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Dissipative and non-dissipative evolutionary quasi-variational
inequalities with gradient constraints

Michael Hintermdller , Carlos N. Rautenberg , Nikolai Strogies

Abstract

Evolutionary quasi-variational inequality (QVI) problems of dissipative and non-dissipative
nature with pointwise constraints on the gradient are studied. A semi-discretization in time is
employed for the study of the problems and the derivation of a numerical solution scheme,
respectively. Convergence of the discretization procedure is proven and properties of the original
infinite dimensional problem, such as existence, extra regularity and non-decrease in time, are
derived. The proposed numerical solver reduces to a finite number of gradient-constrained convex
optimization problems which can be solved rather efficiently. The paper ends with a report on
numerical tests obtained by a variable splitting algorithm involving different nonlinearities and types
of constraints.

1 Introduction

The notion of a Quasi-Variational Inequality (QVI) was introduced by Lions and Bensoussan in [6] and
[34] in connection with impulse control problems and in a general setting for obstacle-type problems. For
this problem class, the state of the underlying system is charaterized by a variational inequality involving
a set-valued constraint mapping, which again depends on the state variable. For the aforementioned
obstacle-type constraint, for instance, the QVI setting imposes state-dependent upper (and/or lower)
bounds on the state variable. We note that QVIs represent generalizations of Variational Inequalities
(VIs) and arise as mathematical models of various phenomena. Indeed, instances of QVIs can be found
in game theory, solid and continuum mechanics or electrostatics, to mention only a few. For further
examples of QVI-models and associated analytical investigations, we refer here to [7, 13, 18, 33, 35,
38, 41] and the monographs [2, 32].

A very interesting QVI model involving pointwise constraints on the gradient of the state variable in a
parabolic setting is related to superconductivity. The QVI arises here as an equivalent reformulation
of Bean’s critical state model; see, e.g., [41, 45, 3, 36]. General existence results, approximation
techniques, and numerical solution procedures for this and related gradient constrained problems can
be found in the work by Rodrigues and Santos in [45] and the first two authors of this paper in [23].
More specifically, in [45] an approximation technique replacing the QVI by a sequence of quasi-linear
partial differential equations (PDEs) is utilized. On the other hand, in [23] a semi-group approach is
employed for proving existence of a solution and its discrete approximations. Alternatively, the gradient
constrained QVI can be re-written as a generalized equation rendering the QVI problem a particular
instance of a yet more general problem class; see, e.g., [28, 29]. Additional work of Kenmochi and
collaborators can be found in [27, 15, 26, 16].

The first physical applications of non-dissipative (in the sense that the spatial part of the partial
differential operator vanishes) QVIs with gradient constraints were studied by Prigozhin in [39] when
modeling the surface growth of a cohesionless granular material that is poured on a supporting structure.
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M. Hintermdiller, C. N. Rautenberg, N. Strogies 2

Subsequently, several physical models for the growth of sandpiles as well as of river networks were
developed by resorting to VI and QVI problems with gradient type constraints. This is evidenced by a
series of seminal papers by Prigozhin [4, 43, 42, 40]. In this body of work, not only theoretical aspects
are studied but also the numerical simulation is considered. It is worth mentioning that some of the
aforementioned models are within the scope of the general results in [46], which involve quasi-linear
first-order QVI problems.

Interestingly, despite their wide applicability the literature on solution algorithms for QVIs with gradient
constraints is rather scarce. Some of the few papers on numerical solvers include [22] in the elliptic case,
and [23, 3, 4, 24] in the time evolution case. This scarcity of solvers is mainly due to the highly nonlinear
and nonsmooth nature of the problems and the fact that QVIs (in the elliptic setting) are typically not
related to first-order conditions of constrained energy minimization. For the iterative solution, in some
cases these challenges may be overcome by considering fixed point iterations which, however, require
rather strong assumptions for convergence.

In view of the above discussion, this paper extends the current state of the art in two directions: (i)
In both, a dissipative and a non-dissipative, settings we are interested in obtaining existence and
extra-regularity results, as well as qualitative properties of solutions such as the non-decrease in time.
(ii) We establish a solution algorithm involving only a finite number N € N of convex sub-problems in a
time discrete setting and where convergence of the discrete solutions u” to the solution of the original
problem w is guaranteed. While, in the dissipative setting, these results apply to problems in transient
electrostatics or thermo-plasticity, the non-dissipative setting is of interest in the modeling of growth
behavior of granular materials.

The rest of the paper is organized as follows. In section 2 we provide the notation used throughout the
paper and elementary results involving variational inequalities such as stability of solutions with respect
to Mosco convergence of constraint sets. The problem formulation and its semi-discrete counterparts
are given in section 3. The main results concerning the non-dissipative problem are the subject of
section 4 and the ones for the dissipative problem can be found in section 5. In these sections, we
provide existence and regularity results for the original evolutionary QVIs and properties concerning
their time discrete approximations. The paper ends by a report on numerical tests in section 6, where
we show that a variable splitting approach with rather simple subproblems can be used as a solver.

2 Notation and Preliminaries

The sets of natural and real numbers are denoted by N and R, respectively, and positive real numbers
by R.. The Euclidian norm in R"™ is written as | - |, and the positive and negative parts for z € R as
™ :=max(x,0) and 2~ := — min(z, 0), respectively. Further, for a measurable set {2 C R", we
denote its measure by 2.

Forv € R, the set L°(€2) is defined as L°(2) := {v € L®(Q2) : v > v a.e.} where where “a.e.”
stands for “almost everywhere”. Additionally, “for a.e.” stands for “for almost every”. Further, L5 (12)
corresponds to the cone of a.e. non-negative functions in L>°((2). We denote by H_}(12) the usual
Sobolev space of L?(£2) functions with weak derivatives also in L?(£2) and zero on 952 (in the sense of
the trace), and we write (-, -) : H1(Q) x HJ(2) — R for the usual duality pairing between H ()
and H}(Q). Further, W1°°(Q) is the space of uniformly Lipschitz continuous functions over (2.

A function I : (0,7)) — X, where T' > 0 and X is a Banach space, is called Bochner measurable
if there exists a sequence {F),} of simple X-valued functions such that lim,, ,, F,(t) = F(¢) in
X and for a.e. t € (0,7) (see [19]). We denote by L?(0,T"; X) the (Lebesgue-Bochner) space of
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Evolutionary quasi-variational inequalities 3

Bochner measurable X -valued functions with domain (0, 7") such that fOT |F(t)[5dt < 400 where

the integral is taken in Lebesgue’s sense. Further, the space of Lipschitz continuous X -valued maps
on [0, T is denoted by C*'([0, T; X).

Let f € L*(Q2), K be a closed, convex and nonempty subset of H](2), and suppose the operator
A H}(Q) — H'(Q) induces a continuous coercive bilinear form (Au,v) := a(u,v) with
a: H}(Q) x H(Q) — R. Then, we denote by S(4, f, K) the unique solution (see [30] for the
existence and uniqueness proof) of the problem:

Findu € K: (Au— f,o—u) >0, YveK. (1)

It is well-known (see also [30]) that (u,v) — a(u,v) is a bilinear coercive form, if and only if, the
operator A : H&(Q) — H~1(Q) is linear, continuous and uniformly monotone, i.e., if there is ¢ > 0
such that

(Av — Aw,v —w) > c|v — wﬁf&(ﬂ)’ Vo, w € Hy (). )

It should be noted that if K is a bounded, closed, convex and nonempty subset of H&(Q) and
A H}(Q) — H'(Q) linear, continuous and strictly monotone, i.e., A satisfies (2) with ¢ = 0 and
(Aw,w) = 0 <= w = 0, then S(A, f, K) is also uniquely defined for each f € L*() (see [30])

We make use of the concept of a lower solution of a variational inequality which was initially developed
by Bensoussan.

Definition 1 (LOWER SOLUTIONS). We say that z € K is a lower solution for the triple (A, f, K), if
(Az — f,0) < Oforall¢ € H}(Q) such that$ > 0 a.e. in ).

In the case where K = {v € Hj(Q) : v < ¢ ae.in Q}, with o € L(2), we have that S(4, f, K)
is a lower solution, and for any lower solution z, we have that z < S(A, f, K) (see proposition 5 in the
appendix A ).

Some of the subsequent results concern convergence of closed, convex and non-empty subsets of a
reflexive Banach space. For this matter, we make use of Mosco convergence (see [37, 44]):

Definition 2 (Mosco cCONVERGENCE). Let K and K,,, for eachn € N, be non-empty, closed and
convex subsets of X, a reflexive Banach space. We say that the sequence {K,,} converges to K in
the sense of Mosco as n — o if:

i. VveK,dv, e K, :v, > vinX.
ii. Ifv, € K, andv, — v in X along a subsequence, thenv € K.
In this case we write K, M, K, asn — oc.

An important consequence of Mosco convergence in our context for X = H&(Q), is given by the fact
that the map K — S(A4, f, K) is continuous in H}} () with respect to the topology induced by Mosco

convergence. In other words, K, MoK implies S(A, f,K,,) — S(A, f,K) in H}(Q) asn — oco.
For a proof, we refer to [44], for instance.
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3 Problem Formulation

We are interested in the following problems (Pg) and (P ), which we refer to as the non-dissipative
and the dissipative problem, respectively. Both problems are special cases of the following general
formulation:

Problem (P). Findu € L*(0,T; H}(Q)), withu(0) = ug € H} () and ,u € L*(0,T; H1(Q))
such that fora.e. t € (0,7T), u(t) € K(®(¢,u(t))) and that for every v € L*(0,T; H;(S2)), with
v(t) € K(®(t,u(t))) fora.e. t € (0,T), it holds that

/0 (Qu(t) + Au(t) = O(t, u(t)) — (1), v(t) — u(t)) dt >0, (3)

where, for a non-negative ¢, K(¢) C HJ () is defined as
K(¢) :={ve HyQ): |Vv| < ¢ae inQ}. (4)

The tools for analyzing problem (P) vary significantly with respect to the choice of A. Therefore, we
distinguish the following two different problems announced above:

Problem (P). Solve problem (P) with A = 0.

Problem (P;). Solve problem (P) when A # 0 is a monotone operator.

Applications for these two problems are diverse. For example, problem (Pg) arises in the mathematical
modelling of surface growth for granular cohesionless materials and in the determination of lakes and
river networks, while problem (P;) is used in superconductivity for certain geometries, as a model for
the magnetic field (see [41, 3, 4, 43, 42, 40)).

The requirements on ©, ® and f are different for the two cases above and they are made explicit in
the beginning of section 4 and section 5 below.

It should be noted that if ¢ € L?(2) is non-negative, then K(¢) C H} () is closed, convex, bounded
and 0 € K(¢). In addition to K(¢), we are also interested in two other types of set-valued mappings:
For w non-negative, these are K™ (w) C HJ () and K*(w) C HJ () defined by

Kf(w):={ve Hy(Q) : v(z) < w(x)dist(z,0Q) forae. x € N},
K*(w): = {v e H}(Q) : |v(x)| < w(x)dist(z,0Q) forae xc Q},
where dist(z, 0€2) is the distance of z € (2 to the boundary 02 of €2, respectively.

The following sequence of approximating problems represents a specific semi-discretization of (P) in
time. It can be described as an implicit Euler integration scheme where the nonlinearities associated
with © and ® are lagged behind in the discretization.

Problem (PY). Let N € N, k := T/N, t,, := nk and 1, := [tV
{u 3ol with ul’ = uo, uf) € K(D(t))

tNY withn = 0,1,..., N. Find

n—1"n

u® ), and for which

n—1»
Up = Uny N N N N
T—i_A(u”) Oty L ul ) — N u—ul) >0, (5)
forallv € K(®(tN |, ul ) with
N N

M= Zfivx[tﬁ,ptm and  fy =
n=1
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Problem (P¥) is equivalent to solving N variational inequalities with gradient constraints. Hence, it is
not only useful to find properties of the solution to problem (P) (as we observe in what follows), but it is
also suitable for numerical implementation as we shown in section 6. Analogously as with (Py) and
(Py), we distinguish the following two different problems:

Problem (P)). Solve problem (P™) with A = 0.

Problem (leV ). Solve problem (PN ) when A # 0 is a monotone operator.

3.1 The instantaneous problem

A typical variation of problem (P) arises when the integral inequality in (3) is replaced by a non-
negativity requirement for the integrand for a.e. t € (0, T"). This problem is termed the instantaneous
problem:

Problem (iP). Findu € L*(0,T; H}(9)), with u(0) = uy € H3(Q) and dyu € L*(0,T; H1(Q))
such that fora.e. t € (0,T), u(t) € K(®(t,u(t))) and

(Oru(t) + Alu(t)) — O(t, u(t)) — f(t),v —u(t)) =0, (6)
forallv € K(®(t,u(t))).
Further the instantaneous versions of problems (P) and (P;) are referred to as problems (iP) and
(iPy), respectively. In order to provide a link between (P) and (iP) we need to define versions of the

constraints K, K+, and K= on the cylinder (0,7") x (2. In fact, provided that » € L2(0,T'; L>°(Q))
we define

H (o) :={ve L*0,T; Hy(Q)) : v(t) € K(p(t)) forae.t € (0,T)}, @)

and analogously for # () and £ = ().

Under certain conditions problems (P) and (iP) are equivalent. The proof of this assertion is based on
the application of the following result.

Proposition 1. For I' € L*(0,T;L*(Q)) with T'(t) := ~(t)p, v € C([0,T],R,) and ¢ €
L(Q), suppose that u € L*(0,T; Hy(Q)), u(t) € K(['(t)) for ae. t € (0,T), and F €
L>(0,T; H1(Q)). Then, the following holds true:

(F(t),v —u(t)) >0, Vo € K(I'(t)), forae. t € (0,T), (8)

if and only if,
T
/ (F(r), w(r) — u(r)) dr > 0, Yw € #(T). ©
0

Proof. Letw € % (I') be arbitrary. Then, by definition w(t) € K(I'(¢)) fora.e.t € (0,7), and if (8)
holds true, then it follows that (9) is satisfied by time integration of the initial inequality.

Next we prove the reverse implication “(9)==> (8)". Let 7 € (0,7") and v € K(I'(7)) be arbitrary. For
sufficiently small € > 0, define

()
(1) = X(r—erto)(t) + ult) X1\ (7—erte/(t),
SupsE(Tfe,TJre) ’7(8) ( ) DN )
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M. Hintermdiller, C. N. Rautenberg, N. Strogies 6

where yo denotes the characteristic function of the set O. It follows that w? € L?(0,T; H}(£2)) and
IVwI(t)| = |Vu(t) <T(t)ift € (0,T)\(r —¢e,7+e€)andift € (T — €, T + €) we have

(1) (1)
Supse('r—e,'r—i-e) 7(8 SupsE(T—e,T—i—e) ’V(S)

[Vw (t)] = Vol < () < y(t)e =T(t).

USing kz (t) = V(t)/ SupsE(Tfe,TJre) ’y(S), we infer

T T+e
0< 236 [ (p). ) — w0y - 2i€ E(), K700 = u(0)
T+e€ T+e
_ % EW, 070~ 1) di+ % P, - u(0) de

Since F' € L>(0,7; H'(2)) and lim o sup, _ <<, |kZ(t) — 1| = 0, we have

/THE(F(t)’ (KZ(t) = 1v) dt‘

—€

< |F|peeorm-10) 0] 13 (0) (ﬁm sup |kl (t) — 1\) =0.

€0 r_e<t<r4e

Moreover, ¢ — (F'(t),v — u(t)) belongs to L'(0, T') and hence, almost every point ¢ is a Lebesgue
point (see [12] for a proof). As a consequence, we obtain

T+e€
limi/ (F(t),v —u(t))dt = (F(1),v —u(r)) >0,

—€

fora.e. 7 € (0,7). O

4 The non-dissipative problem (P)

In this section we consider problem (Py). For its investigation, throughout this section we rely on the
following assumptions on f, uy, © and .

Assumption 1.
i. feL>0,T;L*)) is non-negative, i.e., f(t) > 0 a.e.in), fora.e.t € (0,T).
ii. The initial condition uy € Hg(Q)) satisfies |Vug| < ®(0,uq) a.e. in Q.

iii. ©:[0,T]x L*) — L*(S) is uniformly continuous and satisfies ©(t,v) > 0 a.e. ifv > uyg
a.e.in(), fora.e.t € [0,T). Itis further assumed that © has c-order of growth:

da > 0, L@ >0: |@(t,v)|L2(Q) S L@|'U|%2(Q), Vit € [O,T],\V/U S LQ(Q) (10)

iv. The operator ® : [0,T] x L*(Q2) — L>() is uniformly continuous and ®(t,v) > v > 0 a.e.
inQ), fora.e.t € [0,T] and allv € L*()). We also assume that ® is non-decreasing:

0<t; <ty < T, Uy < v < vy a.e. — q)(tl,l)1> < @(tg,l)g) a.e.,

and that v — ®(T',v) maps bounded sets in L*()) into bounded sets in L>((2).
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It should be noted that even in the case where ®(t,v) = ¢ € L°(Q) for all (t,v) € [0,T] x L*(Q)
so that K(®(¢,v)) = K(¢) is a constant set, no assumptions on the monotonicity of —© are made
and as a consequence the standard theory for parabolic variational inequalities can not be applied here.
Note also that since 0 < v < ®(t,v) < ®(T,v) ae.in, forae.t € [0,7] and all v € L*(Q), we
actually observe that for each ¢ € [0, T, v — ®(¢,v) maps bounded sets in L?(12) into bounded
sets in L>(€2).

The main result of this section is stated next.
Theorem 1. Leta € [0, 1] in (10). Then there exists a solution u* to problem (Py) that satisfies:
(i)
u* € L0, T; Wy ™ () N COH[0,T); L*(),  dw* € L>(0,T; L*()).
(i) It is non-decreasing, i.e., if0 <ty <ty < T thenug < u*(t;) < u*(te) < u*(T) a.e. inf).

(iii) Solves in addition problem (iPy) if ®(t,u*(t)) = ~(t)p fort € [0,T] for some v €
C([0,T],RT) and p € LX(Q).

(iv) The sequence {u"} defined by

t N uV — N )
@M (t) = uo + / D X (5) ds,
0 ,_

where {ul }IV_ solves (P}'), satisfies
@™ — u*inC([0,T); L*(Q)) and oY — du* in L*(0,T; L*()),

along a subsequence.

Furthermore, if &« > 1, then the same holds true provided that

1
((a = DLeT)=T

[uol L2(0) + Leluolfaay + T2\ flizworir2@) < (11)

Remark 1. It should be noted that since d,u* € L>(0,T; L*(f2)) the representation u*(t) =
Uy + fot dyu*(s)ds immediately implies that u* is Lipschitz continuous in L*(€2).

Remark 2. In the case where o > 1, the condition (11) is a type of “small data” assumption. However,
this condition does not imply that the solution u* remains inactive over [0, T, i.e., that |[Vu*(t)| <
O(t,u*(t)) a.e.in €2, fora.e. t € (0,7). This can be seen from the fact that for arbitrary v, and f,
there will be a solution provided that Lg is small enough.

Note that if u* solves (Py), then the fact that it additionally solves (iPy) if ®(, u*(t)) = ~(t)p for
t € [0,T] for some v € C([0,T],R") and ¢ € L5(2) follows by direct application of proposition 1.
Further, in the trivial case |uo|r2(q) = | f|z2(0,1:22(0)) = 0 we have uN =0forall0 <n < N and
all N € N and it is elementary to check that the solution u* = 0 satisfies the conditions of the previous
theorem. Henceforth, we will assume throughout this section that |ug|2(q) + | f|L2(0,7;02(0)) > 0.

In order to prove theorem 1 we consider the following propositions and lemmas.

Proposition 2. The solution {u }_, to (PY) is well-defined and the following assertions hold true:
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. Foreach N € N, n—>u is non-decreasing, i.e., u <u ae inQwithn=1,2,..., N.
ii. Ifa € [0,1], then there is a constant Cy > 0 such that
Vul| < Cy, ae on(, (12)

uniformly inn =0,1,..., N and N € N. Ifa > 1, then the same holds true, provided that

1
ol 2(0) + Leluol72q) + T Y2\ 2 0.1:12(Q) < —. (13)
((CY — 1)L9T)O‘*1

iii. Ifa€[0,1] (orifa > 1 and (13) holds), then there exists a constant Cy > 0 such that

W~ U]
n n1L2

|u | < Cok, (14)

uniformly inn =1,2,..., N and N € N.

Proof. Let Aj, : H}(Q) — H () be defined as

(Ap(w), v) = % /Q w(z)o(z) dz.

Then, Ay is strictly monotone over HJ (), i.e., (Ay(w), w) = k|w| ) = 0and (Ag(w), w) =0

implies w = 0. Also, Ay, is linear, continuous and K(®(tY |, u )) |s a closed, convex, bounded
(because @ (t,v) € L°(€2)) and non-empty set. Hence, for any g € L*(£2) the problem

Findu € K(®(tY 1, ul 1)) : (Ar(u) — g, —u) >0, Yoe K@Y | ul ),

n—1» n—1

admlts a umque solution. Th|s result follows from [30]. Then, for v} ; € H}(Q) and taking g :=
O L ul )l e K(O(Y ,ulY ) is well defined by (5).

We concentrate first on i and proceed by induction. For u{V in (5) we consider v := u{v—l— (ug —u{vﬁ =
max(ug, ul) € H(£2) such that

Vo — { Vug, up < ul;

Vul, ug > ul.

Since |Vug| < ®(0, ug) a.e. by assumption, (0,ug) a.e., and using this v in (5), we have

N _
(M - 00.00) = £ (10— ) 20

Also, ©(0,ug) > 0and f > 0 a.e., and hence
0 2 _k<@(0a U’O) + f1N7 (UO - ui\f)-i-) Z (UO - u]1V7 (UO - uiV)-l-) )

which implies that (ug — u} )™ = 0. Hence ug < ud and [Vul| < ®(0,up) < ®(tY,ul) a.e.in Q
because @ is non-decreasing in both variables according to assumption 1.

Suppose ug < ul and [Vud || < Ot | ul |)ae. andlet v := max(ul ul ) = ul +
(ud | — uN) Since 1)\ solves (5), we have ]VuN\ < O(N |, ul |) and therefore |Vv| <
Ot ul ) ae. in Q. Using this v in (5), we obtain

ul —uly 1 N N N [ N N
(% @(tn 17un 1) f 7(un—1 - un )+> Z 0
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Evolutionary quasi-variational inequalities 9

This implies

(urjy—l - ui:/’ (ug—l - un) ) < k(@( n—1» 7]:7—1) + fé\f’ (ur]:[—l - quz\[)+)

Since uy < u _, a.e., we observe that oty
Therefore, (u?

o 1,u 1) > 0 a.e. and also, by assumption, f~¥ > 0.
— uN)Jr =0,i.e, u < u a.e., and by the fact that @ is non-decreasing in both

n 1

variables, we have |VulY| < ®(tY | u ) < O ull).
Next we focus onii. Let v = 0in (5). Reorderlng terms, it follows that [u}) |72y < (u)ly, up)) +
KON ul ) + £, ul). Since ug < ul | < ul ae.and |O(t,v)|12(q) < Le|v|f2q, for all
te [O,T],v € LQ(Q), we infer

|UnN|L2(Q) Jup” 1|2 < Lok|uy_ 1’L2 +k|f |r2(0)- (15)

Summation over n yields
|22 < Juolra) + Lo Y klul 4 [52) + > kI |2
n=1 n=1

m m—1
= (|uolr20) + kLoluo|F2i)) + > klfN |2 + Lo > klu) |r2@)- (1)

n=1 n=1

N
Recalling that f = L [ f(t)dt, and |L,,| = tX — tN_, = k we obtain the bound
n—1

m T
> kN2 < / [f ()2 dt < T2 f| 20002
n=1 0

Further, considering u™ := 327 | Up Xy, vy, we have for t € [ty t}))

1y¥m

m—1 t
S b 220 < / ™ (7) 2
n=1

Therefore, the inequality in (16) implies that
t
‘UN(t)’Lz(Q) S Mo + L@/ ‘U/N(T)‘%Q(Q) dT,
0

with Mo := (|uo|r2(0 +L@|u0|L2(Q))—|—T 2| f|z2 (0.2 ()~ Here we have used that k = 1/N < 1.
Now we consider three different cases: 0 < a < 1, = 1 and 1 < «, respectively.

For a = 1, by Gronwall’'s inequality, we have |u” (¢ Nz < Myelet and
‘u71y|L2( ((1+L®)|UO‘L2 +T 1/2 |f|L2 OTLQ(Q)))e ol _ = M.

For0 < a < 1land1 < «, Gronwall’s inequality can not be applied, but the generalization by Willet
and Wong (see Theorem 2 in [51]) is applicable. In the case a > 1, condition (13) is equivalent (in
terms of Mo) to My ~* + (1 — a)LeT > 0, and hence for o € [0,1) U (1,00), |u (¢)|r2(0) <

(Mg~ + (1 — a)L@t)ﬁ. As a consequence, we get

1

Ju |2 () < ((’u0|L2 )+ Leluolfa o) + T2 flr20,mr20) ' + (1 —a)L@T) Tt =M.
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Therefore, for all cases we obtain that [u)) | 2(q) < M holds uniformly. Since [Vul'| < ® (1, ul ;) <

n—17 “n—1
O(T,ulY ,) ae. (because P is non- decreasmg in both variables) and ® (7', -) maps bounded sets in

L*(©) into bounded sets in L>°(£2), we have

Vuyl<  sup [O(T,0) ) = O
vELQ(Q):|U|L2(Q)SM
where C; does not depend on n nor V.

Finally, we focus oniiii. Slnce n — u is non-decreasing, P i |s non-decreasing in both variables and
|Vu || < (Y 5, ull ,), we have |Vun d <Y | ull ) ae. in Q. Choosing v = ulY_, in (5),
we obtain

N N
u, — U
(—" - ”‘%uﬁ—u%)ﬂ@(tffl, L) =),

from which we infer
up = up_1lr2() < (LelunilF2(q) + 1 f2' [L2() )k < Cok,

for Cy := Lo M® + ess-sup,c(o )| f (t)|22(q2)- Since Cs is independent of n and N, this finalizes the
proof. O

Remark 1. In order for the previous result to hold, weaker conditions (than the ones assumed in the
introduction) on the operators © and ® can be considered. In fact, the uniform continuity of both
operators is superfluous and if ® : [0, 7] x L*(2) — L*(Q) is non-decreasing in both variables,
®(t,v) > 0forallt € [0,T] and allv € L*(Q2) and for each t € [0, T, v — ®(¢, v) maps bounded
sets in L?(12) into bounded sets in L?(12), then the previous proposition also holds. However, for the
following results the continuity assumption is heavily invoked.

We define ¥, u"¥ and @'V, which correspond to functions in L2(0,7'; H}(€2)) constructed with
different arrangements of {u,]y ﬁ’:o and that are used throughout the paper for the characterization of
the solutions to problem (P). In fact, we define

N N
= Z Uy Xt 1) (1) ul(t) = Z U1 Xt 1,t0) (), (17)
n=1 n=1
and @V € C([0,T); H}(2)) as
t NN uN )
a™ (t) == ug + / Z %X[tn_l,tn)(s) ds. (18)
0 =

Fort € [t;_1,tm), the latter definition yields

N N
— t—tm— t—

If n — u) is non-decreasing, then we have that the three mappings u”,u" and @' are non-
decreasing, as well. They also satisfy ug < u™(t) < @™ (t) < u™(t) ae.in, forae. t € (0,7),
and the following inequality holds:

@™ () — uN (8)| 20y < Ju™ (1) — uX ()| 12() < kCs, V€ [0,T). (19)
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Evolutionary quasi-variational inequalities 11

In particular, note that %" € T (0,T") where
W(0,T) := {v e L*(0,T; Hy()) : dyv € L*(0,T; L*(Q))}.

As L2(0,T; H(2)) and L?(0, T; L*(2)) are reflexive spaces, W (0, T') is a reflexive Banach space
(see [11] or [47]) endowed with the norm

|v|W(o,T) = |U|L2(0,T;H3(Q)) + |3tU|L2(0,T;L2(Q))'

Now, consider the sequence of continuous functions {@” }3°_,. Under the assumptions of the previous
proposition, we next characterize the limiting behaviour of N +— @ .

Theorem 2. Suppose that for N € N, {u’' }V_ satisfies the following assumptions:

a. The mapn +— u) is non-decreasing.
b. There exists C; > 0 such that |Vul| < C, a.e. inQ uniformlyinn = 0,1,..., N and N € N.

c. There exists Cy > 0 such that |u} —
and N € N.

unN_1|L2(Q) < kCy a.e. in), uniformlyinn =1,2,..., N
Then, there exist au* € W (0,T") such that
@™ — u* inC([0,T); L*(2)) and oy — Ouu* in L*(0,T; L*(Q)),

along a subsequence of {u™ }35_, defined in (18). Furthermore, u* : [0, T] — L*(QQ) is Lipschitz
continuous, non-decreasing, it satisfies u* € L>(0,T; W, ™(Q)) and du* € L®(0,T; L*(Q))
and, in addition, |Vu*(t)| < ®(t,u*(t)) a.e.inQ, fora.e.t € (0,T).

Proof. A direct calculation yields |Va (¢)|r2) < Ci and |0,@" (t)|r2(0) < C ae. in Q. In
particular, %" is bounded in TV (0, T'). Since W (0, T') is reflexive and is compactly embedded into
L?(0,T; L*(Q2)) (by the Lions-Aubin Lemma, see Proposition 1.3, Chapter Ill in [47] or Theorem 3.4.13
in[11]), we have @V — u*in L*(0, T; H}(Q)), @V — u* and ,a"™ — Oyu* bothin L2(0, T'; L*(Q2))
along a subsequence for some u* € W(0, 7). Since also the space W (0,7') is continuously
embedded into C'([0, T]; L?(€2)) by virtue of the representation u*(t) = u(0) + f(f Oyu*(s)ds (see
the proof of Theorem 3.4.13 in [11]), we have that u* € C'([0, T|; L*(Q2)).

Since [Va™ (t)| < Cy a.e. with C; independent of ¢ and N € N, we have that {@" (¢)} is uniformly
(int € [0,T] and N € N) bounded in H} (). For afixed t € [0, T, consider the sequence {a™ (t)}
in H3 (). Hence, by the Rellich-Kondrachov Theorem, @” (t) — v in L*((2) along a subsequence,
so that

{aV(t): N =1,2,...} isprecompactin L*(). (20)

since @M () := ug + [, ;i (s) ds and |9, ()| 12(q) < Cs, we observe that

i.e., {u™(t)} is equicontinuous in L?(£2). Then, the Arzela-Ascoli Theorem (see Theorem 2.0.15 in
[14]), implies @™¥: — u* in C([0, T]; L?(2)) for some subsequence {™i }. Considering @' in the
above inequality and taking the limit as i — oo, we find that ¢t — u*(t) is Lipschitz continuous in
L*(Q),ie.,

[u*(0) — u*(n)|r2) < Cal0 — ).
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M. Hintermdiller, C. N. Rautenberg, N. Strogies 12

Since u* € W (0, T'), the strong derivative in the L?({2)-sense pointwise in time is well defined (see
[47]), and therefore |9,u*(s)|2(q) < Ca, ie., du* € L>(0,T; L*(12)) and

|0su™ | oo 0,112 (02)) < Co.

In addition, given that 4™ (¢;) < @™Vi(t,) a.e. forall t; <ty and i € N, and in view of lim; ., @V =
u* in L*(Q)), we observe that u*(t1) < u*(ts), i.e

t — u*(t) is non-decreasing over [0, 7).

Since @™Vt — w* uniformly on [0, T'] in the L?(£2)-sense and ¢ — u*(t) is uniformly continuous in the
L?(£2)-norm (for being Lipschitz continuous), the estimate

@™ (1) — (7)) 20 < |0 (1) — u* ()| 2() + [0 () — 0 (7)] 120 (21)

implies for 7; — 7 that lim; o, u™i(7;) = u*(7) in L?(2). Therefore, given that ® : [0,7] x
L?(Q2) — L>=(R) is continuous, we obtain

(73, 0N (3)) = ®(7,u*(7)) in L®(Q) asi — oo. (22)

Let €2y be an open ball in €. Consider F' : Q2 x R! — R defined as F(z,&) = mo‘xgo( x)[&| > 0.
Then, it follows that £ — F'(x, &) is convex and continuous, and T F(x €) is measurable (as a
real valued function) for each ¢ € R!. Hence, the functional .J (v fﬂ x, Vv) dzx is weakly lower
semicontinuos on H} () (see Theorem 3.23 in [10])), i.e., if U] —win Hl(Q) then

j—)OO

/ F(z,Vv)dz <lim mf/ F(x,Vv;) dz. (23)
Q Q

Fix 7 € [0, 7], then we have | V@i (7)| < C}, a.e. on €, and thus, @ (1) — w(7) in HL(Q) for
some subsequence {@V's } of {@#¢}. Furthermore, w(7) = u*(7): We have therefore proven that
@i (1) — w*(7) in L*(Q) and since H} () is compactly embedded into (), we also have that
@i (1) — w(t) in L*(Q), so that w(7) = u*(7). Then, by (23) we have

1 1 .

s |Vu*(7)| dz < lim inf o (V' (7)| d. (24)
’ 0| Qo j—roo | Qo

We recall that [Vu?Y | < ®(tY , ulY ) and @(tY |, ud ) < ®(t), uY) a.e. by the fact that {u.) }

is non-decreasing, P is also non-decreasing (in both arguments) and also ﬂN(tflv) = unN Suppose

€ [tN |, tN), where m = m(7, N). Then, we have
— tm— — tp—
Vi ()] < TR (1= T ) I < o)
= @(ty_y, 0" (ty_1)).
_ N
f r € [m 1,tm ), with m = m(r,N;,), then lim; ,t,”, = 7, and
@(tmjl, @™ (tmil)) — O(7,u*(7)) in L=(Q2) (as proven in (22)) and hence from (24) we ob-
serve
= [ e @lde <timint 2 [ vatsn)d
u r <liminf — a6 (r)| dz
€] Jo, = o] Jo,
1 N, Ni 1 .
< liminf — <I>(tm71, G(t,’q)de < — | O(r,u*(7)) dx
= [Sof Ja, 0] Jo,
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Evolutionary quasi-variational inequalities 13

Since (2 was an arbitrary ball in €2, by taking 2 := B,.(x¢) with o € Q2 and r | 0, we have that
ﬁ fQo |Vg(z)| de — g(z0) for almost all x, if g € L*(§2). Consequently,

IVu* ()] < ®(7,u*(7)).

Finally, as t — u*(t) is continuous in L?((2), the set {u*(s) : s € [0, T]} is bounded, and since ® is
non-decreasing (in both arguments) and ®(7T', -) maps bounded sets in L?((2) into bounded sets in
L>(Q2), we have

(7, u (7)) < (T, u™(7)) < [R(T,u"(7))| () < sup, |D(T, u"(8))| L= (@) < 00,
s€(0,T

a.e. in Q. This implies |Vu*(-)| € L®(0,T; L™(Q)), i.e., u* € L=(0,T; W, ™(Q)). O

Remark. The result " — u* in C'([0, T']; L*(2)) along a subsequence of {#" } can also be obtained
by the application of the Lions-Aubin-Simon Lemma (see [48], Corollary 4, page 85): For this purpose,
let X1, X5 and X3 be Banach reflexive spaces such that the embedding X; — X5 is compact and
the embedding X» < X3 is continuous. Moreover, let F be a set of mappings from [0, 7] to X; such
that

F is bounded in L>°(0,7; X;)  and 0,F is bounded in L"(0,7T; X5) with r > 1.

Then F is relatively compact in C(]0, T]; X2) by the Lions-Aubin-Simon lemma. Choosing X; =
H}(Q), Xy = L?(Q2) and X3 = H () in our context, the result is obtained.

The following result guarantees (among others) that, for a fixed 7 € [0, T, the sequence of sets
K(®(r,a™N(7))) (with N = 1,2, .. .) satisfies i. in Definition 2, provided that @ — u* in C([0, T']; L*(Q2))
as N — oo. Condition ii. of Definition 2 was actually proven in theorem 2. We delay the proof of the
following result to appendix B.

Lemma 1. Let u* be given according to theorem 2 and define 1 (-) := K (+), Ha(-) := H (),
Hs(+) = E(), Ki(+) == K(), Ka(-) := K (-), and K3(-) := K*(-). Then the following two
statements hold true.

a. LetV = ®(-,u*(-)) and suppose that w; € #;(V) fori = 1,2, 3 are arbitrarily fixed. Then, there
exist sequences {w}N }, fori = 1,2,3, in L*(0, T; H}(Q)) such that

w]' (t) € Ki((ty_y, up_y)),

n—1 “n—1

wheret € [tY | tN) forl < n < N and satisfyw? — win L*(0,T; H}(Q)) along a subsequence,

n—17
fori =1,2,3.
b. Let T € [0, T)] be fixed, such that T € [t |, tY), and letn = n(7, N). Define ¢ := ®(7,u* (7))

and ¢V = ®(tN | u¥ ), and consider arbitrary w; € K;(¢) fori = 1,2,3. Then, there exist

n—1» “n—1

sequences {w} } in H}(Q), fori = 1,2, 3, such that
wi' € Ki(o"),
andw! — w in H}(Q) along a subsequence.

lemma 1 provides sufficient conditions for the existence of a recovery sequence in the definition of
Mosco convergence for a variety of settings which involve problem (P). In light of this result, we are
now in shape to provide the following result which finalizes the proof of theorem 1.
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Proposition 3. Let u* be given according to theorem 2. Then, it solves problem (Py).

Proof. For the sake of brevity, let {@Y } denote the subsequence according to theorem 2. It fulfils
™ — u*in O([0, T]; L*(2)), oY — Q™ in L*(0,T; L*(Q)),  (25)

u* € K(®(t,u*(t))) ae. fort € [0,7], and u* € W(0,T).
Suppose that w € L*(0,T; H}(Q)) satisfies [Vw(7)| < ®(T, u*(T)) a.e.in Q and for a.e. 7 €

[0, T']. By lemma 1, there exists {w’ } such that |[Vw™ ()| < ®(tY | ull |)ae witht € [t | ¢IV)
for n = 1,2,...,N and w — w in
L?(0,T; Hy(2)).
We define
N N
o(r Z O(ty—1,u ))Xtm L) Z Ot 1s U 1)X[tﬁ l,t%)(T)'
m=1 m=1

Since © : [0,T] x L*(2) — L*(Q) is uniformly continuous (by the exact same argument as in the
proof of lemma 1) we have

lim sup |@(7’ u® (1)) — O(r, u*(7))|r2(0) = 0,

N—=00 2¢(0,T]

or
O, uN(-) = O(,u*(-), inL>®(0,T;L*(Q)), (26)

as N — o00. Also, defining f~ = Zfz]zl févx[tg ) With N = }ﬁ ttjév f(t) dt we get
N = fin L*(0,T; L*(2)) as N — oo, (27)

(see for example [17] or page 21 in [23])

Then, by definition of {u’' }2_ from (5), v’ and @", the following holds:

(0, (1) — é(T, u™N (1)) = M), wN (1) —uN (1)) >0, Vre(0,T),

and hence, by integration over (0, T") we obtain
T A
/ (0™ (1) — O(1,u™ (1)) — fN (), wN (1) —uN (1)) dr > 0. (28)
0
Finally, using (25), (26), (27) in the inequality (28), by taking the limit N — oo, we infer

/0 (O™ (1) — O(1,u* (1)) — f(7),w(r) —u* (7)) dr > 0. (29)

Since u* (1) € K(®(7,u*(7))) forall T € [0, T| by theorem 2, and additionally w € L*(0,T'; H}(Q))
satisfies |Vw(7)| < ®(7,u*(7)) a.e.in Q, fora.e. 7 € [0, T, but otherwise is arbitrary, the assertion
is proven. O
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5 The dissipative problem (P;)

In this section we focus on the dissipative problem (P;) where prototypical operator A is given by —A,
where A is the Laplacian. Although for this problem we obtain an analogous result to theorem 1, this is
possible only under more restrictive conditions than in the previous section. For the rest of the paper we
suppose that 2 C R! is open, bounded and convex which implies that the boundary 92 is Lipschitz.
Further, we make the following assumptions throughout this section on A, f, uq, © and .

Assumption 2.

i. The operator A : H}(Q) — H~'(2) is of the form Av = — SN 8, a,0,, v, that is
N
ov Ow

with a, > a > 0,a, € R forn = 1,2,..., N. Therefore, A is linear,
Ma|v| g3 (q) with M4 > 0 and it is uniformly monotone.

Av|g-1q) <

ii. f€ L>(0,T;R) is non-decreasing.

iii. The initial condition uy € HJ () satisfies A(ug) € L*(Q),
1 k
|Vug| < ®(0,u9) and  Alug) < O(0,up) + E/ f(t) dt,
0

a.e.in§), forallk € (0, ¢x) and some e, > 0.
iv. ©:[0,7] x L*(Q2) — R is uniformly continuous, non-decreasing:
0<t; <t <T, up<vy <vy Eae. = O(t;,v1) < O(ty,v5) Eae., (31)
and has «-order of growth:
Ja>0,Le>0: [O(0)] < Lelv[faq), Vtel[0,T],Vve L*(Q). (32)
v. ®:[0,7] x L*(Q) — R is uniformly continuous and ®(t,v) > v > 0 forallt € [0, T] and

allv € L*(S)). We also assume it is non-decreasing (as (31)) and that , v — ®(T',v) maps
bounded sets in L?(2) into bounded sets in R.

Analogous to theorem 1 in the non-dissipative case, the following theorem is the main result for the
dissipative problem and concerns existence, regularity and approximation of solutions.

Theorem 3. Let« € [0, 1] in (32), then there is a solution u* to problem (P) such that
ut € L0, T; Wy (Q) N C%([0,T); L*(Q)), and dwu* € L=(0,T; L*(Q)).

Moreover, u* is nondecreasing, i.e., if0 < t; <ty < T thenug < u*(t1) < u*(ty) < u*(T) a.e.in
Q), and it satisfies

A(u*) € L®(0,T; LA(Q)), (33)
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and solves problem (P,) and (iP;) when the map K is replaced by either K or K=,

Furthermore, the sequence {i" } defined as

t NN N
k n—1:n

where {ulY })_ solves problem (PY), satisfies
@™ — u* inC([0, T); L*(2)) and oY — Ouu* in L*(0,T; L*(Q)),
along a subsequence.
Ifa > 1, then the same holds true provided that
1

[uolz2e) + Leluol72qy + T Y2\ f| e 0,7;:L2(Q)) < —- (34)
(= 1)LeT)T

The first step for proving theorem 3 is to provide the necessary conditions for applying theorem 2. This
is the purpose of the following proposition.

Proposition 4. Problem (PY) is well-posed and there exists N* € N such that its solution {ul }2_,
for N > N*, satisfies i, ii and iii of proposition 2 and in addition

iv. there exists a constant C's > 0,
|A(u))|120) < Cs,

uniformly inn =1,2,..., N and N € N.

Further, we have thatuY € K+ (®(tY | vl |)) and

uN — N
<”T"‘1+A(ufj) OtY L ul ) — N v —ulY >>0 (35)

forallv € KT (®(tY |, ul |)), and the same holds when K™ is replaced by K*.

n

Proof. Let Aj, : H}(Q) — H~1(2) be defined as Ay := I /k + A, i.e,

(Ag(w),v) = %/Qw(x)v(x) dz + ;an/Q é?xvn (x)g;i (z)dz, Yw,v e Hy(Q).
It follows that it is uniformly monotone over H}(Q2), i.e., (Ax(w),v) > k|w| ot a|Vw|L2 >0

for some a > 0. Also, A}, is continuous and K (¢ ,, ®(u® ,)) is a closed, convex and non- empty
subset of H}((2). Hence, the problem

Findu € K(®(Y |, u )« (Ap(u) — g0 —u) >0, Yoe K@ ,ul ),

n—1 “n—1

admits an unique solution forany g € L%(Q) (see [30]). Then, provided ul | € H}() and taking
g=zul | + O, ul_,), itfollows that ul € K(®(¢t) |, ul ,)) is well defined by (5).

n—1
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We concentrate first on i. Foreach 1 < n < N, we have that uflv € H (%),
and

N’ <(I)(tn 1) U 1)

I uly
<(E—A)u£¥—(@<t5hnl> Yt o) 2o

forallv € HJ(2) such that |[Vo| < ®(tY |, u? ). Since (tY |, u® ;) > v > 0, we define
Vo= Uy and . Oty 1, up’y) + fév Un_y
TRt up ) " Dt g, uh ) Oty up )k

Then, we have that %% solves

FinduEK(l):<(£—A> Nv—u>20,VU€K(1),

where K(1) = {v € H}(Q) : |[Vv| < 1lae.inQ}.

Then, for n > 2 and because |Vu)) || < ®(tY ,, ul ,) a.e., the following statement holds true:

N
Pyl <O ) = ey
1/k
N
Also, since |Vug| < ©(0,up) a.e. by assumption, for n = 1 we also have that Ifll"f% <1
Therefore, for n = 1 and provided that u” , < u” | a.e. for n > 2 (which implies ®(¢)¥ ,, u® ,) <
Ot ul ) ae. since @ is non- decreasmg in both variables), by the the equivalence result of
Brézis- Slbony (see [8]), un solves
: + 1 FN - +
Findu € K¥(1) : E_A u—f,v—u) >0, YoeK*(1).
It is straightforward to observe that this implies that u,];f belongs to
K= | i={ve H}Q) : Jv(x)] < Y |, ul) )dist(z,09) fora.e. v € Q},
and solves the problem
. + I N
Findu € K;,_; : E—i—A u—FN v—u)>0 YoeK&,, (36)

W|thFN —@(tf:[ 15 Uy 1)+f7iv+

We now proceed by induction: we first prove that ug < ul a.e.in (2. We know that u’ = S( Ay, FV, KT).
Consider K| defined as

K! | i={ve H}Q) v(x) < DY |, ul |)dist(z,00) fora.e. v € Q}.

For w, due to assumption 2 we have that A(u) < ©(0,ug) + fi¥ a.e. for N larger than some N*

and this implies
1 U
<(%+A) Uy — (@(O,uo) —|—f1N+?0> ,d)> <0,

forall ¢ € Hj(2),¢ > 0 a.e. in . Also by our initial assumption, |Vug| < ®(0,u) a.e. and
uy € Ki C K. Hence, we have that ug is a lower solution of the triple (A, Fi¥, K{) (see
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Definition 1). Then, by proposition 5, we have that ug < S(Ay, FN, K{) a.e. in Q. The latter implies
that
—®(0, ug)dist(z, 0Q) < S(Ay, FY, KJ)(z)

for a.e. # € € and hence, S(4;, FIV,K{) € KZ. Since the solutions S(Ay, FN,K{) and
S(Ag, N, KZ) are uniquely defined and K | ¢ K |, we have

S(Ag, FN KJ) = S(Ag, FY KT = ul, (37)

and hence ug < u]lV a.e. in €. In addition, the latter also implies that uév satisfies (36) (for n = 2).

We now prove that S(Ay, FN, K ) = S(Ax, FN, KF ) = ulY, provided that v\ , < uY | a.e.
and S(Ay, FN |, K ) = S(Ay, FN |, KE ,) = u! . The latter condition implies that F¥ | <
FYNand K, , C K | (these follow since n +— [, and the maps © and @, in both variables, are
non-decreasing). Then, by proposition 5, we have that S(Ay, ¥ | K ,) < S(Ag, FN K ) ae.

in Q. However, S(A, FN, K ,) = S(Ag, FY, K _,) and therefore

—®N | ul |)dist(z, 00) < — O (¢

n—17 “n n—2

ul )dist(z, 00) < S(Ag, FY K ) (),

fora.e.z € €, whichimplies S(Az, FN, K" |) € K& |.Since S(Ay, FN, K7 ) andS(Ay, FY, K )
are uniquely defined, and K | € K7 |, we observe that S(A;, FV, K1 ) = S(A;, NV, KE ).

n—1»

In particular, since we have that uy < ul¥ a.e. and (37), this implies that u) = S(A, F}¥, K{) =

Now, suppose that S(A4y, FY |, K ) =u) ;andud , <)Y | a.e.in Q. Therefore u)) satisfies
(36) and S(Ay, FV, K ) = ulY. We also have that I’ ;| < F'V, given the fact that n — [ and
O (in both variables) are non-decreasing. Furthermore, since @ (in both variables) is non-decreasing,
it follows that |[Vu? || < (Y , ud ) < &N, ul ) a.e., which implies that u? |, € K ,.
These facts yield that u?_; is a lower solution of the triple (Ax, FV, K'_): By definition u)) , =
S(Ag, FY |, K ,) is a lower solution of (A, FY | Kt ), butu? , € Kl jand FY, < FVN
imply that
(Ae(ul ) = EY, ¢) < (FY, = FY,¢) <0,

forall ¢ € Ha () such that ¢ > 0 a.e. in (2. Hence, by definition u/_, is a lower solution of the triple
(Akv Fwiv7 K;’L_—l)'

From proposition 5, we infer that u)_; < S(Ag, FY,K;_;) = u. In turn, this implies that u?,
satisfies (36) (for n replaced by n + 1) and u?), ; = S(Ay, FY, K.

The application of the above argument by means of induction proves i. and the equivalent formulation
in (35) with the exchange of K* by K.

Next, we focus on ii. Using v = 0 in (5), we obtain

1720y + (AQud), ) < (uh g, ul) + k(O ul ) + £, u)).

n n—1 “n—1 n o Yn
Since (A(u))),u}) > alVul|15q) > 0, we have

n

n— n—1 n o Yn

[ 200y < (ny ) + RO ug-y) + £ wn), (38)
from which, since |©(t,v)|12() < Leolv|f2(q, forallt € [0,T],v € L*(12), we obtain

uy | 220) = lun 1|20y < Lekluy 1|F2q) + kI 2@
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This is the same inequality as in (15) in the proof of ii in proposition 2, thus the same conclusion holds
true, i.e., there exist M > 0 and C; > 0 such that

‘UiV’L%Q) S M and |VU7]1V| S sup |q)(T, "U)|Loo(Q) . Cl,
vELQ(Q):|v|L2(Q)§M

a.e. in 2 and uniformly for 1 < n < N and N € N.

We consider now iii. Since n +— uY is non-decreasing, ® is non decreasing in both variables and
Vul || < Ot , ul ) ae., we have [Vul || < Ot ul |)ae. in . Choosing v = u))

n—1,U n—1
in (5), we have

UN—UN
<”—’H+A(uN)—@(t;V_1,uN_ ) — N N — >>0 (39)

n—1 n

We split the rest of proof in steps:

Step 1. We first prove |(ul — ug)/k|12(q) is bounded uniformly for N € Nand 1 < n < N. From
the above inequality, in the case when n = 1, we have that

(u{V;uO’u{V - uo) + (A(ug) — A(uy ), up — uf') < (A(ug) — O(0,up) — f1, uo — uy').

Since A is monotone, A(ug) € L*(Q) and | f¥]12(q) < sup,cpo.r |f(t)|22(2) we have

|up’ — UO‘LQ(Q) < (\A(Uoﬂm(m +10(0, uo) |20y + tS[up |f(7f)|L2(Q)> k < oo. (40)

)

Step 2. We now prove that u2 are regular enough so that A(ulY) € L?(2). Define, @Y and f as

N . ul and . O, ul )+ [N n up_y —ul)
" q)(tnN—hur]y—l) " @(tg 15 7];7 1) cb@ﬁ—lvurjy—l)k'

Therefore, 4" solves the problem

U

Findu € K(1) : (A(u) — fN, o —u) >0, VoeK(1).

n

Then, since by initial assumption we have that A is defined as (30), the domain €2 being open, bounded
and convex, and f,ﬁv € LQ(Q), we can apply the regularity result by Brézis-Stampacchia (see [9], S
Ity which implies that A(u) € L?($2) and moreover, we have the bound | A(@2)|r2) < | [N 12(q)
(see [9], page 170). Equivalently,

ull | —ul)
Awl) € L2(Q), AW 2 < [0, 55_1)+fév+17 L4
L2(Q)

Step 3: There is a uniform bound for |(u2 — ul ;) /k|2(q). Let 4L, with n > 1, and © be defined as

Zk b1 %—1)"’]67]:)7 v _un 1+k(@(n 1 7]:[—1)+f7]zv)7

and also agv := ug. Then, by direct calculation, we have that

Aliy ) = A(uy)  and Vo] = [Vl | < @6, un_p) < P(ty_y,uy"y),

n nl’nl
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a.e. in (). Here we use that n — u is non-decreasing and @ is also non-decreasing, in both variables.
Additionally, we have that

ag - ﬂnN—l Al = nN - Ug—l Al O o N 49
k + (un) - k + (un) ( n— 17 n— 1) fn ) ( )
a -l =0 —ul), (43)
~N ~N N N
U — U Uy g — Uy _
T = Ot g, o) + il + (44)

Using v = 0, (42) and (43) in (5), we therefore have that
AN _ ~N
u, — U
< = k r +A(u7]¥)7ﬁ7]¥—1_,&2]> 207
1) = A(u®_))) equivalently

(4
Uy — Uy oy oy SN N A(aNY AN aN N \ AN _ 2N
. Uy u + <A(U 71) A(u )7U’n 1 un> S <A(U 71)7un71 Uy, >
Since A is monotone and A(u))_,) € L*(12), asin (41), we obtain the inequality | (4 —a2 ;) /k|12(0) <
|A(ul )| 12(e); or, by using the bound in (41) and (44),

N o N

Uy — Up—q ‘LQ < Up_1 — ﬁn—2|L2(Q) ) (45)
and hence
ﬂfj An I‘Lz < ai\/ u0|L2(Q) < ‘ul UO‘LQ(Q) + (|@(07u0)| + |f1N|L2(Q))k (46)
From (40), y < M uniformly and (44), w
infer

}unN - uanl |L2(Q) < |A(u0)|L2(Q) +3 sup |f<t)’L2(Q) +3 sup |@(T7 U)‘ k
e i S
vlL2(Q)

= Cgk?

Finally, we focus on iv. Using the above result and (41), we obtain that

[A(u ez < sup [f(B)|ez) +  sup  [O(T,v)| +Cy =: Cj, (47)
tE[O T] v e LZ(Q)
[vlp2(q) <M
where C3 > 0 is independent of n and V. O

We are now in shape to provide the proof of the main result of the section.

Theorem 3. The approximants {4’ } satisfy
~N % s T2 ~N * 2 . T2
o —utinC([0,T]; L*(Q)) and o™ — Owu™in L7(0,T; L*(52)), (48)

along a subsequence as proven by theorem 2: Note that by proposition 4 we have that n — uN
non-decreasing and there are uniform bounds on [Vul| 2oy and |(u — ul ) /k|12(q). Additionally,
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the fact that u* : [0, ] — L?(Q) is Lipschitz continuous, non-decreasing, u* € L (0, T; Wy (1)),
O € L*(0,T; L*(Q)) and |Vu*(t)| < ®(¢,u*(t)) a.e.in Qforae. t € (0,7T), follow again from
the aforementioned theorem.

Let 7 € [0, T be fixed. Denote by {@'¥} to the convergent subsequence obtained in (48). Then, in
addition to @ — u* in C'([0, T]; L*(£2)) we also have that u™ — u* in L>(0,T; L?(2)) by the
inequality (19). Also, since |[Vu™ ()| < C} a.e., thenu¥ (1) — w(7) in H}(£2) along a subsequence.
The embedding L?(2) — H}(€2) is compact, and thus we have that u™¥ (1) — w(7) in L?*(2) along
a further subquence, but u”¥ — u* in C'([0, T]; L*(€2)) which implies w(7) = u*(7). By the very
same argument, any weakly convergent sequence in Hé(Q) has the same limit. Therefore, the original
sequence satisfies u™ (1) — u*(7) in H}(Q).

By proposition 4, we have |A(u™ (7))|12(q) < C3 and hence
lim |[(A(u™ (7)), u™ (1) —u*(1))]| < Cs A}im |u™ (1) — w*(7)|r2) = 0.
—00

N—o00
Since u™ (1) — w*(7) in H(£2), we conclude (see Lemme I.2., page 156 in [9]) that A(u¥ (7)) —
A(u*( ))in H™ ( ). Finally, from u™ (1) — w*(7) in L*(Q), vV (1) — w*(7) in H}(S) and
|A(u™ (7))|12(0) < Cs, we infer (see Démonstration du théoréme 1.1. and Corollaire 1.2". in [9]) that

AN (1)) = A(u*(r)) in L*(Q). (49)

Note that the above limit holds for the entire sequence { A(u™¥ (7))} and not only for a subsequence:
This follows since every weakly convergent subsequence converges to the same limit. Additionally, by
the lower semicontinuity of the norm, we observe that

[A(u* (1)|r20) < lim [A(u™(7))]20) < Cs.
N—o0
In order to show that A(u*) € L°°(0,T; L?(£2)), we only need to prove the (Bochner) measurability
of the map A(u*(-)) : [0,T] — L*(f); and since L?(1) is separable, we only require weak
measurability (see Corollary 1.1.2., page 8 in [1]), i.e., that t — (g, A(u*(t))) is measurable, as
a real-valued function, for each g € L?(f2). However, t — (g, A(u™(t))) is measurable for each
N € N for being a step function, and ¢ — (g, A(u*(t))) 20 is the pointwise limit of the previous
sequence and hence it is measurable Hence, A(u*) € L>(0,T; L*(2)), holds.

Now, let z € L*(0,T, L*(2)),thent — (A(u¥(t)), 2(t)) is integrable, bounded as |(A(u™ (t)), z(¢))| <
C3]2(t)|12(0) and also limy_,o (A(u™ (t)), 2(t)) = (A(u*(t)), 2(t)) for t € [0, T]. The function
t — (A(u*(t)), z(t)) is also integrable, then by Lebesgue bounded convergence theorem we have

Aim i (A(UN(t))’Z(t))de/o (A(u*(1)), 2(t)) dt,
- AN () = A@*()) in I2(0,T: [A(Q)) as N — oo, (50)

Letw € L*(0,T; Hy(Q)) with [Vw(7)| < ®(7,u*(7)) a.e.in (, fora.e. 7 € (0,T), be arbitrary.

By lemma 1, there exists {w™} such that [Vw™ ()| < ®(t | ul ) with t € [t |, ¢Y) for
n=1,2,...,Nand

w —w in L(0,T; Hl(Q)) as N — oo. (51)
Since fN =S fN XN exy With ¥ = ¢ LN t) dt, we have that

N = f in L*(0,T;L*()) as N — oo, (52)
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(see for example [17] or page 21 in [23]) and also, as proven in proposition 3 we observe that

A

O(,uMN () = 6(,u*(-), inL>(0,T;L* ) as N — oc. (53)

Then, by definition of {u }2_ in problem (PY), u"¥ and %", we have

(0™ (1) + A(u™ (1)) — é(T, u™N (7)) — fN(7), wN (1) —uN (1)) >0, Vre(0,T),

and hence by integration on (0, 7"), we observe

/ (0™ (1) + A(u™ (1)) — @(T, uN (1)) — V() wN (1) — N (7)) dr > 0. (54)

0

Taking the limit as N — oo in (54) (using (48), (50), (51), (52) and (53)) , we have

/0 (O™ (1) + A(u* (7)) — O(1,u* (1)) — f(7),v — u*(1))dT > 0. (55)

Further, u*(7) € K(®(1,u*(7))) a.e.in 2, for a.e. 7 € [(0,T1]), as shown in the first paragraph of

a.
Q

)
the proof. Since w € LQ(O T; HY(Q)) with [Vw(7)| < ®(7,u*(7)) a.e.in Q, forae. 7 € (0,T) is
arbitrary, then u* solves Problem (P).
It follows immediately, from |Vu*(t)| < & (¢, u*(t)) a.e. , fora.e. t € (0,7), that
—®(t,u"(t))dist(x, 0Q) < u*(t) < D(t, u*(t))dist(z, 0Q), (56)

fora.e.x € Q,t € (0,T),i.e., u(t) € KX(®(t,u(t))) and consequently u(t) € K+ (®(t,u(t))) for
ae.te(0,7).

Lety € L2(0,T; H}(S)) suchthaty € Ki(CID( u(7))) fora.e. T € [0, T'] be arbitrary. By Lemma 1
there exists {y" } such that [y (7)] < ®(t) |, ul |))dist(z, 9Q) fora.e. z € Qwith T € [t) ,,t))
a.e. and

yN =y in L*(0,T; Hy(2)) as N — oc. (57)
Then, by definition of {u }2'_, from Problem (P') and the equivalence result of proposition 4 we have
(0™ (1) + A (7)) = O(r,u (7)) = f¥(r),y"V (1) —uN()) 2 0, Vr e (0,T),

and hence, integrating with respect to 7 from 0 to 7" and subsequently taking the limitas N — oo
(using (48), (50), (57), (52) and (53))

/0 (O™ (1) + A(u* (7)) — O(1,u* (1)) — f(7),v — u*(1))dT > 0. (58)

Since y € L*(0,T; HL(Q2)) with y(1) € K=(®(7,u*(7))) fora.e. 7 € (0,T) is arbitrary, then u*
solves Problem (P;) with K exchanged by K*.

An analogous argument and Lemma 1 proves that u* also solves Problem (P;) with K exchanged by
K. Finally, the fact that u* solves Problem (iP;) follows directly by application of proposition 1. [
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6 Numerical Tests

In this section we report on variable splitting type solution algorithms for (Pg) and (Pll\l) respectively.

For N € N, the problems (PY') and (PY) reduce to finding {u }V_, where, for a fixed n and given

n=1
u |, u is the unique solution to the convex minimization problem:

Problem (P").

. 1 1
min 7" (u) = %W - ug—l@%ﬂ) + §<AU, w) = (O(tn-1, uy_y) + ftn-1), 1)
over u € Hi(Q)
subject to (s.t) u € K(®(t,_1,ul ))).

The initial state uév = wuy is given and an equidistant discretization in time with mesh size k := T'/N
is used. Here T > 0 corresponds to the final time and t,, := nk. Furthermore, A = 0 corresponds

to (PY) and Av = S¢ | 72— an 2 to (PY). The computation of u)), for fixed n, is performed by

algorithm 1 and the overall sequence {u2 }2_, by algorithm 2.

Note that (P") is a gradient constrained optimization problem which can be solved by a variety of
algorithms such as first-order descent, or semismooth Newton methods. Here, we provide a variable
splitting approach which has the advantage of rather simple subproblem solves in its respective steps.

6.1 A Variable Splitting Approach

For 2 C RY, we define the convex and closed set K,,_; C L*(Q)* by
Kno1:={v e L*(Q)": jv| < B(t,_1,u) ) ae. inQ}. (59)

Note that if u solves (P") then Vu € KC,,_. Based on this, we introduce a new variable p € XC,,_; and
penalize violations of Vu — p = 0in LQ(Q)E via the following family of y-parametrized approximating
problems:

Problem (P7).

min jﬁv(u,p) = JIN(u) + 2Vu — p’%z(g)e
over (u,p) € H} () x L*(2)*
st.pe 1.

The existence of minimizers (u*, p*) of (P7') follows from standard arguments. In the case where A is
a second-order elliptic operator, variable splitting methods for solving elliptic variational problems with
gradient constraints have been investigated recently in [21]: In particular, for v — oo the convergence
of solutions {u.,p,} of (P}) to {u, Vu}, where u is the minimizer of (P"), is established. Minor
modifications of the arguments yield a similar consistency result for A = 0.

For given v > 0, a solution to (') is obtained via alternating minimization according to algorithm 1.

Here, Ic,_, denotes the indicator function of the constraint set defined by the iterate u’ |, i.e.
0 pr e -1
I = S
Kot (P) { +00 else.
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Algorithm 1 Variable Splitting Algorithm
Data: n € N, k,v € RT, v | € L*(Q)
. Choose u®) € L?(2) and setl = 0.
. repeat
Compute p(+1) = argmin ¢ r2(qye[p — Vul |L2 ye T e,y ().

Setl=1+1.

1
2
3
4:  Compute ul*V) = argminueHé(Q)jgv(u,p( ).
5
6: until some stopping rule is satisfied.

The problem in step 3 of algorithm 1 has a unique solution in closed form. In fact, it is given by the
projection of Vu( onto the set kC,,_1, i.e.,

: (tn un ) .
P = P (Vul) = { Vu min{1, |gl(l> i [ Va®] > 0,
else.

Note here that the min-operation is pointwise. Further, for given p(l) € LZ(Q)K, there exists a unique
minimizer u* € HE(€2) of the problem in step 4 of algorithm 1. Consequently, the sequence {u()}
obtained by algorithm 1 is generated as follows: Given u®, w1 is the unique solution of

min j,f\g(u, Pe, (Vu)), overu € H}(Q). (60)

Denoting the solution mapping u") +— u(+ in (60) by T' : H}(Q)) — H(Q), we have u+1) =
T(u(l)). For establishing convergence of the associated algorithm, we next study continuity properties
of the map T'. For this purpose, we observe that the first-order necessary optimality condition for (60)
reads
k,—lu(l—l—l) + Au(l-i—l ’}/A’LL (I+1)
=k WY+ Ot 1, ul )+ ftar) =4V - Pe,_, (VuV), in HY(Q). (61)
Let v,w € HY(Q) and define V := T'(v), W := T(w). Using V — W as a test function in the

corresponding equations (61) for 7'(v) and T'(w), respectively, and subtracting the resulting equations,
we obtain the estimate

V= Wli2 g
kIV =Wk

+ (v + )V = Wik < vlv — wlg g, (62)

where 774 > 0 is the uniform monotonicity constant of A : H}(Q) — H~(£2). For this estimate

we also use the non-expansiveness of the map Py, , : L*(Q)¢ — K, 1, ie., |Pc,_,(¢1) —
P, ()2 < lar — @2l 2y forall g1, ga € L*(Q)*. Consequently, we find
V= Wlgiq) < 7+77A|U_w|H3(Q)- (63)

In the case of problem (P;), we have 4 > 0. Thus, T is a contractive mapping and for each
v > 0 there exists a unique fixed point ©” due to Banach’s fixed point theorem. Further, the pair
(u?, Px,_,(Vu?))is asolution to (P7') and u” converges to the solution of (P™) in Hj(Q2) as y — oo.
In the case of problem (Py) (where A = 0) we have 14 = 0 and only obtain non expansiveness of
T'. Here the existence of a fixed point (which is not necessarily unique) is ensured by the theorem of
Browder-Gohde-Kirk (see [5, Chapter 4.3]). Moreover, let u” be one of these fixed points for each 7,
then 1 converges to the solution of P™ in L?(2) as v — oo.
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6.2 Finite Element Discretization

Next we introduce the spatial discretization of the problem and restrict ourselves to the setting of
polygonal and bounded subsets €2 C R2. Let T be a shape regular, quasi uniform triangularization
of 2 of mesh width h with shape parameter C' = max,¢7 h./p,. Here, h, is the diameter of the
triangle 7 and p, the radius of the largest ball inscribed into it, respectively. The set of inner nodes
is denoted by N. For the discretization of the functions unN we utilize P o; the space of globally
continuous functions v : {2 — R with zero boundary conditions such that v/, is affine for 7 € 7. The
associated nodal basis is

{p.€Pro:2ze N VZEN,p.(2) =65}

where ¢, > denotes the Kronecker-Delta with 6, = 1 for 2 = 2z and 0, ; = 0 otherwise. As a
consequence, the gradient of the discrete approximations of uflv is a 7 -piecewise constant vector.

The variable p € L?(Q2)? is discretized by vectors of T -piecewise constant functions, and the forcing
terms f(t,_1) and O(t,_1,ul) ), both elements of L?(2), by T -piecewise constant functions, as
well. The gradient bound ®(¢,,_1,u ) is discretized as a T -piecewise constant function where we
use averages on the elements of the discretization in case ®(t,_;,uY ) is a spatially distributed
function (cf. [25]). In Examples 6.3.2 and 6.3.3 this average can be computed exactly for the discrete
approximations of the state while in Example 6.3.4 we used a Gaussian quadrature rule with four
evaluation points on the reference triangle. For more information on finite-element discretizations we
refer to [49, 50]. Based on this discretization, the so called inverse inequality is available, providing

(see, e.g. [50, Chapter 3.6]) the estimate |Uh‘§ié(ﬂ) < B(h)]th%Z(Q) for all vy, € Py with

B(h) =2(3/2)*(2 + V2)Cr max(h;?).
TE
Restricting arguments of 7" and solutions to (61) to the subspace Py o C H{(£2), we can further refine

(63) by utilizing the inverse inequality in (62). In fact, we obtain

y
|Vh_Wh|HlQ S = |Uh—wh|HlQ . (64)
R "

for v, wy, € Py with V), = T'(vy) and W), = T'(wy,). Consequently, there exist a unique fixed point
of the solution mapping 7' by the Banach Contraction Principle for the discretized versions of both
problems, (Py) and (P).

6.3 Overall Solution Algorithm

For each time step in (Py) and (P), algorithm 2 states our overall numerical solution scheme. In this
context, algorithm 1 is used in steps 3 and 4, respectively. Moreover, algorithm 2 consist of two parts:
First, the time step n = 1 is considered and an approximate solution to (') is computed by a -path
following strategy via the family of problems (Pvl). The parameter -y is increased until it reaches a value
Ymaz Where we accept the solution of (Pvl) as approximation to the solution of (P1). In the second part,
the remaining time steps n = 2, ..., N are computed with fixed ¥ > V4z-

We are left to specify the stopping rule for Algorithm 1 which is used in each time step in Algorithm 2.
For this purpose, consider the following: Let X’ be a Banach space and H : X — X a contractive
mapping with contraction rate 7 € (0, 1). Denote its unique fixed point by x* and let {'}2°, be the
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Algorithm 2 QVI Solution Algorithm

Data: N € N, £, 70, Ymax € RT, 3, > 11} € L*(Q)
1: Initialize u(®) =, and set y = ;.
2: repeat

3. Compute u}’., by Algorithm 1 initialized with u(®) for n. = 1, k, y and .

4. Setu® = u{\;/ and vy 1= [3,7.

5. until v > Ymax-

6

7

8

9

N N
D Setuy = uy,.
:Forn=2to N
Compute u? by Algorithm 1 initialized with u(®) := v\, for n, k,y and u? ;.
: end

sequence generated by x'™! = H(z") for a given starting point 2° € X". From Banach’s fixed point
theorem we obtain

|:L,z'+1 _ xilk

2" — 2*|x < T

In light of (64), this yields a suitable way to estimate |u§f) — uZ|H5(Q) in terms of the distance of
two consecutive iterates, with u; denoting the fixed point of the discretized version of T", the solution
mapping of (60). The contraction rate here is r = (v + 14 + (B(h)k)_l)_l and, hence, algorithm 1
is stopped as soon as

h)k)~!
v +na+ (B(h)k)

(65)

is satisfied, which ensures ]ugﬂ)

TOL > 0.

The value of ynax in algorithm 2 is selected based on two considerations: (i) the discretization error
of the finite element method, and (ii) the error introduced by the regularization of the state constraint
u € K(P(t,_1,ud ). In[20], a heuristic rule was developed for this purpose and evidence was
found that the discretization error dominates if v > ch™=* for some constant ¢ > (. On the other
hand, in numerical computations, the maximal value -y is limited by (65) and the limited accuracy of
implementations on computers (double precision floating point representation in our case). Thus, we

utilize Ymax = max{1072/TOL, ch=*} in all our numerical tests.

— u;;]H&(Q) < TOL for some user-specified stopping tolerance

6.4 Examples

In all of our numerical tests we use 2 = (0, 1) x (0, 1). We discretize €2 by a uniform grid with mesh
size h = 277 providing a partition into triangles, and the time step k = T'/N is chosen differently
for each example. Here, we have 3 := ((h) ~ 9 x 10°. Note, that for each value of 7, the system
matrix of the linear problems in step 4 of algorithm 1 is fixed. We exploit this property and solve the
linear problems by a Cholesky factorization of the system matrix which has to be computed once for
each value of ~y. The update of this parameter uses 7y = 1, 5, = 4 and Ymax = 10 unless otherwise
stated. The termination criterion of Algorithm 1 in (65) utilizes TOL = 107°, and in all of the following
examples ug = 0 is chosen. In addition to studying the behaviour of the solution to the QVI, we further
investigate the active set A defined by

A(t) :={z € Q: |Vu(t,z)| = (¢, u(x))}.
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As the case A # ( appears more common in the literature, we consider A = —A only in the first
example and focus on A = 0 in the following three.

6.4.1 Example 1

For the first example we consider the dissipative
case in the setting of (P, ) for afinal time 7" = 1073
and time step k = 10~*. 6

We utilize f = 1,0 = 0and A = —A. Fur-
ther, the gradient bound is given by ®(t,u) =
51\u|L2(Q) + (o with 81 = 0.03 and 35 = 0.001.
Since f is constant, and the bound on the gradient
constraint is not spatially dependent, the problem is
equivalent to a parabolic QVI of the double obstacle-

type.
Figure 1 depicts the final state u(7"), and the active

set A(T') comprises essentially the entire domain
Q. Figure 1: The state w at final time 7' = 1073.

6.4.2 Example 2: Growth of large sandpiles

The growth of sandpiles over a flat surface {2 where the sand is removed instantaneously on 052 and
where the intensity of material being poured per unit of time is given by f can be described by a
variational inequality with a constant gradient constraint (see, e.g. [40, 43]). Specifically, the solution u
to (Py) for © = 0 and & = tan(0) for € the angle of repose of the material being poured onto the
pile, represents the height of the surface determined by the outermost layer of the pile. It has recently
been discovered that the angle of repose @ is actually a gravity dependent quantity (see [31]) and
hence it should be taken as an increasing function of the height of the pile. This entails that the overall
formulation of the problem, for piles which are relatively high, amounts to a quasi-variational inequality
of class (Py).

In order to model the above type of behaviour we consider ®(u) = [1u + [ with parameters
B1 =5, B = 10~*. The choice of the parameters is made in order to capture interesting features of the
behaviour of the problem: In particular, to observe large regions of the domain where |Vu| = 51u+ (5.
We assume that material is allocated uniformly everywhere on the domain so that f = 1 and further,
we consider © = 0, 7" = 0.001, and k£ = 107°. In Figures 2(a) and 2(d) we have depicted the state
att =5-107°and t = T, respectively. Lateral views on these graphs are shown in Figures 2(b) and
2(e) where the dependence of the gradient on the state is evident in regions of activity. The active sets
att = 5 x 1079 is given in Figure 2(c), and the one at t = T essentially comprises the entire 2.

6.4.3 Example 3: Nonzero © and finite time blow-up

If a > 1 with [O(, v)[r2() = Le|v|f2(q), then theorem 1 and theorem 3 only ensure the existence
of a solution u up to a certain time 7™ which depends on o > 0, |ug|2() and | f|L2(0,7+;22(q2))- This
example is chosen to study the behavior of the numerical approximation of the solution in a case of
finite time blow-up. We consider (P) with a piece-wise constant forcing term f which is independent
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(d) (e)

Figure 2: The state u(t) attime ¢t = 5 x 1072 is depicted in figures 2(a), 2(b) and at t = 1072 in 2(d)
and 2(e). The active set A(t) att = 5 x 1072 is given in 2(c)

of ¢ and defined by

: 1 2 1 3 .
, ifxe > 55+ Sxrandxy < —g + 525

-
oo Else.

Moreover, we set O(t, u) := 2 - 10"|u|2(qyu and ®(t,u) := Syu+ B, for f; = 100, By = 107%.
In this case, according to theorem 1, solutions are guaranteed to exist until a time 7" with

=
ol &

T < (2 x 10| f|p2(0)) /* =100 = T".

In our tests, we set the time step to &k = 1075,

In Figures 3(a),3(b) and 3(c) we depict the solution at times ¢t = 1077, ¢t = 5- 10" and t = T,
while Figures 3(d), 3(e) and 3(f) show the corresponding active sets. The behaviour of ¢ — \u(t)\Hé(Q)
fort > T is also studied and it is observed that the solutions seems to blow up for ¢ > 1™, at
t ~ 1.78 - 107 (see section 6.4.3).

6.4.4 Example 4: Magnetization of a superconductor

The evolution of a magnetic field w(t) inside a type-ll-superconductor under the influence of an external
magnetic field b, (¢) can be described by a quasivariational inequality (see [3] and the references
therein) of the type (Py) where f(t) = 0;b.(t) and © = 0. Here the function characterizing the
gradient bound is given by ®(¢, u) := a(a + |u + b.(t)|) ™!, as it can be found in Bean'’s critical state
model. Note that the function ®(¢, u) does not meet the assumptions from section 4 since it fails to be
increasing with respect to u, in fact, it is decreasing. However, we use the methodology presented in
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(@) (b) (©
1 1 1
08 08 0.8
0.6 06 0.6
04 04 04
0.2 0.2 0.2
DO 0.2 0.4 0.6 0.8 1 D0 0.2 0.4 08 0.8 1 D0 0.2 0.4 0.6 0.8 |

Figure 3: The state u(t) attimes t = 10~7,5 - 1077, 107 is depicted in Figures 3(a), 3(b) and 3(c),
respectively. The corresponding active sets .A(t) at those same times are given in 3(d), 3(e) and 3(f),
respectively.

1 I I 1 I 1 I I
1.60 1.62 1.64 1.66 1.68 1.7 172 1.74 1.76 1.78

Figure 4: Plot of ¢ — |u(?)] g1 (q) where the x-axis represents ¢ X 107 units.

this section and solve the problem for a final time 7" = 0.08 and a time step &k = 8 x 10™*. Asin [3],
we choose a = 0.02 and b.(t) = t.

Itis remarkable that in this example, even for very small values of y,,.x, We obtain results that correspond
to the real solution of the problem (see [3]). In fact, there seem to be no significant changes in the
solution for v > 10: In Figures 5(a) and 5(c) we depict final states for Ymax = 10 and ypmax = 100
and in Figures 5(b) and 5(d) their corresponding active sets depicted, respectively.
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Figure 5: The final state and active set for v = 10 are depicted in figures 5(a) and 5(b), respectively,
and for v = 100 in 5(c) and 5(d), respectively.

7 Conclusions

We have provided a general theoretical and numerical framework to deal with certain types of time-
evolution quasi-variational inequalities, given by problems (Py) and (P;). A sequence of approximations
is built from problems (P{’) and (P{"), which reduce to compute solutions to V' convex optimization
problems. This sequence of approximations is shown useful to provide an existence result, to extend
the regularity and to prove the non-decreasing property of solutions. Further, the problems (Pév) and
(PY) are suitable for computer implementation and a simple algorithm involving a splitting method is
shown to provide reasonable numerical approximations to solutions of (Py) and (P).

A Lower Solutions for Vis

The following result is due (to the best of our knowledge) to Bensoussan and is included for the sake of
completeness.

Proposition 5. Let A : H}(Q2) — H () be linear, bounded and uniformly monotone. Additionally,
suppose thatifv € Hy (), then (Av—,v") < 0. Letp; € L®(Q) withi = 1,2 be such0 < 1 <

@Yo a.e.,
K(p;) :=={v e Hy(Q) :v < ¢; Eae. },

and suppose that f; € L*(Q) withi = 1,2 and f, < f; a.e.. Then, y; < y, a.e., where y; =
Further, let o € L°(Q) and f € L*(Q). If = € K(yp) satisfies
(A2 = f,0) <0, Yoe Hy(Q): ¢>0ae, (66)
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we say z is a lower solution for the triple (A, f,K(y)). For any lower solution z, we have that
z <S(A, f,K(¥)).

Proof. Since y; € K(¢;) fori = 1,2,then 0 < vy := min(y1,y2) = y1 — (11 — y2)T < ¢ and
0 < vy :=max(y1,y2) = Y2 + (Y1 — y2)* < 9o Hence, from (Ay; — fi,vs —y;) > 0fori = 1,2,
we obtain

(Ayp — f1,—(y1 —y2)*) >0, and (Ays — fo, —(y1 — y2) ™) <0. (67)

Subtracting the second inequality from the first one, we observe

(Alyr —w2), (1 —92) ") < (fr = fo, (1 —32)7) <0,

since f1 — fo < 0. Since A is uniformly monotone and (Av~,v™) < 0, forall v € H}(€2), we obtain
the following chain of inequalities:

cl(yr —y2) i) < (Aly — )™, (11— 32)"

)
<A(y1 - 3/2)+, (y1 — y2)+) — <A(y1 — y2)*’ (3/1 _ y2)+>
= (A(yr — y2), (y1 —y2)™) <0.

IN

Therefore, (13 — y2)" = 0 a.e., thatis, y; < y2 a.e. in .
Lety = S(A, f,¢),s0y € K(¢) and
(Ay — f,uo—y) >0, VyeK(p). (68)

Replacing v = y — ¢ with ¢ € H}(2) and ¢ > 0 a.e. in {2, we observe that y = S(A4, f, K(p)) is
a lower solution for the triple (A, f, K(¢)). Now we prove that if z is an arbitrary lower solution, the
z<yae.inQ.Letp = (z—y)"andv = max(y, z) = y+ (2 —y)™ on (66) and (68), respectively,
then

(Az—f,=(z=y)") 20 and (Ay = f,=(z=y)") <0.

These are exactly the same inequalities as in (67). Therefore, we have that (z — y)™ = 0,i.e.,, 2 <y
a.e. in €. O

B Proof of lemma 1

Proof. Consider first aandi = 1.Letw € .# (V) and note that the condition “w™ () € K(® (¢, u® ,))

n—1» “n—1

with t € [tY | tN)”is equivalent to
N
VN (m)] <D @ty w (1))xpy_, (1) = S(r,u(r), T€[0,T].  (69)

m=1

Denote by {@" } the convergent subsequence obtained in theorem 2, i.e., u — u*in C'([0, T]; L*(Q)).
Then, by the inequality in (19) we also have that

lim |uY — u*|pe0.1:02(0) = Jim - sup u (t) = u*(t)] 2() = 0
N—oo —>°°t€[0 T]
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By assumption 1, we have that @ : [0, 7] x L*(Q) — L*(Q) is uniformly continuous, i.e., for any
e > 0, there exists d(¢) > 0 such that

[t — o] + |y1 — yolr2) < 6(e) = |®(t1,11) — P(t2,¥2)| 1) < €

Therefore, for sufficiently large /N we have that

1 * z *
N + ’U]_V — U |C([0,T];L2(Q)) < (5(6) — ‘(I)(T, u]_V(T)) — (I)(T,u (T))’Loo(g) < E,VT € [O,T]

Recall that by assumption we have that the mapping & satisfies: 1) ®(¢,v) > v > 0 a.e. in (2, for
ae.t € [0,T] and all v € L?(2). 2) It is non-decreasing in both variables. 3) 7' +— ®(T',v) maps
bounded sets in L?(€2) into bounded sets in L (). Then, we define oy (¢, z) := &(t, uM (t))(z)
and p(t, z) := O(t,u*(t))(z) with (t,z) € Q := [0,T] x . It follows that ¢, ¢ € L*(Q) and
also

on,p > >0 on — @in L%(Q), as N — 0. (70)

Now, we prove that for any 7 € (0, 1), there is an N (7)) such that

0<np(z) <pn(z) aezeq,
for N > N(n) . Infact, let € (0, 1) be arbitrary, and consider the sets
Qn ={z € Q:np(z) > pn(z) ae}.
Then, for almost all z € (), we have
o = enlie@) = (2) —¢n(2) > (1 =n)p(z) = (1 —n)v > 0.

But since | — ¢n|r~(g) — 0, there exists N (1) € N, such that |Qn| = O forall N > N(n).

Let {n;} be a monotonically increasing sequence in (0, 1) such that lim; ,on; = 1. Let w €
L*(0,T; Hg () satisfy [Vw(t)(z)| < p(t, z). Then, w? := n;w fulfils

[V (t)(2)] < ni| Vw(t)(@)] < misp(t, z) < iy (@),

for almost all (t,#) € Q. Finally, [w’/ — w|20rmi@y = (1 — m)lwl2orme) < (1 -
n;)|¢| (@) — 0as j — oo. This proves the statement concerning w € J¢ (V).

Next, we focus on aand i = 2. For the same sequence {7, } as before, suppose w € L*(0,T; H}(2))
is arbitrary and such that w € J£ = (). Then w? (t) = n;w(t) belongs to K=(¢n,)(t, ), i.e.,

— Ny dist(x, 0) < —njpdist(z, 0Q) < njw < njpdist(z, 0Q2) < oy, dist(z, 09Q),

(where we have omitted “(¢, z)” for the sake of brevity) for a.e. t € (0,7), z € €. Further, it follows
that [w? — W|20,mm3(02)) = (1 = nj)|wl20,7:m3(2)) — 0 @s j — 00, and hence proves this case
1 = 2 for the a statement and an analogous argument can be used to prove 7 = 3.

tN tNYisconstant, limy oot | = 7and ¢V = (Y | ud ) =
Ot alN(tN,)). By (22) we have ¢ — ¢ in L>(Q) and in addition ¢", ¢ > v > 0 a.e. in .
These are the conditions in (70) (with () exchanged by €2), and using the same argument we can prove
that given a monotonically increasing sequence {7, } in (0, 1) with lim;_,, ; = 1, then w’ = nw
satisfies w/ € K(¢™ (")), provided that w € K(¢), and w’ — w in H} (). This proves the i = 1
case and analogous modifications of the argument in a. proves the cases concerning ¢ = 2 and
1= 3. O

We now consider b. Since 7 € |
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