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Exit time risk-sensitive stochastic control problems
related to systems of cooperative agents

Paul Dupuis, Vaios Laschos, Kavita Ramanan

Abstract

We study sequences, parametrized by the number of agents, of exit time stochastic control problems with risk-sensitive
costs structures generate by unbounded costs. We identify a fully characterizing assumption, under which, each of them
corresponds to a risk-neutral stochastic control problem with additive cost, and also to a risk-neutral stochastic control
problem on the simplex, where the specific information about the state of each agent can be discarded. We finally
prove that, under some additional assumptions, the sequence of value functions converges to the value function of a
deterministic control problem.

1 Introduction

In this paper, we study many agent exit time stochastic control problems with risk-sensitive cost. The reader with back-
ground on physics or chemistry, can think of particles instead of agents. Each agent occupies states that take values in a
finite set X', and by controlling the transition rates between states for each individual, we try to keep the system away from
a “ruin” set /C, for as long as possible and with the least cost. We prove, under suitable assumptions, that for every finite
number 7 of agents the control problem is equivalent to one with an ordinary (additive) cost. Moreover, when C C X'™ can
be identified with a subset of the simplex of probability measures P(X) (in the sense that for every permutation o € S,
we have o/C = K), then we can replace the original problem by one on P"(X') = P(X) N %Z‘ﬂ getting in this way a
control problem whose state is the empirical measure on the states of the individual agents. We also study the behavior as
n — oo of the sequence of suitable renormalized value functions, and prove uniform convergence to the value function of
a deterministic control problem.

We first describe the model without control, which we call the “base” or “nominal” model. Let X = {el, ey ed}7 where
e; is the ith unit vector in R¢. Let also v = {'ywy}(w,yEXXx denote the rates of an ergodic Markov process on X . This
process has the generator

Loy [f)@) = D ey [f(y) = f(@)]. (1.1)

yeX

For n € N, consider n agents that independently and randomly take different states =} among the elements of X =

€1,...,e4f,andletx™ = (x},...,x"). This process takes values in and has the generator
{e1,..,eah, andleta" = (a7, 2}3). This process takes values in X" and has the g
n
LaL@) =D N ry [F@" + vl — (@] (12)
i=1 yEZ,n

Here Z = {(z,y) € X x X : 74y > 0}, Z, = {y € X : (x,y) € Z} is the set of allowed transitions from z, and

vl"ly = (0,...,0,v4y,0,...,0) is ad x n matrix with all columns equal to zero apart from the ith column, which is

identically equal to the vector v,,, = y — . Since the process is ergodic, Z generates the hyperplane

H = Z UgyVgy * Qzy > 0, (2,y) € Z 3, (1.3)
(z,y)€2

which coincides with the hyperplane through the origin that is parallel to P (X).

We claim that the set H does not change if the a,, are allowed to be arbitrary real numbers. By ergodicity, for any
two states (z,y) € Z there is a sequence of states © = 1, ..., Tj = x with y = x2 and with the property that

(zi,x441) € Zfori =1,...,5 — 1, and hence Zf;ll Uy, = 0. Repeating this for every possible (z,y) € Z,
there are strictly positive integers b,,, such that Z(z V)EE by vzy = 0, which implies the claim.
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P. Dupuis, V. Laschos, K. Ramanan 2

Next we introduce the empirical measure process. This process is obtained by projecting from X" onto P™(X) =
P(X)N 174 C P(X), and has the generator

ME[flm)=n Y Yaym, [ (m + 71{'”) - f(m)] : (1.4)

(z,y)eZ

One can interpret the model introduced above as a collection of independent agents with each evolving according to the
transition rates -y. This is the “preferred” or “nominal” dynamic, and is what would occur if no “outside influence” or other
form of control acts on the agents. If a controller should wish to change this behavior, then it must pay a cost to do so. We
would like to model the situation where limited information on the system state, and in particular information relating only
to the empirical measure of the states of all agents, is used to produce a desired behavior of the group of agents, which
again will be characterized in terms of their empirical measure (which is used to characterize how the collective “loads” the
system).

Thus we consider for each n € N “reward” functions R" : P(X’) — [0, c0), where we recall

P(X)i{mGRX:mI>Oforal|x€Xandme=1} (1.5)
zeX

is the simplex of probability measures on X. It is assumed that the R"™ are continuous and that they converge uniformly
to some R°°. We also have a sequence of unbounded “cost” functions C™ = {C7 : [0,00) — [0,0]}(4,y)cz that
converge on (0, 00) to some C'™ in a sense that we are going to define in the sequel. In the controlled setting, the jump
rates of each agent can be perturbed from = to w. Let x" denote the controlled state occupied by the collection of agents,
and for £™ = {z} }i<n € X" define

L(x™) = dan. (1.6)

If the problem is of interest over the interval [0, T] then there is a collective risk-sensitive cost (paid by the coordinating
controller) equal to

i t?‘
Eg» |exp /o Z Z Yo 0y Oty <W>—”Rn(L(Xn(t))) dt ). (1.7)

i=1yeZn ) Ixr(t)y

Here the control process u takes values in a space that will be defined later, and for a collection of n| Z| independent Pois-
son random measures (PRM) {N; xy}lgign,(a;,y)ez with intensity measure equal to Lebesgue measure, the controlled
dynamics are given by

n 1
=ux; + Z Vgy /O 0.4 / 0 1T(X:’(9_))Uru(3#)]( )N’L $y(d8d7’) (18)

(z,y)€Z

Thus X' changes from state x to y with rate u.,. The formulation of the dynamics in terms of a stochastic differential
equation will be convenient in the analysis to follow.

In this paper we present three results. The first is that, under additional assumptions on the cost C", for each n the
risk-sensitive control problem is equivalent to an ordinary control problem the cost function F"* = {F;y}(m,y)EZa where
Fy, is defined by

F.(q) = sup G, (u,q) and Gy, (u,q) = {ué (%) Yoy Cry (;)}, (1.9)

uw€(0,00) Ty
€(q) = qlogq —q+1forqg > 0. (1.10)

Under the additional conditions we do not end up with a stochastic game, as one might expect, but rather a control problem
with additive cost. Control problems are often substantially simpler than games, and in particular are often more tractable
from a computational perspective.

We also show under appropriate conditions that both the risk sensitive and the ordinary control problems are equivalent to
mean field control problems, which consider the projected process on the simplex, and for which costs depend only on the
dynamics of the empirical measure. From an analytical point of view, the benefit is that we provide sufficient conditions, in
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Exit time risk-sensitive stochastic control problems related to systems of cooperative agents 3

addition to convexity, that the cost function C'™ should satisfy in order for the optimal choice of each agent at a specific
moment ¢ to be the same for all particles that occupy the same state in X.

The last contribution, again under additional assumptions on the sequence of costs {C’"}n, is that the sequence of value
functions, suitably renormalized, converges to the value function of a deterministic control problem. This is also helpful in
the construction of controls.

1.1 Literature

In ordinary discrete-time (see [1, 19] for an exposition) and continuous-time (see [17] for an exposition) Markov Decision
Processes (MDP) problems, one is given the task to control a random processes in order to have an optimal expected
result. The most common optimality criteria are
T

> BrC(Xn,Un) + BTR(X1)

n=0

T

> (X, Un)

n=0

1
Jr(zo,m) =E, yor J(xg,m) = limsup fﬂi}7r (1.11)

T—o0

for the discrete, and

T 1 T
Jr(xo,m) = E, / BLO(Xy, Uy)dt + BTR(XT) ,or J(xg,m) = limsup TEﬂ / C(X¢, Updt| (1.12)
0 T—o00 0

for the continuous time case respectively, where C' is some cost function that depends on the state z € X and the
control/action u € U, and 7 is a policy/strategy (way of picking controls). On the LHS of either (1.11) or (1.12), when
B8 = 1,T < oo we have the Total Cost optimality condition, when 8 < 1,7 = oo we have the Discounted Cost
optimality condition, and when 8 = 1, and T is a stopping time we have an Exit-Time optimality condition. On the RHS of
either (1.11) or (1.12), we have the Average Cost optimality condition.

In risk-sensitive MCP problems one deals with optimality conditions of the form

T
gx (Z ﬂtC(Xna Un) + ﬂTR(XT)>‘| ,0r
n=0 .
9 (Z C(Xn,Un)> )

n=0
T
agx <‘/O BtC(Xt7 Ut)dt + BTR(XT)>‘| ,or

T
o= b o [ c05.000)
T—o0 T 0

for the continuous time case respectively, where g, is a convex function, that may be dependent on a parameter A. The
idea behind risk-sensitive cost structures, is that if g (y) has a Taylor expansion gy (z) = Zn gxrnT", then we have

T n
(ﬂ” > (X, Un) + R(XT)> ] :
n=0

therefore the optimality condition takes into account higher moments. By choosing g and A, appropriately one can tune
how much weight to put in variation or higher moment, therefore seeking or avoiding risk.

JT(ZL’o,ﬂ') = Eﬂ—

(1.13)
1

J(zg,m) = limsup —gil (Eﬂ
T—o0 T

for the discrete, and

JT(.I'(),W) = Eﬂ

(1.14)

JT (5507 Tl') = Z g)\,n]Eﬂ'

One of the most studied cases is when g,\(x) = e"\”‘, (see [23, 22, 20, 18, 15, 11, 10, 9, 7, 6, 2] for the discrete and
[12, 13, 16] for the continuous time-case). In our problem \ is integrated in the choice of cost C' and R.

In the recent year, following the seminal work of [25], new risk-sensitive criteria were studied [26, 8, 3].

2 Notation and definitions

For a locally compact Polish space S, the space of positive Borel measures on S is denoted by M (S). With the subscripts
f, c we denote, respectively, the space of finite measures, and the space of measures that are finite on every compact
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subset. Letting C..(.S) denote the space of continuous functions with compact support, we equip M (S), with the weakest
topology such that for every f € C.(S), the function v — [ fdv, v € M.(S), is continuous. B(S) is the Borel -
algebra on S and P(S) the set of probability measures on (S, B(S)). Finally, for a second Polish space S, we let

F(S8;8)={f:8— & : fmeasurable} (2.1)

denote the space of measurable functions from S to S’.

For the finite set X', let

’P*(X):{méRX:mz>0forallx€XandZmz:1}, (2.2)
TeX
and
PQ(X):{mERX:mxzaforallmeXandmezl}. (2.3)
reX

For a set K C P(X), the closure K, the complement K¢ and the interior K°, will be considered with respect to
the restriction of the Euclidean topology on the set P(X). D([0, c0); S) denotes the space of cadlag functions on S,
equipped with the Skorohod toplogy (see [5, Section 16]), i.e., the Skorohod space. This space is separable and complete
[5, Theorem 16.3], and a set is relatively compact in D([O7 oo); S), if and only if for every M < oo, its natural projection
on D([0, M]; S), is relatively compact [5, Theorem 16.4].

For M = M,(]0,00)?), let P’ be the probability measure on (M, B(M)), under which the canonical map N (w) = w
is a Poisson measure with intensity measure equal to Lebesgue measure on [0, 00)2... Let

G = o{N((0,s] x A): 0 < s <t A€ B([0,00))},

and let F; be the completion of G; under PP. Let PP be the corresponding predictable o-field in [0, c0) x M. Similary,
for natural numbers k, k" we similarly define a measure P**" on (M*, B(M*")) under which the maps N;(w) =
w;, 1 <4 < K, are independent Poisson measures with intensity measure equal to k times the Lebesgue measure on

[0, 00)2. {Qf’k,}, {}'tk’k/}, and P**" are defined analogously. Let .A be the class of P \ B([0, oc)) measurable maps
¢ : [0,00) x M — [0,00), and A the subset of these functions that are uniformly bounded from below away from
zero and above by a positive constant. Similarly we define A**" to be the set of P** \ B([0, 00)* ) measurable maps

¢ : [0,00) x M¥ — [0,00)*, and A;"" the subset of these functions that all entries are uniformly bounded from
below and above by positive constants.

2.1 The many particle control problem

For a subset KC of X, we define a risk-sensitive cost Z: : X™ x A;’"‘ZI — [0, co] that corresponds to cost/reward up
to the first time of hitting of /C by

(s x O (L) nixn )
. Jo i=1 €Z n iy IXT(t)1 n (¢ 3 - -n
T(x", u) = Exn |€ YEEp o DIV gy , (2.4)

where Exn denotes expected value given x"(0) = ", the dynamics are given in (1.8), and

T =inf {t € [0,00] : x"(t) € K}. (2.5)
We define the value function Wit : X™ — [0, oo] by

We(z") = inf Z¢(z",u). (2.6)

Similarly, for a set K C X' we define the ordinary cost Jy* : X" x A;""lzl — [0, o] and corresponding value function
Ve X" — [0, 00] by

T n
G 0=Ee | [ Y Broacon i e al. e

=1 yEZyn ()
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where F'" is as in (1.9), and

Ve(e™) = inf  Jg(z",q), (2.8)
qEAi’"‘Z‘

where the dynamics are given by (1.8) with u replaced by g, and the stopping time by (2.5). We remark that the reason for
two different notations for controls is to aid the reader, by associating one with the risk sensitive problem and one with the
regular control problem. Moreover, there are occasions that both variables appear at the same time, as in the definition of
F'" or that of the Hamiltonian. Specific conditions on the cost functions will be given in Section 3.1, and properties of F'"
will be proved in Lemma 4. Note that for the many particle systems there are n|Z| PRMs, each with intensity 1.

2.2 The mean-field control problems

Suppose that X can be identified with a subset of the simplex of probability measures P(X’), in the sense that for every
permutation o € S,, we have oL = K. Then we can replace a control problem on X™ by one on P(X). In this case
Wy and V& can be considered as functions on P™(X), in the sense that we can find Wi, V2 : P*(X) — [0, o0],
such that Wi (™) = Wi (L(x")) and VE(x™) = V2(L(x™)). To see this, pick a starting point ™ € X'™ and some
permutation o. Then for any admissible control u, the total cost generated starting at =" is the same as starting from =7
and picking u, as control. Therefore, for every ™ € X™, 0 € S,,, we have Vic(x™) = Vi ().

Define h™ : D([0, 00); P™(X)) x AZ"Z‘ x P™(X) x M™IZl — D([0,00); R?) by
1 . Lo
B (H’ u,m, Nn) (t) =m + Z ’Uzy/ / 1[07#m(,s)umy(s)](T)*ny(dsdr).
n (0,¢] J[0,00) n
(z,y)ez

Sinceu € AZ"Z‘ implies the rates () are uniformly bounded, one can explicitly construct a unique D([0, c0); P™(X))-
valued process that satisfies

1
n=nh" (u,u,m, N”) . (2.9)
n
[14]. Here p is the controlled process, u is the control, m is an initial condition, and N™ /n is scaled noise.
Now with T = inf {t € [0, 00] : u(t) € K}, the functions I}, J3; @ P*(X) x Ag’lzl — [0,00] and W}, V2 -
P"(X) — [0, 0] are given by

Wg(m)= inf Ig(m,u) (2.10)
ueA™ !
b

T n (uxy(®)\  pn 1
2 (m, ) = Epn {enfuf((z@,y)ez o (07 Oy (M2 ) = R (a(8)) )t = hm (u,u,m,N"ﬂ e
n

and
ViE(m)= inf Jg(m,q) (2.12)

qu;’”‘Z‘

Tk 1
Betma) =B | [ a0 a0 4 B | e =1 (wm LN | @
(z,y)€Z

For these control problems, there are |Z| PRMs, each with intensity n.

3 The equivalence of the control problems

In this section we prove that after a natural renormalization, the value function YW¢ defined in (2.6) is linked to V} defined
in (2.8) which, as noted before, it is the value function of an ordinary stochastic control problem with a different cost function.
Specifically, we show that — log(W4 ) /n equals V}, and that the many particle and the mean field control problem are
equivalent:

~ 2 log(WR(L(2"))) = VR(L(&") = Vi(a") = ~ - log(Wi(a"). @)
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3.1 The cost functions

To motivate the main Assumption for the costs C™, we will first discuss briefly the strategy we are going to use for the
proof of (3.1). The proof will use a related Bellman equation. Let H™ : P(X) x RIZl — R be given by

H"(m,£)= inf > ma (qeyoy + Fy(dny)) ¢ s (3.2)
q€<(0,00) 121
(z,y)€Z
where
E(¢) = sup G (u,q) and G%, (u,q) = {ué (g) — Yay O (u)} (3.3)
Ty ue(O,oo) Yy ’ Yy ) U rY ™~y 'V;Ey

We will show that the equation

H"™ (m,A"V(m))+ R"(m) =0 in P"(X)\ K, (3.4)

and boundary condition V' (m) = 0 for m € K has V}} as the unique solution, where by A"V (m) we denote the
| Z|—dimensional vector n (V (m + “2£) — V() ), and by A%, V (m) the component n (V (m + 22£) — V(m))w
(z,y) € Z.

We are also going to prove that W is the unique solution to

W(m)_W(m—F%) _ n uﬂ?y _ nm
sup Z My (U;ry ( Wim) ) Yoy Cay ( >> = —R"(m), (3.5)

ue(0,00) 21 | (S vz Vay

with W(m) = 1, for m € K. In the sequel, we are going to use the following Lemma:

Lemma 1. fV : P"(X) — [0,00) is a solution to (3.4) and V (m) = 0 form € K, then W = ="V : P"(X) —
(0, 00) is a solution of (3.5) and W (m) = 1 form € K.

Lemma 1 guarantees that for every solution V of (3.4) e‘"f/ is a solution (3.5). Since V3 is a solution to (3.4), the lemma
implies that —% log(W}t) = V}&. However for Lemma 1 to hold true, we need the following equality to hold true:

Hn(m7 5) = inf Z My (qgcyfxy + ny(‘]aay))
gq€[0,00)1 21
(z.y)ez

= inf sup My (qgcygzcy + Gy (Uay, qu))

el ety | 2 '

. n (3.6)

= sup inf My (Quyay + Gy (Uay, Qa;

we(0,00)! 2| q€[0,00) 121 (z%:ez ( yg Y y( Y y))

sup Z My (uzy (1- e—ﬁmy) — 2y CR, (?y))

u€(0,00)! 2l (z,9)€Z zy

> Maey (O (1= e tv)

(zy)€Z

where (C7)* : (—o0,1) — Ris given by (CJ1,)*(2) = sup,,~.q [zu — CJt, (u)] . However for the equality to hold, we
need that the Isaac condition is satisfied, i.e., the supremum and infimum are exchangeable. For the proof of the exchange
between supremum and infimum, we will apply Sion’s Theorem (Corollary 3.3 in [27]), which states that if a continuous
F(u, q) is quasi-concave for every u is some convex set U and quasi-convex for every ¢ in some convex set (9, and if one
of the two sets is compact, then we can exchange the supremum with the infimum. We would like to apply Sion’s Theorem
on

n q n U

xry
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Since £ is convex, Ly, is convex with respect to g. It is easy to see that L;Ly(u, q) is not concave with respect to w,

however it is possible for L7, to be quasi-concave, with respect to u, for every ¢ > 0. L7, to be quasi-concave, with
respect to u, for every g, means that it changes monotonicity at most one time. By differentiating with respect to u we get

n q n u
auLmy(ua q) = +1- (ny)/ < > )

=- Twy
so what we need for every ¢ > 0, is the existence of a u4, such that,
Vuguq:—g—i—l—(C;y)’ (u) >0 and Vuzuq:—g—i—l—(C’;Ly)’ (u) <0,
U Vay u Vay
or after multiplying with , and making a renormalization, for every g > 0, it exists u,, such that,
Vu < g u(Cp,) (u) —u < —q and Yu > ug:u(Cy,) (u) —u > —q.
If someone considers —g, as all the negative level sets, this will translate to the fact that
u(Cy,)" (u) — u is increasing until  (Cy,)" (u) > 1, (3.7)
and then, (C7}, )" (u) remains bigger than one. By taking another derivative, we have
(C3) (w) +u(CF)" (u) =1 >0 until (C) (u) >1,, (3.8)

from which we further conclude, that while (C7’, )" (u) < 1, the function C!, is also convex. In fact, as it is apparent from
the last line in (3.6), the values of C’;‘y, after (C’;‘y)’ gets bigger than one, are irrelevant, and therefore we can assume that
(Cy,) is convex on the whole [0, o0). In Remark 25, it is heuristically argued that (3.7), is actually the weakest condition
such that in the definition of the Hamiltonian (3.6) one can exchange the supremum with the infimum, and therefore the

application of Sion’s theorem is optimal (there is no better result that we could have used).

Now we provide the main assumption for C7’, .

Assumption 2. Foreachn € N, R"* : P(X) — [0,00) is a continuous function. Moreover, for every (x,y) € Z,
Cry +10,00) — [0, 00] is a convex function that satisfies the following:

1 there exist 0 < uf,, <1 < uy,, < oo suchthatCy, is finite on (uf ,,,uy ., ), continuous as an extended

Y

function on [uf ., ,u .., |, and C}}, (u) = oo outside [uf ,,, ub ., In addition, it exists a i € [0, 00], such that
Vu <@ :u(Cy,) (u) —u isincreasing and Yu > 1 : (Cy,)" (u) > 1. (3.9)

2 ¢, (1) =0.

Assumption 2.2 is not necessary, but it simplifies the analysis and it is appropriate for the situation being modeled to have
zero cost when there is no change from the nominal rates. Now under the Assumption 2, in Lemma 24, we will prove that
the Isaac condition is actually satisfied, and therefore the equality (3.6) is true.

Lemma 3. Under Assumption 2, the cost functions Cy.,, satisfy the following on (uf ., u3 ., ):

1 forevery (z,y) € Z we have (C},)"(u) > 1 — L foru > 1, and therefore

liminf(C7) (u) > 1,

u—oo & Y

2 forevery (z,y) € Z andu € (0,00) we have Cy, (u) > —logu +u — 1.

Proof. It follows from the monotonicity that u(C?', ) (u) —u > —1for u > 1, which gives the first statement. The second

follows by comparing (C, )’ (u) with the integral J'[1 = 1] ds and using cr, (1) =0. O

Example 1. The family of functions C, (u) = 1

the derivative of Cy, (u) gives — L+ + u?"", and multiplying with w and subtracting u yields —-% + u? — u. Taking

the derivative again gives % + quq_l — 1, which is always bigger than zero, since ﬁ and quq_1 are everywhere
positive and bigger than one on the intervals [0, 1] and [1, c0), respectively.

+ % — pp—"?, where p > 1 and q > 1, satisfy Assumption 2. Taking
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Before proceeding with the proof, we state some properties of Fy, .

Lemma 4. Foreveryn € N and for every (x,y) € Z, let I}, be as in (1.9), where {C7., } satisfy Assumption 2. Then
the following hold.

1 Fﬁy(Q) > Yayl (%) > 0.

2 F2 (Yay) = 0.

zy

n o
3 Iy, is convex on [0, 00).

3.2 Equivalence of the stochastic problems

Theorem 5. Letn € N, K C X", (resp. K C P™(X)), and C™, R™ be as in Assumption 2. Further assume that R™
is bounded below in K€ by a positive constant R . . Then

1
Vg(m) = ——log(Wk(m)) (3.10)

and 1
V(") = - log(Wg(™)). (8.11)

If in addition C C X™ is invariant under permutations, and therefore can be identified with a subset of P™(X'), then
1 n n n n n n 1 n n
— - log(Wi(L(z"))) = Vi (L(z")) = Vi(2") = —— log(Wi(z")). (3.12)

The proof of this result appears later in this section. Also, we will only prove the first equality and note that the third follows
in a similar manner.

Lemma 6. For a non-empty set K C P™(X), the equation (3.4) has at least one solution.

Proof. For the proof we use the equivalent discrete time stochastic control problem. Thus, with some abuse of notation,
we consider a feedback control g : Z x P™(X') — (0, 00). For such a control the probability of moving from state m to
state m + %v;«g is given by
mqzy(m)
> (a2 Malay (M) 7

and the (conditional) expected cost till the time of transition is given by

Z(Ly)ez ml'any (gzy(m)) + R™(m)

n E(m,y)ez My ey (m)

Given cogtrolled transition probabilities as above, let £4(i) be the corresponding controlled process. We define the value
function V2(m) : P(R?) — [0, 00) by

S, TS ez e () F2 (0, (D)) + B ((0)
VRO = il 0 | T e iy ) ’

where E,,, denotes expected value given p1(0) = m and Tx = inf{i € N : u(i) € K}.

To see that Vﬁ(m) is finite, we just have to use the original rates and note that the total cost is proportional to the expected
exit time, which is finite by classical results in Markov chains.

Then by [4, Proposition 1.1 in Chapter 3], we have that this value function satisfies

_ . Z(avy)eZ ma Ly, (¢ay) + B"(m) + Mzdzy Vi (m N 1 v~~)
- Vi — Uz
q€(0,00)1 2| n Z(m,y)ez MGy (,5)€Z E(z,y)ez My Qxy n Y
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Exit time risk-sensitive stochastic control problems related to systems of cooperative agents 9

Since F" > 0 (see Lemma 4) and R, > 0, the infimum in the last display can be restricted to g that are bounded away
from 0. Itthen follows that V2 (m) satisfies the last display if and only if [with AZ, Vit (m) = n (V2 (m + *2) — V2(m))]

D ma (@ AL VE(M) + F1y(4ay)) ¢ + R"(m) = 0.

inf -
q€(0,00) (2.9)€2

Then using the definition (3.2) this is the same as
H™ (m,A"Vi(m)) + R"(m) =0,

and we also have the boundary condition V]{’(m) =0forallm € K. O

Proof of Lemma 1. Let V be a solution to (3.4). We then have H"(m, A"V (m)) + R™(m) = 0, or by using the
second from the bottom line in (3.6),

sup Z My (uxy (1 — 67”(‘7(”*%@/)7‘7(”1))) Yoy Cay <7my)> + R"(m)=0.

u€(0,00)1 21 (z,y)EZ Ty

By making the substitution we have

W (m + 2= .
sup Z My | Ugy | 1 — M — YayCry (uy) + R"(m) =0,
u€(0,00)! 2l (zy)EZ W(m) Vay

which is the same as (3.5). O

Lemma?7. Letf : P"(X) — R,m € P*(X),andq € AZ"Z‘ be given, and let p solve (2.9). Then

Fu(t)) / S 1 ()auy (5)AL, £ (1a(5))ds
(zy)EZ
tATK
FEATI) = Flm) = [ Y a0y (AL, Flus))ds,
0 (z,y)€Z
tATk
Fu(t ATx)) — F(u(t A Tx)) - / S e (5)aay ()AL, F(a(s))ds
t' ATk (z,y)EZ

are martingales with respect to the filtration JF.

Proof. By the construction of p (also see Ito’s formula [21, Chapter 2, Theorem 5.1]), we have

F(u(t) ~ g(om) — [

» /[ 10 (o yans o] (P (15 —) )N (dsdlr) = 0.
,t [e'e]

(zy)€2

Indeed, the right hand side simply records each jump in f(u(s)) for 0 < s < t. Also by [21, Chapter 2, Theorem 3.1], for
each (z,y) € Z

/0 (5= )y (5) A2, F(1a(5—))ds — / » / o)A (o) N (),

is a martingale. By combining the last two displays and using that s— in the ordinary integral can be replaced by s due to
left continuity,

F(u(t)) / S e (5)ay (5) AT, F(1a(5))ds

(z,y)EZ

is a martingale. The second and third formulas then follow from standard properties of martingales. O
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P. Dupuis, V. Laschos, K. Ramanan 10

Lemma8. Letg: P"(X) — (0,00), m € P*(X), andu € AZ"Z‘ be given, and let p. solve (2.9). Then

9(u(t)) / ' AZ,9(u(s))
CXp § — Z Mw(s)umy (3) ds )
g(m) 0 ez 9(u(s))
T tATk A;L s
At 2 0)) o3 - | 5y ) A g @12
g(m) 0wz 9(n(s
tAT Tk AP s
g(u(/ K)) exp _/ (5 )1k (5) w9 (1 ))dS ’
9(u(t' N Tk)) PATK (s 9(n(s))
are martingales with respect to the filtration F;.
Proof. The proof is a direct application of the corollary in [24, Page 66]. O

Lemma9. Letm € P"(X) and u € AZ"Z‘. There exists a constant ¢ > 0, that depends only on the bounds on u,
the dimension d, the constant R]! ... = max{R"(m) : m € P™(X)}, and the number n of agents, such that for every
t>t >0,

E,, {efnRgmx(t/\TKft’/\TK) ‘]_-t/} > e

Furthermore it is true that

Tk <occas., and Ep, [e‘"Rg‘ax(TK_t ATK)‘}}/} > c.

Proof. We claim there exists g such that for all s

A" s
S )y (5) myg(n(s))

> nR" (3.14)
(og)ez g(u(s))

max*

To show the existence of such a g we use the following procedure. Since the one particle process with generator given
in (1.1) is ergodic, we have that the process on X', with generator given in (1.2), as well as the one on P™(X’), with
generator given in (1.4), are also ergodic. We split P™(X) into sets {K; }o<i<i,.., where Ky = K, and K,y is
generated inductively as the set of all points in P™(X’) that do not belong to K; but such that the process with generator
(1.4) can reach K in one jump. Since the original process has d states, it is easy to see that i;,.x < d". Since u €
AZ"Zl there exist constants 0 < ¢; < ¢y < 00 such that ¢ < umy(t) < cgforallt > 0 a.s. Let g be defined by

. (R, +nd*c; + 1
g(m) =

imax—1%
) , for me K;.
C1
Let pu(-) be the process with control w... For 0 < s < ¢ suppose that p1(s) € K; for some ¢ > 1. Then there exists at
least one (Z,9) € Z such that pu(s) + “2% € K;_;. Therefore

Az g(u(s) (e (s M . M _
($§Zﬂm(5)ury(5)g(u<s>) = pz(s)uzg(s) g(m(s)) + ($7y)62§y)¢(57g) 9(u(s)) P (8) Uy (8)
s A7 g(p(s
-n Z zgzgsiglﬁm(s)%y(s) > Mi(s)ufg(S)g(i((Z)())) —-n Z L (8) Uy ()

(z,y)EZ,(z,y)#(Z,7)
> (”R?nax +nd?c; + 1
C1

(x,y)eZ

max?

- 1) — negd? > nR™
where in the next to last inequality we used the fact that iz (s) > }L (because otherwise there is no particle at = to move),
and that A7, V(m) = n (V(m + =) — V(m)).

Using the last martingale in Lemma 8, we have

g | 9eCATk)) B /“TK A, g(u(s))

ot T &P 1o (8) Uy ()

ds .Ft/ = ].,
YATK (4 yez g(u(s))
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Exit time risk-sensitive stochastic control problems related to systems of cooperative agents 11

from which we get

min'pn(_;y) g

‘Ft/ Z C = .
ma,Xpn(X) g

e A, 0(m(s)
Ep, |exp —/MTK (I§zum(8)uw(8)g(“(s))ds

By applying equation (3.14)
En, {e*"R:ﬂax(MTK’t/ATK)’ft/} >c.

Now choose now 7 > 0 such that e~ "tmax" < We claim that

(T <t'4+71)e (T Nt +27)—t' NTk) <T

Indeed if t’ > T, then both parts are trivially true. Let assume that t’ < T, and Tx <t +7.Then T A (t' +27) =
Tk,andt’' ATk = t/, and therefore (T A (t' +27) — ' ANTx) = Tk — t' < 7. If on the other hand ' < Tk and
(T N(t'+27) =t/ NTk) < T,we get (T A (t' +27)) < 7+, which gives that Tk < (¢’ + 27), and therefore
Tk = (TK/\(t/+2T)) <t 4+

Using the claim

Po(Tre <t +7|Fp) = Pn(Tx At +27) =t AT < 7|F)

= P, (67an1X(TK/\(t +27)—t /\TK) > efnR:;ax‘r‘J—_'t/) )

Let By ={e™" R (TNt +27) =t ATic) e maxT) and By = F;. Thensince T A (t' +27) —t' AT, >0
E,, {efandx(TK/\(t’jLQT)ft'/\TK) ’]_—t,} ~E,, [1E efnRgmx(TKA(t’+2T)7t’/\TK)‘ftl}
1

+ By [, i (@20 -00T0) | 2] < ey 1,

Fo e o
From this we get

P (e_”Rmax(TKW +27)—t'ATk) > e‘"R&aleft')

_ n ’ g _ n C C
>E,, [e nR,. (T ANt +27)—t /\TK)‘]_—t/:| e R > S C

- 22
Since the probability depends only on the size of 7, an iteration argument gives that T’k is finite almost surely. The
remaining inequality is just an application of the monotone convergence theorem. O

n,| Z|

Lemma 10. Givenm € P"(X),e > 0andu € A, with

E,. [e" S5 (S ez m(t)CQy(“:z;‘))R"wa)))dt] >

there exists @ € AZ’IZl and T < oo, such that

> nltrncs, (249 < mrGa) <o

(@9)eZ ey

foreveryt > 7, and
Ip(m,a) < I (m,u) + e

Proof. Letsuchm € P"(X),e > 0,andu € AZ"Z| be given, and let ¢ > 0 from Lemma 9 be such that
E,». [671Rgax<TK—t’ATK>‘ft,} > (3.16)

for ¢’ € [0, 00). Since by Lemma 9 T is finite a.s., we can find 7 < oo such that

Em [I{TK>T}€’ n 3 (S ez e (01 Oy (M52 ) —R" (1) ) d } < ec.
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Now set w(t) = wu(t) for t < 7, and u(t) = v so that C}}, (tzy(t)/Vey) = Ofort > 7. Let i and Tk be
the corresponding controlled process and stopping time. Then the first claim of the lemma follows. The remaining claim
follows from the following display, where the first inequality uses again that C, (1) = 0, the following equality uses that

(a, &, TK) had the same distribution as the original versions up till time 7, and the second inequality uses (3.16):

I}’((m ,&) — Em _e" foTK (E(w,y)ez ﬁr(t)meC;Ly (W)‘Rn(ﬁ(t)))dt]

<En, _I{T < }enfoTK (Z«w)ez ﬂw(t)%yczé(%)*R"(’l(m)dt
= KST

+E {]{T - }e” bTKAT(Z(w,y)ezﬂm(t)'ym ?y(d::it))Rn(ﬂ(t)))dt}
m K2>T 1

nfOT (Z(, pez Ha )72y CFy (%)—R”(u(t)))dt-

=Em [[ir<rie

T AT n uzy(t) _ pn
+Em | Iy >rye” (Stemez ey O, (H252) ~R" (1)) dt
T, n ((uzy(t) n
Em en fof/\" <Z(‘T‘y>ezum(t)’ymycmy( ’Yzy )_R (H(t)))dt IT]
) ]
T n [ uzy () n
Em e/’lfTII((/\T(Z(;E,y>EZAU/TD(t)’YTyCmy( ’Yiy ) —R™(p(t) )(it f.,.]

<y [ (B 068 (552 )

1
+ 7Em
Cc

[ }enfoTK (Zu,y)ezum)mc:y(“:z;”)—R"cmt)))dt]
KZ2T

<Ig(m,u)+e.

O

Proof of Theorem 5. We are first going to prove that V3 is the unique solution to (3.4). Let V be any solution to (3.4), and
letm € P(X). Letalso g € Ag’lzl be given and let p solve (2.9). By Lemma 7,

tAT K N
T (u(t A Tic)) — V(m) — / S 1a(5)uy (5)AV (u(s))ds

(z,y)€Z

is a martingale. Taking expectation gives
B tATK 5 _
Erm |V (1t A Ti))| — Em / S 1 (8)auy (S)A™V (p(s))ds | = V'(m)
0 (z,y)EZ
and since V is a solution to (3.4) and by (3.2),

tATK ~
Enm [V (8(t A Ti))| + Epn / > ) F (4 (9) + R ((s)) | ds | = V(m).

(z,y)eZ

By Lemma 9, Tx < oo almost surely. Letting ¢ — oo, Lemma 4 and the monotone convergence theorem imply
TK ~
Jit(m, q) / Sl (OF (@ (5) + R (u(s)))ds| > V(m).
(z,y)eZ
Since q € AZ"Z‘ was arbitrary we get V2 (m) > V(m).

For each m € P"(X) let g(m) satisfy

5> (antmn (7 (m+ Loy ) = Vm)) + gy m) ) + R ) < Riyue @17

(z,y)€Z
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(note that q}y(m) will be bounded away from zero). We can construct a solution to (2.9) with u replaced by the feedback
control g(pt), and then obtain ¢ € ALZ‘ by setting G(t) = q(u(t)). Then

ATk ~ _
B [P AT =B | [ Y el (DA™ () | = Vom),

o (z.y)€Z

and therefore by (3.17)

B [V ATi)] + B | [ 30 ielF (@ () + R 1a(5) = By | | < V().

(z,y)eZ

Again using Lemma 9 and the monotone convergence theorem gives

Tk ~
(1-€6)Em / > () F" (Goy(1a(s))) + R"(p(s)) | ds| < V(m),
0 (z,y)€Z

-V (m). Since € is arbitrary we get V2(m) = V (m), which implies the

and therefore Vi2(m) < Jg(m,q) < 5
uniqueness of V.

We now proceed with the proof that W} is the unique solution to

sup Z P <U1y <W<H) _MI;I;I(L‘)L i :ﬁ)) ’Y»Lycm <:/xy)> = —R"(p). (3.18)

P-4
u€(0,00)! 2l (z,9)€Z zy

Since V7 is a solution to (3.4), by Lemma 1 we get that % log(V}%) is a solution to (3.18), and thus uniqueness will imply
o log(Vig) = Wi,

Let W be any solution to (3.18), m € P"(X),and u € A;“'Z‘, and let p solve (2.9). Further assume that there exists
T < oo suchthatfort > 7

n um/(t)) n
> ta)1ayCoy [ =22 ) = R (1) < 0. (3.19)

(cez ey

To show Jk(m,u) > W(m) we can assume that Jj(m,u) < oo, since otherwise there is nothing to prove. By
Lemma 8

WntAT) ) S (AT ()
o ey [ P Ty
is a martingale. Taking expectations gives
tATK Y s _
B WA T)expd = [ % um<s>uw<s>AWV(V;é( Das b = wim),

(z,y)€Z

and by (3.4) and the definition of A™

ATk wo (s .
B | Wt AT oxp dn [ 50 o, () < m o) | as | = W (m).

(z,y)€Z

We claim that
~ TATK Uy (8
B (Wt n TN esp dn [ (50 ptonacs, (M) - muten | as | <. 020
0 Ty
(z,y)EZ

Since W is uniformly bounded this term can be ignored. One can then bound what remains in (3.20) by using

T Uzy(s)
0o > Jg(m,u) =E,, |expsn Z 2 (8) Y2y Cry o
0

(z,y)€EZ 4

)R | dsp |
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breaking the integral over [0, Tx] into contributions over [0, 7 A Tx] and [T A Tk, Tk, and then conditioning on . and
using the lower bound on the term corresponding to [T A T, Tk provided by Lemma 9 (as in the proof of Lemma 10).
Since (by Lemma 9) T’k is finite almost surely, and (3.19) holds for ¢ > 7, by dominated convergence theorem and (3.20)
it follows that

T Uz (S ~
setmow =5 e dn [ 5wl <’fj”)—R”<u<s>> ds §| > W(m).
(z,y)EZ zy

By minimizing over all u that satisfy (3.19) and applying Lemma 10, we get W} (m) > W(m)
Nextlete € (0,1/2). Form € P™(X),t > 0 we choose u(m, t) such that

Z Mg (uwy(mvt) (W(m) _~W (m+ xy)) - %cyon (ﬁxy(m,t))> > —R"(m) —

(z,y)eZ W(m)

—. (3.21
t2+1 (3.21)
As before we can solve (2.9) and then generate a corresponding element u of AZ"Z‘ by composing amy(m, t) with the

solution. It is easy to see that u is an element of Ag’lzl, since very big or very small values of ﬁzy(m, t) will make the
left hand of (3.21) tend to —oo. Arguing as before, for fixed ¢ < oo

Tient Ug 5),s €
Ep | W ((t A Tk)) exp n/o Z pa(8)Vay Oy (W) —R"(u(s) — 5——|dsp| <
(z,y)EZ Y

By sending ¢ — oo and using the boundary condition, Fatou’s lemma gives

Yy

L (z,y)eZ

from which we get W (m) < W (m) exple Jo7 1/(s* + 1)ds]. Sending € to zero shows W}t (m) < W(m).

The proof that Vit (") = —Zlog(Wp(x™)) is similar and thus omitted. It remains only to prove V(L(z™)) =
Vi (x™).

We have established that V3 is the only function that satisfies

inf Z M (Guy A3, ViE (M) + F} (qey)) ¢ = —R"(m), (3.22)
9€(0,00)! | (z,y)€Z

and that V% is the only function that satisfies

S S (Al Vi @) + Elny(a)) § = —nB(L(")) ©29)

n\z\
q€(0 OO =1 yeZ, 5

Since K C X™ is invariant under permutations, and therefore can be identified with a subset of P™(X), we have that
there exists a function V' : P™(X) — [0, 00) such that V(L(x™)) = Vi (x™), and therefore (3.23) becomes

inf Z > (qx AL,V (L( ))+F£7y(qx;zy)) = —nR"(L(z")).

€(0,00)"1 2] i=1yez, 30
Fore > 0, let @ € (0, 00)"1%! satisty

S (Gl V (E@™) + Bty ()] < ~nR(L(2")) +

i=1 yeZ,n
i

Now pick g € (0, 00)!%! by requiring n.L, (") §s, = Dy Ipn—4Qny, SO that

Z an( )qmyA V +Z Z F" QI”y < an( ( n))

(z,y)€Z i=1y€Z,n
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By using convexity of Fy, (see Lemma 4) we get

> Lo(@") [Gay AL,V (L(") + Fpl (day)] < —R"(L(z")) + €/n,
(z,y)EZ

and sending € | 0 gives

Z Lo(2") [quy AL,V (L(x™) + F2,(qay)] p < —R™(L(z")).

1m
€(0,00)121
2€O)= | (S ez

The other direction is trivial, and follows if in (3.23) one uses rates that are the same for all particles in the same position. O

4 Discussion regarding convergence

Before we introduce the deterministic control problem, we define the set of admissible controls and controlled trajectories.

Definition 11. We define the space of paths and controls by
C = {(p,q) € D([0,00); P(X)) x F ([0,00);[0,00)¥%) : 12qsy is locally integrable ¥ (z,y) € Z},  (4.1)

where F ([0, 00); [0, 00)®%) was defined in (2.1). We define A : C x P(X) — D([0,00); ) by
Apgm)t) =m+ Y vy / th2 (8)quy (5)ds. 4.2)

Also we define the set of all deterministic pairs that correspond to a solution of the equation . = A(p, q, m), i.e.,

Tm ={(,q) €C: p=Apn,q,m), p(0) = m}
Finally we introduce the set of controls that generate controlled trajectories

U = {a € F([0:50):[0,00)°%) : 3 € D(0,00): P(X)) such that (1.q) € T} (43

Then the deterministic control problems are given by

Vk(m) = inf  Jx(m,p,q) (4.4)
(1,9)ETm
Tk R
Jr(m, p,q) = / > te(OF (qay () + R (u(t) | dt o, (4.5)
0 (z,y)EZ
F*(q) = inf {lirginf F™(¢n) : {¢"} sequencein [0, 00) with ¢, — q} ) (4.6)
with
Foo(q) = sup{F(q) : F convexand F < F**°}. 4.7)
and

Tx = inf {u(t) € K}.
te[0,00)

In this section we consider sets K C P(X) that satisfy the following assumption.

Assumption 12. K = K° # ().
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For such sets we show that the sequence of values functions V3, where converges uniformly to the function V. To
simplify the notation we will drop the index that corresponds to the set from the stopping time. We split the study of
the convergence in two parts. In the first part, without making any extra assumptions on the cost functions and in great
generality, we prove that for any sequence {m" }, with m™ € P™(X) converging in m € P(X),

lim inf VZ(m™) > Vi (m).

n— oo

The other direction of the inequality, i.e.,

limsup VE(m") < Vi (m),

n— o0

is not as straightforward and its analysis can be quite involved. In order to avoid technical issues we will add some
assumptions.

Before we present the extra assumptions on {C"™} we discuss an almost trivial choice for the cost function that does
not depend on n and that will motivate these extra assumptions. As stated in Lemma 3, for every (x,y) € Z we have
Cry(u) > —logu+u — u. Actually the function C7, (u) = —log u + u — 1 satisfies Assumption 2 and therefore is an
eligible cost function.

Setting C!, (u) = C(u) = —logu + u — 1, we get

(2) o ()

Y

Gy (u,q)

q u
qugf_Q""u"’_'Ya:legi_u""'yzy (4-8)
U Yay

qlog g+ (Vay — @) logu — q + Yay

Examining (4.8) and referring to the definition of ny in (1.9), we observe that if g,,, > 7, then the “maximizing player”
(the one that picks u), can produce an arbitrarily large cost by making u;, as small as needed. If g, < 7Vzy, this
player can produce an arbitrarily large cost by making u., as big as needed. Hence the minimizing player must keep
Jzy = Yoy, and the value function V' (m) is infinite unless the solution of the equation ©(t) = v/(t)~y passes through K
for the specific choice of initial data 1.

To resolve this difficulty we impose the following assumption on the cost.

Assumption 13. Forevery (z,y) € Z

li 8 n \/ _ _ )
ug;ggu(%) (u) = —o0

liminf inf {u(C7,) (u) — u} > 0.

u—o0 neN

Assumption 13 makes F™ finite on (0, 00) and allows for some controllability. More specifically, if the first point of As-
sumption 13 holds true and if m, m € P,(X) for some a > 0, then one can observe (see the proof of Lemma 4) that
the total cost Vi, (m) for moving from point 1m to 17 is uniformly bounded by c,|m — ||, where ¢, > 0 is an
appropriate constant, where the minimizing player picks (jwy(t) to be uniformly bounded from above, but big enough to
reach the desired point. In particular, the maximizing player cannot impose an abritrarily large cost by taking ., small. In
an analogous fashion, the second point of Assumption 13 implies the minimizer can choose controls so that the total cost
Virmy (m) for moving from point m to 1 is uniformly bounded by ¢, || — m|| by picking g, (t) bounded from below
but small enough.

However, if m is in the natural boundary of the simplex P(X’) an additional complication arises, because to reach the
natural boundary it must be true that for at least one (z,y) € Z the quantity g, (t) will scale like 1/fi,(t). In that case,
the first point of Assumption 13 is not enough for a finite cost, since sending dmy(t) to infinity in order to reach the natural
boundary may result in an infinite total cost. Taking all these things into account we end up with the following assumption.

Assumption 14. For everyn € N let C™, R" be as in Assumption 2. Assume that there exist lower semicontinuous
functions C* : (0,00)®% — [0, 00|, R™ : P(X) — [0, 00), such that { R}, converges uniformly to R°°, and for all
(z,y) € Z, the following are valid.

DOI 10.20347/WIAS.PREPRINT.2407 Berlin 2017
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1 There exist intervals (U1 gy, U2, 5y) C (0, 00) containing 1, outside of which C'7!

Ty’
C;‘y, converges uniformly on compact subsets to Og;.

C;Z are infinite, and for which

2 There exists p > 0 such that

: p+1 n \/ _
ilg}) itelgu (Cry) () = —o0. (4.9)
3
liminf inf {u(C7,) (u) — u} > 0. (4.10)

u—o0 neN

Now we state the second main theorem of the paper.

Theorem 15. Let{C"},,, {R"},, C°°, and R* satisfy Assumptions 2 and 14. Let also K be a closed subset of P(X)
that satisfies Assumption 12. Finally assume that in every compact subset of K¢, R°°, is bounded from below by a positive
constant. Then the sequence of functions V3} defined in (2.12) converges uniformly to Vi defined in (4.4).

Before proceeding with the proof, we state some properties of F;‘y.

Lemma 16. Foreveryn € N and for every (z,y) € Z, let Iy, be as in (1.9), where {C, } satisfy Assumption 14. Then
the following hold.

1 There exists a constant M € (0, o) and a decreasing function M : (0, 00) — (0, 00), such that for every € > 0
andeveryq > e,
q —

min {’Vacy (Yay/0)"'7 M} e

F,(q) < qlog

2 Iy, is continuous on the interval (0, 00), and continuous as an extended function on [0, oc).
3 F;Ly converges locally uniformly, on the set (0, oo), to the function
— q u
Fry(‘]) = Ssup {uﬁ (7) - ’mecq?z () } :
uw€(0,00) U Vzy

Furthermore, we have Fzy = F2° where F'*° was defined in (4.6). Finally F ;’; is convex on the whole domain

CEy’
[0, 00) and therefore Iy, = Fpo = Fpe.

The proof of the Lemma 16 can be found in Appendix A. It is worth mentioning that it is possible that 7, (0) = oo.

In the sequel we will make use of the following remark, which states a property proved in [14, Proposition 4.14]
Remark 17. There exists D > 1 and by > 0,bs < 00 such that for every m € P(X), ifv(m,t) is the solution of
©(t) = v(t)~y with initial point v(0) = m, then
1 Vo € X, vz(m,t) > bytP
2 |lv(m,t) — m| < bat.
Before proceeding with the proof of Theorem 15, we prove that the function V' (m) is continuous. We will actually prove

something stronger. Recall that <y denotes the original unperturbed jump rates and the definitions of P, (X') and P, (X)
in (2.2), (2.3).

Theorem 18. There is a constant ¢ that depends only the dimension d and the unperturbed rates ~y, such that for every
m € P, (X), m € P(X) there exists a control q¢ € Uny,,, that generates a unique p with (p, q) € Tpn,, satisfying

1 is a constant speed parametrization of the straight line that connects m and 1,

2 the exittime Ty} is equal to |m — 1

s
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Furthermore, if m,m € P, (X) then

C
Yoy < Qay(t) < ;1 (4.11)

and we can find a constant c,, < oo such that the total cost for applying the control is bounded above by c,|/m — m||.

Finally, for every ¢ > O there exists 0 > 0, such that |[m — m|| < 0 implies Vizy (M), Vimy (M) < €, and therefore
as a function of two variables V' is continuous on P(X) x P(X).

Proof. Let m € P.(X), m € P(X). We can find a positive constant ¢ that depend only the dimension d and on the
rates -y, and also rates g such that

1 Quy 2 Vay,

— m
2 X (e yyez MaleyVey = Trm—m]

3 max{myqsy, (z,y) € Z} <€

Indeed, since {a,yVuy @ azy > 0,(z,y) € Z} = H, we can find a constant ¢ < oo such that for every point
m € P, (X), there exist vectors ¢gy My Vgy With ¢zyme < ¢, and Z(z,y)eZ Mz QoyVzy = % Now, if for some
(21, yl) e Z we do not have qy,y, > a4y, then by ergodicity we can pick x1,22 = y1,...,2;, with j < d, such

that Zl 1 Vziz,, = 0. If we pick the new ¢y, ., , equal to maxyy{yzy}/ma, plus the original ¢, 4, ., , , then property
2 is still satisfied, but we now also have ¢y,,, > 7,4, . We have to repeat the procedure at most | Z| times to enforce
property 1, and can then set ¢ = max{m;q.y, (z,y) € Z}.

Let fi(t) = [(m — m)t/||jTm — m|| + m], and define § € Uy, by

frz (1) Qay (t) = Mgy < C. (4.12)

m—-—m
. ds =t—— " = (t) — m,
2 ”y/m) (8)ds =ty = A —m

(z,y)ez

Then automatically

and thus (£, q) € Ty, This will lead to hitting {m } in time Ty,) = [|m — m/||. By the second point in Lemma 4 we get

Ty
inf Ty (M, 1, < Jgmy(m, g, q) < / Foo z + Bnax T
B o (o @) < Ty (ma @) < 3| Ae(F (@ () -

(x,y)eZ
(4.12) Temy [ R Gy (1)
< Z / fio () Gy (t) log — - p + (zm?é(z M (Vay) | dt + RmaxTimy
(z,y)€Z 0 min {’wa (’wa/sz (t)) s M} Y

()G () 108 (Vo [y ()7 | dit+

Trom "
Sl RO SO SIS / }

(@9)e2 (z,y)€Z
Ttm) T{m}
" Z / 1 (8) Gy (8) 108 Yy d + Z / fiz (1) Gy (t) log M| dt 4 ¢ Ty
(zy)ez " (r.g)EZ
E 12) ™ 5 1/p "
c Z / | 1og Gy (t)]dt + € Z / ‘log (Voy/Guy () /7| dt + " Ty
(z,y)€Z (¢,y)EZ
- T
(4 12) Z / Ty mzqzcy dt +¢ Z / q }‘log (i () Yy /102Gy ) ’dt+c"T{m}
(@y)ez fa(t) (wy)eZ
4. 12 N
(4.12) ¢ Z / [log 1. (t)| dt + Z / ¥ 1 |10g’uz( )| dt + c///T{m}7
(ey)es (zy)€Z

(4.13)

/11

where the constants ¢, ¢”’, ¢'"’ depend only on ~, ¢1 and R .x.
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Now if m,m € P,(X), then all elements are bounded by a constant ¢, (that depends on 7, ¢1, Rimax, and a) times
T4y = |l — my|, and therefore the first part of the theorem. follows.

Let1 > § > 0,and m,m € P(X), with ||/ — m|| < §. We take m = v(mn, ), where v(mn, t) is the solution of
U(t) = v(t)~, with initial data /(0) = 1. Now by appropriate use of the inequality /i, (t) > min{mg, m,(T{m) —1)}
and using the last display, we get

Tmy
V{rh} (m) <M Z -/0 (| log ’I”er| + ‘ log(T{ﬁl} — t)|) dt + T{m}
(z,y)€Z

By a simple change of variable and Remark 17, we have

b25
Vimy(m) < " Z/ (|1ogb16”| + |logt]) dt + b2 | (4.14)
(z,y)€Z 0

Therefore
)
V{m} (m) < V{m} (m) + V{,,;,,} (m) < 6Rmax + " Z / (| log b15D| + |log t|) dt + b6 |,
(zy)ez 0

and the right hand side can be made as small as desired by making d small enough. The estimate for V{m} (M) is proved
in a symmetric way. This proves the last statement of the theorem. O

5 Lower bound

For the proof of Theorem 15, we first prove the lower bound: for every sequence m”™ € P™(X) and m € P(X), with
m"” — m, we have

lim inf VZ(m™) > Vi (m).

n—oo

Without loss of generality we can assume that the liminf is actually a limit, otherwise we can just work with a subsequence.
If the limit is oo then the conclusion is trivial, therefore we can assume that there is ¢ € R such that

sup Vg (m") <c. (5.1)
neN

Lete € (0,1). Recalling (2.12), let g™ € AZ"Z‘ be such that

~
Epnr / S unFD (@ (0) + R (un0) | de| < Vim®) + e, 52)
(z,y)eZ

where pu”* = h"™ (1", ¢",m"™, N"/n)and T™ = inf {t € [0, 00] : p"(t) € K} . Ford > 0 such that
|lm—m| <d§= Vin(m) <e, (5.3)

we define
Ks={m:dm,K) <6} and T™° =inf{tec[0,00]: pn(t) € Ks}. (5.4)
The existence of such a § is given by Theorem 18. Now for ™, g™ as in (5.2) and T™° as above, we define the sequences

W (t) = p(t AT,

nt) t<T™?
qn,é(t) — {q ( ) = (5.5)

¥ T>71m "
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We note that for ¢t > T‘s7 q"";(t) does not actually generate pu”, but we define it this way to simplify some technical
issues. We will show that

T’n
lim inf Eqpy e / > urOFR (¢h, () + RM(u (1)) | dt| >
n— o0 0 (m7y)ez

- (5.6)

Tné
timint B | [ 30 S OF (@ (0) + R0 | de| = Vi (m).
0

n— o0
(z,y)€Z

and then by an application of Theorem 18 and (5.2) deduce lim,,_, o V2 (m™) + 2e > Vi (m). Since € is arbitrary the
lower bound will follow.

Before proceeding we introduce some auxiliary random measures. For (z,y) € Z, ¢z, € F([0,00);[0,00)), and
t € [0, 00), define
TIIy(dTQ t) = 5qm,y(t)(dr)/ir (t)

Foreach t € [0,00), (z,y) € Z we have that 1, (-; t) is a subprobability measure on [0, c0). Also we consider the
measures Oy, (drdt) = 1z, (dr;t)dt on [0,00) x [0,00) as equipped with the topology that generalizes the weak
convergence of probability measures to general measures that have at most mass 7" on [07 00) X [07 T]. This can be
defined in terms of a distance (a generalization of the Prohorov metric) dr,and the metric on measures on [0, 00) x [0, 00)
is
> 27 [dr(plr,vir) V1], (5.7)
TeN

where p| denotes the restriction to [0, T'] in the last variable.

Let 070 = {9"75}(%@/)63 be the random measures that correspond to ™%, g™

We observe that

, according to the construction above.

tAT™®
p(t) = m" + Z ’Ury/ / 0”6 (drds) + amartingale,
(z,y)€Z

where the martingale will converge to zero as n — oo, and that for every (z,y) € Z,

Tn&
Epn l / / L e"‘s(drdt)] (5.8)

We will split the proof of (5.6) in three parts. First we prove that (u”"s, 0"’5, T”"S) is tight. Then we show that for every
limit point (u®,°,7°), 62, has the decomposition 65, (drdt) = n3, (dr;t)dt, with dyex 7%, ([0,00);t) = pd(t),

qu fo rnzy(dr t), that

Eyppn

/ ER (g () ()t

and for q° defined by i ( )

tAT? tAT?
=m+ Z vw/ / TG’S (drds) = m + Z ’Um/ ,Ug; )qmy( s)ds.

(zy)€Z2 (z,y)EZ

Finally, by an application of Fatou’s Lemma, for such a q , we get

/TM / 9"5(drdt1 >E / / drdt)]
/ / ) (ara) [ [ / . syt

o LR I o

where in the second inequality, we used the fact that F;;’ < Fpy, and for the fourth, we applied Jensen’s inequality.

Together with /J,"’é — u5 and another application of Fatou’s Lemma, this gives (5.6).

liminf E,n
n— o0

Fpy(as, (t ))ui(t)dt] ;
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5.1 Tightness of (u™9 ™% T™°)

First, we prove that (p"°(-), T™?), which takes values in D([ ) P(X)) x [0,00) C D([0,00);R?) x [0,00), is
tight. For that, we introduce some auxiliary random variables 1™ ([ ,00); Rd) to compare with ;2™ given by
tAT™
A (t) = m" + Z vmy/ iy (8) Gz (8)ds. (5.9)
(z,y)€Z

Since Vayl (+/7zy) < Fr,(+), recalling (5.1), (5.2) and that for sufficiently large n " is bounded away from zero in

Ks={m:d(m,K) > } by a constant R ., we get
T8 qr (t)
Fme / S ey ( . ) dt + RO, T | < et 1, (5.10)
0 Vzy

(z,y)EZ

which shows tightness of {7™°}. By setting Yumax = max{7y., : (z,y) € Z}, we get

Tn,8 n
o (t)Vz T t
Emn / Z ’YmaX'U/Z( )Fy y€<q y( )) dt+anlnTn,5 <c+1.
0

(z.9)EZ “Ymax Vzy

Using the fact that ¢ is convex and ¢(1) = 0, by Jensen’s inequality af(b) > ¢(ab+ 1 — a) fora € [0,1] and b > 0. By
setting @ = “‘étﬂ, the inequality above gives

Tné n
Eonr / > vmx< s () j;y(t)+1—ww> dt+ RS, T™| <c+1.

min
0 (z,9)€Z “Ymax “Ymax

By applying Jensen’s inequality once more

E et [ " () (t R CHOLT | P ]
m" | h/max A Z /U‘z< )QIy( ) + Z + min <c+ L
0 ‘ |’7max () (z,y)EZ | |’Ymax

(5.11)
Now by multiplying with m7 using (5.9) and the fact that ¢ < ¢’ implies £(q) < ¢(q’) + 1, we get

T 5 o (5
[0 ()] ( 1 s ) 5 c+1
Eorr / dt + RO, —1)T™ (5.12)
" [ 0 <|Z|7max | Z | Ymax IZ"‘Ynlax
Finally, by using that for every ¢ > 0 there exists ¢; > 0, ca < oo such that £(cq) > c1£(q) — ca, we get
Tn,zi
: c+1
E,p / . ( ﬁ”"s(t)|> dt + ( RS ) s
" [ 0 | |Z|’7max ‘Zh’max
which implies
B /Tn'oe(m"-é(m) YL S T S V] [P S SN 0 SN P
" i Tz~ . mm ’ = " Tls e,
" 0 |Z|'7maxcl |Z|'Vmaxcl C1 m
where
-+ 1 1 1
go_ctl (et Dletl) (5.13)

|Z|’7maxcl C1

It will follow from the following lemma that 2™ is a tight sequence in D([0, 00); RY). Let S be the elements (u, T") of
C([0,00); P(X)) % [0, 00) that satisfy p(t) = p(T) fort > T.
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Lemma 19. For every positive number a, the function

(5.14)

H( fO Ndt +aT, pec AC([0,00);RY), T € [0,00)
w T otherwise,

is a tightness function on S, where AC ([0, 0); R?) is the set of all absolutely continuous functions from [0, 0c) to R%.

The proof of this lemma is in Appendix 8 (Is better if we use a reference of some sort).

Now we have that

tAT™? tAT™? 1
/0 ur(s) qm} ds—/ / Ljo,pun (s)qn (S)](r)gNgy(dsdr),

where the summands on the right side, denoted from now on by me +, are all martingales with quadratic variation QY
that is bounded above by

IAT™? 1 tAT™?
En / / Yo,up(s)az, ()1 (1) Nay (dsdr) | = —Emn /0 11z (8) 4z, (s)ds

(C+1) 1
(523) ¢ + eEppn [T™ A ] < ¢ + eBppn [T™] (520) ( RI, T C)

min

W01 = A< Y

(z,y)€Z

xyt

— — — )

n n n n

tAT™0
< —Emn VO (C(pz (s)dzy(s)) + €)ds

where in the first inequality of the last line, the estimate ab < e® + £(b), with a = 1,b = pu7(s)qy, (s) was used. By
using the Burkholder-Gundy-Davis inequality, for every T € (0, c0)

Epr , (5.15)

sup Q. t|] < cBapEmn| 2@5};/2 < cBap
te[0,T]

from which we get that Eqy,n [Sup,c(o 7 |Q;’?’ft|] converges to zero as n — 0o. By an application of Lemma 19, we

have proved that {f"°} is tight in D([0, 00); R?) and that Eppn [d(p™°, 5™°)] — 0. From this we conclude that
{(pu™?,T™)} is tight as well.

To show that the variable 8™ is tight, we combine (5.8) and (5.1), (5.2) to get

/TM/ (r)0m0 (drdt) + /OTM R (™ (t))| <ec+1.

Since, by part 1 of Lemma 4, we have Yoyl (-/7ay) < F7,(-), and ¢™° =~ fort > T™°, we get

Emmn | Y / / %y( J)em(drdt) =Emn | Y /TM/ Vayl (%>9’L5(drdt) < ctl.

(z,y)eZ (z,y)EZ

10~ [ [ Dt (=) otaran.

is a tightness function on the space of measures on [0, 00) X [0, T] with mass no greater than 7", we conclude that for
every (z,y) € Z, 92';;5 is tight with the topology introduced in (5.7).

(xy )EZ

Now by using the fact that
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5.2 Distributional limits and and lower bound

From the previous two subsections we have that (u”"s, o, 0"’5,T"’6), is tight. For proving the lower bound, we

can assume without loss that the sequence has a distributional limit (ué, /15, 05,T5). By using the Skorohod repre-
sentation theorem we can also assume the sequence of variables is on the same probability space (€2, F,P), and that
(u?, 1%,6°,T?) is an a.s. pointwise limit.

Consider any w € () for which there is convergence. Since by the definition of om0

(0,00 < A) = [ i), VA € B(R),
) AN[0,T79]

for every continuity set A of 65, ([0, 00) x -) we have

,(0.00 x )~ [ iy
’ AN[0,T9]
< 162,10, 00) x A) = 07:°([0,00) x A)| + / uz"s(t)dt—/ 1 (t)dt
AN[0,T79] AN[0,T?]

[ wtwar [l
AN[0,T9] AN[0,T9]

™ (t)dt

< [6,(10,00) x A) — 07:2([0,00) x A)| +

+

s/Ar'][min{T"vé,Té},maux{T‘S Tm:5}]
< 62,(10,00) x A) = 7:3([0,00) x A)| +d(u, 10 + |T° —T™| — 0.

Therefore for every continuity set A of (9?034([07 00) X )

02 ([0, 0) x A) = / (),
AN[0,T9]

from which we conclude that foraII (x,y) € Z, Ggy has the decomposition Hgy(drdt) =3, (dr;t)dt, with ngy([o, 00);t) =

1(t). Also, since [ [ £(r)0%; 5(drdt) is uniformly bounded and / is superlinear, we have convergence of the first
moments of the first margmal ie.,

/f( o0 (drdt) —>/f t)rod,(dt), Vf e Cy(R).
R

Hence for q° defined by 11 (t)qu(t) = fooo rngy (dr;t), we get that for all (z,y) € Z
/ FO R 1)q2 (1)t — / FOR (e, (D, Vf € Cy(R). (5.16)

Using the fact that d(pu™?, i°) — 0 and (5.9), we get

Tn,5
pl() —mt = Y vy, u;ﬁ( s)qz) (s)ds| = |u™0(t) — @™ (t)| = 0, (5.17)

for a.e. t. Applying (5.16) for suitable choices of f and using (5.17),

TONt
p(t) =m + Z vmy/ pa(s qmy( s)ds

(zy)€Z

for a.e. t, and since the left side is cadlag and the right side is continuous in the last display, equality holds for £ > O.
We conclude that g° is the control that generates p1°, and we also already noticed that ui3.(t)qS,, (t) = [~ rnl, (dr;t).
Finally, since u™°(T™?) € K and d(pu™?, u®) — 0, by continuity of u® we get u®(7°) € K. As discussed below
(5.8), this concludes the lower bound proof.
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6 Upper bound

Before we proceed with the proof of the upper bound

lim sup Vi2(m") < Vi (m),

n—oo
we establish some preliminary lemmas. In the following lemmas, we make use of 7, , Uy, and F;;j, defined in (4.2), (4.3),

and (4.7) respectively. For the properties of F§§7 see Lemma 4.

Lemma 20. Let m € P.(X), and q € Uy, be such that (p,q) € Tm. Given T < oo and e > 0, we can find
ai,as,az > 0andq € Uy, with (f1,qG) € T, such that

ap < inf Guy (1) < sup Guy(t) < asg, (6.1)
! (w,y)€Z,t€[0,T] (1) (z,y)€Z,t€[0,T) (1) ?

inf (i (t) > as, t)— p(t)] <e 6.2

perdop P (t) > as t:fé%]uu() () <e (62)

and

> / i () ES0 Gy ()t <) / pa (0) F iy (qay () )dt. (6.3)

(z,y)€Z (z,y)EZ

Proof. Recall that m € P,(X) implies m, > Oforallz € X. Let v(m,t) be the solution to the equation ©(t) =
~v(t), with initial data 1. By Remark 17, we know that there exists 1 > a > 0 such that v(m, t) € P,(X), for every
t€[0,T].For§ >0 >0, let

0 () = ov(m, ) + (1 - 8)u(), (6.4)
and note that 119 (t) > 0 forevery ¢t € [0,7] and 2 € X. Therefore, for § as above and (z,y) € Z, we can define
5 vz (m, -) (1 —0)pa(’)
Toy () = Va + Gy () 575 (6.5)
v O 13(-)

Then it is straightforward to check that (1°, g°) € T;y,. Moreover, since 6";%1)”5) 4 = ‘?(“t;( ) = {forallt € [0,T], by

the convexity of F> we obtain

s [romoa- 5 [ o 6v;gg;;t>+qzy<ggg¢;@>>dﬁ

(zy)€Z (z,y)EZ
6 2 ( (1) 200
Z / “ ) ) ’Y:ch dt + Z / ZL)UFM/ (qqsy (t)) dt (6.6)
(r y)EZ (z,y)EZ
(DY / o (DS (a2 (1)) dt,
(z,y)€Z2

where in the second inequality, we used the fact that "> (Vay) = 0 [see Lemma 4]. Therefore, we get a triplet (u?,q%) €
T with cost strictly less than the initial one, and with st that satisfies

(L= Ouslt) _  (1-0)
B0 da+ (1-9)

p(t) > da  and =c<l, (6.7)

forallt € [0,T].

However, since this triplet does not necessarily satisfy condition (6.1), we modify it even further. Specifically, we pick
M € (29max, 00) big enough such that

ad(l —+/c)
zg:ez/ ,uz |m1n{q$y M} qu ’dt < \/5 , (6.8)
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and define

oM ( / Z 18 (t) min {qzy M} Vgydt. (6.9)

(zy)€Z

Then

M (@) = i) < [ () - o)) 23/ #a () (a2, () = min {2, (1), M})) vy

(z,y)EZ
Zt/mx (a2, (1) — min {a3, (1), M) [fozy
(z,y)€Z
o.M L fs (6.8)
<V?2 Z / qu(t)—mln{qu(t),M}))dt < ad(l - e),
(z,y)eZ
(6.10)
and for ¢t € [0, T7,
(6.7) (6.10)
pdM () > pd () — ™M () — pd ()] > ad — M () — pd(t)| > adye. (6.11)
We also get
O,M (+)] (6.10) 1— (6.7)
g Ha (O] €20 ad(1 = o) (] (1—+/e) 6.12)
15 (t) ming /14
or
5 5
pia (1) 1 240 1 e
> and = <—=—. (6.13)
pMt) T 2- e pa™M@) T Ve e
We deduce that %M (t) € P, (X), forall t € [0, T], and therefore can define
L8 5
min {2, (1), M} w3 (1)
i (e) = A M), (6.14)

9,
Ha M(t)

which will give (M q%M) € T,,,. We can see that (6.1) is satisfied, since by (6.5) and the LHS of (6.13) for the bound
from below and the RHS of (6.13) for the bound from above we have

<Mty <M % (6.15)

%cydyx (m7 )
2

Itis worth mentioning at this point that trying to get an estimate for the cost of (,u‘s*M7 q‘S’M), with respect to the cost of

(u q ) would require some extra properties of F>°_ However, we can obtain an estimate of the cost (u5 M q‘s'M) with
respect to the cost of the initial triplet (pt, ), by utilizing only the convexity of F°°, and choosing the right parameters.

Using the fact that Ff; is increasing on [%y, 00) in the first inequality,

@
Y u™ ()

@)@3( 1o (t) (Vwéum(m,t) +qw(t)(1f)”r(t))> (6.16)

W2 0)

However, from (6.7) and (6.13), we have

(1= 0)u(t) (1= 8)u(t) pdt) _ e
N T e e S e YOSt
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Therefore using the convexity of F> we have

E£<%w&“m”)+%aw“‘5”““>

S.M SM

(1=8) 11 ()
Froo (1* uiMm) dvz(m, 1) (1 —0)pe(t)

= Fgy (1 _ %) Vay Mg_,M B + Gy (t) ngM(t) (6.17)
A= 0)pa(t) | proo Svy(m, t) (1= 8)a(t) mne
SG_ u?%>>EWG”ﬁMwu®Mm>+ By Loy (e (0)

Combining (6.16) and (6.17) and then using (6.4), we obtain
uM ) Egy (a2, (1))
< (M) = (1= O)pa(t)) By (

5V3:(m’ t)

> + (1 - 5)Mz(t)F;Z (thy(t))

= 0 00 3 00) 5 (e 1 D075 o).
: (6.18)
Euz(m,t)

We can make |uSM (t)— 1l ()| uniformly as close to zero as desired and therefore we can make 7., pa

() —pd () +0vz (m,t)
as close to 7, as desired by picking M sufficiently large. Since F;j (Yzy) = 0 and F;;’ ()is contlnuous on (0, c0) by
Lemma 4, we can pick M < oo such that for every ¢ € [0, 7],

- dvz(m,t) 1 /T .
ool e < — 2 (8)Foo (quy(s))ds. 6.19
" <7 yﬂg’M(t)ﬂg(t)Jr(Sl/x(m,t)) T Jy Ve (el e

Then from (6.18) and (6.19) and the fact that v,,(m, t) < 1 and (6.10), for t € [0, T

(z,y)€Z
T 1 (T e T A
< 2 < /O (26) <2T /O uz(s)me(qzy(s))ds> dt + /O (1= 0) (1) FES (quy (t ))dt> (6.20)
2 (O FS (quy(t)) dt.
(wg:ez/ ‘LL q

Next, we are going to prove the following result.

Lemma 21 (Law of large numbers). LetT € (0, 00) be given. There exists a constant ¢ < oo such that if (u™,~) € T,
(see (2.9)), and (v,~) € Tm, then

c
P| sup "t)—vim,t)|>e| < . (6.21)
Qmﬂw<> (m. )] ) v

/ / S)’Y;.y ) deT / / 1[0 VJ ms)’YJ_y]( )deT
1 t oo
/ / (0,7 (5)72y] (T) = Ny (dsdr) —/ / L0, (8)72y) (T)dsdr
n o Jo
) t )
L0, ()72, (1) disdr — /0 /0 L1(0,0, (m,5)7ay] (T)dS

Proof. We have

" (1) — v(m, )] < >
(z,y)

<D,

(z,y)
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For a constant K that depends on d and the maximum of v,

<K sup [u"(s) - vim,s)].
0<s<t

1[0 i (5)72) (T der*/ / 10,0, (m.5)7ay) (T)dS

(w,

Hence by Gronwall’'s inequality, for r € [0, T']

|7 (8) — v(m, 1) < KT sup
(]§t<r

1 t [e'e]
7/% S)’hy](r)n Ty(dsdr) / / 1[0,11;’.’(5)’me](r)d5dr .
0 JoO

.y )

Using the Burkholder-Gundy-Davis inequality as was done to obtain (5.15),

< sup / / (0,7 (s )%y]( ) dsdr / / Ljo,pn (s )%y]( r)dsdr| >
te[0,T]

efKTe
P sup ||p"(t) —v(imt)|| 2| <d®—x,
which is (6.21).

and hence

t€[0,T]

We now obtain the following result.

Lemma 22. The sequence V™ (m) bounded, uniformly inn and m € P,(X).

Proof. Let T = diameter(P(X)). By Remark 17, there exists ¢ > 0 such that v(m, 7) € Pa,(X) regardless of the
initial data 1. We can further assume that P, (X)) N K° # (), and in particular that there exists an element 77 such that
B(m, §) C Po(X)N K°.

Since m € P,, the first part of Theorem 18 implies that for every point m in P, (X ) we can find a control g,, with the
following properties: there is a unique p such that (u, qm) S ﬁoldsymbozm; [ is a constant speed parametrization of
the straight line that connects m to m in time T{m ; and the control g,,, satisfies

a1
Yoy < Gmay(t) < s (6.22)

fort € [0, Tm}], (2,y) € Z, where c; > 0 is a constant that does not depend on a. For every m, we let

t) t< -7
Gm,ay(t) t < [lm—ml, (6.23)

qzy (m,t) = {

Yoy t>[m—mf,

denote the control that takes 1 to 7 in time ||rm — ™|, in the sense that it was described above, and after that time is
equal to the original rates.

For i € N we define a control for the interval iT < ¢ < (i + 1)7 as follows. Let f(t—) denote the limit of f(s) from the
left at time ¢, and recall that p(1m, -) is the straight line that connects m to 1 in time T,), where 1 is fixed and we
explicitly indicate the dependence on m. Then set

o0 = { Mt =i (suPacgir () = (@) < $) and (u"(i7) = m € Pu(X))
zy Yoy, otherwise.

(6.24)
The idea with these controls is that, within each time interval with length 7, the control considers the starting point m,
and then attempts to force the process to follow the straight line to 1. If the process is very close to the boundary of the
simplex P(X) \ Px(X), then we just use original rates to push the process inside P, (X ). Since all controls used are
bounded from above and below, the total cost is a multiple of E[T™]. Thus we need only show this expected exit time is
uniformly bounded.

By using (5.15), we can find constant ¢ < oo such that

P( sup  [u"(t) — p(m.b)]| > gu"(i7)=m€7’a(?€)>§c 2 (6.25)

telir,(i+1)7] na
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from which we get

P(T" > (i+ )rlp"(ir) € Po(X)) < inf  P(  sup  |lu™(t) = p(m,0)]| > 5| u"(ir) = m
mEP,(X) tefir,(i+1)7] 2
< 2
c .
~ Vna
(6.26)
By Lemma 21, we have that for some ¢’ < oo
Pl sup () —vim, )] > & | p(ir) = m ¢ Po(X) | < ¢ —=, (6.27)
telir,(i+1)7] 2 ay/n
which implies that
P (i + 1) ¢ Pul0)| i) ¢ Pul2))
9 (6.28)
a
< inf P sup  |p"(t) —v(m,t)|| = o |p"(iT) =m | <d——.
mEP,(X) (te[ir,(i+1)r] 2 ay/n
Thus the probability to escape in the next 27 units of time has a positive lower bound that is independent of n and the
starting position. This implies the uniform upper bound on the mean escape time. O

Now we proceed with the proof of the upper bound.

Proof of upper bound. We will initially assume that m is in 7%(2()7 for some a > 0. Let € > 0. By the definition of
Vi (m), we can find a triplet (i, q) € T anda T € [0, 00|, such that

[l E w075 @)+ R ue) | dt < Victm) +. (629
(z,y)€Z

Since we assumed that R°° is bounded from below by a positive constant for every compact subset of K¢, we can
furthermore find a & such that for finite time 7°° € [0, 0o) we have

T§
/0 S a(ES (e (1) + B (1)) | dt < Vic(m) + ¢, (6.30
(z,y)€Z

and d(u(T?), K) < §. By the second part of Theorem 18, we can extend the path so it can reach a point 772 of K, with
extra cost less than €. Since K = (KO), by a second application of Theorem 18, we can assume that m is an internal
point of K, by again adding an extra cost less than e.

Let r > 0 be such that B(m,r) C K°. From Lemma 20, without any loss of generality, we can assume that there exist
a1, as,as > 0 such that

ap < inf Gy (t) < SUP  Gay(t) < a2, (6.31)
(@y)ez telo,) Y (z,y)€Z,t€[0,T) w

and
T

i p(t) > a, [|i(T) — 1| <

6.32
z€X ,t€[0,T] 2 ( )

Finally, by applying the first part of Theorem 18, we can assume the existence of a ; > 0 such that for every point m in
the neighborhood B(m, 1), we can find a path like the one described above, by connecting mm with a straight line to 1.
Of course this could generate different, though universal, a1, a2, a3 from the initial ones.
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Now let m™ pe a sequence that converges to m... For big enough n, we can assume that m™ € B(m, ). By the
continuity of /"> on compact subsets of (0, 00), we can find 2 > 0 such thatif my,my € Pag (X) and [|my —ma|| <
T9, then for every g that satisfies (6.31), we have

>

(zy)€Z

IN

/100 mi,z €
ml’mny (qmy) - mQ,IF (q:vy M x) ’ T (6.33)

Now for every n € N, we define the following control for the time interval [0, 77,
Gy ()5S T supsepo g ln(t) — p (]| < 2
Gy (1) = #a(£) Sl (6.34)
Yay otherwise.
For every n, we define an auxiliary stopping time 7' = inf{t € [0, 7] : ||u™(t) — u(t)| > T2}, and also we define
Riaz = Sup,enmepx) B” (m). For sufficiently large n, by uniform convergence of F™ to F'°° on compact subsets

of (0, 00), and the uniform convergence of R™ to R°°, we can get an estimate of the cost accumulated up to time 7', for
the triple (u™, ¢™) € T,*... Specifically,

T
E/ SO n@F (¢ (0) + R (e 1) | dt

(z,y)€Z

T
<E / S HEED, (6 0) + B W O) | L e

(z,y)€Z
+1P>< sup._ [l (t) — (b)) > ) x
t€[0,T)
T’IL
B[ X mrn @ 0) + B e ) | de) sup 16 < 0] > 2| + TR
0 \@yez teloT]

T
(6-34) n n ,U/;L(t—) n(,,n
e\ [ S w0 (a5 ) 0| ey

(z,y)EZ

tel0,T

+1P’< sup. 1" (8) = (D] >7"2> X

T

T n(4__
el [ T o, <qzy<t>“z(t ))+R”(u”(t)) i

ez fha (1)

sup |[[p(t) — p" ()| > 72| + T Rimas
t€[0,T]

T niy__
<E / > mOF <qzy(t)uz§t)))+R°O<“”(t)) U ey s —pm 1 <ra} | €

(zy)€Z

( sup [[1"(8) = p(®)]] > 7"2) x

sup ||pu(t) — p" ()| > ro| + € + T Rmax

n (100 Ho
oy (t)F:ry <q-ry(t)
t€[0,T)

(z,y) EZ
(6.35)

Then using (6.33) with m1 5 = p15(t), ma » = 2 (t—), for big enough n we can bound

T
E / ST un@FD (40, (6) + R (un 1) | dt

above by
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Vk(m)+2e+P ( sup |[u™(t) — w(t)| > 7‘2> (Vic(m) + T Ruax + 2¢). (6.36)
t€[0,T]

By using (5.15), the probability that there was no exit in the time interval [0, T is

1
P(T">T)<P| sup ||p"(t) —p@)|]|>ry] <c .
(" > 7) (tem (t) ~ (o) ) N

Hence the total cost satisfies

Velmn) < | [ iR (@) + B 0) | de Ve aT)

(z,y)EZ

te[0,T

<Vk(m)+2e+P ( bup ™ (t) — p(t)]| > 7‘2) (Vi (m) + T Ruyax + 26) + P(T" > T Vinas

< Vk(m) +2e+ 2(TRmax + Vinax + 2€) \FT
2
(6.37)

where V.. is the upper bound identified in Lemma 22. By sending n to infinity we get the upper bound if m € P,(X)
for some a > 0.

Nextlet m € P(X) \ Pi(X). Lettg < € be such that Vi (v(m, tg)) < Vi (m) + €, where v(m, t) is the solution to
the original equation after time ¢. We canfind a r > 0 such that for every m € B(v(m, tg),r), Vi () < Vi (m)+2e.
If ¢" (1, t) is an e optimal control that corresponds to each 1, we define the control

Yzys tS th
Gy (t) = n
q;y(l"’ (to)at_to)a t> tOv

which gives

-~
Vi(m") <E / SO U ()ED, (a2 () + R (" (s)) | dt

(z,y)eZ

<2 [ X i@ o) + B | a

(z,y)€Z

Fyy (42y(s)) + R™ (1" (5)) | dt

(z,y)EZ (6.38)

z,Y)€

Fyy (a7 (1" (to), s = to)) + R™(1"(s)) | dt| < toRmax +E[V (1" (t0))]

(
( Ey (v (8)) + B™ (" (s)) | dt

Lemma 22

< €eRpa + P (p"(to) € Bv(m, to), 7)) (Vi (m) + 2€) + P (u"(to) ¢ B(v(m, 1), 7)) Vinax
< Vi(m ) (2+ Riax)e + P (n"(to) ¢ B(v(m, o), 7)) Vinax-

Now by an application of Lemma 21, we get that the last term goes to zero as n goes to co, and since e is arbitrary, we
get that

limsup VZ(m") < Vi (m).
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7 Appendix: Properties of /),

Proof of Lemma 4. (1) We have

Fzy(Q) = Ssup ny(ua q) = Sup {ué (a) - '-Yocycwy ( )}

u€(0,00) u€(0,00) Vzy

q Vzy q
>yt (L) - C”< )z%()zo.
Yy <7my> VYayLzy Yoy Yy Yoy

(2) We have

mn mn Va n u
Fp (Vay) = sup Gy (u,7zy) = sup {uf (J) — Yoy Coy <’7>}

u€(0,00) u€(0,00) u Ty

n u
= sup Vay 108 Yoy — Yy lOg U — Yoy +u — 'mecmy — )
u€(0,00) Vzy

but by applying part 2 of Lemma 3

n u
0k (5

Yy

) > Yoy l0g Yoy — Yoy lOg U — Yoy + u.

Therefore I, (72y) < 0. However, by part (1) of this lemma F’,

Y (Vay) = 0, and therefore the equality follows.

(3) By definition £}, (¢) = SUpPye(0,00) Gy (U, ¢)- Leta € (0,1)and 0 < g1 < g2 < 00, andletq = agi + (1 — a)ge.

Using the convexity of G7;,, (u, q) for fixed u as a function of ¢, we have

Fp(agi + (1 —a)ge) = sup Gy, (u,aq: + (1 —a)ge)

uw€(0,00)
< S(up ) {aGZy(u7q1) + (1 - a)GZy(ua q2)}
u€e (0,00
<a sup G;y(u7q1) + (1 - CL) sSup Ggy(ua q2)
u€(0,00) u€(0,00)

<aFgy(q) + (1= a)Fy (g2).

For the proof of Lemma 16, we are going to use the following auxiliary lemma. Recall the definition of Ggy in (1.9).

Lemma 23. If {C™} satisfies Assumption 14, then the following hold for every (z,y) € Z.

1 There exists a positive real number M, that does not depend on x, y, such that for the decreasing function M, ;y :

(0,00) — [0, 00), given by
5 1/p
M;y(q) = min < Yy (qy) M 5,

we have that G}, (u, q) is increasing as a function of u on the interval (0, My, (q)].
2 There exists a decreasing function M2, : (0,00) — [0,00), with M2, (q) > M}, (q), such that, G3.,(u, q) is
decreasing as a function of u on the interval [M?2,(q), c) .
Proof. By taking the derivative with respect to « in the definition (1.9) we get
u

-4y (> + 1. (7.1)

U Yy

(1) By part 2 of Assumption 14 there exists M € (0, co) such that if u < M, then

p+1
4 omy <U> b1z g (T

u Yoy u u
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and by taking u < vy (%y/q)l/p we get

p+1
—g+(m) +1>-249 15
u u u u

Yoy )"
Mg}y(Q) = min § Yay (qy) Mo,

we have —21 — (C7 )’ (%) +1 > 0 onthe interval (0, M, (q)].

Therefore for

(2) By applying part 3 of Assumption 14, we get that there exists Z\Nﬁy(q) > 0, such that if u > M;/(q) then

o omy (u> I 72)
Vxy Yy Vxy Yy
Then 3

M2, (q) = max{M,,(q), M2,(q)},

Ty

is decreasing and bigger than Mg}y and using (7.2) we get

4 omy (U> 1< 8w (u(%)/ (U) _ u) <0
u Yoy u U \Vay Yy Yy
on the interval [M2, (q), 00). O

Proof of Lemma 16. (1) Lete > 0, and ¢ > €. By Lemma 23, we have that Ggy (u, q) , as a function of u, is increasing
on the interval (0, M, (q)]. Therefore for all u € (0, M, (¢)] we have

ot () s (1) 0 (s ) e (M) < (s )

q 1 q 1
Sqlog< >+Mm(q)§q10g< >+M.m (€)
Mg, (q) Y Mz, (q) Y

< qlog (q) — qlog (M., (q)) + M., (e)
ML (<M2, (6) X ,
qlog (q) — qlog (M, (q)) + Mz, (e).

n

By the second part of Lemma 23, we have that Gmy

u € (Mfy(e), 00)

(3 i (35) = 90 () - omh (Mv()> <0 (i)

q 2
< oios (57 ) + M09
M2, (q)< M2, (¢)
< qlog (q) — qlog (M3, (q)) + M, (e)
M} (q)<MZ,(q) . )
qlog (q) — qlog (M, (q)) + Mz, (e).

(u, q) is decreasing on the interval (M2, (€), 00). Therefore for all

Finally for the interval [M, (¢), M2, (€)] we have

ut (1) = yacz, (“) <ut (1) = qlogg— qlogu—g+u
U ‘ . U

zy
< qlogq — qlog(M,,(q)) + M3, (e).
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Now if we recall the definition of M, given in Lemma 23 and set M (¢) = max{M2,(q) : (z,y) € £}, then

q —

Gy (u,q) < qlog 7 + M(e),
min{’ymy (sz) ,M}
and by taking supremum over u we end up with
F} (q) < qlog + M(e)

q
3 Yz 1/p
min < vzy ( ‘qy) , M

(2) This is straightforward since F;, is finite on the interval (0, 00), and convex.

(3)Let1 > € > 0. Forevery g € [¢, X] and n. € N, we have that u/ (£) — ~,,C?, (i) is increasing on the interval

(0, M2, (€)] and decreasing on [M}, (1), 00) and since C7, converges locally uniformly to Cy,,, then the same con-

clusion holds for uf (%) — Yoy Cay (W“ ) . It is straight forward to conclude that in all cases, the supremum is achieved
Ty
on the interval [M2, (¢), M}, (1)].

€

We define the sets

U
Al = w72y Cy () <a sup al (g) ,
Tay e<a<i, M2 (e)<q<M} (1) u
and
Ag:gz =< u: 'ya,yC’;’Z <u> <a sup ul (g) .
Yoy e<a<l, M2 (e)<q<Ml, (L) U

By uniform convergence of C’;Ly in C;Z in compact subsets of (ul,xy, uQ,:,;y)7 and the monotonicity properties of C;Ly, we

get that for large enough n, we have A>>°  A27 C AL

For every ¢ € [e, 1], we have

A= s {u() e ()]
ue[pz, (.M, (1)] “ Ty
= sup {uf (g) — 72y Cy (U) }
ue[Mz, (9.M}, (2)]nA%2, " Ty
sup {uﬁ (2) — Y2y Coy (u) }
welnz, @, (]natzy L\ 7\
U u
B o () 5 ()
ue[M2,(e),M2, (1)]nALS, Ty Yy

U
< sup {uﬁ (%) — Yoy Coy () }
ue[ﬂfﬁy(e),ﬂléy(%ﬂ s
w u
wCey (5, ) T 3|
{’Yy y(’hy) ey y('Yzy)‘}

IN

+ sup
ue[M2,(e), M2, (1)]nALS,

By doing the same for F;’;, we get
n /100 n u e u
acfe?] we[M2, (9,12, (1)]nALs Yoy Yo
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and therefore £}, converges locally uniformly to F°° on Al "2y~ Now by the definition of 77, i.e.

Fpo(q) = inf {hnnilcgf F;,(q") : {q¢"} sequencein R with ¢" — q},

it is easy to see that since F} converges locally uniformly to Ff; on (0,00), and so Fry = Ff; on (0, 00). Also Foy

as a pointwise limit of convex functions on (0, c0), is also a convex function there. It remains to investigate what happens
with F20 at zero. Let ¢" — O with Fy (¢") — F 2y (0). Fora € (0,1), we have

alipy (0) + (1 —a)Fy,(q)
=aFy,(¢") + (1 = a)Fy, (q) + a(Fy, (g n) F0) + (1= a)(F(a) — Fy(q)

zy

> Fpy(aq" + (1 = a)q) + a(F7, (¢") = F(0)) + (1 — a)(F5(q) — Fi, (9))

Now if we take the limit, then by continuity of each F;Ly on (0, 00) and the uniform convergence on every compact subset
of that interval (also on [(1 — a)q, q), we have aFy (0) + (1 — a)Fpy(q) > Fiy (1 —a)q). O

Ty Ty

8 Appendix: Tightness functionals.

Proof of Lemma 19. Let cy > 0and {(u™,T™)} be a sequence in S with ™ absolutely continuous such that

Tn
/ CEM ) dt + e T™ < e
0

and ¢ (t)| = Ofor t > T™. Since all elements are positive, we have that 7™ < ca/cj... Let 1™ denote the restriction
of u” to [07 cz/cl]. If we prove that " converges along some subsequence then we are done. Using the inequality
ab < e“® + £(b)/c, which is valid for a, b > 0, and ¢ > 1, we have that

" (t) — p"(s)] < /t | ()| dr < (t — s)e® + %2

This shows that {fi"} are equicontinuous. Since i"(t) takes values in the compact set P(X'), by the Arzela-Ascoli
theorem there is a convergent subsequence. O

9 Appendix: Properties of Hamiltonians

Lemma 24. Under Assumption 2 the Isaac condition is satisfied, i.e.,

Hi’n(ma 5) = sup inf Z My {szgzy + Ggy(umy» qgcy)} -

ue(0,00)92 a€l02)% T2

inf sup Z my {Qxygxy +G" (uxya QTy)} =H"" (m7 6)

€[0,00)®Z =z
q€[0,00)®% 4,€(0,00)® (2.9)€2

Proof. We have

H_m(ma 5) = sup inf Z My {Qwufam/ + G uzy» Gy }

z q€l0,00)®2
ue(0,00)22 a€(0,00)97 5

; U
Z Mg Sup inf {qu§$y+uxyg (ny) YayC. ( ry)}

(z9)EZ Uy €(0,00) day €[0,00) Ty

If we prove the exchange of sup and inf for each (z,y) € Z, then we are done.

Since £ is convex

n _ g n U
L, (u,q) = g€ +ut (1) =, 2, <7>
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is convex with respect to q. It is easy to see that L;y(u7 q) is not concave with respect to u, however under Assumption

2, we can show that L}, is quasi-concave with respect to u (i.e., {u : Ly, (u,q) > c} is convex for every ¢ € [0, 00),
and c € R.)

By differentiating with respect to © we get
q U
Ll () =~ L 1- ey ().
U ’YIy

If we prove that for each q the set of roots for auL;‘y(u, q) is an interval or a point we are done, because a real function

that changes monotonicity from increasing to decreasing at most once is quasi-concave. However 8uL;Ly(u, q) has the

same roots as u(Cy, )’ (ij) — u + q.. By part 1 of Assumption 1 u(Cy, )’ (%) — u + q is increasing, which gives

what is needed.
To prove the exchange between supremum and infimum, we apply Sion’s Theorem (Corollary 3.3 in [27]), which states
that if a continuous F'(u, q) is quasi-concave for every u is some convex set U and quasi-convex for every ¢ in some
convex set (), and if one of the two sets is compact, then we can exchange the supremum with the infimum. In our
case both sets are non-compact, and so this result cannot be applied directly, but it can be applied using the fact that
limg o0 Ly, (g, 1) = 00, as we now explain.
If we prove that
inf  sup L7, (u,q)= lim inf sup L7 (u,q)
G€0)ue(000) 1 T0aEl000) ey T

then we are done, since by Corollary 3.3 in [27]

inf  sup L7}, (u,q) = lim inf sup L}, (u,q) =

q€[0,00) 4,€(0,00) y(1:4) 7‘—>°°q€[0»00)u€[r’%] y(1:4)
lim sup inf L7 (u,q) = sup inf L7 (u,q).
0 ue[n%] g€[0,00) y( ) u€(0,00) 9€(0,00) y( )

Let M = inf e (0,00) SUPye(0,00) Ly (U 7). We will assume that M < oo, and note that the case M = oc is treated

similarly. Since limg o0 L1, (¢, 1) = oo, we can find g such that L, (¢,1) > 2M for every ¢ > ¢. Now we have

1l iy D = i SRy P )
and

Bl 50y P00 = il 5 Fale o)
which gives

inf sup L2 (u,q)= inf sup L7, (u,q)= sup inf L7 (u,q) =
qe[o:oo)ue((),oo) ly( ) qE[O@]ue(o,oo) a“y( ) uG(O,oo)qe[O"ﬂ ;cy( )

lim sup inf Ly (u,q) = lim inf sup L7,

u,q) = lim inf sup L2 (u,q).
% ey, 1] 2€104) P20 ¢€[0.dl e[, 1] (u-9) p Loy(e0)

m—00 ¢€([0,00) uelr,1]
|

Remark 25. By observing H™ (m, &) and H™" (m, €) we can see that H™™ (m, £) is actually a concave function.
If the minmax theorem holds then H ™ (m,, &) must be a concave function as well. By using the formula

Hi’n (mvf) = Z mz’Yrcy (C;ly)* (76* (7§my))

(z,y)€Z

we have that (C=,)" (—¢* (€)) = (C=,)" (1 — €%) is concave. By differentiating with respect to & we get,

e ((en)) (1=e) — e ((en)") (1-¢) <0,

from which, by using the identity (f*) = (f')~!, we get

#(((0n)) ) 09— (en)) - <o
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By substituting @ = 1 — e* we get

1—a) (((ng)’)_l)/ (@) — ((C;;y)’)_l (@) <0, witha<l

0= yeaymy ~ () @=0 wnis
(1 —(cn)Y (7’)) m —r<0, with (C2,) (r) <1
1-(cz) (r)—r(cz)" (r) <0, with (C7)' (r) <1
T (C’;Ly)// (r) + (ng)/ (r)y—1>0, with (C;”y)/ (r)<1

References

[1] A. Arapostathis, V. S. Borkar, E. Ferndndez-Gaucherand, M. K. Ghosh, and S. I. Marcus. Discrete-Time Controlled
Markov Processes with Average Cost Criterion: A Survey. SIAM Journal on Control and Optimization, 31(2):282—-344,
mar 1993.

[2] G. Avila-Godoy and E. Fernandez-Gaucherand. Controlled Markov chains with exponential risk-sensitive criteria:
modularity, structured policies and applications. In Decision and Control, 1998. Proceedings of the 37th IEEE Con-
ference on, volume 1, pages 778-783. IEEE, 1998.

[3] N. Bauerle and U. Rieder. More Risk-Sensitive Markov Decision Processes. Mathematics of Operations Research,
39(1):105-120, feb 2014.

[4] D. P. Bertsekas. Dynamic Programming and Optimal Control Approximate Dynamic Programming. Athena Scientific,
2012.

5

—_

P. Billingsley. Probability and measure. Wiley Series in Probability and Mathematical Statistics. John Wiley & Sons,
Inc., New York, third edition, 1995.

[6] V. S. Borkar and S. P. Meyn. Risk-Sensitive Optimal Control for Markov Decision Processes with Monotone Cost.
Mathematics of Operations Research, 27(1):192—-209, feb 2002.

[7

—

R. Cavazos-Cadena. Optimality equations and inequalities in a class of risk-sensitive average cost Markov decision
chains. Mathematical Methods of Operations Research, 71(1):47-84, feb 2010.

[8] O. Cavus and A. Ruszczynski. Risk-Averse Control of Undiscounted Transient Markov Models. SIAM Journal on
Control and Optimization, 52(6):3935-3966, jan 2012.

[9] K.-d. Chung and M. J. Sobel. Discounted MDP’s: Distribution Functions and Exponential Utility Maximization. SIAM
Journal on Control and Optimization, 25(1):49-62, jan 1987.

[10] S. P. Coraluppi and S. I. Marcus. Risk-Sensitive, Minimax, and Mixed Risk-Neutral / Minimax Control of Markov
Decision Processes. In Stochastic Analysis, Control, Optimization and Applications, pages 21-40. Birkh&user Boston,
Boston, MA, 1999.

[11] G. B. Di Masi and t. Stettner. Infinite Horizon Risk Sensitive Control of Discrete Time Markov Processes under
Minorization Property. SIAM Journal on Control and Optimization, 46(1):231-252, jan 2007.

[12] P. Dupuis, M. James, and |. Petersen. Robust properties of risk-sensitive control. In Proceedings of the 37th IEEE
Conference on Decision and Control (Cat. No.98CH36171), volume 2, pages 2365—2370. IEEE, 1998.

[13] P. Dupuis and W. McEneaney. Risk-sensitive and robust escape criteria. SIAM Journal on Control and Optimization,
35(6):2021-2049, 1997.

[14] P. Dupuis, K. Ramanan, and W. Wu. Large Deviation Principle For Finite-State Mean Field Interacting Particle Sys-
tems. arXiv:1601.06219, page 62, jan 2016.

[15] W. H. Fleming and D. Hernandez-Hernandez. Risk-Sensitive Control of Finite State Machines on an Infinite Horizon
I. SIAM Journal on Control and Optimization, 35(5):1790—1810, sep 1997.

DOI 10.20347/WIAS.PREPRINT.2407 Berlin 2017



Exit time risk-sensitive stochastic control problems related to systems of cooperative agents 37

[16]

(17]

(18]

[19]
[20]

[21]

[22]

(23]

[24]

(25]

[26]

[27]

M. K. Ghosh and S. Saha. Risk-sensitive control of continuous time Markov chains. Stochastics: An International
Journal of Probability and Stochastic Processes, 86(October 2014):37—41, jul 2014.

X. Guo and O. Hernandez-Lerma. Continuous-Time Markov Decision Processes: Theory and Applications. Springer,
2009.

D. Hernandez-Hernandez and S. I. Marcus. Risk sensitive control of Markov processes in countable state space.
Systems & Control Letters, 29(3):147—155, nov 1996.

O. Hernandez-Lerma and J. B. Lasserre. Further Topics in Discrete Time Markov Control Processes. Springer, 1999.
R. Howard and J. Matheson. Risk-sensitive Markov decision processes. Management science, 1972.

N. lkeda and S. Watanabe. Stochastic differential equations and diffusion processes, volume 24 of North-Holland
Mathematical Library. North-Holland Publishing Co., Amsterdam; Kodansha, Ltd., Tokyo, second edition, 1989.

A. Jaskiewicz. Average optimality for risk-sensitive control with general state space. Annals of Applied Probability,
17(2):654-675, apr 2007.

S. I. Marcus, E. Fernandez-Gaucherand, D. Hernandez-Hernandez, S. P. Coraluppi, and P. Fard. Risk Sensitive
Markov Decision Processes. In Systems and Control in the 21st Century, page 17. Birkhduser Boston, Boston, MA,
1997.

S. N. Ethier and T. G. Kurtz. Markov Processes: Characterization and Convergence. page 544, 1986.

A. Ruszczynski. Risk-averse dynamic programming for Markov decision processes. Mathematical Programming,
125(2):235-261, oct 2010.

Y. Shen, W. Stannat, and K. Obermayer. Risk-sensitive Markov control processes. arXiv.org, math.OC(5):1-21, jan
2011.

M. Sion. On general minimax theorems. Pacific J. Math, 1958.

DOI 10.20347/WIAS.PREPRINT.2407 Berlin 2017



