WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

Exit time risk-sensitive control for systems of cooperative agents

Paul Dupuis', Vaios Laschos?, Kavita Ramanan'

submitted: June 14, 2017 (revision: February 12, 2018)

' Division of Applied Mathematics 2 Weierstrass Institute
Brown University Mohrenstr. 39
182 George Street 10117 Berlin
Providence, Rl 02912 Germany
USA E-Mail: vaios.laschos@wias-berlin.de
E-Mail: Paul_Dupuis@Brown.edu (WIAS member until December 31, 2017)

Kavita_Ramanan@Brown.edu

No. 2407
Berlin 2018

2010 Mathematics Subject Classification. 93E20.

Key words and phrases. Risk-sensitive stochastic control, mean-field interaction, min-max theorems.



Edited by

WeierstraB3-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

MohrenstraBe 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias-berlin.de

World Wide Web:  http://www.wias-berlin.de/



Exit time risk-sensitive control for systems of cooperative agents

Paul Dupuis, Vaios Laschos, Kavita Ramanan

Abstract

We study sequences, parametrized by the number of agents, of exit time stochastic control problems with risk-sensitive
costs structures generate by unbounded costs. We identify a fully characterizing assumption, under which, each of them
corresponds to a risk-neutral stochastic control problem with additive cost, and also to a risk-neutral stochastic control
problem on the simplex, where the specific information about the state of each agent can be discarded. We finally
prove that, under some additional assumptions, the sequence of value functions converges to the value function of a
deterministic control problem, which can be used for the design of nearly optimal controls for the original problem, when
the number of agents is sufficiently large.

1 Introduction

In this paper, we study many agent exit time stochastic control problems with risk-sensitive cost. The reader with back-
ground in physics or chemistry can consider particles in place of agents. Each agent occupies a state that takes values in
a finite set X, and by controlling the transition rates between states for each agent, we try to keep the system away from
a “ruin” set XK, for as long as possible and with the least cost. We prove, under suitable assumptions, that for every finite
number n of agents the control problem is equivalent to one with an ordinary (additive) cost. Moreover, when X C X™ can
be identified with a subset of the simplex of probability measures P(X) (in the sense that for every permutation o € S,,
we have X = X), then we can replace the original problem by one on P™*(X) = P(X) N %Zd, getting in this way a
control problem whose state is the empirical measure on the states of the individual agents. We also study the behavior as
n — oo of the sequence of suitable renormalized value functions, and prove uniform convergence to the value function of
a deterministic control problem.

We first describe the model without control, which we call the “base” or “nominal” model. Let X = {el7 .. ,ed}, where
e; is the 4th unit vector in RY. Let also v = {fywy}(m’y)exxx denote the rates of an ergodic Markov process on X. This
process has the generator

Lo[f1(x) =D vay [F(y) = f(@)]. Q)

yeX

For n € N, consider n agents that independently and randomly occupy different states x}' among the elements of

X ={e1,...,eq}, andletx™ = (7, ..., z}). This process takes values in X" and has the generator
n
CaAE" =30 3 g [F@ + 0l,) — (™) @)
i=1y€Zyn

Here Z = {(z,y) € X x X : 75y > 0}, Z, = {y € X : (z,y) € Z} is the set of allowed transitions from z, and

V7 = (0,...,0,v4y,0,...,0) is ad x n matrix with all columns equal to zero apart from the ith column, which is

identically equal to the vector v, = y — . Since the process is ergodic, Z generates the hyperplane

H = Z AgyVsy @ Azy > 0, (z,y) €Z 5, 3)
(z,y)€Z

which coincides with the hyperplane through the origin that is parallel to P(X).

We claim that the set }{ does not change if the a,, are allowed to be arbitrary real numbers. By ergodicity, for any
two states (x, y) € Z there is a sequence of states * = x1,...,x; = x with y = x> and with the property that

(x4, ®iy1) € Zfori=1,...,5 —1, and hence Zf;ll V.24, = 0. Repeating this for every possible (z,y) € Z, there
are strictly positive integers b, such that Z(z,y)GZ byyVzy = 0, which implies the claim.
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P. Dupuis, V. Laschos, K. Ramanan 2

Next we introduce the empirical measure process. This process is obtained by projecting from X™ onto P"(X) = P(X)N
17 c P(X), and has the generator

M[fim) =n Y vuyma {f (m+ ivzy) - f(m)} , @

(z,y)€Z

One can interpret the model introduced above as a collection of independent agents with each evolving according to the
transition rates «y. This is the “preferred” or “nominal” dynamic, and is what would occur if no “outside influence” or other
form of control acts on the agents. If a controller should wish to change this behavior, then it must pay a cost to do so. We
would like to model the situation where limited information on the system state, and in particular information relating only
to the empirical measure of the states of all agents, is used to produce a desired behavior of the group of agents, which
again will be characterized in terms of their empirical measure (which is used to characterize how the collective “loads” the
system).

Thus we consider for each n € N “reward” functions R" : P(X) — [0, o), where we recall

fP(DC)i{mERx:mszforallxef)Candmezl} (5)

zeX

is the simplex of probability measures on X. It is assumed that the R"™ are continuous and that they converge uniformly
to some R>°. We also have a sequence of unbounded “cost” functions C" = {C}, : [0,00) — [0,00]} (s 4)ez that
converge on (0, 00) to some C™ in a sense that will be defined in the sequel. In the controlled setting, the jump rates of
each agent can be perturbed from -y to w. Let x" denote the controlled state occupied by the collection of agents, and for

x" = {z] }i<n € X" define
n

L(x") = b 6)
i=1
If the problem is of interest over the interval [0, T'] then there is a collective risk-sensitive cost (paid by the coordinating
controller) equal to

B oo | [ S SO R GUTIGLR TR P

4 n(¢
i=1 yng?(t) ’yXl (t)y

Here the control process u takes values in a space that will be defined later, and for a collection of 1|Z| independent Pois-
son random measures (PRM) {Nil,xyhgign,(x,y)ez with intensity measure equal to Lebesgue measure, the controlled
dynamics are given by

g 1
Xi (t) =z +( Z Vay /(O ; /[0 - 1[0,1J(X;‘(s—))umy(s,i)}(T)Ni,zy(deT)' (8)
z,y)E€Z ’ )

Thus ;' changes from state x to y with rate u,,. The formulation of the dynamics in terms of a stochastic differential
equation will be convenient in the analysis to follow.

In this paper we present three results. The first is that, under additional assumptions on the cost C", for each n the
risk-sensitive control problem is equivalent to an ordinary control problem the cost function F"* = {F;Ly}(x,y)ez, where
Fy, is defined by

. . q U
E(q)= sup G (u,q) and G%, (u,q) = {ué =) = vz Cr ()}, (9)
V@)= sw Giyug) ) = [ () = mChy (5

{(q) = qlogq—q+1forqg>0. (10)

Under the additional conditions we do not end up with a stochastic game, as one might expect, but rather a control problem
with additive cost. Control problems are often substantially simpler than games, and in particular are often more tractable
from a computational perspective.

The last contribution, again under additional assumptions on the sequence of costs {C™ },,, is that the sequence of value
functions, suitably renormalized, converges to the value function of a deterministic control problem. This is also helpful in
the construction of controls. We work with sequences of cost functions instead of a fixed one, because we would like to
note that the limit deterministic problem exists regardless of perturbations that may appear on the cost function when the
number of agents change, as long as we have some convergence to a limit cost function.
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Exit time risk-sensitive control for systems of cooperative agents 3

Example 1 As an example consider the issue of modeling the users of a resource such as energy. Here the agents would
be households or similar entities. The state of an agent indicates their use of the common resource, and this usage evolves
in a Markovian fashion. In exchange for a cost paid by the central controller to the individual agents, the agents agree to
modify their behavior based on the current loading of the system. Thus an energy consumer would agree to give up control
on if or when certain activities take place, thus altering the evolution of their own state, but will be compensated for doing
so. The goal of the central controller, and the motivation for paying this cost, is to manage the group behavior so as to
keep the system, as characterized by the empirical measure, in a desired operating region for as long as possible and with
minimal cost. In this context, the use of risk sensitive cost is motivated in part by the resulting properties of robustness with
respect to model error.

1.1 Literature

For ordinary discrete-time and continuous-time stochastic control problems (also known as Markov decision processes
in discrete time [1, 17, 24, 28, 14]), one controls a random processes to optimize an expected cost. The most common
optimality criteria for continuous time escape (or ruin) stochastic control problems are of the form

T
Tr(@0, ) = Eay / C(Xy, us)dt + P(X1)| , 1)
0

where C' is some cost function that depends on the state z € X and the control/action « € U, and 7 is a policy or
strategy. For risk-sensitive stochastic control problems one deals with optimality criteria of the form

g (/T C( Xy, Up)dt + P(Xﬂ)}) , (12)
0

where g is a monotone convex/concave function. One motivation behind the use of risk-sensitive cost structures is that,
depending on the type of monotonicity, variation from the average is penalized (risk-averting behavior) or ignored (risk-
seeking behavior). One of the most studied cases is the entropic risk measure corresponding to go(z) = ef® (see
[2,5,6,7,8,13, 16, 18, 20, 21] for discrete time and [9, 11, 15] for continuous time). The function ge(x) = e s special
because it satisfies the property

JT(x077T) = gil <]Eac0,7r

1

5 log (E [exp (6X)]) = X + 5log (B [/ %))

0

where X is a random variable and X its expectation. This property implies that the weight that is given to deviations from
the expectation depends only on the difference from the expectation and not the expectation itself. It can be proved that
the exponential is the only function that satisfies such a property (see [27]). Furthermore, exponential integrals have a
variational characterization involving entropy, which turns out to be convenient from mathematical point of view, and which
also allows for an explicit analysis of the robust and model insensitivity properties of the resulting controls [10, 23]. In
our problem 6 is integrated in the choice of cost C, and this explains partially our choice to work with sequences of cost
functions instead of a fixed cost function, since it shows that it is allowed to tune the value of 6, along with the number of
agents, as long as we do not violate the main assumptions and the sequence of # converges. In recent years, following
the seminal work of [25], new risk-sensitive criteria have been studied that allow a mixture of risk-seeking and risk avoiding
behavior in different regimes.

2 Notation and definitions

For a locally compact Polish space 8, the space of positive Borel measures on 8 is denoted by M(8). With the subscripts
f, c we denote, respectively, the space of finite measures, and the space of measures that are finite on every compact
subset. Letting C.(.S) denote the space of continuous functions with compact support, we equip M. (8), with the weakest
topology such that for every f € C.(S), the function v — fs fdv, v € M.(S), is continuous. B(8) is the Borel
o-algebra on 8 and P(8) the set of probability measures on (8, B(8)). Finally, for a second Polish space &', we let

F(8;8)={f:8 =8 : f measurable} (13)

denote the space of measurable functions from 8 to §'.
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For the finite set X, let

fP*(DC):{mERx:mw>Of0ra||m€f)CandZm$:1}, (14)
zeX
and
iPa(f)C){meRx:mmZQforalleXandme1}. (15)
zeX

For a set K C P(X), the closure K, the complement K¢ and the interior K°, will be considered with respect to the
restriction of the Euclidean topology on the set P(X). D([0, co); 8) denotes the space of cadlag functions on 8, equipped
with the Skorohod topology (see [4, Section 16]), i.e., the Skorohod space. This space is separable and complete [4,
Theorem 16.3], and a set is relatively compact in D([0, 00); 8), if and only if for every M < oo, its natural projection on
D([0, M]; 8), is relatively compact [4, Theorem 16.4].

For M = M, ([0, 00)?), let P be the probability measure on (M, B(M)), under which the canonical map N (w) = w is
a Poisson measure with intensity measure equal to Lebesgue measure on [0, 00)2. Let G; = o {N((0, s] x A) :

s <t,A € B([0,00))}, and let F; be the completion of G; under . Let P be the corresponding predictable o- fleld in
[0, oo) x M. Similarly, for natural numbers k, &’ we similarly define a measure P**" on (M*", B(M*")) under which
the maps V;(w) = w;, 1 < i < k', are independent Poisson measures with intensity measure equal to k times the

Lebesgue measure on [0, 00)?. {S_f’k/ 1, {iff’k/ }, and PF*" are defined analogously. Let A be the class of P\ B([0, 00))
measurable maps ¢ : [0,00) x M — [0, 00), and A; the subset of these functions that are uniformly bounded from
below away from zero and above by a positive constant. Similarly we define A**" to be the set of P¥:¥ \ B([0, 00)k")

measurable maps ¢ : [0,00) x MF — [0, 00)*’, and A’;’k the subset of these functions that all entries are uniformly
bounded from below and above by positive constants.

2.1 The many particle control problem

For a subset X of X, we define a risk-sensitive cost J5. : X" x A;mlz‘ — [0, o0o] that corresponds to cost/reward up
to the first time of hitting of K by

jn n ~ Tue - mn uX?(t)U(t7Z) _ Rn L n d
IK(:B ,U) = LEgn | €XDP 0 Z Z Txr(t)y X (t)y n ( (X (t))) t )

i=1 y€Zyn ) Ixr (ty
where E» denotes expected value given x"(0) = =", the dynamics are given in (8), and

Tx = inf {t € [0,00] : x"(¢¥) € K}. (17)
We define the value function Wi : X™ — [0, co] by

Wi (x") = inf TJi(x",u). (18)

uefll n|Z|

Similarly, for a set X C X" we define the ordinary cost J7. : X™ x A;’nlz‘ — [0, oo] and corresponding value function
Vi : X™ — [0, 00] by

T
92 (2", q) = Epn / IS S Frofaconto) + BEaO) | & oo
=1 yeZ, (1)

where F" is as in (9), and

Vi (") = inf Jg(z",q), (20)

qul ,n|Z|

where the dynamics are given by (8) with w replaced by g, and the stopping time by (17). We remark that the reason for
two different notations for controls is to aid the reader, by associating one with the risk sensitive problem and one with the
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regular control problem. Moreover, there are occasions that both variables appear at the same time, as in the definition of
F" or that of the Hamiltonian. Specific conditions on the cost functions will be given in Section 3.1, and properties of F"
will be proved in Lemma 4. Note that for the many agent systems there are n|Z| PRMs, each with intensity 1.

2.2 The mean-field control problems

Suppose that K can be identified with a subset of the simplex of probability measures P(X), in the sense that for every
permutation o € S,, we have X = XK. Then we can replace a control problem on X" by one on P(X). In this case
Wi and V% can be considered as functions on P"(X), in the sense that we can find W3, V2 : P*(X) — [0, 0],
such that Wi (") = W (L(z™)) and Vi (") = V2 (L(x")). To see this, pick a starting point ™ € X" and some
permutation . Then for any admissible control u, the total cost generated starting at ™ is the same as starting from
and picking u, as the control. Therefore, for every ™ € X™, 0 € S,,, we have Vi (™) = Vo ().

Define h™ : D([0, 00); P™(X)) x Apl*! x Pr(x) x M™IZl = D([0, 00); RY) by

o (,L,um N") cmt Y va/ / 110 e s 1) - N, ().
(0,t] J[0,00)

(z,y)€Z

Since u € AZ"Z‘ implies the rates ., (s) are uniformly bounded, one can explicitly construct a unique D([0, co0); P™(X))-
valued process that satisfies

1
n=nh" (,u,unn, N") ) (21)
n

[12]. Here p is the controlled process, u is the control, m is an initial condition, and N /n is scaled noise.

Now with Tx = inf {t € [0,00] : u(t) € K}, the functions I3, Jib : P™(X) x AZ"Z‘ — [0,00] and Wi, Vi -
P(X) — [0, <] are given by

Wi(m)= inf Ij(m,u) (22)
uEA"‘ !

o [TK n (uay®Y e 1
I}}(m,u) - Em e fo (Z(T yEL pa (£) Yy OF (7%;! ) R (H(t)))dt L= B (u,u,m, nNn>:| , (23)

and
Vg(m)= inf Jg(m,q) (24)
qEA"‘Z‘
% 1
Ji(m,q) =En, / D pa(OF7 (qey(t) + R™(u(t)) | dt - pp=h" (uyq,m,nN"> . (25
0

(z,y)€Z

For these control problems, there are |Z| PRMs, each with intensity 7.

3 The equivalence of the control problems

In this section we prove that after a natural renormalization, the value function W7 defined in (18) is linked to V7. defined
in (20) which, as noted before, it is the value function of an ordinary stochastic control problem with a new cost function.
Specifically, we show that — log(W"K)/n equals V-, and that the many particle and the mean field control problem are
equivalent:

2 log(WR(L(a")) = V(L(@") = V(") = ~ log(Wi (a")) (26)
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3.1 The cost functions

One of the aims of this paper is to identify cost structures that make sense for the problem formulation and for which
the risk-sensitive problem is equivalent to a control problem (rather than a game). The only place where restrictions are
needed are in the costs C™ payed by the centralized controller to the agents for deviating from the nominal rates . To
see what conditions will be needed, we first discuss briefly the strategy to be used for the proof of (26). The proof will use
a related Bellman equation. Let H™ : P(X) x RI*| — R be given by

H"(m,£)= in > M (tayoy + Fity(day)) ¢ 5 (27)
qe(0,00)1%1
(z,y)€Z
where
E}(¢)= sup GZ (u,q) and GZ, (u,q) = {ué (g) — Yay Cor (u)] (28)
i u€(0,00) e T U ey Vzy

We will show that the equation

H" (m, A"V (m)) + R"(m) = 0 in P"(X) \ K, (29)

and boundary condition V' (m) = 0 for m € K has V}} as the unique solution, where by A™V (m) we denote the
| 2| —dimensional vector n (V (m + 22£) — V(m)), and by A7,V (m) the component n (V(m+ 222) — V(m))
(z,y) € Z.

We are also going to prove that W is the unique solution to

W(m)—W (m + %2x) (uw>
o 2, me|us B2 = Yay O — —R'(m)  (30)
u€(0,00)I %I (z,9)EZ < ! ( W(m) Y-y Yey (m)

form € P"(X) \ K and W(m) = 1form € K. Inthe proof of — log(W}) = V2, we will use the following lemma.

zy’

Lemma1 IfV : P*(X) — [0,00) is a solution to (29) and V(m) = 0 form € K, then W = eV Pr(X) —
(0, 00) is a solution of (30) and W(m) =1 form € K.

For Lemma 1 to be true, we will need the following to be valid.

H"(m,§) = inf > Ma (Gybay + Fry(420))
g€[0,00) 1%l
(z,y)€Z

= ol S 9 D e (gaySey + Gy sy 4ay)

a€[0,00)*! ue(0,00) 21 | (4 ez

| ’ 31

= sup inf 12| Z My (%yﬁxy + G;y(um:tﬁ qm/)) o

u€(0,00)171 4€[0,00) (zy)€Z

_ n Uy

= sup > m (um, A ( y))

u€(0,00)1%I "

(z,y)€Z

Z M Yay (Cay)™ (1 - e ),
(z,y)€Z

where (C7,)* : (—o0,1) — Ris given by (CJ1,)*(2) = sup,,~¢ [zu — C3,(u)] . The crucial step is the third equality,
which requires that the Isaac’s condition hold, i.e., the supremum and infimum can be exchanged. For this, we will apply
Sion’s Theorem (Corollary 3.3 in [26]), which states that if continuous F'(u, ¢) is quasi-concave for every u is some convex
set U and quasi-convex for every ¢ in some convex set (), and if one of the two sets is compact, then we can exchange
the supremum with the infimum. We would like to apply Sion’s Theorem to

. U e
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Since  is convex, L7, is convex with respect to q. It is easy to see that L7, (u, q) is not concave with respect to u.However

it is possible for L}, to be quasi-concave, with respect to u, for every ¢ > 0. For Lgy(~7 q) to be quasi-concave for each
q means that it changes monotonicity at most one time. By differentiating with respect to u we get

n q n Uu

and so what is needed is that for every ¢ > 0 there is u, such that

—=4+1-(C — | >0f < d —=+1—-(C — ) <0f > .
u—i— (Cry) (%y) >0foru <wu; an u—i— (Cry) <%y) < Oforu > uj

This is equivalent to the existence of ug such that

u(Cy,) (u) —u < —qforu <wuj and u(C,) (u) —u> —qforu > uy.

We set Q(u) = u(Cy,)" (u) — u. Now, the above can be reformulated as, every level set {u € (0,00) : Q(u) = G}
of Q, for negative ¢, is crossed once and after it has been éxited", the graph of () stays above it. The latter, implies
monotonicity of Q) until level-set zero is reached (i.e. when (C7,)’ (u) = 1). After level-set zero is reached, () can take
any value as long as u(C;}y)’ (u) —u > 0, since we have no restriction for g > 0. From the above, we conclude that
u(Cy,) (u) — u is increasing until (C7.,)" (u) > 1, (32)

zy

and then (C7},)’ (u) > 1 remains bigger than one. By taking another derivative, we have
(C2y)" () +u(C,)" (u) =1 >0, (33)

from which we further conclude, that while (C7, )" (u) < 1, the function C7!, is also convex. In fact, as it is apparent from
the last line in (31), the values of C’;‘y, after (C;Ly)’ gets bigger than one, are irrelevant, and therefore (C;’y) does not
have to be convex on the whole [0, 00). However for simplicity we will assume that (C7’, ) is convex, and that it satisfies
(32) everywhere where it is finite. In Theorem 24, it is argued that under some extra smoothness assumption on Cg’;y,
(32) is the weakest condition such that in the definition of the Hamiltonian (31) one can exchange the supremum with the
infimum, and therefore the application of Sion’s theorem is optimal (there is no better result that we could have used). Now

we provide the main assumption for C7, .

Assumption 2 For eachn € N, R" : P(X) — [0,00) is a continuous function. Moreover, for every (z,y) € Z,
Cyy +10,00) — [0, 00] is a convex function that satisfies the following:

1 u(Cy,) (u) —u s increasing on the maximal open interval where C, is finite.

200,(1)=0

Assumption 2.2 is not necessary, but it simplifies the analysis and it is appropriate for the situation being modeled to have
zero cost when there is no change from the nominal rates. Under Assumption 2, we will prove in Lemma 23 that the Isaac’s
condition is satisfied, and therefore the equality (31) is true.

Lemma 3 Under Assumption 2, the cost functions C7!, satisfy the following on (u7 ., u5 ., ):

1 for every (x,y) € Z we have (Cl1,))' (u) > 1 — & foru > 1, and therefore lim inf,, . (C7,)' (u) > 1,

2 forevery (z,y) € Z andu € (0,00) we have Cy, (u) > —logu +u — 1.

Proof. It follows from the monotonicity that u(C7, )’ (u) —u > —1for u > 1, which gives the first statement. The second
follows by comparing (Cr, ) (u) with [* [1 — 2] ds and using C7, (1) = 0. m

1

Example 2 The family of functions C, (u) = o

the derivative of Cy}, (u) gives — L+ + u?™", and multiplying with w and subtracting u yields —-% + u? — u. Taking
the derivative again gives % + quq_l — 1, which is always bigger than zero, since ﬁ and quq_1 are everywhere

positive and bigger than one on the intervals [0, 1] and [1, c0), respectively.

+ % — pp—"?, where p > 1 and q > 1, satisfy Assumption 2. Taking
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Before proceeding with the proof, we state some properties of Fy, .

Lemma 4 Foreveryn € N and for every (x,y) € Z, let Fy, be as in (9), where {ng} satisfy Assumption 2. Then the
following hold.

L Fy (q) > Yayl (q) >0, 2.F.(vy) =0, 3.F; isconvexon [0,00).

’Ya:y

3.2 Equivalence of the stochastic problems

Theorem 5 Letn € N, X C X", (resp. K C P™(X)), and C, R be as in Assumption 2. Then

1 ,
Vg(m) = ——log(Wk(m)) (34)
and 1
Vic(@") = — - log(Wic (2")). (35)

If in addition K C X™ is invariant under permutations, and therefore can be identified with a subset of P™(X), then
1 1
= log(Wi(L(z"))) = VE(L(2")) = Vi (z") = —— log(Wi (2")). (36)
n

The proof of this result appears later in this section. Also, we will only prove the first equality and note that the third follows
in a similar manner.

Lemma6 Letn € N, ) # K C P"(X), and C, R be as in Assumption 2. Then, the equation (29) has at least one
solution.

Proof. For the proof we use the equivalent discrete time stochastic control problem. We consider the following set of
controls

Au(m) ={ g€ 0,00)* % > Z Myqey(m) > a p and Ay(m) = Ugzsoda(m). (37)

For such a control the probability of moving from state m to state m + %'Uj“ﬂ will be given by

mzqzg(m)
Z(a:,y)e 2 Maqry (m)

9

and the (conditional) expected cost till the time of transition is given by

2w ez Ma by (qoy(m)) + R(m)

n Z(z,y)ez, Mafry (m)

Also, with some abuse of notation, we define the set of feedback controls
A, = {q € [0, OO)MPH(X)XZ' : q(m) S Aa(m)) and A+ = Ug>04q- (38)

Given controlled transition probabilities as above, let p(i) be the corresponding controlled discrete time process. We
define the value function V2 (m) : P(RY) — [0, 00) by

TSy Mo (D F (o (1(0)) + R(p(0))
>

VZ(m) = inf E,p, : .
" e WY ogyen Ha (1) (10(0))

gEA L

where E,,, denotes expected value given p1(0) = m and Tx = inf{i € N : u(i) € K}.
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Exit time risk-sensitive control for systems of cooperative agents 9

To see that Vﬁ(m) is finite, we just have to use the original rates and note that the total cost is proportional to the expected

exit time, which is finite by classical results on Markov chains. Since F,,, R > 0, and F}, is convex with ;¢ (T)
Ty

as a lower bound (see Lemma 4), one can see that we can find a constant ag > 0 such that only controls in A, (or any
a < ag) should be considered. More specifically to see that a term in the sum appearing on the RHS of (39) gets big when
2 (e.y)ez Ha(i)day (1(1)) gets small we bound the denominator by || times the biggest term and the nominator by the
same term and then we use the fact that ny(O) > 7Yzy- For the other bound we use the superlinearity of F;;,,. Now by
[3, Proposition 1.1 in Chapter 3], we have that this value function satisfies

= E(z,y)ez, mmF;L(QJ:u) + R(m) + Mmzqzy

_ 1
VE(m) = inf =32V (m + vi~>
g€Aq,(m) n Z(x,y)EZ Mz fzy Z(x,y)ez Mz fzy n "

(z,9)€Z

It then follows that V¢ (m) satisfies the last display if and only if [with AZ, V2(m) = n (Vi (m + 222) — Vi (m))]

inf E My (quA;yVK" (m) + F;y(qmj)) + R(m) = 0.
quao (m) ’ ’
(z,y)€Z
Since ag can be chosen arbitrary small and the left side on the previous display is continuous with respect to g, we get

Z Mg (waAgyvg(m) + F;Ly(qmv)) + R(m) = 0.
(z,y)€Z

inf
q€[0,00)1%I
Then using the definition (27) this is the same as
H" (m,A"Vi(m)) + R(m) =0,

and we also have the boundary condition V2(m) = Oforallm € K. m

Proof of Lemma 1. Let V be a solution to (29). We then have H™(m, A"V (m)) + R™(m) = 0, or by using the
second from the bottom line in (31),

sup Z My (Uzy (1 - ein(V(erviy)i‘?(m))) - PYzyCaT:Ly <:W)> + R"(m) = 0.

u€(0,00)1 %! (z,y)€2 Ty

By making the substitution we have

W(m + Yo -
sup Z My | Uy |1 — M — Yy Cay (uy) + R"(m) =0,
u€(0,00) %! (z,y)€EZ W(m) Yy

which is the same as (30). m

Lemma?7 Letf: P*(X) —» R, m € P*(X), andq € .AZ"Zl be given, and let i solve (21). Then

F(u(t)) — f(m) - / S e (5)ay (S)AR, F(1a(5))ds,

O (zy)ez

tATK
F(ult A Tx)) — f(m) - / S a5y (S)AZ, £ (1a(5))ds,
(z,y)€Z
tATK

f(M(MTK))*f(M(t'ATK))*/ Y a(5)aay (5) AT, f(n(s))ds,

UATK (2,y)ez

are martingales with respect to the filtration F.
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P. Dupuis, V. Laschos, K. Ramanan 10

Proof. By the construction of p (also see Ito’s formula [19, Chapter 2, Theorem 5.1]), we have

Fu(t)) — f(m) — /

: [ oo ann (AL, Fals )N (A = 0
(0.] (z,y)€Z [0,00

Indeed, the right hand side simply records each jumpiin f(p(s)) for0 < s < t. Since the intensity measure of N (dsdr)
is 1 times Lebesgue measure, by [19, Chapter 2, Theorem 3.1], for each (z,y) € Z

¢ 1
) AL, F s Nds = [ L ()AL, s ING ),

is a martingale. By combining the last two displays and using that s— in the ordinary integral can be replaced by s due to
left continuity,

F(0) = Fm) = [ 37 a9y (DAL F )

O (@y)ez

is a martingale. The second and third formulas then follow from standard properties of martingales. m

Lemma8 Letg: P"(X) — (0,00), m € P*(X), andu € Abn"z| be given, and let p solve (21). Then

de®) [ AL
om) P /O%EZ”” RO R
gt AT)) ) [ S (o) g (H(s))
o 2 I iy “o
gt ATK)) ) [ (o) g (Hls))
ST ) Lo, 2 e iy

are martingales with respect to the filtration F;.

Proof. The proof is a direct application of the corollary in [22, Page 66]. m

Lemma9 Letm € P*(X) and u € AZ"Zl. There exists a constant c > 0, that depends only on the bounds on u,

the dimension d, the constant R ... = max{R"(m) : m € P"(X)}, and the number n. of agents, such that for every
t>t >0,

o ]

Furthermore it is true that
Tk < as., and E,, {e‘”R&ax(TK_t ATK)‘&'}/} > c.

Proof. We claim there exists g such that for all s

Ay 9(u(s))
9(n(s))

To show the existence of such a g we use the following procedure. Since the one particle process with generator given in (1)
is ergodic, we have that the process on X", with generator given in (2), as well as the one on P (X), with generator given
in (4), are also ergodic. We split P™(X) into sets { K; }o<i<i,...» Where Ko = K, and K1 is generated inductively as
the set of all points in P™(X) that do not belong to K; but such that the process with generator (4) can reach K; in one

Z Ux(s)uxy(s)

(z,y)€Z

> nR} (41)

ax:*

jump. Since the original process has d states, it is easy to see that i,,,x < d™. Since u € AZ"Z‘, there exist constants
0 < e1 <o <oosuchthat ey < ugy(t) < coforallt > 0as. Let g be defined by

o = (2

+nd%cs + 1
C1

tmax—1
) , for me K;.
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Exit time risk-sensitive control for systems of cooperative agents 11

Let u(+) be the process with control w. For 0 < s < t suppose that p(s) € K; for some i > 1. Then there exists at
least one (Z, j) € Z such that pu(s) + “22 € K;_;. Therefore

7

A7 S A S s Vay
Z NI(S)Umy(S)ZZEi((Z)())) = u@(s)u@(s)m +n Z M

(z,y)€z (z,y)€Z,(x,y)#(Z,7)

s AT S
-n Y g(“(,s);uAs)uw(s)zuf(s)um(s)”“"(“(”—n 2 ey (s)

(@) €2 (my)£E5) T 9(1(5)) ()€
<nRﬁlaX +nd?cy + c;
> c1
1

max?

— 1) — neod? > nRY

where in the next to last inequality we used the fact that 11z (s) >
and that A7, V(m) = n (V(m + %) — V(m)).

% (because otherwise there is no particle at  to move),

Using the last martingale in Lemma 8, we have

tAT tATK A;L s
Em 79(#(/ ) exp —/ uw(s)uwy(s)iyg(ﬂ( )>ds Fu| =1,
9(u(t' N Tk) inTe o o)
from which we get
[ ATk AP s Ngpn
E,, |exp _/ Z uz(s)uw(s)wds Fp| > 2NOI
t' AT 9(n(s)) maxepn () g
L (z,9)€Z
By applying equation (41)

n ’
]Em |:e_anax(t/\TK_t /\TK) ‘?t/:| Z c.

Now choose now 7 > 0 such that e~ "FmaxT < ¢/2. We claim that
(T <t'4+71)e (T Nt +27)—t' NTk) < T.

Indeed if t’ > T, then both parts are trivially true. Let assume that t’ < T, and Tx < t'+7.Then T A (t' +27) =
Tk,andt' ATk = t', and therefore (T A (t' +27) —t' ANT)) = T —t' < 7. If on the other hand t' < Tk and
(T ANt +27) =t ANTk) < 1,weget (T A (t' + 27)) < 7+ t/, which gives that T, < (¢ + 27), and therefore
Tk = (T A (t' +27)) < ' + 7. Using the claim just proved gives

Po(T <t +7|Fp) = Pp(Te At +27) =t ATk < 7|Fp)

L !’ ’ n
_ ]P;m (e*"RfHax(TK/\(t +27)—t /\TK) > e*”RmxT\&"tJ

Let B4 = o MR (T AW +27)—t' ATk ) 5 o=nRmaxT) and Ey = E¢. Thensince T A (' +27) =t/ ANTx >0
1

E {efnR;"mx(TK/\(t’+2-r)7t'/\TK)
m

5] = B [1gye MDA 520N
m 1

%}

+Em {1E2e—nRgax(TKA(t’+2~r)—t’/\TK) ’Stt/} <E,, |:1E1

3—}/,} + e*RmaxT.

“nRnaxT < ¢/2, we get

From this, the first part of the lemma and e
—nR™ (TNt +27)—t' AT, —nR"
P (e nRy o (T A +27) x) > e xnaxT‘H:'t,)
> Em {efnR:rlmx(TK/\(t/+2")*t/ATK) ‘3}/] e BT > e S

Now we have

k
Pro(Tic = 00) = lim Pp(Txc > k7) = Pr (Tic > 0) lim [T =P (T < (K + )7 | Tk > K'7))
e deel

k—oco
k=0
k
< lim (1—5) —0,
k—oo 2

where in the second inequality we iteratively used the formula for conditional probability. The remaining inequality is just
an application of the monotone convergence theorem. m
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P. Dupuis, V. Laschos, K. Ramanan 12

12|

Lemma 10 Givenm € P"(X),e > 0 andu € A, with

By [ 7 (B 025 (5 b)) o

o1zl and T < oo, such that

> altnncn, ("40) < mrGa) <o

(z,y)€2 ik

there exists w € A

foreveryt > T, and
Ig(m,u) < Ik (m,u) + e

Proof. Let such m € P"(X),e > 0,and u € AZ"Z‘ be given, and let ¢ > 0 from Lemma 9 be such that
Epn [¢"fxTk 00| 3, ] > ¢ (43)

fort’ € [0, 00). Since by Lemma 9 T is finite a.s., we can find 7 < oo such that

T, n ((uay(t) n
Emm |:I{TK>T}6"IOK(Z(.T,;/)EZ #z(t)’YzyCmy( ’yzy )*R (P'(t)))dt:| < ec.

Now set w(t) = wu(t) for t < 7, and u(t) = v so that O}, (tzy(t)/Vey) = O0fort > 7. Let fi and Tk be

the corresponding controlled process and stopping time. Then the first claim of the lemma follows. The remaining claim
follows from the following display, where the first inequality uses again that C;‘y (1) = 0, the following equality uses that

(@, &, TK) had the same distribution as the original versions up till time 7, and the second inequality uses (43):

) = By [ (B0 (22) )]

<Em |:I{T < }en fOTK (E(Twy)ez ﬁx(t)"/myC:y(azzz(;t))_Rn(ﬂ(t)))dt]
> 'k <T

+E [I{T > }enf"TKAT(Emwez ﬁw(t)%yciby(ﬂ::y)_R”(ﬁ(t))>dt]
m™m K=T

—F {I{T < }e"fOTK (Z<z=y>ez”f“)%v%(w)‘R"(“(t)))dt]
m K3ST

Ty AT ug ”
0 (S e n He (072, CFy (B8 ) —R™ (u(t)) )

—+ Em I{TKZT}en

Emkﬁa@mmmwwu%m%wwwa

X

E. [J Jrgnr (Ses pe 010 O3, (247 ) =Rr (w(e) ) dt | -

<Em [en Jo (Z(w)ez /‘w(t)C;y(W)_Rn(“(t)))dt}

T n ugy (t) n
+ %Em lI{TK»}e" S (S ez a1y C2,y (552 )~ R (“(”))dt]

< Ig(m,u)+e.
"

Proof of Theorem 5. We are first going to prove that V¢ is the unique solution to (29). Let V be any solution to (29), and
let m € P(X). Letalso q € AZ"Z‘ be given and let p solve (21). By Lemma 7,

ATk R
Pt ATi) = Vim) = [ 57 e(o)an A"V ()i
(z,y)€Z
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Exit time risk-sensitive control for systems of cooperative agents 13

is a martingale. Taking expectation gives

~ tATK ~
B [P0t £ T10)] ~ B | [ 3 bl | = Vm)

and since V is a solution to (29) and by (27),

tATk ~
Em |V (1t A Tc))| + Em / > (8L (qay(5)) + R™(u(s)) | ds| > V(m).
(z,y)€Z

By Lemma 9, Tx < oo almost surely. Letting ¢ — 0o, Lemma 4 and the monotone convergence theorem imply

Tk ~
Jie(m,q) = Em /O D () FL (uy(s) + R™(p(s)))ds | > V(m).
(z,y)€Z

12|

Since g € A;"'"" was arbitrary we get V2 (m) > V(m).

12|

Since q € A" was arbitrary we get V;2(m) > V(m). For each m € P"(X) let g(m) satisfy

P (acstmpn (7 (o Loy ) = Vm) )+ ey (m) ) + o) <y meFzy(qw(mz;)

To see that such a g(m) exists and it is actually bounded away from zero, we take a minimizing sequence of q,,(m),
where each ¢, can be considered positive by continuity of both sides of (44) with respect to g,,(m). With no loss of
generality we can assume that the sequence is converging. If all elements converge to the original rates we just take those
and the inequality is satisfied trivially. If on the other hand it converges to different values the right hand will be always
bounded away from zero while the left hand will converge to zero, therefore for sufficiently large value of n, we will recover
the desirable control. We can construct a solution to (21) with w replaced by the feedback control g(g), and then obtain

q € A by setting ¢(t) = q(p(t)). Then

Em [V(R(tATk))| — Em o > 1(8)Tay (1(3)) A"V (p(s))ds | = V(m),
0
(z,y)€Z

and therefore by (44)

Em |V(u(t ANTk))| + Em o > e () F (Gey (1(s))) + R (p(s)) — €Rbyy | ds| < V(m).
0
(z,y)€Z

Again using Lemma 9 and the monotone convergence theorem gives
TK -
(1= )Enm / D e (OF ™ (Tuy (11(9))) + R™(1(s)) | ds| < V(m),
0
(z,y)€Z

and therefore V}2(m) < Ji(m,q) < 1i€‘~/(m) Since ¢ is arbitrary we get V() = V (1m), which implies the

uniqueness of V.

We now proceed with the proof that W} is the unique solution to

wp S (uw (W(u) —V;V(I%H ;T’)) — Ay CT (:Z)) — _R'(n).  (45)

u€(0,00)! %! (z,9)€Z

Since V3 is a solution to (29), by Lemma 1 we get that % log(V]é) is a solution to (45), and thus uniqueness will imply
1] (Vi) =Wg
n 108V K-
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n,| 2|

Let T be any solution to (45), m € Pr(X), and u € A,
7 < oo suchthatfort > 7

, and let p solve (21). Further assume that there exists

S il () < R Gute) <o )
(z,y)€2 Yy

To show J%(m,u) > W(m) we can assume that Ji (m,u) < oo, since otherwise there is nothing to prove. By
Lemma 8

Wt ATx) ) [ o (AW ()
Wim) T /0 2 P )
is a martingale. Taking expectations gives
. T AW (pa(s) :
E,, |W Tk))exp{ — o (8)Uzy(8) —=———ds =W(m),
(e A Ti)exn§ - | 2wl =S (m)

and by (29) and the definition of A™

tATK U (8 B
B | Wit A Tiexp dn [ (5 o, (“2) < o) | as | > W om)

(z,y)€Z Y

We claim that

TATK U s
B W0 A T exp 5 oy () - e | as b <o @

(z,y)€2 wy

Since W is uniformly bounded this term can be ignored. One can then bound what remains in (47) by using

> i mea) =B o o [ (5 oz, (M2 - oG | as

(z,y)€2 i

breaking the integral over [0, T’k ] into contributions over [0, 7 A Tx] and [T A Tk, T |, and then conditioning on F and
using the lower bound on the term corresponding to [ A T, Tk provided by Lemma 9 (as in the proof of Lemma 10).
Since (by Lemma 9) Tk is finite almost surely, and (46) holds for ¢ > 7, by dominated convergence theorem and (47) it
follows that

Tx Ugy (S ~
Jg(m,u) =E |exp n/o Z ta(8) Yy Oy (aj;;()> — R™"(u(s)) | ds p | = W(m).
(z,y)€2 ry

By minimizing over all u that satisfy (46) and applying Lemma 10, we get W7 (m) > W (m).
Next let € € (0,1/2). Form € P"(X),t > 0 we choose @(m, ) such that

Z M. (ﬂzy(m,t) (W(m) _~W (m+ T”)) *'Y:cycgy <1_ny(’n’l,t)>> > 7Rn(m) . ; (48)

(z,y)€Z W(m) Vay ?+1

As before we can solve (21) and then generate a corresponding element u of AZ"ZI by composing ﬂzy(m, t) with the

solution. It is easy to see that w is an element of AZ"Zl, since very big or very small values of awy(m, t) will make the

left hand of (48) tend to —oo. Arguing as before, for fixed t < oo

B [W(nlt A T))expqn [ 2 mlnnc, (D) oo - 5 s | < Wm).
z,Yy)€EZ Y

By sending ¢ — oo and using the boundary condition, Fatou’s lemma gives

Ey |exp (/Ow8211d8> exp n/OTK > pa(8)VayChy (%’(“(S)’S)>Rn(u(8)) ds | < W(m),

(z,y)€Z ey
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Exit time risk-sensitive control for systems of cooperative agents 15

from which we get W7 (m) < W (m exple [7°1/(s% + 1)ds]. Sending € to zero shows W (m) < W (m).
K 0 K

The proof that V7 (z") = —1 log(W (2™)) is similar and thus omitted. It remains only to prove V2(L(z")) =
Vi (™). We have established that V2 is the only function that satisfies

inf > ma (qey AL VR (M) + FJy () ¢ = —R"(m), (49)
gq€(0,00) %l (e

and that V' is the only function that satisfies

lnf nlZ| Z Z (Qr Y 7T"yvn ( )+F’I‘ y(%‘?y)) = *ﬂRn(L(.’Bn)) (50)

qE(O oo i=1yeZ, n

Since K C X" is invariant under permutations, and therefore can be identified with a subset of P™(X), we have that
there exists a function V' : P™(X) — [0, 00) such that V' (L(x™)) = V' (x™), and therefore (50) becomes

Z Z (q”” v V(L(w"))‘*‘F;ij(%gy)) = —nR"(L(z")).

n|z|
qE(O oo) =1 yezon
i

Fore > 0, let g € (0, 00)"?I satisfy

S5 (@Al U (LE") + By (@agy)] < -nRMLE") + <.

i=1 yeZ, n
i

Now pick g € (0, 00)/%I by requiting L, (2")Gey = > 1, Lyn—yGuny, SO that

Z nLy(x")Gey A%,V (L —l—Z Z ) < —nR™(L(x")) +e.

(z,y)€2 =1 yEZym

By using convexity of Fy, (see Lemma 4) we get

Do La(@") [Guy AL,V (L(@") + Fiy(@ry)] < —R"(L(2")) + €/n,
(z,y)€Z

and sending € | 0 gives

inf Z Lx(wn) [quA:yV (L( )) + F ((ny)] < _Rn(L<wn))-

ae(0.00) 2 | A

The other direction is trivial, and follows if in (50) one uses rates that are the same for all agents in the same position. m

4 Discussion regarding convergence
Before we introduce the deterministic control problem, we define the set of admissible controls and controlled trajectories.

Definition 11 We define the space of paths and controls by
€= {(p q) € D(0,00); P(X)) x F ([0, 00); [0,00)%) : f12Gsy is locally integrable ¥ (z,y) € 2}, (51)

where F ([0, 00); [0, 00)®*) was defined in (13). We define A : C x P(X) — D([0, 00); H) by

Mpgm)) =mt 3 oy [ n(s)an sl (52
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Also we define the set of all deterministic pairs that correspond to a solution of the equation . = A(u, q, m), i.e.,

Tm ={(1,q) € C: p = A(p,q,m), n(0) = m}
Finally we introduce the set of controls that generate controlled trajectories

U = {q € F([0;00);[0,00)®%) : Tp € D([0, 00); P(X)) such that (1, q) € T } - (53)

Then the deterministic control problems are given by

Vik(m)= inf  Jx(m,p,q) (54)
(1,9)E€ETm
Tk R

Tctmps ) =4 [ w085 0 0) + Ru(0) | de 5)

0 (z.y)€2
F*(q) = inf {lirginf F"(qn) : {¢"} sequencein [0,00) with ¢, — q} , (56)

with

F>(q) = sup{F(q) : F convexand F < >} (57)

and T = infte[o,oo] {[J,(t) S K}

In this section we consider sets K C P(X) that satisfy the following assumption.
Assumption 12 K = K° # ().

For such sets we show that the sequence of values functions V converges uniformly to the function V. To simplify the
notation we will drop the index that corresponds to the set from the stopping time. We split the study of the convergence
in two parts. In the first part, without making any extra assumptions on the cost functions and in great generality, we prove
that for any sequence {m" }, with m™ € P"(X) converging in m € P(X),

liminf VE(m™) > Vi (m).
n— oo

The other direction of the inequality, i.e., limsup,,_, ., VZ(m"™) < Vi (m), is not as straightforward and its analysis
can be quite involved. In order to avoid technical issues relating to controllability we will add some assumptions.

Before we present the extra assumptions on {C"™} we discuss an almost trivial choice for the cost function that does
not depend on n and that will motivate these extra assumptions. As stated in Lemma 3, for every (x,y) € Z we have
C;Ly(u) > —log u + u — u. Actually the function C;Ly(u) = —log u + u — 1 satisfies Assumption 2 and therefore is an
eligible cost function.

Setting C, (u) = C(u) = —logu + u — 1, we get

Gypy(u,q) = ul (%) — ey O, (A/“

Ty
= qugQ+ (me _Q)IOgu_Q""Ymgr

q U
):qlog—q+u+’yxylog—u+%y (58)
U Vxy

Examining (58) and referring to the definition of F;’y in (9), we observe that if ¢;;,, > 7, then the “maximizing player” (the
one that picks u), can produce an arbitrarily large cost by making u.,, as small as needed. If g, < 7y, this player can
produce an arbitrarily large cost by making u.,, as big as needed. Hence the minimizing player must keep ¢,y = 7z, and
the value function V' (m) is infinite unless the solution of the equation ©(¢) = v(t)~y passes through K for the specific
choice of initial data m. To resolve this difficulty we could start by imposing the following assumption on the cost.

lim sup u(Cy,) (u) = —oo,  liminf inf {u(C},) (u) —u} > 0.

u—0 neN u—00 neN
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This Assumption makes F* finite on (0, 00) and allows for some controllability. Specifically, if the first point is true and
it m,m € P,(X) for some a > 0, then one can observe (see the proof of Lemma 4) that the total cost V{m}(m)
for moving from point m to 7 is uniformly bounded by ¢, ||m — ||, where ¢, > 0 is an appropriate constant, where
the minimizing player picks ¢, (t) to be uniformly bounded from above, but big enough to reach the desired point. In
particular, the maximizing player cannot impose an arbitrarily large cost by taking u;, small. In an analogous fashion, the
second point implies that the minimizer can choose controls so that the total cost V{,;L}(m) for moving from point m to
mm is uniformly bounded by ¢, ||m — || by picking Gz (t) bounded from below but small enough.

However, if m is in the natural boundary of the simplex T(T)C) an additional complication arises, because to reach the
natural boundary it must be true that for at least one (z,y) € Z the quantity gy, (t) will scale like 1/fi,(t). In that case,
the first point is not enough for a finite cost, since sending (jwy(t) to infinity in order to reach the natural boundary may
result in an infinite total cost. Taking all these issues into account we end up with the following assumption.

Assumption 13 Foreveryn € N, let C", R™ be as in Assumption 2. Assume that there exist convex functions C*° :
(0,00)%% — [0, 00], R : P(X) — [0, 00), such that { R™},, converges uniformly to R*, and for all (x,%) € Z, the
following are valid.

1 Forevery (z,y) € Z, Cy, and C25 have a common maximal interval (u1 .y, U2 2y) C (0,00) where they are

finite, which contain 1 and for which C;}y converges locally uniformly to C;’Z

2 There exists p > 0 such that

p+1 n \/ _
ilg%) ilégu (Cry) (u) = —oc. (59)
3
lim inf inf {u( ) (u) —u} > 0. (60)

u—00 neN

Now we state the second main theorem of the paper.

Theorem 14 Let{C"},,, {R"},, C'*, and R*° satisfy Assumptions 2 and 13. Let also K be a closed subset of P(X)
that satisfies Assumption 12. Finally assume that in every compact subset of K€, R°°, is bounded from below by a positive
constant. Then the sequence of functions V3 defined in (24) converges uniformly to Vi defined in (54).

Before proceeding with the proof, we state some properties of F7, .

Lemma 15 Foreveryn € N and for every (z,y) € Z, let I, be as in (9), where {C}},} satisfy Assumption 13. Then
the following hold.

1 There exists a constant M € (0, c0) and a decreasing function M : (0, 00) — (0, 00), such that for every € > 0
and every q > ,

F2(q) < qlog — L+ o).
min {2y (12 /0)'77 M }

2 F}. is continuous on the interval (0, o), and continuous as an extended function on [0, c0).

3 F converges locally uniformly, on the set (0, c0), to the function

zy
_ q u
F.,(q) = sup {ué = Ve C°°< )}
y( ) u€(0,00) (U> Y Vay

Furthermore, we have Fm = Fyy,, where F°° was defined in (56). Finally F) is convex on the whole domain

[0, 00) and therefore F,y = Fgy = F:;’;

The proof of the Lemma 15 can be found in Appendix A. It is worth mentioning that it is possible that Fx”y(O) = 0. Inthe
sequel we will make use of the following remark, which states a property proved in [12, Proposition 4.14]
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Remark 16 There exists D > 1 and by > 0,by < oo such that for every m € P(X), ifv(m,t) is the solution of
©(t) = v(t)~y with initial point v(0) = m, then

1.Ve € X, vy (m,t) > byt? and 2. lv(m,t) —m|| < bat.

Before proceeding with the proof of Theorem 14, we prove that the function V' (m) is continuous. We will actually prove
something stronger. Recall that ~y denotes the original unperturbed jump rates and the definitions of P, (DC) and fPa(fXZ) in

(14), (15).

Theorem 17 There is a constant ¢ that depends only the dimension d and the unperturbed rates =y, such that for every
m € P.(X), m € P(X) there exists a control q € U,y,, that generates a unique p with (i, q) € T, satisfying

1 p is a constant speed parametrization of the straight line that connects m and m,

2 the exit time T'(,3) is equal to

3 Vay < quy(t) and pue(t)quy (t) < €

Furthermore, ifm, m € P,(X) then

(61)

@\m

Yy < Q:z:y(t) <

and we can find a constant ¢, < oo such that the total cost for applying the control is bounded above by c,||m — m/|.
Finally, for every ¢ > 0 there exists 6 > 0, such that |[m — m|| < 0 implies Vi) (M), Vimy(m) < €, and therefore
as a function of two variables V' is continuous on P(X) x P(X).

Proof. Recall the definitions above (3), and let m € P, (X), m € P(X). We can find a positive constant ¢ that depend
only the dimension d and on the rates =y, and also rates g such that

m-—-m _
L. ql’y Z nyﬂy’ Z mquyvxy H'I’h ) 3. max{mquy, (xay) € Z’} S C.

(.9)€% m|

Indeed, since {azyVyy @ azy > 0,(z,y) € Z} = FH, we can find a constant ¢ < oo such that for every point

m € P, (X), there exist vectors qg, M,V With ¢gym, < ¢, and Z(%y)ez My QuyVay = ﬁ Now if for some
T1,Y1 6 Z we do not have ¢y, y, > Va4, then by ergodicity we can pick 21, 22 = y1, 3, ...,x,;, with j < d, such
1Y1 1Y1 J

that ZJ 1 Va4, = 0. If we pick the new g, 4., , equal to max,y{y.y}/ma, plus the original Qz;x:. > then property
2 is still satisfied, but we now also have ¢y, = Va,y: -
property 1, and can then set ¢ = max{m;qqy, (z,y) € Z}.

Let
a(t) = [(m —m)t/|m —m| +m], (62)

and define g € U,,, by
fiz (1) Gy (t) = Meqey < C. (63)
Then automatically

Z vmy/ s)ds:t‘

m—m
(z,y)€Z

and thus (ft, q) € T, This will lead to hitting {172} in time T'(,3,} = ||m — 1. Using properties stated in Lemma 15
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we get

Timy
(u ;I)lefg' J{m}(m,,u,q) < J{'rh}(mvﬂ'yq) < Z / ( )FOO(Qch( )) + RmaxT{'rh}

(zy)ez 0
(63) Timyf ~ Gay(t)
S Z / Nm(t)QEy(t) log ] ~ 1/p + InaXZM('ny) dt"‘RmaxT{m}
ez’ min {1y (Yo /day (1) ,M} @)
Timy T{m} ~ 1p
< ¥ [T iz @la+ 3 [ ety (0108 (o 0) 7 s
(zy)ez 0 (z.9)€2
T{m) ~ T{m} ~
> / (g (1) log Y+ 5 / (1) (1) log M| dt + ' Ty (64
(z,y)€Z (z,y)€Z
(63) /p .
Z / |10gqgcy |dt+C Z / ’10g VIy/Qxy ’dt+c T{m}
(z,y)€EZ (z.9)€Z
(63) Ty MG Ty
Z / log - q U dt+¢ Z / ‘log (ﬂm(t)’}’wy/quxy)l/p dt + " Ty
(z,y)€Z z,Y)EZ
(63) T
e Y [ nomn)ar e Z /  log ia (0 dt + ¢ Ty,
(z,y)€Z (z,y)€Z

i

where the constants ¢, ¢/, ¢’ depend only on ~, ¢ and Ryax.

Now if m,m € P,(X), then all elements are bounded by a constant ¢, (that depends on -, ¢, Rimax, and a) times
T} = ||lm — m/|, and therefore the first part of the theorem follows.

Letl > 0 > 0, and m,m € P(X), with || — m|| < §. We take m = v(m, J), where v(m,t) is the solution of
U(t) = v(t)~, with initial data /(0) = m. Now by appropriate use of the inequality i, (£) > min{m, m.(Trmy —t)},
that we get from (62), and using the last display, we get

Tim
Vi) (m) < " Z / \ logmy| + | log(T{m} — t)|) dt + Ty
(z,y)€Z

By a simple change of variable and Remark 16, we have

b25
Vi (m) < " (|logb167| + |logt|) dt + bad | . (65)
{m}
(z,y)€Z

Therefore

bod
Vimy(m) < Vimy(m) + Vimy(m) < 6Ripax + " Z / |logb15D| + \logt\) dt +by6 |,
(z,y)€Z

and the right hand side can be made as small as desired by making J small enough. The estimate for V{m}( m) is proved
in a symmetric way. This proves the last statement of the theorem. m

5 Lower bound

For the proof of Theorem 14, we first prove the lower bound: for every sequence m” € P*(X) and m € P(X), with
m"” — m, we have

liminf VE(m™) > Vi (m).

n— oo
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Without loss of generality we can assume that the liminf is actually a limit, otherwise we can just work with a subsequence.
If the limit is oo then the conclusion is trivial, therefore we can assume that there is ¢ € R such that

sup Vg(m") <ec. (66)
neN

Lete € (0,1). Recalling (24), let " € AZ"ZI be such that

.
By /0 > upER (qr, (1) + R (u" (1) | dt| < VE(m™) +e, (67)

(z.y)ez
where ™ = h"™ (™, @™, m"™, N" /n)and T" = inf {t € [0,00] : p"™(t) € K} . For§ > 0 such that
|lm—m| <§= Va(m) <e, (68)
we define
Ks={m:d(m,K) <06} and T™° =inf{tec[0,00]: u,(t) € Ks}. (69)

The existence of such a d is given by Theorem 17. Now for pu”*, ¢™ as in (67) and 7™ as above, we define the sequences

W (E) = n(E A T™),
. qn t) t< Tn,§
0= {7 v T>Tm0" (70)

We note that for ¢ > T, q"v‘s(t) does not actually generate ", but we define it this way to simplify some arguments
later on. We will show that

T’Vl
it B | [ 30 R, (0) + B (0) | | >
L (z,y)€Z 71)

Tno
fiminf B | [ 3 i2 SRS @0) + R @) | de]| = Viey (m),
0

n—oo
(z,y)€Z

and then by an application of Theorem 17 and (67) deduce lim,,_, o, VZ(m™) + 2¢ > Vi (m). Since ¢ is arbitrary the
lower bound will follow. The first inequality in (71) is true since £}, > 0, R™ > 0 and T™9 < T™. Therefore only the
second inequality needs to be proved.

Before proceeding we introduce some auxiliary random measures. For (z,y) € Z, ¢zy € F([0,00);[0,00)), and
t € [0,00), define

Ny (dr; t) = bq,., o) (dr) pra(2)-
Foreach ¢t € [0,00), (z,y) € Z we have that 74, (+;t) is a subprobability measure on [0, c0). Also we consider the
measures Oy, (drdt) = 1z, (dr;t)dt on [0,00) x [0,00) as equipped with the topology that generalizes the weak
convergence of probability measures to general measures that have at most mass 7" on [O7 00) X [O, T]. This can be
defined in terms of a distance (a generalization of the Prohorov metric) dr,and the metric on measures on [0, 00) x [0, 00)
is

> 27" dr(plr,vir) V1], (72)

TeN

where pt|7 denotes the restriction to [0, 7] in the last variable.

Let 6™° = {0”’5}(3”)61 be the random measures that correspond to u”’5, q""s, according to the construction above.
We observe that

tAT™
( =m" + Z vzy/ / TQ"‘S (drds) + a martingale,

(z,y)€Z

where the martingale will converge to zero as n — 00, and that for every (:1:, y) € Z,

Eppr [ / " / 9"5(drdt)] : (73)
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We will split the proof of (71) in three parts. First we prove that (g™, 0™, T™9) is tight. Then we show that for every
limit point (u®, 8°,T?), 62, has the decomposition 6%, (drdt) = 13, (dr;t)dt, with S yex My ([0,00);8) = pl (1),
and for q° defined by 3 (t)q5, (t) = [~ 13, (dr; t), that

tAT? tAT?
o (t) =m + Z 'vmy/ / 7”95 (drds) = m + Z vzy/ qu( s)ds.

(z,y)€Z (z,y)EZ

[ / drdw]

Finally, by an application of Fatou’s Lemma, for such a q5, we get

/ / Gnédrdt1>E
o | [ / ) () [ [ [ Esstm

%) oor nzy(dr t) ) o0): Té
/0 me <~/O 7711,([0,00),75)> nmy([07 ),t)dt /0

where in the second inequality, we used the fact that FOO < Ff;, and for the fourth, we applied Jensen’s inequality.

Together with u"’5 — ;1,5, Foo > 0, R > 0 and another application of Fatou’s Lemma, this gives (71).
zy

lim inf E,,»
n—oo

Fy(ad, (¢ ))ui(t)dt] ;

5.1 Tightness of (™, 8™ T™9)

First, we prove that (™% (+), T™%), which takes values in D([0,00); P(X)) x [0,00) C D([0,0); R%) x [0, 00), is
tight. For that, we introduce some aucxiliary random variables u""; in D([0, 00); R4 ) to compare with p1"+, given by

. tAT™®
g (t) =m" + Z 'Uzy/ 1 (s Q:ry( s)ds. (74)

(z,y)€Z

Since Vayl (+/Vzy) < Fyy (+), recalling (66), (67) and that for sufficiently large n R™ is bounded away from zero in

= {m :d(m,K) > 0} by aconstant R® . . we get
™° qx (t) 5 5
e / > uZ(tmyf( y ) dt + RO, T | <c+1, (75)
0 (zy)ez Tay

which shows tightness of {77°}. By setting Yimax = max{ys, : (z,y) € Z}, we get

e n

O

]Emn / Z '_Ymaxu’.l,( )’y yz (qy( )) dt+R§nlnT7’L,§ S C+ 1
0 (z,9)€2 Ymax Yy

Using the fact that £ is convex and £(1) = 0, by Jensen’s inequality a¢(b) > £(ab+ 1 — a) for a € [0, 1] and b > 0. By

setting a = “yﬂ the inequality above gives

e " (1) (12 (1) Yay)
B | [ 2 vmaxe(“-f 0y (t) + 1 — P ”) dt + R, T | < c+1.
0

(12711)62, max ’Ymax

By applying Jensen’s inequality once more

Tn,é
n(t -
o /O pam— Sourwer,m+ S [1—(“2()”)} dt+ R, T | <c+1.

|Z’|7max ()€ (2.9)€Z |Z’|’Ymax

(76)
Now by multiplying with T , using (74) and the fact that ¢ < ¢ implies £(q) < £(¢') + 1, we get
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c+1

< .
|Z’|’Ymax

IE'rn" (77)

Tn,é 3 5
"™ (ﬂ) ( 1 5 > 5
J4 < dt + R, —1|T™
/O 12| Ymax |Z | ¥max

Finally, by using that for every ¢ > 0 there exists ¢; > 0, co < oo such that £(¢q) > ¢14(q) — ¢z, we get

< e+t
|Z’h’max

T8
n 1 n
Eopr V el (JE™°(t)]) dt + <Z|Ri1m -1- 02> "0
0 Ymax

which implies

c+1 (ca+1)

<
|Z’|’ymaxcl C1

Epn [T™] < ¢/, (78)

.8
. 1
Eopn / (|2 (t)]) dt + ————RS,, T™°
[ 0 (| ( )|) ‘Z|7maxcl

where
, c+1 (c+1D(ca+1)

CcC =
| Z’h/maxcl C1

. (79)

It will follow from the following lemma that 2™ is a tight sequence in D([0, 00); RY). Let 8 be the elements (g1, T') of
C([0,00); P(X)) x [0, 00) that satisfy p(t) = p(T') fort > T.

Lemma 18 For every positive number a, the function

S e dt +aT, pe AC([0,00);RY), T € [0,00)

. (80)
00, otherwise,

H(p,T)= {
is a tightness function on 8, where AC(]0, o0); R?) is the set of all absolutely continuous functions from [0, o0) to RY,

The proof of this lemma is in Appendix 8 (Is better if we use a reference of some sort). Using the bound (78), it follows
from Lemma 18 that { z™° } is tight in D([0, 00); R?). Now we have that

(1) — B0 (1) <
(z,y)€Z

)

tAT™? tAT™? oo 1
[ mdeds— [ [ lousoum o) N5 dsdr)
0 0 0 n

n,0
zy,t)

n,0

are all martingales with quadratic variation Q.

where the summands on the right side, denoted from now on by @ .t

that is bounded above by

t/\Tn’é
/0 u;L(s)q;”y(s)ds]

(c+1)e /
(79) o [0 / o [T:0] (75) (7_4-0)
B ' + eEmn [T /\t}<c+eEm [T™°] z R?

1 tAT™0 00 1
gl / / Lo,z (s)az, () (1) Nay (dsdr) | = — B
0 0

1 AT
stmn/O (E (5)g, (3)) + e)ds < )

n n n

n

where in the first inequality of the last line, the estimate ab < e® + £(b), with a = 1,b = u7(s)qy, (s) was used. By
using the Burkholder-Gundy-Davis inequality, for every T' € (0, c0)

Epnr

0 ,011/2
sup |Q2y,t|] < epepEmn [Qy; ]T/ < c¢BgD
t€[0,T

from which we get that E.,» [supyeo 17 \QZ;J] converges to zero as n. — oo. Recalling that we already proved {2}

is tight in D([0, 00); R?), it follows from Eyy,n [d(u”’5, @"%)| — Othat {(u™°, T™%)} is tight as well.

To show that the variable 8™° is tight, we combine (73) and (66), (67) to get
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Tnd Tn,(S
B, Z/ A (r)6m (drdt) + / R (1) | < e+ 1.

(z,y)€Z 0

Since, by part 1 of Lemma 4, we have Yz, ¢ (-/Vzy) < Fp,(+), and gm0 =~fort > T™% we get

T8 0o
Emmn | / / %y( )9"5(drdt) = Eppn / / Yyl (vr) 0 (drdt) | < c+1.
0 0 Yy

(z,y)€Z (z,y)€Z

o T
- / / Yoyl (’") 0(drdt),
0 0 Yy

is a tightness function on the space of measures on [0, c0) X [0, 7] with mass no greater than T', we conclude that for
every (z,y) € Z, 9;@5 is tight with the topology introduced in (72).

Now by using the fact that

5.2 Distributional limits and the lower bound

From the previous two subsections we have that (u”’67 [/“5, 0”’5,T">5), is tight. For proving the lower bound, we

can assume without loss that the sequence has a distributional limit (u‘s, [1,5, 05,T5). By using the Skorohod repre-
sentation theorem we can also assume the sequence of variables is on the same probability space (€2, F,P), and that
(u?, 0, 0°, T7?) is an a.s. pointwise limit.

Consider any w € ) for which there is convergence. Since by the definition of gm0

03 ([0,00) x A) = / p (t)dt, VA € B(R),
AN|

0,77:9]

for every continuity set A of 63, ([0, 00) x -) we have

‘0 Ooo)xA)fG”‘s([Ooo ) x A)| +

/ S8yt — / 18 ()t | +
Am[o T9] AN[0,T9]
< 1602,([0,00) x A) — 0220, 00) x A)| + d(p®, ) + |T° —

xy

s o B 5
62, ([0, 00) x A) [;<

n[0,T9]

[ e [
AN[0,T™9] AN[0,T7]

<162,([0,00) x A) — 02:°([0, 00) x A)| +

[ty
AN[min{T"¢ T4} max{T%,T":}]

Therefore for every continuity set A of Qiy([O, 00) X )
0,000 x ) = [ i
AN[0,T9]

from which we conclude that foraII (z,y) € 2,065, has the decomposition 63, (drdt) = n3,, (dr; t)dt, withn3, ([0,00); t) =

» Yy
13,(t). Also, since [ [ £(r)0%; 5(drdt) is uniformly bounded and ¢ is superlinear, we have convergence of the first
moments of the first marglnal ie.,

/f 030 (drdt) —>/f )12, ( Vf e Cyp(R).
R

Hence for q° defined by 113 (t)q3, (t) = [, rnl,(dr;t), we get that for all (z,y) € Z

/‘f B ( m—»/ FOR WG, (bdt, Vf € Cy(R). 82)
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Using the fact that d(p"%, z™°) — 0 and (74), we get

T oAt
() - > gy / (s)q (s)ds| = \u""s(t) — ") =0, (83)
(z,y)€Z

for a.e. t. Applying (82) for suitable choices of f and using (83),

TO AL
po(t) =m+ Z va/ o (s qry( s)ds

(z,y)EZ
for a.e. t, and since the left side is cadlag and the right side is continuous in the last display, equality holds for t > 0.
We conclude that g° is the control that generates 1°, and we also already noticed that .0 (¢ )qmy fo 7"77131 (dr;t).
Finally, since ™ °(T™°%) € Ks and d(pu™?, u®) — 0, by continuity of u® we get pu® (T%) € Kj. As discussed below
(73), this concludes the lower bound proof.

6 Upper bound

Before we proceed with the proof of the upper bound

limsup Vg (m") < Vi (m),

n—oo

we establish some preliminary lemmas. In the following lemmas, we make use of T,,,, U,,, and F;’Z, defined in (52), (53),

and (57) respectively. For the properties of Fg;’;7 see Lemma 4.
Lemma19 Letm € P.(X), and ¢ € U, be such that (i,q) € Ty Given T < oo and e > 0, we can find
ay,as,az € (0,00) and @ € Uy, with (f1, q) € Ty, such that

ay < inf Jay(t) < sup Jay(t) < az, (84)
! (w,y)€2,t€[0,T] o(t) (z,y)€Z,t€[0,T] o) 2
it el > as. s (t) = (0] < e, and (85)
z€X,t€[0,T) te[o,T
(z,y)€Z (I,y)EZ

Proof. Recall that m € P, (X) implies m,, > Oforallz € X. Letv(m, t) be the solution to the equation & (t) = ~vv(t),
with initial data 1. By Remark 16, we know that there exists 1 > a > 0 suchthat v(m, t) € P,(X), forevery t € [0, T].
We can assume without loss that the right hand side of (86) is greater than zero, since if not true then the controlled rates
are «y and the conclusion of the lemma is automatic. For ; >6>0,let

“6(') = (51/(7’)’1,, ) + (1 - 5)“’()7 (87)
and note that u19 (t) > 0 for every ¢t € [0,7] and 2 € X. Therefore, for § as above and (x,%) € Z, we can define
vz (m, -) (1—0)pa(’)
) xT 9
Goy() = Yoy— 57— Fday() 55— (88)
) =gy T
Then it is straightforward to check that (u®, %) € T,,,. Moreover, since 6”;§$)’t) +a #5)(“;(t) = 1forallt € [0,T],b
the convexity of F>° we obtain
Aoo vz (m,t 1—0)ue(t
> [ o aa= Y [ ors (. Mg(t)uqzy( el o
(z,y)€Z (z,y)€Z x x
T
5y$ 7 fhg (T 100
< Y / po (1) (( 5 )F (Vay)dt+ Y / zt)()F (guy (t)) dt (89)
(ry)ez "0 e (9%
0= % [ w0 o)
(z,y)€Z
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where in the second inequality, we used the fact that Foo(%y) = 0 [see Lemma 4]. Therefore, we get a triplet (1%, q°) €
Tm With cost strictly less than the initial one, and with u‘s that satisfies
5 (1= 0)pa(t) (1-9 _
t) > da and < =c<1 90
for all ¢ € [0, T]. However, since this triplet does not necessarily satisfy condition (84), we modify it even further. Specifi-
cally, we pick M € (29max, 00) big enough such that

c
> / pd (8) [min {gd, (£), M} — g8, ()] dt < © ﬂ\ﬂ, (91)
(z,y)€2
and define
M (¢ / Z 3 () min {qu M} Vgydt. (92)
(zy)€z
Then
(92) .
g™ () = 2 (0] < [ (1) — @) = Z / H3(1) (a2, (1) — min {g}, (), M})) vaydt
©,y)€Z
<3 [0 (a0 min a0 00) ey %)
(z,y)€Z
s (91)
<2 Z / q_,,:y() mm{qu(t),M}))dt < ad(1 —+/c),
(z,y)€2
and therefore for ¢ € [0, 77,
(90) (93)
pdM () = pd () — ™M () — pd ()] > ad — [N (t) — pd(t)| > adye. (94)
We also get
&M (93) a6(1 — (90)
\1—“% (0] 0 a1 =ve) 0 o
u’x(t) mlllx N“x
) Ho (1) Ve
o ( 1 pa (t 1 c
T /e and M S E T (96)
pa ™ () pa (t)
We deduce that %™ (t) € P,.(X), for all t € [0, T, and therefore can define
L8 5
min { ¢y, (), M j g ()
gz, (t) = ) M} pal) (©7)

5, M
M (t)
which will give (u‘s’M, q‘va) € T,n. We can see that (84) is satisfied, since by (88) and the LHS of (96) for the bound
from below and the RHS of (96) for the bound from above we have

YayO¥e(m) sty < Ve (98)

2 Y - c
It is worth mentioning at this point that trying to get an estimate for the cost of ([,L(S’NI, q‘;’M), with respect to the cost of
(u q ) would require some extra properties of F>°_ However, we can obtain an estimate of the cost (u5 M q‘s'M) with

respect to the cost of the initial triplet (p, ), by utilizing only the convexity of F 2y and choosing the right parameters.
Using the fact that F;j is increasing on [z, 00) in the first inequality, and that M p.(¢) /ud™ (t) > ~., by (96) and

M > 27y,
o (S (OT) poo (TN {02, (1), M} 13 () oo (€O (2)
Foy (qu (t) = Fry < ugM(t) ) > Fry < & ()
~ 9 (Sl/76 m, 1-6 T
= me <'ny M%M(t) + Qxy(t) ui’M(t) > .
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However, from (90) and (96), we have
(1= 0pua(t) _ (1= 0)pa(t) po(t) _ Ve
= -— = 1.
ug’M(t) 0 ug’M(t) < e~ Ve <

Therefore using the convexity of F> we have

(1=8)pa(t)
o bn(m,t (0= o (0 5%)  snima) (1= O)ua(t)
& (M W2 T >_F” (1- Lo fzf‘(;?))%y Wiy O
(1= 9)®)) e bva(m, ) (1= O)pa(®) po
(100)

Combining (99) and (100) and then using (87), we obtain
5 i 5
pyM () Epy (a2 (1))

M (15 e [y Ot ) S .
< (WM (t) — (1 - 8)pua (1)) (7 - a s T (D2 (2 (1))

— (1M () — 1 (1) + v (M 1) F3S (7 i 5:§<(;’;j)5y = t)> (1= ) (O (qny (1)
(101)

We can make |u (t) — ,ug(t)| uniformly as close to zero as desired and therefore we can make the quantity

v (myt . . . oz
Yoy LT : ((Z;H)S%(m 5 as close to 7., as desired by picking M sufficiently large. Since F25 (7.y) = 0 and Ff; )
is contlnuous on (0, 00) by Lemma 15, we can pick M < oo such that for every t € [0, T7,

~oo Svp(m,t) 1 /T .
F, . < — 2(8)E2S (s ds. 102
" <7 " (0) ui(t)+5uz(m,t)> or Jy " (S Ey () 1o

T

Then from (101) and (102) and the fact that v/,.(mn, t) < 1 and (93), for t € [0, T

T T
> / Saroas Y | <25><21T / ux(S)FEZ(qu(S))d8> dt+

(z,y)€Z (z,y)€Z (103)
/ (1= O (OF (o) dt = 3 / (D) FZS (g (1)) .
0 (x,y)EZ

Next, we are going to prove the following result.

Lemma 20 (Law of large numbers) Let T € (0, 00) be given. There exists a constant ¢ < oo such that if (u™, ) €
T, (see (21)), and (v,7) € T, then

P ( sup |[|p"(t) —v(m,t)| > e) < % (104)

t€[0,T]

Proof. We have

/ / 7(8)Vay] ) deT / / 1[0 v ( ms)’Yl—y]( )deT
1 t oo
/ / (0,7 (5)72y] (T) = Ny (dsdr) —/ / L0, (8)72y) (T)dsdr
n 0 Jo
) t )
L0, ()72, (1) disdr — /0 /0 (0,0 (m,5)72) (7)ds

" (1) = v(m, )] < >
(z,y)

<D,

(z,y)
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For a constant K that depends on d and the maximum of v,

/ / l[Ovltn( )'Yry deT - / / 1[0 vy (m, ‘5)"/ry]( )dS

Hence by Gronwall’s inequality, for € [0 T

<K sup |p(s) - v(m, )],
0<s<t

(z,y)

|17 (r) — v(m, )] < &7 sup
0<t<r

1 . t [e%}
Vo) () N ) = [ [ oy )

c
76 §77
n

(7)

Using the Burkholder-Gundy-Davis inequality as was done to obtain (81),

<SHP // w;;(sm]() , (dsdr) // L{0,1m (5)7ay] (7)dsdr
te[0,T]

KT
P ( sup ||p"(t) —v(m,t)|| > e) <2 07

and hence

te[0,T] €\/n
which is (104).

We now obtain the following result.
Lemma 21 The sequence V™ (m) is bounded, uniformly inn and m € P(X).

Proof. Let 7 = diameter(P(X)). By Remark 16, there exists @ > 0 such that v(m, 7) € Paz(X) regardless of the
initial data 1. We can further assume that P; (X) N K*° # (), and in particular that there exists an element 7 such that
B(m,a/2) C P5(X) N K°. Without loss of generality, we replace a by a A @.

Since m € P,, the first part of Theorem 17 implies that for every point m in P, (X) we can find a control g,,, with the
following properties: there is a unique p such that (i, q,,,) € Tm; p is a constant speed parametrization of the straight
line that connects T to 11 in time T, satisfies

&1
’Y:Ey S Qm,xy(t) S ;; (105)

fort € [0, T{m}], (z,y) € Z,where ¢; > 0 is a constant that does not depend on a. For every m, we let

Qm,zy(t) t S ||m - Th”7 (106)

qzy (m,t) = {

Yoy t>[m—mf,

denote the control that takes ™ to 7 in time ||rn — ™|, in the sense that it was described above, and after that time is
equal to the original rates.

For i € N we define a control for the interval it < ¢ < (i + 1)7 as follows. Let f(¢t—) denote the limit of f(s) from the
left at time ¢, and recall that p(1m, -) is the straight line that connects m to 1 in time T,), where 1 is fixed and we
explicitly indicate the dependence on m. Then set

o) = {qu(m,t —ir) el (supsew] pp(m, ) — pn (1)) < 5) and (u"(it) = m € Py (X))
Y Yoy otherwise.

(107)
The idea with these controls is that, within each time interval with length 7, the control considers the starting point m, and
then it m € P,(X), it attempts to force the process to follow the straight line to M. If m ¢ P,(X) or the process goes
close to the boundary of the simplex P(X) \ P.(X), then we just use original rates to push the process inside P, (X).
Since all controls used are bounded from above and below, the total cost is a multiple of E[T™]. Thus we need only show
this expected exit time is uniformly bounded.

By using (81), we can find constant ¢ < oo such that

Wh(ir) = m € fPa(DC)> <X (108)

P< sup " (t) — pa(m, 1) > e

S @
tefir(i+1)7] 2
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from which we get

P(T" > (i + D)rlp"(ir) € Pa(X)) < inf P sup (1) — p(m, )| > 5 | p"(ir) =m
mePq(X) telir,(i+1)7] 2
<c 2
- Jna'
(109)
By Lemma 20, we have that for some ¢’ < oo
P sup l" () — v(m,t)|| > a priEt)=m g P (X) | < 2 (110)
tefir,(i+1)7] T2 ‘ ~ayn’
which implies that
B (w4 07) 20 () # 9
9 (111)
a
< inf P sup "t) —v(im,t)|| > = | ptlt)=m | < .
mgP,(X) <t€[ifr,(i+1)'r]|'u ®) ( )l 2 wr i) > ay/n

Thus the probability to escape in the next 27 units of time has a positive lower bound that is independent of n and the
starting position. This implies the uniform upper bound on the mean escape time. m

Now we proceed with the proof of the upper bound.

Proof of upper bound. We will initially assume that m is in P,(X), for some a > 0. Recall that Vx(m) < oo. Let
€ > 0. By the definition of Vi (m), we can find a triplet (i1, ) € T, and a T € [0, o0], such that

T
/O S e (OFS (qry(t) + B (1) | dt < Vic(m) +¢. (112)
(z,y)€Z

Since we assumed that R*° is bounded from below by a positive constant for every compact subset of K¢, we can
furthermore find a & such that for finite time 7° € [0, 0o) we have

Té
/ S (O F (uy(®) + B (u(t)) | dt < Vie(m) + ¢, (119
0 (z,y)€2

and d(u(T?), K) < §. By the second part of Theorem 17, we can extend the path so it can reach a point 772 of K, with
extra cost less than e. Since K = (K°), by a second application of Theorem 17, we can assume that 1 is an internal
point of K, by again adding an extra cost less than e.

Let » > 0 be such that B(m, ) C K°. From Lemma 19, without any loss of generality, we can assume that there exist
ay,az,as € (0,00) such that

a; < inf Quy(t) < sup Qury () < ag, (114)
(z,y)€Z,t€[0,T] ey (1) (@y)eztel0.T] wy(t)

and

r
)

pa(t) > as, |W(T) —m| < 5

inf (115)
z€X,te[0,T)

where the T" used above is the one obtained by starting with T° and adding bits as just described, and not the 1" introduced
at the beginning of the proof. Finally, by applying the first part of Theorem 17, we can assume the existence of a7y > 0
such that for every point 7 in the neighborhood B (1, rl), we can find a path like the one described above, by connecting
1m with a straight line to m. Of course this could generate different, though universal, a1, a2, a3 from the initial ones.

Now let m™ pe a sequence that converges to m.. For big enough n, we can assume that m"™ € B(m,r;). By the
continuity of /°° on compact subsets of (0, 00), we can find 75 > 0 such thatif my,ms € P22 (X) and [lmy —mg| <
r9, then for every q that satisfies (114), we have
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D

(z,y)€Z

IN
Sl

(116)

- - mi,z
00 0o 5
ml,ery (sz) - mQ,szy <sz Mo ) ‘
,T

Now for every n € N, we define the following control for the time interval [0, T7,
(117)

npy

() = Gy (1) 2252 i sup o g () = ()] < 7
Y Yy otherwise.

Note that either ™ enters K by time T', or the control has switch to 7, before T'. For every n, we define an auxiliary

stopping time T = inf{t € [0,7] : || (t) — p(t)|| > r2}, and also we define Rypqp = SUD,eN, mep(x) 11 (M).

For sufficiently large n, by uniform convergence of F'"* to F* on compact subsets of (0, c0), and the uniform convergence
of R™ to R, we can get an estimate of the cost accumulated up to time T, for the triple (™, g") € T7,... Specifically,

T
E / SO FD, (g2, (0) + R (un (1)) | dt

O \@wez

T
<E| [ X m0F @0) + B 6O) | a1 - eis)

(z.y)€Z (118)

IP’( sup ||p"(t) — ()|l >r2> X
t€[0,T]

pi (OF, (a7, () + R (" (1)) | dt sup 1™ (#) = (@) > 72| + TRz

tel0,T

(:ry )EZ

Now by (117) the last quantity is equal to

g n g(t_) ng, n
E /0 > HHOE, (qmy(f)ﬂm(t) >+R (BN | 4t 1 supy o 2y s —pem )1 <2}

(z,y)€Z
+ P ( sup ||p"(t) — p(®)| > 7“2) X
te[0,T]

sup Hﬂ(t) - Mn(t)” >ro| + TRmaac
t€[0,T]

E /Tn > 07, (a0 ) e | a

0 (z,y)€2

T
<E /0 > uES <qu(t) RO )+R (") ) dtLpgn @<} | T

(z,y)€Z

te[0,T

+P ( e [l (&) — (Bl > 7‘2) x

S[up () — p™ (t)]| > ro| +e+T Rimax
tel0

™ n 100 M:(t_) cof,,n
B[ | Xm0 (w055 )+ me o) i

(119)

Then using (116) with my ; = g (t), me . = w2 (t—), for big enough n we can bound

T
E / SO un@FD (a8, 1) + B (un(0) | dt

O \@wyez

above by
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Vik(m)+2e+P ( sup |[p”(t) — p(t)]] > T2> (Vi (m) + T Rmax + 2€). (120)
te[0,T]

By using (81), the probability that there was no exit in the time interval [0, T'] is

1
P(T">T)<P| sup ||[u"(t) —p@)|]|>ry] <c .
(" > 7) (tem (t) ~ (o) ) NS

Letting Vinax be the upper bound identified in Lemma 21 for the given a > 0, the total cost satisfies

Vi(m") <E / S WrOFD, (¢ (0) + R (1) | di+ V(T AT | <
(z,y)€Z
(121)

Vic(m) +2¢ + P ( sup || p" (t) — p(t)]| > ) (Vic(m) + T Ruyax + 2€) + P(T™ > T)Vipay <
t€[0,T]

c

Vnry

By sending n to infinity we get the upper bound if m € P, (X) for some a > 0. Nextletm € P(X) \ P, (X). Lettg < €
be such that Vi (v(m, tg)) < Vi (m) + ¢, where v(m, t) is the solution to the original equation after time ¢. We can
find a > 0 such that for every m € B(v(m,ty),7), Vi () < Vi (m) + 2¢. If ¢" (mn, t) is an e-optimal control that
corresponds to each initial condition 1, we define the control

Vi (m) 4 2€ + 2(T Rmax + Vinax + 2€)

qu(l,bn(to),t - tO)a t > to,

which gives

.
Vi(m") <E / S un(s)ED, (q)(5)) + R (™ (s)) | dt
(z,y)€Z

<E [/0 0 Z MZ(S)F;’Ly (qu(s)) +Rn(ﬂn(8)) di

(z,y)EZ

(z,y)€Z

+E{/ > up(s)F, (a,(s)) + R (w"(s)) | dt

(122)

<E[/00 > up(s)ER, (v (s)) + B (" (s)) | dt

(z,y)€Z

VE| [ 3 i E (@ 1) — 1) + R ((5) | de| < toB + B V(" (0)
fo \(zw)ez

Lemma 21

< Rmax + P (p"(to) € B(v(m, o), 7)) (Vi (m) + 2€) + P (u"(to) ¢ B(v(m,to),7)) Vinax
< Vi(m) + (2 + Ryae+ P (p"(to) ¢ B(v(m, to), 7)) Vinax-

Now by an application of Lemma 20, we get that the last term goes to zero as n goes to 0o, and since e is arbitrary, we
get that

limsup Vg(m") < Vi (m).
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7 Appendix: Properties of /),

Proof of Lemma 4. (1) We have

n q n u q n [ Yzy q
0= g, o(2) 05 ()} 2o () o (32) oot i) 20
y( ) u€(0,00) (u) Yoy Y VYzy Ty Vzy o Y VYzy w Vzy

(2) We have

v n [ U
Fry(ay) = sup Giy(u,72y) = sup {uﬂ(”)—%yc‘zy ()}

u€(0,00) u€(0,00) u Vay

n [ U
= SUP  § Vay logVay — Vaylogu — Yuy +u — Yy Cpyy | — ,
u€(0,00) Yy

and by applying part 2 of Lemma 3
n U
,YZL’yczy 5 2 'Ya:y IOg ’V:Ey - 'V:Ey IOgu - 'Ya:y + u.
Ty

Therefore I} (72y) < 0. However, by part (1) of this lemma F", (7.,) > 0, and therefore the equality follows.

(3) By definition £}, (¢) = SUpPye(0,00) Gy (U, ¢)- Leta € (0,1)and 0 < g1 < g2 < 0o, andletq = agi + (1 — a)go.

Using the convexity of G, (u, q) for fixed u as a function of ¢, we have
zy

Fp(aq + (1 —a)g2) = sup Gy, (u,aq1 + (1 —a)g2)

u€(0,00)
< sup {aG;‘y(mql) +(1- a)G;’y(u, qg)}
u€(0,00)
<a sup Gy (u,q1)+(1—a) sup G, (u,q2)
u€(0,00) u€(0,00)

<aFyy(q) + (1= a)Fy (g2).

For the proof of Lemma 15 that is given below, we will use the following auxiliary lemma. Recall the definition of G;‘y in (9).
Lemma 22 If {C"} satisfies Assumption 13, then the following hold for every (z,y) € Z.

1 There exists a positive real number M, that does not depend on (x,y), such that for the decreasing function
M}, : (0,00) — [0, 00), given by

Yoy \ 7

we have that G}, (u, q) is increasing as a function of u on the interval (0, My, (q)].

2 There exists a decreasing function M2, : (0,00) — [0,00), with M2, (q) > My, (q), such that G7., (u, q) is
decreasing as a function of u on the interval [ M2, (q), o0) .

Proof. By taking the derivative with respect to u in the definition (9) we get
U
- ey, (7) +1. (123)

(1) By part 2 of Assumption 13 there exists M € (0, co) such that if u < M, then

p+1
~L_(cmy <u> +1z =L ()4,

U Yy Toou U
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and by taking u < vy (%y/q)l/p we get
p+1
Ly ()T vz -2 24050,
u u u

Therefore for

we have —1 — (C7)' (%) -+ 1 > 0 onthe interval (O, Miy(q)]

(2) By applying part 3 of Assumption 13, we get that there exists decreasing ng(q) < 00, such that if u > ]\ngy(q)

then
oy <U> v 4 (124)

Then M2, (q) = max{M},(q), M2,(q)}, is decreasing and bigger than M}, , and using (124) we get
q / U q Yy u n \/ U U
e () e e () -5 =
L cmy (= 12 (emy () -
on the interval [M2, (¢),0). =

Proof of Lemma 15. (1) Let e > 0, and ¢ > €. By Lemma 22, we have that ngy (u, q) , as a function of u, is increasing
on the interval (0, M, (q)]. Therefore for all u € (0, M, (¢)] we have

(1) =0 (55 ) M0 ()~ (Mjf)> <00 (i)

) + M,,(q) < qlog (M%Z@) + My, (€)

q
= dlog (M;y@
< qlog (q) — qlog (M, (q)) + My, (e)

Mg, (<M, (€)

zy

qlog (q) — qlog (M, (q)) + Mz, (c).

By the second part of Lemma 22, we have that G, (u, q) is decreasing on the interval (Mfy(e), 00). Therefore for all
u € (M7, (), 00)

ut (1) = vac2, <7“y> < M2, (o)t <sz()> ~enCay (ij()> < Moy ()6 (M%())

ry
M2, () <M2,(e) , ,
< qlog (q) — qlog (M7,(q)) + M}, (e)
M, () <MZ,(q) L )
< qlog (q) — qlog (M, (q)) + M7, (e).

Finally for the interval [M},, (q), M2, (€)] we have

ul (g) — YayCry (u) <uf (g) =qlogq —qlogu—q+u
U T\ Vay U

< qloggq — qlog(M,,(q)) + Mz, ().

Now if we recall the definition of M, given in Lemma 22 and set M (¢) = max{M2,(q) : (z,y) € Z}, then

q
. vay \ /P
min § Vzy ( qy) , M

Gy (u,q) < qlog + M(e),
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and by taking supremum over u we end up with Fg‘y(q) satisfying the same bound.
(2) This is straightforward since F;Ly is finite on the interval (0, oo)7 and convex.

(3) Let 1 > e > 0. For every ¢ € [e, %] and n € N, we have that uf (%) — Y2y Cqy (,ﬁ}) is increasing on the
1

interval (0, M2, (€)] and decreasing on [M}, (1) , 00) and since C}}, converges locally uniformly to C.,,, then the same

_u
Y\ Yay

on the interval [M2, (€), M., (£)]. We now define the sets

) . U -, (4
Alny = U 72y Chy () <a sup al (f) ,
Ty e<q<t M2 (<a<ml,(f) U

with ¢ € NU {oo}. By uniform convergence of Cy, in C2y in compact subsets of (u1,2y, U2,2y), and the monotonicity

properties of C/, , we get that for large enough n, we have Al C AZ20 C A®%  Forevery ¢ € [e, 1], we have

ny(q) = sup {uﬁ (g) — YayCoy (u)}
ue[Mz, (), ML, (1)] “ ey
_ sup fur () =z, ()]
ue[M2, (), M3, (1)]nAczy v ey
sup {uﬁ (g) - ’yzyC;’Z <u> }
wemz, (o.M, (H]nazz L N Ty
. [ u o u
o A () =105 ()]
ue[M2, (), M2, (1)]nAZ, Ty Yy
a2
ue[M2,(e),M2,(1)] w Yy
By doing the same for F°°, we get

u u
ey <7> e Cay (v) \}
Iy)

— n u o 7’LL
sup |Fy,(q) — Fgy(q)| < sup {‘%ycry ( ) — Yoy Cay ( ) ‘} ’
q€le,] ue[M2, (), M2, (1)]NALD, Tay Ty

and therefore F}, converges locally uniformly to Fwy on Ai;gz. Now by the definition of F77, i.e.

conclusion holds for u¢ (%) ~YayCo ) . ltis straight forward to conclude that in all cases, the supremum is achieved

IN

+ sup
u€[M2, (e),M}, (L)|NAZS

Fpo(q) = inf {hnnilcgf Fp,(q") : {q¢"} sequencein R with ¢" — q},

it is easy to see that since I, converges locally uniformly to F,,, on (0,00), and so Fpy = F‘;’; on (0, 00). Also 20
as a pointwise limit of convex functions on (0, 00), is also a convex function there. It remains to investigate what happens
with F'00 at zero. Let ¢ — O with I} (¢") — Fpy(0). Fora € (0,1), we have

al(0) + (1= a)Fy(q) = aFyy (¢") + (1 — a) Fyy () + a(Fy, (¢") — F5(0)) + (1 — ) (Fy () — Fyy(a))
> Fpy(aq" + (1 = a)q) + a(F, (¢") = F3(0)) + (1 — a)(Fy(q) — Fiy (9))

Now if we take the limit, then by continuity of each Fw”y on (O7 00) and the uniform convergence on every compact subset
(also on [(1 — a)q, q]), we have aFy (0) + (1 — a)Fry(q) > Fopy (1 —a)g). =

zy

8 Appendix: Tightness functionals

Proof of Lemma 18. Let co > 0 and {(u",T™)} be a deterministic sequence in .S with ™ absolutely continuous such
that

Tn
/ CQEM@)]) dE+ e T™ < oo
0
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and |2 (t)] = 0for ¢t > T™. We need to show that H has level sets with compact closure. Since all elements are
positive, we have that T™ < cg/c1.. Let i™ denote the restriction of ™ to [0, ca/c1]. If we prove that 1™ converges
along some subsequence then we are done. Using the inequality ab < e°® + £(b)/c, which is valid for a,b > 0, and
¢ > 1, we have that

)= e < [l < -9 2

This shows that {1} are equicontinuous. Since 1" (t) takes values in the compact set P(X), by the Arzela-Ascoli
theorem there is a convergent subsequence. m

9 Appendix: Properties of Hamiltonians

Lemma 23 Under Assumption 2 the Isaac condition is satisfied, i.e.,

H—" = S inf & G" us = 125
(mvﬁ) ue(?)}log)@’z qe[ol,réo)®l Z my {QJLnycy"' ;y(uzy Q:cy)} ( )

(z,y)€e Z
inf sup Z My {qmyﬁmy + G;‘y(uzy,qu)} =H""(m,€). (126)
€[0,50)%% we (0,000 ST,
Proof. We have
Ho"(m, &)= sup  inf > my {deybey + Gy (tays duy) } =

0,00)®%
u€(0,00)®% g€[0,00) (z,9)€2

; oy \ n [ UYzy
Z My  Sup inf {Qxyfxy‘f'u:ryg (u ) VayCry (’Y )}

(z9)EZ Ugy €(0,00) qzy €[0,00) xy Ty

If we prove the exchange of sup and inf for each (z,y) € Z, then we are done.

Since { is convex
n q n u
ny(u, q) =q+ul w) 'nycwy -~
Yy
is convex with respect to q. It is easy to see that L;‘y(u, q) is not concave with respect to u, however under Assumption
2, we can show that L7}, is quasi-concave with respect to u (i.e., {u : L}, (u,q) > c} is convex for every g € [0, 00),
and c € R.)

By differentiating with respect to © we get

q U
OuLly,(u,q) = == +1—(C,) () .
U ’YZy
If we prove that for each ¢ the set of roots for 9,, L%, (u, ¢) is an interval or a point we are done, because a real function

zy
that changes monotonicity from increasing to decreasing at most once is quasi-concave. However (’9uL§jy(u, q) has the

same roots as u(Cy, )’ (VL) — u + ¢. By part 1 of Assumption 1 u(Cy., )’ (VT—L) — u + ¢ is increasing, which gives
Ty zy

what is needed.

To prove the exchange between supremum and infimum, we apply Sion’s Theorem (Corollary 3.3 in [26]), which states
that if a continuous F'(u, q) is quasi-concave for every u is some convex set U and quasi-convex for every ¢ in some
convex set (), and if one of the two sets is compact, then we can exchange the supremum with the infimum. In our
case both sets are non-compact, and so this result cannot be applied directly, but it can be applied using the fact that
limg o0 Ll (g, 1) = 00, as we now explain.

If we prove that

inf sup L7 (u,q)= lim inf sup L7 (u,q
9€[0,00) ue (0,00) w9 T2 g€[0,90) el 1] )

then we are done, since by Corollary 3.3 in [26]

inf  sup L7}, (u,q) = lim inf sup L}, (u,q) =
¢€[0,00) 4,€(0,00) y( ) rﬁqu[O,oo)uE[T’%] ’J( )
lim sup inf L7 (u,q) = sup inf L7, (u,q).
=00 ue[r,%] q€[0,00) y( ) u€(0,00) 9€[0,00) y( )
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Let M = inf e (0,00) SUPye(0,00) Ly (U, 7). We will assume that M < oo, and note that the case M = oc is treated
similarly. Since lim,,» L7, (g, 1) = oo, we can find g such that L, (¢,1) > 2M for every ¢ > §. Now we have

inf sup L7 (u,q inf  sup L}
¢€[0,50) 4,€(0,00) y( ) ¢€[0,d) ue(0,00) ( )

and
g S8 Pl = L) o, P 0)
which gives
i i D T ol iy T T ol 0
lim u:l[lp ]qéféf ]Ln,(u ,q) = lim ot Sl[lpl]L”y( u,q) = lim ot )uil[ﬁ]wy(u?q)-
|

Theorem 24 Let H" (m, §) and H™" (m, §) as in (125). If C}.,, is twice differentiable on an interval (uf ,.,,, u% ,,,)
and the equality holds, then the first part of Assumption 2 holds true on that interval.

Proof. Since each term in the sum that generates H 7™ is bigger than the corresponding one in the sum of H ~°", we get
equality for all of them. By the theory of Legendre transformations we know that infqe[o,oo) SUPy,e(0,00) {qfxy + Ggy(u, q)}
is actually a concave function. Since we can exchange the order between supremum and infimum,
SUD e (0,00) Mfge0,00) { G2y + Gy (1, q) } must be a concave function as well. By using the formula

sup inf {qf + G u7q)} = Z My Yy (ng)* (_g* (_fmy))

u€(0,00) 9€[0,00) (z,9)EZ

we have that (C’ ) (=0 (€) = (C2,)" (1 — €*) must also be concave. By differentiating with respect to & we get,
* «\/
((ng) ) (1—eb) —¢et ((C’;‘y) ) (1 —€*) <0, from which, by using the identity (f*)" = ("), we get

() ) 0 - ((en)) - <o

By substituting & = 1 — ef we get
(1-a) (((ng)’)_l)/ (@) — ((C;;y)’)_1 (@) <0, witha<l1

(1—1a) — 1/,,~ ( ) with @ < 1
r <

(1* (C;Ly)'(r)) )™ ) <o, with (C2,) (r) <1
1—(cz) () —r(cz)" (r) <0, with (1) (1) <1
r(cn)" (r) + (Cn) (1) —1>0, with (€)' (r) < 1.

Now the last inequality implies that either (ng)’ (u) > 1orthat u(Cy,) (u) — uis locally increasing and even more

that if (C’gy)/ (up) > 1 for some ug, then it must remain like that for every u > wuy. If that was not the case then
we can find uy > wug such that u; (C3,)" (u1) — w1 < ¢ for some negative ¢, while uo(Cy,)" (uo) — ug > 0. By
a suitable application of the mean value theorem we will get the existence of an r that the last inequality fails. If we set

ar, = inf{u : (C’;‘y)/ (u) > 1}, then the Assumption 2 is recovered. m
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