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ABSTRACT. We prove the long-standing Eckmann-Ruelle conjecture in dimension theory
of smooth dynamical systems. Namely, we show that the pointwise dimension exists
almost everywhere with respect to a Borel probability measure with non-zero Lyapunov
exponents invariant under a C'*2 diffeomorphism of a smooth Riemannian manifold.
This implies in particular that the Hausdorff dimension and box dimension of the measure
as well as some other characteristics of dimension type of the measure coincide.

INTRODUCTION

In this paper we obtain an affirmative solution of the long-standing problem in the
interface of dimension theory and dynamical systems known as the Eckmann—Ruelle
conjecture. This problem was explicitly mentioned as an important open problem by
Young at her ICM address [Y3, p.1232] (see also [Y2, p.318]). It can be stated as
follows. Let M be a compact smooth Riemannian manifold without boundary, and
f: M — M a C*** diffeomorphism of M. Let also x be an f-invariant Borel probability
measure on M.

Conjecture. Assume that p is hyperbolic, i.e., all the Lyapunov exponents of f do
not vanish at p-almost all points. Then the following limit exists

for p-almost every point z € M (where B(z,r) denotes the ball of radius r centered
at z).

The limit in (1) is called the pointwise dimension of p at z. If this limit does not
exist one can consider the lower and upper limits and introduce respectively the lower
and upper pointwise dimension of y at z which we denote by d(z) and d(z). The
functions d(z) and d(z) are measurable and invariant under f.

The existence of the limit in (1) for a Borel probability measure u on M implies
the crucial fact that all characteristics of dimension type of the measure coincide (see
Proposition 1 below). The common value is a fundamental characteristic of the fractal
structure of u — the fractal dimension of p. It is intimately related to stochastic
properties of f with respect to p.

Since hyperbolic measures play a crucial role in studymg physmal models with per-
sistent chaotic behavior and fractal structure of invariant sets, the conjecture can be
viewed as a mathematical foundation for such study.
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We describe some most important characteristics of dimension type (see for example
[F,P]). Let X be a complete separable metric space. For a subset Z C X and a number
o > 0, we define the a-Hausdorff measure of Z by

my(Z,a) = hmmfz (diam U)*
Ueg

where the infimum is taken over all finite or countable coverings G of Z by open sets
with diam G < e. We now define the Hausdorff dimension of Z, denoted dimg Z, by

dimpg Z = inf{a: mg(Z,a) = 0} = sup{a : my(Z,a) = co}.

The Hausdorff dimension was introduced by Hausdorff in 1919. It has since become
one of the fundamental notions in dimension theory that is used to characterize sets
with complicated “fractal” structure.

We now define the lower and upper boz dimensions of Z (denoted respectively by
dimpZ and dimpZ) by

dimpZ = inf{o: rg(Z,0) = 0} = sup{a : r5(Z,a) = oo},
dimpZ = inf{a : 75 (Z,a) = 0} = sup{a : 7x(Z,a) = o}

where L
ru(Z, hmmfzs Ta(Z,a) = liminf ) &*
€30 % yeg T Ueg

and the infimum is taken over all finite or countable coverings G of Z by open sets of
diameter €. It is easy to see that

dimyZ < dimpZ < dimpZ.

It is now accepted by most experts in dimension theory that the coincidence of the
Hausdorff dimension and lower and upper box dimensions of sets is a relatively rare
phenomenon and can occur only in some “rigid” situations. One well-known class of
sets for which the coincidence usually takes place is the class of Cantor-like sets, i.e.,
the limit sets for some geometric constructions (see for example [F,PW,B]).

In order to describe the geometric structure of a subset Z invariant under a dynam-
ical system f acting on X, we consider a measure u supported on Z and introduce the
notion of the Hausdorff dimension of 1 and lower and upper boz dimensions of p (we
denote them by dimu, dimpu, and dimpu respectively). We have

dimgp = inf{dimyg Z | u(2) = 1},
dimpp = lim inf{dimp 7 | p(Z) 2 1 -8},
—

dimpy = lim inf{dmpZ | (2) > 1 - 6}.
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It follows from the definition that
dimpp < dimgp < dimpp.

There is another importént characteristic of dimension type of 4 called the information
dimension of p. Given a Borel probability measure 1 on X and a partition £ of X, we
define the entropy of & with respect to u by

Hu(€) = =Y u(Ce) log u(Ce)
Cs¢

where C¢ is an element of the partition . Given a number € > 0, we set
H,(e) = inf {H,(£): diam & < €}

where diam £ = maxdiam Cg.
We define the lower and upper information dimensions of u by

. Hu(e) = — H,(e)
I(p) = lim—£—"_  T(yp)=lm—£7_,
)= ey "W = Biog(i/e)
There is a powerful criterion stated by Young in [Y1] that guarantees the coincidence
of the Hausdorff dimension and lower and upper box dimensions of measures as well
as their lower and upper information dimensions.

Proposition 1. Let X be a compact separable metric space of finite topological di-
mension and p a Borel probability measure on X. Assume that

d(z) =d(z) =d (2)
for u-élmost every x € X. Then
dimpp = dimpp = dimpp = I(p) = I(u) = d.

A measure p which satisfies (2) is called ezact dimensional.

In [P], many other characteristics of dimension type of measures are introduced
including correlation dimension and modified Hentschel-Procaccia spectrum for di-
mensions. It is shown in [P] that if a measure p is exact dimensional then all these
characteristics coincide and the common value is equal to d.

The Eckmann—Ruelle conjecture provides the most broad class of measures invariant
under smooth dynamical systems which are exact dimensional.

In [Y1], Young obtained the affirmative solution to this conjecture for surface dif-
feomorphisms.
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Proposition 2. Let f be a C1*2 diffeomorphism of a smooth compact surface M and
u a hyperbolic ergodic measure with Lyapunov exponents A\; > 0 > Ay. Then

(-snin(h-4)

In [L], Ledrappier proved the conjecture for general SRB-measures (after Sinai,
Ruelle, and Bowen). In [PY], Pesin and Yue extended his approach and proved the
conjecture for hyperbolic measures satisfying the so-called semi-local product structure
(this class includes, for example, Gibbs measures on locally maximal hyperbolic sets).

Let us also point out that neither of the assumptions in the Eckmann—-Ruelle con-
jecture can be omitted. Ledrappier and Misiurewicz [LM] constructed an example of
a smooth map of a circle preserving an ergodic measure with zero Lyapunov exponent
which is not exact dimensional. In [PW], Pesin and Weiss presented an example of a
Holder homeomorphism with Holder constant arbitrarily close to 1 whose measure of
maximal entropy is not exact dimensional.

PRELIMINARIES

Let M be a smooth Riemannian manifold without boundary, and f: M — M a
C'te diffeomorphism on M. Let also p be an f-invariant ergodic Borel probability
measure on M. ; .

Given £ € M and v € T, M define the Lyapunov exponent of v at by the formula

AMz,v) = Lim llong:,,f"vH.
n—oon ,

If z is fixed then the function A(z,-) can take on only finitely many values A;(z) >
.-+ > Ap(z) where p = dim M. The functions A;(z) are measurable and f-invariant.
Since u is ergodic, these functions are constant p-almost everywhere. We denote these
constants by A; > --- > A,. The measure p is said to be hyperbolic if A; # 0 for every
1=1,...,p. .

There exists a measurable function r(z) > 0 such that for y-almost every z € M
the sets

We(z) = {y € B(z,r(z)) | nE?oo;l; logd(f™z, f"y) < O} ,

W (z) = {y € B(z,r(z)) | lm —l—logd(f"a:, ly) > 0}
n——oco N
are immersed local manifolds called stable and unstable local menifolds at x. For each
0 < r < r(z) we consider the balls B*(z,r) C W*(z) and B“(z,r) C W*(z) centered
at  with respect to the induced distances on W*(z) and W*{z) respectively.

Let £ be a measurable partition of M. It has a cancnical systems of conditional
measures: for y-almost every x there is a probability measure u, defined on the element
é(z) of £ containing z. The conditional measures u, are uniquely characterized by the
following property: if @B is the o-subalgebra (of the Borel o-algebra) whose elements
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are unions of elements of §, and A C M is a measurable set, then z 5 p,(AN¢ (z)) is
@®B;¢-measurable and p(4) = [ p-(4ANE&(z)) du(z).
In [LY], Ledrappier and Young constructed two measurable partitions ¢° and &*
of M such that for p-almost every x € M:
(1) &°(z) € W*(z) and £*(z) C W*(z);
(2) €°(z) and &*(z) contain the intersection of an open neighborhood of z with
W*(z) and W*(z) respectively.
We denote the system of conditional measures of y with respect to the partitions
£° and &* respectively by u; and 7, and for any measurable set A C M we write
pz(A) = pz (AN € (z)) and pz(A) = pz(ANE¥(z)).
_ Given x € M, consider the lower and upper pointwise dimensions of 4 at z, d(z) and
d(z). Since these functions are measurable and f-invariant they are constant g-almost
everywhere. We denote these constants by d and d respectively.
In [LY], Ledrappier and Young introduced the quantities

ds(m) d___'=_f lim log Uz(B (.’17, T‘)) "
r—0 logr

44(z) & Tim 108 #2(B(@,7))
r—0 logr

provided that the corresponding limits exist at z € M. We call them respectively
stable and unstable pointwise dimensions of y.

Proposition 3 [LY].
(1) For u-almost every z € M the limits d°*(z) and d*(z) exist and are constant
p-almost everywhere; we denote these constants by d° and d“.
(2) If p is a hyperbolic measure then

d<d®+d".

When the entropy of f is zero this inequality implies that d = d = d* + d* = 0.
In this paper we prove the following statement.

Theorem. Let f be a C'** diffeomorphism on a smooth Riemannian manifold with-
out boundary, and p an f-invariant compactly supported ergodic Borel probability
measure. If u is hyperbolic then it is exact dimensional and its pointwise dimension is
equal to the sum of the stable and unstable pointwise dimensions, i.e.,

d=d=d°+d"

L2

Remarks.

(1) The assumption in the theorem that the hyperbolic measure is ergodic is not
essential and the theorem holds for any f-invariant compactly supported Borel



probability measure that is hyperbolic. This can be verified in a standard way
using the ergodic decomposition of the measure.
(2) It follows immediately from the theorem that the pointwise dimension of an
ergodic invariant measure supported on a (uniformly) hyperbolic locally max-
. imal set is exact dimensional. This result has not been known before. We
emphasize that in this situation the stable and unstable foliations need not be
Lipschitz (in fact they are “generically” not Lipschitz; see [S]), and in general
the measure need not have a local product structure despite the fact that the
set itself does. This illustrates that the theorem is non-trivial even for measures
supported on hyperbolic locally maximal sets.

DESCRIPTION OF A SPECIAL PARTITION

We use the following notations. Let 7 be a partition. For every integers &, 1 > 1,
we define the partition nk = \/! __, F~™n. We observe that 72(z) N nb(z) = n ().

(From now on we assume that p is hyperbolic. In [LY], Ledrappier and Young
constructed a special countable partition ©P of M of finite entropy satisfying the
following properties. Given 0 < € < 1, there exists a set I' C M of measure p(T') >
1 —€/2, an integer ng > 1, and a number C > 1 such that for every z € T" and any
integer n > ng, the following statements hold:

(a) for all integers k, [ > 1 we have

G (MR < (@Y (s)) < Cem M, )
C—le—kh—ke < ,u;(EBPg(x)) < Oe—kh+ke’ (4)
C.—le—lh—le S M;(EBP%(:E)) S ce—lh+le, (5)

where £ is the Kolmogorov—-Sinai entropy of f with respect to y;

(b)

£(2)0 ) @P3() > B*(a,e™), 6)
n>0
() N [) ®P4(z) D B¥(z,e7™); (7)
n>0
(c)
e-—d’n—ns S ,LL;(BS(.'E, e—n)) S e—d"n+ns’ (8)
e—d“n—ns S /.Lg(Bu(.’E, e—n)) S e—d"’n+ns; (9)
(d)
&P (z) C B(r,e™™) C &P(x), (10)
®P;,(z) N €°(z) C B*(z,e™™) C ®P(z) NE°(2), (11)

®P"(z) N&¥(z) C B¥(z,e™") C ©P(z) N{* (), (12)
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where @ is the integer part of 2(1 + ¢) max{1/A1, -1/, 1}
(e) if Qn(z) is defined by

{y e M| ®P{"(y) N B*(z,2¢e™") # @ and &P, (y) N B*(z,2e™") # 2} (13)
then
B(z,e™)NT C Qn(z) C B(z,4e™™); (14)
it clearly follows from the definition of Q,(z) that for each y € Q,(z),
®Pn(y) C Qn(z).

We can also assume that
(f) for every z € I and n > ng, we have

B*(z,e™™)NT C Qn(z) N&*(z) C B*(z,4e™ ™), (15)
B*(z,e ™) NT C Qn(z) N&*(z) C B*(z,4e™™). (16)

The above statements are slightly different versions of statements in [LY]. Prop-
erty (3) essentially follows from the Shannon-McMillan-Breiman theorem applied to
the partition ®P while properties (4) and (5) follow from “leaf-wise” versions of this
theorem. The inequalities in (8) and (9) are easy consequences of the existence of
~ the stable and unstable pointwise dimensions d® and d* (see Proposition 3). Since
the Lyapunov exponents at y-almost every point are constant equal to Ay, ..., A,
“the properties (10), (11), and (12) follow from (6), (7), and the choice of a indicated
above. The inclusions in (14) are based upon the continuous dependence of stable and
unstable manifolds in the C'** topology on the base point (in each Pesin set). We
need the following well-known result. o

Borel Density Lemma. Let p be a finite Borel measure and A C M a measurable
set. Then for u-almost every x € A, we have ‘

]j.m I‘L(B(:E7 ’r) n A) — 1'

r~0  pu(B(z,r))
Furthermore, if u(A) > 0 then, for each § > 0, there is a set A C A with u(A) >
p(A) — 6, and a number ro > 0 such that for all z € A and 0 < r < 1o, we have

u(B(z,r) N 4) > Zu(B(z,r).

It immediately follows from the Borel Density Lemma that one can choose an integer
ny > ng and a set I' C T of measure y(I') > 1 — ¢ such that for every n > n; and
z €T,

u(B(z,e™) NT) > 2 pu(Blz,e™™); | (17)
B (B (5, NT) 2 S (B (™) (19)
pE(B (@, &™) NT) > Lt (B*(z,e7™). (19)

We establish two additional properties of the partitions ®PE and ®PY.
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Proposition 4. There exists a positive constant D = D(T') < 1 such that for every
k>1 and z € T, we have:
pz(@P§(z)NT) > D;

uy(@PY(z)NT) > D.

Proof. By (6), for every k > 1 and = € T, the set ®PF(z) N T contains the set
B*(z,e~™)NT. It follows from (18) and (8) that

1 1 .
us(@®P§(z)NT) > 5#3(38(% e""™)) > Ee’d no—nos &f 1y
The second inequality in the proposition can be proved in a similar fashion using the

properties (7), (19), and (9). O

The next statement establishes the property of the partition @P which simulates
the well-known Markov property.

MProposition 5. For every x € I' and n > no, we have:
®Pgn () N€°(z) = ®FL, (2) N € (2);
®P () NE¥(2) = ©F;" (z) N E¥(2).
Proof. It follows from (11) and (6) that
®P° (z)N ¢ (z) c P (z) N B*(z,e™™) C ®P° (z) N B*(z,e™™)
C ®P,,(2) N ®PF"(z) NE*(z) = P4 (z) N €°(2).

Since ®P°"(z) C ®P° () this completes the proof of the first identity. The proof of
the other identity is similar. O

PREPARATIONAL LEMMATA

Fix z € T and an integer n > ny. We consider the following two classes ®@R(n)
and @F(n) of elements of the partition @Pg, (we call these elements “rectangles”):

®R(n) = {®P;,(y) C ©P(z) | ®Pa(y) NT # o}

®F(n) = {®P%(y) C ®P(z) | ©P,(y) NT # @ and ©P§"(y) NT # 2}
The rectangles in ®R(n) carry all the measure of the set @ P(z)NI', i.e., 3 pegr(n) (RN

I') = u(®P(x) NT). Obviously, the rectangles in @R(n) that intersect T belong to
@F (n). If these were the only ones in @F(n), the measure u|@®P(z) NI' would have the
“direct product structure” at the “level” n. One could then use the approach in [L,PY]
to estimate the measure of a ball by the product of its stable and unstable measures.
In the general case, the rectangles in the class @F(n) are obtained from the rectangles
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in ®R(n) (that intersect I') by “filling in” the gaps in the “product structure” (see
Figure 1).

We wish to compare the number of rectangles in ®R(n) and ©F(n) intersecting a
given set. This will allow us to evaluate the deviation of the measure y from the direct
- product structure at the level n. Our main observation is that for “typical” points y € T
the number of rectangles from the class ©R(n) intersecting W*(y) (respectively W*(y))
is “asymptotically” the same up to a factor that grows at most subexponentially with
n. However, in general, the distribution of these rectangles along W*(y) (respectively
W*(y)) may be different for different points y. This causes a deviation from the direct
product structure. We will use a simple combinatorial argument to show that this
deviation grows at most subexponentially with n. One can then say that the measure
4 has an “almost direct product structure”.

We(x)
WHx)
|
Rm)\ Fn) R() N F(n) Fm)\ R(n)

FIGURE 1. The procedure of “filling in” rectangles.
To effect this, for each set A C @P(z), we define
N(n,A) =card{R € ®R(n) | RN A # 2},

N°(n,y,A) = card{R € ®R(n) | RN&°(y) NI N A # 2},
N*(n,y,A) = card{R € ®R(n) | RN&*(y) NT N A # o},
N*(n,y,4) =card {R € ®F(n) | RNE*(y) N A # 2},
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N*(n,y, A) = card {R € @F(n) | RN £*(y) N A # o).

Note that N(n,®P(z)) is the cardinality of the set @R(n), and N°(n,y, ®P(z)) (re-
spectively N*(n,y, ®P(z))) is the number of rectangles in @R(n) that intersect I' and
the stable (respectively unstable) local manifold at y. The product N® (n,y, ®P(z)) x
N(n,y, ®P(z)) is the cardinality of the set @F(n) for a “typical” point y € ®P(z).

Lemma 1. For each y € ®P(z) NT and integer n > no, we have:
NS (’nw Y, Qn(y)) g “; (Bs(y, 46'—”)) . Ceanh+ane;

N¥ (,n’ Y, Qn(y)) < ”Z(Bu (y’ 4e—n)) . Ceonhtane
where Q. (y) is defined by (13).
Proof. It follows from (15) that

py(B*(y,4e™™)) 2 11y (Qn(y))

> N°(n,9, Qn(y)) - min{py(R) | R € ®R(n) and RN (y) NT'N Qn(y) # 2}

Let z € RN & (y) NT'N Qn(y) for some R € &R(n). By Proposition 5 we obtain
py(R) = u;(@Pgn(z)) = ps(®P° (z)). The first inequality in the lemma follows now
from (4). ‘

The proof of the second inequality is similar. 0

Lemma 2. For each y € ®P(z) N T and integer n > ny, we have:

u(B(y, ™)) < N(n, Qn(y)) - 2Ce~2enh+2ene,
Proof. It follows from (17) and (14) that

%M(B(y, e ™) < pu(By,e ")NT) < p(Qn(y)NT)

< N(n,Qn(y)) - max{u(R) | R € ®R(n) and RN Qn(y) # 2}
The desired inequality follows from (3). O
‘We now estimate the number of rectangles in the classes ®@R(n) and &F (n).

Lemma 3. For p-almost every y € ®@P(z) NT there is an integer ny(y) > ny such
that for each n > ny(y), we have: :

N(’I’L +2, Qn+2(y)) < Ns(n, v, Qn(y)) . ]’\]—u(n, v, Qn(y)) ] 2C2e4a,(h+e)e4ane_

Proof. By the Borel Density Lemma (with A = f), for u-almost every y € T there is
an integer ma(y) > n; such that for all n > na(y),

2u(B(y,e™™) NT) 2 u(Bly,e™™).
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Since T' C T, it follows from (14) that for all n > n, (v),

20(Qn(y) NT) > 2u(B(y, ™) NT) > u(B(y,e™))
> (B (Y, 4e7"7%) 2 p(Qn2(y))- (20)

For any m > ny(y), by (3) and property (e), we have

pRmw) = > w@PI(2) 2 N(m,Qm(y)) - C~leemh2eme,
: BPIT(2)CQm(y) ‘

Similarly, for every n > na(y), we obtain

U(Qn (y) N f) = Z u(epzz (Z) N f) < Nn . Ce—Zanh+2a.ns,
SPL(2)CQn(y)

n

where NN, is the number of rectangles ®Pg,.(2) € ®R(n) that have non-empty inter-
section with I
Set m = n + 2. The last two inequalities together with (20) imply that

N(TL +2, Qn+2 (y)) <N,- 20264a(h+6)+4ane' (21)

On the other hand, since y € T the intersections ®P" (y)NE*(y)NT and ®P? . (y)N
£%(y) NT are non-empty. o

Consider a rectangle ®P%"(v) C Qn(y) that has non-empty intersection with T
Then the rectangles ®P%, (v) N ®P§"(y) and &PY,,(y) N ®P™(v) are in ®F(n) and
intersect respectively the stable and unstable local manifolds at y. Hence, one can
associate to any rectangle &P (v) C Q.(y) in ®R(n) that has non-empty intersection
with T, the pair of rectangles (®P2,(v) N ®P"(y), ®P°,.(y) N @P"(v)) in

{Re®F(n) | RN&(y) N Qny) # 2} x {R € ©F(n) | RN E*(y) N Quly) # 2}

Clearly this correspondence is injective. Therefore,

N*(n,9,Qn(¥)) - N*(n,9, Qu(y)) > Ny

The desired inequality follows from (21). O

Our next goal is to compare the growth rate in n of the number of rectangles
in ®F (n) with the number of rectangles in ®@R(n). We start with an auxiliary result.

Lemma 4. For each z € T and integer n > my, we have:
Ns (n, z, @P(.’IJ)) < D—cheanh-i-Sa.ne;

Nu(n, Zz, @P(.’E)) S D"]-Czea‘n,l-l-?;a,ng.
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Proof. Since the partition @P is countable we can find points y; such that the union of
the rectangles ®P§"(y;) is ®P(z), and these rectangles are mutually disjoint. Without

loss of generality we can assume that y; € T whenever ®Pg"(y:) N T+o.
We have

N(n,®P(z)) > Y N°(n, i, ®P§" (1)) > > N*(n,y:, ®P5" (1:)).  (22)
i :@Pg"™ (y;)ﬂf;éz

We now estimate N°(n,y;, ®P"(y;)) for y; € T from below. By Propositions 4 and 5,
and (4), —

N0 0P ) 2 e 1 e P GTAT 5
> AP < eGP TS
- AP e eI AT ]
> DC~tetnh—ane, (23)
Similarly (3) implies that
N 0P(a) < W(OP()) < Germtrene (o

min{u(8P5, (7)) | € ®P(@) NI}
We now observe that
‘N*(n,z,®P(z)) = card {¢ | @P5™ (y:) N T+ o). . (25)
Putting (22), (23), (24), and (25) together we conclude that

CeZanh+2an€ 2 N(TL, @P(.’E))
> Z N°® (’I’L, Yi, @Pg'n(yz))
$:@P™ (y:)NT £ :
> N*(n,z,®P(z)) - DC~1eomh—ane,

This yields N*(n,z, ®P(z)) < D~1C%e® h+3ane The other inequality can be proved
in a similar way. U

We emphasize that the procedure of “filling in” rectangles to obtain the class @ F(n)
may substantially increase the number of rectangles in the neighborhood of some
points. However, the next lemma shows that this procedure of “filling in” does not
add too many rectangles at almost every point.
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Lemma 5. For p-almost every y € ®P(z) N T we have:

— Ns(n, Y, Qn(y)) —Ta

]_1 ne
n=teo N°(11,4, On(y)) -

R N’u (TL, Y, Qn(y)) -7

h ane
n=rtoo N (1,4, @n(¥))

<1

<1

Proof. By (15) and (18), for each n > ny and y € T,

1y (@Qn(y)) > py(B*(y,e™™)NT) > —;-ui,(Bs(y, e™")).

Since ®@P"(z) C ®P2 (2) for every z, by virtue of (4) and (8) we obtain

s 42 (Qn(v))
N*(ny, @nlv)) 2 S P () [2 € () NP NT £ 2
1 ui (B (y,e™™))

= 2 max{ps(®@P,(2)) | z € £*(y) N@®P(z) NT # &}
1 e—d’n—ns

- % e--anh+tane :

Let us consider the set

. = T Ns(nay: Qn(y)) —Tane ~
F= {y L Nn W)  ° }

For each y € F there exists an increasing sequence {m;}$2; = {m;(y)}32, of positive
integers such that

AT 1 S . ]. — 817;,' a . a i .
N*(mj,y, Qm; (4)) 2 51" (Mj, Y, Qm, (y))e"*™9® 2 Jme” @ matemitioemse  (26)
for all j (note that a > 1).

We wish to show that p(F) = 0. Assume on the contrary that p(F) > 0. Let
F' C F be the set of points y € F for which it exists the limit

. log pg (B°(y,7))
1m

=d°.
r—0 logr

Clearly u(F') = p(F) > 0. Then we can find y € F such that

py(F) = py(F') = py(F' n@P(y) n€°(y)) > 0.
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It follows from Frostman’s lemma that
dimp (F' N€°(y)) = d°. (27)
Let us consider the countable collection of balls
6B={B(z,e ™)) | ze F'né(y);j=1,2,...}.

By the Besicovitch covering lemma (see for example [G]) one can find a subcover 6C C
0B of F' N &°(y) of arbitrarily small diameter and finite multiplicity p = p(dim M).
This means that for any L > 0 one can choose a sequence of points {z; € F'N&*(y)}2,
and a sequence of integers {t;}{2,, where ¢; € {m;(2;)}32; and ¢; > L for each i, such
that the collection of balls

6C ={B(z,e ") ]|i=1,2,...}

comprises a cover of F' N¢&*(y) whose multiplicity does not exceed p. We write Q@) =

th (2:)-

The Hausdorff sum corresponding to this cover is.

Z (diam B)*' ~¢ = ie‘t"(ds_e).

BesC i=1

By (26), we obtain

Ze-—t :(d®—¢) < ZNS(t,,Z“ Z)) 4C et ih—4at;e

=1 =1

< 4GZe‘“‘1" teas N " N*(g, 21, Q(8))-

1it;=q

Since the multip]icity of the subcover §C is at most p, each set Q(z) appears in
the sum }_, . _ N°(g,2,Q(7) at most p times. Hence > .. _, N°(g,2,Q(i)) <
PN (¢,y,®P(y)). It follows from Lemma 4 that

Z (diam B)¥' ¢ < 4C Z g~aah—4age 5 s (‘q, ¥, ®P(y))
BeéC q=1

e oo
< 4D-1? C3p Z e—aqh—4agetagh+3age _ 4D_103p z e~ %€ < oo.

Since L can be chosen arbitrarily large (and so also the numbers ¢;), it follows that
dimg(F'N&%(y)) < d° —e < d°. This contradicts (27). Hence p(F') = 0 and this yields
the first inequality in the lemma. The proof of the second inequality repeats the same
arguments. O
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PROOF OF THE ECKMANN—-RUELLE CONJECTURE

Proof. By Proposition 3 we only need to prove that d > d° + d“.
Given € > 0, let the set T _be as in the previous sections. By Lemmas 2 and 3, for
p-almost every y € @P(z) N T and n > ny (y), we obtain

/.L(B(y, e—n—z)) < Ns (n’ Y, Qn(y)) . Nu (n, Y, Qn(y)) i 4C3e4a(h+€)€—2anh+6°ns.

By Lemma 5, for y-almost every y € ®@P(z) N T there exists an integer n3(y) > na(y)
such that for all n > ns(y) we have

ﬁs (TL, Y Qn(y)) < N? (nly) Qn(y))e?’an&"

N*(n,,Qn(y)) < N*(n,y, Qn(y))e™"™.
This implies that

/’L(‘B(y7 e—n‘—2)) S N? (n; Y, Qn(y)) . Nu(n, Y, Qn(y)) . 4Cse4a(h+6)e—2anh+20an5‘
By Lemma 1 we obtain
w(B(y,e ™)) < uy(B*(y, 4e™™)) s (B*(y, 4e™™)) - 4CPgtalhrte) g22ane,

This implies that

i 08A(B(y;e™"))

n—+4oco —n

> d° +d* — 22ae

for p-almost every y € . Since u(f) > 1—¢eand € > 0 is arbitrarily small, we conclude
that

1 —-n
i = i BHBW) _ o logsBw:e) S 4oy g

~ ro0  logr n—+oo -n
for p-almost every y € M. This completes the proof. d
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