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1 Introduction

In the present paper we consider the singular integral equation
1 1
17 fy) m(z)
22 g, L ™E) / _
7T_/lx_y y+— 1 f(y)n|z —y|dy

+-71;—/1 k(z,y)f(y)dy=g(z), -1<z<1,

(1.1)

where m, k and g are given functions, f is an unknown solution, and the first integral
has to be interpreted in the Cauchy principal value sense. Equation (1.1) arises from the
two-dimensional oscillating airfoil in a wind tunnel with subsonic flow (see, for example, -
[4]), has applications in diffraction theory and two-dimensional elasticity theory (see, for
example, [16], [21]).

The analytical as well as the numerical solutions of Equation (1.1) have been studied by
many authors [1]-[3], [6]-[9], [10]-[16], [18]-[21], [23]-[27], [29], [30], [32]. (Some of these
papers only deal with the case m = 0.) Schleiff [29] solved Equation (1.1) for & = 0
and m, f € [,f,, where [,g means the space of square integrable functions on the interval
(-1,1) with the Chebyshev weight o(z) = (1—22)'/2. Using those results, he constructed a
Fredholm integral equation of the second kind equivalent to Equation (1.1). In the present
paper we extend Schleiff’s results to the cases of spaces £2 and of weighted Sobolev-type
spaces with weights w(z) = (1 — z)*(1 + z)?, where |a| = |8| = 1/2 (Section 3). These
solvability results then give rise to establishing a numerical procedure for which stability
and error estimates in a scale of Sobolev-type norms as well as in weighted uniform norms
will be proved (Section 4).

2 Preliminaries

Throughout this paper let A be the Lebesgue measure in the open interval Q = (—1,1).
Those functions on 2 which coincide outside a Lebesgue null set will be identified as usual.

Define functions ¢ and o on by

@)= (1=22)"? and o(@)=(1—2)P1+2)2, zeQ  (21)

Let w always stand for any of the functions w = g, 1/p, o or 1/o. Let 7 1w\ denote
the indefinite integral of the function 7~'w with respect to A. As in [2], let £2 denote
the space £L2(m~w)) of complex-valued square integrable functions with respect to the
measure 7 *w\. Then £2 becomes a Hilbert space with inner product

1
(Flol=7" [ fquaxr, f g€ 3.
' -1

The associated norm on £2 is denoted by || - ||u. The following relationships are then
clear: |



(i) £1/g C L%(A\) C [,‘Z;

(ii) ‘El/g CLZcL?; and
(i) £3,C L}, C Ly,
Furthermore we have

;Cz C ﬂ1<r<4/3£r(A) . (22)

Let f € £}(A). Then the Cauchy principal value

Hf( =—7;el—-1+r-§r-10(./ /)%d

-1 T+e

exists for A-almost every z € Q2 and the resulting function Hf is A-measurable (see [5,
Theorem 8.1.5], for example). So we have a linear operator H from the space £()) into
the space of all A-measurable functions. The following lemma is a special case of the
Khvedelidze theorem, which can be found in [15, Theorem 1.2] or [24, Theorem I1.3.1],
~ for example.

Lemma 2.1 Let w =g, 1/9, 0 or 1/o. Then H(L2) C L2 and the restriction H,, ofH
to the Hilbert space L2 is a continuous linear operator from L2 into itself. Furthermore,
(1/w)H(wf) € L2 for every f € L2 . ‘

A continuous linear operator S from a Banach space X into X is called a Noether (Fred-
holm) operator if its range R(S) = S(X) is closed and if both the dimension of its null
space N (S) = S71({0}) and the co-dimension of ’R.(S) in X are finite. The index ind (S)
of such an operator S is defined as

ind (S) := dim N (S) — codim R(S).

Lemma 2.2 The following statements hold.
(i) The operator H, : Cz — [,'j is a surjection with null space
N(H,) = {c/o: c €@},
and
Hy'({g}) = —(1/0)H(eg) + N(H,), g€ L;.
In particular, ind (H,) = 1.

(ii) The operator Hyj, : £3,, — L3, is an injection with range

7:‘)'(‘[7[1/9) {g € Cl/g (gil)l/g = 0}
and ‘ :
Hi,9=—0H(g9/0), g€ R(Hy,).

In particular, ind (Hy,,) = —1.

(iii) Let w = o or 1/o. Then the operator H, : L2 — L2 is a bijective isometry, and
Hy'g=—(1/w)H(wg), g€L].

In particular, ind (H,) = 0. |



Proof. Statement (i) follows from the fact that the restriction of H to the Banach space
L7(A), 1 <r < 4/3 (cf. (2.2)) has the same property as H, (see [17, Theorem 13.9] or
[26, Proposition 2.4], for example).

Statement (ii) can be proved as in the case of the restriction of H to the Banach space
L7(A), 2 <t < oo, (see [17, Theorem 13.9] or [26, Proposition 2.6], for example).

Statement (iii) has been shown in [30, p.149] for the case when w = ¢. The case w = 1/o
can be proved similarly. : O

Let s > 0. We shall define a linear subspace £ , of L2 as in [2, §2]. Let
Un(T) = (21/2 sin[(n + 1) arccos m]) /sin(arccosz), z€Q,

for each n =0,1,2,.... Namely, 27%/?u,, n = 0,1,2, ..., are the Chebyshev polynomials of
the second kind. Then {un}32, is a complete orthonormal sequence in the Hilbert space
L2, Now let £2 , denote the linear subspace of L2 consisting of those functions f on Q
such that

e <]

D (L4 n)|(flun)ol? < 0.

n=0

- The vector space Lg’s becomes a Hilbert space with the inner product given by

oo

(fl9)es = D2 (1 +n)*(Flun)olglun),, frg€ L],

n=0

The associated norm on £2 , will be denoted by || - |,,s. Clearly the Hilbert space £2
continuously embedded 1nto £2 It is worth noting that the definition of [,2 5 1S dependent
on {un}, so that another complete orthonormal sequence in £2 may deﬁne a different
linear subspace of £2.

Let to = 1 and let ¢,(z) = 2'/2 cos(n arccos z) for every z €  and every n = 1,2,.... So
to, 27Y/%t; , 271/%¢, , ..., are the Chebyshev polynomials of the first kind. Moreover, let

sin[(n + 271) arccos z]
sin(2-1 arccos z)

cos[(n + 271) arccos z]

pn(z) = and gn(z) =

cos(2~1 arccos z)
for every z € Q and every n = 0, 1,2, .... The so-defined functions prandg,,n=0,1,2,...,
are Chebyshev polynomials of the third and fourth kind respectively.

If s > 0and if w =1/p, o or 1/, then we define the Hilbert space £2 w,s With inner roduct
(] )w,s by using {t,}2, {Pn}n—o or {gn}, respectively, as L2,

Observe that {u,}2,, {tn}0, {Pn}, and {q,,}n_0 are unique complete orthonormal
sequences of polynomials, with positive leading coefficients, having the property:

deg u, = degt, =degp, =degg,.=n, n=0,1,2,..,

in the Hilbert spaces E L2 /o L% and £2 /o respectively.

Given a distribution v on €, its derivative in the dlstrlbutlon sense will be denoted by
Dv. According to [2, pp.196- 197] the space L2 , can be expressed as follows.



Lemma 2.3 Let w =g, 1/, 0 or 1/o. Let s be a positive integer. Then a function f €
L2 belongs to L2 , if and only if ¢ D7 f is again an element of L2, for every j = 1,2, ..., .
Furthermore, the norm || - ||lw,s on Efv,s is equivalent to the norm:

, 1/2
fr (Z lI@ijfllfu) , feLy,.
j=0 .

Definition 2.1 Let w =g, 1/, 0 or 1/o. Let s > 0. Define

(/)= {

w
Equip the vector space (1/w)L? Jw,s With the norm so that the linear map f — (1/w)f,
ferLl,,, fromL},  onto(1/w)Li,,  becomes an isometry; in particular, (1/w)L3,,
is then a Banach space because so is L3,,, , .

f: fE‘C%/w,a} (C leu)

The Banach space (1/w)L3, , is continuously embedded into £Z and
H,((1/w)£3),,,) c L, s>0. (2.3)

This inclusion has been shown in [2, Lemma 4.1]. Its proof is based on the following result
which is a special case of [33, (25)].

Lemma 2.4 The following identities hold.

(i)  H(oun) =tpy1, n=0,1,2,.... °
(i) H(to/o) =0 and H(ta/0) = —Un—1, n=1,2,...
(i) H(opn)=—¢n, n=0,1,2,....
(iv) H(gn/o)=pn, n=0,1,2,...

If w=p,1/p, 0 or 1/o and s > 0, then let
Hw,s : (1/w)£f/w,s _)' [’2111,3 ' (24)
denote the restriction of Hy, to (1/w)L3,, ,; see (2.3). The following lemma has essentially

been given in [2, Lemma 4.2 (ii)] and its proof is clear in view of Lemma 2.4.

Lemma 2.5 Let s> 0. Let w =g, 1/p, o or 1/o. Then the linear operator H,_ , given
by (2.4) enjoys the same property as Hy, : L2, — L2, in Lemma 2.2.

Let AC(f2) denote the space of complex-valued, continuous functions f on Q for which
there is an absolutely continuous function g on the closed interval [~1, 1] such that f(z) =
g(z) for every z € Q. ' ‘

Let w=p,1/0,0 or 1/0. Let f € £L2. By (2.2), the function Lf defined by
1
(LH@) =7 [ f@)nly—aldy, se,
~1

belohgs to AC(Q) and D(Lf) = Hf; see [17, §13], for example. In particular, Lf € L2
because AC(Q) C L2 .



Lemma 2.6 The following identities hold.

) Lito/e) = —(ndto = ~(In2)ug
L(tl/g) = - = -2t U, and
Litanfo) = —tu/n=2"Yup_2—1u,)/n, n=23,...
(ii) L(oug) = (v2In2)ty — t2/2]; and
L(Qun) = _2_1[tn/n - tn+2/(n + 2)]’ n= ]-a 2’ oo .
(iii) L{op)) = (27'—1n2)q—-2"'¢;; and
L(apﬂ) = 2—1[qn l/n qﬂ/n(n + 1) - qﬂ+1/(n + 1)]7 n=12,...
(v) Li/o) = (27— In2)po+2-py; and
Lign/o) = =27YYpp1/n+pa/n(n+1) - pn+1/(n—l-1)] n=12...

Proof. Statement (i) can be found in [28, Corollary, p.138], for instance. Statement (ii)
follows from (i) because gug = (v/2ty — 2)/(20) and gun, = (tn — tny2)/(20) for every
n =1,2,.... Statements (iii) has been given in [1, Corollary 3.3] and (iv) can be proved
similarly. - * , 0O

Let Ly : £2 — L2 denote the linear operator which assigns Lf to each function f € £2,
when w = p, 1/g, o or 1/o. By [29, Satz 2| the operator L, is continuous. For the
remaining cases: w = 1/p, o, 1/0, the continuity of L,, follows from the closed graph
theorem because L,, C £2.

Proposition 2.1 Let s > 0. Let w = g, 1/p, 0 or 1/o. Then L,, maps the subspace
(1/'w)£1/w , of L2 into L2 .., and the linear map L, , : (1/w)£1/w s — L2 ... which

w,s w, s+

assigns Ly, f to each f € (1/w)L},, , is continuous.

w, s+

Proof. In view of Definition 2.1, the statement is a direct consequence of the followmg
inequalities:

® ML/ < B/ es, FELY g5

(i) (LNl /perr < BA+3*)/UfZ,, fe€ Eg .

(i) [L(f/o)5en < 20+ 22 DFIR ., f €Ly, and
() (L@ < 20+22)FIZ,, feLl,

A routine calculation based on Lemma 2.6 will derive those inequalities. ' O

Remark 2.1 In the case when w = o, the statement of Proposition 2.1 has been given in
[2, Lemma 5.1 (iv)], without stating constants as above.

Remark 2.2 Let s > 0. The restriction of L, to (1/0)L? Jo,s defines a continuous linear
operator with values in L2 Jo,s+1 - I fact,

||L(f/9)“1/g,s+1 4“f“1/g,s: f E ‘C%/g,s‘

3 The unperturbed generalized airfoil equation

Let © = (—1,1). Let w stand for any of the functions g, 1/, o and 1/ on Q as in Section”
2. The main aim of this section is to solve, in £2, the singular integral equation

(Hy +mLy)f =g | (3.1)



for a given g € £2,, when m € £2.

In the case when w = g, the integral equation (3.1) has already been solved by M. Schleiff
[29]. We shall deduce the remaining cases from his result, by using the fact that £2 C £2.
Let m € [Ig. The Volterra operator V' on Ef_, is defined by

VA@=[far, seQ, (3.2)

for every f € £2. Then V(L£2) C AC(Q). Define a linear operator M, : £2 — L2 by

1 .
M,f=f+m (Vf +7r_1/f(y)(—7r/2+ arcsin y) dy)
-1 :

for every f € Lf,. Furthermore, define functions a and b on 2 by

1

a(z) = exp[~(Vm)(z)] and b(z) = / a/od)

T

for every z € ) respectively. It is clear that M, is continuous. Moreover, M, is invertible.

Lemma 3.1 ([29, pp.83-84]). The linear operator M, : L2 — L2 is a surjective isomor-
phism and its inverse is of the form

Vig/a) - (/ (gt/a) dA) (/ a’/gdx) _ }

M,'g =g — (ma)

for every g € Eg. In particular,

. -1
Me‘lmzw(]a/gd)\) ma.
1

- We are now ready to present Schleiff’s result in [29], which shows that the operator
H, +mL, behaves like H, (see Lemma 2.2).

Proposition 3.1 Let m € L2. Then the linear operator H, + mL, : L3 = L] is a

continuous surjection such that its null space N'(H, +mL,) is spanned by the function ®
defined by

& = [1 - (1n2) H(oM; ' m)](1/2) . (33)
Moreover, , ;
(H,+mL,) " ({g}) = —(1/0)H(eM;*g) + N (H, + mLy) - (34)
for every g € £L2. In particular,

ind (H, +mL,) =1.



The proof of the following lemma is clear and its proof will be omitted.

Lemma 3.2 Let w =1/p, o0 or 1/po. Then L2 is invariant under M, and the restriction
M, of M, to L2 defines an isomorphism from the Banach space L% onto L2 .

We now concentrate on the case when w = o. The equalities
H:'h = —(1/0)H(oh) = —(1/0)H(oh) + (1/ )™ / ohd\, hefll,  (3.5)
; ]

hold in the Banach space £2. In fact, the first equality in (3.5) has already been glven in
Lemma 2.2 (iii). The second equality follows easily from the fact that

—a(y)/o(z) + o(y)/e(z) = (z — y)o(y)/e(z) (3.6)
for all z,y € Q. By (3.5), we have

/H;lhd,\ = /(1/0)H(ah) dr = /ah d\, her?, (3.7)
because
/ (1/0)H(gh)dA =0 (3.8)

 which is a consequence of the Parseval identity (cf. [24, Theorem II.4.4]) and the fact
that H(1/g) = 0 (cf. [34, p.174]). From (3.5) and (3.7) it follows that

H'h— (1)) / H'hd) = —(1/0)H(oh), heLl. | (3.9)

Lemma 3.3 Let m € L2. The function ® € L] defined by (3 3) belongs to the space Lz
if and only if

1 ,
7 = (In2) / H'M'md), (3.10)
in which case ® = (In2)H;*M; m and N'(H, +mL,) = span {®}.
Proof. By (3.9) applied to h = M;lm, we have
= (1/0) (1 - 7r_1(ln2)‘/ H'M;'m d/\) + (In2)H;*M;'m
21

The statement now follows frbm the facts that

1/o¢ L2 (3.11)



and that ' :
N(H, +mL,) = E?, ﬂN(Hg +mL,).

O

The index of the operator H, + mL, is the same as that of H, as shown in the following
theorem.

Theorem 3.1 Let m be a non-zero function belonging to the space L2 . Then the following
statements on the continuous linear operator H, +mL, : L2 — L2 hold.

(i) Suppose that (3.10) holds. Then ‘
N (H,+mL,) = span {H,;*M;'m}.

Furthermore, a function g € L2 belongs to the range R(H, +mL,) if and only if
' 1
/H;lM,;lg dA =0, (3.12)
-1 ‘
in which case

(Hs +mL,)"'({9}) = H;'M; g+ N (H, +mL,)..

(ii) Suppose that (3.10) does not hold. Then H, + mL, is a bijection and for a given
g€ Ly,

(Hy + mL,) g = H;'M;*[g + (c,In2)m], (3.13)
where ¢, is the constant defined by

, Cg = (j aM;lg,d/\) (7r—— (ln2)/laM;1md)\) ) : (3.14)

-1

Proof. Recall that ® is the function given by (3.3) which spans N(H, + mL,); see
Proposition 3.1. If g € £2 and ¢ €, then we have

1
—EH(QMQ‘lg) +cd = —-E-H [g(Mg‘lg + (can)Me“lm)] + g

1

c (1 _ 2 / H;lMglmd,\) (3.15)

s
-1

= H;'M; g+ (cln2)m] + %

1
1 / H'M g d/\]
7T_1

by applying (3.9) to h = M (g + c(In2)m). Moreover, observe that

(Ho +mLe) " ({g}) = Lo N (Hy +mL) " ({g}), g€Ls.  (3.16)



(i) Given g € L% and c €@, it follows from (3.10) and (3.15) that

—(1/e)H(eM;*g) +¢® = H;*M; (g + ¢(In2)m)

—(1/g)m! / H1M:lgd) (3.17)

as elements of £2. Hence (3.11) implies that that the left-hand side of (3.17) belongs to
L2 if and only if (3 12) hold. Accordingly, given g € £2, it follows from (3.4), (3.16) and
(3 17) that

(He +mLs) " ({g}) # ¢ (3.18)

“if and only if (3.12) holds. Therefore the second half of statement (i) has been established.
The first half of (i) has already been given in Lemma 3.3.

(ii) By Lemma 3.3, the operator H,+mL, is injective. To show its surjectivity, let g € £2.
The left-hand side of (3.15) is an element of £2 if and only if ¢ equals the constant c,
‘given by (3.14); we have used (3.7). It then follows from (3.4) and (3.16) that H, +mL,
is surjective and that (3.13) holds. O

Remark 3.1 Let m be a non-zero function belonging to L2 jo - Then statements (i) and
(ii) of Theorem 3.1 hold with replacement of the subscript o by the subscript 1/o. The
proof will be almost the same if we replace o by 1/o. The only exceptional relationships
to be modified are (3.5), (3.6) and (3.7). The modified versions are as follows:

Hith = —oH(h/o) = —(1/0)H(eoh) - (1/g)r™* / Rlod), heLl,;  (35Y
—0o(z)/o(y) + o(y)/e(z) = (y — 2)/(e(2)o(y)), = y€Q; (3.6%)
/ Lhd) = / oH(h/o)d) = / hjodr, heLl,. (3.7%)

Now we shall consider the case when w = 1/p. Of course we need to apply Proposition
3.1. For our proof, (3.5) will be replaced by

1

—oH(h/o) = —(1/0) [H(gh) — ! / xh/od) — 77 1x / h/gd)\} herd,, (357

-1

where x denotes the identity function on 2. Define continuous hnear functlonals a and
,8 on the Banach space £2 Jo DY

(@, B) =7~ / (M{\h)/edh and (B, h)=n"" / (xM;:h)/0dA

for every h € L2 /o> Tespectively. Then the function @ given by (3.3) has the form

® = —(In2)oH|(M7;,;m)/ el - 1—(1112)(@ m)|(1/e) — (In2)(e, m)(x/e).



Since oH[(M;;,m)/0] € L3, , the function ® belongs to El /o if and only if
1— (In2){8, m) =0 = (a, m) (3.19)
because neither 1/ nor x/p is an element of £2 Jo- Now, ifge L2 jo and c € @, then

~(1/0)H(eM; ' g) +c® = —oH[(1/0)My;,(g + c(In2)m)]
+lc— (8, g+ c(In2)m)](1/0) — (@, g + c(In2)m)(x/0).

With the above observations, the proof of the following theorem is straightforward and
we shall leave the details with the reader.

Theorem 3.2 Let m be a non-zero function in the Banach space L2 Jo Then the following
statements on the continuous linear operator Hyj, +mLy/, : L3, — L3, hold.

(i) Suppose that (3.19) holds. Then Hyj, +mLy, has one-dimensional null space:
N(Hyj, +mLyy,) = span {eH[(M;\m)/ o]} .

A function g € ﬁf/g belongs to R(Hyj, + mLy,,) z'f' and only if (o, g) = 0= (B, g), in
~ which case S

(Hl/e + le/g)—l({g}) “QH[( 1/,_;9)/0] + N(Hl/g +mLyy,)
so that codim R(Hy/, +mLy/,) = 2. '

(ii) Suppose that (3.19) does not hold. Then Hyj,+mLy, is znjectzve and its range consists
of those functions g € L3 /o such that

(1 — (In2){8, m)){e, g) + (In2){a, m)(B, g) = 0.

For such a function g,

(Hyjg +mLyj) g = —eH[(1/0) My, (g + ¢, (In2)m)],

where c, is the constant determined by the two identities:
cg(In2)(er, m) + (e, g) = 0= ¢y(1 - (In2){8, m)) — (6, 9) -
From the above theorem we can see that
ind (Hy/,) = —1 =ind (Hy/p +mLyj,),

forallm € £3,.

Finally we shall show that H, s + mL,, s has the same properties as H, + mL, for every
s > 0, when m is smooth. Our arguments can easily be adapted to the remaining cases:
w = g, 1/p, 1/0; so we shall not discuss them here.

Let us fix a positive number s and let r be the smallest positive integer such that r > s.
The Hilbert space L2 , is an intermediate space between £2,_; and £2 .. In fact, let A
be the linear operator in the Hilbert space £2 with domain D(A) = £2 defined by

o,r—11 o,T)

Af =S (U 4+n) (Floa)epns £ €DA).

n=0

10



Then the operator A is self-adjoint, positive and unbounded in L2 . . Moreover, if
0 < 6 < 1, then the intermediate space [£2 ._;, L2 ]o is defined as the domain of the
linear operator A'~% in £ ;. Of course, A1=® has the form

A(F) = S0+ 0) D (Flpn)opn,  f € D(A),

n=0
(see [22, §2.1 in Chapter 1]). Hence, [£2, ;L2 ]o = L3 .(1-g)» 0 < 8 < 1. In particular,
[[’3‘,1'— 7‘Cc2r,r]1—8/7' = ['ezr,s . (3-20)
By C;([—1,1]) we denote the space of all r times differentiable functions u : Q — @ such

that g’“Dku has continuous extention to the closed interval [—1,1] for each k = 0,1, ...,7
Furthermore, define a norm on Cj([-1,1]) by

lullog = kZ e D*ulle, e CL([-1,1)),
=0

where || - ||.o denotes the uniform norm. Given m € Cj([-1,1]), let

mLys={mf: f € Ll;},

which is a linear subspace of ll?m_l‘for every 6 € [r —1,7].

Lemma 3.4 Let m € Cj([—1,1]). Then the following statements hold.
(i) Let 6 =r — 1 or r. Then mL2 5 C L2 5 and the L2 s-valued linear operator:

f'_)mf: fEEa-,J)

s continuous. Moreover,

I flos <

(ii) It follows that mLZ% , C L2 , and the L2  -valued linear operator:

femf, feLi,,

15 continuous.

Proof. Statement (i) follows from Lemma 2.3 tOgether with Leibnitz’s formula. Statement
(ii) is a consequence of the interpolation theorem [22, Theorem 5.1, Chapter 1] because
of (i) and (3.19). O

Lemma 3.5 The Hilbert space L , is invariant under the Volterra operator V' (see (3.2))
and the restriction of V to L2, is a continuous linear operator from L2, into L2 ..

Proof is analogous to that of Lemma 3.4 (ii) because of (3.20). O
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Corollary 3.1 Let m € Cj([~1,1]). The restriction M, , of M, to L2 , is an isomor-
phism onto L2 |

Proof follows from Lemmas 3.4 and 3.5. O

Let m € C}([-1,1]). It then follows from Proposition 2.1 and Lemma 3.4 that mL,, ; can
be regarded as a continuous linear operator from (1/0)£%,, ,(C L2 ,) into L2 , because
E?, s+1 is continuously embedded into £Z ;. We are now ready to present the main result
which follows immediately from Theorem 3.1 in view of Corollary 3.1.

Theorem 3.3 Let s > 0. Let r be the smallest positive integer such that r > s. Suppose
that m € C}([-1,1]) is a non-zero function. Then the linear operator Hy , + mLg,, :
(1/0)L3,, , — L'% . is continuous, and statements (i) and (ii) of Theorem 3.1 hold with

replacement of the subscript o by the subscripts o, s.

4 A numerical procedure

. The results of Section 3 allow us to consider a numerical procedure for solving singular
integral equations of the form

(Hy+mLy, +K)f=g (4.1)
where g € £2 and m € L2 are given functions and K is a glven compact linear integral

operator acting in £2 .

Fix a positive mteger n. Let w = p, 1/p, o or 1/0 and let h, be one of the corresponding
polynomials un, ., pn OF ¢n, respectively. Let yn;, i = 1,...,n, be the zeros of h,, which
are known to be distinict and belong to the open interval (—1,1). Define the Lagrangian

fundamental polynomials I7;, i =1,2,...,n, by
ha(y) Y= Ynyg
lruzJiy = - = . y YE _111)'
) (Y = Yn,i) Py (Yn3) g Yni = Yn,j (
JFi

For an arbitrary continuous function w : (—1,1) — @, the Lagrangian interpolation pro-
jector LY is defined by

Ly cue Y u(yns)lns -
=1

Assume that the operator K has the form
/k(xy y)dy, ze(-1,1), uvell.

It is well known that K is a compact operator in £2 if the kernel function & satisfies the

condition L1

//|k(:v,y)|2w(:c)/w(y) dydz < 0.

—-1-1
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In the sequel we make the following assumptions about the smoothness of k. Assume that
k(- y) € L2 , uniformly with respect to y € (—1,1), and k(z,) € £2 Jw,r uniformly with

~respect to z € (—1,1), with some positive real numbers s and r to be specified later; in

other words, there are constants C; and C, (mdependent of both z and y) such that

“k() y)“w,s <C; and “k(.’l), ')Hl/w,r <G (42)

for all z, y € (~1,1). Under the above conditions, the operator K : £2 — L2,
continuous for all £ < s and compact for all ¢t < s (see for example, [2, Lemma 4. 2]).

In what follows we shall denote by || - ||} /w,s the norm on the Banach space L2 fus
(1/w)L}),,,, (see Definition 2.1); that is,

“v”’{/w,s = valll/w,s; veE Z%/w,s .

Suppose that s > 7 and 7 > 1. Introduce the operator K, by

nit() = / Lk, lu@) dy, =€ (-1,1),

for all u € £%. The subscript y of L/? indicates that the interpolation is realized with
respect to the variable y. Given z € ( 1, 1) the function k(z,-) € £2 Jw,» 18 continuous
on (—1,1) by [2, Theorem 2.5] because r > %, and hence we can define K,u(z) for each
u € L2 . The so-defined function K,u on (—1,1) is continuous again by [2, Theorem 2.5]
applied to k(-,y) € L2 , with s > ;.

Let n =1,2,.... Let II denote the space of all polynomlals of degree less than n with
complex coefﬁc1ents Let g € L2 w,s- we shall seek an approximate solution f, € /.31 Jwys of
Equation (4.1). In other words, f, is a solution to the equation

fu— %H(wLﬁMglLZKnﬁ,) = —%H(waM;lg). | (4.3)

It follows from Lemma 2.4 that f, is necessarily of the form f, = v,/w for some v, € II,
and that (4.3) is a fully discretized linear algebraic system relative to the coefficients of
the unknown polynomial v,,. ‘

Let us consider the case When w = . Introduce the subspace [,2 0 of all functions v € £2

‘satisfying
1

/ud)\=0.

-1

The range of the operator K, defined by
Kou = lH(ngM—ngKnu) , uweLl

is contained in £2° because of (3.8). Moreover, it follows from Proposition 3.1 and (3. 8)
that the operator ‘H, + mL, restricted to Lgo is a bijection from £2° onto £2. Thus
the index of the operator H +mL, + K : L2 — L2 is 0 because K is compact So if
H,+ mL, + K happens to be 1nJect1ve on L2 o , then it becomes a bijection on £2°. For
each t € [O, s) let

20 = [ L0

1/0,t 1/e,t

13



Theorem 4.1 Let w=g. Assume that the kernel k of compact operator K on £2 satzsﬁes
(4.2) with s > £ andr > s+%. Let d denote the smallest positive integer such that d > s
and let m € C"?([ 1,1)). Suppose that the homogeneous equation (4.1) possesses only the
 trivial solution in £2° that is, (H, +mL, + K)~1({0}) N £2° = {0}, and that a function
g € L2, is given. Assume that 0 <t < s.

Then the singular integral equation (4.1) has a unique solution f in ﬁl / - Moreover, for

all su]fﬁczently large n € IN, the system (4.3) is uniquely solvable in [,1 70,8 0nd the solution
fa € LY V0.t 15 Of the form fn = v, /0 for some v, € Il, and satisfies the error estimate

1£2 = £1lie,¢ < const - n'*|lgllg,s - (4.4)

Proof. In this proof the symbol ¢ stands for a positive constant (not always the same)
which is independent of n € IN. The identity operators on the various Hilbert spaces to
be considered are denoted by I.

Step L. Let 0 < § < s. The restriction of H, ;+mL,, s to £} 70,5 18 denoted also by H, s+
mL, s for simplicity. Slnce m € C2 ([-1,1]) and d > s > 4, the operator H, s + mL,,s is
an isomorphism from [, 1/0,5 OO [, 5,6 Which can be proved as Theorem 3.3.

Step II. We shall show that (4.1) has a unique solution f € El J0,s - Lhe natural embedding

Z:L? Jovs = L%is compact because from [2, Conclusion 2.3] the natural embedding from
L3, into L3, is compact. Since K : £3 — £2 is continuous by the assumption (4.2),

the map KZ is compact, and hence its restriction to f,f’/og’a is an Lg, ,~valued compact
operator.

Now,
ind(H,,s + mL, s + K) = ind(H, s + mL, ) =0
The operator

2
=Ly,

H93+mLQ3+K ‘C’l/gs

which is inJectlve by assumption, is a surjective isomorphism. That is, (4.1) has a unique
solution f in £ V0,5 a0d

106 < I(Hpys + mLg,s + )7 - liglle,s - (4.5)

Step III. In Steps III and IV, we shall establish that the operator
I- K ‘cl/e,t = El/e,

is invertible, which will imply that (4.3) has a unique solution in £} Tort -

When 0 < 6 < s, let M, 5 denote the restriction of M, to £ ; ; then M, 5: L2 5 — L2 5
is a surjective isomorphism which can be proved as M,,s in Corollary 3.1 by using the
assumption: m € C§([—1,1]) and d > s > 4. Applying Lemma 2.4, define an operator
ALy, — L2, by |

A= (1/QH(ew), ve Ll

Let W . Lll Vot El 70,4 D€ the operator given by

Wui= AM 1 Ku, well,,.
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We claim that the operator I — W is a surjective isomorphism on £1 Vot In fact, H, ; +
mL,,; is an isomorphism from £2} 10,4 ONEO L2 , by Step I. Since K : L2 — L2, 1s compact

by the assumption (4.2), the operator H,:+ mL,;+ K is an 1somorph1ms from £}

onto £2 ,, which can be proved as in the second half of Step II. Now the identity

1/e,t
Hg,t + ng,t -+ K = (Hg,t -+ ng,t)(I - W)

=2 . .
on Lgﬂ establishes our claim.

The operator [ — K, = (I -W)+ (W — K,) becomes invertible for a large n € IV once
we show that

W = Ka)ullijg,e < en'~*lulli,. (4.6)
for every u € £ 70, and n € IN. We shall then have
17— KM < = I =) - W = Kal)™ (4.7)

provided ||(I —W)~||-[|W — K,|| < 1. This is a consequence of the usual Neumann series
argument.

Step IV. The aim of this step is to prove (4.6). To this end fix a function u € £ 1/0,¢ a0d 2

positive integer n. Let J : £; Jo,t — L2 be the natural injection. Define a linear operator
Dn:L2— L2 by

— - -1y
Dnh = (M, 1K — LZM;"L{K,)h, he ,Cg.
Using the operator A given in Step III we have
(W — Kp)u = AD,Ju.

Let A = Ju. Then
Duh = Mgy (K — LeKa)h+ (I — L) (M, — I)LEK,h. (4.8)

In view of the assumption: r > s+ 3 > s > £, apply [2, Lemma 4.4] to obtain that, if
0 <0 <s, then

I(K — LEK)hllgs < en® IR, (4.9)
Letting § =t in (4.9) we have

1M, (K — LEKa)hlg,e < en®*[| M1 - [1Bl, (4.10)

On the other hand, from [2, Theorem 3.4] which requires the assumption (4.2) and s > z,
it follows that '

lv = L&vllet < enlvlys, v E ['z,s' (4.11)
From (4.9) with d = s, we derive

”LrngnhHQ,s < C”h”g-

15



This together with (4.11) gives
I —L8)(Mg5 — DLEKRhlls,e < en' || My — I - (IRl (412)
It then follows from (4.8), (4.10) and (4.12)‘ that |
IDabllg,e < en'=* (1Ml + 1755 — IIDIIAI, - (4.13)
Therefore we have
I(W = Ka)ullijpe < 1A [1Dadullg,e < en®*IANIMgl + 1M575 = IDITI - el

which implies (4.6).

Step V. Since (4.6) holds for every n € IV, there is an N € IV such that J — K, is
invertible wherever n > N, as observed in Step IIL. Let b = sup,5y ||(I — K»)*|| which
is finite by (4.6) and (4.7). Fix a positive integer n satisfying n > N. Let

Foim —(I — B)? BH(QL,%M;},Q)]

which is the unique solution of (4.3). As noted before, f, = vn/p for some v, € II, by
applying Lemma 2.4. It is easy to see that ‘

ho=f = - R (~3H(gMk0) - (7 - o)
= (I - K.) ' A[(I - Lg)M, g — Do J f].
By (4.11) we have
(T~ LM gl < ent || M kgl e < en' MR- Nlglley - (4.14)

Substituting Jf for h in (4.13) gives that ||Dp,Jfl|,,: < en®~%||J f|l,. It then follows from
(4.5) that '

IDnJfllge < en'=*||TN| - (Hp,s +mLg,s + K) 7 - llglle,s - (4.15)
From (4.14) and (4.15) we finally obtain

1 = Flli/ge < N = Ka)7HI- AN — LE)M Sgllo,t + | Dad flie,)
< Bl Af[(en’*llglle,s) |

wherever n > N. Thus we have established the error estimate (4.4). O

Remark 4.1 ([29, Section 4]). The homogeneous equation (4.1) has a unique solution
f € L2 satisfying

1
f fdr=nrC
« 21
with given C € R if k and m fulfil the estimate

B < (1+ay/|m],) (4.16)
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where

1 1

2B = [ [ Ik(z,5) (1 - 1) 2(1 — o)/ dyds

- /1 {/1 k(z,y)(1 - y?)~1/2 dy] (1-2z?)2dz

and

az[ sup a(x)} [ inf a(:z:)]_l.

—1<z<1 —-1l<z<1

If (4.18) is fulfilled then the general solution f € L2 of (4.1) satisfies the estimate

A2 < (L= (2 avAllmll) Bl + av/Aliml) gl
+[CI(allmlpln2 + (1 + ay/limll) 14ll)]2 + 7|CP

where 1

ha) =1 [ k)1 - ay.

21

By taking into account Theorems 3.1 (ii) and 3.3, the following assertion can be proved
in a similar way to Theorem 4.1.

Theorem 4.2 Let w = o. Suppose that (3.10) does not hold and the homogeneous equa-
tion (4.1) possesses only the trivial solution in L%. Further, besides the assumptions (4.2)
with s > 5 Laondr>s + = suppose that d is the smallest integer satisfying d > s and that
m e C’d([ ,1]). Assume that a function g € L2 , is given and 0 < t < s.

g,8

Then (4.1) has a unigue solution f in (1/0)L},, ,. Moreover, for all suﬁ‘icientl@ large

n € IN, the system (4.3) is uniquely solvable in (1/0) L3 1/0,¢ Such that the solution f, is of
the form v, /o for some v, € IT,, and the error estimate

o = Flijos < const - n*~lgles

holds.

Note that if ¢ > % then the following estimates hold:

sup 1/o(z)|u(z)| < const - ||ully/e: if u € £1/Qt (4.17)
and ‘
sup v1—z|v(z)| < const - anl/, ¢ ifvel},,, (4.18)
—-1l<z<1 .

(see [25, Theorem 7] and [7, Equation (35)]). Thus the estimates of Theorems 4.1 and 4.2
imply error estimates with respect to weighted uniform norms. More precisely,

sup |fa(2) — f(2)| < comst - nllglly,e (4.19)
-1<z<1 e
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for all ¢ € (271, s) under the assumptions of Theorem 4.1, and

sup vI—z0(2)|fa(z) - £(z)] < const - n¥~*|lglo.s (4.20)

—-1<z<1

for all £ € (271, s) provided the conditions of Theorem 4.2 are satisfied.

Indeed, assuming ¢ € (277, s) we obtain from (4.18) that
_sup V1=z0(z)|fa) — f(2)] < const- [lo(fn = flls/ee (4.21)
= const - [[fn = fll1/s,¢ -

Thus (4.20) follows from (4.21) and Theorem 4.2. Similarly, (4.19) follows from (4.17)
together with (4.4).

Remark that (4.3) can be considered as an alternative numerical scheme to the well known
collocation method where an approximate solution f, of Equation (4.1) is sought in the
form f, = v,/w, where the unknown polynomial v, € II,, is determined by the equation

(Hy + L¥mL, + L¥K,) f, = L¥g. (4.22)

For the method (4.22) the error estimates of Theorems 4.1 and 4.2 hold, too (see [2] for
the case of constant m; for m € C}([—1, 1]), the proof is similar to that of Theorem 4.1).
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