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Geometric properties of cones with applications on the
Hellinger—Kantorovich space,
and a new distance on the space of probability measures

Vaios Laschos, Alexander Mielke

Abstract

By studying general geometric properties of cone spaces, we prove the existence of a dis-
tance SHK,, 3 on the space of Probability measures that turns the Hellinger—Kantorovich space
(M(X),HK, ) into a cone space over the space of probabilities measures (P(X), HK, 3).
Here we exploit a natural two-parameter scaling property of the Hellinger-Kantorovich distance
HK,, 3. For SHK,, 3 we obtain a full characterization of the geodesics. We also provide new ge-
ometric properties for I-KOC”B, including a two parameter rescaling and reparametrization of the
geodesics, local-angle condition and some partial K -semiconcavity of the squared distance, that
it will be used in a future paper to prove existence of gradient flows.

1 Introduction

In [LMS16, LMS17], and independently in [KMV16] and [CP*15b, CP*15a], a new family of distances
HK, 5 on the space M(X) of arbitrary nonnegative and finite measures was introduced, where
(X, dx) is a geodesic, Polish space. This new family of Hellinger—Kantorovich distances general-
ize both the Kantorovich—-Wasserstein distance (for « = 1 and 5 = 0) and the Hellinger-Kakutani
distance (for = 0 and 8 = 1), allowing for both transportation and creation/annihilation of mass,
which is organized in a jointly optimal fashion depending on the ratio of the parameters o and f3.

The origin of our work stems from the observation in [LMS16, Prop. 19] that the total mass m(s) =
J 1du(s) of a constant-speed geodesic [0,1] > s + pu(s) € M(X) is a quadratic function in s,
viz.

4
B

We will show here that this formula is already a consequence of a simpler scaling property, that fully
characterizes cone spaces, which in the case of HK? > takes the form

m(s) = (1—s)m(0) + sm(1) — s(1—s) =HC 5(1(0), u(1)). (1.1)

«

4 4
HE 5 (ro o, 73 1) = roriHK2 g (1o, 1) + (7’3—7“07"1)5#0()() + (7’%—7“07"1)5#1()()- (1.2)

The property is proved independently in Theorem 3.3 based on the characterization of I-Kiﬁ via the
logarithmic-entropy functional LEJT,, cf. Theorem 3.1.

This suggests to write arbitrary measures . € M(X) \ {0} as

1
p=r*v wih [v,r] € P(X) x (0,00), wherer =/ u(X), v= 3 (1.3)
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V. Laschos, A. Mielke 2

and P(X') denotes the probability measures. Thus, the set M(X') can be interpreted as a cone over
P(X) in the sense of Section 2, and the Hellinger—Kantorovich distance has the form

4
I-Kiﬁ(rgz/o, rfyl) = E (7"3 + 7"% — 2rgry COS (SHK%B(VO, m))),

where the so-called spherical Hellinger—Kantorovich distance on P(X) is simply defined by

SHZ? (v, v
K, 5(vo, v1) = arccos (1 — %(0’1)> )

One main result is that SHK,, 3 is indeed a distance on the space of probability measures, such that
the Hellinger—Kantorovich space (M (X ), HK,, g) is indeed a cone space over the space of probability
measures, namely (P(X), SHK, g). This distance is a generalization of the spherical Hellinger dis-
tance, also called “Fisher-Rao distance” or “Bhattacharya distance 1” in [DeD09, Sec. 7.2+Sec. 14.2],
in a similar way that the Hellinger-Kantorovich distance is a generalization of the Hellinger distance.

The fact that SHK, 3 satisfies the triangle inequality will be derived in the abstract Section 2 for general
distances de satisfying a scaling property as in (1.2). We work on the cone (C,de) over a general
space (X, dx), and the sole additional assumption we need is that the distance d is bounded on the
set {[z,1] : = € X} C C by the constant 2, see Theorem 2.2. The latter bound follows easily for
the Hellinger-Kantorovich distance from

B 4 4

Zl‘Kiwg(l/o, I/1> S g (BV()(X> + BU1(X)> =2 S 4.

In Sections 2.2 to 2.4 we consider the case that (X, dx) is a geodesic space and that d¢ is given by
da([zo, 7o), [T1,71]) = 78 + 7% — 21y cosg (dx (o, 71)), (1.4)

where cos,(b) = cos(min{a, b}). In Sections 2.3 and 2.4 we show how geodesics in (C,de) be-
tween [x¢, 7] and [z1, 1] can be obtained from those between xy and x; in (X, dy). Based on this,
we discuss how comparison angles and local angles behave when we move between the spherical
space (X, dy) and the cone (C, d¢). In particular, we discuss the local angle condition m-LAC, see
Definition 2.15 and [Sav07, OPV14] for the usefulness of this in the theory of metric gradient flows.
The main observation is that if dy(xg, z;) < 7, @y; are constant-speed geodesics in X connecting
xo with ;, and if zo; are the corresponding geodesics in € connecting zo = [, o] and z; = [z;, 1]
with g, r; > 0, then the upper angles satisfy the relation

de (20, zi)de (20, 2;) €08 (Lup(Z0i, 20j)) = (ro—ri cos(dy(zo, 2;))) (ro—7; cos(dx(zo, 2;)))

+ Tir; Sin(dDC(l'(), .sz)) Sin(dx(l'o, CCJ)) COS ({up(mm, CCOJ')).

Based on this, Theorem 2.21 establishes that the m-LAC condition transfers between (X, dy) and
(C\ {0}, de).

Section 3 shows that the abstract results apply in the specific case of the Hellinger-Kantorovich
space (M(X),HK, ), which takes the role of (C,de), which then leads to the spherical space
(P(X), K, 5). A direct characterization in the sense of [LMS17, Sec. 8.6] of the geodesic curves
using a continuity and a Hamilton-Jacobi equation in the latter space is given in Theorem 3.7.

In Section 4.1 we provide additional geometric properties that hold for the Hellinger—Kantorovich
distance. Among them, is the local-angle condition, which also holds for the Spherical Hellinger-
Kantorovich, and some partial semi-concavity. In [LMS16], it was proved that K -semiconcavity, a
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Geometric properties of the HK space and a new distance between probability measures 3

property, which is associated among other things with the existence of gradient flows, does not hold
in general. In this article, we prove that on the subsets of measures that have bounded density (both
from below and above) with respect to some finite, locally doubling measure £, this property holds for
sufficient large /X depending only on the bounds and £. This result will be used in a consecutive paper
to prove the existence of gradient flows. For this we provide a sharp estimate of the total mass of the
calibration measure associated with the optimal entropy-transport problem. This estimate is used in
our proofs, but it is also helpful for the numerical approximations of the Hellinger-Kantorovich distance.

To simplify the subsequent notations we use the simple relation I-Ki”@ = %I—Ki/m, which shows that

it suffices to work with a one-parameter family. We set HKZ = I-Kf/m, which allows us to recover
Ho,5 via HK 5 = %HK% with £2 = 3/ (4a).

2 Cones over metric spaces

2.1 Background and scaling property

In [Ber83] (see also [ABN86], [BrH99], and [BBI0O1]), the concept of the cone € over a metric space
(X, dx), is introduced. The cone is the quotient of the product X x [0, c0), obtained by identifying
together all points in X x {0} with a point 0, called the apex or tip of the cone. The cone C is equipped
with the distance de given in (1.4). In [BBIO1], one can find a proof that de is a metric distance. The
following results exhibits the scaling properties of such cone distances.

Lemma 2.1 (Cone distances have scaling properties) The cone distance de in (1.4) satisfies the
scaling property
V [.Z'o, 7”0], [l’l, 7'1] € G : d%([l’o, 7”0], [xl, 7’1]) = Torld%([l’o, 1], [l‘l, 1]) —+ (7’0—7”1)2. (21)

Moreover, any distance de satisfying (2.1) (i.e. without assuming (1.4) a priori) satisfies the more
general scaling property

d%([.ﬁlﬁo, 7"0?0], [1’1, 7’17:/1]) = Tngd%([l'o, To], [.’L‘l, 7’1]) + (?’8—?0?1)7“(2) -+ (?%_FO?l)T% (22)
for all to and r.

Proof: Statement (2.1) follows by using (1.4) twice, once as it is given, and once with 1o = r; = 1,
and then eliminating cos (dx(zo, z1)).

Statement (2.2) follows by using (2.1) twice, once as it is given, and once with r 7 replaced by o7
and 177, respectively. After eliminating d2([zo, 1], [z1, 1]) the assertion follows. =

While we were studying the Hellinger-Kantorovich space, we noticed that the scaling property (2.1)
actually fully characterizes a cone space. We have the following general theorem, which allows us to
derive the cone distance from the scaling property.

Theorem 2.2 (Scaling implies cone distance) For a metric space (C,de), let assume that it exists
a set X, that could possibly be identified with a subset of C, and a surjective function |[-,-] : X X
[0,00) — C, such that the distance d¢ satisfies (2.1) and

Voo #x1 € X 0 < d3([zo, 1], [z1,1]) < 4; (2.3)

DOI 10.20347/WIAS.PREPRINT.2458 Berlin 2017



V. Laschos, A. Mielke 4

(0,0)

Figure 1: Construction of the optimal radius 7. The points A; have distance r; = 1 from the origin
and thus correspond to z; = [z;, 1], which gives Dy; = |A1A;| = de(21, 2;) for j = 0 and 2. The
point A,, which corresponds to z, = [x1, ., is chosen such that | Ag A, | + [A,As| = |ApAs].

thendy : X x X — [0, 00) given by dx(xo, 1) = arccos (1 - w) € [0, ] is a metric
distance on X, and (C, de) is a metric cone over (X, dy), i.e. (1.4) holds.

Proof: Clearly, dy as defind in the assertion is symmetric and positive. Hence, it remains to establish
the triangle inequality. Given xg, x1, x5 € X, we set

D2
D;; = de([z;, 1], [x;,1]) and ¢;; = arccos (1 - %) , fori#5€{0,1,2}.

Hence, we have to show dy (g, Z2) = ¢o2 < Po1+ P12 = dx (o, 1) +dx (1, 2). f o1+ P10 > 7
then there is nothing to show. Without loss of generality, we will have ¢g; = min{¢qg;, P12} < 5, and
do1 + 12 < 7. We consider a comparison triangle in R, as is depicted in Figure 1. In particular, A,
are chosen on the unit circle such that ¢; ;11 and D; ;1 are the angle (arclength on the unit circle)
and the Euclidean distance, respectively, between A; and A; 1. Now, A, is chosen as the intersection
of OA; with the segment M, see Figure 1.

With this choice of 7, we retur to the cone (C,de) and let . = |OA,| and 2y = [zg,1],21 =
[x1,74], 22 = |29, 1] € C. The scaling property (2.1) for de, gives

d&([zo, 1], [z1, 7)) = 1+ r? — 2r, cos g1 = |ApAL|” and
d%([[ﬁlﬂ“*], [[EQ, 1]) =1+ 7‘3 — 27‘* COS ¢12 = |A2A*|2

Using the triangle inequality for de, we arrive at

D32 = d%([xm 1]? [.%‘2, 1]) < (de([l’o, 1]’ [‘Tlv T*]) + de([l‘l, 7”*], [372’ 1}))2
= (JAoA.| + |4, As])? = [AgAz]* = 1+ 1 — 2cos(do1+¢12).

(2.4)

2
Thus, we conclude that ¢g2 = arccos (1 — %) < o1+ ¢12, which is the desired triangle inequality

for dy, namely dx(zg, z2) < dx(zo, 1) + dx(z1,x2). Thus, inserting d2([xo, 1], [z1,1]) = 2 —
2 cos(dx (g, z1)) into (2.1), we have established (1.4), and consequently (2.2) follows as well. m

As a first consequence we obtain the following result.
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Geometric properties of the HK space and a new distance between probability measures 5

Corollary 2.3 Let X a set, and C the quotient of the product X x [0,00), obtained by identifying
together all points in X x 0. Ifde : € x € — [0, 00) given by (1.4), for somedy : X x X — [0, 00)
is a metric distance on C, then dy A T is a metric distance on X.

Proof: By setting zo = [x¢, 1], and z; = [z, 1], we can recover both the positivity and symmetry
property. For the proof of the triangle inequality, we just notice that de satisfies the scaling property,
and then the result is an application of Theorem 2.2. |

From the perspective of (X, dy), we call (C,de) the cone space over X; from the perspective of
(C,de), we call (X, dy A 7) the spherical space in C.

2.2 Geodesics curves

We first recall the standard definition and hence introduce our notations.

Definition 2.4 Let (X, dx) be a metric space, and x : [0, 7] — X, a continuous mapping. Further-
more, let T be the set of all partitions T' = {0 = 70 < --- < 7,,,. = 7} of [0, T]. Then, the length of
the curve x is given by Len(x) := suppeq » ity dx(@(7;), 2(75-1)).

Definition 2.5 Let (X, dy) be a metric space. We will call (X, dx) geodesic, if and only if for every
two points xq, x1 there exists a continuous mapping xo1 : [O, 7'] — X such that
x01(0) =29, xo1(7) =1, and dx(zg,z1) = Len(xg).
A function like that will be called a geodesic curve or simply a geodesic. A geodesic satisfying
dy (01 (1), o1 (t2)) = Clta—t4]

for some constant C' > 0, will be called a constant-speed geodesic. If C' = 1, then the geodesic is
called a unit-speed geodesic. Finally for zo, 1 € X, any geodesic ¢ : [0, 1] — X, with £y (0) =
xo, ®o1(1) = z1 is called a geodesic joining xq to x1. We will denote the set of all such geodesics
with Geod(zg, z1), i.e.

Geod(zp,z1) :={x:[0,1] = X | x(0) = zo, (1) = x1, x is constant-speed geodesic}.
(2.5)

In [BrH99, Chap. |, Prop. 5.10], the following Theorem is proved.

Theorem 2.6 Let (X, dy) be a geodesic space. Let also zy = [z, o] and z; = [z1,11] be elements
of C.

1 Ifrg,r1 € (0,00) and dx(xg, 1) < 7, then there is a bijection between Geod(x, x1), and
Geod(zg, 21).

2 In all other cases, Geod(zy, z1) has a unique element.

As a corollary, we get that C is geodesic, if and only if X is geodesic for points of distance less than 7.
In the following two Subsections 2.3 and 2.4 we give explicit correspondences in the sense of part 1.
of the above theorem for the case of constant-speed geodesics.

DOI 10.20347/WIAS.PREPRINT.2458 Berlin 2017



V. Laschos, A. Mielke 6

2.3 Lifting from X into the cone

In [LMS186], it is proved that the constant-speed geodesics zg; (¢) connecting zg = [z, 70| to 21 =
[x1,71], with 0 < dx (g, 1) < 7, have the following parametrization

zo1(t) = [®01(Co1 (1)), Tor (1)), (2.6)

where & (t) is a constant-speed geodesic joining z( to z1 and where ¢y, (t) and r¢,(t) are given
by

ra (1) = (1—t)%rg + t2r7 + 2t(1 — t)rory cos(dy (o, 21)),

Coi(t) = d;) arcsin <tr1 sin (dx(ajo’ 551)))

x(zo, 21 ro1(t)
_ 1 Arecos ((1—t)r0 + t 7y cos(dx(zo, Il))) (2.7)
dx (20, 21) o1 (1)

try sin (dx(:cg, 9(:1)) ) '

= ——— arctan
dy (o, 1) ((1—t)r0 + t 7y cos (dx(zo, 1))
Alternatively if we want the parametrization with respect to de, (2.7) becomes

re (t) = (1—t)ro + tr1)2 — rorit(1—t)d3([zo, 1], [21, 1])

2 Z0o,L1],|T1,
) (1=t)ro + 7 (1—M) (2.8)

Cor(t) = —dx(xo, o arccos m—r

If we differentiate twice the first equation in (2.7), we get
(rg1)"(t) = 1§ + 77 — 2rry cos(dx (o, 21)) = di (20, 21),
from which we also recover the following formula
2 _ 2 2 2
roi(t) = (1—=t)rg + try — t(1 — t)de(20, 21), (2.9)
which later applied to HK,, 5 will give (1.1). Furthermore (2.9), trivially gives convexity of r%l, ie.
r2 (1) < (1=t)rd +tr?. (2.10)

Finally for the case where dx(z¢, 1) < 7, we get

1
'rgl(t) > (1—t)27“(2) + tQT% > 3 min{r%,r%}. (2.11)

2.4 Projecting from cone to X

We are now going to provide the inverse parametrization of the geodesics in (X, dx ), with respect to
the geodesics in (C, de).

DOI 10.20347/WIAS.PREPRINT.2458 Berlin 2017



Geometric properties of the HK space and a new distance between probability measures 7

Theorem 2.7 Forzy, xy € X, withO < dx(zo,x1) < m, andry, 1 > 0 consider zg; € Geod(zo, 21),
where zy = [z, 70|, 21 = |21, 71]. Then,

o sin (tdx(xo, xl))

t— xo1(t) =T t)) with t) = 2.12
0(?) ot ('801< )) Bu(?) r sin((l—t)dx(xo,xl))—l—rg sin(tdx(:co,xl)) (-12)
is an element of Geod(x, z1). Furthermore
ror1 sin(dx (zo, 1))
r t)) = - - 213
01 (Bor (1)) rysin((1 — t)dy(zo, x1)) + 7o sin(tdy(xo, 1)) (2-13)
Proof: We will start by proving that 3, in (2.12) is the inverse of ;.
By using the third representation in (2.7), we get
try sin(dy(xo, 21
tan (Co; (t)dx(wo, 1)) = 1 sin(da ) (2.14)

(1 —t)rg + try cos(dx(zo, 1))

Let 3, be the inverse of ¢,;. By composing every elemet of (2.14) with 3,,;, we get

By (t)ry sin (dy(xo, 21))

tan (tdx(xo, 1)) = (1 = By ()10 + By ()1 cos(dx (g, 71))’

which gives

o tan (tdy(zo, 1))

501(75) =

~ rysin(dy(zo, 21)) + 7o tan(tdy (g, 1)) — 71 tan(tdy (2o, 1)) cos(dx (zo, 1))

Multiplying both the nominator and denominator with cos(tdx(zq, z1)), we get

_ 7o sin (tdyx(zo, 1))
1 sin(dx(zg, 1)) cos(tdy(xg, x1)) + sin(tdy(zo, x1))(ro — 1 cos(dx(zo, x1)))

B (1)

and by an application of sin(a) cos(b) — cos(a) sin(b) = sin(a — b), we get (2.12).

Now by using the first representation of (2.7), we get

sin(tdy (o, 21)) — By (t)ry sin (dx(xo,xl))’

701(Bo1 (1))

and combining with (2.12) we get (2.13).

To see that o1 () = To1 (B, (t)) is indeed a geodesic in (X, dx), one has either to check the proof
of Theorem 2.6 about the bijection between the geodesics in (X, dx), and those in (€, d¢), or just
use

761 (Bo1 (£)) + 751 (Bor (5)) — 2701 (Boa (£)) 01 (Bor (5)) cos(dx (To1 (Boa (1)), Tor (Bor (5))))

= d?e(ZOI(ﬁol(t»a 201(B01(5))) = (B (t) — /301(5))2(16(20721);
(2.15)

and solve for dx (o1 (t), Zo1(s)) = dx(Zo1(Bo1 (%)), To1(Bo1(5)))- u

Finally, we are now interested in the scaling properties of constant-speed geodesics on € is we simple
change the radius of z; = [z;,r;] into 7,;7;. We will show that the constant-speed geodesic curves
behave nicely under the two-parameter rescaling. In the sequel, for z = [z,7] € C,and 7 > 0, we
denote with 7'z, the element [z, 77] € C.
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Proposition 2.8 For zy = [z¢,7¢],21 = [z1,71] € C and 79,71 > 0, we have that if zp(-) =
[Z01(+), T01(+)] belongs in Geod(z, z1), then Zo1(+) = Ao1(+)z01(Boi(+)), with
- SO rit
A()l(t) =79+ (7“1—7’0) t and Bgl(t) = s (2.16)
Api (1)

is an element of Geod(7y2g, T121).

Proof: We first observe zo1(0) = 79zp and Zo; (1) = 721, because Ag; (0) = 7o and Agi (1) = 77.
Thus, to check that ¢ — Z; (t) is a geodesic it suffices to show

d@(Em (0), 201(t>> = tde(z(n (0), 201(1)) =t de(?”oZO, 7”121),
i.e. Zg1 is a constant-speed geodesic. However, using (2.9), we first observe
,',,(2)1 (B()l (t)) = (1—B01 (t))’l"g + BOl (t)’l“% — BOl (t)(l—BOl (t))d%(zo, 2’1). (217)

With this, the abbreviation a; = Ag; (), and the relations By, (t) = % and 1— By (t) = %:t) we
obtain

d&(Z01(0), Zo1(t)) = d& (020, azo1(Boi (1))

@1) ~ - ~
= Toa:dg (20, 201 (Boi(t))) + To(Fo—ar)rg + ar(ai—7o)rg; (Boi(t))
i L 22 o e _ U
zot:%?w Toat%d%(zm 21) + To(To—a)rg + at(at_TO)(—To(it t)v“g%—%frf—%g”d%(zo, 1))
* o~ o~

= TOTthd%(Zo, Zl) + (?g—?o?l)t%“g + (ﬁ—%ﬁ)tzrf (2;) tzd%(?ozo, ?121) = t2d%(§0,§1>,

where in = we simply used the definition of a, = Ap1(s). Thus, the assertion is shown. n

2.5 Comparison and local angles

We now introduce comparison angles, see e.g. [Stu99, BBIO1, AKP], that are used to study notions
of curvature and their properties, and subsequentially be utilized to generate gradient flows on metric
spaces, cf. [Oht09, AKP, Sav07, OPV14]. Since we relate the space (X, dy) with the cone (€, de),
we will see in the next subsection (cf. the proof of Theorem 2.21)) that it is natural to use comparison
angles :Iﬁ for different x on these to two spaces.

Definition 2.9 (Comparison angles) Let (X, dy) be a metric space and g, x1,rs € X with z¢ &
{1, x2}. For k € R we define a,; via

d%c(.%o, .1'1) + dgc(ﬂfo, 1'2) — d%c(zcl, .’EQ)
2dx (o, z1)dx (70, 2)

0 (0: 71, T3) 1= cos(y/k dy (w1, x9)) — cos(y/k dy(xg, 1)) cos(y/k dx(z0, 22)) for i > 0
AR sin(v/k dx (g, x1)) sin(y/k dy(xg, T2)) ’
cosh(kdx(zo, 1)) cosh(kdx(zg, z2)) — cosh(kdy(xy, z2))

L sinh(k dx (g, 1)) sinh(kdx(zo, x2))

fork =0,

fork < 0,

where k = \/—k. The k-comparison angle :In(xo; x1,x2) € [0, 7] with vertex xq is defined by the
formula

I (x; 1, 29) = arccos(a,(zo; 1, 2)).
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Geometric properties of the HK space and a new distance between probability measures 9

From now on, the value of x in the previous definition will be refereed as the choice of model space
M2(/<;). This terminology is borrowed from the study of Alexandrov spaces, where the sphere (x > 0),
the plane (x = 0), and the hyberbolic plane (x < 0) are used as reference, cf. [Stu99, BBIO1, AKP].
Later, our main choice will be & = 1 on the spherical space (hence the name) (X, dx) and k = 0 on
the cone (C, de).

Let &¢; and x2, be two geodesics in (X, dy ), emanating from the same initial point zo := xg;(0) =
202(0). The following theorem guarantees that the set

AP (o1, x02) :={ce[—1,1] |30 < sg, t, = 0: ax(xo; o1 (tr), To2(sk)) — ¢} (2.18)

of accumulation points of a,(xo; o1 (t), Ze2(s)) as t, s — 0 is independent of .

Proposition 2.10 Let (X, dx) be a metric space and xo; : [0, 71] = X, Tog : [0, 2] — X be two
unit-speed geodesics, issuing from xy € X. Then, for k € R we have

ao(l'(); o1 (t), 3302(8)) — a,€<l’0; To1 (t), m02<8)) —0 fort,s — 0. (2.19)

We will provide an analytical proof here. For the reader with a more geometrically oriented mind we
suggest the proof in [AKP, Page 52, Lemma 6.3.1], which became known to us after the completion
of the article.

Proof: We give here details for the case x = 1. The other cases work exactly the same. For (¢, s) €
(0,7] x (0, 7] with 7 < min{1/2, 7y, 7o} we set ¢; s := d(@1(t), Zo2($)). Using t = d(zo, o1 (1))
and s = d(xg, Z2(s)), the triangle inequality gives [t—s| < ¢s; < t+s. This is equivalent to

30e[-1,1]: ¢, =5+t —2stb,
where 0 equals ag(zo; o1 (1), To2(s)). Now, defining the function

_g_ o8V s2412—2stf — cos(s) cos(t)

sin(s) sin(t) ’

G(s,t;0)

we see that (2.19) is established if we show ||G(s,t; )| — Ofor s, — 0, where || - || means the
supremum over 6 € [—1, 1]. To establish the uniform convergence of G(s, ¢; -) we decompose G in
three parts, namely

G(s,t;0) = Gi(s,t;0) + Ga(s,t;0) + Gs(s,t;0)  with

L sin(std) . F(s)F(t)\ sin(std)
Gils, 6:0) := 6 sin(s) sin(t) ( F(st0) )sin(s) sin(t)’
sin(stf) — cos v/ s2+1t2—2stf + cos /s +t?

Go(s,t;0) = sin(s) sin(t) :
P .
Gs(s,t;0) == cos(s) cos(t) Cosm’

sin(s) sin(t)
where the function F'(r) = X sinr can be analytically extended by F'(0) = 1.
Using s,t < 1/2 and |#] < 1 we easily obtain

st

Ga(s, )] < 6(s +1) s

< 24(s+t) — Ofors,t — 0.
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For G5 we use that K () = 1 — cos(y/r) is an analytic function with K (0) = 0. Thus, with 0 = s*
and 7 = t* we have

| cos(s) cos(t) — cos Vs> +12| = |(1-K(0))(1-K (7)) — 1 + K(o+7)|
< |K(0)+ K(1) = K(o+7) — K(0)| + K(0)K ()

<| /0 /0 K"(644) d7 46| + Clor < (Cot CRor = (Cok C2)$282,

where C and C5 are bounds for | K'(r)| and | K" (r)| with r € [0, 1/2], repesctively. Inserting this
into the definition of G5 we find

(Co+CF) st
(s/2) (t/2)

The estimate for (G5 we use K again and rewrite the nominator as

|G3(s,t;0)| < < 4(Cy+CP)st — Ofors,t — 0.

1
sin(stf) + K (s*+1?) — K (s2+1*—2stf) = sin(stf) — st0 + / (1—2K'(s*+t*—2st0n))dn sto.
0

Using 1 = 2K’(0) we can estimate the integral by the bound C5 on K" and obtain

|5t0|2/6 + 2Cy(t+s)?st|0] 4 4, )
< =57 4 8CyH(t 0f t— 0.
5/2) (1/2) <g° + 8Cy(t+s)* — Ofors,t —

With this, the desired uniform convergence G (s, t; ) — 0 is established, and the proof is complete. m

|Ga(s,t;0)| <

We are now going to introduce the notion of local angles.

Definition 2.11 (Local Angles) Let xq1and xqy be two geodesics in X emanating from the same
initial point o := x1(0) = x02(0). The upper angle ¥, (o1, To2) € [0, 7] and the lower angle
J10(X01, To2) € [0, 7|, between xy, and xy, are defined by

Fup(To1, To2) = limsup To(zo, 201 (), To2(t))= arccos (inf AP (xo1, To2)), (2.20a)
s,t40

T1o(To1, To2) == lin%iglf Fo(z0; o1 (), Te2(t))= arccos (sup AP (o1, To2))- (2.20b)
S7
When < (201, To2) = J10(To1, To2), We say that the (local) angle exists in the strict sense and
write <):(CC01, CCOQ).

In the previous definition, we could use any model space M2</€), since as we have seen in Proposition
2.10 the set of limit points of a,,(zo; o1 (t), To2(s)) as t, s — 0, is independent of k. It is also trivial
that the above limits are invariant under re-parametrization, and that is why we are mostly going to use
constant-speed geodesics for joining points.

2.6 Curvature and Local Angle Condition

Curvature is one of the most fundamental geometric properties in geodesic metric spaces, and it has
applications in gradient flows (see [Oht09, AKP, Sav07]). There are many equivalent characterizations,
see [AKP, BBIO1, Ber83] for definitions and exposition. We are going to provide the one that is closer
to our results, which was introduced in [Stu99].
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Definition 2.12 We will say that a geodesic metric space (X, dx) has curvature not less than x at a
point x, if there is a neighborhood U of x, such that

m
Z bibja,{(l'o; i, ilfj) Z 0 (221)
ij=1
foreverym € N, xo, z1,...,2, inU, andby, ... b, € [0,00). We say that (X, dx) has curvature

not less than « “in the large”, if we can take U = X. We shortly write curvy.(x) > &, if the space
(X, dx) has curvature not less than k, at x. We finally write curvy, > k if the space (X, dy) has
curvature not less than k, in the large.

We would like to note at this point that curvy.(xz) > & for every z € X, does not a-priori imply that
curvy > K, since the second will require for (2.21) to hold for arbitrarily big triangles. However we
recall the following beautiful theorem (see [BBIO1, Th. 10.3.1]), which we will use at a later point.

Theorem 2.13 (Toponogov’s Theorem) If a complete geodesic metric space (X, dx) has curvature
not less than k at every point, then it has curvature not less than k in the large, i.e.

(Ve e X curvy(z) > k) & curvy > K
Concerning the curvatures of a cone C and its spherical space X, the following result is well-known.

Theorem 2.14 [BBI01, Thm. 4.7.1] Let (C, d¢) be a cone over a geodesic metric space (X, dy) , and
0 its apex. Then, the following holds:

(@) (Vz € C\ {0} : curve(z) > 0), ifand only if curvy > 1.

(b) curve > 0, if and only if curvy > 1 and no triangle in X has perimeter greater than 2 (i.e.
for any pairwise different x1, xo, T3, we have dy(z1, ) + dy (2, x3) + dy(z3, 1) < 2m).

(c) curve < 0, ifand only ifcurvy < 1.

We will not provide the definition for curvature not more than «’, i.e. curvy < &/, since it only has
little relevance to our work. The interested reader can see [AKP, BBIO1, Ber83] for definitions and
exposition. We are later only going to use part (c) of the above theorem to get that every ball in the
cone over a model space M?(k) with k < 1, is geodesically convex.

The notion of curvature is not very stable when we take the cone (€, de) over a space (X, dx) or
when constructing the Wasserstein space (P2(X), W) over (X, dx). For the first statement, we recall
the previous theorem and see that we need curv, > 1 to achieve curv, > 0, while any other
“lower curvature bound” k < 1 for (X, dx) is not enough to guarantee any “lower curvature bound” for
(C, de). For the second statement, we refer to [AGS05], where it is shown that we need curv,. > 0
to deduce curvy, vy = 0.

Hence, we are going to investigate a significantlly weaker but much more stable notion than lower
curvature, which along with some other geometric properties, is enough enough to prove existence
of gradient flows, cf. [OPV14, Part 1, Ch.6]. The property that we are going to examine is the Local
Angle Condition (LAC). As it will be shown, LAC is a property that is transferable from (X, dx) to
(€ \ {0},de), but is also stable when we move to the Wasserstein and the Hellinger-Kantorovich
space (M(X), HKg) over (X, dy).
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Definition 2.15 Form € N, a geodesic metric space (X, dx) satisfies m-LAC at a point x, if for ev-
ery choice of m non-trivial geodesics x; starting at xo and positive real numbers b;, i € {1,...m},
we have

Z bzbj COS({up(CIJOi, 330]')) > 0. (2.22)

ij=1

If (X, dx) satisfies m-LAC at all points, we say that the space satisfies m-LAC.

We note that (X, dy) satisfying m-LAC at a point x, is a fundamentally weaker notion than having
cuﬂx(:c*) > k for some k£ € R. For m-LAC, one has to look only at infinitesimal triangles with
common vertex x,, while for curvature bounds, one has to look at all triangles in a neighborhood of
x.,. Furthermore, since the triangles used in the definition of m-LAC are arbitrarily small, by application
of Proposition 2.10 the dependance on any specific x dissapears. Using loose terminology, one can
say that curvature is a second order property, while m-LAC is a first order property, and that the later,
just captures, in a rough sense, the infinitesimally Euclidean nature of the space along “m-dimensional
projections” near . By using geodesics in (2.21), taking limits, and recalling the fact that angles exist
in spaces with curvature not less than a real number (see [BBI01]), one can easily retrieve the following
theorem.

Theorem 2.16 Let (X, dy) a geodesic metric space and x a point in it. If curv(x) > Kk for some
k € R, then (X, dx) satisfies m-LAC at every x in a neighborhood U of x and for allm € N.

For m = 1 and 2 the condition is trivially satisfied. For m = 3, which is the case needed for construc-
tion solutions for gradient flows, we have the following equivalent, more geometric characterization.

Theorem 2.17 ([Sav07, OPV14]) A geodesic metric space (X, dy) satisfies 3-LAC at x, if and only
if for all triples of geodesics g1, g2, To3 €emanating from xq, we have

FLup(To1, To2) + Lup(Toz, Toz) + Lup(Tos, To1) < 27.

We now provide one of our major abstract results. We will show that m-LAC is stable on lifting to cones
and projecting to the spherical space inside a cone.

Theorem 2.18 Let (C, de) be the cone over a geodesic metric space (X, dx). Then we have

(a) If(C,de) satisfies m-LAC at zy = [, o] for some o € X andrq > 0, then (X, dx) satisfies
m-LAC at .

(b) Conversely if (X, dx) satisfies m-LAC at x, then zy = (xg,70) € (C,d¢) also satisfies it for
everyrg > 0.

(c) (C,de) satisfies 3-LAC at the apex 0 if and only if (X, dy) has perimeter less than 2.

(d) If (X, dx) has diameter less or equal to /2, then (C, d¢) satisfies m-LAC at O for allm € N,

Before we prove this theorem, we provide some auxiliary lemmas. For notational economy, we again
set ¢;; = dy(x;, ;) and D;; = de(z;, ;). We will use planar comparison angles (i.e. & = 0) for the
cone C, and spherical comparison angles (x = 1) for the underlying space X (recall Definition 2.9).
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Lemma 2.19 Let zg = [zg,70] € C\ {0}, 21 = [x1,71], 20 = [22,12] € €, and 0 < dx(z0, x;) <
7,1 € {1,2}. Let xo; € Geod(zg,x;), fori = 1,2. Let also zo; = [To;, T0i] be the correspond-
ing constant-speed geodesics in C. Then, Age(t,s) := ao(z0; zo1(t), zo2(s)) and Ay x(t,s) =
a1(xo; To1(t), To2(s)) are connected by the relation
Ao,e(t, s) _ (7”1 COS(<Z501) —go)gz COS(<Z502) - 7’0)
0102
n sin(dy (2o, Zo1(1))) sin(dx (2o, Zoz(s))) To1 (1) T02(5) €01 (1) Co2(5) P01 P02
dx(.Io,jOl(t))dx(l’o,EOQ(S» tSDOlDOQ

(2.23)

zl’x(t, 8).

Proof: By the reparametrization rule(2.7) we have To;(t) = xo;({;(t)), where

. 1 (1 — t)r() + t?”i COS((bQ,L')
Coi(t) = o arccos ( rorlD) ) ,

(2.24)

from which we obtain
70i(t) cos(dx (o, Toi(t))) = 70i(t) cos(Co;(t)Poi) = (1 — t)ro + tr; cos(do;)
= 1o + t(r; cos(Po;) — 7o)

On the one hand the definition of the comparison angles a; on (X, dx) yields

cos(dx (o1 (t), To2(s))) = cos(dx(zo, o1 (t))) cos(dx(zo, To2($)))

+ A x(t, 5) sin(dx(o, Boi (1)) sin(dx (20, Foa(5)))-
C,de) and de (29, 20j(t)) = tDy; lead to

)+

dg (20, z02(8)) — dg (201 (1), z02(s))
2tsDg1 Doo '

(2.25)

(2.26)

On the other hand, the definition of ay on

(
(ZU, 201 (t)

Aoel(t,s) = (2.27)

The nominator of the right-hand side is equal to
12 + 101(t)* — 2ror01(t) cos(dx(zo, o1 (1))
+ 78 + 1oa(s)* — 2reToa(s) cos(dx(zo, Zoa(s)))
— o1 (t)* — 1oa(s)? + 2701 (1) roa(s) cos(dx (Toy (1), Zoa(s)))
= 212 — 2771 (t) cos(dx (o, To1(t))) — 2reTea(s) cos(dx (o, oa(s)))
+2701 () 7r02(s) cos(dy (xo, To1(t))) cos(dx(xg, Toa(s)))
+ 2701 ()02 (s) A1 (t, 8) sin(dx (o, Zo1 ())) sin(dx (o, Zoz(s)))-
Using (2.25) on the underlined terms on the last sum, we obtain

2ra — 2rg (1o + t(r1 cos(¢o1) — 10)) — 270 (ro + 8(ra cos(do2) — 70))
+ 2 (rg + t(ry cos(po1) — 10)) (ro + $(12 cos(do2) — 70))
= 2ts (r1 cos(po1) — o) (re cos(go2) — 19)-

So (2.27) takes the form
- (r1 cos(go1) — 7o) (12 cos(Po2) — 7o)

Do1 Do
701 (t)7r0o2(s) sin(dy (o, To1(t))) sin(dx(xg, Toz2(s)))

t5Dg1 Do
_ (r1 cos(¢o1) — ro)(r2 cos(¢o2) — o)
Doy Do
n sin(dx (2o, Zo1(t))) sin(dx (o, Toz(s))) To1 (£)T02(5)Co1 (1) Co2(5) Po1 Po2
dx(ff(hf()l (t))dx(l‘o,fog(é’)) tSDOlDOQ

(2.28)

‘AO,G({:?

+ ﬁlvx(t, 8)

ﬁl,f)C(ta 8)7
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which is the desired result (2.23). ]

Since local angles do not depend on the choice of model space Mz(li), the previous lemma provieds
a direct connection between the local angles of geodesics in (C, d¢) and the the local angles of the
corresponding geodesics in (X, dx).

Proposition 2.20 Let zy = [xg,70] € C\ {0}, 21 = [z1,71],20 = [2x2,72] € Cand 0 <
dy(xg,x;) < mwfori € {1,2}. Let xp; € Geod(xg,x;) fori = 1,2. Let also zo; = [To;, Toi
the corresponding geodesics in C. Then, AP (xy1, xg2) and AP (21, zo2) (see (2.18) for definition)
satisfy the relation

(ro—r1 cos do1) (ro—r2 €08 @o2) | 172 8In(Po1) Sin(Po)
AP (201, 202) = + A
( 01 02) de(207 Zl)de(z()) ZQ) de(Z()7 Zl)d@(207 22)

(51301, 3302),

(2.29)
where ¢g; = dy (o, $j) and where the operations between set and real numbers are per element.
More specifically we have

ro—71 COS ¢01)(T0—T2 COS ¢02>+T1T2 Siﬂ<¢01) Sin(¢02> COS(<}:up<CI301, 3302))

de(20, z1)de(20, 22)

cos (Lup (201, 202)):(

(2.30)
and

de (20, 21)de (20, 22) cos (<):up(Z017 202)) (ro—11 €08 Po1)(T0—12 COS Po2)

cos (<Iup(fvo1, m02)) = 179 sin(¢o1 ) sin (o) a 7179 810 (¢o1) sin(¢oz)
(2

Furthermore, when xo = x1 or xo = xs, formula (2.30) holds trivially with the right-hand side of the
sum being equal to zero.

Proof: By reparametrization (2.24) we have A x(t, s) = Ao (Coy (1), Coa()), therefore Ao x(, 5)
and Aojx(t, s)ﬂave the same accumulation points. Furthermore, Proposition 2.10 guarantees that
Aox(t,s) and Ay x(t, s) = a1(xo; Zo1(t), Zo2(s)) have the same accumulation points.

Let £ an accumulation point for A x (¢, s) and t,,, s,, sequences that achieve that the limit £. By using
formula (2.23) in Lemma 2.19 and lim, _, o 227

T

=1, we have

(r1 cos(do1) — 70) (12 cos(¢o2) — 7o)

lim .Aoye(tn, Sn) =

R0 Doy Do
O ()12 (80)Co1 (tn) o (8n) P01 Po2 —
li = R0 R/ 02078 lim Ay x(tn, 5n)-
+nl—>nolo tnSnD()lDog nl—>nolo l,f)C( 78)
Using formula (2.7), we have lim, o S0 = Tisil@oi) anq i, r0i(€) = 19, and find

€ T0P0i

lim Age(tn, sn) = (r1 cos(¢o1)—70)(r2 cos(¢oz) —T0) + rirz sin(¢o1) sin(¢02)€‘
e D01D02

(2.32)

Doing the same for all accumulation points of Ag ¢(t, s), we recover the desired formula (2.29).

The formulas for the upper local angle follow simply the taking the infimum of the sets of accumulation
points, see (2.20). [ ]

We are now ready to establish the main result giving the connection between the local angle condition
in (C,de) and (X, dx), respectively.
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Proof: [Theorem 2.21]

Since the local angle between geodesics depends only on their behavior in neighborhoods around
point z or 2, respectively, for this proof we will assume, without any loss of generality, that do (¢, ;) <
.

Part (a): Let now assume that zy = [z, 7] € (C\ {0}) satisfies m-LAC for some m € N. For zy €
X, consider m non-trivial constant-speed geodesics xq;, connecting xg to =1, . .., x,,, respectively.
Let xf,(t) = xo;(et) be defined on [0, 1] and consider the geodesics z§, in C that corresponds to
xf; and 7(,(0) = r;(1) = ro. Letfinally by, ..., by, > 0. Using <y (T6;, T6;) = Lup(Tois Toj)

2—2cos(T)
sin(7) =1

for all € € (0, 1), applying (2.31) with r; = 7, and using the simple limits lim, o

1—cos(7)
sin(1)

= (, we have

and lim,_,g

Z bibj cos(Lup(Toi, Toj)) = ll_fj% Z bibj cos(Fyp (2, ng))
; \/2 2 cos dDC(IOa’wOZ \/2 2 cos du(wo, xo;(€)) cos( up(Z6i7Z6j>>
1511 Z bib, ( sin(dy (o, i (€))) sin(dx (2o, CL‘OJ(E)))
_ (cos(dx (o, zoi(€)))—1)(cos(dx (o, To;(€))) — ))
sin(dy (o, Zoi(€))) sin(dy(zo, e’UOj( €)))
= lim bibj cos(Lup(20;, 24;)) = 0.

e—0
,7=1

3,j=1

Part (b): We start by assuming that x, € X satisfies m-LAC for some m € N. Let 2y = [z, 7] € C\
{0} and zo1, . . ., Zom, M non-trivial constant-speed geodesics connecting zo to some 21, . . ., 2, €
C. By applying (2.30), for all b¢ > 0 we have

Z by b cos(Lup(Zois Zo5))

i,j=1
o Z bebe rz COs ¢Oz) TO)(TJ COS(gbO]) TO) + Ty Sln(¢01) Sln(QbOj) COS(<):up($OZ, 330]))
i1 DOzDO]
e (i cos(¢o;)—ro e, el sin ¢01) Sln(¢0])
- (SSiptucsiond ) . S5 s ) oo )

Since x satisfies m-LAC, the last term is non-negative as we may choose bf = bf-r/Doj > 0as
testvector. As the first term is a square we conclude that 2 € (€, d¢) satisfies m-LAC as well.

For parts (c) and (d) we have to study the geodesics z; starting at the apex 0. For this we just notice
that for such geodesics zg1, g2 ending at some z; = [z1,71], 22 = [x9,72] the angle is equal to
dy(x1, zo) Am. Therefore by using Definition 2.17, we see that 3-LAC is satisfied if and only if for every
choice of pairwise different points x1, x2, x3, we have dy (1, o) AT +dy (T2, x3) AT+dy (3, 1) A
7 < 27, which by applying the triangule inequality is easy to see that it holds if and only if for every
choice of pairwise different points x1, 22, x3, we have dy (1, x9) + dx(xg, x3) + dy (23, x1) < 2.
This shows part (c).

When the diameter is less than 7/2, then all cosines are positive and therefore (2.22) is satisfied
trivially for all m € N. Hence, part (d) is shown as well. |
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We can now recover the following immediate result.

Corollary 2.21 Let (C,de) be the cone over a geodesic metric space (X, dx).

(a) If(C,d¢) satisfies m-LAC, then (X, dx) does too.
(b) Conversely if (X, dx) satisfies m-LAC, then (C, d¢) satisfies it at every point in C \ {0}.
(c) (C,de) satisfies 3-LAC, if and only if (X, dy) satisfies 3-LAC has perimeter less than 2.

(d) If (X,dx) has diameter less or equal to w/2 and satisfies m-LAC for some m, then (C,de)
satisfies m-LAC.

2.7 K semiconcavity

Another notion that we are going to introduce is the one of K -semiconcavity.

Definition 2.22 We say that (X, dy) satisfies I -semiconcavity along a geodesic x¢; € Geod(xg, 1)
for some zg, 71 € X, with respect to the “observer” zy, if f(t) = d% (o, To1(t)) — Kt*d3(zo, 71)

is concave. Furthermore, we say that (X, dy) satisfies K -semiconcavity on A C X with respect to

observers from B C X, if it satisfies K -semiconcavity along every geodesic o1 € Geod(xg, x1)

for every xy,x1 € A, and with respect to every observer v € B. When A = B, we say that
(X, dx) satisfies K -semiconcavity on A C X. Finally we say that (X, dy) satisfies K -semiconcavity,

ifA=X.

We would like to remark that in the previous definition, xo;(¢) for ¢ € (0, 1) doesn’t have to belong
in A. Now, we are going to prove the following Lemma, that is going to be used later to prove K-
semiconcavity on “‘important” subsets of (M(X), HK;), when X has curvature not less than a real
number £ (trivially including the case where X is a convex subset of R%).

Lemma 2.23 Let (X, dy) a complete geodesic metric space of curvature not less than some k € R.
Then, for Ry, Ry > 0, and 0 < d < 7 itexists a K € R that depends only on Ry, Ry, d, k, such
that for every x C X, (€, d¢) satisfies K -semiconcavity at B (x,d) x [Ry, Rs).

Proof: Let xq, x1, 25 three points in A, and let also x;(t) for some ¢t € (0,1). By applying the
main result in [Wal36] (Also see [AKP, Exercise 8.1.5]), we can isometrically embed the four points
Ty, T1, Ta, Toy (1) in one of the model spaces M?(%), with & > k. Of course since o, (t) satisfies
dy (g, o1 (t)) + dx(@01(t), x1) = dx(xg,x1), its image will belong in a geodesic connecting the
images of xg, and x1. From that, and the fact that distance between points on a cone depends only
on distance between the points on the spherical space, we can conclude that is enough to prove the
K -semiconcavity on B (x,d) x [Ry, Ry], where B (z, d) is a subset of a model space M?(%), with
R > kK, where K should only depend on « (and d, Ry, R2). When & > 1. then we can apply point
(a) of Theorem 2.14 to get that the whole cone has curvature bigger than 0, in which case we know
that /-semiconcavity holds globally with X" = 1 (see [AGS05]). Now let & < 1. By applying point (¢)
in Theorem 2.14, we get that the cone has curvature less than zero in the large. This stralghtforwardly

gives us that every closed ball is a complete geodesically convex set. For R = we can

R
R cos(d)”’
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Geometric properties of the HK space and a new distance between probability measures 17

finda = 1 — w < 1, that depends only on d, Ry, Rs, for which B(x,d) x [Ry, Rs] C
2

B ([z, R],aR). Indeed for y € B(z,d), Ry < R < Ry, we have

da([z, R, [y, R]) =R*> + R* — 2RR cos(d) < (fﬁ%ﬁ(d)) + R5 — 2R, (&%Z(d)) cos(d)

_ R2 ? " Ricos’(d) 2Rjcos’(d)] _ - R? cos?(d) B2
~ \ R, cos(d) R? R? B R? '

(2.33)

Now since the ball B ([z, R],aR) has a positive distance from the apex, we have that is locally
isometric to a smooth manifold with curvature no less than & that depends only on x and a, R (and
therefore only on d, Ry, R5). By applying Theorem 2.13, we get that the whole ball as a complete
geodesic metric space that has curvature no less than k. Now by applying [Oht09, Lemma 3.3] we get
K-semiconcavity with

2 2d 2 2—22
K:1+R22aR§1+R22{1—R1C0S()} LCH RR;

+ 5
R3 Ry cos(d) — Ry cos(d)
Now since &, depends only on x, d, Ry, R>, we get what we want. m

Before we close this section we are going to remark that (X, dy) satisfies K-semiconcavity along a
geodesic xg; € Geod(xg, 1) for some g, x1 € X, with respect to the dbserver'z,, if and only
if for every t1,ty € [0,1] if we set g = xo1(t1), 1 = To1(t2), and &o; equal to the geodesic
@1 L[t1, t2], reparametrized, we have

3 Hellinger—Kantorovich space (M(X), HKy)

In the sequel we are going to work on spaces of measures over some underlying (geodesic) metric
space (X, dx) and denote the associated cone by (&, d¢). A typical example will be X = Q C R¢,
where (2 convex, compact and equipped with the Euclidean metric dx (z,y) = |z—y|. All the abstract
theory from above applies to these couples; however, our main interest lies in the case where (C, de) is
identified with (M (X'), HK,) while the spherical space (X, dx) will be given in terms of the probability
measures P (X ) equipped with the metric SHK,, which is still to be constructed.

3.1 Notation and preliminaries

For the sequel, let (X, dx) be a geodesic, Polish space. We will denote by M(X) the space of all
nonnegative and finite Borel measures on X endowed with the weak topology induced by the duality
with the continuous and bounded functions of Cy(X). The subset of measures with finite quadratic
moment will be denoted by M5 (X ). The spaces P(X) and Po(.X) are the corresponding subsets of
probability measures.

If p € M(X)and T : X — Y is a Borel map, T} will denote the push-forward measure on M(Y'),
defined by
Tyu(B) := u(T~'(B)) forevery Borelset B C Y. (3.1)
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V. Laschos, A. Mielke 18

We will often denote elements of X x X by (, 21 ) and the canonical projections by 7' : (zg, z1) —
x; fori = 0, 1. Atransport plan on X is a measure My, € M(X x X)) with marginals p1; := Mo, .

Given a couple of measures i, 13 € Po(X) with po(X) = p1(X), its (quadratic) Kantorovich-
Wasserstein distance Wy, is defined by

ng(,uo,,ul) ‘= min { jf di(l‘o,ﬂfl) dM()l(.CEo,ZBl) M()l - (.PQ(XXX), WéMOl = M, 2 = 0, 1}

(3.2)
We refer to [AGS05] for a survey on the Kantorovich—Wasserstein distance and related topics.

3.2 The logaritmic-entropy transport formulation

Here we first provide the definition of the HKg(,uo, ,ul) distance in terms of a minimization problem that
balances a specific transport problem of measures oo and 041 with the relative entropies of 714,
with respect to 11,. From this, the fundamental scaling property (1.2) of HK, will follow, see Theorem
3.3.

For the characterization of the Hellinger—Kantorovich distance via the static Logarithmic-Entropy Trans-
port (LET) formulation, we define the logarithmic entropy density £ : [0, co[ — [0, oo[ via F(r) =
rlogr — r + 1 and the cost function L, : [0,00[ — [0, 00] via Ly(R) = —2log (cos (R¥)) for
R < 7 and L, = +o00 otherwise. For given measures o, p1 the LET functional LET( - ; o, fi1) :
M(X x X) — [0, 00] reads

wZ(H(Jl?NOaNl) 5:/

XF(ag)d,qur / F(o)dpu + j j Le(dx (2o, 21))dHo  (3.3)

X XxX
with n; 1= (Wi)ﬁH()l = o;u; < ;. With this, the equivalent formulation of the Hellinger—Kantorovich

distance as entropy-transport problem reads as follows.

Theorem 3.1 (LET formulation, [LMS17, Sec.5]) For every jiy, j11 € M(X) we have

HKZ (10, 1) = min { LET¢(Hon; pio, 1) | Ho € M(X x X), (mi)sHor < pui }- (3.4)
An optimal transport plan Hy;, which always exists, gives the effective transport of mass. Note, in
particular, that only 7; << p; is required and the cost of a deviation of 7); from p; is given by the entropy
functionals associated with /. Moreover, the cost function /; is finite in the case £dx (2o, 21) < 7,

which highlights the sharp threshold between transport and pure absorption-generation mentioned
earlier.

In general, optimal transport plans Hy; € M(X x X) are not unique. However, due to the strict
convexity of F' its marginals 7); are unique such that the non-uniqueness of the plan Hy; is solely a
property of the optimal transport problem for the cost /.

Theorem 3.2 (Optimality conditions [LMS17, Thm.6.3]) For 11, j11 € M(X) let
xﬁ:Z{xEQY:&muxﬁmeu4»<ig}, A= X\ AL (3.5)
with the related decomposition

fi = g, = LA = L AL (3.6)
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Geometric properties of the HK space and a new distance between probability measures 19

(i) Aplan Hy; € M(X x X) is optimal for the logarithmic entropy-transport problem in (3.4) for ji,
w1 € M(X) if and only if ﬂ ledHy; < oo and its marginals 1); are absolutely continuous with
respect to y; with densities o;, which satisfy (we adopt the convention 0 - oo = 1 in (3.7¢c))

o, =0 on supp(u;) C AY (3.7a)
;>0 on X \supp(u), (3.7b)
oo(zo)or(x1) > cosfr/2 (Ldx(zo, 1)) on X x X, (3.7¢)
oo(zo)o1(x1) = cosfr/2 (Ldx(zg,z1)) Hpi-a.e.on Aj x Al (3.7d)
(i) Moreover, we have that
HKG (10, p11) = HKG (s, 17) + HIG (g, 417). (3.82)
the couples (1o, p1) and (pug, 11}) share the same optimal plans m, and (3.8b)
HKZ (10s 17) = 116 (X) + 1 (X) = po(X \ Ap) + pa (X \ AY). (3.8¢)

We easily obtain upper bounds on HKZ by inserting Hy; = 0 into the definition of £ET in (3.4), viz,
for puo, 1 € M(X) and vy, 4 € P(X) we have

HKZ (10, 1) < po(X) + 1 (X)  and  HKG(1p,11) < 2. (3.9)

3.3 Scaling property of HK; and the definition of (P(.X ), SHKy).

Here we give the basic scaling property of the Hellinger—Kantorovich distance that is the basis of our
interpretation of (M(X), HK,) as a cone space.

Theorem 3.3 (Scaling property of HK,) For all 119, 111 € M(X) and o, 1 > 0 we have
HKG (rg o, i) = roriHKg (1o, pin) + (rg—rom1) o (X) + (17 —rory ) p (X). (3.10)

Evenmore, if Hy, is an optimal plan for the LET, formulation of HK (1o, 111), then HY™ = rori Hyy
is an optimal plan for HK(r2 g, 7% 111).

Proof: Let H be the minimizer in the definition of LET,(+; 140, 141 ). We now calculate the scale version
LETy(rory Hoy; m2 10, 72 111) as an upper estimate for inf LET,(+; 2o, 2 111) = HKe(rEpo, m3uy)?.

For the relative densities 0,""* and ¢7°"" we calculate

1 To
rOT 2 ror 2
Ny’ ' = Torino = rori0oo = T_UO roto and %"t = rorim = rorioip = T_Ul i,
0 1
from which we obtain o¢°"" = Ty and 07" = 0. To determine LET;(ror1 Hon; 210, T 1) We

first calculate the relative entropy for o(°"":

/X F(o™ (z0))r2po(dizg) = /X (0" (20) Jog (0™ (20)) — 0™ (o) + 1)r2pan(cizo)

= / (:—;ao(mo) log (:—;ag(ajo)) — :—;UO(IO) + 1) ropio(dizo)
= /X <r0r1(00(x0) log oo(z0) — 00(wo) + 1) + 7oy log (;)ao(xo) - (7“(2]—7‘07“1)) fo(do)

0

- /X F(oo(aa) o(do) + 7o 0g () (X) + (1§ =rur i X).
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Adding the corresponding term for o;°"' we see that the middle term cancels because we have
no(X) = n1(X), and we arrive at the following upper bound:

HKG (rg 110, 75 1) < LETo(rory Hox; riypuo, 775 p11)
= Tor </ F(00)po(dxo) +/ F(Ul)ﬂl(d$1)) + (rg—ror1) po(X)
X X

+ (ri—ror)p (X) + ijxX Lo(dx (zo, 21))ror1 Hor (dxody)

= ror1 £ETe(Hot; po, 1) + (rg—ror)po(X) + (ri—ror1) pa (X)
= ror1HKG (110, 1) + (rg—ror1) pro(X) + (rF—rory ) (X),

where in the last step we used that Hy; is optimal.

By replacing r; by 1/73- and 11, by r?uj this upper bound also yields

1 1 1 1 1
HK? < —HK2(ripug, r? — — — ) r2ug(X — — — ) 2 (X).
e(ﬂm/il) = oty e(TOMOa 7"1/“) + T(g) roTt TOMO( ) + r% roTt 7’1:“1( )

Multiplying by 7o and rearranging the terms, we obtain the desired lower bound for HKZ (1219, 73 141),
and the scaling relation (3.10) is proved. ]

The above theory for the Hellinger-Kantorovich distance HK, and the abstract Theorem 2.2 allows us
now to introduce a new metric distance on the probability measure P(.X) via

1
SHK (v, 1) := arccos (1 — =HKZ (v, 1y for vy, 11 € P(X), (38.11)
o e

where the mass bound (3.9) gives HK (v, 1) < V2, which guarantees that the argument of “arccos”
is in the interval [0, 1], so that SHK, takes values in [0, 77/2]. The mapping |-, | : P(X) x [0, 00) —
M(X) is given via

P(X) x [0,00) 2 (v,r) = [v,r] =rv € M(X).

The general theory of Section 2 shows that SHK, is indeed a metric and, even more, it is a geodesic
metric if (X, dx) is a geodesic space. It is shown in [LMS17] that HK, is geodesic and hence our
Theorem 2.7 shows that (P(X), SHK,) is a geodesic space. We summarize the result as follows.

Theorem 3.4 The Hellinger—Kantorovich space (M(X ), HK,) can be identified with the cone over
the spherical space (P(X), SHK) in the above sense. Moreover, the latter has diameter less than 7 .

3.4 Cone space formulation

Amongst the many charaqctierizations of HK, discussed in [LMS17] there is one that connects HK,
with the classic Kantorovich-Wasserstein distance on the cone € over the base space (X, £d x) with
metric

dée(zo, 21) =15 + 17 — 2rgry cosy (Bdx (zo, 1)), 2 = |34, 73], (3.12)

where as above cosy(a) = cos(min{b, a}). Measures in M (X') can be “lifted” to measures in M(&),
e.g. by considering the measure 1 ® 07 for 1 € M(X). On the other, we can define the projection of

DOI 10.20347/WIAS.PREPRINT.2458 Berlin 2017



Geometric properties of the HK space and a new distance between probability measures 21

measures in M, (&) onto measures in M(X) via

f Me(€) — M(X),
m'{ A =[2G, dr).

For example, the lift A\ = mgdgoy + 1 ® #57“(-)! with mg > 0 and r : supp(p) — |0, 00]
arbitrary, gives B\ = . Now, the cone space formulation of the Hellinger—Kantorovich distance of

two measures i, (11 € M(X) is given as follows.

Theorem 3.5 (Optimal transport formulation on the cone) For pi, 11 € M(Rd) we have

HK%(,LL(),/Ll) = min {Wge,e(Ao, )\1) A € :PQ(Q:), m)‘l = /L,} (3.13a)

= mll’l{ jj déz(Zo, Zl)dA[)l(Z[), Zl) ‘ 7T§A01 = /\i7 and‘l?)\i = [LZ} (313b)

Cx¢

Remark 3.6 By [LMS17, Lem. 7.19], we also have

HK%(MQ, [Ll) = min { fj a/éz(ZO, Zl)dA()l(Zo, 21> ’ 7T§A01 = )\Z and‘]3)\i = Mz}7 (314)

X<

where Héz([xo, ro, [€1,71]) = 1§+717—2ror1 cosy/2 (bdx (o, x1)) is defined with the earlier cut-off
atm/2 instead of T as in (3.12).

The cone space formulation is reminiscent of classical optimal transport problems. Here, however, the
marginals \; of the transport plan Ay; € M(€ x €) are not fixed, and it is part of the problem to find
an optimal pair of measures \; satisfying the constraints B\; = u; and having minimal Kantorovich—
Wasserstein distance on the cone (€, d¢).

The squared cone distance d¢ has an important scaling invariance: For an arbitrary Borel function
0 : €% — 10, 00| , we define the transformation prd, : €2 — €2 via

prdy (2o, z1) := ([x0, 70/0(20, 21)]; [x1,71/0(20, 21)]), Where z; = [z;,7;].
Its dilation on measures Ag; € M(€?) is defined by
dilg(Ag1) == (prdy)s(0*Ag1), whenever § € L*(€%; Agy). (3.15)

Using the transformation rule, it is easy to see that

/ déf(an Zl) dAOl = / dée(Z’O, 2’1) d(dllg(Agl)) . (3.16)
¢2 ¢2

3.5 Characterization of geodesics in (P(X), SHK,).

For X being a closed convex subset of R? with the Euclidean distance, we want to show that the
goedesic curves can be characterized in terms of a generalized continuity equation and a Hamilton—
Jacobi equation. Thus, (P(X), SHK,) has pseudo-Riemannian structure that is in complete analogy
to that of (M (X'), HK,) or that of the Wasserstein space (P(X), Ws).
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Indeed, according to [LMS16, Eqn. (5.1)] or [LMS17, Thm. 8.19] all constant-speed geodesics for HK,
are given as suitable solutions of the coupled system of equations

Ot + dlv(uVS) = A€u, HE+ —|V§|2 +2¢%2 = 0. (3.17)

22 202

Here & = £(t, x) is the dual potential, which satisfies the Hamilton—Jacobi equation, while the mea-
sure pu(t) € M(X) follows the generlized continuity equation with transport via V' = E%VQ* and
growth-decay according to 4¢.

We now want to derive the corresponding system for the spherical space (P(X), SHK,) by applying
Theorem 2.7, which tells us that any geodesic s — v(s) € P(X) is a rescaling of the geodesic for
HK, connecting 1y and 1.

Theorem 3.7 (Equation for geodesics in(P(X), SHK,)) The geodesic curves s — v(s) lying in
(P(X), SHK,) are given by

O,V + édiv(uvg) =4~ [y Cdv)v, OC+ o5 202

where the equations have to be understood in the sense as described in [LMS17, Sec. 8.6].

\vg|2+2(§ fngy) =0, (3.18)

Proof: We simply use the resultin [LMS17, Thm. 8.19] and transform it as given the abstract projection
from the cone (M (X'), HK,) to the spherical space (P(X), SHK,), namely by a renormalizing of the
mass and a rescaling of the arclength parameter. For this, we use the ansatz

v(s) =n(s)u(r(s)) and ((s,2) = a(s)E(7(s), x) + b(s),

where the functions n, 7, a, and b have to be chosen suitably as functions of s, but will be indepen-
dent of x € X. In particular, we have

/X C(s,-) du(s) = b(s) + a(s) /X s<f<s>,->dv<s>=b<s>+% /X £(r(s), ) duls). (3.19)

Using that (u, £) solves (3.17), we obtain the relations
47 0 P 2T a,

To keep the transport terms, which involve the spatial derivatives, correct we choose 7 suchthat 7 = a
from now on. As v(s) € P(X), the term on the right-hand side of the continuity equation must have
average 0, hence we impose

4 [ Cdv =4b+n/n. (3.20)

With this, we can rewrite the Hamilton—Jacobi equation for  in the form

1 o
0+ g VCP +2(C [ )’ = (5 = )¢ b= =b— 20+ 2( [ Cv)’.

Choosing further @ = n the right-hand side simplifies further, because the term linear in ¢ vanishes
and the remaining term is b 4 2(b— [, ¢ dv)?

Now, we show starting from a solution (v, () of (3.18) we can find a solution (1, &) of (3.17). We
first solve b + 2(b—fX ¢ dv)? = 0 with b(sg) such that (3.19) holds at initial time sq. Then, a = n
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is determined from (3.20) with n(sg) = 1. Finally, the reparametrization t = 7(s) is obtained from
7(s) = a(s) and 7(sg) = to. The inverse direction from a solution (1, &) of (3.17) to a solution (v, ()
of (3.18) works similarly. [

The dual dissipation potential R* and the associated Onsager operator K, as described in [Mie11,
LiM13, LM*17] for (P(X), SHK,) are given formally as

RZ(%O:/X<2L£2|VC|2+2<€_IX<dV)2> dv and

. L. .
Ke(#)( = =5 div(#V () + 47 (= [y Cdv),

where in the latter case v is assumed to have the density © with respect to the Lebesgue measure.
Note that Rj (v, ¢) is no longer affine in v, but it is still concave, which reflects the fact that the set of

geodesic curves connecting two measures 1 and v; € P(X) is still convex, a fact which is inherited
from (M(X), HKp).

Thus, a gradient flow for a density () = [, E(¥) dz would formally take the form

0 = —Ke(#)DE() = 53div (77 (E'(9))) — 41/(E’(1/) — [ E'(D) ydx).
Existence results for such gradient-flow equations will be studied in a forthcoming paper. The next
section provides first steps into this direction.

4 Finer properties of the Hellinger-Kantorovich space

In this section we are going to prove that the metric space (X, dx) satisfies m-LAG, if and only if both
(M(X), HK,) and (P(X),SHK,) satisfy m-LAC. This result is surprising since the cone (€, d¢),
which is intrinsically linked to (M(X'), HK), does not share this equivalence; however the disturbing
role of the apex 0 € € is irrelevant for HK,.

We are also going to prove that under some extra assumptions on (X, dx ), we can find sets ﬁf; (X) C
M(X), where K-semiconcavity of HK, holds. As it is was mentioned in Section 2.6 (see [OPV14,
Part 1, Ch. 6], [Sav07]), when these two properties hold in a space, and a functional F' defined on that
space is A-convex, then for every point in the space there exists a unique gradient flow with respect
to JF starting on that point. In some parallel work, we are aiming to extend that result to cover cases
where K -seminconcavity holds only on suitable collections of subsets, as long as the functionals F
have the property that starting from any point that belongs in a set in the collection, then any mini-
mizer in the JKO scheme, belongs in an another suitable subset in the class. This way, we are going
to provide several examples of gradient flows in (M (X'), HK,). Unfortunately, since K -semiconcavity
is not a local property, we are currently not aware of a way to prove that it also holds in subsets of
(P(X),SHKg), and we leave that as an open problem for future research. It remains also an open
problem, whether K -semiconcavity can be replaced by some other (preferably local) property that is
stable when moving from (X, dx ) to (M(X), HK,).

4.1 Stability of m-LAC between (X, dx ), (M(X), HK;(X)),and (P(X), SHK.(X))

We will start by proving that the metric space (X, d x ) satisfies m-LAC, if and only if both (M (X'), HK,)
and (P(X), SHK,) satisfy it too. The proof of the first is a modification of the proof that if a metric space
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(X, dx) satisfies m-LAC, then the Wasserstein space (P2(X ), Ws) over (X, dx) also satisfies it,
which was kindly communicated to us by Giuseppe Savaré (personal communication, May 2017). Al-
though the cone (€, d¢), over (X, dx ) does not necessarily satisfy m-LAC because of issues related
to the apex (see Theorem 2.21), and therefore one cannot use the argument verbatim, the fact that
the minimizers satisfy the optimality condition is enough to provide the desired equivalence as we see
below.

Proposition 4.1 Let iy € (M(X),HK,) such that (X,dx), satifies m-LAC for 1 almost every
point zo. (M(X), HK,(X)) satisfies m-LAC at 1.

Proof: For the proof, we are going to utilize the cone representation introduced in Section 3.4. Let
Woys - - -, Mo, DE geodesics connecting 119 € M(X), with p; € M(X),7 = {1,...,m}. By an
application of [LMS17, Thm. 8.4], we can find geodesics Ag1, - - ., Ao in P(E), such that Py, () =
o; () (the fact that we can have Ag;(0) to be equal to some fixed A\ for i = 1,...,m is given by
[LMS17, Lemma 7.10]). By [Lis06, Thm. 6] we can find optimal geodesic plan Aq_,; € P(CI0, 1]; €)
in the sense that (e;);Ao—; = Ag;(t). By a refined version of the glueing lemma we can find a plan
A € P((C([0,1];€)™), such that 7' A = Ag_n For A-a.e. z = (zo1,. .., Zom) We have that
Zo1,- - -, Zom are geodesics and z¢1(0) = -+ = 2z, (0). We split the measure A in two parts
A% and AMO such that AT (2,(0) = {0}) A(z0:(0) = {0}) and AN (2,(0) #
{0}) = A(20i(0) # {0}). For A% let us set 0;;(2) = Fup(20i, Z0;). Since m-LAC is satisfied
for po—a.e. zo in (X,dx), by an application of Theorem 2.18, we have that m-LAC is satisfied
for (e0);m) 'A%\ -ae. zg in (€,de), and therefore for A% -ae z = (2q1, ..., Zom). We wil
assume without any loss of generality that all geodesics have length equal to a. By applying Remark
3.6 we get
2

1
a* cos Fup (Mo, Hoj) = lim inf o (HKE (110, boi (1)) +HKE (110, o; ()~ HKG (ki (1), gy (5))

1 2 2
> timint o (W3, O M)+ (o Rog(9) = W2 (Mai(t), Moy (5)))

PR ~
> liminf o [ (d2 (20, 201(8)) +2 o (20, 205(5) ~2 o(Z0it), 205(5)) ) AA

s,tl0 28t

o1 ~
> llgjglfg/ (dé,e(()?ZOi(t))eri,z(OaZOj(S))—dée(zm(t)aZOj(S))) S

o]
limint o [ (d o(z0. 20(0) 6% o (20, 20,()~d o(z0i(8), 205(5)) ) AT,

The first term in the last sum is strictly positive, and for the second part, we can use Hée(zm (1), z0j(s)) <
dg ¢(20i(t), z0;(s)). Therefore, by applying Fatou's lemma we have

a® cos Fup (Kois HOj)
| .
> / lim inf Q_t (déz(ZO, Zol‘(t>)+dé£(20, z0j<8))_déz(z[)i(t)a Zoj(s))) dAQ\{O}

s,t1.0 S
> /cos(@ij(z))Ae\{O}.
Thus, applying part (b) of Theorem 2.21 for every choice of positive b;,7 = 1, ..., m, we find
Z cos(Mo;, Ko;)bib; > / (Z cos(6;;( ) A0} > 0,
7,7 1 1,] 1
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which is the desired result for 1. |

We conclude this subsection with the following main result.

Theorem 4.2 (X, dx) satisfies m-LAC, if and only if (M(X), HK,) satisfies m-LAC, if and only if
(P(X), SHK,) satisfies m-LAC.

Proof:

((X,dx) = (M(X),HKp)): It is a straightforward application of Proposition 4.1.

(M(X),HK,) = (X,dx)): We just use Dirac measures, and the fact that geodesics stay within the
set of Dirac measures.

(M(X),HK,) < (P(X),SHK,)): The proof is a straightforward application of Theorem 2.21 part
(d), using that (P(X), SHK;)) has diameter less than 7/2 (see Theorem 3.4.) n

4.2 K-semiconcavity on sets of measures with doubling properties
Here we are going to provide results related to /-semiconcavity. We will start with a general lemma

that gives an estimate for the total mass of the minimizer in LET(+; i, 1t1) (see Theorem 3.1). By
B(X) we denote the collection of all Borel sets in (X, dy).

Lemma 4.3 Let pug, 11 € M(X), and let Hyy be a minimizer for LET(+; 110, f41), then

Ho (X x X) < /ph(X ) < V(X (4.1)

where (fu), 11} ) is the reduced couple of (g, p11). Furthermore, we have

Hoi (A x X) \/,uo 2%) forall A € B(X), (4.2)

where A, = {y € X |Vxz € A: dx(z,y) < b}. Finally, if X C R? and pg, 11 < £, and
T : X — X is a function whose graph is the support of Hy, (such a function exists by [LMS17,
Theorem 6.6]), then

Hor(A x T(A)) < /(A (T(A)) forall A € B(X). 43)

Proof By (3.8c), (1o, 1) and (g, 1t} ), share the same optimal plans. Let o; be the optimal densities
Then, the optimality condition (3.7d), which is valid in the support of Hy;, gives

d"

2 2
d (o,
HZ(X x X) = < / 1dH01> &7 ( cos (Edx (z0,11)) | HOI)
Al x A" A< AL

Voo(zo)ai (1)
cos<1 1 2cs 1 1
Z ( / de) % ( / —de) ( / —de)
Y \/Uo(xo o1(x1) Al x A oo(zo) X AL o1(z1)

1
= [ —dn —dm //dﬂo / dpr = po(X) ph (X).

Ay 90 A} 01 3
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For showing (4.2) we define

. dH01(A X ) d . dHOl(X X )
UI’A_d—/ an O'l—d—/.
H1 H1

such that 0 < 0y 4 < 1. We define two measures (i} and i} via

() = [ 24 ) () = (B) - T (B) oral BEBY). (44
B o1(z1)

We have that (Ho; ) L(AxX), is a plan between () L A and 1z . Similarly we have that (Hp; ) L((X\A) x X)

is a plan between (p() L(X\A) and fz}. Also it is straightforward to see that the sum of the cost of

the two plans is equal to the cost of Hy;, therefore these plans must be both optimal. Now applying

the first part, i.e. (4.1), w we have

Hou(A x X) = (Hox L<A><X>)<X x X) < u6(A)ﬁﬁ(X)

< \/Mo Ml \/% )

Finally, if Hy is an optimal plan for s, pj, and 7' : X — X is a function whose graph is the
support of Hyy, then Hy L(AXT(A)) = HpL(AxX) is an optimal plan between (L A and
fy LT (A) = [}, where i} is defined as in (4.4). Now by applying the same argument as before, we
have

which is the desired result (4.2).

Hoi(A x T(A)) = (Ho L(AXT(A)))(X x X) = (Ho1 L(Ax X))(X X X) ME)(A)PJQ(X)
< V(A (LT (A))(X) < V(AT (A)) < Vi (A (T(A)),

Before we proceed with the main result of this subsection, we are going to provide some definitions
and extra notation. In the following we use the notation B(x, ) for metric balls in (X, d x ) and possibly
in over metric spaces.

Definition 4.4 (Doubling metric space) A metric space (X, dx) is called doubling, if for every to >
t; > 0, there exists a constant C'(ty/t1) > 1, that depends only on the ratio, such that every ball of
radius to can be covered by C'(t2/t1) balls of radius t;.

Definition 4.5 (Doubling measure on metric space) /n (X, dx), a Borel measure L is called dou-
bling if for every ta > t; > 0, it exists a constant C(v2/t1) > 1, that depends only on the ratio, that
forevery v € X, we have L(B(z,t3)) < C(ta/t1)L(B(x,1t1)).

In [HK*15, Hei01] one can find more information on doubling spaces and measures; for a collection
of examples we refer to [CoW77]. The existence of a doubling measure in every complete doubling
metric space is provided in [Hei01, Thm. 13.3].

We are mostly interested in X = R?% or X = ), where (2 is a compact subset of R? with Lipschitz
boundary, in which case the Lebesgue measure is doubling. We are also interested in manifolds of
finite dimension and lower bounds on the Ricci curvature, where the volume measure is doubling, see
[Stu06b, Stu06a].
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Definition 4.6 (Locally doubling measure) In a metric space (X, dx), a Borel measure L is called
locally doubling, if for every M > 0 and M > v, > t; > 0 there exists a constant C;(t2/t;) > 1
that depends only on the ratio ty/ty and on the upper bound M such that for every x € X we have
L(B(I, tg)) S O]V[(tg/tl)L(B(l'7 tl)).

Since for our result it is easier to work with finite reference measures, we provide the following useful
lemma, where we exchange the global doubling property with finiteness of the reference measure.

Lemma 4.7 For every doubling measure £ we can find a finite locally doubling measure £ that is
equivalent to £ (ie. L < L and L K L ).

Proof: For some point z, € X, we define £(dz) = £ (dz). For the finiteness of £,
we observe that

I S
(1+C(2))2 )

- 1 ~ - 1 ~
L(X)= / _ Z(dr) < /  F(dz
- Z(; Blaait D\ B(ae,)(1+C(2))24000) ) Z Blaearn) (1HC(2))% - (4.5)
o £(Bo 1) _ = C(2)i+ '
< - ~ 7 7
—; (1+C(2)) ; 1+C =00

where C'(2) is the doubling constant for £. We also have

LB(%, tz)
LB(.%, 'Cl)

LB(z,t) (1+ é(z))%dwmw
iB(aj, ) (1+ O(Q))Q(d(ra,:v)fw)

: Clea/r))(1 + C(2))2rte2),

Therefore for M > 0, we conclude that £ is locally doubling with constant Cyy (t2/t1) := C(ra/t1) (14
C(2))%M which proves the result. "

For a finite, locally doubling measure £ and § € (0, 1) we define the set

_ d 1
M?(X):{MGM(X) p<L L, 5_dl£( z) < 5 for L-a.e. J:EX} (4.6)
For positive numbers d;, do, we also define
p(B(z,d)) _ 1
X): X <—<— 4.7

—L ~ —L
It is straightforward to see that M (X)) C Mg, 5(X). Furthermore all elements in M; (X') have total
mass bounded by EL(X). The reason that we are using these two sets instead of just of one of them
is that neither is geodesically closed in (M(X ), HK,). However, as will be proved later, for each 6 > 0

we can find dy, dy > 0 such that for every i, 1 € ﬁ?(X) we have Hy,(t) € Mdl 4, (X)) for all
te[0,1].

Theorem 4.8 (K-semiconcavity) Let (X, dx) be doubling and has curvature no less than r, £ be
—L
a finite, locally doubling measure, and M (X') as in (4.6). Then, for every § > 0 there exists K such
—L
that for all f1o, i1, 12 € My (X)), the function

[0,1] 3 ¢ = HKG (1o, 1y (t)) — Kt*HKG (1o, 1), (4.8)

is concave, where Wy, € Geod (o, pi1).
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The result is based on two facts. The first one is Lemma 2.23, i.e that for Ry, Ry > 0,and 0 < d < §
it exists a K € R that depends only on Ry, Ry, d, k, such that for every  C X, (€, d¢) satisfies K -
semiconcavity at B (z,d) x [R;, Rs]. The second is that when two measures, are “uniform” enough,
and have bounded densities with respect to each other, then the transport happens in distances less
than some d with d < /2, and also the densities with respect to the optimal plan are bounded. The
result is established on the basis of several intermediate results.

Lemma 4.9 Let (X,d X) be doubling, £ a finite locally doubling measure, and J\/[d1 4, (X), as in
4.7) for0 < dy < 5¢ and dy > 0. Then, there exists 0 < Cin < Chax, Such that for every

Lo, f11 € j\/v[ﬁth (X) and any optimal plan Hoy for LET¢(+; o, p11) we have
C(rnin S O—’L(:I:Z) S CmaX7 ni'a-e- (49)

where 1; = W;EHOI = o;u; fort = 0, 1. Furthermore, any transportation happens in distances strictly
less than some 75, i.e. it exists d < 7 that depends only on dy,d», such that £d x(zo,x1) < d for
Hy, almost every (xg, x1).

Proof: By the optimality conditions, we know that there exist sets Ay, Ay with 11o( X\ Ag) = no(X\Ag) =

(X \A1) = mi(X\ A1) = 0, such that
oo(xg)oy(z) > COSzg (Ldx(xg,21)) in A X Aj. (4.10)

By dividing with o1 (1) and integrating with respect to 119 on B(x1,d;), we obtain

cos% (£dy) cos? (£d:)
TMO(B<x1?d1)) > deL(B(:Ul,dl)), (4.11)

for every x1 € A;. Using Lemma 4.3 we find

no(B(x1,d1)) >

no(B(r1,d \/,Uo (71,d (B(xhdl);’—e)

B(xl,dl))\/C ((;_ﬁ+dl> /d1> sup i (B(y,d1))

yEBQLe (ml,d1)

yEB g (¢1,d1)

Sd—t\/m\/C(<%+dl>/dl) sup  L(B(y,d1))  (4.12)

di\/g,-—l,\/ 2£+d /d) (B(z1,d1)x)

< diL<B<x1, dl))\/C’ ((ﬁml) /i) C3 ((g i) /di),

where the constant C ((%—i—dl) /dl) is as in the definition of doubling metric spaces to cover a set
of radius J; + d; by balls of radius d;, and C’% ((§+d1) /dl) is the doubling measure constant for

radius less than 7. We set C = \/C ((g54d1) /d1) Cz ((g5+d1) /d1), and by combining (4.11)
and (4.12), we derive the lower bound

o1(z1) > cos% (€dy) d2/C in A (4.13)
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Now, by the second optimality condition we have

cos% (€dx (o, 1)) C ey
_ 5 < Hy-ae. i . 4.14
00($0) 0_1(]:1) = COS% (Edl) dgv o1-a.e. In 0o X Ay ( )

By interchaning the roles of oy and o1 and combining all the inequalities we arrive at

cos% (€d,) d3 o
Cmin = +2 S O'Z<l'2> < C

5 o7~ o —- Cmax; ;- S A’L'7
C - c:052g (£d,) d3 fi-a-e-

which is the desired result.

Now by visiting the second optimality condition one more time, we get that cos% (€dx (zq, 1)) is
2
bounded from below by a positive constant that depends only on the bounds of o;, for Hy-a.e.

us

(g, x1). Therefore by continuity of the cosine, we get that it exists d < 5 such that for every
fio, 1 € MG, 4,(X), we have £dx (xo, 21) < d, for Hyy-ae. (zo, 1)

—L ~
The next result shows that the geodesic closure of M (X) is contained in Mg 4, (X) for suitably
chosen dq, ds.

—
Lemma 4.10 Let (X,dx) be doubling, £ be a finite locally doubling measure, and M (X) be as

in (4.6). Then, for each § > 0 there existd, € (0, 5;) and dy > 0 such that any constant-speed

_L: ~
geodesic Wy, connecting ig to py with (1o, iy € My (X) satisfies wy, (1) € Mg, 4,(X) for all
t € [0,1].

—L ~
Proof: It is straightforward to see that M; (X) is a subset of some M*. ., (
min{j;,5},0

Lemma 4.9, we have that it exists d that depends only on ¢ with d < 5, for which we have that for

Hy;-a.e., it holds that £d x (g, x1) < d < 5 Let A1, be the optimal plan in the cone definition, and
A_.1 the occurring plan on the geodesics. For zy € X, we have

Moy <t; B (:Uo, T ZZd)) >qB [(et)ﬁ (A(Hl)l_{a:m(()) €B (:UO, T ;ﬁd) }] (X),

(4.15)

X). Therefore, by

7—2d
48

ball of radius B <x0, ”L?‘i> . Now i, (t) = B [(et)ﬁ (A0_>1)I_{:1301(0) €B (xo, %) H is a

geodesic starting from 1oL B (3:0, ngJ) .Let m(t) = (g (¢))(X). By (2.11) and recalling (1.3)
we get

since all points in B (xo, ) , will be transfered at most distance %. Therefore will remain in a

m(t) > (1 —t)*m(0) + t*m (1),
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(4.16)

Combining 4.15 and 4.16, we get that

Ho1 (tB <950> WL?)) )

c(3(m) 10 () /()

We work in the same manner with the roles of (i, and i, being inversed to recover the same es-
timate on the interval [1/2,1], and this way we retrieve the lower bound with d; = 24 and

4 >
% S ()

(4.17)

)) In a similar manner by utilizing (2.10), we retrieve an upper bound.

Lemma 4.11 Let (X,dx) be doubling, £ a finite locally doubling measure, and J\%dﬂ,<j|2 (X) as in
(4.7). There exist Ruyin, Rmax > 0 that depend on di,ds, such that for g, i1, with () €
Mdﬁl’dQ(X), and [i5 € Mﬁl,dg (X)), we can find measures Ao, A\, A2, At € Po(C[Runin, Rimax|) with

P = pi, P = U'Ol(t)? Wde‘,eO‘% )‘t) = HKE(NZ‘; H'Ol(t))v 1=0,1,2.

Proof: Fori = 0, 1,2, let Hy; be the optimal plan in the definition of LET(-; 11;, u(t)), and ot*, ot

the densities of n!*, i with respect to i;, /1;. Let now the plans

1

Ati(dzi, dZt) = (Sm(drz)é\/m(drl)[’[m(d.@“ dxt)

Fori = 0,1,2, we take 0" (|2, z]) = \/%, and we define A;; = dilgis (A¥). Finally we set
t
N = Wé/in- for i = 0,1,2. It is straightforward to see that r; = @/Zgé((zi))\/af"(a:i) for \;-a.e.

zi =[x, 7], with i = 0,1, 2. By Lemma 4.9, we now obtain

C(Inin CIH X .
Roin = N <r < \/ﬁ =: Rpax for XN-ae. z; = [z;,r], for i =0,1,2.
This proves the the claim that all \; are supported in €[ Rpyin, Rmax)- n

Now we are able to conclude the proof of the main result.
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Proof: [Proof of Theorem 4.8] By Lemma 4.10 there exists 0 < d; < ; and 0 < d3 such that

every geodesic Ly, connecting fig, it1 € W (X) satisfies uy, (t) € ﬁ[ﬁlm(X) forall t € [0, 1].
We also have pp € JT/[ﬁLdz (X) D ﬁ?(X) We would like to utilize the equivalent definition of
K —semiconcavity given in (2.34), therefore we will just take fig = Wg1(t1), i1 = Mgy (t2), forty, ts €
[0, 1], and for 1y, we just re-parametrize (L, L[t1, 2]). By Lemma 4.11, there exists Ry, Rinax that
depend on d, do, and therefore on ¢, such that for every fig, fi1, jiz € JV[ﬁth (X)and0 <t < 1we
can find measures Ao, A1, Ag, A\t € Po(C[Runin, Rmax|) with

543)‘% = [Lﬂ f‘B)‘t = a[)l(t)7 and de,e()‘h /\t) = HKZ(:&Z’ aOI(t))v L= Oa ]-7 2. (418)
Using the geodesic property of 1, yields

Wd@,e()‘oﬂ )‘t> + Wde‘,z ()‘17 )‘t) = HKZ(NOa !101 (t>) + HKf(lula 1101 (t))
= HK¢(fio, fi1) <Waq (Ao, AL).

Hence, it is straightforward to see that there exists a geodesic Ag; connecting Ag, A1, such that
Ao1(t) = A;. Furthermore, by [Lis06, Thm.6] there is a plan Ay_,; on the geodesics such that
Ais = (er,€5)3A01 is an optimal plan between A(?) and A(s). Now, by using a gluing lemma,
we can find a plan A3, in P((C[0,1];€) x €), such that Aoy = (e, e1); (mf "1 A3"") , and
(e(m"71) x I);A5" is an optimal plan for Wq, , (A2, Agi (). Finally by applying the last part
of Lemma 4.9, we get the existence of a d < % such that £dx (s, 2;) < d for (e, (") x
I)ﬁASt_>1 almost every (29, z;), similarly €dx (zo, z1) < d for Ag; almost every [z, z1]. Therefore,
for A5, almost every (22, 2(-, 20, 21)), where z(-, 29, 21 ) is a geodesic connecting 2, 21, we have

xo, L1, Ta, &(t, 20, 21) € B (Z(t, 20, 21), d) . By Lemma 2.23 we get a K such that

déz(ZQ, Z(t, 20, Zl)) + Kt(l—t)déZ(ZO, 21> > (]_—t)déi(ZQ, Zo) + tdée(Z% Zl), (419)

for AS;7! almost every (22, (-, 29, 21)). By integrating with respect to AJ;”", we find

W3, , (A2, Ao (1)) + Kt(1 = )W3,, (Ao, M) > (1=t)WG,, (A2, Ao) + WG, (A2, A1) (4.20)

¢,e )

Using (4.18) we find the desired semiconcavity (4.8). [
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