e{l,....,N}: X, 6D,1r1<1a<>§€\in — X, | Sr)

N
< X<
< <k+ 1)P (Xo € D,Q%IXZ Xia] < T)

(115) ( N ) L /d / d / d ( N )’D"B’”‘k
= — T T1--- Tp = _.
k1) 1D o Soe Jaey - \k+ 1) [DyeH

Since |P N Dy| has distribution Poisson(| Dx|), splitting the left-hand side of (113) according to whether
|P N Di| =N > k+ 1and using (115), we get the bound

S N N\ [D|IB " DY _p | B, |*
(116 Z( ) mroare = Pl
v \k+1 | Dy |1 N! (k+1)!
as advertised. Now (114) follows from (113) with D, r substituted by B,.(D), 2r. O

Next we provide a lower bound on the probability to have close Poisson points.

Lemma 4.2. For all measurable D C R?, allk € Ny and allr € (0, c0),

rkdg—1Br|
(117) P(erD:w(BT(a:)):k:Jrl)Zl—exp{—w’m}

Proof. Note that there exists a finite /' C D such that B,.(z) N B,(y) = 0 for all distinct z,y € F
and #F' > [|D|/|Ba||, which can be proved e.g. by induction on [|D|/|Ba,|]. Then the family
w(B.(x)), z € F,isi.id., and we may estimate
PVzeD:w(B(x)#k+1)<(1-P(w(B)=k+1)*"
P (w(B,) =k+1)}
|B2r| ’

where we also used 1 — = < e~*. Since w(B,) has distribution Poisson(| B,

), (117) follows. U

We now apply the bounds in Lemmas 4.1—4.2 to derive several asymptotic results. As a first conse-
guence of Lemma 4.1, we can show that, for fixed a > 0, the maximal number of Poisson points in
a-neighbourhoods of points in Br grows at most logarithmically in R:

Corollary 4.3. Foranya € (0, 00),
(118) lim (log R)™! sup w(By(z)) =0 P-as.

Proof. Fix a € (0,00) and K > 1. By (114), there exists a constant ¢ € (0, co) such that

K n

P ( sup w(Bg(x)) > n) < cﬂ.

rEBgn n'
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Since this is summable in n, the Borel-Cantelli lemma yields sup,. 5., w(Ba(z)) < n a.s. eventually.
For R € (1,00), take nr € N such that K"2~! < R < K™% Then limpg_,,, ng = 0o and

limsup(log R) ™' sup w(B,(r)) < lim = (logK)™' P-as,

R—o0 z€Bg ~ R—oo log

and we complete the proof letting K — oc. O

Next we show that the number of points in neighborhoods with radii decreasing sufficiently fast to 0 are
bounded by a constant. Recall the notation P = {z € R?: w({x}) = 1} for the support of w.

Lemma 4.4. Fix k € N and a function g : (0,00) — (0,00). Let R(t),r(t) € (0, 00) satisfy
(119) R(t) = 0o, r(t)—0 and R)r(t)* ~g(t)@ ast— .

Assume that R(t) is eventually non-decreasing, r(t) is eventually non-increasing and
oo
Z g(2") 7! < .
n=1

Then, for N asin (83) and Pr = P N Bp,

(120) limsup sup w(B,y(z)) <k and limsup NY'D <k P-as,

P >
t=oo  |z|<R(t) t—00 R(®)

Proof. Applying (114) and our assumptions we get, for some constant ¢ > 0 and all n large enough,
(121) P sup  w(Bren(z)) > k+1) <cg(2)7
fl'GBR(QnJrl)

Now the Borel-Cantelli lemma implies that sup,ep .., w(By@ny(x)) < k almost surely for all large

enough n, and the first inequality in (120) follows by interpolation and monotonicity. To see that the
second inequality follows from the first, note that, for any R, r > 0,

(3Ce @y Ne>k+1} {3z € Br: w(Bo(x)) > k+1}. O

The following corollary is immediate from (117).

Corollary 4.5. Fixn € N and let R(t), 7(t) € (0, 00) satisfy r(t) — 0, R(t)r(t)* — oo ast — oo.
Then

(122) lim P (31‘ € BR(t)t w (Br(t)(I» =k+ 1) =1.

t—o00

The next lemma is needed for the results on the lim sup-asymptotic.
Lemma 4.6. Fixk € N. Let R(t),7(t), g(t) € (0,00) satisfy (119) and )", -, g(2")~" = co. Then
(123) limsup sup w(B,y(z))>k+1 P-as.

t—=o0  [z|<R(t)
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Proof. Let A,, := Bpr(on)—r2n) \ Brien-1)+r2n), n € N. Using (117), our assumptions on R(t), r(t)
and1l —e™® ~ x as x — 0, we find a constant ¢ > 0 such that

S (sup wlBrn(a)) 2 k1) 2 e Y g2 = .

ne IeAn

Noting that sup,c 4 w(Brsn)(2)), n € N, are independent random variables, the second Borel-
Cantelli lemma yields the result. Il

n=1

In the remaining lemmata we investigate the lim inf behaviour.
Lemma4.7. Fixk € N. Let R(t), r(t) € (0,00) satisfy R(t) — oo, r(t) — 0 ast — oo and
(R(t)r(t)k)d > 29 (k+1)!

(124) c:= li{gioglf log log 1 Bl

Then

(125) li{n inf sup w(Br(t) (x)) >k+1 P-as.
— 00

TE€BR()

Proof. Fix ¢ > 0 such thatc — & > (1 + ¢€)2¢(k + 1)!/| B;|. By (117) and our assumptions on R, 7,

| B —a
P su w(BTnx>§k < ex {——c—slon < p~(+e)
($EBRI()Q7L) (e )( ) ) p 2d(k: ‘l_ 1)'( ) g
for all n large enough. Now (125) follows by the Borel-Cantelli lemma. U

We state next an improvement of (114). For D C R¢ and r > 0, we denote by
(126) U,(D) :==min{n € N: 3z,...,2, € RY, D C UL, (2 +[0,7]")}

the minimum number of boxes of side-length  needed to cover D.

Lemma 4.8. Forany k, m € N, any measurable Dl, ..., Dy CRY andanyry, ... 1y € (0,00),
9. (D)
27“1 |BQ7« ‘k) ¢
127 P | sup supw(B,(z)) <k] > 1—— .

Proof. We first note that sup,c p, w(B;,(x)), 1 < i S m, is a family of associated random variables
(cf. [22, Proposition 4], see also [13, Theorem 5.1]), i.

(128) P( sup sup w(B,,(x ))<k> >HP(supw(B (x ))Sk;)

1<i<m z€D; zeD
Consider the case m = 1, and write D = Dy, r = r1. Then, with 21, . .., 25 € R? as in (126),
(129)

(D o E N\ 9r(D)
P (supu((0) < ) > P <sép> sup (B, (1)) < k) > (1- et )

i=1 zez;+[0,r]d

by (128) and (114). Now (127) follows from (128)—(129). U
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The following lemma uses ideas from [9, Lemma 5.2].

Lemma 4.9. Letk > 2 and R(t),r(t) > O satisfy

(130) R(t) ~ t%(log log t)_d(’il), r(t) ~ t_ﬁ(log log t)del*U ast — oo.
Letb, > 0,n € N, such that

= k+1)!
131 2" tpkyd (k4 DU :
(131) Z( n)" < (27] B, |)F+1

n=1
Letp > 0 and z(t) := |ploglogt|. Then
(132) lim inf szl(l% sup w(Bb () (x)) <k P-as.

=00 n=1z€eB "

2an—1R(t)

Proof. We may assume that p > 1. Abbreviate /(¢) := log log t. Take ¢y € (1, c0) large enough such
that £(to) > 1, and define a growing sequence (%;) e, recursively by

(133) ti =t;_1exp{pl(tj_1)}, jeN.

Forj € Nandn € N, set

2(t5)

Ajn = Bon1ray) \ Bra,_y), Xj:=sup sup  w(Bp,r,)(T)),
n=1 33632”*11?,(%)
~ z(t) &
Xj = Su]p sup W(anr(tj)(l.))’ Xj = sSup W(Bbw(tj)(x))'
n=1 z€A; ., UCGBR(tj,l)

Note that X, = max (X, X;). Thus it will be sufficient to show that P-a.s. both
(134) limsupXj <k and limianj < k.

j—00 J—roo
To obtain the first inequality, note that by (114) there exists a constant ¢ € (0, co) such that
(135)

dkp(l—e;)

. K , .
P (X; > k+1) <c(R(tj1)r(t;)")" < 2ce b1 )78l o« 9g == 00-1)

for all large enough j, where we used ¢(t;) < 2/(t;_1),and e; — 0 as j — 0. To conclude with the
Borel-Cantelli lemma, note that (135) is summable in 7 since, for any o > 1,

fo%) 1 o] tit1 1 o] o]
50 > / Ze—az(t)dt — 2/ ;e‘ae(t)dt > Z log(tj+1/tj>e—az(tj+1) > Z o~ W(ti+1)
to =0 7 j=0 J=0

Consider now the second inequality in (134). By (127), for all j € N,
log P (X; < k) > logP (X; <)

Z(tj) d k
(267 ()| Bap,rt) |
> > Vourtey) (Ben-irgy) log (1 - (Jk ! ).
n=1 )
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Using (130), log(1 — 2) ~ —z as & — 0 and ¥, (Bg) ~ |Bg|/rasr | 0, R 1 oo, we obtain

%wn > @) > —(1-6)ity)

n=1
for large j by (131), where ¢; — O as j — oo and 6 € (0, 1). Since, for some ¢ € (0, 00),

00 = / %e_é(t)dt < Zpg(tj)e—ﬁ(tj) < CZ e~ (1-0)(t;)
to =0 j=0

we deduce Z;’;OP(Xj < k) = oco. Note now that, since R(t;11) > 2*WR(t;) as j — oo,
there exists a jo € N such that both (X5;);>, and (X'Qjﬂ)jzjo are families of independent random
variables, allowing us to conclude the proof with an application of the second Borel-Cantelli lemma. [

log P (Xj < k‘) > —(1+¢j)

5. PROOF OF THE MAIN THEOREMS

Throughout this section, we fix d > 3 arbitrary in general, but d = 3 whenever we treat the renor-

malized potential V. We also fix € (0,%] and set k = kg = [%|, where hy = (d — 2)?/8

The section is organized as follows. In Sections 5.1-5.2 below, we provide some preparatory results
concerning respectively bounds for principal eigenvalues and estimates of the error introduced when
substituting either V& or V by a truncated potential V(@) Section 5.3 contains the proofs of Theo-
rems 1.7 and 1.2 as well as of the upper bounds for Theorems 1.4, 1.5 and 1.6. Corresponding lower
bounds are proved first in the special case of truncated potentials in Section 5.4. The proofs of Theo-
rem 1.9 is given in Section Section 5.5, as well as the completion of the proofs of Theorems 1.4, 1.5,
1.6 and 1.10. Finally, Theorems 1.8 and 1.3 are proved in Section 5.6.

5.1. Bounds for principal eigenvalues. In order to make use of the upper bound given in Theo-
rem 3.1, we study the almost-sure asymptotics as & — oo of Ag,e’“’r) defined in (83) with Y = Pp =
‘P N Bg. To this end, we will combine the multipolar Hardy inequality from Section 2.4 and the Poisso-
nian asymptotics stated in Section 4.

Fix 0 < a < r < oo and recall (82)—(83). For s > 0, write
(136) {AD) > s} c A > 5 NS < k+1} U{NgS) > k +2}.
The second event in (136) can be controlled by
(NS) > k+2} © {32 € Br: w(Burne (@) > k+2}.
To control the first event in (136), write, for C € %7(32
I'(C) :=inf{s > 0: Bs(PrNC)is connected}

and set

2130
(137) Crnp 1= (/%+1)7TJ2r .
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Note that \c = 0 foreach C € ‘57()2 with Ne < k due to the Hardy inequality (cf. (68)) and Remark 2.1.
Then, by the multipolar Hardy inequality (70),

(AL S s N <41} c{3C €6 Ae > 5, Ne = b+ 1}
. {HC € Gy T(C)* < cup/s, Ne =k + 1}

C {EI distinct y1, ..., yxs1 € Pr: Ufill B( )1/2 (y;) is connected }

cmp/s
C {3z € Bg: w(BQk(Cmp/s)l/g(x)) > k+1}.
Combining these results, we get
(138)
{Agfl’:’r) > s} C { sup w(BQk(Cmp/s)l/z(x)) >k+ 1} U { sup w(B(kH)r(m)) > k+ 2}.

rEBR zEBR
With this inclusion at hand, we derive next several consequences of the results from Section 4.

hg

Lemma 5.1. Let0) < a < 7 < R < oo and 0 € (0,7%]. There exists a constant c € (0,00)

depending only on 0 and d such that, for all s > cR~2,

(139) I)(AﬁZL”:>s) SQQRd<3_%k%—rﬂk+U>.
Proof. We can assume ¢ > 4k2cy,,. Using (138), (114) and 2k(cmp/5)'/? < R, we get
P <A§f§’7ﬂ) > 8>
<P (sup w(BQk(cmP/S)uz(x)) >k + 1> +P (sup w(B(kH)r(m)) >k+ 2)

rEBR r€BR
(1B (dk(cmp/5)1/) 0 |Bu|(2(k + 1)r))) !
(k+1)! (k+2)! '
This shows (139). Ul

< |B1|(2R) + |B1](2(k + 1)R)d(

Lemma5.2. Fixa > (k+1)~! andlet R(t) — 00, g(t) — oo ast — oo. Forany ¢y, s € (0,00),

A(Q,C1R7Q7CQR7Q)

A
(140) lim ———20) G

——————— =0 inprobability, where Ap:=
5 (DR prosasiy §

If moreover > | g(2")~%/2 < oo, R is regularly varying with positive index, and g is either eventu-

ally non-decreasing or slowly varying, then (140) holds almost surely.

Proof. (140) follows directly from (139). For the second statement, note that, for n € N, (138) yields
{Ar@ > n"g(t)R(t)¥*}

C { sup w(Byo(@)) = k+ 1} U{ sup w(Busgernne(2)) = k+2),
lz[<R() |z|<R(t)
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where (t) = 2k, /Cmpng(t)"Y/2R(t)~/*. By [3, Theorem 1.5.3], we may assume that R(t) and r(t)
are eventually monotone. By (120), limsup,_, .. Arq)/(9(t) R(t)**) < 1/n almost surely, and to
conclude we let n 1 oo. ]

The following lemma will be used in the proof of Theorem 1.6.

Lemma 5.3. Let R(t) asin(130) and o > (k+1)~1. Forn > 1, leta,(t) := (2" "' R(t))~* and, for
A >0,

Mgy i= A5 9, (A) 1= Ay — Alguagyd™ 17T (loglog 1) @m0

’ 7)2"*1R(t)+1
Letp > 0 and z(t) := |ploglogt|. Forany A > 0, there exists a C' = C (A, k,d) € (0, 00) such
that

(141) liminf ¢~ % 1(loglogt)d<k D) max @tn(A) < C P-almost surely.

t—o00

Proof. Fix A, p > 0. Let xi := (k + 1)!/(| B2|*™!) as in (131) and ¢y, as in (137), and pick

/(k—1)
(142) C > (4A) Vv C{i_@ ) )

Define b,, > 0, n € N by setting

1
b1 = 2k(Cmp/C)? and by, = 2k(Cop/C)2 (1 + (A/C)A™1) 72, n>2.
Let us verify that b,, satisfies (131). Indeed, setting ng := |log,(C/A)| > 1, we may write

no+1

(2]€(Cmp/c 1/2 kdz 2n lbk 2271, 1)d C/A kd/Q Z 2 (k—1)d(n—1)

n=1 n=ng+2

< 2n0d+1 492 (C/A)kd/2 27(k71)dn0 < 2kd<c/A)d/2
_ _ —(k— d —
= (2k(cunp/C)!*) 7 ((4k/Emp) FAT2O™D2) T < (2h(anp /C) )

by our choice of C'. This shows (131). Let now r(t) := T (loglogt) -1 and use (138) to write
z(t) 2 B s 2 272
{ max ©,,(4) < Ct77 (loglogt) T b = () { A < r(t) (2 /)0, %

z(t)
D m{ sup W(By,ry(®)) <k}N{  sup w(Bs(14k)ant) () < k+1})

ne1 lZI<2"7L1R(t)+1 |z|<2n—1R(t)+1
z(t)
> {max sup W(By,r)(r)) < k} N { sup W(Bs+k)ao)(®)) < k+ 1}.

=1 g <on—1(R(t)+1) || <2 (R(t)+1)

The first event on the right-hand side above occurs a.s. infinitely often by (132), and the second event
occurs eventually by (120). This yields (141). O
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5.2. Truncation of Poisson potentials. In this section, we control the error that occurs when replacing
either an attenuated potential VW asin (11) or the renormalized potential V' by a truncated potential
V@ = V) where &, () = || 721{j;<q)- We first state an auxiliary result.

Lemma5.4. Let R — &(R) € L'(RY) N L>(RY) satisfy

(143) C :=limsup ||R(R)|[pors <00  and limsup/ sup |[R(R)(x — y)|dy < oo.
R—o0 R

R—o0 d |z|<1
Then
loglog R
(144) lim sup 808 N nax VER) ()| <dC  P-as.
Rooo lOg R |z|<R
Proof. Using (143) and [8, Proposition 2.7], one can follow the proof of [16, Lemma 2.6]. Ul

Our comparison lemma reads as follows.
Lemma5.5. Letd > 3, 8 € ¥ anda € (0,00). Then, P-almost surely for all bounded D C R¢,
(145) sup [V (z) = V@ ()] < 0.

xze€D\P

Moreover, for any R — ar > 0 such thatlimsupp_,  ar < o0,

2

a
146 lim R su V® () = VR () =0 P-as.
( ) R—o0 1Og R |x\§R:pa:§§73 | ( ) ( )‘

When d = 3, (145)—<(146) hold with V in place of V%,
Proof. Note that, for all z € R? \ P and all a > 0,

R(z) — 1

V9(e) = V()| < B (o) stp [8(2) o

lz|<a

e / P18 — 4) Lo yay(dy),

proving (145). With a = ap as in the statement, (146) follows by (10), Corollary 4.3 and Lemma 5.4.

Consider now d = 3. Fix a > 0 and let « : RT — [0, 1] be a smooth truncation function with
a(A)=1on[0,1], ®(A) =0for A > 3and —1 < o/(\) < 0. Decompose V' = V1 + V5 by setting
(147)

Co Lty o [l eyl
Vi) o= [ e e e, Vala) = [ S ) — )

Note that 1, exactly matches ‘_/a,g in [9, Eq. (3.5)] with e = 1. Thus, by [9, Eq. (3.6)],

(148) supVi(z) < oo P-as.
xzeD

for any bounded D C R? while, by Lemma 3.3 in the same reference,

(149) (logR)™ sup |Vi(z)| =0 P-as.

lim
R—o00 |w\§R
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Furthermore, since the integrand in the definition of V5 is in L!(IR?), we may separate the integration
in terms of w(dy) and dy using [8, Proposition 2.5], i.e.,

(150) Vala) = /RS Mw(dw _/RB a(a‘l\x—y\)dy‘

|z —y[? |z —y|?
The second integral above is a finite constant independent of . For the first integral, we get
a(a”z —y|) (®) ala”z —y|)
(151) / —w(dy) == V (LU) —+ —1 z—y|>b w(dy)
o o —yP SR
for any b € (0, a]. Now note that, since ar(\) = 0 for A > 3,

ala Yo — _

(152) sup/ Mﬂﬂz_y‘zb}w(dy) < b ?supw(Bs. (7)) < o P-as.
zcD JR3 |$ - y| x€D

Combining (148) and (150)—(152) with b = a, we obtain (145) with V in place of V). To obtain (146),

take @ > limsupp_, . ar, b = ar, D = Bpr and apply additionally (149) and Corollary 4.3. ]

5.3. The upper bounds. We introduce next some notation and a key result that will be used in the
following proofs of the upper bounds. Fix @ € (#1, %) and recall (83). Throughout the section, we will
use the notation

(153) Ag(z) = AL AR

PNBr41(z)

R >0,z € R%

The reason to use the radius R + 1 above is that V(@ (z) = V;(QBR+1(Z) for all a € (0,1] and
z € Br(x).

In the proofs below, we will work with certain radii sequences R, (t) € [1,00),n € N, ¢ > 0, which
we keep arbitrary for now. According to the choice of R,,(), we introduce

(154) an(t) = Ru(t)™, () = ban(t), Ro(t) = 8(k + 1)ri(t),

as well as the hitting times

(155) To(x) = To(t, z) := The, y =inf{s > 0: W, ¢ Bg,»(x)}, ne€Nyxe R

() (@
Fix & € £ and define the error terms

(156) B _
Sult,x) = sup  [VW(z) =V@EO(z)  S.(t,x):= sup [V(z)=V=O(z)]
ZGBRn(t)(I) ZEBRn(t>(.Z)
Recall (83) and define, for x € RY\ P and t > 0,
(157)
Gi(x) == inf {n EN: a0 ¢ Br(P), N ) <hi+land Ry () > 8r(t) (K + 1)}.

The next lemma provides conditions on R,,(¢) guaranteeing the finiteness of (;(z).

Lemma5.6. Let R, (t) > 1,n € N, t > 0 satisfy

R, (t
(158) Yty > t; > 0: lim R,(t;) =oc and liminf inf (*) > 0.

n—oo n—00 t,5€[t1,t2] Rn(s)
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Then, P-almost surely for allz € R\ P, &,(x) < oo forallt > 0, and there exists aty(z) € (0, 00)
such that&;(x) = 1 forallt > to(x).

Proof. If (158) holds, then, for any K, e > 0,
lim sup r,(t) =0, lim inf R, 4(t) =00

00 <<l n—00 e<t<e—1
and
limsup sup sup ggg)) <
n—oo |$|SK6§t§e—1 2R (t)
almost surely by (120) (with R(¢) = t). Similar estimates hold when n = 1, t — oo. 0

Remark 5.7. When x = 0, we will omit it in the notation of the objects above, i.e., we will write A, 7,
Sn(t), ¢, instead of Ag(0), 7,,(0), S,(t,0), (:(0), etc.

We are now ready to state the key estimate of the section.

Lemma 5.8. There exist deterministic constants x € [1,00) and ¢y, ¢y € (0, 00) such that the follow-
ing holds P-almost surely for all z € R?\ P and allt > 0. Let R, (t) > 1, n € N satisfy (158), and
let

(159) Yn(t, ) > max {2ARn(t)(x), XRn(t)2a} , n € N.
Then, forall R € # andall0 < A; < Ay < 00,

(160)  E, [eftf OV (We)ds g } <E, [efg GIA

{TBf41 (z)§t<7—Bf’42 ()} {7pe, <z><t<Tg,u> 1}}

n Z Cletosn(t,x)+mn(t,x)+1og+(\/iRn(t)a)—cQRn_l(t)min{t LRy 1(t),n/m(t }

n>Ce(x):
A1<Rp(t)<As

When d = 3, the same bound also holds with V, S,,(t, z) in place of V¥, S, (t, x).

Proof. Splitting according to whether ¢ > 7¢,(,)—1 () or not and, if so, according to which n. > (;(x)
satisfies 7,,_1(z) <t < 7,,(z), we may decompose

oV () (Wy)ds LoV (R) (W,)ds
E |:ef0 (Ws)d H{TBC (z)<t<TBC (z)}] SEz |:ef0 (Ws) ]1{7—5341(z)§t<€—<t(m)_1(z)}]

e+ > B [exp ( / W(F‘)(Ws)dS) ﬂ{nl(x)swn(w)}]-
0

n>Ce(x):
A1<Rn(t)<A2
Set V,(t,z) := P N Bg,)+1(z) and note that, if ¢ < 7,(z), then V@ O)(W,) = VJE:’(}Z) (W) for
all s € [0, t]. Recalling (156), we see that the series in (161) is bounded by
(162)

o

> exp (0tS,(t, 2)) E, {eXp ( / vy (W,)d s> Hrps, @) <t}
0 n—1

n>Ci(z): A1<Rn(t)<Az
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We wish to apply the bound (86) to the terms of (162), with parameters chosen as follows:
V=Vt x), R =R, 1(t), a = ay(t), r=r,(t), v = Ya(t).

It is straightforward to verify that we may (deterministically) choose x € [1,00) large enough such
that, with this choice of parameters, whenever ~,,(t) satisfies (159) and n > (;(x), the function L =
L(Yu(t, ), 0, a,(t), r.(t), v.(t)) in (84) is uniformly bounded by a deterministic constant, and

(163) Cily (E)\/n(t) > 2log(2L)  (in particular, o < 1/2).

Moreover, when n > (y(x), © & B, )(Vnu(t, z)) and R,—1(t) > 8rp(t )N(r"((t))) We may thus apply

(86) to the expectations in (162), obtaining, for some deterministic constants ¢y, ¢o € (0, 00),

(aﬂ(t))
]E |: fO GVy (t,x) (Ws)— ’Yn(t)dS]]_{TBc () ) < t}:|
nilu) _
VIR.(t)% e/

where we used sup, re /b < \/b/2 for any b > 0. Together with the bound (162), this shows
(160). The proof for V is identical. Il

5.3.1. Proof of Theorems 1.7 and 1.2.

Proof. We start with Theorem 1.2. Fix £ € J# . It will be sufficient to show that, for each € R? and
each ¢ € (0,1), P-almost surely for all x € By(y) \ P andall t € [¢,e7!], uéﬁ)(t,x) < 0. By the
homogeneity of w, it is enough to consider y = 0. To this end, we will apply Lemma 5.8 with

(164) R,(t)=1V (2”_175)%, Yn(t, ) = max {QARn(t) (x), XRfL/k} ,

and A; = 0, Ay = oco. Note that R, () satisfies (158) and, by (154) and the choice of a, (159) is
satisfied for all x € Bj.

Let us first show that, a.s. forall z € By \ P and all t € [e, e '], the first term in the right-hand side of
(160) is finite. Let &, := %dist(a:, P) and fix a, € (0, ;). Recall Lemma 5.6, (156) and write

E, [exp { /0 t ev@(Ws)ds} 1{t < %gtl(rc)}}

<exp Ot sup |[VW(z) - VE)(2)| b E, [efo WW”(Wé)dsﬂ{t@g_l(x)} :
ZEBRthl(t)(x)

where Y;(z) := PNBr,,_,(1)+a, () and we used that, if £ < 7¢, 1 (), then V@ (W,) = ngf()x)(Ws)

for 0 < s < t. Since P € ¥ a.s., the multipolar Hardy inequality in [4][Theorem 1] implies that
P(‘V’R >0 Apax(RY,0Vp,) < oo) = 1, and the conclusion follows from (145) and (45).

Consider now the series in (160). The term for n = 1 is bounded by

(165) 1 exp{0tSy(t, z) + tyi(t, x) + log" (VR (£)Y)}.
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Using 7, (t, ¥) > R, (t)*/*, we bound the terms for n > 2 by
(166) ¢ eXp {QtSn(t, )+ tyn(t, z) — c4(2nt)%}
for some constants c3, ¢y > 0. We now claim that the supremum over (z,t) € B; X [e, ¢ '] of both
(165) and the sum over n > 2 of (166) is finite; indeed, by (146),
sup Sn(t,z) < sup ‘V(ﬁ)(z) — V(“"(t))(z)‘ =o(R, (e )**log R, (¢ "))
(z,t)€B1 X [e,e~1] \z|§Rn(e’i)+1,
tele,e™ ]

as n — oo and, by Lemma 5.2 (applied with R(t) = t), forany 8 > 1/k,
sup  Yau(t, z) < max {XRn(e’l)z/k, 2A(9’a”(6)’r”(6))} = o(R,(e %) P-as.

|| <1 €] Pasineh
This finishes the proof of Theorem 1.2. The proof of Theorem 1.7 is completely analogous. O
Remark 5.9. It follows from our proof that the statement of Theorem 1.7 is also true with VeV
replaced by [V (Y|, |V, since e.g. ||V ()| — V@ (2)| < [VW®(2) — V@ (z)| forany a € (0, c0).
Lemma 5.8 and the estimates in the proof above also allow us to show the following.

Lemma 5.10. Forany R € % andany~y € (0,00) such thaty(k — 1) > 2/d,

t k
(167) tlim Eo {exp {/ V(ﬁ)(Ws)ds} ]l{ sup |Ws| > (log t)”tm}] =0 P-as.
—00 0

0<s<t

When d = 3, the same holds with V in place of V%,

Proof. Take R,,(t), v»(t) = 7. (t,0) as in (164). Using the bound (166) for the n-th term of the series
in (160), we bound the expectation in (167) by

N 1 k —1)log, logt
(168) 5 > exp {tHSn(t) +tyn(t) — 04(2%)%}7 where n; := V( >kog2 = J :
n=n¢+1

Let 3 € (0,1) with 2/d < kB < ~(k — 1). Then g(t) := (logt)” satisfies the conditions of
Lemma 5.2, implying that v, (t) = o(g(2"~'t)R,(t)?/*). Using additionally the almost sure bound
Sn(t) = o(R,(t)**log R, (t)) given by Lemma 5.5, we may check that, when ¢ is large enough, the
exponents of the summands in (168) are smaller than —03(2”t)(’“+1)/(k*1) for some constant c3 > 0,
from which (167) follows. The statement for V' is obtained analogously, considering S, (%). O

5.3.2. Upper bound in Theorem 1.4.

Proof of (16). Let R, (t), 7n(t) = 7,(t,0) as in (164). Recall (157) and that, by Lemma 5.6, (; = 1
a.s. for all large enough ¢. Using Lemma 5.8, Lemma 5.10 and the estimates (165)—(166) for the terms
of the series in (160), we see that it is enough to show that, as ¢ — o0,

t
(169) log [Eq {exp (9/ V(’S‘)(Ws)ds) Il{t<+0}] =0O(t) P-as,,
0
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(170) g(t) T {0S1(t) + 71 (£)} — 0 in probabilty,
and that, for any p > 0,

(171) g(t)—lt—% max {tesn(t) + tya(t) — 04(2”15)%} — 0 in probability.
2<n<|ploglogt|

We start with (169). When ¢ is large, Ro(t) < 1. Leteo := 1dist(0, P) and set do := (g9 A 1). Note

that, when ¢ < 7pc, V(@) (W,) = V;jO)(WS) for 0 < s < t. Moreover, Ayax(Ba, 0V (ZO)) < 0o and
dist(BS, P;) > 0. Applying Lemma 5.5 and (45), we find (random) constants C, Cy € (0, 00) such
that, a.s. for all large enough ¢, the expectation in (169) is at most

o ~ t ~
e@tsupzeBQ‘V(R)(m)—V( 0)(@)’]E0 |:eXp {/0 HVéZO)(WS)dS} 1{t<‘rB%}:| < CleCQt.
Thus (169) follows, and we move to (170)—(171). Note first that, by (146),

(172) lim max t_%Sn(t) =0 P-as,
t—00 1<n<|ploglogt]

and (170) follows by Lemma 5.2. To control the remaining term in (171), fix ¢ > 0 and estimate with a
union bound

(173) P <max () = C4(2nt)i 5) < iP <7n(t) > ¢ <5g(t) + 64(2")%>> :

g

Now note that, since g(t) — oo, when t is large enough, it is impossible to have 7, (t) = YR, (t)**

if 7,,(t) satisfies the inequality in (173); thus in this case 7, (t) = 2Ag, ). Applying (139), we obtain
deterministic constants ¢5, cg € (0, c0) such that (173) is at most

C5iRn( {L‘ k- 1( g(t)+C4(2”)’“’1> &5 _I_Rn(t)—ad(k—i-l)}

d

k
00 2
IN) k-1 o oo
o () sy o

i1 \eg(t) + ea(20)
since a > (k + 1)~. Together with (172), this shows (171), completing the proof of (16). O

5.3.3. Upper bound in Theorem 1.5. Before we proceed to the proof, we recall that, when / is slowly
varying, {(Ar) ~ £(r) as r — oo uniformly over A in compact subsets (cf. [3, Theorem 1.2.1]). It is
then straightforward to translate the integrability condition in (17) into a summability condition, namely,

o0 t o0
(174) / ar < 00 if and only if ZE(Q")‘I
0

Proof of the upper bound in (17). Fix t — £(t) slowly varying with fl
(175) Ry (t) := (2" ) 102" 1)@ 17, 4, (1) := max (2ARn(t), R, (t)50(2"~ 175)%)

When t is large, R, (t) > 1, {; = 1 and (159) holds with = = 0, so we may apply Lemma 5.8.

DOI 10.20347/WIAS.PREPRINT.2482 Berlin 2018



Brownian motion in attenuated or renormalized inverse-square Poisson potential 33

Note that (169) still holds as Ry(t) is given by (154), and thus the first term in the right-hand side of
(160) is controlled. For the term with n. = 1, note that, by Lemma 5.2 (with g(t) = E(t)%), (174) and
2

(146), (170) holds almost surely with g(t) = £(t) =D It is thus enough to show that, P-a.s.,
(176) Jim sup Z Q015 (D7 (0 HoB (LR (1)) =2 By a () min{ F2520 \fa@ )
t—o0

n>2

To this end, use the slow variation of £ to find a constant ¢ > 0 such that, for ¢ large enough,
R, 1(1
(177) R,,—1(t) min {%(), %(t)} > 02”_175(2"_125)%5(2”_115)d<k2—1>, n>2.

Applying Lemma 5.2 (with ¢ substituted by 2"~ '¢), we obtain ¢ € (0, co) such that

2

tyn(t) < tdRu(£) 027 )i = dH(27 )BT f(2 )T, > 2,

Noting that, by (146), the remaining terms are of lower order, we can choose 1y = ny(c, ') sufficiently
large so that, for any n > ng, the n-th term in the series in (176) is bounded by the exponential of

2
— et (27 14) P21 (277 1) T for some constant c; > 0, showing (176). This finishes the proof. ]
5.3.4. Upper bound in Theorem 1.6.

Proof. Let A := ¢ A\ 1 with ¢, as in Lemma 5.8, and set
AQ

Ra(t) = 2" 15 1 (loglog ) @0, ~,(t) := max {QARn(t), Zt_QRn_l(t)z} :

Applying Lemma 5.8, Lemma 5.10, Lemma 5.5 and (169), we see that we only need to find a constant
Ct € (0, 00) such that, for all p > 0,

Tn (t) - A]l{n22}t—1Rn—l(t) min {t_an—1<t)7 V ’Yn(t)}
(178) liminf max

< o™
t—oo 1<n<|ploglogt] (IOg IOg t)_ﬁtkzj -

2
Abbreviate s; := t% 1 (loglogt) @1 Since t ' R,_1(t) = 2"2,/s;, Lemma 5.3 provides C' €
(1,00) and a subsequence t; — oo as j — oo such that, forall j € Nandalll < n <

[ploglogt;],
(179)

A? _ A _
Yulty) < Zﬂ{”&}tj *Ro1(t;)° +Csy,  and /[ 7(t;) < Eﬂ{nZQ}tj "Ru_1(t;) 4+ 1/C'sy;,

where we used the subadditivity of x — /. The second inequality implies
nlty) = AL guzoyty Rucalty)y () = /() (W(tﬂ - Aﬂ{nzz}tglz%nl(t))
A n A [og,(8VC/A)]
</t /5 (VO — 2" ) <s, (g2 +VC ) VC < 3C0s,.

This together with A < 1 and the first inequality in (179) implies (178) with O™ = 3C. U
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5.4. The lower bounds. In this section, we will prove the lower bounds in Theorems 1.4, 1.5 and 1.6
for the truncated potentials V(@ = V(%) where &,(x) = |2|721{j4/<a}. The proof of the theorems
will be finished in Section 5.5 after the proof of Theorem 1.9. The following lemma will be used in all the
proofs of this section:

Lemma 5.11. There exists ¢ € (0, 1] such that the following holds P -almost surely. Fix a € (0, 00)
and let R(t), r(t) satisfye™® < r(t) < 1 < R(t) ast — oo, and R(t)r(t) < \/ct for all t large
enough. Define

(180) A = {Elx € Bp): w (Br(t)(@) =k+ 1} .
Then, for all large enough t, on Ay,
t
(@) Sty R
(181) log E [exp (0/0 1% (Ws)ds>] = OE 2\/Er(t) O(t).

Proof. On Ay, we pick ©; € B such that w (B, (7)) = k + 1 and set Y, := P N By (zy).
Clearly V(@ > V(f), and V3, — ngf) <#Va?=(k+1)a"?=: ¢ Thus

t t
(182)  logE, {exp (9 / v<a>(Ws)ds>] > —fcot + log By [exp (9 / vyt(Ws)dsﬂ .
0 0

Let now K, cq, co asin Lemma 2.8, and set ¢ := ¢y A 1. Write, for 0 < £y < ¢,
¢ L ovy, (W
(1 83) EO |:ef0 vat (Ws)ds] 2 EO |:eft0 yt( )ds]l{WgeBKr(t) (:pt)Vse[to,t}}] .

Denote by p(0,y,t) = (27rt)‘d/2e_|y|2/(2t) the probability density of Brownian motion at time ¢ started
at 0. Applying the Markov property, we see that (183) equals

/ p<07y7t0)]E |: 9f0 Vyt Wg)dsﬂ‘{TBc (xp)>t— to}:| dy
Brer()(zt) Kr(t)

4 _R®?

(184) > (271’15)_56 to / Ey |:ef0ti0 6Vyt(Ws)dsIl{TBC (wt>>tt0}:| dy,
Brer)(zt) Kr(t)

where we used |y|*> < (|z¢| + Kr(t))? < 2R(t)? for large t. The integral above can be identified with
the integral in (62) with a = r(t), x = zy, implying that (184) is at least

g t)?
(185) c1(2mt) "2 ()% exp {—R( ) + co(t — to)r(t)_z} :
0
Maximizing the exponent over ¢, € (0,t) we obtain ty = R(t)r(t)/\/c2 < t, which yields
0 [ Vy,(Ws)d _ R(t ) Cal d
(186) log Eq [ ] 2\/co—— D ) OB + log <01(27rt) r(t) > :
Now (181) follows from (182), (186) and our assumptions on R(t), r(t). O

With Lemma 5.11 at hand, we are ready to complete the proofs of Theorems 1.4, 1.5 and 1.6 in the
special case of the truncated kernels R = R,,.
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Lemma 5.12. Forany a € (0, 00), (15) holds with R(x) = R, (x) = |2|*Lyjz|<a}-

Proof. We may assume that g(t) = t°") as t — oc. Take c as in Lemma 5.11, let A > 0 and

R(t) = L/ Ag(t)Tt7t, r(t) = L\/eATg(t)t .

Lemma 5.11 implies that, on the event A, defined in (180),

g(t)t +1 log By {exp (0 /0 t V(a)(Ws)ds)] > A—o(1).

Since lim;_,, P(A;) = 1 by Corollary 4.5 and A is arbitrary, we conclude (15). O

Lemma 5.13. Foranya € (0, 00), the lower bound in (17) holds with R(x) = R, () = |z|?1{jz|<a}-

Proof. Let ((t) > 1 be slowly varying with [ % = o0. Fix A > 0 and set

R(t) = {VAFTUO)TT, r(t) = JVeAr mre(n) T

=3

with ¢ as in Lemma 5.11. On A,

t
€(t)*d<k*1>t’% log Eq {exp (9/ V(“)(Ws)dsﬂ > A—o(1).
0

We note that, since R(t), r(t) are regularly varying with non-zero exponents, we may assume that
they are eventually monotone (cf. [3, Theorem 1.5.3]). Now Lemma 4.4, Lemma 4.6 and (174) provide
a sequence t; — oo as j — 0o such that Atj occurs, and we conclude taking A 1T oo. Il

Lemma 5.14. Foranya € (0, 00), the lower bound in (18) holds with R(x) = R, (x) = || ?1{jzj<a}-

Proof. Let c as in Lemma 5.11 and pick u, v > 0 satisfying

2¢(k +1)!
(187) pr < e and  (uf)d > %
1
Set R(t) := utﬁ(log log t)de“l*l) and r(t) := ytfﬁ(log log t) T By Lemma 5.11, on Ay,
(loglog t)d<’f2—1>t% log Eq [eefot V(a)(WS)dS} > % oyt - o(1).
v v

On the other hand, Lemmas 4.4 and 4.7 give t; — oo as j — oo such that A;, occurs, and thus we
may take Cin as the maximum of cv—2 — 2+/cu/v over p, v > 0 satisfying (187), which turns out to

be
Fi(k=1) ( [B] ™D
inf +— . D
Con (am)

T k+1
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5.5. Proof of Theorems 1.9, 1.4, 1.5, 1.6 and 1.10.

Proof of Theorem 1.9. Define I := exp [0V (W,)ds and I = exp [0V @ (W,)ds. Let
R(t) := (log t)7t"/ "+ with  as in (167), and put S, := sup,ep,, ,\p [V (2) — V(@ (2)]. Then

log Eq [Jt(“)ﬂ{TBCR . Zt}} — 0tS, < logEq [Ifﬁ)ﬂ{@%w Zt}} < log [It(a)ﬂ{@% . Zt}} + LS.

Now, by Lemma 5.14 and (146) with ar = a, t.5;/ log E [It(a)} tends to 0 almost surely. To obtain
(20), note that, by Lemma 5.10, [, |:[t(a)]1{7'3t§(t) > t}] ~ Eg [It(“)} , and the same can be concluded

for It(ﬁ) by taking into account the first inequality above. The proof for V is identical. ]
As anticipated, this allows us to finally give the:

Proof of Theorems 1.4, 1.5 and 1.6. Since the upper bounds were proved in Section 5.3, the theorems
now follow from Theorem 1.9 and Lemmas 5.12-5.14. ]

Proof of Theorem 1.10. Follows from Theorems 1.9, 1.7, 1.2, 1.4, 1.5 and 1.6. O

5.6. Proof of Theorems 1.8 and 1.3.

Proof. We follow [8, Proposition 1.6]. We start with Theorem 1.3. Fix 8 € #. Let N € N and
Fy := |0V A N € L*(R?). By Proposition 2.2, vy (t, z) := E, [exp(f(f FN(Ws)ds)] satisfies

t
(188)  wn(t,x) =1 +/ / pis(y — ) Fn(y)un(s,y)dyds, (t,2) € (0,00) x R\ P
0 JRrd

with p;(x) as in (34). Letting NV 1 oo and applying the monotone convergence theorem, we see that
(188) still holds true with Fly and v,y replaced by [0V (V| and v\ (¢, ) := E, [exp [y 0|V |(W,)ds],
both sides being finite almost surely by Theorem 1.2 and Remark 5.9. In particular,

t
(189) / / Pr—s(y — 2) VO ()0 (s, y)dyds < 00, (¢, z) € (0,00) x R\ P.
0 R4

t
Noting that ¢ — e Jo V¥ (W)ds 4re apsolutely continuous, the fundamental theorem of calculus gives

t t t
exp ( / W(ﬁ)(ws)ds) =1+ / OV S (W,) exp ( / QV(’S‘)(WS)du) ds,
0 0 s
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which we use to write, for all (¢, ) € (0,00) x R%\ P

uéﬁ)( =1 +/ QV(ﬁ (Ws>ef: W(R)(Wu)d"] ds
0

:1+/ [ev@(W) Wt — s, y)] ds
_1+//dets — )0V (y)ug? (s, y)dyds,

where we used Fubini’s theorem (which is justified by (189)), the Markov property of ¥, and time
reversal. This completes the proof of Theorem 1.3. The proof of Theorem 1.8 is identical. Il
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