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Analysis and simulations for a phase-field fracture model at finite
strains based on modified invariants

Marita Thomas, Carola Bilgen, Kerstin Weinberg

Abstract

Phase-field models have already been proven to predict complex fracture patterns for brittle
fracture at small strains. In this paper we discuss a model for phase-field fracture at finite deforma-
tions in more detail. Among the identification of crack location and projection of crack growth the
numerical stability is one of the main challenges in solid mechanics. Here we present a phase-
field model at finite strains, which takes into account the anisotropy of damage by applying an
anisotropic split of the modified invariants of the right Cauchy-Green strain tensor. We introduce
a suitable weak notion of solution that also allows for a spatial and temporal discretization of the
model. In this framework we study the existence of solutions and we show that the time-discrete
solutions converge in a weak sense to a solution of the time-continuous formulation of the model.
Numerical examples in two and three space dimensions illustrate the range of validity of the ana-
lytical results.

1 Introduction

In solid mechanics, one of the main challenges is the prediction of crack growth and fragmentation
patterns. Regarding the modeling side, complicated structures and a non-regular behavior of cracks
turn numerical simulations into a difficult task. The classical brittle fracture approach of Griffith and
Irwin [Gri21, Irw58] is based on an energy minimization setting for the whole structure. Let us consider
a solid with domain B, C R? and boundary 9B, = I' C R? deforming within a time interval
t € [0, T). Each crack, that is located in a solid, forms a new surface I'(¢) of a priori unknown position
which needs to be identified. Therefore, the total potential energy of a homogeneous but cracking
solid is composed of its bulk energy with a Helmholtz free energy density W and of surface energy
contributions due to growing cracks:

E:/ vdx + [ G.dr (1.1)
Bo I'(t)

For rate-independent brittle fracture the material’s resistance to cracking, the fracture toughness G,
corresponds to Griffith energy release rate with unit force per length. Rate-independent crack growth
sets on as soon as the energy release rate G reaches the critical value G... The evolution law encoded
therein at time ¢ amounts to a minimization of the energy (1.1) under the constraint that I'(t) C I'(¢)
forallt < t € [0,7T]. However, the minimization of the energy functional (1.1) is a challenging task
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because of the moving boundary I'(¢). Several sophisticated discretization techniques exist, e.g. co-
hesive zone models [XN94, OP99, RS03], eroded finite elements [MP03, SSBP03] or eigenfracture
strategies [SL09, PO12] to name some of them. Another approach to such moving boundary prob-
lems is a diffuse-interface approach, which approximates the two dimensional crack surface by a three
dimensional damaged volume. These types of phase-field models for fracture have gained much at-
tention in recent literature, cf. e.g. [HL04, KKLO1, MHW10, VdB13, BVS*12]. The main idea of this
ansatz is to mark the damage state of the body by a continuous order parameter s : [0, 7' x R? — R,
which evolves in space and time.

From a mathematical point of view the phase-field fracture model we shall investigate in this work, is a
modification of the Ambrosio-Tortorelli functional [AT90], which can be used to model rate-independent
volume damage, and which we here augment by a viscous dissipation potential for the variable s. The
modifications made allow it to consider the evolution problem at finite strains using polyconvex energy
densities. They take into account the anisotropy of damage, meaning that damage only increases
under tensile loadings but not under compression. For this, it will be important to consider the stored
energy density as a function of the modified principal invariants of the right Cauchy-Green strain
tensor, and based on this, to introduce an anisotropic split of the energy density, which we shall
explain in Section 2. This model is analyzed in detail in Section 3. We introduce a suitable notion of
solution and in this setting we prove the existence of solutions using a time-discrete scheme via a
minimizing movement approach. In particular, we show that solutions constructed with a staggered
time-discrete scheme converge in a weak sense to a solution of the time-continuous formulation of
the problem. This convergence result is confirmed within a series of numerical examples in Section
4, where we also provide further details on the spatial and temporal discretization. We demonstrate
a simple but typical problem of a mode-I-tension test in two and three dimensions to study different
influencing factors.

2 The phase-field fracture approach

In this section the focus is set on the phase-field approach for fracture to overcome the difficulty of
moving boundaries. The phase-field is introduced as an additional parameter which is by definition
a continuous field. Thus, the moving crack boundaries are 'smeared’ over a small but finite length.
The order parameter s : By x [0,7] — R with s € [0, 1] characterizes the state of the material,
whereby s = 1 indicates the unbroken state and s = 0 the broken state. The surface integral in (1.1)
is approximated by a regularization using a crack density function v : R x R3 — [0, 00)

/ dl' ~ / ~v(s(t, X), Vs(t, X)) dX . (2.1)
() By

This approximation (2.1) is inserted into (1.1) so that the total potential energy reads

E= / (W + Gey) dX . (2.2)
Bo
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Phase-field fracture at finite strains based on modified invariants 3

The crack density function is by definition zero along the cracks only. In general different approaches
e.g. a second order or fourth order crack density function can be applied, cf. Fig. 1. Typically, a second-
order phase-field approach is defined as:

1 L
(s, Vs) = ﬁ(l —5)? + §|Vs|2 (2.3)

with the fixed parameter [ € (0, 1) which is a measure for the width of the diffuse interface zone, see
Fig. 1. The length-scale parameter . weights the influence of the linear and the gradient term whereby

1t

2nd-order

phase-field s

4th-order

o

X

Figure 1: Uniaxial model with a crack at x = 0 and with a continuous phase-field s € [0, 1]; phase-
field approximation for a second order and a fourth order approximation of the crack density function

-

the gradient enforces the regularization of the sharp interface. The insertion of (2.3) in (2.2) leads to a
potential which corresponds to the Ambrosio and Tortorelli functional [AT90].

2.1 Governing Equations

The elastic boundary value problem is based on the balance of linear momentum
div(P) +b=0 in3B, (2.4)

Here and in the following P denotes the first Piola-Kirchhoff stress tensor, b is the prescribed body
force and h will be the traction. In this contribution the focus is set on a simple elastic boundary
problem such that the body force b will be neglected. The solid’s boundary is divided into displacement
and traction boundaries 9B} and OB with 9BY U OBY = 0By, 9BY N IBY = 0, and

@ =g(t) ondBy, (2.5)
PN = h(t) on0BY. (2.6)

with the outward normal N and fixed prescribed displacements g(¢). All fields refer to the reference
configuration. Furthermore, the phase-field evolution equation is stated in general form as

§=-—MY, 2.7)
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where the parameter M denotes the kinematic mobility and Y summarizes all driving forces which
typically represent a competition of bulk material and surface forces, cf. [WDS™*16]:

Y = 8,(W + Guy) = 6,0 + Gy (2.8)

In particular, the phase-field model is based on the crack density function (2.3) and the driving force
for crack growth that consists of components of the free energy.

Here it has to be mentioned that our analytical results also account for the unidirectionality of the
damage evolution, i.e., that damage of the material can only increase during the evolution, but not
heal. This can be done by reformulating equation (2.7) for the damage evolution as follows: Under the
assumption that the kinematic mobility is strictly positive we can equivalently rewrite (2.7) as M ~1s =
—Y. We then introduce (the density of) the quadratic dissipation potential

-1

Va(8) = M

5 1817 + ad(— 000 (8) (2.9)

with [(_c0) : R — {0, 00} the characteristic function of the negative real line, i.e., I(_Oo,o](s) =0
if s € (—00,0] and I(_u,0)(s) = 00 otherwise. In this way, the time derivative $ is forced to take its
values in (—oo, 0]. According to the definition s = 1 for the unbroken and s = 0 for the completely
broken state of the material, it thus ensures that the damage of the material can only increase in time,
which means the unidirectionality of the damage evolution. Since the unidirectionality constraint is not
incorporated in the numerical simulations presented in Sect. 4, we use the prefactor & = const > 0
to indicate that we switch this constraint on or off, so that we can consider two different types of
models: A model with « = const > 0, where the unidirectionality constraint is active, and a model
where a = 0, where unidirectionality is not incorporated (i.e. 0 - co = 0) and which is used in the
simulations. Our analytical results cover both cases o = const > 0 and a = 0. Using (2.9) we see
that the evolution equation (2.7) for & = 0 is given by

D:V,(s(t)) =Y (t) inBy. (2.10a)

In the case a = const > 0 the dissipation potential V,, is non-smooth for § = 0. Then equation
(2.10a) is replaced by the subdifferential inclusion

O0sVa(8(t)) 2 Y(t) inBy (2.10b)
featuring the multivalued subdifferential of the convex potential V. More precisely,

{0} if$ € (—00,0),
85~Va($(t)) = M_lé + 851(70070}0?) s where (95](70070](5) = R.,. if s =20 R
0 ifse(0,00).
(2.10c)
In Section 3 we will introduce a suitable weak formulation for the evolution problems given by the two
cases (2.10a) & (2.10b).
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Phase-field fracture at finite strains based on modified invariants 5

2.2 Finite elasticity and the anisotropy of damage

In this work we set the focus on finite strains and we will subsequently introduce a nonlinear material
model and its split into compressive and tensile parts, which makes sure that only the latter are re-
sponsible for crack growth.
In the finite deformation regime a deformation mapping ¢ : By x [0, 7] — R? is regarded and the
deformation gradient F' : By x [0, T] — R3*3 is defined as

F:V)(cng—;. (2.11)
Concerning the following notation the fields X in capitals refer to the reference configuration. Further-
more, the volume map is given by the determinant of the deformation gradient, det F'. Further, the
assumptions of hyperelasticity, objectivity, and isotropy of the constitutive law imply that the free energy
density can equivalently be written as a function of the principal invariants of the right Cauchy-Green
strain tensor C' = F'' F'. In three space dimensions, they are given by

1(C) :=trC = |FJ?, 15(C) := tr(cof C) = | cof F|?, 13(C) :=detC = det F. (2.12)

The cofactor cofC' maps the element area vector from the reference to the current configuration.
Since many materials behave quite differently under bulk and shear loads, it is often convenient for
numerical simulations to introduce a multiplicative decomposition of F' into a volume-changing and a
volume-preserving part:

F = (det F)'20F, with F = (det F)" Y301 F (2.13)

with (det F)1/3]1 being the volume-changing deformation, Fis the volume-preserving deformation
and 1L € R3*3 s the identity matrix. This split was originally proposed by [Flo61] and also successfully
used by [ST91] and [Ogd97]. This leads to a set of modified principal invariants

U(C) = 13(C) V3, (C) = Ll(FTF) and V(C) = 13(C)31,(C) = LQ(FTF> . (2.14)

which in fact guarantee a stress-free reference configuration since dpU(F ' F) = 0V (F'F) =
0, cf. (3.62). The free energy density ¥ may now be expressed either in terms of the invariants
(11(C), 12(C),13(C)) or in terms of the modified invariants (U(C),V (C), t3(C)). As we shall
see, the use of the modified invariants is more convenient.

The form of the free energy density is further specified by taking into account the anisotropy of fracture.
Cracks grow and damage increases only under tensile deformations but not under compression. To
incorporate this feature, we first renormalize the stored energy density of the reference configuration.
Here we assume that the reference configuration is associated with the state (F',s) = (1L,1),s =1
marks the undamaged state of the body. We now impose that W (1L, 1) = 0. For this, we note that
t1(I1) = U(LL) = 12(1) = V(1). Thus, the condition W (1L, 1) = 0 can be achieved if W (-, 1)
is composed e.g. of renormalized power terms of the form (A(F'F) — A(1)) or (A(F'F)’ —
A(11)%) with i > 1 and A being a placeholder for the invariant functions ¢1, t2, t3, U, V. Moreover,
compressive deformations are characterized by A(F' F) < A(1l), while tensile deformations are
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associated with A(FTF) > A(11). Hence, the anisotropy of fracture can be incorporated into the
model by making the specific ansatz

U =W(F,s):=B(8)Wy(1(FTF),1o(FTF),13(F F))+ W_((FF),15(F"F), 5(F"F))
or
U =W(F,s):=B(s)W (UWF F),V(F'F),;3s(F'F))+W_(UF"F),V(F'F),;5(F"F)),

where

Wi(ly, Ir, Is) = W(m{(I,(F " F)),m3 (I,(F " F)),ms (Is(F " F)))
with mF (L;(F'F)) = + max{+([;(F' F)* — I[,(1)*),0} fora; > 1,
(2.15)
W e {W,W},and (I}, I, I3) € {(t1,t2,13), (U, V,13)}. The degradation function 3 is defined
with the specific ansatz
B:[0,1] = [n,00), B(s) = (n + 5%). (2.16)

where the parameter 7 > 0 is a very small value 17 < 1 to catch numerical instabilities in the cases
of s = 0. In fact, from a mathematical point of view the introduction of 7 > 0 ensures the coercivity
of W (-, s) forany s € [0, 1]. Thus, at level > 0, only incomplete damage is modeled, because the
material is still able to carry stresses even if s = 0.

The split with mf is explicitely tailored for energy densities of power-law type alike

l
W(L(FTF), L(FTF), I;(FTF)) = ey (17 =3y (1% =3 ) gy (159 —1)7%

=1

(2.17)
withr; > 1,and o; > 1. When using a given density W to introduce Wi(u, Lo, t3) and Wi (U, V, 13)
as in (2.15), there must not hold /W/i(q, Lo, 13) = W(U,V,13), since the densities W, and W
use different sets of invariants on which the functions mjt are applied. Because of premultiplication
with 3(s) the two definitions of W in terms of either W or W are different and lead to different results.
In fact, for numerical simulations the use of 1V has turned out to be more stable [HGO™"17].

In order to fulfill the assumption of hyperelasticity we also want to make sure that the density Wi :
R3 x R? x R?* — R is continuously differentiable with respect to the invariants (1y, I, I3). It can be

checked that this holds true for energy densities IV of the form (2.17) with r; > 1, and «; > 1. In this
way, when focussing on the case [ = 1, the densities IV . defined in (2.15), are given by

Wi(l[(F'F),I,(F'"F),I5(F"F)) cxmiE (I(FTF))™

I
[M]

k=1

w |

cr (£ max{E(I(FTF)* — [;(1)*),0})"™
=1
forap > 1,1, > 1,

ol

(2.18)
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where summation now runs over the 3 invariants. Then it is

0 it £ ;7 < +1;(1),
oI ey (I — L))o= it £ 177 > L)

J73

O, Wil I, I;) = { (2.19)
and hmh_m(i([ (1) £ h)* F I;(1L)*)"~1 = 0 thanks to r; > 1. Hence, each of the derivatives
o1 W, : R, xR, x R, — Ris continuous with o1, W (I;(1), I(1), I5(1)) = 0. This ensures
that the reference configuration (associated with the deformation gradient F' = 1) is stress-free. In
particular, for continuously differentiable densities 17 . : R? x R? x R® — R, due to the assumption

of hyperelasticity and relation (2.15), the first Piola-Kirchhoff stress can be calculated with the chain
rule as

P(F,s) = 0sW(F, s)
Z )0, W (IL(F'F), L,(F'F), I;(F'F)) (2.20)

+ 0, W _(L(FTF), L(FTF), (FTF))) 2 F)

and P(1,s) = 0 forany s € R because aiji(Il(]l), Ir(1), I3(1)) = 0. In contrast, for r; = 1
in (2.18) one can see that W, is no longer continuously differentiable in [j(ll) since the left and the
right differential quotient in /;(11) do not coincide. Then, the choice of the set of invariants has an
influence on the continuity properties of the first Piola-Kirchhoff stress. Exemplarily, let us consider
the density of a Neo-Hooke material c(¢1(F'' F) — 3) in the split (2.15), i.e., a1, = 1,¢; = ¢
and c; = c3 = 0 in (2.18). Using (2.15) we have W (F,s) = A(s)c(mi (1 (FTF) — 3)) +
c(my (11 (F"F)—3)). For F # 11, the density W(, s) is continuously differentiable so that the first
Piola-Kirchhoff tensor takes the form

B(s)2F it (F'F) >3,

P(F,s) = { oF ity (F'F)<3. 221)

For F' = 1l the energy density is non-differentiable, since max{¢;(-), 3} has a kink in 1L, but the
left and right limits of P(F', s) do exist for F* = 1L, and for 5(s) = 1 these two limits coincide.
However, a discontinuity of P(F', s) in F' = 1L cannot be prevented if 3(s) # 0, i.e., when damage
occurs. Instead, when using the Neo-Hooke law with the modified first invariant in the split (2.15), i.e.,
W(F,s) = B(s)c(m{(UFTF) —3)) +c(my (UFTF) — 3)), we find that

B(s)0pU(FTF) = 26(s)i; /*(FTF)(F — L (FTF)FT) ifU(F F) >3

P(F,s)=<{ 0opU(1) =0 it U(F'F) =
OpU(F'F) =2 *(FTF)(F — 1, (FTF)F) it U(F'F) <3
(2.22)

with lim, 7,0 OpU (1L & H) = 0 and where the expression OpU (F' ' F') is determined in (3.62d). In
other words, the first Piola-Kirchhoff stress of a Neo-Hooke material with modified invariant U (F ' F)
is continuous with P(11,s) = 0 for any s € R, which is not the case when the principal invariant ¢,
is used.
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AT A

A(TL)

A1) A

Figure 2: lllustration of the anisotropic split of the invariants A = U, V/ ¢3 into tensile and compressive
parts with dimension d € {2, 3}.

For numerical simulations it may be more convenient to introduce the anisotropic split for energy
densities of power law type in a slightly different way, as proposed in [HGO™17]. While the split defined
in (2.15) & (2.18) is incorporated into the terms of the free energy density, the anisotropic split proposed
in [HGO™17] is directly imposed on the modified invariants; more precisely, the anisotropically splitted
invariants are defined by

[E(FTF) =T(A(F'F)) = £ max{(A(F ' F) — A(1)),0} + A(1), (2.23)

with A being a placeholder for the invariants U, V, t5. In Fig. 2 the split of the invariants is visualized.
We note that

IN(FTF)+1,(F'F)=AF'"F)+ A1) for A=U,V,u3. (2.24)

This is due to the fact that the split (2.23) is again tailored to densities of polynomial type as in
(2.17). In particular, for T/ of the form (2.17) we can check that W..(U, V,13) = W (I, £, Ir).
Therefore, the above discussion about the continuity of the first Piola-Kirchhoff tensor remains valid
also when the anisotropic split is formulated in terms of (2.23): Continuity of P(-,s) in 1L holds
true for exponents 7 > 1 in (2.17) for both sets (tq,t2,t3) and (U, V,t3). For ry = 1 the

densities W (ti(F F),15(F ' F),15(F ' F)) = W(I*(F'F),[£(F"F),IX(F" F)) are non-
differentiable in (F'' F') = 11, so that stress P(-,s) has a discontinuity in IL, which cannot be
prevented for 3(s) # 1. Instead, when the modified invariants are used, P(-, s) is continuous with

P(1,s) =0.

To manifest this statement we will consider a simple mode-I-tension test in a loading and unloading
regime. We regard a two dimensional plate with a horizontal notch. The geometry and the related
boundary conditions are depicted in Fig. 3. On the lower boundary of the plate the displacements are
constrained in horizontal and vertical direction and on the upper side prescribed displacements are
applied incrementally. The displacements are increased until the time ¢ = 0.5 sec is reached - after
that the plate is relieved to the reference configuration. Furthermore, the mesh presented in Fig. 3 is
on the basis of the hierarchical refinement strategy, see [HSD™16], and consists of 20 x 20 quadratic
B-splines elements before making use of the refinement. After three local refinement levels in total
2656 elements with overall 12288 degrees of freedom are employed for the tension test.
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Phase-field fracture at finite strains based on modified invariants 9

bttt

SIS SIS

5 5

Figure 3: Boundary conditions (left) of a mode-I-tension test and the related mesh based on a hierar-
chical refinement strategy (right)

The simulation is based on the non-linear Neohookean material model with the proposed anisotropic
split (2.23), here considered for two dimensions,

W(F.s) = 8s) (50T (FTF) = 2) + S (F'F) - 1)?)

+ SUT(F"F) = 2)+ S(I; (FTF) - 1)°. (225)

The material parameter are chosen as follows: shear modulus ;& = 80.7692 x 10° % bulk modulus

k= 121.1538 x 10° X and specific fracture energy as §. = 2.7 x 10® 2. The process of

m2

loading and unloading is illustrated by the load-deflection curve in Fig. 4. The focus is set on the

500

w B
o o
o o
\
\

load [MPa]

N
o
o
\

\

\
\

100 r P

0 1 2 3 4 5
displacement [mm] %1078

Figure 4: Load-deflection curve of the mode-I-tension test under loading and unloading at different
times steps.

stresses 0 = (detF)_lPFT during the simulation after different time steps, cf. Fig. 5. The snapshots
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M. Thomas, C. Bilgen, K. Weinberg 10

of stresses demonstrate that the configuration is stressfree after unloading again. That means, the
stresses are continuous with P (1L, s) = 0.

ref. config. 1. timestep 499. timestep
<10 x10° x10°
6 10
15
5
8
4
10 6
3
4
5 2
2
1
0 0
500. timestep 999. timestep 1000. timestep

x10°

8
18
2.5
16
2.5
14 2
12 2
10 1.5
15
8
1
6 1
4
0.5 0.5
2

Figure 5: Von Mises stresses of the mode-I-tension test under loading and unloading at different time
steps.

w

Our analysis uses the formulation (2.15) to take into account the anisotropy of damage. It is carried
out directly for the density W (F', s), hence it is independent of the set of invariants, but it relies on
the assumption that the energy density is continuously differentiable.

3 Analytical Setup, Discretization, and Convergence Result

For the mathematical analysis of the regularized crack model given by the equations (2.4) and (2.7)
we define the free energy functional € : [0, 7] x U x Z — R,

E(t,p,s) ::/B (B(s)W1(MVe) + Wa(MVe) + (s, Vs)) dX -l-/(9 h-pdH* (3.1)

By

on suitable Banach spaces U, Z with v : R x R® — [0, 00) from (2.3) and 3 : R — [, 00), with
B(s) :=n + s* as in (2.16). Moreover,

M : R¥3 — R x R¥3 x R, MF := (F,cof F,det F) (3.2)

DOI 10.20347/WIAS.PREPRINT.2456 Berlin 2018



Phase-field fracture at finite strains based on modified invariants 11

maps a 3 x 3-matrix onto the vector of its minors. We remark that the ansatz W (Ve,s) : =
B(s)W1(MVep) + Wo(MV ) used in (3.1) is in accordance with the setting proposed in (2.15).
In particular, one may choose W, = W, and W, = W_ from (2.15). In this way, the anisotropy
of damage can be reflected in the model, given that the densities 1V; are sufficiently smooth. The
assumptions on the densities TW; : R3*3 x R3*3 x R — R are specified more precisely in (3.10)
in Sec. 3.1. For the existence analysis, carried out in Sections 3.1-3.3, it will be more convenient to
regard the densities WW; directly as functions of the minors of gradients, and not as functions of the
modified invariants of the right Cauchy-Green tensor as introduced in (2.14). Instead, in Section 3.4
we will translate the assumptions (3.10) imposed on the densities WV, into assumptions for densities
Wi being functions of the modified invariants.

In accordance with (2.9) we additionally introduce the viscous dissipation potential V,, : Z — [0, 00)

| M |
V. (5) = / (S5 I8P + g (9)) AX (3.3)
Bo

with A/~ the inverse of the kinematic mobility A/ from (2.7) and J(_oo g : R — {0, 0o} the charac-
teristic function of the the negative real line, i.e., /(_oo0)(s) = 0if s € (—00,0] and I(_u,0)(5) = 00
otherwise. This constraint forces the time derivative $ to take its values in (—o0, 0]. According to the
definition s = 1 for the unbroken and s = 0 for the completely broken state of the material, it thus
ensures that the damage of the material can only increase in time, which means the unidirectionality
of the damage evolution. With the prefactor & = const > 0 we indicate that we switch this constraint
on or off, so that we can consider two different types of models: A model with v = const > 0, where
the unidirectionality constraint is active, and a model where o« = 0, where unidirectionality is not in-
corporated (i.e. 0 - co = 0). The latter case is considered in the phase-field flow rule (2.7) and used
for the numerical simulations presented in Section 4.

Notion of solution for the body with damage: The elastic body undergoing damage is thus char-
acterized by a suitable state space U x Z, the energy functional € from (3.1) and the dissipation
potential V,, from (3.3) and we refer to it as the (evolution) system (U x Z, E,V,,).

In accordance with Section 2 we will show in Thm. 3.11 that a solution (¢, s) : [0,7] — U x Z of
system (U x Z, &,V,,) is characterized for a.a. t € (0,7T") by

»
—~

~+~
~—
~—
IN

forallp € U: E(t, (1) E(t,p,s(t)), (3.4a)
ifao=0: M'5t)+ B'(s(t))Wi(MVep(t)) +7'(s(t)) — As(t) =0 in X*, (3.4b)
ifa>0: M'5(t) + B'(s(t)) W1 (MVe(t)) ++/(s(t)) ( 0 in(X_)", (3.4c)

together with the energy dissipation estimate:
t t
forallt € (0,T) E(t,go(t),s(t))—i—/ Va(é(T))dTSE(O,cpo,so)—i—/ P(r, s(r)) dr,
0 0
(3.4d)

with V,, from (3.3) and with P(7, s(7)) := sup{0-E(T, ¢, s(7)), ¢ € argmin&(r,-,s(7))} as a
surrogate for the partial time derivative. This surrogate arises due to the non-uniquess of minimizers for
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polyconvex energies in the finite strain setting and such a formulation has been proposed in [MRS16]
in the context of finite-strain viscoplasticity. Moreover, X* in (3.4b) denotes the dual of the Banach
space X and (X_)* in (3.4c) the elements of X* restricted to elements of X _ := {v € X, v < 0}.

Let us discuss formulation (3.4) more in detail. Condition (3.4a) provides the minimality property of the
deformation . Under the assumptions of [Bal02, Thm. 2.4], minimality condition (3.4a) is equivalent
to (the weak formulation in U of) its Euler-Lagrange equation, which is the weak formulation of the
mechanical force balance (??). In this case, (3.4a) yields the weak formulation of (??). Instead, the
interpretation of (3.4b) & (3.4c) is more involved: On the one hand, to well-define the energy func-
tional (3.1) with the quadratic damage gradient -y and the function [ premultiplied to the deformation
gradients, solutions s should satisfy s € X := H'(By) N L>(By). On the other hand, due to the
quadratic growth of V,, it would be a first choice to understand (3.4b), resp. (3.4c), as an L?-gradient
flow. However, for the driving force of damage 3'(s(t))W (MV (1)) + 7/ (s(t)) — As(t) € L*(Q)
cannot be expected, so that L?(12) is not the right choice for the state space. In fact, we will find in
Lemma 3.10 that D E(¢, (), s(t)) := B/ (s(t)) W (MVep(t)) ++'(s(t)) — As(t) is bounded only
in X* the dual of the space X := H'(2) N L>().

For « = 0 we thus find condition (3.4b), which is the weak formulation of the phase-field equation
(4.2). Formulation (3.4c) for oo > 0, i.e. when the unidirectionality constraint is active, is given in terms
of a one-sided variational inequality. Together with the energy-dissipation estimate (3.4d) and (3.4a) it
provides a characterization of the solutions for > 0. Such a formulation of the non-smooth damage
evolution in terms of a one-sided variational inequality combined with an energy dissipation estimate
has been applied in [HK11] in the small-strain setting, and later also e.g. in [Ros17, CL16] in the case
of small-strain (visco)plasticity.

Main result and analytical strategy: Our main result, Thm. 3.11, provides the existence of a solu-
tion (¢,s) : [0,7] — U x Z of (U x Z, E,V,), which satisfies the governing equations (3.4). Its
proof will be carried out in Section 3.3 via a time-discretization. For this, we will consider an equidistant
partition of the time interval

My :={0=1% <ty < ... <tN =T} with time-step size 7y 1=ty — ty ' — as N — oco.
(3.5)
In addition, for the analysis, we will also regularize the unidirectionality constraint I(_ o) by its corre-
sponding Yosida approximation, i.e. for each N € N we introduce

: M N
Vo () = / L1324 a((3), ) dX 3.6)
By = 2 2
where ($); = max{0, s} is the positive part of 5. Starting out from an admissible inital datum

(¢, 2%) € U x Z, at each time-step t%; € I,y we then alternatingly solve
@k € argming.y€(th, @, sk 1), (3.7a)

1
), (3.7b)

which is also called a staggered time-discrete scheme and used for the simulations in Section 4.
Existence of solutions (¢, s%) of (3.7) at each time-step % will be shown in Prop. 3.9. With the

k . E ko~ §—sk—
sy € argmmgez(E(tN,gaN,s)—|—TNVQN( —
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discrete solutions (%, s% )& | we will construct suitable interpolants with respect to time and show

in our main result, Thm. 3.11, that these interpolants approximate a solution of the continuous problem
(3.4).

Comparison with other results in literature:  Our evolution system (U x Z, £, V,,) combines the
energy functional € from (3.1), which is a modification of the Ambrosio-Tortorelli functional [AT90], with
a quadratic dissipation potential V,,, cf. (3.3), which thus causes a viscous evolution of the phase-
field variable. Without this viscous contribution, i.e. M~' = 0 in (3.3), the (standard) Ambrosio-
Tortorelli functional, combined with the unidirectionality property ensured by ac > 0, models the rate-
independent, unidirectional evolution of the phase-field variable. In this setting, it was shown in [Gia05]
that the standard Ambrosio-Tortorelli functional I"-converges to the Francfort-Marigo model for brittle,
Griffith-type fracture, cf. e.g. [BFMO08] as the diffuse-interface parameter [. — 0 in the definition of
v, cf. (2.3). Later, similar approximation results have been obtained in the rate-independent satting
at small strains, allowing for the use of the linearized strain tensor and for modifications of the en-
ergy functional leading to cohesive or elasto-plastic fracture models, cf. [DMI13, lur13, CFI16, FI17,
DMOQOT16, CLO16]. Instead, the limit passage /. — 0 of an energy functional of Ambrosio-Tortorelli-
type in combination with a viscous evolution of the displacements was investigated in [BM14].

In this work we do not consider the limit [. — 0. We rather study for [. > 0 fixed the existence of
solutions in the sense of (3.4) for the system (U x Z, &,V,,) at finite strains for a modified energy
functional that takes into account the different evolution behavior of a viscous-type phase-field variable
with regard to tensile or compressive loads. Due to this modification, since the energy contribution 15,
which accounts for compression, is not premultiplied by the function 3, we do not expect our model to
approximate the Francfort-Marigo fracture model. Instead, we understand (U x Z, £,V,,) as a very
specific model for partial, isotropic damage, which has the property to localize damage in zones of
width /... This viewpoint on the Ambrosio-Tortorelli model has also been taken in the rate-independent
setting e.g. in [KN17], where the alternate minimization scheme (3.4) has been further iterated in each
time-step leading to parametrized BV -evolutions af the rate-independent problem, and in [Neg16],
where also a viscous regularization has been taken into account.

Other models for partial, isotropic damage allow for more general forms of the function 5 and the
regularization ~y. While the very specific properties of the functions 3,y in (3.1) make it possible to
show that a solution s satisfies s(t) € [0, 1] a.e.in By fora.e.t € (0,T), cf. Prop. 3.9, this bound is in
general lost for other physically reasonable choices of 5 and . Then, additional indicator terms have
to be incorporated into the energy in order in order to ensure that s € [0, 1] for physical and analytical
reasons. For the analysis of general models for partial, isotropic damage with a rate-independent
damage evolution we refer to the works, e.g. [MR06, TM10, Tho13, FKS10] and to the monography
[MR15] for an overview on rate-independent processes. The viscous, rate-dependent counterpart is
studied e.g. in the works [HK11, BB08, RR15, HKRR17], also in combination with dynamics, heat
transport, and phase separation, and vanishing-viscosity limits from viscous damage models at small
strains to rate-indpendent ones are investigated in the series of works [KRZ13, KRZ15, KRZ17].

Our approach to the analysis of system (U x Z, £,V,,) extends the ideas used in [Tho10], based
on [MMO09], for a rate-independent damage model at finite strains, to the present viscous setting by
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making use of the notion of solution studied in e.g. [HK11] at small strains. The study of the properties
of energy densities as functions of the modifed invariants, cf. (2.14), builds on results drawn from the
works [Bal77, Bal02, MQY94, CDHL88, SN03, HNO3].

3.1 Analytical Setup: Assumptions and Direct Implications

A physically reasonable deformation preserves orientation, which is ensured by

Ve € GLy(3) = {F € R™| det F > 0}.

Further natural requirements on the constitutive relations of particular importance are material frame
indifference (3.8a) and the non-interpenetration condition (3.8b):

A

W(RF) = W(F) for R e SO(3), F € R**?, (3.8)
{ W(F) = 400 for det F' < 0,

. 3.8b
W(F) — 400 for det FF — 0, (3.80)

However, they are not compatible with convexity, which is a convenient claim in the setting of small
strains. To see the incompatibility with convexity consider P,Q € SO(3), A € (0, 1), such that
(AP 4+ (1—-X)Q) ¢ SO(3), which conforms to a strain. Then convexity together with material frame
indifference yields the following contradiction:

0<WOAP+(1-XMQ) < AW(P)+ (1 —NW(Q) = AW (1) + (1 — )W (1) = 0.

The class of energy densities which fit to these natural requirements and which admit to prove exis-
tence are the polyconvex energy densities. They were introduced by J.M. Ball in [Bal77].

Definition 3.1 (Polyconvexity). The function W : R3*3 — R = R U {oo} is called polyconvex if
there exists a convex function W, : R3*3 x R3*3 x R — R, such that W (F') = W,(M(F)) for
all F € R3*3, where

M : R¥3 5 R¥3 x R¥? x R, M(F) = (F,cof F,det F) (3.9)

is the function, which maps a matrix to all its minors.

In [Bal77, p. 362] it was established that the polyconvexity of W R 5 R implies its quasicon-
vexity. By C.B. Morrey in [Mor52] it was proven that quasiconvexity is the notion of convexity which is
necessary and sufficient for the lower semicontinuity of the corresponding integral functionals, so that
quasiconvexity together with other technical assumptions ensures the existence of minimizers. But
quasiconvexity does not admit infinitely valued functions, i.e. W : R3*3 — R__. However in [Bal77,
Th. 7.3, p. 376] it was shown that the polyconvexity of the density W : R3*3 — R together with
other technical assumptions is sufficient for the existence of minimizers of infinitely valued functionals.
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Assumptions on the stored elastic energy density: More precisely, for the stored elastic energy
density W : R x R® — R given by

W(F,s) := pB(s)Wi(MF) + Wy(MF) from (3.1) with 5 : R — [a, c0) from (3.10h)  (3.10a)

we make the following assumptions:

e  Continuity: W (-,-) € C°(R**® x R, R), W, € C°(R*** x R, [0, 00)) (3.10b)
e  Polyconvexity: W5, W, : R¥3 x R¥3 x R — R are convex. (3.10c)
e Coercivity: It holds for all (F', s) ER**xRR :

c1|F P + co|cof F|P? + c3|det F|P* — C < W(F,s) (3.10d)

with given, fixed constants p, ps, ps, 1, Co, c3, C' satisfying one of the following:
a)p>3,c1 >0,p2,p3 > 1,¢0,c3,C >0, or

b)pZQ,pQZ%,pg > 1,c1,¢9,c3 > 0,C >0, moreover

b1) C>0,p>2,¢; > 0, it W;(MF) =W,(F),i=1,2,
b2)020,p22,p22p%1,01,02 > 0, it W;(MF) =W;(F,cof F), i=1,2, or
c)p>2,¢1,60>0,p2>3/2,¢5,C>0.

e Stress control: (3.10e)

For all s € R we have W (-, s) € C'(GL, (3),R) and there are

constants ¢ >0, &> 0 such that for all (F', s) € R*** xR it holds

0pW(F,8)F'| < c¢(W(F,s)+¢) . (3.10f)

e Uniform continuity of the stresses:

There is a modulus of continuity o : [0, o] — [0, 0o], § >0 so that for all

(F,s)eR>™3 xR and all C € GL(3) with |C— 11| < § we have

0pW (CF,s)(CF)" —0pW (F,s)F'| <o(|C—1|)(W(F,s)+¢) . (3.10g)
e Definitionof 3: 5: R — [,00), B(s) =1+ s°. (3.10h)
e Definition of v: 7 € C*(R x R* R), v(s,Vs) := i(l —5)* + | Vs]*. (3.100)

Herein, assumptions (3.10b)—(3.10d) ensure the existence of minimizers, see [Dac89, p. 182, Thm.
2.10] and the discussion in Remark 3.6 below. In fact, the cases a), b) & ¢) provide three alternative
sets of relations for the exponents p, ps, p3 building on compactness results for minors of gradients
given in [Bal77, Dac89, MQY94], see Remark 3.6. In analytical works on evolution problems for gen-
eralized standard materials often (the 2D- or dD-version of) assumption (3.10d) a) is used, cf. e.g.
[MR06, FM06, MM09, KAZ10, MRS16, MR16], since this ensures the continuity of the deformation
and avoids ambiguities in the definition of its minors, see Remark 3.6. Within cases b) & ¢) we slightly
weaken these assumptions in accordance with the results of [Bal77, Dac89, MQY94] in order to include
energy densities into our analysis, which are popular in engineering. We also refer e.g. to the works
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[DML10, Laz11], resp. [MS13, NZ14, NT15], where (the 2D- or dD-versions of) assumption (3.10d) b)
has been applied in the context of rate-independent fracture, resp. for the I'-limit passage from finite-
to small-strain linear elasticity for rate-independent processes in generalized standard materials. Fur-
thermore, assumptions (3.10f) & (3.10g) ensure that a minimizer of (3.4a) satisfies the (weak form of
the) corresponding Euler-Lagrange equation (4.1) and, similarly, a control of the power of the energy,
cf. forthcoming Prop. 3.8. This will be obtained via the following result, cf. [Bal02, Thm. 2.4 & Lemma
2.5] or [FMO06].

Lemma 3.2. Let (3.10f) be satisfied. Then, for o € W'P(By;R3), here p € [1,00), satisfying a
Dirichlet boundary condition and being a minimizer of the energy according to (3.4a), there also holds

Bo

for all o € C'(R3;R?) such that ¢ and D¢ are uniformly bounded and satisfy p(y) = 0 on
the Dirichlet boundary in trace sense. Moreover, there is 6 > 0 so that for all C € GL, (3) with
|C — 1| <6 we have

Assumptions on the domain, state spaces & given data: As in (3.1) we consider a body with
reference configuration B, C R? consisting of a nonlinearly elastic material, such that

Bo C R? is a bounded Lipschitz domain, 9By C 9B with B # 0, OBY := 9By \0Bg .
(3.14)
This body undergoes a damage process driven by time-dependent exterior forces h(t) located on
the Neumann part 0BON C 0B of the boundary. Moreover, the body is assumed to be clamped at

the remaining part 9BY of its boundary, so that the deformation is prescribed there: ¢(t) = g(t) on
OBy .

Thus, the set of admissible deformations at time ¢ € [0, T'] is given by
U(t) = {p € WP(QR*) | ¢ =g(t)on OBy} forpasin (3.10d) (3.15)

with the weak W 1P-topology. By the assumption on p in (3.10d) we have in particular that p > 3/2
and thus, in three space dimensions,

WhP(By,R?) € Lp/(BO,R?’) compactly, where p’ := Ll (3.16)
p —

Adapting the ideas of [FM06] from the setting where p > 3 to the present setting p € [2,00), we
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assume that the Dirichlet datum can be extended to R? in the following way:

gcCY[0,T] x R* R?), VgeBC ([0, T]xR?, Lin(R?, R?)),

Vg € B([0, T]xR?, Lin(R**? R**3)), (3.17a)

with Cg :=  sup  (|Vg(t,y)|+|0:Vg(t, y)|+[Vg(t, y))), (3.17b)
€]0,T],yeR3

lg(t,y)] < cg(1+]y|) forall (t,y) € [0, T]xR?, (3.17¢)

[(Vg(t,y)) | < C,forall (t,y) € [0, T]xR?. (3.17d)

For the time-dependent Neumann datum we impose that

To handle the time-dependent Dirichlet conditions one assumes that the deformation is of the form

p(t, X) =g(t,y(X))withy € Y, where (3.19)
Y ;= {y e WH(Q,RY) |y =idon OBy} for p asin (3.10d) (3.20)

with the weak 17 !-topology. Regarding (2.5) this means that ¢ (t, X) = g(t,y(X)) = go(t, X)
on 8230]3. By the chain rule, the composition (3.19) leads to a multiplicative split of the deformation
gradient:

Ve(t, X) = Vxg(t,y(X)) = V,g(t,y(X))Vxy(X) = Vg(t,y)Vy.
Furthermore, we introduce the space

Yo:=Y —{id}. (3.21)

Under consideration of (3.1) and the explanations along with (3.4) we choose the set of admissible
damage variables Z in (3.1) and the set of admissible test functions X in (3.4) as

Z = H'Y(Q)), (3.22a)
X = ZnNL®(By), (3.22b)
Xo = Hy(Bo)NL>(By), (3.22¢)

equipped with the respective weak topologies. The sets Y and Z form the state space Y x Z, which
is endowed with the weak topology of the product space.

For the closed subspace Yo C W?(B,, R?) Friedrich’s inequality is available:

Theorem 3.3 (Friedrich’s inequality). Let By C R® be a Lipschitz domain with Dirichlet conditions on
OB C OBy, where OB +# (. Let1 < p < oo. There is a constant Cr = Cr(By, p) such that the
following estimate holds for every yy € Yy :

Yo llwirsers) < Crl| Vol Lo(®oraxs) - (3.23)

DOI 10.20347/WIAS.PREPRINT.2456 Berlin 2018



M. Thomas, C. Bilgen, K. Weinberg 18

Bounds and convergence properties for time-dependent Dirichlet data: We now provide bounds
and convergence properties in the spaces U and Y, which follow from the relations for the Dirichlet
datum (3.17) & (3.19). First of all, the lemma below is a consequence of the growth restriction (3.17c).

Lemma 3.4. Let (3.14), (3.17) as well as (3.19) hold. Foreveryy € Y and ¢(t) = g(t,y) it holds
lp(t )HWlp (Bo,R3) <C (HyHa/l,p(BO,R?s) +1)

Proof. By the growth restriction (3.17c) one directly obtains
IOy ey < 27 (£7(Bo) + W70 50 m5) T ColVUIT o5y moxs -
Hence Cy := max{2"~1ch, C¥, 2P~ 1l L3(By) }. O

Due to the realization of the Dirichlet condition in terms of a superposition, cf. (3.19), thanks to the
regularity properties (3.17) of the Dirichlet datum the convergence of a sequence in Y translates to
the convergence of a sequence respecting the Dirichlet condition in U as follows:

Lemma 3.5. Let (3.17), (3.19) and (3.20) hold. Consider a sequence (yi)ren C Y such thaty, — y
inY. Then . (t) = g(t,yr) — g(t,y) = @(t) inU(t) forallit € [0,T].

Proof. We have the compact embeddings W (B, R*)€L?(Bg, R?) and W'?(B,, R*) € L¥ (B, R?)
by (3.16) and hence 7 — ¥ in both in L” (By,R3) and in LP(By, R?). By (3.17a) & (3.17b) we
now ind [49,(8) — (1) [srmo9) < Supgess [Vt D Iie(t) — (O rimssy < Collalt) —
Y(t)|| Lo (y,r3) — 0 as k — co. Furthermore, we obtain Ve, (t) — Ve(t) in LP(Q, R4*?), since
Vyr — Vyin LP(Q,R¥™9) and V,g(t,yr) — V,g(t,y) in L¥ (By, R3*3), which ensues from
(3.17b) by [|Vyg(t, yr) = Vg (t, Y) || v (5, mow) < SuPgers [V2G(E DYk () = y(0) || 1ot (5o 59y <
Callyr(t) — ()|l 1o (5o rsy — 0 @s k — oo. O

Compactness of minors of gradients according to (3.10d):  We first motivate our sets of coercivity
assumptions (3.10d) a), b) & ¢) in a remark.

Remark 3.6 (Results on compactness of minors). In three space dimensions the minors of a matrix
Ve are given by Vp itself, its cofactor matrix cof Ve, and its determinant det V. Hereby, the
entries of cof YV contain products of two derivatives &-cpjﬁkgol, whereas det V¢ is composed of
terms given by products of three derivatives &-goj Okp10m,,- In this spirit, it is shown in [Bal77, Cor.
6.2.2] that the map @ — cof Vi : W'P(B,) — LP/?(By) is weakly sequentially lower semicon-
tinuous if p > 2, whilst the map ¢ — det Vi : WIP(By) — LP/3(By) is weakly sequentially
lower semicontinuous if p > 3. As done in [Bal77, p. 370] the functions cof V¢, det Vo can given
meaning in the sense of distributions by defining suitable distributions denoted as Cof V¢, Det V¢,
and in general cof V¢ and Cof V¢, resp. det Vi and Det V@ must not coincide. We point out
the result [Bal77, Thm. 6.2], which relaxes p > 3 to the condition p > 3/ 2,% + é < 4/3 and
ensures: If p,, — ¢ in WHP(Bg, R3), then Cof Ve, — Cof V¢ and Det Vip,, — Det Ve in
D'(By), i.e., the price is that the defined distributional minors cannot be identified with the minors
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as a function. Yet, as previously discussed, this ambiguity can be ruled out if p > 3. Hence, tak-
ing a look at the coercivity assumptions (3.10d), it is therefore sufficient for p > 3, cf. (3.10d) a), to
claim boundedness of the energy density from below only with regard to |V ¢|P; compactness of the
other minors then follows by [Bal77, Cor. 6.2.2]. In contrast, in the case of (3.10d) b), p € [2,3) is
possible, so that p/3 < 1, and the weak sequential lower semicontinuity of the determinant cannot
be concluded directly. Similarly, if p = 2 compactness cannot be concluded for bounded sequences
of cofactors. This is why coercivity assumption (3.10d) b), which is taken from [Dac89, Thm. 2.10,
p. 182], requires bounds with exponents larger than one for all of the three minors. In particular, the
set of assumptions is designed exactly in such a way that, thanks to [Dac89, Thm. 2.6, Part 5, p.
173], ambiguities between cof V¢ and Cof V¢, resp. det V¢ and Det V¢ can be ruled out, even
though p < 3 is admissible. Moreover, assumptions (3.10d) b1) & b2) are tailored to the case that
the energy density does not depend on det V¢, resp. neither on cof Vi nor on det Ve, so that
compactness in these terms is not needed. In this way our analysis also includes e.g. Neo-Hooke
and Mooney-Rivlin materials, cf. (3.65) for the definition. Finally, assumption (3.10d) ¢) builds on the
improved compactness result [MQY94, Lemma 4.1] stating that: Letp > (d — 1), pa > d/(d —1),d
space dimension, and (V,,), € WHP(Bg, RY) such that Ve, — ¢ in W1P(By,R?), cof Ve,
bounded in LP?(By, R™4), det ¢, > 0. Then

cof Vp,, — cof Vo in LP2(By, R™*?) and (3.24a)
det Vep,, — det Vo in L' (By), wherer = 241 (3.24b)

Moreover, ifpy = d/(d — 1) and ifdet Vp,, > 0 a.e. in By, then (3.24b) is replaced by
det Vi, — det Ve in L'(K) (3.24c¢)
for all compact sets K C By.

Proposition 3.7 (Compactness of minors of gradients according to (3.10d)). Consider a sequence
(¢r)x C U such that for all k € N

¢ = ClHV‘PkHip(BORM) + C2||C0fv90k|’izpz(go,ﬂg3x3) + C3Hdetv90k|’§is(go,ng) —C, (3.25)

where the constants p, ps, p3, €1, C2, C2, C' match with the conditions of (3.10d) either a) or b). Then
there exists a not relabeled subsequence (¢;)r C U and ¢ € U such that ¢, — ¢ in U,
cof Ve, — cof Ve in LP2(By, R? x 3), and detVp,, — detV in LP3(By, R). In case b), if
c; =0,j = 2,3, thenp; = p/j in the previous weak convergence statement. In case c), for cz = 0,
p3 = W in the previous convergence statement and if p; = 3/2, then detVp, — detVe in
LY(K) for any compact set K C By,.

Proof. The proof of case b) can be retrieved from [Dac89, p. 183]. Case a) follows with [Bal77, Cor.
6.2.2] and case ¢) is due to [MQY94, Lemma 4.1], cf. (3.24). O

Temporal regularity of the energy functional due to assumptions (3.17), (3.18) and (3.10): In
the following we prove temporal regularity properties of the energy functional, based on assumption
(3.17), (3.18) and (3.10). An analogous result was first obtained in [FM06, Lemma 5.5].
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Proposition 3.8. Let (3.17), (3.18), and (3.10) be satisfied. Then there exist constantscy > 0,¢c; > 0
such that for all (t., g(t.,y),s) € [0,T] x U x Z with E(t., g(t.,y),s) < oo it holds:
€(-,g(-y),s) € C([0,T]) with

DN (t,q)= / OeW(F(t), s)F:G(t) — (h(t), (1) — (h(1), Dp(t))  (3.26)

for F(t) := V(t) and G(t) := (Vg(t,v)) ', Vg(t,y) and
10,E£(t,g(t.y),s)| < c1(E(t,g(t,y),s) +co) foreveryt € [0,T]. (3.27)

Moreover, if E(t,g(t,y),s) < E for some constant E € R, the following Lipschitz-estimate holds
true:

1E(t,g(t,y),s) — E(T,9(T,y),s)| < cplt —7]. (3.28)

Proof. Proof of (3.26) & (3.27): We confine ourselves to prove the existence of 9;€ (-, ¢) and estimate
(3.27) in a neighborhood N(¢,) of t, € [0, 7). Similarly to the small-strain setting, where an analo-
gouse proof was carried out in [TM10, Thm. 3.7], this is basically done with the mean value theorem
of differentiability and the dominated convergence theorem. But the different treatment of the inhomo-
geneous Dirichlet condition requires different estimates, which will be carried out here. The existence
of 0,€(+, ¢) and the validity of (3.27) on the whole interval [0, 7'] can then be concluded with the same
arguments as in the proof of [TM10, Thm. 3.7].

Since 0, fFN h(t)p(t)dH? exists by (3.17) & (3.18), it remains to show the existence of
O fBo W(Ve(t)dX in N(t,). For this we define for t € N(t,)

{ L(W(Ve(tta),s) — W(Ve(t), s)) o+ 0
IrW (Ve(t),s)(Ve(t) ":(Vg(t,y) 9 Vg(t,y) ifa=0

and we have to show that w(z,t,-) € C°([—ay, ay]) for ay suitably. By the mean value theorem of
differentiability we find & = &(«) such that it holds for every a € [—ay, ]

w(z, t, ) ==

~ (W(Vep(t+a),5)- W (V(t), 9)
=W (Vep(t+a),s)(Ve(t+a)) :(Vg(t+a,y)) " 0:Vg(t+a,y) (3.29)
= 0V (V1) 5)(Veplt)) (V)0 Vg 1. 1)

as a, a — 0 by (3.10f) and (3.17). In order to show that the integrals converge as well, we are going
to apply the dominated convergence theorem. For this, we have to construct an integrable majorant
for expression (3.29). Again by the mean value theorem of differentiability we first obtain & such that

Ve (t+a)=V (p(t)+0rp(t+a)a)= (1 + ad,Vg(t+a,y)(Vg(t,y)) ") Ve (t)=C(a)Ve(t)
with C'(&) — 1L as @ — 0 by (3.17). Hence we conclude by (3.13) and (3.17):
13:29)] < CyCyl0rW (C(a), 5)(Vep(t))TC(a) |

< C,Cyde(W(Ve(t), s) + ¢&)(Vd+aC,C,) . (830
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Now, estimate (3.27) is derived under consideration of

|0:E(L, )] < ‘/3 W(%@O)‘ + [(Rh(1), (6))] + [(R(1), Bip(1))] (3:31)

In view of (3.17), (38.18), Lemma 3.4, Friedrich’s inequality (3.23), Young’s inequality and 3.10d we
derive for the loading terms in (3.31) an estimate of the form

[(R(8), o(t)] + [(R(1), Bip(t))| < AiE(t,q) + Bu.

For the elastic energy term in (3.31) estimate (3.30) and (3.17), (3.18) lead to
Bo

so that inequality (3.27) is obtained.

Proof of (3.28): The Lipschitz estimate (3.28) follows by applying the mean value theorem of differen-
tiability and then by making use of the continuity properties of g, h, cf. (3.17) & (3.18), together with
stress control (3.10f) as in (3.29). O

3.2 Analytical Results on the Convergence of Discrete Solutions

In this section we gather and explain all our analytical results.

In a first step we verify the existence of discrete solutions (%, s%,) € U x Z at each time-step

th € Tly.

Proposition 3.9 (Existence of solutions for the discrete problem (3.7)). Let the assumptions (3.10),
(3.18), (3.17) & (3.14) hold true and (U x Z, &,V ) be given by (3.1), (3.6), (3.15), (3.22a). Con-
sider a partition Il of [0,T] as in (3.5). Suppose that (y°,s%) € Y x Z is an admissible initial
datum. Then, the following statements hold true for each t’]"’v € Ily asin(3.5):

1. There exists a pair (y%;, s%,) € Y x Z such that (p(t%;,y%),s%) € U x Z is a solution for

minimization problem (3.7).

2. Let the initial datum (y°,s°) € Y x Z such that s € [0, 1] a.e. on By. Then, a solution s%; of
(3.7b) also satisfies s%, € [0,1] a.e. in By both for = 0 and for a > 0 in (3.6), i.e. sk, € X =
H(By) N L (By).

Using the discrete solutions (y/%;, s%)&_, obtained in Prop. 3.9 we now introduce piecewise constant
left-continuous (7, Sx) (right-continous (QN,gN)) piecewise constant interpolants and linear inter-

polants s%; as follows:

W (1),38 (1) = (yk,sh) forallt € (it th], (3.32a)

(y (1), sn(t) = (yx ', s ") forallt e [t th), (3.32b)
k—1

st = %s?ﬁt%ts’;ﬁ forall t € [tht th) (3.32c)
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and accordingly, we set @ (1) := g(t,yy(t)) and @ (t) := g(t,y,(1)).

For the interpolants @N,QN,EN,gN, sf\,) we then verify that they satisfy a discrete version of the
governing equations (3.4) and uniform apriori estimates.

Proposition 3.10 (Properties of the interpolants (7, Yno SN, SN, sfv)). Let the assumptions of Prop.
3.9 hold true with 53, € [0,1] a.e. in By. Then the interpolants (3, y N SNy SN s%) contructed from
solutions (y%;, s%,)N_, of problem (3.7) via (3.32) satisfy uniformly for all N € N:

Forallp € U(t) : &(t, @ (t),sx(t) < E(t, @, sx(1)), (3.33a)
D.E(t, B n(t),5n () + TWDVan(35(1)) =0 inX*, ie, forall5 € X, : (3.33b)

| (8GN 0a9 () - £ =)+ M55+ aN(55).)3

+1.V5n(t) V§)> dX =0.

In addition, the following energy-dissipation estimate holds true for all N € N andt € [0, T]:

t t
£t @y(0)5x(0) + [ Van($h(r) dr < €0 sh)+ [ 2.8 (rg(ruy (7). syl dr.
’ ° (3.34)
where the partial time derivative 0,E(7,g(7,y (7)), sy (7)) is given by (3.26).

Furthermore, there is a constant C' > (0 such that the following apriori estimates are satisfied uniformly
forall N € Nandallt € [0,T):

£t (050 (0) < € Eltipy(0.55(0) <, [ Valihrar <.

(3.35a)

[InOlly <C & |y, (Dly <C, (3.35D)
155 |l 220.622(80)) < C, (3.350)
[Sn(t)llz < C & |sy@)llz < C, (3.35d)
IS8 LBy <1 & sy (t)||lzoemy) < 1, (3.35¢)
)

18GN () W1 (MVey (1) |x- < C. (3.35f

Thanks to the apriori estimates (3.35) we are now in the position to extract a (not relabeled) subse-
quence (Y, Y s SN S s% ) of the interpolants, which converge to a limit pair (y, s) that satisfies
(3.4):

Theorem 3.11 (Convergence of the time-discrete solutions, existence of a solution for (3.4)). Let the
assumptions of Prop. 3.10 hold true. Then there is a (not relabeled) subsequence (7, y N SN, SN, sfv) N

satisfying (3.33)~3.35), a function y : [0,T] — Y, and a pair (y,s) : [0,7] — Y x X with
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p(t) = g(t,y(t)) such that

s — sinHY0,T; L*(By)), (3.36a)

s, 3N, sy — s inL*(0,T; L*(By)), (3.36b)

Sn(t),sy(t) — s(t) inXforallt € [0,7T], (3.36¢)

yn(t) — y(t) inY foraa.t e (0,T), (3.36d)

y () — y)inY foraate (0,T), (3.36€)

awWiMVey (1) — 2Wi(MVe(t)) in L*(Bg) foraa.t € (0,T),i=1,2, (3.36)
for any sequence zy — zin LY(Bg) forsomeq > 1 with0 < zy < 1 a.e. in By.

In particular, the pair (y, s) : [0,T] — Y x X satisfies:

e Forallt € [0,T],forallp € U: E(t,p(t),s(t)) < E(t, @,s(t)), (3.37a)
o ifa=0, foraa.te (0,T), forall§ € X : (3.37b)
/ <(6’(s(t))W1(Mch(t))) — 81— s(8) + MU8(8))3 + S LVs(1) - vg)) dX =0,

Bo
e ifa>0, foraate (0,T), forall§ € X, suchthats < 0 a.e. in By : (3.37¢)
| (3 GOWA00Ve(0)) - 50~ s(0) + M 15(0))5 + S Vs(t) : V5) ) dX 2 0,

Bo
o ifa>0, thens(t) <0foraa.te (0,7), ae. inBy, (3.37d)
e and the energy dissipation inequality for allt € [0, T)]: (3.37e)

E(t, p(t),s(t)) +/0 Vo (5(7))dr < €(0,¢°, %) —l—/o P(r,s(r))dr,

with V,, from (3.3) and with P(7, s(7)) := sup{0, (7, @, s(7)), ¢ € argmin&(r,-,s(7))} as a
surrogate for the partial time derivative from (3.26).

3.3 Proofs of Prop. 3.9-Thm. 3.11
3.3.1 Proof of Prop. 3.9

In order to establish the proof of ltem 1, we will employ the direct method of the calculus of variations.
For this, we will verify the coercivity and the weak sequential lower semicontinuity of the functional
&(t, -, ). To deduce the latter for the polyconvex functional (¢, -, -) we use the following result on the
convergence of minors of gradients, which goes back on [Res67, Bal77], cf. also [MMO09]. With this at
hand we now establish weak sequential lower semicontinuity and coercivity.

Lemma 3.12. Let (3.14), (3.17), (3.18) as well as (3.10a)—«3.10d) hold. Then, for allt € [0,T] the
following statements hold true:
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1. E(t,-,-) is coercive on U x Z for allt € [0,T1, in particular, with I, < 1 there are constants
B,C > 0 such that for all (y, s) € Y x Z withp = g(t,y) it holds:

E(t, p,s) > C(||?J||W1p (Bo,R3 +||COfVSO||Z£2pz(30,R3x3 +”detvﬁo||m3(30 R))"’%HS”%{%BO)_B'
(3.38)

2. E(t,-,-) : U x Z — R has weakly sequentially compact sublevels.

Proof Proof of1 Let (Y&, Sk)keny C Y X Z. In view of (2.3), we find that (1 — s)? > (1 + s? —
53 —-2)= 5 — 1 by Young'’s inequality. Moreover, by (3.10d), (3.17), (3.18), Young’s inequality with

(25;’&) and Lemma 3.4 itis for [, < 1:
g(ta P> Sk)
> (eI Vepr ()1 o) + collcof Ve[, i oo + call det Vg, 2, . ~CL(Bo)

L sl gy — 225 Bo)— (L) —Z et im0
> (& 2 IV (mid) [, ey =37 L7 (Bo)) + callcof Vepy |7, 5, s
alldet Vg, 7 a1~ C L (Bo)+5 5 = (i By 0+ 1) B)
> (cftr =) Iellrm m) + CollcofV@Ll7h, 5, es) + Colldet Vgl i, 2
‘f'lzc”SkHHl(Bo) — B,

which states (3.38).

Proof of 2.: To establish the weak sequential compactness of the energy sublevels we now consider
a sequence (Y, Sk)ken C Y X Zwith E(t, ., s,,) < C uniformly for all k € N. Coercivity estimate
(3.10d) thus allows us to employ Prop. 3.7, which, by Proposition (3.5), implies the existence of a
subsequence y, — v in Y, such that ¢, — ¢ in U, cof Vip,, — cof Ve in LP?(By, R? x 3), and
detVp, — detVp in LP3(B,, R). Moreover, thanks to (3.38) we also find a subsequence s — s
in Z. It thus remains to deduce the weak sequential lower semicontinuity of each of the contributions
of €.

To establish the weak sequential lower semicontinuity of the functional f% G()dX Z X Z —
[0, 00) with ~y from (2.3), we first note that v € C'(R x R* R) and bounded from below by 0.
Moreover, the gradient term is strictly convex and the compact embedding Z < LZ(Q) will ensure
that s, — s strongly in L?(By) if sz — s in Z. Hence, the weak sequential lower semicontinuity of
the integral functional follows by [Dac89, Sec. 3, Thm. 3.4].

Assumption (3.18) and Lemma 3.5 ensure that f%oN h(t)-g(t,yx) dX — f%ON h(t)-g(t,y)dX.
Further taking into account Hypotheses (3.10b)—(3.10d), which state that W is a Carathéodory-
function, polyconvex and bounded from below for every F' € GL, (3), the weak sequential lower
semicontinuity of fB ()W (M(+)) + W5 (M(+)) dX can be obtained by applying weak lower semi-
continuity results for the convex case, cf. [Dac89, Sec. 3, Thm. 3.4]. O
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We are now in the position to verify the existence of minimizers for problem (3.4) via the direct method
of the calculus of variations.

Proof of Prop. 3.9, ltem 1: Asume that s, € [0, 1] a.e. in By. Thus, E(tN, ,s%) 1 U — Ris well-
defined. We conclude the existence of a minimizer 5, € Y such that ¢} = g(t}, v.) via the direct
method of the calculus of variations by applying Lemma 3.12 to (¢}, -, s%). Let t; E HN fixed and
assume that s%! € [0, 1] (which we will show in Item 2 by |nduct|on) Again, E(tk;, - ,sN H:U—=R
is well- defined and we may deduce the existence of a m|n|m|zer y% € Y such that % = g(th, y¥)
via the direct method by applying Lemma 3.12 to E(tN, , sN ) Similarly, the eX|stence of a minimizer

O)=s ) For this, note

sh; follows from Lemma 3.12 applied to the functional & (., %, ) +7nVan (=

k—1
S . .
that Vv (T—NN) only contains quadratic, convex lower order terms. [ |

Proof of Prop. 3.9, ltem 2: We proceed by contradiction. For this, suppose that s’f\,_l € [0,1] a.e.in
By but that there exist sets B°, B' C B, with £3(B°), L3(B') > 0 such that s%, < 0 a.e. on B°
and s% > 1 a.e. on B'. We test the minimality (3.7b) by 5 := min{1, max{0, s%}}, which is an
admissible testfunction according to [MM79]. In view of (3.10h), (3.10i), (3.1), and (3.6) we thus have

BlsyWi(MVeR) > B(5)Wi(MVey),
(1-sk)® = (1-3)7

/|Vs§“v|2dX > /|V§|2dX,
'Bo ‘BO

sk gkt skt
vaN(N - ) jtl VaN( v )

TN TN

V

Here, the first inequality follows from the monotonicity of 5 on [0, c0) and (—o0, 0] together with
Wy, > 0. To see the second inequality observe that (1 — s)*> > 1 = (1 — 3)? for s < 0 and
(1—25)?2>0=(1—35)*fors > 1. The third inequality follows from [MM79, Sec. 2], which implies
that V5 = 0 a.e. on B = B U B! and V5 = Vsk; a.e. on By\ B. The fourth inequality ensues
from

-1 sk —sk=1y2 —sh=1\2 sk —sk=1y2 —sk=1y2
for s < 0,8 ' > 0: (A-2—)" > (=2-)"  and 0—(—NTNN ), > (=2-), =0,
k—1 sk _skfl 2 1 Sk 1,9 sk _skfl 2 1— Sk: 1,9
forsh > 1,5k <10 ()" > (2)7 and ()T > ()
Alltogether, the four relations imply
5 k-1 k _gk—1
g(t?\fvsa?V?g) +VaN<8 jN ) < 8<t’]€\/7§0§€\77$]]€\f) +VaN(%)a

which is in contradiction to the minimality of s%; and hence s%; € [0, 1] a.e. in By.

Note that the above contradicition argument holds in particular for k = 1 under the assumption that
s € [0,1] ae. in By, i.e., in this case we find that s§; € [0, 1] a.e.. Therefore, the above argument
allows us to conclude the statement by induction. [ |

3.3.2 Proof of Prop. 3.10

We start with the proof of the discrete notion of solution (3.33).
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Proof of (3.33a): We observe that a minimizer c,oﬂfv of problem (3.7a) equivalently satisfies for all
peU

E(th,, i, shh) < E(th, @, sh1). (3.39)
Applying the definition of the interpolants (3.32) we find (3.33a).

Proof of (3.33b): We use that a minimizer slf\, of problem (3.7b) satisfies the corresponding Euler-
Lagrange equations for all 5 € Xj:

k—1

[ ((68m a9 (h) 1 - o)+ b (A

k k—1
+aN(AZ80) )5 4 60, Vsh 1 V5) ) dX = 0.

Again using the definition of the interpolants (3.32) we find (3.33b).

Proof of (3.34): In order to find the energy dissipation estimate we test the minimality of sfv in (3.7b)

by 5%, exploit the minimality of /%, and add and subtract & (¢4 ', ot sh1)

9

sk S -1
E(thes Phes sN) + T Van (X NN ) < g(tN790N73§€\7 D)
< E(th, P s ) HE(N L e sy ) — E(t L e s )

(3.40)
= E(th Tt pht sk /k 0-&(1,g(,y51), skt dr.
Consider now t € (", #%]. Then summing up the above relation over k € {1,...,m}, results in
tk
sk —gk—1
8<tTNn7§0N7sN +ZTNVaN( X ) < a(t?\h‘pNasN +Z 8 8(7— g(T yf\[ 1) S{;:V 1)d7_'
k=1

Again by the definition of the interpolants and using that ¢ € (t%’l, "] we see that this relation is
equivalent to (3.34).

Proof of (3.35): We now want to exploit the previously obtained discrete estimate (3.40) to deduce
the apriori estimates (3.35). To do so, we apply (3.27) under the integral of (3.40). This allows us to
apply the classical Gronwall inequality and, following the arguments of e.g. [FMO06], one finds for every

me{l,...,N}
k—1

N — S
E(tR, PN 5N +ZVaN NNy < (3.41)

This translates into (3.35a) and, thanks to (3.38), also yields the estimates (3.35b)—(3.35d). Moreover,
in view of 59\, € [0, 1], estimate (3.35e) is due to Prop. 3.9, Item 2. Now, thanks to the properties
(3.10h) of Bitis f'(s) = 2s < %B(s) for s € [0, 1]. Thus, together with the properties (3.10) of
W1, Ws and coercivity estimate (3.38) we can verify that there is a constant ¢, ¢o > 0 such that for
all s € X we have

|| B En M MYy ()5 AX] < 3x(£ B (1), 5w(0) + €2).

This proves (3.35f). |
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3.3.3 Proof of Theorem 3.11

Proof of convergences (3.36): In view of (3.35¢) we find subsequence and a limits € H'(0,T'; L*(By))
such that (3.36a) holds true. Similarly, by (3.35d) & (3.35e) we find further subequences and s, s € X,
such that also 3 — Sand s — s in L>(0,T;X). Since s& () — 3n(t) = (t — t5)3%(t) and
sh(t) — sy(t) = (t — th1)s% (), we deduce from convergence (3.36a) that in fact s = 5 = s in
L>(0,T; H*(By)). This proves convergences (3.36b) & (3.36¢) due to the pointwise bounds in time
(3.35d) & (3.35€e). Convergences (3.36d) & (3.36e) also follow by the boundedness in L>°(0,7;Y)
implied by the pointwise in time bounds (3.35b). Here, the limits () and y of the two sequences must
not coincide.

It remains to verify the convergence of W;(MV @ (%)), i.e., (3.36f). For this we test the minimality of

@ (t) in (3.33a) by the limit ¢(¢) at any time ¢ € (0,T"), where (3.36d) holds true. Based on this we
argue that

N—o0

fimsup [ (Blax(0)W3 (MVBx(0) + WaMT Py (1) dX
< /B (B(s(8) Wi (MV (1)) + Wa(MVip(2))) dX

+ lim sup / B (p(t) ~ By(1) dX + lmsup / (Blsn (£)) — B(s(£)))Wr (MVep(t)) dX

N—oo N—oo

= | (AW (Vep(0)) + WalbVip(1) X
’ (3.42)

Here, the convergence of the Neumann boundary-term follows by weak strong convergence argu-
ments taking into account (3.36d) and Prop. 3.7. Convergence (3(sy (t))—F(s(t)))W1(MVe(t)) —
0in Ll(BO) ensues by the dominated convergence theorem, using that convergence (3.36c¢) implies
convergence in measure and that (1+7)W;(MV(t))+Wo(MVp(t)) provides a majorant, thanks
to the uniform bound || (%) < (8,) < 1forall NV € N from (3.35d).

Moreover, making use of weak sequential lower semicontinuity of the energy terms the term on the
very left of (3.42) can be further estimated from below, so that the following chain of inequalities ensues

/B (B(s(t))W1(MVep(t)) + Wa(MVep(t))) dX

N—oo

< lim inf/ (Blsn()WL(MVBy (1)) + Wa(MV@ (1)) dX
Bo (3.43)
<timsup [ (Blax(0)Wi(MVPA(D) + WaMTPy (1) AX

N—oo

< /B (B(s(6) W2 (MVp(2)) + Wa(MV (1)) dX

Observe that each of the three contributions s*1W;(MV ), nWW;(MV ), and Wo(MV ) gener-
ates a lower semicontinuous energy term. Therefore the above arguments can be carried out sepa-
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rately for each of the three terms (keep only one of them on the left, the other two then occur with
negative sign on the right, alike the Neumann term in (3.42), and then pass to the limit by lower
semicontinuity). In total, this implies that

| sPmeuvey®)ax - [ sePweavee)ax.  eesa)

'BQ BO
Wi (MVgy())dX — [ Wi(MVg(t))dX, (3.44b)

{BO BO
Wo(MVgy())dX — [ Wa(MV@(t)) dX . (3.440)

{BO BO

Further note that each of the three contributions s>W; (MV ), nW1(MV ), and W,o(MV ) also
generates a lower semicontinuous energy term if integrated over any measurable subset A C B,. Let
now (zn)n C L®(By) such that zy — z in L4(By). Then, we may argue for i = 1,2

/ W, (MV(1)) X < liminf [ 2y IW,(MVy(1)) X < limsup / WMV By (1)) dX
A 0 A

A N—oo

~timsup [ (W(MVBy(0) = (1 = =) WM (1) AX

N—oo

<limsup | W;MVegy(t))dX — liminf W;(MVgy(t))dX

N—oo JB, N—oo Jp\4
~liminf / (1 — 2 ) Wi(MV By (1)) dX
< [ Wivem)ax - [ wieaven)ax - [ (@ - Wivel) ax
Bo Bo\A A
_ / WMV (t)) dX .

(3.45)

The first inequality of (3.45) is due to lower semicontinuity of ther functional on A measurable. To
pass from the third to the fourth inequality in (3.45) we have exploited convergence (3.44b), resp.
(3.44c), for the first term and the lower semicontinuity of the other two negative terms on B\ A, resp.
A measurable. Hence we have shown that [, 2y W;(MV@y (1)) dX — [, zW;(MVe(t)) dX
for any A C B, measurable. This, together with the uniform bound ||zxW;(MVe@y (1))|| < C'is
equivalent to weak L'-convergence, cf. e.g. [FLO7, p. 181, Cor. 2.58], and thus finishes the proof of
(3.36f).

Proof of the minimality condition (3.37a): Thanks to convergence (3.36d) we find by Prop. 3.7
the weak convergences of the corresponding minors. Additionally, convergence (3.36b) yields the
strong convergence s (t) — s(t) in L*(By) for all t € [0, T, which in turn implies convergence
in measure. Using that (S(sy (1)W1 (MVe@(t)) + Wo(MV@(t)) < (14 n)(Wi(MVe(t) +
W5(MV@(t))) we have found a convergent majorant, which allows us to apply the dominated con-
vergence theorem and to pass to the limit on the right-hand side of (3.33a) by continuity. In turn, the
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limit passage on the left-hand side of (3.33a) is done by weak lower semicontinuity using (3.36d).
Observe that (3.36d) only holds on (0, 7)\N with £3(N) = 0. We can define y(t) for t € N by
choosing y(t) € Y such that (t) = g(t,y(t)) € argmingcy,)E(t, @, s(t)). Moreover, it has to
be noted that, due to polyconvexity, i.e., the lack of (strict) convexity the uniqueness of minimizers is
not guaranteed, so that the definition of y(¢) is not unique. This proves (3.37a).

Proof of the evolution equation (3.37b) for o = 0: Let now @ = 0 and we want to show (3.37b). In
view of convergences (3.36), we may apply weak-strong convergence arguments to pass to the limit
in (3.33b) as an equality, i.e., we find for a.e. t € (0,7, forevery § € X

/B <(ﬂ’(s(t))W1(MVgo(t))(t)—%(1—s(t))+M‘1$)§+SClcV3(t) : vg)) dX =0. (3.46)

More precisely, to obtain the first term we apply convergence result (3.36f) for zy = s,(t), which
matches with the preconditions on the sequences (zy )y set in (3.36f), thanks to 0 < s, (t) < 1 a.e.
in By by Prop. 3.9, ltem (2), the bound (3.35d), and convergence (3.36¢).

Proof of the evolutionary variational inequality (3.37c) for & > 0: Let now a > 0. To show the
validity of (3.37c) we observe that aN(s5), 3 < 0 for every 3 € X with § < 0 a.e. in By. Hence,
when moving this term to the other side of the equation, we find that (3.33b) can be reformulated as a
variational inequality, i.e., for all s € X with s < 0 a.e. in By:

0< [ ((BGONM0MVE () ~ §(1 —5x) + M 185)5+ ST (t)  V5) ) dX

(3.47)
We can then pass to the limit on the right-hand side of (3.47) using convergences (3.36) and weak-
strong convergence arguments and by arguing for the first term as in the case a = 0.

Proof of nonpositivity (3.37d) if & > 0: From the third bound in (3.35a), we gather that

T
C
(%) dXdt < — — 0 as N — 00.
/o/g N aN

By weak lower semicontinuity and convergence (3.36a) we conclude that

T T
Ozliminf/ / (8%)4 dX dt z/ / (5), dX dt,
N—oo 0 Bo 0 Bo

which implies that s < 0 a.e.in (0,7), a.e. in By.

Proof of the energy-dissipation estimate (3.37f): Thanks to convergences (3.36) we can pass to
the limit on the left-hand side of the dicrete energy-dissipation estimate (3.34) by lower semicontinuity
arguments, also using in the case a > 0 that V(55 () > Vo (55 (t)) and V,(5(t)) = Vo($(2))
since $(t) < 0 for a.e. t € (0,7) by (3.37d). On the right-hand side, the energy at initial time is
constant wrt. N € N and we only have to take care about the limit passage in the powers of the
external loadings. For this, we want to show that

N—oo

t t
lim sup/ 0-E(7, ¢, (1), sy(T)dT < / P(r,s(r))dr, (3.48)
0 0
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where P(7, s(7)) := sup{0,E(7, @, s(7)), ¢ € argmin&(, -, s(7))} is introduced as a surrogate
for the partial time derivative from (3.26). We can conclude (3.48) if we first show that

¢ (7) is a minimizer of (7, -, 5(7)) (3.49)

and secondly verify that

/OaTE(T,fN(T),gN(T))dT—)/O 0-&(1,(7),8(7))dT. (3.50)

Clearly, these two properties imply (3.48) due to the definition of . In addition, by the power control
estimate (3.27), we see that fot P(7, s(7)) dr is well-defined and finite.

We now prove statement (3.49). For this, we introduce a further interpolant, i.e.

s () = sy " forallt € [t} 1N fork € {1,..., N}, 5, (1) := s}y forallt € [t},ty),
(3.51)

which thus satisfies s (1) = sy (t —7n) = Sn(t —27y) fort € [tk th Y andallk € {1,..., N}.
With similar arguments as for the proof of convergences (3.36b) & (3.36¢) we find that

s,(t) = s(t) in L=(0,T;X). (3.52)

Using the interpolant s, we can rewrite minimizality condition (3.39) for all @ € U(ty (1)) as

Etn (1), (1), 5, (1) < E(tn (1), 0,5, (1)) - (3.53)

Using convergences (3.36e) & (3.52) and by repeating the arguments of the proof of minimality condi-
tion (3.37a) we conclude (3.49).

We now turn to the proof of the convergence of the powers of the energy (3.48). For this, we will adapt
the arguments of [Tho10, Sec. 3] and [FMO06, Prop. 3.3] to the present, rate-dependent situation. More
precisely, for I : [0, 7] x U x Z,I(t, ¢, s) := fBo W(Ve,s)dX — faggf h - ¢ dX we shall show
in Lemma 3.13 below that

1. It holds J(t, ,,, Sm) — I(t, ¢, s) for every sequence s,, — sin X and ¢,, — « in U such
that ¢, € argmin{J(t,,, @, sm), ¢ € U}.

2. For every pair (y,s) such that £(0,9(0,y),s) < FE the derivative 0,E(-,g(+,7),s)
= 0J(-,9(-,y), s) is uniformly continuous.

The lower semicontinuity of J(t, -, -) in U x Z together with the above Items 1& 2 will allow us to apply
[FMO6, Prop. 3.3], which then implies that 0,J(t, @,,,, sm) — 0:J(t, ¢, $). In other words, this result
allows us to conclude that 0, &(, (1), s(7)) = 0,E(7, ¢(7), s(7)) pointwise in 7 € [0, T']. Using
again the power control (3.27) proﬁding an integrable majorant, the dominated convergence theorem
yields statement (3.50). Hence the upper energy-dissipation estimate (3.37f) is proven, so that the
proof of Thm. 3.11 is concluded. |

We now provide the following result, which was used for the proof of the upper energy dissipation
estimate (3.371):
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Lemma 3.13 (Convergence of the energies and powers) Let the assumptions of Thm. 3.11 be satis-

fied and denote J : [0,T] x U x Z,3(t,,s) := [z W(Vep,5)dX — [,ux h - dX. Then, the
0

following statements hold true:

1. It holds I(t, p,,, Sm) — I(t,p, s) for every sequence s,, — s in X and ¢,, —  in U such
that @, € argmin{JI(t,,, @, $m), ¢ € U}.

2. For every pair (y,s) such that £(0,9(0,y),s) < E the derivative 0,E(-,g(-,y),S$)
= 0,J(-,g9(-,y), s) is uniformly continuous, i.e., for each E,¢ > 0 there is § > 0 such that
for all (y, s) with £(0,g(0,y),s) < E itis

|atj(tag<7y)7 S) - 8tj(7—7g('7y)78>| <e¢ If’t - 7—| <9. (354)

Proof. We start with the proof Item 1. Consider a sequence s,, — s in X with || s, || oo (8,) < 1 and
y € X such that £(0,g(0,y),s1) < E. Then we find that J(¢,g(t,y), sm) — I(t,g(t,y), s).
Note that the convergence of the Neumann boundary terms is due to the assumptions (3.17) &
(3.18). Moreover, the convergence of the bulk term follows from the dominated convergence theorem,
since W (t,g(t,v),sm) — W(t,g(t,y),s) in measure thanks to convergence (3.36¢) and since
W (t,g(t,y),1) provides an integrable majorant. Moreover, ,,, minimizes J(t,,, -, S, ). Hence, by
assumptions (3.17) & (3.18) there is a constant £ such that J(¢, ¢,,, s,m,) < E forallt € [0,T]
and, by lower semicontinuity of fBO(Wl(') + Wi(+))dX also I(t, ¢, i) < Eforallt € [0,7) and
m € N. Thus (3.28) holds and we infer

j(ta Pm> Sm)_CE|tm_t| S j<tm> Pm> Sm) S j(tma 2 Sm) S j(tv L2 Sm)+CE|tm_t| — j(ty P, S)

here the first and the third inequality follow from (3.28) and the second inequality is due to the mini-
mality property of @,,, for I(t,,, -, S ). We conclude I(t,,, ©,,, Sm) — I(t, @, ) exploiting the weak
sequential lower semicontinuity

< Tim B ) < T
J(t,cp,s)_hmni)loréf(fl(t,cpm,sm) celtm t])_lﬂlo%fj(tm,cpm,sm)

< limsup I(tm, @ Sm) < limsup I(t, @, Sim)

m—00 m—00
< limsup (I(t, @, $m) + cultm —t]) = I(t, ¢, 5) .
m—00

Hence Item 1 of the Lemma is verified.

We now prove Item 2. Consider (y, s) such that £(0,¢g(0,y),s) < E. Due to (3.17) and (3.18) we
find for every £ > 0 a & > 0 such that for all 7,¢ € [0,7] with |7 — | < & we have ||g(7,y) —

gt y)lersorsy + 19(T.y) — 9(t, y)||c1(my,r3) < E. Choose now e, > 0. By estimate (3.38) we
obtain for t = 0:

1 1
8 07 0, 5 +C ; E+C E . ~
Y llwr(o,r3) < (—( o Cyg) <) 3) < <T3) — B.

Thanks to the growth control (3.17c) for g his shows that g(¢,y) for (y, s) with bounded energy at
initial time are uniformly bounded for every ¢ € [0, T'].
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Furthermore we estimate

|atj<t7 g(t7 y)? S) - atj<7—7g(7—v y)v S)|

<] W (Vg(t.y).5)(Valty) " : V(g(t.y) —g(r.y)) dX (3.55)
+ /B (aFW(Vg(t7 y)’ S)<v9(tv y>>T - aFW(Vg(Tv y)? S))(VQ(Tv y))T : VQ(Ta y) dX

i (3.56)

| =i gtnax|+| [ b)) -gr)ax] e
[ o =ne)-atnax|+| [ he)- @) -araax) . e

where, thanks to assumptions (3.17) & (3.18), each of the terms in (3.57) & (3.58) can be estimated
from above by ¢/8 for |t — 7| < dy sufficiently small.

In view of coercivity (3.10d), stress control (3.10f) and Lipschitz estimate (3.28) we see that

(355) < [lorW(Vg(t,y),s)(Va(t.y) 1m0 V@t y) — 97, 9)) (2o moxs)
€

< (€(0,g(0,y),s) + CL(Bo) + cuT + aB)|[|[V(g(t,y) — (7, y))| Loy rEx3) < 1
if ]t—7]<51 is sufficiently small. In view of the continuity of the stresses (3.10g) and the Gronwall
estimate we find

. . €
(8.56) < ey (|9 (3(t,9) — (. 9)) ) (IW (Vg ), 5) 12 (1 + exp(2eey)) +C) < =
for |7 —t] < &y sufficiently small, where we used C' := (1+exp(2cc,)ccy)cL%(£2). Hence we obtain
(3.56) < 7 if [s —1| < d5. Altogether we conclude that [9,I(s,q) — 0, J(t,q)| < e if [s—t] < 0 :=
min{do, 51, (52} O

3.4 Examples of Energy Densities Satisfying Assumptions (3.10)

In this section we discuss well-known constitutive laws in nonlinear elasticity with regard to their ad-
missibility for assumptions (3.10), which are at the core of our existence result. Note that assumptions
(3.10) are formulated for an energy density W in dependence of a matrix F = V¢ € R3*3 and
its minors. However, by making use of the assumption of material frame indifference and isotropy,
many constitutive laws used in engineering are equivalently formulated with respect to invariants of
the right Cauchy-Green strain tensor C' := F'F or with respect to the modified invariants intro-
duced in Section 2, as it will also be the case in the numerical examples shown in Section 4. Then
it is not obvious that constitutive laws given in this way also match with the assumptions (3.10) of
our existence theorem. This is why we will now take a closer look at densities given as functions
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of the invariants ¢1(C'), 12(C'), t3(C) and at densities given as functions of the modified invariants
U(C),V(C),t3(C). In the subsequent discussion we will neglect the dependence of the densities
on the phase-field parameter; in other words, the densities studied here play the role of W and W,
in (8.10a). For our further investigations we recall the notation

1(C) :=1trC, 15(C) :=trcof C, 13(C) :=detC, for C:= F'F, (3.59)
U(C) = 133(C)(C), V(C)=132*(C)un(C). (3.59b)

Here, the expressions ¢; in (3.59a) are the invariants of the right Cauchy-Green strain tensor C' :=
FTF and U,V in (3.59b) denote the modified invariants of C'. Using the relations

|F|> = t1(F'F), 15(C) = tr (cof(F'F)) = |cof F|*, and det(F'F) = (det F)?
(3.59¢)
the modified invariants U (F " F'), V(F " F") can also be reformulated directly in terms of F', i.e.,

UF)=3"*(F)|F?=U(C), V(F)=u;"*(F)|cof F|> = V(C). (3.59d)

As in Section 2 we may also set F' := (det F)~"Y/3F and H := (det F)~2/3 cof F and find that

|F?=U(F)=U(C) and |[H* =V(F)=V(C). (3.59)

In accordance with (3.59), we subsequently assume that we are given densities W, W, W, and W,
which satisfy the relation

W(F) = Wy(MF) = W (1y(F F),15(FTF),13(F F)) =W(U(F'F),V(F'F),5(F'F))
N (3.60)
forall FF € R*** and MF = (F,cof F,det F). In (3.60), the density IV : R x R x R — Riis
a function of the invariants (3.59a) of the matrix F'' F and the density W : R xR xR — Risa
function of the modified invariants (3.59b). The first Piola-Kirchhoff stress tensor is determined as

p_ AW(EF) OW (11, 12, 13) Oy (FTF) . OW (11, 12, 13) Do (FTF)

dF oLy OF Ol OF
8W(L1, La,13) Ous(F T F)
+
Ots OF (3.61)
_ OW(U,V,13) OU(F'F) N OW (U, V,13) OV (F'F)
U OF ov OF
N OW (U, V,13) Ou3(F " F)
8L3 oF ’

with the expressions for the derivatives of the invariants gathered in the next lemma. We point out that
(3.63) provides a stress control for the invariant functions alike (3.10f), which in view of (3.61) will be

used lateron to formulate sufficient conditions for the densities 1V, W in order to guarantee the stress
control (3.10f) for P.
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Lemma 3.14 (Derivatives of the invariants). Let the relations (3.59) hold true. For a matrix F' € R3*3
withdet F' > 0 itis

ou(F'F)

e (3.62a)
"

w = 2(F F)F~ " — y(F F)FF'FT), (3.620)

Oi(F'F) T -T

S = (F R)FT (3.620)
"

% = 2, A(FTF)(F - L,(FTF)F), (3.620)
.

WEE o B B (u(FTE)FT — (FTE)FTE R a6z

Moreover, let A be a placeholder for the invariant functions vy, t2,t3, U,V : GL,(3) — R. The
invariant function A satisfies the following stress control estimate:

|0pA(F'F)F'| < cAA(F'F). (3.63)

The proof consists of a straight forward but lengthy application of the product and chain rule and we
carry it out in detail in Section 3.5. There we also give the proof of the next lemma, which provides
continuity estimates for the invariants and their stresses in terms of moduli of continuity multiplied
by the invariant, as required in the assumption (3.10g). Lateron, they will be used to deduce similar
continuity estimates for the first Piola-Kirchhoff stress.

Lemma 3.15 (Continuity properties of the invariants). Let A be a placeholder for the invariant functions
t,t9,t3, U,V : GLL(3) — R from (3.59a) & (3.59b). The invariant function A and its derivative
OrpA : GLi — GLi is continous. Moreover, there exists a modulus of continuity o : [0, 00] —
0, 00], 0 > 0, so that forall F € R3*3 and all C' € GL, (3) with |C' — 1| < § we have

|A(CF)"(CF)) = A(F'F)| < o(|C = L[)A(F"F), (3.64a)
0pA((CF) (CF))(CF)" —0pA(F'F)FT| < o(|C — 1|)A(F'F), (3.64b)

again with A € {11, 19,13, U, V'}.

3.4.1 Discussion of Well-Known Constitutive Laws

In the following we investigate some material laws, which are widely used in nonlinear elasticity for
their admissibility with respect to assumptions (3.10). More precisely, we will take a closer look at the
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following isochoric energy densities:
Neo-Hooke [Riv48]: W (11(C), 12(C), 15(C)) := ¢

( ) (3.65a)
Mooney-Rivlin [Moo40]: W (11(C), 12(C), t3(C)) := ¢ (

~
—
—~
Q
|
w W
S~—
_l_
Q
N
—
<~
N
—
Q
|
w
S~—
w
»
[$)]
A=)

Arruda-Boyce [AB93]: W (11(C), 12(C),15(C)) = Y _ ¢;(11(C)" — 3") with ¢; > 0, (3.65¢)

—~

Rivlin [Riv56]: W (:1(C), 12(C),13(C)) = Z cijr(t1(C) — 3)'(12(C) — 3)

,5,k=0
x (13(C) — 1)*, (3.650)
Rivlin-Saunders [RS51]: W(Ll(C), 12(C),13(C)) := Z cij(11(C) = 3)"(12(C) — 3)7,
i,j=0
(3.65€)
- 3
Yeoh [YF97]: W (11(C),12(C), 15(C)) := Y _ ci(ta(C) — 3)". (3.65f)

In [RS51] it is set m = o0 in (3.65e). In particular, the Neo-Hooke and Mooney-Rivlin law can be
obtained from the Rivlin-Saunders law, the first by choosing c19o # 0, but ¢;; = 0 for any other
combination of 7 € Ny, j € N, the second by choosing co1 # 0,c19 # 0, but ¢;; = 0 for any
other i, 5 € N. As explained in [RS51], the Neo-Hooke and Mooney-Rivlin law can be used as an
approximation of (3.65e) valid if the deformations are sufficiently small so that higher order (product)
terms are negligibly small. The Arruda-Boyce law originates from a statistical model for rubber taking
into account the orientation of the polymer chains. The strain energy function is derived from the
inverse Langevin function, cf. e.g. [Tre75, Chapter 6], in terms of a Taylor expansion, and therefore the
coefficients ¢; > 0 in (3.65c) take a very specific form involving the parameters of the polymer. The
above material laws (3.65a), (3.65b), (3.65c) & (3.65f) can also be found in [Hol04, Chapter 6.5].

Polyconvexity (3.10c): We refer to the works [Bal77, Cia88, SN03], where the polyconvexity of
some of (3.65) and many other constitutive laws, such as e.g. Ogden’s materials, has been discussed.
We here collect statements on the polyconvexity of the constitutive laws (3.65):

Proposition 3.16 (Polyconvexity of the laws (3.65)). Assume thatc; > 0, ¢;; > 0 in (3.65). Then the
following statements regarding assumption (3.10c) hold true:

The energy density of the Neo-Hooke material (3.65a) is polyconvex.

The energy density of the Mooney-Rivlin material (3.65b) is polyconvex.
The energy density of the Arruda-Boyce material (3.65¢) is polyconvex.
None of the densities (3.65d), (3.65e) & (3.65f) is polyconvex.

The volumetric density F' € R®*3 s 13(F" F)~ for~y > 0 is polyconvex.

O A Dh =

Proof. The Proof of 1. & 2. is immediate thanks to the relations (3.59c), which show that the energy
terms are quadratic expressions in F' and cof F'.
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Proof of 3.: Once more by (3.59c) we rewrite the density of the Arruda-Boyce model as

w

W(i(F'F),12(F F),i5(F'F)) =Y ci(u(F'F) —3) =Y c(|F[* —3) = W(F),

=1 =1

and we study the convexity of the function
gi Ry = R, gi(x) := (2* = 3"). (3.66)

We see that D?g;(x) = 2i(2i — 1)2*2 > O for all z € R, given that i € N. This shows that g;
is convex. Moreover, f; is non-decreasing. The density W(F) = >, g;(|F|) is the composition
of the convex, non-decreasing function g; with the convex function | - | : R**® — R and hence it is
convex.

Proof of 4.: Again by (3.59c) we rewrite the density of the Yeoh model as

w

W (t(FTF), 15(FTF),15(FTF)) =

Mw

Gi(u(FTF)=3)' =) «(|F|”-3) =W(F).

=1 =1

This expression is also a factor in the Rivlin and in the Rivlin-Saunders model. Convexity of I~ would
equivalent to the positive-definiteness of its Hessian D%WW (F'). To investigate this feature, we first
study the convexity of the function

fi: Ry = R, fi(z) := (2* — a)" with constants @ > 0, 7 > 1. (3.67)

We obtain that D2 f;(z) = 4i(i — 1)2?(2? — )2 +2i(2* —a)""'. Firstleti = 2. Then D2 fy(z) =
1222 — 4a. We find that D2 fo(z) < 0 for any 2* < a/3. Let now i = 3. Then D2 f3(z) =
247%(2% — a) + 6(2? — a)?. Again, D2 f3(z) < 0 forany 22 € (a/5, a). Hence, the f; is not convex
and therefore the Yeoh model cannot be polyconvex. Since the term (3.67) also occurs in the Rivlin
and in the Rivlin-Saunders model, also their polyconvexity is disproved.

Proof of 5.: We study the convexity of the function f(z) = 2727, We calculate that f”(z) = v(2v +
Dz=20+) > O forall x > 0. O

Coercivity (3.10d): In view of (3.59¢c) we have the following immediate results regarding the coer-
civity of the polyconvex constitutive laws (3.65a)—(3.65c).

Proposition 3.17 (Coercivity of the densities (3.65)). Letc; > 0 in (3.65). Then, the following state-
ments hold true:

1. The energy density (3.65a) of the Neo-Hooke material satisfies (3.10d) b1) withp = 2.

2. The energy density (3.65b) of the Mooney-Rivlin material satisfies (3.10d) b2) with p = 2 and
p2 = 2.

3. The energy density of the Arruda-Boyce material satisfies (3.10d) a) with p = 2m form > 2, and
(3.10d) b1) otherwise.
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Stress control (3.10f) & continuity of the stresses (3.10g): In view of relations (3.61)—(3.64) for
the derivatives of the invariant functions we are also in the position to make the following statement re-
garding the assumtions on the stress control (3.10f) and the uniform continuity of the stresses (3.10g):

Proposition 3.18 (Stress control (3.10f) & uniform continuity of the stresses (3.10g)). Let the relations
(3.59)—3.61) hold true.

1. Assume that there is a constant &k > 0 such that W : R x R x R — R satisfies for all
(t1,12,13) € R3
|0, W (L1, L2, t3) U] 4|0, W (11, tot3)V ]+ [0, W (11, Lo, t3)t3] < K(W (i1, t2,t3)+1). (3.68)

Then stress control (3.10f) is true.
2. Assume that there is a modulus of continuity o : [0, 00] — [0, 0], § > 0, so that for all (F', s) €
R3*3 x R and all C € GL, (3) with |C —1| < § we have

OW (11,02,03) Oua((CF)T (CF))

8W(L w2,t3) 1 ((CF)T (CF)) 8W(L w2,t3) O3((CF)T (CF))
‘( 81L12 : : O(CF) + O O(CF) + 81L32 == O(CF) )<CF>
i TR T
- (BW(gL,lLQ,Lg) oLl ((9FF F) + aw(lgL;LQ,Lg) 8L2(F F) + (SL,SLQ,Lg) 3L3(61-71‘;‘ F))FT‘

< o(|C—1|)(W (11, t2,13) + &) = o(|C—L)(W(F) +¢).
(3.69)

Then the uniform continuity of the stresses (3.10q) is true.

Proof. Proof of 1.: From (3.61) we infer that
|5’FW(F)FT| S 8L1W<L1, Lo, Lg)‘ |aFL1FT| + ’aLQW(Ll, Lo, Lg)} |8FL2FT|
+ 8L3W(L1,L2,/,3)‘ |8FL3FT| s

with o7 = 1 (F'F), 15 = 15(F"F), and 15 = 13(F " F). The stress control estimate for the
invariant functions (3.63) and assumption (3.68) now allow us to conclude that

0 W (F)FT| < ¢, |00W (11, 12, 3) t1] + €4, [0y W (11, 13, 13) ta] + 1|00 W (11, 2, 13) 3]
< K(W(i1,ta,03) +1) = K(W(F)+1),
which is stress control (3.10f).

Proof of 2.: The condition on continuity of the stresses (3.10g) formulated for the density IV, directly
follows from (3.69) using the relations W (F) = W (1 (F " F),15(F'F),135(F " F)) from (3.60)
and (3.61) for the first Piola-Kirchhoff stress. O

Corollary 3.19 (Energy densities matching with Prop. 3.27). The densities (3.65a)—3.65c¢) satisfy
conditions (3.68) & (3.69).

Proof. The proof exploits the form of the first Piola-Kirchhoff stress (3.61) and uses the stress control
estimate (3.68) and the continuity relation (3.69) for the invariant functions ¢;, « = 1, 2, 3. For more
details we point ahead to Cor. 3.28, where the calculations are carried out for W depending on the
modified invariants. O
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Energy densities satisfying assumptions (3.10):  As a result of Proposition 3.16, and Corollaries
3.17 & 3.19 allows us to conclude:

Corollary 3.20 (Energy densities satisfying assumptions (3.10)). The densities (3.65a)—(3.65c¢) satisfy
all the assumptions (3.10).

3.4.2 Assumptions (3.10) and the Modified Invariants

In the following we discuss the Assumptions (3.10) for a stored energy density that is a function of
the modified invariants introduced in Section 2. Quite often in literature, the density 1/ is used and
assumed to be a function of the modified invariants U (C'), V (C'), t3(C). In this spirit we will now
consider the constitutive laws from (3.65) as functions of U(C), V(C), t3(C), i.e.

Neo-Hooke [Riv48]: W (U(C),V(C),3(C)) :
Mooney-Rivlin [Moo40]: W (U(C),V(C),13(C)) :

I
o

1(U(C) = 3), (3.70a)
L({U(C) = 3) + »(V(C) - 3), (3.70b)

I
o

Arruda-Boyce [AB93]: W (U(C),V(C),15(C)) : c;(U(C)" — 3") withe; > 0,  (3.70c)

VL

=1

a(U(C) - 3)", (3.70d)

M-

Yeoh [YF97]: W(U(C),V(C),3(C)) :=

=1

and we will investigate how the above isochoric material laws match with assumptions (3.10).

In [CDHL88] the properties of the modified Neo-Hooke and Mooney-Rivlin material (3.70a) & (3.70b)
have been analyzed. In particular, it is shown that the term V (F'' F) = | det F|~*/3| cof F|? is not
polyconvex itself, so that the modified Mooney-Rivlin material (3.70b) cannot be polyconvex either.
Moreover, in [CDHL88] optimal coercivity properties are derived for functions of modified invariants,
which guarantee the validity of Ball's existence result [Bal77, Thm. 6.2], see also the discussion in
Remark 3.6.

Polyconvexity (3.10c):  Firstly, we refer to the works [SN03, HNO3], which investigate the polycon-
vexity properties of the modified Arruda-Boyce model (3.70c) and of a modified Rivlin-Saunders-type
model. Amongst others, they also give the following polyconvexity result:

Lemma 3.21 (JHNO3, Cor. 2.3 & Table 3]). Let F' € R3**3. Then the following terms are polyconvex:

F e R™3 s (U(FTF) - 3))", fori>1,k>1, (3.71a)
F e R¥ sy (V(FTF)*? =39 fori>1,k>1, (3.71b)
F cR¥ — (L3<FTF)1/2 — 1)k, fork > 1. (3.71c)

In addition, we now gather the following statement on the polyconvexity of further energy terms de-
pending on modified invariants:
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Proposition 3.22 (Polyconvexity). 1. The function f : R33 x R, — R, f(A,1) := “?# is poly-
convexif3 >0anda > [+ 1.

The function U : R¥® — R, U(F) = U(F'F) = 13(F"F)~'/3,,(F" F) is polyconvex.

The function V : R¥® R, V(F) = V(F'F) = 13(F " F)~?/31,(F " F) is not polyconvex.
The energy density of the modified Arruda-Boyce material (3.70c) is polyconvex.

The energy density W, is polyconvex, where

SIS IR N

Wy(V(F'F)) := Em: ca(V(FTF) —3%). (3.72a)

6. The energy density W is polyconvex, where

m

Wi(s(FTF)) = Z ci(ts(FTF) —1). (3.72b)

=1

7. The energy density of the modified Yeoh material (3.70d) is polyconvex.

Proof. Proof of 1.: In order to deduce polyconvexity relatlons for f we first study the convexity prop-

erties of the function f : R, x Ry — R, f(z,y) = % with o, 3 > 0. lts Hessian takes the
form B
A ala—1)Z —af 5 /3+1
D2f<l', y) = ¥~ ?II !
—G y5+1 BB+ 1)yﬁ+2

and its positive semidefiniteness is given if tr D2f(x,y) > 0 together with det D2f(@, y) > 0.ltis
trD2f(z,y) = ala — 1)”3072 (B + 1);5%. For #,y > 0 the condition tr D* f(z,y) > O'is

equivalent to 5(3 + 1) > ol — a) which holds true for any o > 1 and 5 > 0.

ltis det D2f () = aff(a— B — 1)y 26+2 Forany z, y, , 3 > 0 the condition det D2 f(z, y) > 0

is satisfied if « > 8+ 1. Hence, f is convex if 3 > 0and o > 3+ 1. Since f(-, y) is non-decreasing
we now conclude the convexity of f:

JOAA+ (1 —=XN)B, \y+ (1 —X)2)

FOM+ (1 = NB|, Ay + (1= X)z)
< FONA]+ (1= )| Bl Ay + (1 — M)z)
Vi

IN

Proof of 2.: Since U(F ' F) = (det F)"?/*|F|?, hence a = 2 > 3+ 1 = 2/3 + 1. Thus the
findings of Item 1. ensure the polyconvexity of U.

Proof of 3.: Itis V(F'F) = (det F)~*/3|cof F|?,i.e., a = 2 and 8 = 4/3, so that here a <
[ + 1. In other words, here the exponents do not belong to the regime of ltem 1. However, Item 1 just
gives a sufficient condition on the exponents to ensure polyconvexity. Since polyconvexity implies rank-
one convexity, polyconvexity of 1 is disproved, if we succeed to show that V' is not rank-one convex.
For this, as done in [HNO3, Lemma 2.4] we consider the deformation gradient F' = diag(0.1, 10, ),
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which can be rewritten as F'(t) = A + ta ® a with A = diag(0.1,10,0) and a = (0,0, 1). We
have f(t) = V(F(t)"F(t)) = 100.1¢*? + t=4/3 with f"(t) = —20:2¢=4/3 4 284-10/3 Now, if V/
were rank-one convex, then f were convex and thus f”(¢) > 0 forany ¢t € R. But, e.g. fort = 1 we

find that f”(1) = =292 + 22 < 0. Thus, V' is not rank-one convex, hence not polyconvex.

Proof of 4.: To verify the polyconvexity of the modified Arruda-Boyce law we check that i > i3 + 1
fora = 2, 5 =2/3 and alli € N. This is indeed true, because i > 1 > 3/4. Thus, ltem 1 ensures
polyconvexity.

Proof of 5.: To find that the density Wo(V (F ' F)) := Y, c;(V(F ' F)’ — 3') is polyconvex, we
check that i > i + 1fora = 2,5 = 4/3and alli € N withi > 2. Indeed, ¢ > 2 > 3/2 and
hence, Item 1 yields polyconvexity. We remark that this result can also be retrieved from (3.71b).

Proof of 6.: The polyconvexity of W5 is immediate, since W3(z) = Y7 ¢;(2* — 1) forx > O'is
composed as the sum of terms being convex in x > 0.

Proof of 7.: The polyconvexity of the modified Yeoh material (3.70d) directly follows from the polycon-
vexity of the term (3.71a) withs = 1l and k = 1, 2, 3. O

Remark 3.23. The results in [CDHL88, Lemma 2.2] show for the specific cases of interest

T7 q/2 __ |F|q , . o
U= (det Fya3” "= @ f=a/3, (3.73a)
/a2 Ol F|T _ B
V(F)"" = ot By &0 = ¢ B=2q/3, (3.73D)

that the condition o« > (341 is not only sufficient but even necessary for polyconvexity. More precisely,
they show that ¢ > 3/2 in (3.73a) and ¢ > 3 in (3.73b) are necessary conditions.

Coercivity (3.10d):  Coercivity condition (3.10d) is formulated for the density W as a function
of F'. We now transfer (3.10d) into an analogous condition for ¥ as a function of U, V, t3, resp.
F.,H . det Fcf. (3.59).

Proposition 3.24 (Coercivity (3.10d) for the modified invariants). Assume that there are constants
b, D2,P3,4, 42, 43, 617 627 637 Ca such that
q>p=2, qQ>p22L1 and
5 -
either g3 > max {pg, sl gl } > 1 itW(F) = W([F|,[H|,det F), (3.74a)

or gz > max {ps, 5L} > 1 ifW(F) = W(|[F|,det F), and such that

W(F)=W(UF'F),V(F'F),;5(F'F)) =W([F|*,|H|? (det F)?)
> &|F|? 4 &|H|® + & det F|% + C (3.74b)
= &|U(F"F)|"? + &|V(FF)|[%? + &i3(FTF)|%/? + C.

Then (3.10d) is satisfied with some constants c1, co, c3, C, given that p, ps, p3, ¢1, Co, c3 match with
one of the cases a), b), ¢) of (3.10d).
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Proof. From (3.59) we recall that F' := (det F)~'/3F and H := (det F)~2/3 cof F. Hence, it is
a|FPP = c¢(det F)~"Y3FP|det F|P3 = ¢,|F|P| det F|P/?
< %|f|q + ci(g—p) | detF|pq/(3(q—p))
- q q
= %|U(FTF)|‘1/Q + ﬂ(cz-p) o3 (F T F)|pe/(Gla=r)

a

thanks to Young's inequality |zy| < 1|z|* 4+ L |y|* with the exponents a = g/p and ' = =

a—1
q/(q — p), which imposes the constraint
q>p=>2. (8.75a)
With the same reasoning we additionally find that
co|cof FIP2 = ¢y|(det F)~2/3 cof F|P2| det F|?P2/3 = cy|H|P?| det F|*P?/3
< 021)2 |H|q2 c2 q2 p2) | det F|2pzq2/(3(q2 —p2))
_ %H/(FTF)V&/Q c2(g2—p2) |L3(FT )|p2q2/(3(q2—p2))
q2 q2 ’
thanks to Young’s inequality |zy| < 2|z|® + 2 |y|*" with the exponents a = ¢»/p> and a’ = %= =
q2 p , which results in the constraint
G >p2 > (3.75b)

The determinant terms can be further estimated using that a® < (a+1)* < (a+1)? < 257 1(a?+1)
fora > 0,0 < a < fandf > 1. Inthis way, we find

C3| det F‘Ps + c1(g—p) ’ det F|pq/(3(qu)) + c2(q2—p2) ’ det F|2p2q2/(3(qupz))
q q2
< 03(| detF| + 1)p3 i cl(q—p) (| detF| 1 )pQ/(3(q—p)) + C2(q(2]2_p2) (| det F’ + 1)2p2qQ/(3(q2—p2))
S (C3 _|_ 01(2710) + C2(Q2 P2 )(|det F| + )
-1 ci(g—p) ea(
< 243 (03+ 1 fz P + 2q;2p2 )(|detF|q3 —i—l),

given that

q3 > max{p3,3q - p—— } >1 fW(F)=W(|F|,|H|,det F),

? 3(q2—p2)

q3>max{p3,3 )}>1 it W(F)=W(|F|,det F).

(3.75¢)

Thus, under the validity of the constraints (3.75), we are in the position to conclude

c1|FP + ca| cof F|P? 4 c3| det F|P?
< GR|F|7 4 222[H|% 4 297 (c5 + 22 4 2le=ra)) (| det F|™ 4 1)

= 2|, (FTF)|*? 4 22|, (F" )%/ + 2%*1(@, + el | clepa)) (|, (FTF)|9/% 4 1)

This proves (3.74b) with the constants ¢, = <2, & = =2 ¢; = C = 2571 (¢35 + @ +

c2(q2—p2) ) . O
q2
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Remark 3.25. If the modified invariants are used, the density W depends on U (FTF)7 hence at
least on F' and on det F'. Therefore, the sub-cases (3.10d) b1) & b2) are irrelevant and the coercivity
estimate has to feature the term | det F'|% with a suitable power g5 satisfying (3.74a). An analogous
observation holds true if the energy density also depends on V(FTF).

We further observe that, even if enriched by an additional summand involving the determinant, neither
the modified Neo-Hooke material (3.70a) nor the modified Mooney-Rivlin material (3.70b) complies
with the modified coercivity condition (3.74), since in both cases ¢ = 2, which does not allow for
q > p > 2. Yet, according to (3.74a), it is possible to find p > 3/2 for q3 large enough. Then our
existence proof may be carried out on the basis of [Bal77, Thm. 6.1], at the price of the identification
of the distributional minors with the minars as a function, cf. also Remark 3.6.

It remains to show that some of the energy densities (3.70)—(3.72) match with the modified coercivity
condition (3.74). As pointed out in the above Remark 3.25 the presence of a determinant term is of
importance. Therefore, we give in Cor. 3.26 some exemplary combinations terms being functions of
the modified invariants, but they may be also combined differently.

Corollary 3.26 (Energy densities matching with coercivity condition (3.74)). Consider the densities

2
. h
W(U.3) = Y a(U=3) +d(det F—1)"+ = (3.76a)
L
i=1 3
’ : h
WU, V,i3) = Y ¢(U=3) +ddet F—1)>+ f(V¥*=3%2) + = (3.76b)
L
i=1 3
— il ) ) 72 ) ) M ) h
WU Vi) = > (U =3)+ ) f(VI=3)+> di(th—1)+ . (3760)
i=1 i=2 =1 3

_ h
W(U,V,i3) = (U™ —3%)" 4 cp(V322/2 — g302/2)™2 4 (495 — 1)" + — (3.76d)
l3
withU = U(F'F),V = V(F'F), and 13 = 13(F" F). Assume that all the coefficients are
positive, i.e., d, f > 0, h > 0 and c¢;,d;, f; > 0 for any i € N and that the exponents satisfy
Y, O, T Z ]-; T € N

1. The density (3.76a) satisfies (3.74) with the exponents ¢ = 4 and q3 = 2. Moreover, (3.10d) b) is
satisfied with the exponents p = 12/5 and p3 = 2.

2. The density (3.76b) satisfies (3.74) with the exponents ¢ = 6, qg; = 3, and g3 = 2. Indeed, (3.10d)
b) holds true with the exponentsp = 3, py = 2 = 2y, andpy = 2.

3. The density (3.76¢) satisfies (3.74) with the exponents ¢ = 2my, qo = 2msy, and g3 = 2msg.
Moreover, (3.10d) a) holds true with an exponent p = -S™™2 > 3 jfmym, > 2 and ms > 21;?173'

m1+3ms
Otherwise, (3.10d) b) holds true if 2 < my,m3 € N and 2 < mo € N with the exponents

2mao+3msz — p—1°
4. The density (3.76d) satisfies (3.74) with the exponents ¢ = 2ai111, @o = 20579, and q3 = 2ai37r3.

Moreover, withm; = «;r; fort = 1,2, 3, the exponents p, po, p3 are determined by statement 3.,
and (3.10d) holds true under the constraints on m; from 3..
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Proof. We first note that the volumetric energy term h/Lg is positive. Hence, it can be neglected when
deducting the forthcoming coercivity estimates for each of the energy densities (3.76).

Proof of 1.: Firstly, we estimate the determinant term with Young’s inequality as follows

d(det F — 1) = d((det F)* — 2det F + 1) > d((det F)* — 1). (3.77)

Using that U (F'" F') = | F'|? we find, again via Young’s inequality with the exponent @ = a’ = 2,

2
Z ci(U(FTF) —3)' =a(|F|'—6|F|*+9) + ci (|F|> = 3) = 2| F|* + (¢1 — 6¢2)| F|?
i=1

+9¢cy — 31
> 2|F|' - g8l | gc, — 3¢y
(3.78)
Similarly as in the proof of Prop. 3.24 we now estimate that
GIFY + 4(det )’ + §(det F)* > (35%5) 7 [F1(12)"" det P 4 f(det F)?
(%26%2?)(6 p)/ﬁ(da)P/6|F|p (detF)2,

(3.79)
where we used Young’s inequality with the exponents @ = 6/p > 1 and ' = - = 6%}). The
first choice implies p < 6 and for @’ we require that a’'p = 66%’[) = 4, which settles the exponent

p=12/5€ (2,3).
Proof of 2.: We estimate the term with power 3 as follows
cs(|F|? = 3)3 = c3(|F|° — 9|F|* + 27|F|* — 81) > %S\FP —

Here we estimated the quadratic term from below by 0 and for the negative quartic term we used
Young’s inequality with the exponents a = 6/4 and a’ = 3. We also recall that f( (FTF)3?—

3%2) = f(|H|® — 3%?) and combine this and the above estimate with the findings from (3.77) &
(3.78), i.e.,

S|F|°+ 2|F|* + 4(det F)* + f|H + ¢(det F)* + ¢(det F)* — C
FI® + 2(det F)2 + f[H[ + &(det F)? + £(det F)? — C

|\/ wIg

cs
3

= (5255) " EP () der PP ()T HI (55)" des P
+2(det F)* - C
= (53)" @) IEY + (2) T G o B+ f(det B = O

To get from the second to third line, we applied Young's inequality with the exponents a = 6/p > 1
and a’ = 6%}7 to the first two summands. Again we find the constraint p < 6 and additionally require
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that a'p = 6p = 6. This yields p = 3. Moreover, to the third and the fourth summand we also
applied Youngs inequality with the exponents b = 3/p; and V' = Ll = i and we have to ensure
that b'pZ = 3. This yields p, = 3/2. For p = 3 we now check that indeed p, = 3/2 > > b= =3/2.

Proof of 3.: Since all the coefficients are positive, gathering all the constants in C' > 0, we can
estimate

W(U(F'F),V(F'F),13(F"F)) > ¢, UF " F)™ + f,,V(FTF)" + dp,13(F"F)™ — C
= Coy | FI*™ 4 foo | H[*™ + dp, (det F)*™ — C
> o, [FP™ + %2 (det F)™™ 4 f, [H™™ 4 %2 (det F)*™ 4 %2 (det F)?™ — C

2micmy \P/(2m1) 2midmg \ (2m1—p)/(2m1)
>( 1p 1)p 1 |F|p( 2Wll1 ;)) 1—P 1 |detF|p/3

4 (2m;£m2)p2/ (2my2) |ﬁ|p2(%d%)(2m2—272)/(2m2)| det F’2p2/3 + d’rleg(det F)2m3
(3.80)

Here we used the relations (3.59) to arrive at the second line. To get from the third to the fourth
line we applied Young'’s inequality to the first and the second term with the exponents a = 2& and

a = -4 = 2™__ We have to ensure that ap/3 = 2m3 This yields p = -5™™Ms_ and we have to

a—1 2mi— mi1+3ms

make sure that p 2 2. This gives the constraint ms > m which holds true forany 1 < m; € N

and 1 < ms € N. Moreover, we applied Young'’s inequality to the third and the fourth summand with

! .
the exponents b = 2}% and b’ = % = 25’27"‘}”. Here we have to make sure that b’%’% = 2mg, which

. We now check that py > z%. Using our findings for p and ps, this amounts to

yields ps = S
2+3m3
the constraint my > lem’zl_";fl_mg. We note that 2mms — m; — mg > 0 for any ms > m,

where 51— < 1 forany 1 < m; € N. Moreover, we observe that o—"1"4—— < ] which is

2mims—mi—ms
equivalent to the constraint ms > m”fil, which indeed is satisfied by any 2 < mq, m3 € N

6maoms

Proof of 4.: The density (3.76d) is composed of polynomial terms P(A) = C'(A* — ¢*)" with A a
placeholder for ¢3, U, V. Using the polynomial expansion with binomial coefficients b; we find

- a\r—1i a1t ar - a\T—1i( .\l ObT ar
:CZMA )T (=)t > ChyA —Cizlbi(A )7 2 AT - B, (381)
where we applied Young’s inequality with the exponents a = r/(r —i) > 1fori > landa’ = /i

to estimate the lower order terms as follows
a\r—i/ o\i r (r=2)/r a\T—i [ o\i 2(r—1)(r—i (r=i)/r
b(AY ) = (i) (A ()

. ) N\ (r—2)/r .
b 2(r—1)(r— r/i
< (2(7«21)) (Aa)r + %((Ca)zbi ( (r bo)ﬁr Z)) ) .
Summation over % thus yields (3.81) by gathering all the constants in B. Now we may invoke the
previously proved assertion 3. using that

W(U(F'F),V(FTF), Lg(FTF)) CAU(FTF)N 4 Sy (FT ) S (BT F)s - B
— Clbrl |F|2a1'l’1 + CQb'rQ ‘H|2a2r2 + r5 |(det F)’2a37‘3 _ B
— cm1|F\2m1 + fm2|H]2m2 + de(det F)*™s —
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i.e., we set m; = qur; for 1 = 1,2,3 and now continue in (3.80). In this way we find the desired

. . _ 6mims __ 6ajriasrs 6moms  __  6aaraasrs
coercivity estimate and the exponents p = mt3ms = aurii3asrs P2 T Tmgi3ms = Zasrai3aars
mi 1T

and mg = Qi3Ts > pre— = ori—1°

Stress control (3.10f) & uniform continuity of the stresses (3.10g): Relations (3.61)—(3.64) for
the derivatives of the invariant functions allow us to give the following statement regarding the assum-
tions on the stress control (3.10f) and the uniform continuity of the stresses (3.109):

Proposition 3.27 (Stress control (3.10f) & uniform continuity of the stresses (3.10g)). Let the relations
(3.59)—83.61) hold true.

1. Assume that there is a constant K > 0 such that W : R x R x R — R satisfies for all
(U, V, Lg) S sz_ :

00T (U, V, 13)U]| + |0y W (U, V, 1)V | + 10, W (U, V, 13)e5] < K(W(U,V,13)+1). (3.82)

Then stress control (3.10f) is true. The assertion remains true if 13(F'' F') is replaced by det F' in
(3.82).

2. Assume that there is a modulus of continuity o : [0, 0] — [0, 0], d >0, so that for all (F', s) €
R3*3 x R and all C' € GL, (3) with |C—1L| < § we have

OW (U,V,3) OU((CF)T (CF)) OW (U,V,3) OV ((CF)T (CF)) OW (U,V,i3) du3((CF) T (CF)) T
‘( U : A(CF) + v : 9(CF) + O3 == 9(CF) )(CF>

_ (8W(U,V,L3) OU(FTF) | 0W(U,V,u3) OV(F T F) aW(U,v,Lg)abg(FTF)) FT‘

ou OF + ov OF + o3 oF

<o(|C—-U)(W(U,V,13) + &) = o(|C =) (W(F) + ) .
(3.83)

Then the uniform continuity of the stresses (3.10q) is true.

Proof. Proof of 1.: From (3.61) we infer that
0FW (F)F'| < [0uW(U,V,13)[ |0pUF | + |0y W (U, V, 13)| |0V F |
+ }a%W(U? V7 L3>‘ |8FL3FT| )

with U = U(F'F),V = V(F'F), and 13 = 13(F"F). The stress control estimate for the
invariant functions (3.63) and assumption (3.82) now allow us to conclude that

0pW (F)F"| < cy|ogW (U, V,13)U| + ey |0y W (U, V, 1)V | + €., |0, W (U, V, 13) 3]

< cK(W(U,V,u3)+ 1) =¢cK(W(F)+1),
which is stress control (3.10f).

Proof of 2.: The condition on continuity of the stresses (3.10g) formulated for the density WV, directly
follows from (3.83) using the relations W (F) = W(U(F ' F),V(F'F),135(F"F)) and (3.61) for
the first Piola-Kirchhoff stress. O
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Corollary 3.28 (Energy densities matching with Prop. 3.27). The densities (3.76) introduced in Cor.
3.26 satisfy conditions (3.82) & (3.83).

Proof. Apart from the quadratic term (det F'— 1)2, all the other terms contributing to the energy densi-
ties W from Cor. 3.26 are power laws wrt. the modified invariants. More precisely, these terms take the
form P(A) = C(A® —c*)" — B, where A is a placeholder for a modified invariant A(F' " F') > 0, cf.
(3.59c), with A = 13, U, V and with ¢ = A(1L) and B = C'A(11). Thus, we may restrict the analysis
of P to the following scenario

A>0, ¢>1, B>0, C>0, a>1, r>1. (3.84)

and itis
P'(A) = CraA®* 1 (AY — )1, (3.85)

To (3.82): In view of (3.85) we have
|P'(A)A| = |CraA®(A® — )7 < Cra([(A% — )| + | (A% — )" 7Y)) . (3.86)

We now estimate the first term on the right-hand side. For A*—c¢® > Oitis |(A®—c*)"| < (A%—c*)".
For A*—c* < 0 we use (3.84) to see that A* —c* > —¢*, sothat [(A*—c*)"| < 2¢*+(A*—c)".
Hence, by combining the two cases we find

(A% — )| < 26°7 4 (A% — )" (3.87)

We now estimate the second term on the right-hand side of (3.86). Here we may use Young’s inequality
with the exponents a = 7/(r — 1), a’ = r, tofind |A* — ¢®["~! < Z=L[A* — ¢®|" + L, which can be
further processed by (3.87). By combining the estimates for the two terms, then adding and subtracting
B, we indeed find a constant K’ > 0 such that

|P'(A)A| < K'(P(A)+1). (3.88)

Moreover, we may check that the quadratic term (det F' — 1)? and its derivative can be estimated also
in the form of (3.88) by applying Young’s inequality with the exponent a = a’ = 2 directly in (3.86).
We also note that the above arguments remain true for P(A) = A7, i.e.,, —y = ar and ¢* = 0,
which shows the stress control for the volumetric term h/Lg This finishes the proof of (3.82).

To (3.83): Again we consider a function of the form P(A) = C(A“ — ¢*)" — B with the properties

(3.84) and first derivative P’ from (3.85). Revisiting the proof of estimate (3.88) we see that the second
derivative P"(A) = car((a — 1)A* (A — ¢®)" 1 + (r — 1)(A* — ¢*)"2A>7!) satisfies an
analogous estimate, more precisely, with a constant K" > 0 we have

|P"(A)A| < K"(P'(A) +1). (3.89)
This will be used to show that

|0rP(A((CF)" (CF)))(CF)" — 0pP(A(FTF))F'"| < o(|C — 1|)(P(A(F'F)) +¢) .
(3.90)
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For brevity we now set G := C'F' to find

0pP(A(GTG))G" — 0pP(A(FTF))FT|

= |[P(A(G'G))(0cAG'G))G" — P'(A(F'F))(0pA(F'F))F'|

<|P(A(GT@)) — P(A(F'F))||0rA(F'F)FT|
+|P(AGT@)||0cA(G'G)G" — OrA(F'F)F|

(3.91)

In order to further process the terms on the right-hand side of (3.91) we recall from [Cia88, p. 11] that
Cl=1+(C-1)1)"'=1—(C—1)+o(|C — 1) for the inverse of the matrix C' with
|C'— 1| < &. Hencealso |C~! — 1| < § < 1for |C — 1| < § sufficiently small. Thus we may
equivalently apply the continuity properties of the invariants (3.64) for the matrices G and C~' F.

In this way, also in view of (3.88), we further estimate the second term in (3.91) as follows

IP'(A(G'G))||0cA(GTG)G' — O A(F'F)F'|

< [P'(A(GTG)) (|C‘ 1)AG'G)

< [P'(A(GTG)A(G ' G)[o(|C — 1) (3.92)
< K'(P(A(G'G)) + 1)o(|C — 1)

< K'(P(A(FTF)) +2)o(|C — 1))

Here we used continuity estimate (3.64b) for G and C~! F to get to the first estimate. The second esti-
mate ist due to the above explained relation between C~! and C close to 1L. The third estimate follows
by (3.88) and the fourth is due to the continuity of P implying that P(A(G'' G)) < P(A(FF))+1,
for |[A(G'G) — A(F"F)| < o(|C — 1|)A(F " F) sufficiently small.
For the first term in (3.91) we apply the stress control for the invariant (3.63) and (3.89) for P’, together
with the continuity of the invariant (3.64a) and deduce

IP(A(G'G)) — P’(A(FTF )| |0rA(FTF)|

< A(F'F)|P"(A(F'F) +t{(A(G'G) — A(F'F)))| [A(G'G) — A(F " F)]

< |P"(A(F'F) +t(A(G'G) — A(F"F)))|o(|C — L) A(F'F)

< |P"(A(F'F)) + 1] o(|C — L)) A(F" F)? (3.93)

< (K"(P(A(FTF) + 1)A(F'F) + A(FTF)?) o(|C — 1|)

< (K"(K'(P(A(F'F))+ 1)+ A(F'F)) + A(F'F)*) o(|C — 1)

< K(P(A(FTF))+1)o(|C —1]),
where we used Young'’s inequality and the strategy of the above proof of (3.82) to obtain an estimate
for the linear term A(F' F') and the quadratic term A(F'' F)? in terms of P(A(F' F)). The com-
bination of (3.92) & (3.93) further estimates (3.91) and (3.83) yields an estimate of the desired form
(3.83). Finally we note that the quadratic term (det F' — 1)2 can be estimated in a similar manner

using the strategy from (3.96¢c) ahead and the continuity estimate for i/.3 is due to (3.96d) ahead.
This finishes the proof of (3.83). O
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Energy densities satisfying assumptions (3.10): Merging the results from Lemma 3.21, Proposi-
tion 3.22, and Corollaries 3.26 & 3.28 allows us to conclude:

Corollary 3.29 (Energy densities satisfying assumptions (3.10)). The densities (3.76a) & (3.76c) in-
troduced in Cor. 3.26 satisfy all the assumptions (3.10).

Remark 3.30 (Assumptions (3.10) and the anisotropic split (2.15), resp. (2.23)). As explained in Sec-
tion 2.2 we may apply the anisotropic split (2.23) to the modified invariants in order to account for
the anisotropy of damage. This neither affects the polyconvexity nor the coercivity properties of the
constitutive law. As we have seen in (2.22), the modified invariants ensure the differentiability of the
energy density in 1L with P (1L, s) = 0. Thus, also the results on the stress control and the continuity
of the stresses remain valid. If the anisotropic split is applied only to energy contributions in (3.76) with
positive powers (but not to L§7 ), then each of the anisotropically splitted energies (3.76) satisfies all
the assumptions (3.10).

3.5 Proof of Lemmata 3.14 & 3.15 on the properties of the invariants

Proof of Lemma 3.14 on the derivatives of the invariants and their stress control: The proof of
relations (3.62a)—(3.62c) for the derivatives of ¢1, L9, t3 can be taken from [Cia88, p. 154].

To find (3.62d) for the derivative of U we calculate with the product rule and the chain rule

—8U(6F; F)_ L;1/3(FTF)—8L1(;;:F) +u(FTF)(— %Lg4/3(FTF)—aL3(8F;r F )) .
In view of (3.62a) and (3.62c) we now conclude (3.62d).
Similarly, the product and chain rule yield for the derivative of V' that
WED _ 22 EE) ey (- 2w 2 T,
which, in combination with (3.62b) and (3.62c), results in (3.62e).
To find the stress control (3.63) we use (3.62a)—(3.62¢e) and deduce
0pt FT|=]2FF"| < 2|F|* =21, (3.94a)
0pt2F T |=[2(12F T — (3F TF'F ) FT| = 2|02l —13F TF7'| <2(V3+ 1)1y
(3.94b)
0pisF T |=|20310] < 2315 < 4ug, (3.94c)
0pUF " |=[20 *(FFT = 31)| < |25 (|| + |u]) < 4T, (3.94d)
0pVFT =202 (Lol — 3P~ T F 7Y (3.94¢)
<25 (|ug| + 13| FTF7Y) = 44520y = 4V (3.94f)
where we also used that |F'' F| < | F|? as well as the relations | cof F|? = tr cof C' = 1,(C) and
[cof C? = (det F)*|(FTF)™'|* < (det F)*|F~'[* = | cof F|* = 15(C)?. (3.949)
|
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Proof of Lemma 3.15 on the continuity properties of the invariants: For shorter notation we set

Fi(4) = |A(CF)T(CF)) - A(FTF)
Fy(A) = [0pA(CF)(CF)(CF)T —0pA(F F)FT,

for each invariant function A € {11, t2,t3, U, V' } and we aim to show (3.64), which now reads

Fi(A) < o(|C—-1)A(FTF), (3.95a)
Fy(A) < o|C—n)A(F'F), (3.95b)

for each invariant function A € {11, to, t3, U, V' }. We start with F} (¢1). In view of (3.59c) we obtain

Fi() = [u(CF)T(CF)) — w(FTF)| = ||CFP — |FP| = [(C + 1)F : (C ~ 1)F|

< (IC]+ DIFP|C = 1] < (V34 2)u(FTF)|C — 1| = caaequ (F F)|C — 1,
(3.96a)

where we also used that |C] < || + & < +/3 + 1. For F}(13) we have
Fl(bg) = ‘Lg((CF)T(CF)) — Lg(FTF>’ = |L3(CTC) — 1‘L3(FTF)

and we shall now determine a modulus of continuity ¢3 using the mean value theorem of differentiability
and formula (3.62c). In particular,

|L3(CTC> | < |2L3 CT T‘ |C ]].|

where C' = 1L + ¢(C' — 1) with ¢ € [0, 1] suitably. In order to calculate C~ we shall invoke [Cia88,
p. 11], which states that

(1 + BH)' =1 — BH +o(H) for|H| < |B|™". (3.96b)

This yields C~* = (1L + #(C — ]1)) =1 —¢(C—1)+o(1)for 1| < |C —1|~. Now we use
that the map f : GL; (3) — R, f(C) := |215(CTC)C~T| is continuous, since it is the composition
of continuous functions. Thus, by continuity, for any 0 < & < 1 there is 0 < 0k 1 _such that for all
C € GL.(3) with t|C — 1| < § we have | f(C) — f(11)| < € < 1 and hence f(C) < 1+ 2v/3.
In this way we conclude that

|13(CTC) —13(1)| < |205(CTC)CTT]|C 1| < (1+2V3)|C— 1| = cpoag|C— 1| . (3.960)
In the same fashion we can also show for powers L;'Y/?) with v € N that
13(CTC) 3 — 1 < f(C)[C = 1| < (1+27/V3)|C — 1| = cpose|C — 1| (3.960)
More precisely, we deduce that |¢5(CTC)™/3 — 1| < f(C)|C — 11|, where

f(C ):—|L3(CTC) +3/39,,(CTC)CT| < |f(M)|+1 fort|C — 1] <4,
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and f(11) = 2v/+/3. With the multiplicativity of cof, i.e. cof (M;M,) = cof M, cof My, cf. [Cia88,
p. 4], we obtain for F}(19) that
Fi(12) = |t2((CF) " (CF)) — 1o(F " F)| = || cof (CF)|* — | cof F?|
= || cof C cof F|* — | cof F|?|
= |(cof C' + 1) cof F : (cof C' — 1) cof F|
< (] cof C| + 1)| cof F|?|cof C — 1|
Using (3.96¢) we further deduce that
|cof O — 1| = |(det C)C~T — 1| = |(det C — 1)W1 +det C(C~" — 1)
<|detC' — 1] [1| + | cof C||C — 1| < (1 +2V3)|C — N|V3 + |cof C||C — 11|
Furthermore, by continuity we obtain that | cof C'| < V3 4 1 for |C' — 1| small. Hence we conclude
Fi(12) = [12((CF) (CF)) — to(F ' F))|
< (V3+ 1)|cof FI*((1+2V3)|C — L|V3+ (V3 +1)|C — 1) (3.96€)
= C(s.gee)bz(FTFﬂC — 1
Estimate (3.96d) with v = 1 combined with (3.96a) is now used to determine a modulus of continuity

for F1(U):

Fi(U)=|U((CF)'(CF)) - U(F'F)|

‘ CT 1/3L3(FT ) 1/3|CF|2 (FT )71/3|F|2‘

< ‘ T -1/3 _ 1’ L3 FTF) 1/3|F|2+L (OTO) 1/3 (FT )—1/3 HOF|2 _ ’F|2|
< ( caoea)U ( F F)+ ( Caoeq)|C — 1| + )L3(FTF) 1/3 (3.96a)L1(FTF))|C_ 1|
< C@a.

sonU (F'F)|C —1].

(3.96f)

Similarly, estimate (3.96d) with v = 2 in combination with (3.96€e) also results in a modulus of conti-
nuity for £ (V'):
F\(V) = |[V((CF)"(CF)) ~ V(F'F)|

= ‘Lg(CT )21 (FTF) 23| cof CF|?* — 15(FTF)™%/3| cof F|?|

< ‘Lg(CTC)_Q/S — 1| v3(ldsymbol F T F)~%/3| cof F|?

+15(CTC) 2 Pu(FTF) || cof (CF)|? — | cof F?|
S C(3_95d)|0 — ]]_’V(FTF) + (C(3_95d)|0 — ]]_’ + 1)113(FTF)72/SC(3_969)’ COfI?’2 ’C — ]]_‘
< C(3.96g)|0 - ]UV(FTF)
(3.969)

With estimates (3.96) we have obtained moduli of continuity for F;(A) with A € {1, t9,t3,U, V'}
and thus verified (3.95a), resp. (3.64a).

DOI 10.20347/WIAS.PREPRINT.2456 Berlin 2018



Phase-field fracture at finite strains based on modified invariants 51

We now aim to prove (3.64b) by deducing moduli of continuity for F5(A). We start with F(¢1). In view
of (3.62a) we deduce

Fy(1y) = |0pt((CF) (CF))(CF)" — 0pi,(FTF)FT|
=2|(CF)(CF)" — FF'| <2(|C|+1)|C — 1| |FF"| (3.97a)
<2(V3+2)|C - 1| |F|* = cgargua (F ' F)|C - 1],

where we used that |C| < |[IL| + 1 for |C' — 11| < § < 1. For F»(¢3) we find via (3.62c) and (3.96¢)

FQ(Lg) = |8FL3((CF)T(CF))<CF)T — 8FL3(FTF)FT|
- 2|L3((0F)T(OF))]1 - L3(FTF)]1|

< 2V3u3(FTF)|t3(CTC) — 1| < 2V3 cposoyis(F T F)|C — 1| = caomyis(F T F)|C — 1.

(3.97b)

We now turn to the estimates for F(t2), F2(U) and F5(V'). For better readability we will here often
use the short-hand G = C'F'. In view of (3.62b) the term F(¢3) can be estimated as

Fy(19) = |0gt2(GTG)G" — Opia(FTF)F|
=2/((GTAG G - 3(G'G)G GGG
—(w(FTF)F 'F' — 3(F'F)F"'F'F'F")|

=2[(.2(G'G)1L — 13(G'G)G'G ") — ((F'F)L — 3(FTF)F~'F )]
<2V3|1(G'G) — 1s(F'F)| +2|13(GTG)G G — 13(F'F)F~"F7!|
< 2V3]15(GTG) — 15(F ' F)

+2|i3(GTG) — 13(FTF)| |[F-TF™|

+2,3((CF) (CF)|G TG —F "F '
< (2\/50(3.966)L2(FTF) + (Caose) + C(3.97d))L3(FTF)|F7TF71|> |C — 1]
= C(3.97c)é2(FTF) |C - ]1|

(3.97¢)

Here we also used (3.96¢), (3.96¢), and in analogy to (3.97a) we deduced

GG —F 'F ' <(CT+ )| FTF|C—1l|C

< (V3422 F TF'|C — 1] = cgorg| FTF'||C — 1,
(3.97d)

since again by (3.96b) itis C~! = 1 — (C' — 1) + o(C — 1) and hence |[C~!| < /34 |C — 1| +
o(|C — 1]) < /3 + 1for |C — 1] sufficiently small.
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For FQ(U) we apply (3.62d) as well as (3.96d) with v = 1, (3.97a), (3.63), and (3.96a) to find
|(U)| = |0cU(G'"G)G" — 0pU(F'F)F'|
= [26(GTG) (G - tu(GTG)G )G —23(F F)\*(F — s, (F'F)F ")F'|
= 25(G'G) V(GG — 1 (GTG)N) — 23(F'F)V3(FF" — L, (FTF)1)|
=2[(15(CTC)B = 1)y (FTF)"V3(FF" = Ly (FTF)1)
+13(G'G) GG - FF" — {(u(G'G) — uy(F'F)1)|
< 2\i3(CTC) M2 — 1] |0pU(FTF)F|
+23(GTG)V}|GGT — FFT|
+ 253G G) P u(GTG) — u(F'F))|
< 20(3.96d)4U(FTF))|O - ]1|
+ (cpoeq|C — | + 1)i3(F ' F) caeraty (F F)|C — 11
+ F5(cse0)|C — 1| + 1)i3(F ' F)egosgua (F 1 F)|C — 1
< cporgU(FTF)|C — 1.
(3.97¢)
Similarly we obtain a modulus of continuity for F5(1") using (3.969), (3.96d) with v = 2, and (3.97d)
(V)| = |0V (G'G)GT — 0V (F'F)F'|
= [26(GTG) 2 (:(GTGA)G T - (GGG GGG
— 23(F'F) P (4io(F'F)F " — 3(FTF)F "F'F ")F'|
=2|3(GTG) P (3(GTG) - 5(G'G)G TG
— 3(FTF) 2B (Lu(F F)L — 3(F'F)FTF )
7§‘L3 (GTG)?2L(GTG) — Lg(FTF)_2/3L2(FTF)|
+2|e3(CTC) 3 — 1| i5(FTF)™3 |F~TF|
+23(CTC) 2By (FTF) 231G TG - F TF Y
< Zceosg|C — L[V (F'F) + 205069|C — LV (F ' F) + 2c979|C — LV (F ' F)
= caon|C — L|V(F'F).

<

(3.97)

The collection of estimates (3.97) provides moduli of continuity for F5(A) for A = 1, t9,t3, U,V and
thus proves (3.95b), resp. (3.64b). This concludes the proof of (3.64). |

4 Numerical Examples

In this section we explain shortly the main equations for the discretization within the finite element
framework and we demonstrate the robustness of the proposed model and the analytical results by a
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series of numerical examples in a next step.

4.1 Discretization

At first the weak forms of the governing equations and the discretization are summarized. The elastic
boundary value problem is based on the balance of linear momentum (2.4) and the crack phase-field
evolution (2.7). For fixed time, the weak form of the coupled problem reads: Find ¢ : By — R? and
s: Bg — [0, 1] such that

/P V(dp) dX = /b 5<de+/h dpdl’ Vop e U, (4.1)
BN
and
ov
—s ds dX + — - 0sdX +2G.. [ VsV (ds)dX
8, M 3, 0s B
29; / (1—35)-dsdX =0 ViseX,. (4.2)
The term %—‘I’ in (4.2) basically serves as a driving force for the phase-field. Moreover, the spaces of

admissible test functions U and X, are defined as U = {d¢p € H'(Bg;R?) |d¢p = 0 on IB},
where Hl(Bo; R3) denotes the Sobolev functional space of square integrable functions with values
in R? and with square integrable weak first derivatives. Correspondingly, the space of admissible test
functions for the phase-field equation can be formulated as X, = HJ(Bg) N L>®(By) = {ds €
HY(Bg) N L®(By)|ds = 0 on B, }.

To apply the finite element method, the domain B, is subdivided into a finite set of non-overlapping
elements

By ~ Bl = U Bo. - (4.3)

e=1

For discretization we use Lagrangian polynomials for both fields. In particular, the ansatz functions for
the mechanical field are denoted by N; and the shape functions for the phase-field by /V;. The values
{a(z) and § are the nodal displacements and the nodal values of the phase-field.

Nk nE
prt =) N det =) Nip!, (4.4)
i=1 i=1
ngk B )
s st Z N;59, os = Z N;659. (4.5)
i=1
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Inserting the proposed approximations (4.4) and (4.5) into the weak formulations (4.1) and (4.2), gives,
after a straightforward calculation, the final finite element system.

The time integration is based on an implicit Euler-backward scheme regarding the phase-field param-
eter s, whereby the time interval [0, T'] is divided into pairwise disjoint equidistant subintervals with the
time step At := t,,.1 — t,,. At last, the system of equations is solved by making use of a direct solver.
In general there exist two solution strategies for the non-linear system (4.1) and (4.2), the monolithic
and the staggered scheme. In the first the fully-coupled system is solved in each timestep. In the stag-
gered scheme the solution is split for the phase-field s and for the mechanical field ¢, which means
that in each timestep both quantities are solved successively. Our analysis in Sect. 3 is based on the
latter approach and also for the numerical examples presented in the subsequent exposition we relied
on the staggered scheme. In [BKKW17] both solution strategies are discussed in more detail.

4.2 Mode-ll-shear test in two dimensions

As a first numerical example we choose a simple mode-Il-shear test in two dimensions and con-
sider a squared plate with horizontal notch. At the lower boundary of the plate the displacements are
constrained in horizontal and vertical direction and at the upper side prescribed displacements are
applied incrementally in x-direction, see Fig. 6. Furthermore, the mesh presented in Fig. 6 consists of
128 x 128 quadrilateral elements.

— = = = =

SIS SIS SIS SIS S

5 5

Figure 6: Boundary conditions (left) of a mode-I-tension test and the related mesh based on a hierar-
chical refinement strategy (right)

The following simulations use the non-linear Yeoh material model (3.76a) and the proposed anisotropic
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Figure 7: Phase-field snapshots of the mode-II-shear test at different times.

split (2.15) so that the strain energy function can be formulated as

W(F, <Zcz H(L(FTF)) +d(m (FTF))Q)

+Y " ci(my (I(F"F))' + d(mg (F"F))?, (4.6)

i=1

with positive coefficients ¢;,d > 0 for any i € {1,2} and [3(s) defined in (2.16). The dimensionless
material parameter are chosen as ¢; = 2.6923 x 10'°, ¢, = 1.3462x 10'° and d = 2.01923 x 10'*.
Refering to the Sl unit system this corresponds to a Young’s modulus of £ = 2.1 x 10'1 %,
Possion’s ratio of » = 0.3 and the critical energy release rate of G, = 2.7 x 103 J . The mobility
parameter is M = 1 (Pas)~ . The related length-scale parameter [, depends on the element size
h and has to fullfill the inequality /. > 2h in general, cf. [MWH10], which enables the approximation
of a diffuse interface zone. In this case using three unniform levels of refinement, the length scale
parameter is set t0 {, = 2hmn = 7.8125 x 107% m. The snapshots of the phase-field and the related
crack propagation related to the shear test are shown in Fig. 7.

In a next step the influence of the stepsize of time is investigated in more detail. Therefore, the time
step size is varied such that a bigger and a smaller time step is applied. Within this assumption different
time steps are examined and the related load-deflection curves are shown in Fig. 8. The results show
the convergence to a solution of the time-continuous formulation within decreasing stepsize.

4.3 Mode-I-tension test in three dimensions

In a next step we introduce an example in three dimensions. We consider a block with a horizontal
notch which consists of 10 x 4 x 10 elements before refinement. The geometry and the related
boundary conditions can be found in Fig. 9. All the boundary conditions are realized by using Dirichlet
boundary conditions. In Fig. 9 also the mesh of the block is shown after applying the hierarchical
refinement strategy.
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Figure 8: Load-deflection curves for different time step sizes

u

Figure 9: Boundary conditions (left) of a mode-I-tension test and the related mesh based on a hierar-
chical refinement strategy (right) in three dimensions

Also in this example we use the Yeoh material model (4.6) with positive coefficients ¢;, d > 0 for any
i € {1,2} and (3(s) defined in (2.16). The material parameter are chosen as ¢; = 2.6923 x 10,
¢y = 1.3462 x 10'Y and d = 2.01923 x 10! which are based on the relations given in [Hol04]
and correspond to the same material values as above. The length-scale parameter depends on the
mesh size and is chosen as [. = 1.25 x 10~° m. Moreover, a time step of At = 0.01 sec is applied.
In Fig. 10 the crack growth during the simulation can be observed. The crack propagates within this
loading along the expected crack path.

The load deflection curves for different time step sizes are shown in Fig. 11, the block is cracked
completely at a vertical displacement of u,, =~ 0.28 X 1073 m.
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Figure 10: Phase-field snapshots of the mode-I-tension test at different times.
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