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The weighted energy-dissipation principle and evolutionary
I'-convergence for doubly nonlinear problems

Matthias Liero, Stefano Melchionna

Abstract

We consider a family of doubly nonlinear evolution equations that is given by families of convex
dissipation potentials, nonconvex energy functionals, and external forces parametrized by a small
parameter €. For each of these problems, we introduce the so-called weighted energy-dissipation
(WED) functional, whose minimizer correspond to solutions of an elliptic-in-time regularization of
the target problems with regularization parameter J. We investigate the relation between the I'-
convergence of the WED functionals and evolutionary I'-convergence of the associated systems.
More precisely, we deal with the limits § — 0, ¢ — 0, as well as § + & — 0 either in the sense of
I'-convergence of functionals or in the sense of evolutionary I'-convergence of functional-driven
evolution problems, or both. Additionally, we provide some quantitative estimates on the rate of
convergence for the limit € — 0, in the case of quadratic dissipation potentials and uniformly
A-convex energy functionals. Finally, we discuss a homogenization problem as an example of
application.

1 Introduction

In this text, we discuss an abstract convergence result for solutions to a family of doubly nonlinear
equations depending on a small parameter ¢ > 0

dvpe (@) + 0¢-(u) > g-(t),  u(0) = u. (P.)

Here 1 denotes the time derivative of the unknown u : [0,7] — H, where H is a reflexive Banach
space. The evolution is driven by a dissipation functional ¢ : H — [0, c0), assumed to be convex
and Géateaux differentiable, by an energy functional ¢. : H — (—00, oo] with a suitable notion of
(sub)differential O¢. (see below), and by time-dependent external forces ¢ — g.(t).

The abstract system can describe a variety of different dissipative problems in a large number of
applications from mechanics to thermodynamics, from population dynamics to finance, just to mention
a few. Problems of this type have been studied by several authors, and we refer to [Col92, [CV90, 082]
and the references therein for a survey.

The parameter € > 0 can have different origins: In real world applications often the problem’s data
are affected by errors or a mathematical model might be too complex such that one is interested in
simplifying it without loosing key features. This is the case for example in homogenization problems,
where fast oscillations of the coefficient, describing the physical microstructure, can be removed with
a limiting procedure to obtain an effective macroscopic model. In this sense, the parameter € can be
understood as a ratio between micro- and macroscopic scales in the system. In other applications, €
might be given by a numerical approximation denoting for example the fineness of the grid.

A natural question is whether solutions to are stable with respect to the these perturbations. In
other words, is it possible to prove convergence of the solutions to to solutions of an effective
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M. Liero, S. Melchionna 2

equation assuming convergence of the energy and dissipation functionals and of the data in some
proper sense? This question has been formalized in the notion of evolutionary 1I"-convergence (E-
convergence) introduced by Mielke in [Mie16] for the case g. = 0: We say that a system (¢q, ¥, go) is
the evolutionary I'-limit of the system associated with (P.), if the convergence of the initial data implies
that limits of the curves ¢t — u.(t) are solutions with respect to (¢, 1o, go). Sufficient conditions
for evolutionary I'-convergence of dissipative problems have been provided in terms of I'- and Mosco
convergence of the corresponding dissipation and energy functionals, see e.g. [SS04]. In particular,
the convergence results in the survey paper [Mie16] are based on two equivalent formulations of
(P.): (i) the energy-dissipation principle formulation (EDP formulation) and (ii) the formulation as an
evolutionary variational inequality (EVI formulation) in the case that ¢. satisfies a uniform A-convexity
property. The EDP formulation is written in terms of a scalar balance between the final and initial
energy and the total dissipation, which in turn is written as sum of the primal and dual dissipation
potentials, where the latter is given by the Legendre transform of ¢).. The E-convergence result then
follows from proving a lower I'-limit for the involved functionals and establishing that the resulting
dissipation functional has again a (g, 1§}) structure. In contrast, the EVI approach exploits the uniform
A-convexity of the energy functional ¢., which might not be satisfied in certain applications.

Our approach to E-convergence is based on a variational formulation of using the so-called
Weighted-Energy-Dissipation (WED) principle, see e.g. [AS14, IAS16, IAM17]. Given a target evolu-
tionary problem, the WED principle consists of two steps: First, a global parameter-dependent func-
tional I&g, defined over entire trajectories, is proved to admit minimizers. In the case of the WED
functional has the form

Z.s(u) = /0 o t/0 (¢a(u) + %gbg(u) - % <gg(t),u>H> dt. (1.1)

These minimizers solve an elliptic-in-time regularization of the target problem, i.e. in the case of
as target problem,

5 + vl + 00.(u) 3 g(1) ae.in (0.7),
w(0) = o, Sdy(il(T)) = 0.

(Pes) (1.2)

Second, minimizers (i.e. solutions to (1.2)) are proved to converge, up to subsequences, to solutions
to the target problem, as the parameter o goes to 0. Since solutions to depend on the future,
note in particular the final condition in (T.2), causality is lost for & > 0. Thus, the limit 6 — 0 is usually
referred to as causal limit.

The WED principle, originally proposed by limanen [IIm94] (see also [LM68]), has been brought to new
attention by Mielke and Ortiz [MOQ8] in the context of rate-independent systems. Later, many authors
widely extended the theory, especially concerning the range of applications, i.e. the target problem
considered. The gradient flow case with \-convex potentials has been studied by Mielke and Stefanelli
[MS11]. Akagi and Stefanelli have extended the theory to the genuinely nonconvex case for gradient
flows [AS16] and to convex doubly nonlinear systems [AS14]. Moreover, an analogous approach has
been applied to some hyperbolic problems, e.g., the semilinear wave equation [LS13b, IST12, |Ste11],
and to Lagrangian Mechanics [LS13a]. Recently, nonpotential perturbation problems have also been
considered [Mel17,|IAM17].

The interest in such a variational approach lies in the fact that variational methods for evolution equa-
tions allow to apply tools and technique of the calculus of variation in the evolutionary setting. This is
indeed the spirit of this work, where we want to study evolutionary 1'-convergence (see below for a
discussion) of equations, by looking at I'-convergence of the associated WED functionals.
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The WED principle and E-convergence for doubly nonlinear problems 3

Throughout this paper, we assume that ¢. can be decomposed into the difference of two functionals,
namely ¢. = ¢! —?, where !, p? : V — (—o00, 00| are proper, lower semicontinuous, and convex
functionals on a Banach space V' C H with goi dominating gog in a suitable sense. This will allow us to
define J¢. as the difference of the convex subdifferentials O} and O? (see Theorem for a more
rigorous definition). These assumptions along with suitable uniform growth conditions for cpé, gog, and
1. yield the well-posedness of the WED principle for fixed € > 0.

A first question, that we answer in this paper, is whether the WED procedure is stable under these
perturbations, or, in other words, whether the WED functionals Z; . converge to Z;, under some con-
vergence assumptions on the functionals 1., ¢., and on the data ug and g.. Indeed, assuming static
I"-convergence of the energy functionals ¢., and continuous convergence of 1. along strongly con-
verging sequences in H (see Subsection (2.2)), as well as the convergence of g., ug in a proper
sense, we prove I'-convergence of the corresponding WED functionals (for 6 > 0 fixed). Note that
I"-convergence is a natural notion of convergence for functionals, as it implies convergence of mini-
mizers. In particular, I"-convergence of the WED functionals implies evolutionary I'-convergence for
the elliptic-regularized problems (1.2). Our proof is based on using time-discrete approximations of
curves t — u(t) to obtain the lower lim inf estimate and to construct recovery sequences.

Second, we consider the joint limit 6 + ¢ — 0 and show that solutions to the elliptic regularized
and perturbed problem, i.e. (1.2), converge to solutions to the target problem with € = 0. Here
we exploit the uniform growth conditions posed on the functionals to derive the necessary a priori
estimates. Let us remark that the I'-limit of WED functionals for & — 0 is highly degenerate (intuitively
it is just a constraint on the initial condition). Thus, the limit 6 + ¢ — 0 is meaningful only at the level
of equations and not for functionals.

Finally, we address the question of obtaining explicit convergence rates for the I'-convergence of
the WED functionals. Here we restrict ourselves to the case of quadratic dissipation potentials ).
and uniformly \-convex energy functionals ¢.. Assuming to have some information on the rates of
convergence for a good recovery sequence of the static functionals, we deduce rates of convergence
for the minimizers of the corresponding dynamic WED functionals. To the best of our knowledge, the
strategy we use in our proof is new. It is based on a simple abstract result (cf. Lemma which
describes sufficient conditions for having quantitative estimates in I"-convergence problems and time-
discrete approximations.

We note here that a related result has been obtained in [AS14]. More precisely, the authors proved
Mosco convergence of the WED functionals in the case gpg = (0 and g. = 0 assuming Mosco con-
vergence of goé in X and of 9. in H. In contrast to our approach, it is required that a strongly in X
converging joint recovery sequence for the static dissipation and energy functionals exists and that
the well preparedness of initial data is satisfied. The latter is also necessary in the EDP approach in
[Mie16] and means that in additions to u — v in H also ¢.(ul) — ¢o(ud) holds. Note that our
result is more flexible since weaker conditions are assumed. In particular, we do not need to assume
the existence of a joint recovery sequence for the dissipation and energy functionals. This sequence
will be constructed by taking advantage of the coercivity of the energy functional in X and by us-
ing the continuous convergence of the dissipation functionals in H. Moreover, weaker assumptions
on the ['-convergence of the energy functionals allow us to deal with a much larger set of applica-
tions, namely families of gradient flows driven by I'-convergent (but not necessary Mosco convergent)

energy functionals (cf., e.g., the homogenization example in Section [4).

The paper is structured as follows. In Section [2| we introduce the abstract setting for the WED
principle and the evolutionary I'-convergence and formulate the main results. In particular, we collect

DOI 10.20347/WIAS.PREPRINT.2411 Berlin 2017



M. Liero, S. Melchionna 4

all assumptions on the dissipation potentials, energy functionals, and data that guarantee the well-
posedness of the WED principle for fixed parameter ¢ > 0, hereby relying on the results in [AM17]
(see Subsection . Next, we fix conditions on the convergence of the “static” functionals ¢. and
1. (Subsection that allow us to proof the evolutionary I'-convergence of in the setting of the
WED principle and to obtain explicit convergence rates for the latter, see Theorems and as
well as Theorem The proofs of these results are collected in Section 3] Finally, in Section |4, we
discuss the example of deriving the homogenized limit for a nonlinear parabolic equation with rapidly
oscillating coefficient functions.

2 Preliminaries and main result

In this section, we recall the basic framework of WED functionals and present the main results of this
paper whose proofs are postponed to Section [3| We refer to [MS11), |IAS14] for more details on the
WED principle.

2.1 The WED principle

Let H and X be reflexive Banach spaces such that we have the dense and compact embedding
X C H.On H we consider a convex dissipation potential ¢ : H — [0, 00), which is assumed to be
Gateaux differentiable. In particular, we denote by diy)(v) € H* the Gateaux differential for v € H.
The energy functional ¢ : H — R, := R U {400} is assumed to be of the form ¢ = ! — ?,
where @1, gpz : H — [0, 0o] are proper, lower semicontinuous, and convex functionals with domains
D(¢"), i = 1,2. To include the work of the external forces g.(t) € H* we introduce the augmented
energy functional 5: [0,T] x H— R, by setting

¢(t>u) = (b(u) - <g<t)7u>H- (2.1)

We impose the following growth assumptions on the dissipation and energy functional which are in ac-
cordance with [AM17]. In particular, we refer to [AM17, Remark 1] for a discussion of the assumptions.
Letp € (1,00) and m € (1, 00) be fixed. We assume, that there exists a constant C' > 0 such that

(A1) |o|[%, < C(¢(v) + 1) forallv € H, (2.2a)
(A2) lully < C(p'(w) +1) forallu € D(p"). (2.2b)
In particular, we have that D(¢') C X and we will denote the restriction of ! to X again by ¢'.
The (convex) subdifferential with respect to X of ¢ in u € X is denoted by dx¢’(u) C X* and

its domain by D(9x¢"). The element in dx¢'(u) that realizes the minimal X *-norm is denoted by
(Ox¢'(u))° € X*. We assume that

(A3) HUIH?: < C(|lully +1) forallu € X andn' € Ox¢'(u), (2.3a)
(A4) [de ()15 < C(Jvllt, +1)  forallv € H, (2.3b)

where m' = m/(m—1) and p’ = p/(p—1) are the dual exponents.

DOI 10.20347/WIAS.PREPRINT.2411 Berlin 2017



The WED principle and E-convergence for doubly nonlinear problems 5

Additionally, as in [AS16, /AM17] we make the assumption that there exist € (0, 1) and ¢ > 0 such
that we have

(A5) ©*(u) < K(p*(u) +¢) forallu € D(p"), (2.4a)

' forallu € D(Ox¢")

p < 1 .
e <c(et(u)+1) and 1 € Op?(1). (2.4b)

(A6) [za

Note that due to the domination assumption (2.4a) we can exclude the ambiguous case oo — oo in
the definition of ¢ = ! — ? by setting

o(u) = { o (u) — 9? (1) ifue D(ph),

o0 else.

Finally, for the external forces and the initial data we demand that

(A7) ge LP(0,T;H*) and (A8) u’ e D(ph). (2.5)

For a given time horizon 7" > 0 we define the set of admissible trajectories
K@) :={ueW"(0,T; H)NnL™0,T; X) : u(0) = u’}

and introduce for a (fixed) constant § > 0 the Weighted-Energy-Dissipation functional (WED func-
tional) via

L) = { fOTe—W(w(u)OO + 10t w)) at i;:ee K(u0), 26

The WED principle is concerned with finding a minimizer us € IC(uO) and passing to the limit 6 — 0
to recover a solution u of the original doubly nonlinear equation. In particular, in [AM17] the following
result was proven.

Theorem 2.1 (Akagi—Melchionna [AM17, Theorem 13]) 1 Assume that (A1)—(A8) are satisfied.
Then for every > 0 sufficiently small the WED functional Zs defined in admits at least one
global minimizer us € K(u). Furthermore, every local minimizer us; solves in the strong
sense, i.e. there exists 1y € L™ (0,T; X*) andn? € L¥ (0, T; H*) withn} € Ox¢'(us) and
n? € Ogp*(us) such that

—0& + & s —my = g(t),  inX"ae.in(0,T), 27
and us(0) =u’,  8&(T) =0, '
where £5 = du) (1) satisfies &5 € LY (0,T; H*) and &5 € L™ (0, T; X*) + LY (0, T; H*).

2 Moreover, up to subsequences, us — u weakly in W20, T; H)N L™(0,T; X) and strongly
in C([0,T; H) to a solution u to

E4+n' —n?=g(t), inX* ae in(0,T),and u(0) =u’ (2.8)

with € = do(u) satisfying¢ € LP' (0, T; H*) andn' € L™ (0,T; X*) andn? € L” (0,T; H*)
withn' € Ox ! (u) andn? € Ogp?(u).

We easily see that limit problem (2.8) can be formally recovered by setting 6 = 0 in (2.7).
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2.2 TI'-convergence of the WED functionals

Let us now consider a family of WED functionals Z; . which in turn is induced by families of dissipation
and energy functionals ). and ¢. and external forces ¢g. as in depending on a small parameter
e > (0 describing e.g. the ratio between microscopic and macroscopic length scale. In the following
theorem we provide sufficient conditions on the convergence of the dissipation and energy functionals
and of the external force to limits g, ¢o, and go, respectively, that guarantee the I'-convergence of
the WED functionals Z; . to the limiting WED functional Zs .

In particular, we shall assume that the energy functionals ¢. = 4,0; — (pg converge in the following
sense:
T o Ll inH, (T2 ¢ - ¢ weaklyin X. (2.9)

Here, « M denotes Mosco convergence (I'-convergence with respect to the strong and weak topol-

“ C ” H H 2 2 0 H
ogy) and “——” means continuous convergence, i.e. ©2(u.) — @§(u’) for all sequences with u. —
u® weakly in X. In particular, in the case of uniform coercivity of ! on X the convergence in (I'1) is

equivalent to goé L goé weakly in X, see e.g. [Mie16, Prop. 2.5].

Additionally, for the dissipation potentials ). we assume that

(r'3) . N Yo strongly in H. (2.10)

On the forcing terms we impose

(T4) g. — go weaklyin L (0,T; H*). (2.11)

Finally, we demand that the initial values ug yield energies that are finite and uniformly bounded in ¢,
i.e. there exists a constant C' > 0 independent of £ such that

(I'5) ¢.(ul) < C. (2.12)
In particular, given the uniform coercivity of <p§ in X it is natural to assume that
u? — u® weakly in X (strongly in H).
Theorem 2.2 (I'-convergence of WED functionals) Let us assume that !, ©2, 1., and g. satisfy

the assumptions (A1)—(A8) with C, ¢, k, p, m independent of ¢ as well as the convergence conditions
(I'1)~(I'5). Then, the WED functionals

po [ e (Vi) + -t ut) ) dt iru € K(w2),
. 00 else,
I"-converge to

. { Jy e (olalt) + 3ot u(v)) ) i ifu € K(u°), 013

o0 else,

in the weak topology of W' (0,T; H) N L™(0,T; X).

In particular, letwj . be a minimizer of Ts ., then, uj . — wj weakly in W'*(0,T; H) N L™(0,T; X)
and strongly in C' ([0, T']; H), where u} is a minimizer of Zs .
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The WED principle and E-convergence for doubly nonlinear problems 7

The following generalization of the previous result to e-dependent time intervals and weight functions
in the definition of the WED functionals is straightforward.

Corollary 2.3 (s-dependent weights) Let the assumption of Theorem|[2.2| be satisfied. Moreover, let
T. /T < oo,andlete.s : [0,T.) — [0,00) be a family of L™ functions uniformly convergent to
t — e~'/° for fixed 6 > 0. Then, the WED functionals

00 else,

Ts-(u) = { fOT e=5(t) X0, (1) <¢5(u(t)) + %&e(@u(t))) dt ifu € Kr.(u?),

where
Kr, (u?) = {u € K(u?) : u is constant in [T,, T},

I'-converge to Zs 3 defined in (2.13) in the weak topology of WP (0, T; H) N L™(0,T; X).

Since minimizers of the WED functionals solve elliptic-in-time regularized problems, namely the asso-
ciated Euler—Lagrange equations, we immediately deduce evolutionary I'-convergence in the sense
of [Mie16]. More precisely, we have the following.

Corollary 2.4 (Evolutionary I'-convergence of the elliptic-regularized problems) Let the assump-
tions of Theorem[2.2 be satisfied. Then solutions to the problem

55 i) + i) + D0.(u) 3 g.(1) ae.in(0,7),

(Pé,s)
u(0) =Y,  ddu.(W(T)) =0,
converge (up to subsequences) to solutions to
d . . .
—0—dtpo(n) + deo(@t) + Opo(u) 3 go(t) ae. in(0,T),
dt (Ps,0)

u(0) =",  Sdepo(u(T)) = 0.

Note that both equation and admit in general nonunique solutions. Thus, evolutionary I'-
convergence has to be interpreted in the following sense. For all ug, there exists a solution u, to 1i
such that {u.} converges, up to subsequences, to a solution u to . (Of course in Corollary
we choose u, = ugs and u = u;o, i.e. the minimizers of the WED functionals). Moreover, solutions
to both and are intended in the strong sense defined in Theorem|[2.1

2.3 The joint limite +~0 — 0

The crucial question now is whether it is possible to consider the joint limit ¢ + 0 — 0. The main
result in this section states that minimizers u; . of the WED functional Z;, i.e. strong solutions to
, converge (up to subsequences (dx, <) — (0, 0)) to solutions to the target problem (2.8). We
remark that the limit d +& — 0 is meaningless in the sense of I'-convergence of the WED functionals,
since the I'-limit of Z . for & — 0 is highly degenerate, see [MOO08, Sect. 4.3], and provides only little
information on the limiting solutions.

The following theorem combines the convergence results of Theorems[2.1]and
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Theorem 2.5 With the same assumptions as in Theorem|[2.2] let u; 5 denote a minimizer of the WED
functional Z. 5. Assume additionally that for e > 0 we have g. = g} + g2 with

gl e WH(0,T; H*) and g} — g} weakly in WP (0, T; H*), (2.14)
g2 — ga strongly in Lp'(O, T;H"), (2.15)

and well preparedness of initial data, i.e.

o-(ul) — o(u). (2.16)

Then, there exists a subsequence (e, 0x,) such that €, + 0, — 0 and ul s, — u, where u is a
solution of the doubly nonlinear equation (2.8) (with 1) = 1)y, ¢ = ¢o, and g = go).

Let us now briefly comment on the assumptions (2.14)-(2.16).

Remark 2.6 Note that the stronger assumptions in Theorem [2.5 are not needed in Theorem [2.2]
i.e. they are not necessary for the limit passage ¢ — 0 with 6 > 0 fixed. However, although the
assumptions (2.14)-(2.16) refer to the convergence of the data for ¢ — 0 they are fundamental for the
limit 6 + ¢ — 0.

Indeed, the limit 0 + ¢ — 0 is computed at the level of the equations and not for the functionals
Ls,.. To compute this limit we first derive uniform estimates on each term in (Ps ). Note that this can be
done just with the assumptions of Theorem|2.1] These uniform estimates sulffice to extract converging
subsequences and to pass to the limit in each term of equation . The next step is to identify the
limits of the nonlinear terms, in particular, to prove lim. o dy. (w5 ) = dipo ().

By taking advantage of the convexity of the dissipation potential 1)y, we only have to prove an up-
per estimate on lim sup,_,, <d¢a(u§,€), u§’€> i see (3.25). Since our estimates provide only weak
convergence of both dv). (i1} ) and it} _, we substitute dy. (i) by using equation (Ps.). As a con-
sequence we have to handle the two terms (¢.(uj3 ), U5 ) ,, and (g, u;_) .. We can pass to the
limit in the first by integrating by parts and using the well preparedness of initial data and in
the second by virtue of (2.14)-(2.15). Note that this procedure is necessary only in the case that the
term d1). is nonlinear. In the case of quadratic dissipation potentials there is no need to additionally
assume (2.14)-(2.16), and the statement of Theorem 2.5 holds true under the same assumptions of
Theorem[2.2] in particular, without assuming well preparedness of initial data.

2.4 Convergence rates

Assuming some quantitative estimates on the rates of the I'-convergence for the static functionals
¢. and 1. is it possible to derive quantitative estimates on the rate of I'-convergence for the corre-
sponding WED functionals? In particular, can we estimate the rate of convergence of the minimizers
Hu38 — “E,OH in some norm?

We give a positive answer in the case of quadratic dissipation potentials ). and A-convex energy
functionals, since stronger estimates on the time derivative of the minimizer of the functional uj
are available, which provide H? regularity (cf. [MS11]). Moreover, in the case of nonconvex energies
minimizers of WED functionals are not unique. Thus, quantitative estimates on convergence rates
seem out of reach in this case.

We assume that p = 2, H is a Hilbert space with scalar product (-, -) g, and that for all ¢ > 0, v,
is quadratic such that ¥, (v) = 3(A.v,v)g with A. € Lin(H, H) symmetric and positive definite.
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The WED principle and E-convergence for doubly nonlinear problems 9

Moreover, we assume c,o? = 0, but we relax the convexity assumption on ¢.: here we assume ¢. to
be A\-convex, i.e.

A
o (+) — B ||-||3, is convex forall e > 0 and A € R,

where A is independent of ¢.

Given a nonconvex functional ¢ : H — R, we recall that its Fréchet subdifferential 0%, ¢(u) C H is
defined as

v e dyp(u) iffue D(¢) and liminf o(w) — $u) — (v, w—u)m

> 0.
wu lw—ullm

In the case that ¢ is \-convex, we can identify 9% ¢(u) = dg¢*(u) + Au, where ¢*(u) = ¢(u) —
A||ul|%/2 is convex. In particular, we have D(¢) = D(¢) and D(9%¢) = D(9x¢™). Thus, to
simplify notation we will also write O ¢ for the Fréchet subdifferential of the \-convex functional ¢.

Let us assume that there exists a space B such that H C B C X, and a positive constant C' and
such that

Note that in concrete applications the space B is typically an interpolation space between H and X
(see e.g. Section[4).

(O |H1(07T;B) < (Cforalle > 0. (2.17)

Let R. : D(¢o) — D(¢-) be the recovery operator for the energy functionals ¢. M, oo in H,
namely

Vu e D(gg): limR.(u) =u stronglyin H and  lim @.(Rc(u)) = do(u).
e—0 e—0
We assume there exists 72, r2%¢ r?% > ( with lim. 72 = lim. 72¢ = lim.r?¥ = 0, a non-
decreasing function ¢ : [0, 00) — [0, 00), and a positive constant C', such that

1/2

(R1) |Rv — vl < 2 E(|vlly) + lvl%) " forallv € X, (2.18)

A A m
B2 G.(h) — S IR0}y < do(w) = 5 ol + 2 (elwll ) + ol + )

forallv € D(¢g) and n € Oy (po(v)), (2.19)
(R3) (e () = o(0)] < Clloll g + vl ) llve = oll + 2 o]l
forallv, € Handv € B. (2.20)

Furthermore, we assume that there exists an operator S, : D(¢.) — D(¢y), rates 7S, rS¢ rS¥ >
0 with lim. S = lim.rS? = lim.r®¥ = 0, a nondecreasing function, again denoted by ¢ :
[0,00) — [0, 00), and a positive constant C', such that

(R4) 1602 —velly < 7 (C(||vell ) + vl™)? forall v € D(¢.). (2.21)

A A m
(R3) ¢0<66U€) ) ||68U6||§{ < ¢a(va) D) ||Ua||12q + 74567(]j (€(||Ua||H) + ||U€||X + ”776”?{)

forall v, € D(¢.) and 1. € (Op . (ve), (2.22)
(R6) [0 (v2) = Yo (v) < Clloll g + vl ) [lve = vll + S [Jve]f5
forallv, € Bandv € H. (2.23)
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Finally, we assume that g. € H'(0,7T; H) and that there exist C' > 0 and rates 7%, r¥ > 0 with
lim, r¢ = lim, r? = 0 such that

(R?) |9 — goll 20y <72 and  (R8) |ju — ||, <7l (2.24)

In Section 4] we will discuss a typical example for the developed theory, namely, the homogenization
of a parabolic equation. Since the operator &, will be used to smooth out oscillations coming from the
microstructure, we will call it smoothing operator from now on.

Theorem 2.7 (Convergence rates) Let (R1)-(R8) be satisfied and let u;E and ujg,o be the minimizers
of Ls . andLs o respectively. Then, there exists a constant C' depending on 6 and on the problems data,
but independent on ¢, such that

* * 1 2 3 1/2
‘ Use — Us ’LQ(O,T;H) <C (105 + (pe + pe) ) ’
where
1/2

= e (2

P :T?‘FP%RC“’TS+T?’¢+T?’¢+Tg+7‘§—1—7“?/75}‘4—7“2,

Pg:7”56+Pf:ec+7’2+7‘€6’¢+Tf’¢+Tf+r§+rf/7f+rg,
and

T?:argmin('rg{/T—i-Tlﬂ—i-T) and Tf:argmin(rf/T—l—Tl/z—i-T),
T T

Note that, analogously to Theorem[2.2] (where 0 is fixed), Theorem [2.7|does not require well prepared-
ness of initial data.

3 Proof of the main results

In this section we collect the proofs of the main results of Section

3.1 Proof of the I'-convergence of the WED functionals
As usual, we divide the proof of the I'-convergence into two parts: first, we prove the liminf estimate

and then the existence of recovery sequences. Since § > 0 is fixed throughout this subsection, we
will omit it in the indices of the WED functionals, etc.

Proposition 3.1 Letu. — u weakly in W'?(0,T; H) N L™(0,T; X), thes,

liminf Z_ (u.) > Zo(u).

e—0

Proof. Note that, as a consequence of the Mosco and continuous convergence of gog and gog, respec-
tively, in (2.9), and of the coercivity condition in (2.2b), we have the Mosco convergence ¢. M, [0)
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The WED principle and E-convergence for doubly nonlinear problems 11

in H. Consider now a sequence satisfying u. — u weakly in W'r(0,T; H) N L™(0,T; X). In
particular, by standard embedding results we also have

ue — u strongly in C'([0,T7; H). (3.1)

Thus, from the Mosco convergence of ¢, and the Fatou Lemma it follows that

T T
lim inf / 3 (un(t)) dt > / o3 gy (u(t)) dt,
0

e—0 0

see also [Ste08]. Moreover, thanks to (2.11) and to the strong convergence (3.1), we have

lim [ e7° (g.(t),uc(t)), dt = /0 e 2 (go(t), u(t)),, dt.

e—0 0

We focus now on the dissipation part. Fix N € N, N > 2 and set 7 := T'/N. By using convexity of
1., Jensen’s inequality yields

T N T
, dt
lin nf /0 e 0y, (u.) dt > ligglf;e_’T/5T /( N @z)g(ug)?
> lim ian:e_”/‘swE (/ ag—) , (3.2)
e—0 i—1 (i*l)T T

where we used e "7/9 < e~*/% fort < it in the estimate. Thus, exploiting the continuous convergence
of ¢, in (2.10) and to (3.1) we can pass to the limit ¢ — 0 to arrive at

S ey, (ugw —u5<<z'—1>7>> :ie”/% (u(h) —u((z’—l)T)). 03

e—0 4 T T
=1

Let us denote by 1, the piecewise affine interpolant of the nodes {u(i7)}Y_,. We easily check that
44, — i weakly in LP(0,T; H) for 7 — 0. Moreover, for (i—1)7 < ¢ < 47 we can estimate

exp(t—iT) > exp(—7) hence

N

‘ S . T d
Zeﬂr/aﬂpo (U(”) u((d UT)) dt > er/é/ e /04, <Eﬁ7) dt forall 7.
T 0

i=1

Since ) is lower semicontinuous and convex, we can pass to the limit 7 — 0 to arrive with (3.2) and
(3.3) at the liminf inequality. m

Next, we construct recovery sequences for Z. 5. Here, we use a density argument.

Proposition 3.2 For every u € lC(uO) and there exists a subsequence €, — 0 and a sequence
ue, — u strongly in WP(0,T; H) and weakly in L™ (0, T'; X)) such that

lim 7., (u.,) = Zo(u).

er—0

Proof. Our proof follows the lines of [AST1], Thm. 7.2]. Let us start by assuming that u € K(u®) N
CH([0,T7]; X) (recall that v’ € X). We fix N € N, set 7 = T'/N, and define the nodal values
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u' = u(it) € X, fori = 0,..., N. Let 4., and U, be the piecewise affine and piecewise forward

constant interpolants of {u’ }¥ defined via

Ur(t) = oal(thu; + (1—ai(t))u .
D) = ! fort € [ir, (i+1)7), (3.4)
where o’ (t) =1 — (it — t)/7.
Since u € C*([0, T|; X) it follows that
U, — u strongly in W*°(0, T'; H), (3.5a)
U, — w strongly in L>(0,T; X). (3.5b)

In particular, by the continuity properties of the functionals ¢, and 1), we immediately obtain the
convergence of the limiting WED functional

Zo(u,) = Zo(u) for 7 — 0 (3.6)
and (see [AS11] Sect. 6.1.2]

7

N1 e(it1)r il .
ZOEDY / e (wo (—“) ¥ o) - §<go<t>,m<t>>ﬂ> dt + by,

=0 1T

T —t/
where hflr = /0 . 5 : <¢0(a7) - ¢0(ﬂ7’)) dt.

Indeed, using the convexity of § and choosing 1" € dxpl (ul) and n?* € dx % (ul) we arrive
at the estimate

N-1  G4+1)r o t/8 ‘ . A
s> [ S (kO - ) + ) - (@ 0) d

i=0 Vit
<Ot e + I e et = il
i=0

Hereafter, the symbol C' will denote a positive constant independent of 7 and . By using (2.3a) and
(2.4b), and convergence (3.5b), we estimate

el =+ [l . < €

Thus, we obtain il — 0 for 7 — 0.
We now build a recovery sequence for the WED functional Z. s and u € K(u®) N C*([0, T); X). The
strategy is to discretize the time interval and to interpolate between the recovery sequences for the
energy functional at each node. To unify notation, we define ugﬁ = ug. Due to (2.9) and the coercivity
of ¢. in X we find sequences ui,e forevery i € {1,..., N} such that

ul, —ulweaklyin X and  @l(ul.) — @g(ul).
Note that ! . — u’ strongly in H. Thus, thanks to (2.9) and (2.10), we have

ul  — it ul —ul!
Ve (u) — o (%) foralli € {1,..., N},

-
@2 (ul.) = ¢p (ul) foralli € {0,..., N},
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Let ﬂm and u,. be the correspondent piecewise affine and piecewise constant interpolants as in
(3.4). Thus, for 7 still fixed we obtain the convergences

Uy — u, weakly in L™(0,7; X), (3.7)
U, . — 1, strongly in W'?(0,T; H),
Ure — U, weakly in L™(0,7; X).

We now claim that the following upper estimate holds

I.(tre) < Lo(a,) + i +72, (3.10)
where
lim hmr =0 and limr?=0.
7—0e—0 T7—0
Indeed, we compute
N-1  (G4+1)r Tl ot 1 A 1
L@¢%=§:/ %”(%(ii7—ﬁ>+5@w§5—5@amgH)&
i=0 T
N-1
1 H_l 7 [ 1 ) [
P [T (o e+ (b)) — ) at
1=0
1 — [T ot/5 (L2 (T 2/ i+1 2 3
5 Z (SOE (uT,E) — e (uT,s )) dt =: T,E + h‘r,s + h“r,s'
=0

Clearly, we have I, . — Zy(u,)+hl fore — 0. Moreover, using the convexity of ¢} and the definition
of the sequences u’. . we arrive at

(i+1)7 —t/6 ) . ) .
yyﬁq%z/ Qi (8) (i (i) — ph(uit)) dt

4mm0(wli)wx@wwm¢»m

e—0

N-1 (i4+1) —t/5 L . -
=S [ ek O(eb) - b ) d -+ lim b2,
i=1 7T =

Note that we have to treat the case ¢ = 0 separately since ug is not a recovery sequence.

Choosing 1. € dxp}(ul) we can argue as above to obtain

N-1

lim b7 < 3 C7 [l .

=0

i+1 2,2
ul — ||X—|—hmhm,

whose right-hand side tends to zero as 7 — 0. Moreover, for i = 0, thanks to (2.12) and to the fact
that p}(u,) € L*(0,T), we get

2= [ (T2 (6 () - ehtuh) di < o
0

T

Here we used (2.3a) and strong convergence (3.5b).
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It remains to show that also h’?—,& — 0ase — 0and 7 — 0. For this, note that for all ¢ € [0, 7] one
has u. - (t) — u.(t) weakly in X . Thus, as a consequence of the continuous convergence in (2.9) we
have lim. o ©? (U, .(t)) = g (i, (t)). Moreover, since t — ¢(U,.(t)) are uniformly integrable
due to (2.4a), we can apply the Vitali convergence Theorem [Rud87, Pag. 133] to deduce

\ Tt L
lim Az = 5 (o5 (@,) — pg(u.)) dt.
0

e—0

With the convergences in (3.5a) and (3.5b) as well as estimate (2.4b), we conclude that the right-hand
side vanishes as 7 — 0.

Finally, the convergences (3.8) and (2.11) give us

T T
. 7t/(5 A~ — t/5
lim e (Ger Ure)py dt /O e % (go, Ur) g dt,

which proves the claim in (3.10).

Note additionally that the sequence ﬁm is bounded in L™ (0, T"; X ) independently of 7 and &. Indeed,
without loss of generality, we can assume that uim and u’ are such that

e (ure) < pp(ur) + 1= o (u(ir)) + Loralli = {0, ..., N}
As the functionals ¢_ and ¢ are uniformly coercive in X, we have that
s < C (plub) +1) < C (wp(ulin) +2)
and hence, by convexity,

(i+1)7

HuTEHLm (0,7;X) = < Z/ (t) Hulm

< 02 / T Ll 0abulin)) + (10t (1) @ (u(i+1) 7))} i + 20T

m

+ (1—ak(®) [[us |y } at

Therefore, without loss of generality, we can assume

T
[l pm o 0y < C( /O po(u) dt+T) (3.11)

for some constant C independent of 7, €, and w.
We now show that we can extract subsequences ¢, and 7, such that the sequence defined by u., :=

U, -, satisfies the statement of the proposition. Indeed, note that

||ﬂ7,5 - u”wlm(o,T;H) < ”aT,S - aTHWLP(QT;H) + II@ - UHWl,p(o,T;H) J (3.12)

and for all for all ¢ € L™ (0, T'; X*) we find

~

‘ <C7a7'75 - u>Lm(O,T;X) ’ < ’ <C’ ﬁT,E - uT>Lm(0,T;X) ’ + ’ <Ca af - u>Lm(0,T;X) ’ (3-13)

Let {;}52 o be a dense subset of L™ (0,T; X*). Thanks to the convergences in and
estimate (3.70), we can choose € = ¢, such that

~ ~ ~ ~ 1
HuT,ef - uT“Wl,p(QT;H) <7 and ‘ <Cj7 Ure, — uT>L’m(07T;X) | <rforally < ; (3.14)
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Moreover, we can assume that 7} . < 7 with r} _ from (3.10). By using convergences (3.5a)-(3.5b}
and estimates (3.12)-(3.13), we obtain that

m [[Ure, = ullyrporem =0 and limsupZe (u-.,) < Zo(u).
70 o 70

In particular, 1, .. — w strongly in W'2(0,T; H).
It remains to show that also 4,.. — u weakly in L™(0,T; X). Given ¢ € L™ (0,T; X*), for all

a > 0 there exists j € N such that || — G| (g 7.xry < avand 7 = 7(j) with j < 1/7, 7 < «
and satisfying

~ 1
(G, ar — u>Lm(0,T;X)’ < aforalll < e
Thus, by using and (3.11), we have that
| {Cs Ure, — u>Lm(o,T;X) | =[(C =Gy Ure, — U>Lm(o,T;X) |
+ ‘ <Cja a‘r,sr - aT)Lm(QT;X) ‘ + ‘ <Cj7 ur — u>Lm(07T;X) ’
<Ca+a+a.

In particular, U, ., — u weakly in L™(0,T; X). This proves the existence of a recovery sequence
under the additional assumption u € C*([0, T]; X).

Let us now consider the general case with u € WP(0,T; H) N L™(0,T; X). We can find an
approximating sequence u,, € C1([0, T, X) with

U, — wstrongly in WHP(0,T; H) N L™(0,T; X).

Hence, Zy(u,) — Z(u). For every n let u, . be a recovery sequence for u,, as constructed in
the first step, i.e. u, . — u, strongly in W'?(0,T; H) and weakly in L™(0,T; X') and such that
lim sup,_,o Z:(une) < Zo(u,,). Moreover, we can assume that u,, - satisfies the additional require-
ment _
el oy < C0H ) + T 4 1),

Thus, it is possible to apply Lemma [5.1] and extract a subsequence uc, ,, such that u,, . —
u strongly in W1P(0,T; H) and weakly in L™(0,T; X) and such that the lim sup-inequality is
satisfied. As a consequence of the liminf-estimate obtained in Proposition [3.1, we conclude that
lim., 0 Ze, (Un, e,) = Zo(u). m

Theorem[2.2]can be now proved by simply combining the two propositions above.

Proof of Corol/ary For all u € Ky, (u?) we decompose
T ~
2w = [ casltxoa© (0.0 + 5300 ) a
— /Te—t/5 <zp () + 15 (t u)) dt — /Te—t/(S (1/; (0) + 15 (t u)) dt
0 3 5 € ) 3 &€ (5 &€ )

# [ sty =) (e + 3t ) @15

Note that, since ¢ — 1. (4(t)) + %&(t, u(t)) is uniformly bounded in L' (0, T'), thanks to the uniform
convergence of e; s to ¢ e~ t/% and to the convergence of T, we have that the second and the third
terms in (3.15) vanish as € — 0 and independently of u as long as w lies in a bounded subset of
W0, T; H) N L™(0,T; X). By applying Theorem we have that the first term I'-converges
to Zy. By recalling the equicoercivity of the functionals Z. in W?(0, T; H) N L™(0,T; X) we then
conclude the proof of Corollary [2.3]
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3.2 Proof of the joint limit

Let uc s := U;,a denote the minimizer of the WED functional Z. 5, which solves the Euler—Lagrange
system as stated in Theorem (see also [AS11, IAM17])

—555,5 + &5+ 7751,5 — 7)375 =g.in X" ae.in (0,7),

3.16
with 0&. 5(T) =0 and . 5(0) = u, (816

where {5 = du.(ies) € LY (0,T;H"), nty € L™(0,T;X*), 25 € LP(0,T; H*) with
Nes(t) € Oxpl(ucs(t)), and 1?2 5(t) € Onp?(ucs(t)) for almostevery t € (0, 7).

In order to prove Theorem we want to pass to the limit d + & — 0 in (3:16). To this aim we recalll
that u. ; satisfies the following uniform estimate (cf. [AM17, Sec. 4.4], see also [AS11] for the convex
energy case)

1
Hgsv‘SHLP'(O,T;H*) + Hus’éHWLP(O,T;H)ﬂLm(O,T;X) + HnEﬁHLm'(O,T;X*)
) .
sl o2,y + 1€l ooryxey + 10€oll oo sty 0230y < € BAT)
which implies, up to not-relabeled subsequences, the following convergence results for the joint limit
0+e—0
u. s — u weakly in L™(0,T; X) " W"*(0,T; H), (
us 5 — u strongly in C' ([0,T]; H), (
.5 — & weaklyin LP (0, T; H*), (3.18¢c
dé.5 — 0 strongly in LY (0,T;H"), (
(

77;75 — ' weakly in Lm/(07 T; X™), 3.18e
77375 — n? weakly in L”/(O, T, H), (3.18f
0.5 — 0 weaklyin LP (0, T; H*) + L™ (0, T; X*). (3.18g

for some limits n* € L™ (0,T; X*), n*> € L”(0,T; H*) and £ € L¥ (0, T; H*). Furthermore, we
recall that g. — ¢go weakly in Lp/(O,T; H*) by assumption 1» Thus, we can pass to the limit
0 4+ & — 0 to obtain the limiting equation

E4+n' —n*=goin X*ae.in (0,7), (3.19)
u(0) = u’. (3.20)

Note that, since 1), go, and & belong to the space v (0,T; H*), then, by comparison in (3.19) we also
have n' € Lp'(O, T; H*). In particular, equation can be equivalently rewritten in the stronger
form

E4+nt —n?=goin H ae.in (0,7).

It remains to identify the limits &, n*, and 1.

Identification of n? € O pZ(u). Letw € D(¢f)andletp € C(0,T), p > 0. By the definition
of the subdifferential, we have

/0 @2 (w)p(t)dt + /0 (02 5(t), ues(t) —w),, p(t)dt > /O @2 (ues(t))p(t)dt  (3.21)
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As a consequence of convergence (3.18b) and (3.18f), we get

iy [ (500 es(0) = )y (00 = [ (0. 0lt) = ) ple)1

e—0 0

Thanks to continuous convergence of 2 in (2.9) and the convergence in (3.18b), we have

T
/ t)dt — / wo(w)p(t)dt and / 02 (ue5(t))p(t)dt — / wa(u t)dt.
0 0

Thus, passing to the limit in ( , we obtain

/0 2 (w)p(t)dt + / (P, ult) — w), p(t)dt > / 2 (u(t)) plt)d.

As p and w are arbitrary, we deduce 1?(t) € g p3(u(t)) fora.a.t € (0,7).

Identification of n' € Ox ¢ (u). Asbefore, letw € D(p;) and let p € C(0,T) with p > 0.
Let now {w.} C X be a recovery sequence for o} at w, i.e.

w. — w weakly in X (strongly in H) (3.22)

and ! (w.) — p}(w). By the definition of the subdifferential, we have

/0 o (we)plt)d + / (5 (8) e (t) — w2 p(t)dt > / S ues()p(t)dt.  (329)

As w, is a recovery sequence, we have convergence
T T
| ettt [ g
0 0
Testing equation with (u. s — w.)p leads to
T
| 00, s(t) = ) i)
0
T T
= [ 200 = 02 0000+ [ 0 el0) = ) 1)
0
T T
b [0 a0~ ) p(O [ (e nest) — w0y (@29
0 0

Note that, as a consequence of convergences (3.18b), (3.18f), (3.22), we obtain

/o <ni(5(t), U 5(t) — w5>H p(t)dt — /0 <772(t), u(t) — w>H p(t)dt.

Integration by parts, together with the final condition for &, 5 in (3.16) and estimate (3.17) yield (see
[AS11] for a rigorous derivation of the integration by parts formula)

/0 (0€L 5(t), ues(t) — we)  p(t)dt
_ _5/0 (& s(t), e s(t)) y p()dt — 5/0 (Eeo(t), ues(t) — we) , p(t)dt

< Slpllwres e sll o ozoarey (Niesll ooy + Nt = wll ooz ) = 0.
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Furthermore, thanks to assumption (2.11) and strong convergences (3.18b) and (3.22),

T T
/ (9:(1), e (t) — w2 p(E)E — / (golt), u(t) — w)y p(t)dt
0 0
Finally, from (3.18b), (3.18¢c), (3.29) it follows that

/0 <£€,5( ) Ue (5( ) Hp dt _>/ — U)>H p(t)dt.

Substituting into and using identity (3.19), one gets
T T
| 0050 = ) ottt > [ GO + 60 + 900 utt) = ), pl0)
0 0
T
= [ @u(t) - w) ol
0

The Mosco convergence of gog, (3.18b), and the Fatou Lemma yield

6+e—0

T T
fiminf [ ol ues(O)pde > [ GOt
0 0
Combining all these facts from (3.23) we deduce

/0 b (w)p(t)dt + / (7 (1), u(t) — w) , plt)dt > / h(u(t))p(t)dt.

Hence, n' € dx¢}(u) a.e.in (0,T). Moreover, since n'(t) € H* fora.a. t € (0,T), then n'(t) €
Orpd(u(t)) foraa. t € (0,T) (cf. [AST1] for details).

Identification of £ = dgpo(u’). Letv € LP(0,7'; H). Again by the definition of the subdifferen-
tial, we have

/@bg dt+/0T<€a,5()Uaé() dt>/ Ve (e s (t (3-25)

c :
Note that, as 1. — 1) strongly in H, we have

[ vt [

Arguing as in Proposition [3.1] the following inequality follows from Jensen’s inequality

T T
liminf /0 o it 5 (1))t > /0 Goli(t))dt

The weak convergence in (3.18c) implies

/0<€s,5(t),v(t)>Hdt—>/0 (E@t),v(t)), dt.
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Using the Euler-Lagrange equation (3.16)), we obtain

T T
lim sup / <£e,6 (t), () (t»H dt < limsup / <5éa,5 (t) - 7751,5 (t)7 ua,é(t)> dt
0 0

e+6—0 e+6—0 H

+ lim sup /0 (R 5(0).1ms(1)) 4 (9 (8). e s () .

e+d6—0

Note that, as & 5 = di).(te 5) € Ogtpe(te5), then ti. 5 € Op=1pi(E.5), where ¢ : H* — [0, 00) is
the Fenchel conjugate of ¢, i.e. ¥}(£) = sup,{(&,v) — ¥(v)}. Using the chain rule and recalling
the final condition & 5(7") = 0 (cf. [AST1] for a rigorous proof and more details), we get

[ (0= nt0icatt) ar < [ (550600 ~ St a

S _6w:(65,6(0)) — ¥ (us,é(T)) + Qpi(ug)
< i (ues(T)) + w2 (ul).

By using the well preparedness of the initial data, the Mosco convergence of goi and (3.18b), we can
pass to the limit above to arrive at

T

. . ! . < Timi 1

lffés_l)lg)/o <5§5,5(t) 77876(t)’u575(t)>Hdt_ ligg})fgos(usj(T))—i- E&OS&E( J)
= —o(u(T)) + g (u°).

As already observed 1! (t) € H* fora.a. t € (0,7'), as a consequence of identity (3.19), thus, we
obtain

—oh(u(T)) + oh(u / (' (0) ), .

Thus, thanks to the assumption (2.9) and the convergence in (3.18b), we can use the chain rule for
t — p2(u.s) to get

T
lim sup / (2 5(0), (1)), d
0

e+d6—0

e+6—0 e+0—0

= lim ¢ (ues(T)) — lim @Z(u) = o5(u (T))—SO?)(UO)Z/O (1), u(t)),, dt.

Finally, by using convergences (2.14)-(2.15) and (3.18a)-(3.18b), by integrating by parts, we get
T
| 000
0
T
= <g;(T)a U€75(T)>H - <g€1 (0)7 u(e)>H - / <g; (t)a u6,5 dt + / <gs ue 5 > dt
0
T
= (90(T),u(T)) ;= (90(0), u") ; — / (g0(t),u(t)), dt + /0 (90(8), to(t)) ,; dt
0
T
— [ o). i) .
0

Combining the above estimates and (3.25), we conclude

/ Yolo(t))dt + / (€, a(t) — v(t)) dt > / dola(t))dt
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i.e. € € Dpviorumy (1), where Py (v) = [ o (v(t))dt forall v € LP(0, T; H). As v is Gateaux
differentiable in H, then v, is Gateaux differentiable in L”(0, T'; H ). Moreover,

T
(Ao Bo(0) ) 1o g < / (dyo(0(t)), w(t)) , dt for all v, w € LP(0, T H).
0
In particular, & € Ope(o7.m)o () implies £(t) = dpbo(t(t)) for aa. t € (0,T). This concludes
the proof of Theorem
3.3 Proof of the convergence rates

We now prove Theorem i.e. quantitative estimates for the convergence of the WED minimizers.
To this aim, we take advantage of the following abstract result for I'-converging functionals.

Lemma 3.3 LetI., Iy : V — (—o0, 00| be functionals defined on some Banach space V. Assume
that each functional admits a unique minimizer, denoted by u> = argmin /., v* = argmin /, respec-

tively. Let I, £> I as e — 0 in the strong topology of V. Finally, assume that there exist sequences
ul € V andu? €V satisfying

(i) there exists p. > 0, such that

Juff — ||y < pl; (3.26)

(ii) there exists p> € R such that
I (ulft) — Io(u*) < p?; (3.27)

(iii) there exist p? > 0 such that
To(u?) — I(uf) < pZ; (3.28)

(iv) there existC' > 0,~ > 1, and p? > 0 such that

R *
C ||uE —u;

v R * 4
v S Le(u) — L(uf) + p;. (3.29)

£

Then, ||uz — u*||,, < pt+C (o + p2 + p) """ where C = (1/C)"/".

Proof. We estimate

et =l < ||l —

o+
< p4 O (L@P) = L)+ 54"

£25+829
— o+ O (L(uf) = T(u) + I(u) — L(u?) + p*) "

< P 4T (P4 I(Ws) — L(ud) + p1)"
B.27)

* R
ul —ulll|,

ﬁ

?

< P 4T (P +p+ )"
&2

which completes the proof. m

Remark 3.4 Note that we need the sequences ul* and u? to be defined just for the minimizers u*
and u> and not for every element in the domain of the functionals.

DOI 10.20347/WIAS.PREPRINT.2411 Berlin 2017



The WED principle and E-convergence for doubly nonlinear problems 21

3.3.1 Time-discrete to time-continuous WED functionals.

To prove the result in Theorem we will use a time-discrete version of the WED functional. It is
known that minimizers of the time-discrete WED functional (i.e. solutions to the time-discrete Euler-
Lagrange equation) converge to their time-continuous counterpart as the discretization parameter 7
goes to zero, see e.g. [MS11, Sect. 2.6]. In this subsection we estimate the rate of convergence of
the time-discrete minimizers with respect to the time step parameter 7 > 0. This result constitutes
a first step in the proof of Theorem Recall that we restrict ourselves to the setting of a quadratic
dissipation potential 1. (v) = %(AEU, v) i and of uniformly A-convex energy functionals ¢. as well as
g- € HY(0,T; H).

We fix § > 0, T > 0, as well as a time step 7 = T'/N for N € N. The parameter ¢ > 0 will be fixed
in this subsection, hence, we omit the index.

The time-continuous WED functional Zs is defined as in (2.6) while its time-discrete counterpart Z; :
K, (u®) = RU {400} where K, (u°) := {u’} x H" is defined via

N-1 ' uz‘+1 _ ui 1 4 1 .
) = S (0 () + ot = 5t )
=0

= /0 p-(t) (w@;) + %MT) - %(m(ﬂ&h) dt, (3:30)

where 7, and U, denote the piecewise constant and piecewise affine interpolants of the nodes
(u®, ..., uv) (analogously for g, and p,). The discrete weights are given via pi = (6/(6 + 7))’
and (9;,...,9Y) € H" is a suitable approximation of g so that |[g, — g||12(0,7;s) < C'7. Note that

K. (u®) is in bijective correspondence with the set

{u e K(u’) : uis piecewise affine with respect to [iT, (i+1)7), i =0,..., N—1}.

In particular, from now on, we will identify the tuple (u*°, ..., u*") that minimizes the time-discrete

WED functional with the piecewise affine interpolant, denoted by ugiSC. The former solves the discrete
Euler-Lagrange equation

vpt — o i *yi i
—6Af +Av" + 00t =g,
e | | (8:31)
where v = % and n' € Ogp(ur'),

where we additionally have the final condition vj*N = 0, see [MS11], Egn. 6.6]. Moreover, arguing as
in [MS11], Sect. 6.2] we obtain the following estimate with a constant C' independent of € > 0 for the
time-discrete solution

52 1@ 20,00y + 52 102 N oo 0.2,y + 182 | 22 0.,0)
T
+ ||ugISCHH1(07T;H) + Hﬁj’HLQ(O,T;H) +/ qb(ﬂ;k') dt S C! (332)
0

where W’ is the piecewise constant interpolant of the second order difference quotient of ui’i, i.e.
wH = (vH—v*") /7. Note, that this estimate mimics the time-continuous estimate

52 ||attu*||L2(0,T;H) +0'/? Hat“*Hc([o,T];H) + HU*HHl(O,T;H)

T
_'_”77*HL2(0,T;H)+/ o(u)dt < C, (3.33)
0
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see [MS11) Sect. 4].

The following proposition gives a quantitative estimate for the time-discrete solutions.

Proposition 3.5 Let ufisc and u* be the minimizers of the time-discrete and -continuous WED func-
tional Z and Zs, respectively. Then, we have

disc
-

HU — U*H L2(0,T;H) S 07'1/2 =: pitc' (334)

Proof. In what follows the symbol C' will denote a constant independent of 7, 9, and € possibly varying
from line to line.

Without loss of generality, we can assume that A = Id. The general case follows from analogous
computation. We start by considering the difference between the time-discrete and time-continuous

Euler-Lagrange equation, i.e. (3.31) and (Ps), respectively,

—0 (W — Opu™) + (U — Ou™) + (M — ") = (g, — 9) -

disc

We define the auxiliary function U := u$®¢ — u*, use it as test function in the equation above, and
obtain after integration over [0, t] for t = K7 forsome K € {1,..., N}

K-1  .(i+1)r AR S t
(;,U:) ds+(5/ (Oyu*, U g ds
H 0

-
t t t

+/ (T — o™, Uy ds—i—/ M= Uy ds:/ (G, —9,U>)y ds. (3.35)
0 0 0

For the first and second term we employ a discrete and continuous integration by parts formula (recall
that ud*¢(0) — u*(0) = U*(0) = 0 and 7% = J,ud™) to arrive at

5 T 5 Kt
s / (020,07, ds — 2 / (2 U)  ds + 6(0" (£), U (1)),
T Jo T J(K-1)r
K-1 (+1)T ' U*(S—I—T)—U*(S) t 1 td
+52/ <U:’Z, T )Hds—é/o(ﬁtu*,ﬁtU:)Hds+§/o AUz ds
i=1 1T

t t t
[t ), st [ - - wt),, ds < [ g, - gl 0] ds
0 0 0

where ﬂfisc denotes the piecewise constant interpolant associated with the minimizer of the time-
discrete WED functional. By monotonicity, the first term on the last line is nonnegative, viz.

t
/0 (ﬁi_n*aﬂgISC_U*)H ds > (.

disc

Moreover, thanks to the uniform bounds on 777, on * and on the time derivative of u:"*, we have that
|y (7 — n*, udie — @dise) ds| < Cr. Furthermore, it is not hard to see that due to the estimate
in (3.33) and (3.32) the first term on the first line vanishes for 7 — 0 with an order of at least 7.
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Next, we consider the second and third term on the first line, namely,

S U ds 30 0. U 0),,
(

T J(K-1)r
t
t—1
=: —5(815(]:@), U:(t))H + Ai

H

Here, thanks to the uniform bounds in (3.33) and (3.32), we can estimate

1 t
\; U (s)ds — U2 (8)

t—7

|ATL < O [T7 | oo 0.0

"
< CT&l/Q(HEiHLW(&T;H) 10| oo o.711)) < CT-

Next, we treat the first and second term on the second line in the above estimate. We write

Kol pyr - UX(s+71)—U*(s t
52/ (vi”, - T) - )>Hds—6/0 (Qpu*, 0y U) g ds
i=1 /it

t K-l a(i+)r _ * U
= 5/ 10,U7]2, ds + 52/ (@uf‘“, Urls ) = Ups) atU:> ds.
0 i=1 7T H

T

We observe that the last term on the right-hand side is of order 7. Indeed, we have that

K-1 (+1)7 ) * %
52/ <8tuglsc’ u (S +T) u (8) _ 8tu*> ds
i=1 VT T H
) 1/2
ds
H

K-1 o(it1)r
X1 A /
l:1 1T

< Cr6"2 W || 2oy < OT

u*(s+ 1) —u*(s)

- atu*

disc
T ’

K-1 (i+1)7 ) disc __,,disc ]
5 Z / (atu?sc’ U (8 + T) Ur (S> . atudlsc) ds
7 H

-
; T
i=1 YT

and, by definition of u

RS LV . . . .
=0 Z / (vi’l, — (V2 (s —ir) + Ul — 0l (s —iT) —ul) — U:”) ds
; T

i=1 7T H
K-1 a@G+1)r .
(s —aT , ,
=4 E / (vi”, —( )U;ﬁ’“’l — v:’l> ds

< OO |07 oo 0.2,0) @07 | 2071y < CT-

Finally, the right-hand side in the above estimate, containing the external forces, vanishes with an

order of at least 7 due to the assumptions made on g_.

Combining the above estimates, we have for allt = K7, K € {1,..., N},

* 1 * * * *
0 HatUTHiQ(O,t;H) + 5 HU’T' (t)”il < CT(l + HU’THLQ(O,t;H)) + 5(atUT (t)7 U’r (t))H (3.36)
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Note that the same formula holds true for every t < T' (after suitably modifying the constant C). In-
deed, for every t < T, let K be the biggest integer smaller than ¢ /7. Thanks to the uniform estimates
(3.32)-(3.33), each term in evaluated at time ¢ can be replaced by the same term at time K7
plus an error of order 7.

Starting from the above estimate and arguing as in [Meli17, Section 3.2], we deduce the estimate
WU L2070y < C7'/2. Substituting in 1; with t = T', and recalling that 9,U*(T') = 0, we also
have §'/2 HatU:”L?(O,T;H) =O0('?). u

3.3.2 Proof of the convergence rates

Since 0 > 0 is fixed throughout this section we will omit this index of the WED functionals and of their
minimizer.

We start by recalling that in the case of A-convex energies and quadratic dissipation potentials the
functionals Zs . and Zs o admit unique minimizers u* and u* over K(u?) and K(u®) respectively for
all § sufficiently small. Moreover, they satisfy the bounds [MS11]

[[ul]l 1y, T 172 m < Cs,
e llH2(0,T; H)NL™(0,T;X) =l L2(0,7;H) (3.37)

and ”u*||H2(O,T;H)0LW(O,T;X) + H77*”L2(0,T;H) < Cs,
for some Cj depending on d, but independent of €, where 7 (and 1™ are the selection of the sub-
differentials O ¢ (uk) and O o(u*), respectively, such that u} and u* solve the respective Euler-
Lagrange equations a.e. in (0, T"), see [MS11].

Our strategy to prove Theorem consists in checking that Z, and Z; satisfy the assumptions -
of Lemma To do this, we explicitly build the sequences uf and uf starting from the recovery
and smoothing operators R, and G, as well as the minimizers u* and u} of the time-discrete WED
functionals Z;j and Z defined above.

It is worth noting that although we need to build the sequences u. and . in Lemma just for
the minimizer of the functionals, we however need informations on the convergence rates for the
operators R, and G, for the static functionals at any point (cf. (R1)-(R6)). This is due to the fact that
the minimizers of the static functionals are not related in any obvious way to the minimizers of the
corresponding dynamic WED functionals.

Proof of (3.26)-(3.27) We start by additionally assuming ¢. to be convex foralle > 0,i.e. A = 0. Let
u* € H*(0,T; H) N L™(0,T; X) be the minimizer of the limiting WED functional Zs o over K (u°).
We fix a time step 7 = T/N, N € N and define the nodal values u** = u*(i7). As before, we
consider the piecewise affine and piecewise constant interpolants u* and u* for the nodes {u*(i7)}.
Let uﬁisc denote the (piecewise affine interpolant of the) minimizer of the discrete WED functional IaT,o-

We introduce the following sequence

gy _ [ORO+ (moR() Rt tel0,7).
ol (HRudset + (1—al (8)Roudse Lt e fir, i+ 1)7), i=1,...,N—1,

where o (t) =1 — (t —iT) /7.

Remark 3.6 The idea of the proof of (3.26)-(3.27) is to construct the recovering sequence R.u* by
using the good properties of the recovering operator R, for the energy functional. The naive idea
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would be to define (R.u*) (t) = R.(u*(t)). However, note that this cannot be done rigorously, since
R. is defined only over X and u* is not pointwise well defined in X (but just in H) (see also the
Section4)).

Moreover, since in general {R. is not differentiable in time, we would have no informations on the time
derivative of (R.u*) (t). Thus, a natural idea would be then to take a time discretization of u*, where
nodal values are average on small intervals (this way nodal values are well defined in X ) compute
PR.u* on the nodal values and finally interpolate. This, would provide a good estimate in condition
(3.26). However, in order to get some good estimates in we need a control of Z.(R.u*)—Z(u*).
If we define R.u* in terms of the time piecewise affine interpolant u* of u*, since we cannot estimate
how good is the approximation Z(u*) of Z(u*) (more precisely, we have no control on the Oy ¢(u)
since it does not solve any equation) estimates of Z.(R.u*) — Z(u*) seems hard to obtain.

Then, using the assumptions in ), and the bound in ( , we estimate

2 ||u* —uy HL2 OTH) S ‘ dlscHL? o) T Hugisc - UEEHL%O,T;H)
(pgtc +227’H9{5U2isc’i— dlsczHH_'_THu(E)_uOHH
- . 2
< ()" + 2 (2) sup O [u ], ) + 2 (02) D07 [l T+ 7 ()
i=1
< C (% 4 7200 4 ple)? (3.38)

The rate ,odtC is the rate of convergence of the discrete to continuous approximation, computed in the

previous subsection (see (3.34)). We now decompose

T 1 T
L. (uf.) — Io(u*) = / ™% (4o (Brurs) — o (Beu’)) dt + 3 /0 e % (¢ (ufl) — o (u")) dt

10T !
5 [ et anton — gunm)de = [ (A% a2+ 8 ]ar
0 0

We will treat each term on the right-hand side separately. Concerning Aﬁe we introduce the auxiliary
variable U, ; via

R udisc,i—i—l - M udisqi
€ €
8tUR =

T,

disc
= (9tuT —+ UE,T .

-
Using assumption (2.18) for the recovery operator we obtain for all ¢ € [0, 7)

T%

0
10 ()l < 25 (0 (g™ ) + = [ + ==

andforall ¢t € [ir, (i+1)7),i=1,...,N—1,

R
Te

1/2

1Uer )l < == (€ (™) 4+ € ™) + =+ flae

T
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By using these estimates, as well as (2.20), (3.34), we get

T
/ Aigﬂs{/ C (1ol + 190l ) - 90 — 0+ Urel g+ 2 [0 [
0
Tl isc *
< C< e ,w+/0 fdt) + C |00 = 0| o 1)

ER
<0< +rm+pd“+r> (3.39)

Here we used that 9;u* is bounded in L?(0, T'; B) as a consequence of (2.17).

Next, we treat the energetic part. Note that as before, we have to treat the case 7 = 0 differently. By
using the convexity of ¢. and assumption (2.19), we obtain

(+1)T
[ s dKCZ/ e 1?10 (Reut™") + (1—ak (1)) oo (Reut™"*") — go(u’) | dt
<(?r7¢§: (0 Qo) + ™+ )

+CZ / Z el (1) () + (1=ak (1)) o (™) = go(u") | dt.

The last term on the right-hand side can be estimated as follows: Consider 745%¢ € 9y ¢ (udise?),
then

T
/ A?_dt

(i+1)T
< C,r,iﬁqﬁ +C Z / t/5 ( iisc,i—i—l) N ¢0(U*) Hndlscz”H Hudlscz disc,i-l—lHH} dt
<C (rga,qs +T) + CZ / T Hngisc,i-‘rlHH ||uiisc,i+1 ot Y dt
< C( 9%(]5_’_7_ +CZ/ Hnglsc,erlHH(Hudmc_u + Huglsc,wrl dlscHH

§C(rm¢+7 —l—CHudlSC—u*
SC( %qﬁ_'_T_i_pdtc)_

L2(0,T;H)

L 2
Here, we used the estimates for 735%¢ and the fact that Z f(ZH ||udlSC R ||H dt <

Cr?and S0 1fWZ+1 ||udiserit — dHiI < C72. Moreover, since ¢.(u?) is uniformly bounded,
then (¢. (u.) — ¢ (u*)) is bounded in L'(0, T") independently of ¢, thus

fxga:/ 9 (4, (u) — do (u)) dt < Cr.
0 0

Finally, concerning the external forces we use (2.24) and estimate

T
Ag—g > / e_t/(S (gs -9 uﬁa) o+ (gvuf,a - U*)H
0

*

= O(r9 + pdc 4% 1 71/2:0)  (3.40)

<Cllge - 9HL2(0,T;H) +C Hufe ~ Wl L2 (0,7:H)
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The case of A\-convex energies can be handled similarly by repeating the above procedure with ¢.(+)
replaced by ¢.(-) — A ||-||3, /2 and by estimating additionally

T T
e (<Al Al ) e < e [
0

<C (r + pdet 1 7'1/21”2) )

ol

Summarizing we have

R *
lure = u

20T = C(r® + plte 4 71/2)0),

T(uf) = Z(u*) < C (27 + pfc + 020 + 02 4 74 0d 408 400+ 71/20)

T,

We now choose 72 as the minimizer of 7 — 1! /7 + pd* 4+ 7 4+ 71/20, and we easily check that
7'3‘ — 0 as e — 0. Note that this is the choice of 7 (as a function of <) that optimizes the convergence
rates. In particular, by defining u” := u’}; _ we see that conditions 1;1; follow from the above
estimates where

ph =12 + it + ()1,

P2 =137 4 e B B R g B 0 (1)

Proof of (3.28) A proof of can be obtained by following the proof of (3.26) and described
above and exchanging the role of ¢y and ¢., of 1y and 1., of u4**¢ and udlbc and of u* and u}. More
precisely, let ugisc be the minimizer of the discrete WED functional Z] associated with ¢., 1., and g.,
and defined with respect to the partition {ir}f\io. Let u} be the minimizer of the WED functional Z..

For all 7, let us define uf,s as the piecewise affine interpolant with respect to the family of nodes

{u®, Gudisel . SudiseN}, Note that, by using assumptions (2.21), and arguing as for (3.38), we
can prove that

*

S
Hur,a — U

Computations analogous to the ones used in (3.39)-(3.40) combined with assumptions (2.21)-(2.24)
give us

6

T
[ o (0ui) = vetous)) at < ¢ <
0

%/O e—t/5 (gb ) Qba( )) dt<0( (‘5¢_|_7_+pdtc)

—l—rgw—l—pdtc—i—r)

1

5 [ (002 — (00 hn) < OO 02 4700

Here, we also used the uniform coercivity and growth assumptions such that all the bounds on u} and
uds¢ and the convergence rates for ud* — u* as 7 — 0 are uniformin €.

Summarizing we have

T(us,) — I (ut) < OGS /m 4 p& 478 4 1S 1 0S¥ 17 108 400 4 71230,

T,E
We can now choose 7 = 7 := arg min,(r /7 + p&¢ + 7 + 7/%0), and define u? := u%

€ 75.
Then, condition (3.28) is satisfied with

1/2
P2 =187 4 e 4y S0 4 SV 1S L8 S 104 (18)2 0,
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Proof of (3.29). Finally, we want to check that (3.29) holds true for v = 2 and p? = 0. We first recall
that the minimizer u} of Z. solves the elliptic equation (Ps.). By testing the Euler—Lagrange equation
for Z. with v = u? — ul* we get

T
— * * 1 * *
0= /0 o t/0 [ (Aeatua, 8t(us—uf))H + 5 (775 — gg,us—uf)H}dt.
where ¥ € Ogo. (uf) a.e.in [0, 1. We use the equation above to calculate

T (uf') — T.(u})

&€ &€

T
= [ e a0y = vl + 5 (0l = 6.002)) = 5 (gt =)

S| =

T
- / e 0 (o (Oult) — o (Opul) + (AcOyuz, By (uz—ul)) ) dt
O1 .
5 [ e (0l = o) + (a2t — )
0

By using A-convexity of ¢., we get

1 T —t/5 R * * ok R A g —t/d R Ty
5/0 € (¢8(ua ) - ¢€(ua) + (7757ua — U )H) dt > 2_5/0 € Hua — U

o dt.

We now exploit that ). is quadratic to obtain
T
T.(uf') — T.(uf) > / e (o (Oul’) + ¢e(Oyul) — (ADul, Opuf) ) dt
0

T
_ / e~t% (1, (Bpult — Buu?)) dt
0

T

2 2 et uf

2
dt.
2 J, ;

H

T
> c/ e /0 ||8tuf — Qyu’
0

By arguing as in [MS11}, Prop. 2.1], recalling that v(0) = 0, for all & > 0 sufficiently small we obtain,
after suitably renaming the constant c,

2
H

dt,

€

T
T.(ul') — T.(u}) > c/ e /0 Huf —ul
0
which implies (3.29). We conclude the proof of Theorem [2.7] by applying the abstract Lemma [3.3| with
V=L*0,T;H).
4 Homogenization of a 1D parabolic equation

Evolutionary I'-convergence via WED functionals. In this section we provide an example of appli-
cation of the above abstract theory. In the 1-dimensional domain €2 = (0, 1) we consider the equation

a:(2)i — Oy (De(2)0pu) + bo(2)u — co(w)|u|%u = g.(t,2) inQx (0,T), (4.1)
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equipped with homogeneous Neumann boundary conditions 0,u(0,t) = d,u(1,t) = 0. Here, 1 <
g < 2and a.(x) = a(x/e), be(x) = b(x/e), D-(x) = D(x/e), c.(x) = ¢(x/e) for some 1-
periodic continuous functions a, b, D,c : [0,1] — [1/M, M] with M > 0. The initial data u is
assumed to be uniformly bounded in H*({2) and the external forces satisfy g. € L*([0,T] x Q).

Setting H = L?(2) and X = H'(f2) the equation can be rewritten in the form

Ay (1) + Oprpz(u) — IpepZ(u) = g (t) in HY,

where
1
00) = 5 [aabPde and 0w = el (= ¢ (0) it
LD ()] 0eu)? 4 be(2)|uf? de ifu e HY(Q),
i) = { LR DO bl de TSR
00 else,

2 —1 c.(x)|u|?dx
%(u)—q/gzg(md.

It is not hard to check that assumptions (A1)-(A7) are satisfied with p = m = 2 and that the elliptic-
in-time regularization given by

— Sa.(2)ii + ac(2)t — Oy (Do(2)0yu) + be(2)u — co(x)|u|?*u = g-(t,2) in Q x (0,T),
(4.2)

with additional final condition du(x,T) = 0 for a.e. = € (2, corresponds to the Euler-Lagrange
equation of the WED functional (cf. Theorem [2.1]

Tse(u) = { Jo @0 (@) + 3e(u) = 3 (9:(8),u) ) At ifu € K(u),
o else.

We will apply the theory developed in the previous sections to show that the functionals Z5. I'-
converge to the limiting WED functional Zs defined by the static I'-limits ¢y and vy. The latter are
given by

1
Yo(v) = §/charith’1)’2dl’ and ¢o(u) = gpé(u) = gog(u) with
% Jo Dharm|0:ul® + basign[u)® dz - ifu € H'(Q),

o0 else,

bt = {
2 1 q
SDO(U) = - Carith|u| dz,
qJa

where a,rith, Darith, Carith denote the arithmetic means of a, b, ¢ respectively and Dy,,,.,, denotes the
harmonic mean of D, namely Dyam = (fol 1/D(y) dy)~. We refer the reader to [Mie16] to check
that ! M @b in L*(Q) (in particular, ¢! EN ©b weakly in H'(€2)), and that 1. S 4o with respect
to strong convergence in L?(£2). Moreover, note that for every sequence u. with ¢! (u.) < C, we
have u. — u weakly in H'(Q), u. — wu strongly in L9(Q) and, as a consequence of the Sobolev
embeddings,

2
lu(x)]? < Huqum(Q) < Cuclling <€ (np;(us))Q/ < 1/2p (u.) +C < Cforaa. x €.
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Thus, by using the dominated convergence theorem and the convergence c. — Caritn Weakly™ in
L>(£2) we get

G- = [

1
el = Calul? da = 5/ o ([t 7—[u]?) + (Co—castin) [ d — 0.
Q Q

In particular, it holds that é. & ¢ in L?(2) (o, equivalently, ¢. L o weakly in H'()). Finally, we
assume that ug — u” strongly in L?(€2) and that the external force terms satisfy g. — go weakly in
L*(0,T; H).

By applying Theorem [2.2]and Theorem [2.5] we arrive at the following homogenization result.

Theorem 4.1 (Homogenization) Letuj be a minimizer of the WED functional Zs .. Then, uj . solves
(4.2) and converges to uj, a minimizer of the WED functional s which is in turn a solution to the
homogenized equation

- 5aarithu + aarithu - az (Dharmaxu) + barithu - Carith|u|q_2u = 9o (t, l’) in Q: (43)

fore — 0. Moreover, if additionally g. satisfies (2.14)-(2.15) and the initial data are well prepared, i.e.
b (ud) — ¢(u), then, up to (not relabeled) subsequences the following convergences in the weak
topology of H(0,T; L*(Q)) N L*(0,T; H'(?)) and in the strong topology of C ([0, T]; L*(£2))
hold true

(i) im0 uj . = uj where uj € argminZs and solves (4.3),

(ii) lims_o u3, = u. where u. solves (4.1)

(i) limg, . o ug’g = u where u solves the following homogenized equation

aarithu - aa; (Dharmaxu) + barithu - Carith|u’q_2u = 9o in €2 x [Oa T]

Rates of convergence. We are now interested to establish some convergence rates. More precisely,
. * * * * H

we want to estimate the rate of convergence of ‘ Use = Us || p2(0.7:02(0)) where u; ., us are defined

in Theorem (other norms can be considered as well due to interpolation). We obtain these rates of

convergence by applying Theorem|[2.7] To do this, we restrict ourselves to the case of a convex energy

potential, i.e. c(x) = O forallz € Q (i.e. 92 = 0, ! = ¢. forall e > 0).

Let us start to check the assumption of Theorem Let us define the recovery operator R, :
H'(Q) — H'(Q) for the functionals ¢, as

R.u(r) = / DY (y) DparmOpu(y)dy + u(0)  foraa. z € Q.
0
We start by observing that

198 = ull gy = € (1+ full i)

Moreover, we write

¢ (Reu) — ¢o(u) = / (Da($) (:R.u(2))* — Dyarm (Oxu(x))Q) dx

Q

+ [ (bulo) () = b (@) d,
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Recalling that 9,R.u = D! Dy O, u, we get

/ (De(x) (8xi)‘i€u(x))2 — Dyarm (axu(:c))z) dz
Q

<C ‘}Dngharm (affu)QHHl(Q)
<eC HuHiI?(Q)

< C (11l 20) + vl ) form € Dao(u).

Ul 1y

Here we used that, since Q2 is 1-dimensional, d,u € H'(Q) implies d,u € L>(Q) and hence
(D,u)* € HY(N).

Moreover, we have that
/Q (be () (Reu(z))” — baritntt”(2)) dz
- /Q (b.(2) — busen) (Rou(a))? dr + / busi (Fou(z) — u(w)) (Rou(z) + u(z)) de

Q
< [b- - barithHH*l(Q) H<%8u)2HH1(Q) + C[|Rou — UHL?(Q) [Reu + U||L2(Q)

2
< Ce[|ullgq)

Combining these estimates, we get

¢e(Reu) — do(u) < eC (||U||§{1(Q) + HTIH;(Q)) for n € Opz2(q)ydo(u).

Let us define B := H'()) and prove that it satisfies condition (2.17). Thanks to the first estimate
in (3.37), we have that uj _ is uniformly bounded in H?(0,T’; L*(Q)) N L*(0, T; H'(€2)). Moreover,
since dy ¢., € > 0, are second-order uniformly coercive elliptic operators, we also have that u;E is
uniformly bounded in L*(0, T'; H*(€2)). By interpolation we have that j_ is uniformly bounded in
H(0,T; H'(£2)). We now estimate

r%w—wmmzlfmmwﬂ@—%w#uwx
<5 / |Garitn — ac(2)| w? (z) + |w? (z) — v* (2) |ac(v)dz

/\

> ”aarlth ac(x )H(Hl Q)*

1
T3 lac]l ooy llw = vll 2y [w + il 12y

x)HHl(Q)

< Cue Hijqu(Q) +C v — w2y - (4.4)

This proves that R, satisfies (2.18)-(2.20) with

rff = rgw’ = r?w =c.
We now define the operator &, : Hl(Q) — HI(Q) by setting it to the piecewise affine interpolant of
the nodes {u’ = u(si)} over the partition [0, 1] = UN;'[ie, (i + 1)e]. Note that for all u € H'(R)
we have

182t = ull ey < <C (1 + llull ey
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Furthermore,
Go(Su) < 9.(u) +<C (1+ [ullFs(qy + 17200 - (@5)

Indeed, by convexity, we have that

N=1y (1) Wit i\ 2
¢0(65U) = 5/ Dyarm (¥> + barith(68u($))2 dx

i=0 & ©
1 (’L+1)8 ul+1 _ ul
< 5/ Dt (%) 4 barien (u(2))? | da 4 rS!
i=0 < Jie

N1y plitde
S 5/ (Darith (axu(w))2+barith(u(x>>2) dl'—f—?”?’(b’l

N-1 1 (i4+1)e §
) / (De(@) (Bpu(x))? + be(2) (w(2))?) do + rSO! 41582 = ¢ (u) + 1S9,

N—-1
1 (i+1)e
S0 =3 [ b (80(e))* = (@) de <<€ (14l o)

and

i+1)e

(0su(2))? (Dayien — D:) dz < eC (1 + HUHZQ(Q)>

N-ly
0= 5/
i=0 €

2 2
=eC (1 + Il 22 + HuHHl(Q)> :

Combining the above estimates, we deduce (4.5). Finally, by arguing as in (4.4), we get

0:(0) = ()] = 5 [ Jausaw* (@) — aa)e?(a)]| do

2
< Csel[ollinregy + Cllv — wll 2 gy -

Hence, &, satisfies (2.21)-(2.23) with

6 _,6¢ _ 6% _
re =r.%=r"=¢.

In order to estimate convergence rates we additionally assume

19e = oll 2oy <72 and - [lug — UOHL2<Q> <7

for some 14 = o(1), 2 = o(1). Moreover, we assume that u? is uniformly bounded in H'(€2). This
guaranties uniform boundedness of the initial energies ¢.(u!). Note that, here we do not need well
preparedness of initial data. With this preparation, a straightforward application of Theorem [2.7] gives
us the following estimate on the convergence rates.
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Theorem 4.2 (Convergence rates for the homogenization problem) Let u;_ and us be the mini-
mizers of I5. and Zs, respectively. Then, for all & > 0 sufficiently small there exists a constant Cs
independent of € such that

1450 = 31| 2 o rugnqay < Cs (12 + 18 +2).

Moreover, by interpolation one can prove the following
[l 20 a2y < Cllullzz.rmon lull 207,029 for allu € L0, T; H(2)),
[ulli 07220 < Cllull 20,r:c2 @ lull 20,702 (@) for allu € H(0,T; L*(52)).
As a consequence, we can get convergence rates also in a stronger norm.

Corollary 4.3 (Convergence rates in a stronger norm) Let u;a and u; be the minimizers of 1L,
and of s, respectively. Then, for all d > 0 sufficiently small

* * /4
Hué’f - u5HHl(o,T;LZ(Q))mL?(o,T;Hm(Q)) < GCs (7‘2 +ri+ 6)1 )

for some positive constant Cs.

5 Appendix

Lemma 5.1 (Diagonal extraction for weakly converging sequences) Letu,, — u weakly in a sep-
arable and reflexive Banach space B and, for all n, let u,, , — u, weakly in B. Moreover, assume
that ||umn|| 3 < C, where C' is a positive constant independent of m and n. Then, there exists a
subsequence Uy, n, — u weakly in .

Proof. As B is separable and reflexive, so is its dual B*. Let {b;}32, be a dense subset of B*.
Choose uyy,, », such that

bi Uy pe — U < 1/kforall j < k.
J koMk B

Thus, the sequence u,,, ,, — u weakly in B. Indeed, let b € B*, then for all ¢ > 0 there exists

j € N such that
€

* S a7 0N
B 2(C - lullp)
and k € Nsuchthatk > jand 1/k < e/2. Thus,

;b

‘<b7umk7nk _U>B‘ < ’<b]'7umk7nk —’LL>B ‘ + | <b_bj7umk7nk —U>B|

1
< E"’_Hb_bj“s* umk,nk_uHB
< (Jtmmellp + lully) <
=270 [ull,) Ve
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