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On a Cahn—Hilliard system with convection

and dynamic boundary conditions
Pierluigi Colli, Gianni Gilardi, Jirgen Sprekels

Abstract

This paper deals with an initial and boundary value problem for a system coupling equation
and boundary condition both of Cahn—Hilliard type; an additional convective term with a forced
velocity field, which could act as a control on the system, is also present in the equation. Either
regular or singular potentials are admitted in the bulk and on the boundary. Both the viscous and
pure Cahn—Hilliard cases are investigated, and a number of results is proven about existence
of solutions, uniqueness, regularity, continuous dependence, uniform boundedness of solutions,
strict separation property. A complete approximation of the problem, based on the regularization of
maximal monotone graphs and the use of a Faedo—Galerkin scheme, is introduced and rigorously
discussed.

1 Introduction

This paper is concerned with the following Cahn-Hilliard system with convection:
Op+Vp-u—Au=0 and 1000 —Lp+ f(p)=p inQ:=Qx(0,T), (1.1)

where () denotes a bounded three-dimensional domain and 7" > 0 is a fixed final time. The unknowns
are p, the order parameter, and /1, the chemical potential; f” stands for the derivative of a double-well
potential f, u is a given velocity field and 7, is a nonnegative constant. According to whether ¢, is
positive or zero, we speak of viscous Cahn—Hilliard or pure Cahn—Hilliard system, respectively.

The equations in (1.1) provide a description of the evolution phenomena related to solid-solid phase
separations with convection leaded by the term Vp - u, for some fixed velocity vector u. Let us refer
to[1,5,21,22,35] for some pioneering contributions on the class of Cahn—Hilliard problems. In general,
an evolution process goes on with diffusion; however, for the process of phase separation there is a
structural difference since each phase concentrates and the so-called spinodal decomposition occurs.
A discussion on the modeling approach for phase separation, spinodal decomposition and mobility of
atoms between cells can be found in [8, 16,23, 29, 36]).

Typical and important examples of f are the so—called classical regular potential and the logarithmic
double-well potential. They are given by

freg(r) := i (TQ - 1)27 reR, (1.2)
Jiog(r) = (1 +7r)In(1+r)+ (1 —r)In(l — 7)) — er?, re(-1,1), (1.3)

where ¢ > 1is such that fj,, is nonconvex. Another example is the following double obstacle potential:

faobs(1) == —cr? if Ir| <1 and foups(r) := +o0 if|r| > 1, (1.4)
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where ¢ > 0. In cases like (1.4), one has to split f into a non-differentiable convex part (the indicator
function of [—1, 1] in the present example) and a smooth perturbation. Accordingly, one has to re-
place the derivative of the convex part by the subdifferential and interpret the second identity in (1.1)
as a differential inclusion. In order to incorporate cases like (1.4) in our analysis, we allow f’ to be
expressed by the sum B + m, where ﬁAis the subdifferential of a convex and lower semicontinuous
function 8 : R — [0, +00] such that 3(0) = 0, and 7 is the Lipschitz continuous derivative of the
concave perturbation 7 : R — R. Thus, we have that f = B\+ T represents a possibly non-smooth
double-well potential.

In order to set an initial-boundary value problem for (1.1), we have to specify initial and boundary
conditions. As far as the latter are concerned, the classical ones are the homogeneous Neumann
boundary conditions, namely

Opu=0, Op=0 onX:=Tx(0,7), (1.5)

where I stands for the smooth boundary of €2 and 0,, denotes the outward normal derivative. In the
present work, on the contrary we tackle two dynamic boundary conditions for 1 and p so to obtain a
system of Cahn—Hilliard type also on the boundary. Namely, we complement (1.1) with

Owpr + Oppp — Arpur =0 and  710pr + O,p — Arpr + fi(pr) = pr on X, (1.6)

where ur and pr are the traces of 11 and p, respectively, Ar is the Laplace-Beltrami operator on the
boundary, 71 is a nonnegative constant, and ff = [r + 7t comes out from another potential fp =
Bp + 7r with the same behavior as f, the two potentials being not completely independent but related
by a suitable growth condition. Then, it turns out that initial conditions should be prescribed both in the
bulk and on the boundary.

Therefore, by considering everything, the resulting initial and boundary value problem reads

Op+Vp-u—Ap=0 inQ, (1.7)
0 — Ap+ B(p) +m(p) > p inQ, (1.8)
pr =pls, Hr=py and Oypr+ O — Appr =0 on X, (1.9)
Tr0pr + Oyp — Arpr + Pr(pr) + 7r(pr) 2 pur on %, (1.10)
p(0) =py inQ and pr(0) = pop onT. (1.11)

Up to our knowledge, in the case of a pure Cahn-Hilliard system, that is, with 7o = 7 = 0, and
without convective term (u = 0), the problem (1.7)—(1.11) has been firstly formulated by Goldstein,
Miranville and Schimperna [27] and analyzed from various viewpoints in other contributions (see [7—
9, 28]); moreover, in the case of general potentials, the problem has been deeply investigated in [15]
from the point of view of existence, uniqueness and regularity of the weak solution (see also [24]
for an optimal control problem) by using an abstract approach. Here, instead, we face with the full
system (1.7)—(1.11) by a complete approximation procedure, which involves not only a regularization
of graphs but the setting of a precise Faedo—Galerkin scheme. Moreover, in the viscous case with both
Tq and 71 positive, we can prove the uniform boundedness of both the chemical potential and the order
parameter, up to the boundary, and we are even able to show the strict separation property in the case
of logarithmic potentials like f;,4 in (1.3). In addition to this, we did our best to try to keep minimal
assumptions on the velocity field «, concerning summability and time derivation (see the later (2.21)
and (2.47)). So, we think that our contribution could be a useful tool for studying other problems, which
possibly involve other equations with coupled terms, and in particular for investigating optimal control
problems.

DOI 10.20347/WIAS.PREPRINT.2391 Berlin 2017



On a Cahn—Hilliard system with convection and dynamic boundary conditions 3

Let us now review some related literature. It turns out that some class of Cahn—Hilliard system, possibly
including dynamic boundary conditions, has collected a noteworthy interest in recent years: we can
quote [10, 32, 34, 37, 38, 43] among other contributions. In case of no convective term in (1.7), and
assuming the homogeneous boundary condition d,u = 0 (i.e., the first condition in (1.5)) and the
condition (1.10) with 7~ > 0 and ur as a given datum, the problem has been first addressed in [25]:
the well-posedness and the large time behavior of solutions have been studied for regular potentials
f and fr, as well as for various singular potentials like the ones in (1.3) and (1.4). One can see
[25, 26]: in these two papers the authors were able to overcome the difficulties due to singularities
using a set of assumptions for 3, 7 and S, 7T that gives the role of the dominating potential to f and
entails some technical difficulties. The subsequent papers [17—19] follow a different approach (firstly
considered in [6] to investigate the Allen—Cahn equation with dynamic boundary conditions), which
consists in letting fr be the leading potential with respect to f: by this the analysis turns out to be
simpler. The paper [17] contains many results about existence, uniqueness and regularity of solutions
for general potentials that include (1.2)—(1.3), and are valid for both the viscous and pure cases, i.e.,
by assuming just 7 > 0. Moreover, the optimal boundary control problems for the viscous and pure
Cahn—Hilliard equation are discussed in [19] and [18], respectively, in analogy with the corresponding
contributions [13, 20] for the Allen—Cahn equation. The paper [14] deals with the well-posedness of
the same system, but in which also an additional mass constraint on the boundary is imposed. In
addition, we aim to emphasize that Cahn-Hilliard systems have been rather investigated from the
viewpoint of optimal control. In this connection, we point out the contributions [44, 45] dealing with
the convective Cahn—Hilliard equation; the case with a nonlocal potential is studied in [39]. We also
refer to [11,30, 42, 46] and quote the paper [12] investigating the second-order optimality conditions
for the state system considered in [19]. There also exist articles addressing some discretized versions
of general Cahn—Hilliard systems, cf. [31,41].

The present paper is organized as follows. In the next two sections, we list our assumptions and
notations, state our results and give the relations between weak solutions and the above boundary
value problem. Sections 4 is devoted to continuous dependence and uniqueness, while the existence
of a solution is shown in Section 6 by taking the limit of suitable approximating problems studied in
Section 5. Finally, Section 7 is devoted to our regularity results.

2 Statement of the problem and results

In this section, we state precise assumptions and notations and present our results. First of all, the set
() C R3 is assumed to be bounded, connected and smooth. As in the Introduction, v is the outward
unit normal vector field on I' := 0f2, and d,, and Ar stand for the corresponding normal derivative
and the Laplace-Beltrami operator, respectively. Furthermore, we denote by Vr the surface gradient
and write |€2| and |I'| for the volume of €2 and the area of I, respectively.

If X is a Banach space, | - ||x denotes both its norm and the norm of X3. Moreover, X* is the
dual space of X, and (-, -)x is the dual pairing between X* and X. The only exception from the
convention for the norms is given by the spaces L” constructed on €2, I', (), and 33, for 1 < p < oo,
whose norms are denoted by || - ||,,. Furthermore, we put

H:=L*Q), V:=HYQ) and W := H*Q), (2.1)
Hy = IAT), Vpi=HYT) and Wy = H(I), (2.2)
H:=HxHp, V:={(v,or) eV xVr: v =ur}

and W:= (W xWr)NV. (2.3)
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In the sequel, we work in the framework of the Hilbert triplet (V, 3, V*). Thus, we have ((g, gr),
(v,vr))v = [, 9v + [ gror for every (g, gr) € H and (v,ur) € V. Next, we introduce the
generalized mean value, the related spaces and the operator N we widely use throughout the paper.
The former is defined by

o {9 (L 1))y
mean g° ;== ————— forg* € V* (2.4)
€2+ [T|
and reduces to
v+ [Lv
mean g* = Jo v+ Jror if g = (v,or) € H. (2.5)

Of course, the components of the pair (1, 1) in (2.4) are the constant functions 1 on {2 and I, respec-
tively. We stress that the function

V'3 (v,vr) = Vol + I Vror |7, + [ mean(v, vr) [

yields the square of a Hilbert norm on 'V that is equivalent to the natural one. In particular, we have,
for every (v, vr) € V,

(v, vr)llv < Ca(IVollu + | Vevr|m + [ mean(v, vr)]), (2.6)
where C, depends only on 2. Now, we set
Vi :=4{g"€V": meang” =0}, Hy:=HNV,o and Vy:=VNV,. (2.7)

Notice the difference between V. and the dual space V| = (Vg)*. At this point, it is clear that the

function
1/2

Vo 3 (v,vr) = [[(v,vr)llve = (IV0ll + I Vrorl7,) (2.8)

is a Hilbert norm on 'V which is equivalent to the usual one. This has the following consequence: for
every g* € V.o, there exists a unique pair (£, &) € Vy such that

/ V& - Vo + / Vrér - Vior = (g%, (v,or))y  forevery (v,vr) € V. (2.9)
Q

T

Indeed, the right-hand side of (2.9), restricted to the pairs (v, vr) € Vy, defines a continuous linear
functional on 'V, with respect to its natural norm (Vy is a subspace of V C V' x V1), and thus also
with respect to the norm (2.8). Therefore, by the Riesz representation theorem, there exists a unique
pair (£, &r) € Vg such that

/ VE- Vo + / Vrér - Vror = (g%, (v,or))y  forevery (v, ur) € V.
Q r

On the other hand, the same relation holds true for (v, vr) = (1, 1), since mean g* = 0. As V =
Vo @ span{(1, 1)}, we obtain (2.9). This allows us to define N : V., — V by setting:

for g* € V.o, Ng* is the unique pair (£, &) € 'V, satisfying (2.9). (2.10)
We notice that N is linear, symmetric, and bijective. Therefore, if we set

19" ||« :== [[Ng*[|v,, forg* € Vs, (2.11)
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then we obtain a Hilbert norm on V., which turns out to be equivalent to the norm induced by the
norm of V*. For a future use, we collect some properties of N. By just applying the definition, we have
that

(g*, Ng*)v = [lg"||? if g* € Vo, (2.12)

/ V- Ve + / Vrwr - Vreér = || (w, )|
Q T
if (U},wr) € Vy and (g,gp) = N(w,wp) . (2.13)

By accounting for the symmetry of N, we also have (where, here and in the sequel, N is applied to
V.0-valued functions as well)

1d
1d 9
Vw-VE¢+ | Vowp - Vi = BT | (w, wr)||5
Q r 14

if (w,wr) € L*0,T;V), 0;(w,wr) € L*(0,T;V.0), (&, &) = N(Oy(w, wr)).  (2.15)

Now, we list our assumptions. For the structure of our system, we postulate:

To and 7 are nonnegative real numbers ; (2.16)
E, B\p :R — [0, +oc]| are convex, proper and |.s.c. with B(O) = BF(O) =0; (2.17)
7, 7r : R = R are of class C? with Lipschitz continuous first derivatives. (2.18)

We set, for convenience,
B:=08, Br:=0Br, m:=7 and mp .= ey (2.19)
and assume that, with some positive constants C' and 7,
D(Br) C D(B) and |5°(r)] < n|Bp(r)| + C forevery r € D(fr). (2.20)

In (2.20), the symbols D(/3) and D(fr) denote the domains of 5 and f3r, respectively. More generally,
we use the notation D(G) for every maximal monotone graph G in R x R, as well as for the maximal
monotone operators induced on L? spaces. Moreover, for r € D(G), G°(r) stands for the element of
G(r) having minimum modulus.

For the data, we make the following assumptions:

uw€ L*0,T;L*(Q))?, divu=0 inQ and u-v=0 onX; (2.21)
(po, poir) €V, B(po) € L'(Q) and Br(/)mr) e LY(T); (2.22)
mg := mean(py, pO‘F) € int D(fr). (2.23)

Let us come to our notion of solution. It is a triple of pairs, ((x, i), (p, pr), (¢, Cr)), that satisfies a
rather low level of regularity, in principle. Indeed, we just require that

(1, pr) € L0, T3 V), (2.24)
(p,pr) € HY(0,T;V*) N L>(0,T;V), (2.25)
(¢, ¢r) € L*(0,T; 30), (2.26)
T00,p € L*(0,T; H) and m0,pr € L*(0,T; Hy). (2.27)
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We have written, e.g., 7q0,p in (2.27) instead of 0;(7qp). We similarly behave throughout the paper,
in particular in the forthcoming (2.29), in order to avoid a heavy notation. The problem to be solved is
stated in a weak form, owing to the assumptions (2.21) on u. Namely, we require that

(Oe(p, pr), (v, vr))v — / PU'VU+/VM'VU+/VFMF'VFUF =0
Q Q r
a.e.in (0,7 and for every (v, vr) € V, (2.28)

TQ/8tpv+7'p/8t,0pvp+/Vp-Vv+/Vrpp-vap
Q r Q r

v [ mtons [ mtonyo = [pos [ o

a.e.in (0,7) and for every (v, vr) € V, (2.29)
(€ pP(p) aein@ and (r € Br(pr) ae.on X, (2.30)
p(0) =po ae.inQ and pr(0)=pyr ae.onl. (2.31)

We observe that any weak solution to problem (2.28)—(2.31) satisfies
Oy mean(p, pr) = 0, whence mean(p,pr)(t) =my foreveryt € [0,T]. (2.32)

Indeed, it suffices to take (v, vr) = (|| + |T'|)~*(1, 1) in (2.28).

However, one can wonder whether the solution enjoys the better regularity

Oi(p, pr) = (Oyp, Oipr) € L*(0,T;H) and (p, pur) € L*(0,T; W), (2.33)
(p, pr) € L*(0,T; W), (2.34)

and actually satisfies the boundary value problems presented in the Introduction, i.e.,

Op+Vp-u—Apu=0 ae.in@, (2.35)
Oipr + Oypt — Arpur =0 a.e.on X, (2.36)
Q0 — Ap+ (+7(p) =p ae.in@, (2.37)
opr + Oyp — Arpr + (r + 7r(pr) = pur a.e.on X. (2.38)

This is not obvious. For instance, it is not clear whether the derivative 0;(p, pr) can be replaced by
(Op, Oypr), since the components of the test functions (v, vr) € 'V used in (2.28) are not inde-
pendent. In the first result we present, we answer the above questions. However, for future use, it is
convenient to prepare a more general tool.

Theorem 2.1. Assume (2.16)—(2.20) for the structure, (2.21) for the velocity field and
(1t p1r), (ps pr), (G, C0)) € L2(0,T:V XV x H)  with (1q0yp, mypr) € L*(0,T;H) .

Then, we have the following statements:
i) ifp € L*(0,T; W), dy(p, pr) € L*(0,T; H) and (2.28) is fulfilled, then

(1, pr) € L0, T; W) with
(it o) |20, zw) < Cr (1l (s o) 220,00y + 105 (s pr)ll 22(0,7:90)
+ ||p||L2(07T;W)||u||L2(O,T;H))a (2.39)
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On a Cahn—Hilliard system with convection and dynamic boundary conditions 7

where C'; depends only on (), and (2.35)—(2.36) hold true as well;
i1) if (2.29) is satisfied, then
(p,pr) € L*(0,T; W) with
1(0, pr)l 2200wy < Ca([1(p; pr)ll 22 0.7:9)
+ [((pt, ), (€, ), (TaBrp, T00kpr)) | L2(0,1330x30x360))» (2.40)
where Cy depends only on (), and (2.37)—2.38) hold as well;

i11) ify : R — R is monotone and Lipschitz continuous, and if (2.29) holds true with (- € v(pr) a.e.
on %, then

I¢ell 2,y < Cs(ll(p, pr)llz2orsm)
+ 1((5 ), €, (100sp, T0Oupr)) || 20,7330 E 2 36) ) (2.41)
where C3 depends only on ().
Assume, in addition, that u belongs to L>(0, T'; L3(f2)) and that

((w, pir), (o, pr), (C,Cr)) € L2(0,T:V x V x H) and (1a0,p, dypr) € L2(0,T; K).

Then, we have the following statements:
i) ifp e L>(0,T; W), 0p, pr) € L=(0,T; H) and (2.28) is fulfilled, then
(u, pr) € L>(0,T; W) with
(s i) | oo 0.y < Ca([[ (s 1) | oo 0,750 + 10:(p, pr)ll Lo 0,7:90)
+ ||P||L°°(0,T;W)||U||L°o(0,T;H)), (2.42)

where C, depends only on €);
v) if (2.29) is satisfied, then

(p, pr) € L=(0,T; W)  with
(o, o)l o= 0,00y < C5(11(ps pr)ll Loe0,7:v)
+ 1((pt, ), (€, Cr), (T00ep, 00k pr)) || oo (0,736 x30x50) ) » (2.43)
where C depends only on €);

vi) ify : R — R is monotone and Lipschitz continuous, and if (2.29) holds true with (r € v(pr) a.e.
on %, then

I<el 2 0755y < Co([[(ps pr) ||z 0,:)
+ [|((, pr), €, (101, Trat/)r))HLoo(o,T;afox}c)), (2.44)
where Cg depends only on ().
As a particular case of i) and'ii), every solution to problem (2.28)—(2.31) satisfying (2.24)—2.27) also

fulfills (2.34) and (2.37)—<2.38), and, if Tq and T are strictly positive, (2.33) and (2.35)—(2.36) hold
frue as well.

Remark 2.2. We stress that all of the constants appearing in the estimates (2.39)—(2.44) depend only
on €. In particular, the constants C'3 and Cs do not depend on 7.
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Our next results regard the well-posedness and the continuous dependence of the solution on the
velocity field. They are as follows:

Theorem 2.3. Assume (2.16)—2.20) for the structure and (2.21)—2.23) for the data. Then, problem
(2.28)2.31) has a at least one solution ((f1, pir), (p, pr), (¢, Cr)) satisfying the regularity properties
(2.24)—H2.27), (2.34) and the inequality

| (et por) || 2 (0,1;v) + 1(p, pr) ||Hl(o,T;V*)mLoo(o,T;V)mL2(o,T;W)
1/2 1/2
+ ¢, ¢o)llz2090 + 78 2 10upl 20y + 7 N Ohpr |l 2y < Kis (2.45)
for some constant K that depends only on the structure of the system, €2, T', the initial data, and the

norm of w in L?(0,T; L*(£2))3. Furthermore, the components p and pr of any solution are uniquely
determined, and the whole solution is unique if at least one of the operators 3 and Pr is single-valued.

Remark 2.4. By combining the statements of Theorems 2.1 and 2.3, it is clear that estimates also
hold for the norms of (u, pr) and (p, pr) in L?(0,T; W) with a constant K similar to K.

Theorem 2.5. Under the assumptions (2.16)—2.20) on the structure and (2.21)—2.23) on the data,
let u;, i = 1,2, be two choices of u, and let ((i, pr), (p, pr), (¢, Cr)) be the difference of two
corresponding solutions. Then the inequality

1/2 1/2

(o, pr)HLoo(o,T;vg)mLQ(o,T;V) + TQ/ Hat/)HLOO(O,T;H) + Tr/ HatPFHLOO(O,T;Hr)
< Kalluy — ual| 20,7030 (2.46)

holds true for some constant Ko that depends only on the structure of the system, 2, T', the initial

data, and the norms of u;, 1 = 1,2, in L*(0, T; L*(Q))3.

Under additional assumptions on the initial data and on the velocity u, we can ensure further regularity
for the solution. Namely, we have the following result:

Theorem 2.6. /n addition to the assumptions (2.16)—2.20) for the structure and (2.21)—2.23) for the
data, suppose that 7 and T are strictly positive and that

u € HY0,T; L¥?(Q)) N L>(0,T; L*(Q)), (2.47)
po € H*(Q), por € H(T), B°(po) € L*(Q) and Bi(por) € LX(T).  (2.48)

Then, problem (2.28)—2.31) has a at least one solution ((i, pr), (p, pr), (¢, Cr)) that also satisfies

(1, pr) € L=(0,Ts W), (p,pr) € WH2(0,T530) 0 H(0,T5 V) 1 L% (0, T; W)

and (¢, (r) € L*(0,T;%), (2.49)
[ (12, ) [ oo 0,70y + [[(py o) [woe 0,730 H (0,79) " Lo (0,7:0)
+ H(g,CI‘)HLOO(O,T;J{) S K37 (250)

with a constant K5 that depends only on the structure of the system, €, T', the initial data, and
the norm of w in H'(0,T; L*/2(Q)) N L>=(0,T; L3(R)). In particular, the components (i, yir) and
(p, pr) are bounded.
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Remark 2.7. As 2 C R*and W C C°(Q) x C°(T) due to the Sobolev inequalities, from standard
embedding results (cf., e.g., [40, Sect. 8, Cor. 4]) and (2.49) it follows that even p &€ Co (@) and
pr € C° (i) Moreover, a part of the result of Theorem 2.6 still holds true without assuming that 7
and 7 are strictly positive, provided that the initial data satisfy the additional condition

(=Apo + (B 4+ 7)(po), =Arpoyr + dupo + (Br + 7r) (porr))
belongs to a bounded subset of V for every € € (0, 1). (2.51)

With respect to the previous statement, we miss the conditions J;(p, pr) € L*°(0,T;H) and (p, pur) €
L>(0,T;'W) (see the forthcoming Remark 7.1 for details). If the double-well potentials in the bulk
and on the boundary are the same potential of logarithmic type as in the next (2.52)—(2.53), then it is
easy to find sufficient conditions on py for (2.51) to hold. Indeed, one can assume that ||pg|/oc < 1
and (Apo, Arpojr — dupo) € V.

Our last result requires potentials of logarithmic type (see (1.3)) with the same domain. Namely, we
require that

B, fr:(—1,1) = R are C? functions with (2.52)

Tlirzllﬁ('r’) = Tlilzll fr(r) = —oco and ll;rll B(r) = ll;rll fr(r) = 4oo. (2.53)

Theorem 2.8. In addition to the assumptions (2.16)—2.20) on the structure, assume that 7q and
are strictly positive and that 3 and [r satisfy (2.52)—2.53). Moreover, assume that v and p, satisfy
(2.21), (2.47) and

po € W, porr € Wr, infpg>—1 and suppy <1. (2.54)
Then the unique solution ((i, pur), (p, pr), (¢, Cr)) satisfies
pe < p(z,t) < p* forall(z,t) € Q, (2.55)

for some constants p.., p* € (—1, 1) that depend only on the structure of the system, 2, T', the initial
data, and the norm of u in H(0, T'; L3/2(2)) N L>=(0,T; L*()).

Theorem 2.9. In addition to (2.16)—(2.20), assume that T, and T are strictly positive, that 3 and
Br satisfy (2.52)<(2.53), and that 3, 7, Sr and mr are of class C. Moreover, assume that p, satis-
fies (2.54). Finally, letu; € H'(0,T; L3(Q)), 7 = 1,2, be two choices of u satisfying (2.21), and let
((u, pir), (p, pr), (C, Cr)) be the difference of the corresponding solutions. Then the inequality

| (4, o) || oo 0,7;w) T |(p, pr) ”Wlm(O,T;ﬂ{)mHl(o,T;V)mLoo(o,T;W)
< Kylluy — wal| g oms280)) (2.56)

holds true for some constant K, that depends only on the structure of the system, 2, T', the initial
data, and the norms of u;, i = 1,2, in H*(0, T'; L3(Q)).

Throughout the paper, we will repeatedly use Young’s inequality
1
ab§5a2+562 foralla,b € Randd > 0, (2.57)

Hoélder’s inequality, and the Sobolev inequality related to the continuous embedding V' C LP(2)
with p € [1,6] (since 2 is three-dimensional, bounded and smooth). Besides, this embedding is
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compact for p < 6, and the same holds for the analogous spaces on the boundary. It follows that
the embeddings V C H and H C V* are compact as well. In particular, we have the compactness
inequality

(v, vr)llse < 6(IVolla + IVrorllm) + Cs [l (v, o) v
for every (v, vr) € Vand § > 0, (2.58)

where Cs5 depends only on €2 and ¢. Finally, we set, for brevity,
Qi =0 x(0,t) and X;:=T1 x(0,t) for0 <t <T, (2.59)

and simply write () and X ift = T.

We conclude this section by stating a general rule concerning the constants that appear in the esti-
mates to be performed in the sequel. The small-case symbol ¢ stands for a generic constant whose
values might change from line to line (and even within the same line) and depend only on €2, on the
shape of the nonlinearities, and on the constants and the norms of the functions involved in the as-
sumptions of our statements. In particular, the values of ¢ do not depend on ¢ if this parameter is
considered. A small-case symbol with a subscript like s (in particular, with 6 = ¢) indicates that the
constant might depend on the parameter 9, in addition. On the contrary, we mark precise constants
that we can refer to by using different symbols, like in (2.20) and in (2.45).

3 Strong solutions

This section is devoted to the proof of Theorem 2.1. Our argument relies on a result on an elliptic
problem. Thus, we prove the following lemma:

Lemma 3.1. Lety : R — R be monotone and Lipschitz continuous, and assume that (w, wr) € V
and (g, gr) € H satisfy

/ Vw- Vv+/ Vr¢wr - Vror + / ~(wr)vr = / gv+/gpvp for every (v,vr) € V. (3.1)
Q r r Q r
Then we have that

(w,wr) €W and || (w,wr)llw + [|7(wr) [ #. < Ca(ll(w,wr)llv + [[(g, 90)lsc).  (32)
where Cq, depends only on ). Moreover, (w, wr) solves the boundary value problem

—Aw =g aeinQ, and OJ,w— Arwr +y(wr)=gr aeonl. (3.3)

Proof. We use well-known estimates from the theory of traces and elliptic equations. The values of ¢
will depend only on Q. We set, for brevity, M := ||(w, wr)||v+||(g, gr)||sc. By taking any v € Hg ()
and testing (3.1) by (v, 0), we obtain the first identity in (3.3) in the sense of distributions. In particular,
we have Aw = — g € H. By combining this with wp = wr € V1, we deduce that

we H?(Q) and [Jwllgs2) < ¢ (|[Aw]lg + lwrlly) < cM.
It follows that

Jywe Hr and |[0,w]p <c¢ (||w||H3/2(Q) + |Awl|g) < eM,
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as well as the validity of the formula

/Vw~Vv:—/va+/8,,wv|p foreveryv € V.
Q Q r

By replacing —Aw by g, comparing with (3.1), and noticing that for every v € VI there exists some
v € V such that (v, vr) € 'V, we deduce that

/prp -Vrpor + /v(wp)vp = /(gp — J,w)ur forevery vr € V. (3.4)
r r r

In particular, by choosing vr = y(wr ), we obtain that

[ e+ [t = [ (o - o),

whence immediately
[ (we)llmr < llgr — Qg < ¢ M,
which is a part of (3.2). Then, we can rewrite (3.4) in the form

/prp -Vr9rur = /(gp — 0w — ~y(wr))vr forevery vr € V.
r r

This implies the second identity in (3.3) (at least in a generalized sense), as well as
Arwp € Hp and  ||Aprwr|| g, < |lgr — Oow — y(wr) ||y < e M.
Therefore, we also have that
wr € Wrand [Jwr|lwy < e((lwrllv + [[Arwe||a) < cM.
We conclude that
weW and [l < c(lAwlg + fwrllw.) <M.
Therefore, both the regularity and the estimate of (3.2) are completely proved, and the equations (3.3)

hold almost everywhere. U

Proof of Theorem 2.1. In order to prove z) and iv), we account for (2.21), which implies that
— Jgpu-Vuv = [, Vp-uvae in (0,T) for every v € V, and rewrite (2.28) a.e. in (0,7
with this substitution. Then, for a.a. ¢ € (0,7"), we apply Lemma 3.1 with
7=0, (w,wr)=(p,ur)t), g=—(Op+Vp-u)(t) and gr=—0ypr(l),
by observing that ||V p(t) - u(t)|l2 < [[Vp(t)|s]|u(t)]ls < cl|pt)]lw||u(t)||s , where c depends only
on Q. Then, we take the norms of both sides of (3.2) in L*(0,7') or in L*>°(0,T') to deduce (2.39)
and (2.42), respectively, and notice that (3.3) coincides with (2.35)—(2.36). To prove i) and v), we
apply Lemma 3.1 for a.a. t € (0,7 with
=0, (w,wr)=(p,pr)(t), g= (1—700p—(—7(p))(t)

and gr = (ur — Opr — (o — 7r(pr)) (1),
and argue as before. Finally, to prove iii) and vi), we apply Lemma 3.1 for a.a. t € (0,7") with v as
in the statement, (w, wr) and g as in the previous step, and

gr = (ur — 7w0pr — mr(pr)) (1)

Then, we write the estimate for (1 of (3.1) and take the norms of both sides in L?(0, T') orin L>(0, T').
U
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4 Continuous dependence and uniqueness

In this section, we give the proof of Theorem 2.5 concerning continuous dependence on the velocity
field v and derive the uniqueness part of Theorem 2.3.

Proof of Theorem 2.5. We take two choices u;, ¢ = 1, 2, of u and consider two corresponding so-
lutions ( (44, pir), (pi, pir), (G, Gir) ). We set p := p; — po and similarly define the other differences,
according to the notation of the statement. We observe that mean(p, pr) = 0 by the conservation
property (2.32), applied to (p;, pir) for i = 1,2, whence (&, &r)(s) := N((p, pr)(s)) is well defined
for every s € [0, T']. Thus, we write equation (2.28) at the time s for both solutions, test the difference
by (£, &r)(s) and integrate with respect to s over (0, t), where ¢ € (0, 7). Owing to (2.14), we obtain
the identity

1
§||(P> pr) (]2 + 0 V- VE+ g Vrur - Vrér = / (pru1 — pauz) - VE. (4.1)

At the same time, we write equation (2.29) at the time s for both solutions, test the difference by
(p, pr)(s), integrate over (0, t), and add the same term f0t|| (p, pr)(s)||3 ds to both sides, for conve-
nience. We obtain that

70 T t t
3 LR+ 5 [ o s [ioeiass [ Gor [ o

=/ {p* = (x(pr) —7(p2))p} + g {pt = (zr(pir) — mr(par)) pr}

+ / Hp+ / prpr (4.2)
t 3t

At this point, we add these equalities to each other. By the definition of N, the last two integrals of
(4.2) and the ones on the left-hand side of (4.1) cancel each other. Moreover, the terms involving ¢
and (r are nonnegative by monotonicity. Thus, by owing to the Lipschitz continuity of 7 and 71, we
deduce that

SN+ [ 10F +F [1oeOF + [N

t
< [ o+ paul V€ + ¢ [ (o pe) )lfds =5 T+ I
Qt 0

and we now treat the contributions I; and I, on the right-hand side separately. We account for the
Hélder, Sobolev and Young inequalities, and use the definitions (2.8) and (2.11). We have that

I < /0 (lo(s)l6 lwr(s)lls + [lp2(s)lle lu(s)|Is) [ VE(s) |2 ds
= i/o ”(Paﬂr)(s)H%dHc/O [ur (9)[13 11 (0, pr) (512 ds

t t
+CH02H%oo<o,T;V)/O IIU(8)|!§d8+/O 1o, pr) ()12 ds .

We deal with /5 as follows, invoking the compactness inequality (2.58):

L= 1 [Nl +e [ m)Eds.
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At this point, we collect all of these inequalities, observe that the function s + ||u;(s)|| belongs
to L1(0,T) by (2.21), and apply the Gronwall lemma. We immediately deduce (2.46) with a constant
whose dependence agrees with that asserted in the statement of Theorem 2.5. With this, the proof is
complete.

Partial uniqueness and uniqueness. Next, we derive the uniqueness part of Theorem 2.3. Unique-
ness for (p, pr) clearly follows by taking u; = us in (2.46). Assume now that 3 is single-valued. This
implies that { = (p) is uniquely determined as well. Next, by Theorem 2.1, (2.37)—(2.38) hold true.
From (2.37), we deduce unigueness for the component 1 of the solution. This also implies uniqueness
for yur = p1x2, and (2.38) yields uniqueness for (1. Assume now that [r is single-valued. In this case,
we first derive uniqueness for (r = Sr(pr), then for 1 by owing to (2.38). On the other hand, the first
equation (2.28) with (p, pr) completely known implies that the difference of the components (1, pir)
of two solutions is space independent, whence it has the form ¢ — o(t)(1, 1) for some € L*(0,T),
since the second component is the trace of the first one. But ¢ must vanish since pr is unique. This
implies that y is unique as well. Finally, (2.37) yields uniqueness for C. U

5 Approximation

In this section, we construct and solve an approximating problem depending on the small parameter
€ (0,1), which is understood to be fixed throughout the whole section. This problem is simply
obtained by modifying (2.28)—(2.31) as follows: instead of 7o and 71, we take the strictly positive

constants
75 = max{7q,c} and 7¢ := max{m,e}, (5.1)

and replace the functionals Band Bp and the operators (3 and (r by the following Moreau and Yosida
regularizations 65, ﬁpe, Be, Br « (see, e.g., [4, pp. 28 and 39]):

A= inr o=+ 50 = [ olas

Bratr) = int { oL = o4 i) - / B
B(r) = = (r — (I +A)1(r),

€

Bra(r) = %(r (I + enfe) ()

for allr € R, where n > ( is the same constant as in the assumption (2.20). We point out that (2.17)
and (2.19) hold also for the approximations. Moreover, we have that

0< B.(r) < B( ), 0< B\Fa(r) < Br(r) foreveryr € R, (5.2)
1B:-(r)| < 18°(r)|, | Bre(r)] < |BR(r)| foreveryr € D(B). (5.3)

Furthermore, (2.20) also holds true for 65 and fr, . with the same constants (see [6, Lemma 4.4]). We
thus write

1B(r)| < n|Pre(r)|+C forevery r € R. (5.4)

Since f3. and fr, . have the same sign, we see that (5.4) and the Young inequality yield

Bre(r)Be(r) > |65( )|? — C, foreveryr € R, (5.5)

_2
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with a similar constant C,,. We also notice that the inclusion D(5r) € D(f3) (see (2.20)) and (2.23)
imply that

Pe(r)(r —mq) = 6o|Be(r)| = Co and  frc(r)(r —mo) = ol fre(r)| —Co  (5.6)

for every r € R and every € € (0, 1), where dy and Cyy are some positive constants that depend only
on 3, Br and on the position of my in the interior of D(5r) and of D(f3) (see, e.g. [25, p. 908]).

The sought solution is a quadruple (u°, i, p°, pf) having the regularity properties

(4%, u5) € L2(0,T5V) N LH0,T; W), (5.7)
(0%, pF) € H'(0,T;30) N L>(0,T;V) N L*(0, T; W)
and such that the 6-tuple (u°, uf, p°, pt, C%, (§) obtained by setting

¢ = B(p°) and G = fro(pf) 59)

solves the following problem:

/@pev—l—/&tp%vp—//wava/Vue-Vva/V,LL‘;-va:O
0 r 0 0 r
a.e.in (0,7) and for every (v, vr) € V, (5.10)

Tﬁ/@tpev—l—Tf/&tp%vva/Vpe-Vv—ir/Vpp%-vap
0 r 0 r

+[ff+ﬂfﬂv+£@?+ﬁ@®ﬂV:Lﬁw+zﬁ%F

a.e.in (0,7 and for every (v, vr) € V, (5.11)

p(0) =po aeinQ and pr(0) =por ae.onl. (5.12)

We have written the sum of two integrals instead of a duality in (5.10), in accordance with the require-
ment (5.8) on (p, pr).

The aim of this section is to solve the approximating problem (5.9)—(5.12). In this respect, we have the
following result.

Theorem 5.1. Assume (2.16)—2.20) and (5.1) for the structure and (2.21)—2.23) for the data. Then
the problem (5.9)—(5.12) has a unique solution (u°, 5., p°, pf.) with the regularity properties (5.7)—
(5.8).

The rest of the section is devoted to the proof of Theorem 5.1. Since the approximating problem (5.9)—
(5.12) is a particular case of problem (2.28)—(2.31) and the operators /3. and [r, . are single-valued,
unigueness has been already established in the previous section. As for existence, we use a slightly

modified Faedo—Galerkin scheme with a proper choice of the Hilbert basis. We introduce the operator
A € L(V;V*) by setting

(A(w,wr), (v,vr))y := / Vw - Vv + / Vrwr - Vyop  for (w, wr), (v,or) €'V, (5.13)
Q r

and notice that A is nonnegative and weakly coercive. Indeed, we have that

(A(v,vr), (v, vr))v + [[ (v, or)ll5 = [| (v, or) |5 forevery (v, vr) € V. (5.14)
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Moreover, as the embedding V C H is compact, the resolvent of A is compact as well, and the
spectrum of A reduces to a discrete set of eigenvalues, the eigenvalue problem being

(e,er) € V\{(0,0)} and Af(e,er) = A(e,er). (5.15)

More precisely, we can rearrange the eigenvalues and choose the eigenvectors in order that

O=M <X <A<... and lim A = +o00, (5.16)
]*)OO

A(ej,e%) = )\j(ej,e]f) and /eiej —i—/eire]f =04, fori,j=1,2,..., (5.17)
Q r

and {(e7, ¢/.)} generates a dense subspace of both V and . We notice that

/Ve Vel + /VpeF VpeF—A /eeﬂ /eFeF = \;; fori,j=1,2,....

We also observe that every element (w, wr) € H can be written as

(w, wr) Zw] (e/,el) with Z|w]|2 | (w, wr) |5 < +o0,

and that (on account of (5.14))

oo
(w,wr) €V ifandonlyif > (14 X)|w;|* < +o00.
j=1
Namely, the last sum yields the square of a norm on V that is equivalent to || - ||y. In particular, we

have the following property (the finite sum is the JH-projection on the subspace V,, defined below):
(", wi) o < Call(w,we)llv it (", wf) Z wj(e/, ef), (5.18)
where C'q depends only on §2. At this point, we set

Vo :=span{(e,e}): 1<j<n} and V. := UVn = span{(e’,el) : j > 1}, (5.19)
j=1

and, for every n > 1, we look for a quadruple (u", uit, p™, pit) satisfying

(1", up) € L*(0,T;Vy) and (o™, ppt) € H'(0,T; V), (5.20)

/&p”v—i—/&tp?vp—/p”u-ijL/Vu"-ijL/Vp,u?-vap
Q r Q Q r
1 n 1 n
+— [ p'v+— [ pror =0
nJo nJjr

a.e.in (0,7) and for every (v, vr) € V,,, (5.21)
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@/b¢w+ﬁ/@ﬁw+/vwNM+/Vw%VWr
Q T Q T

Jr/Q(ﬁs(p")+7r(p"))vJF/F(BP,E(/JF)+7rr(pg))vF :/QN"%L/FM?UF

a.e.in (0,7) and for every (v,vr) € V,, (5.22)
p"(0) =py ae.in€, (5.23)

where pj is defined by the conditions (o5, pj ) € Vy and

/pgv—l—/pgrvp :/pov+/popvp for every (v, vr) € V,. (5.24)
Q r Q r

Thus, pj is the first component of the orthogonal projection of (oo, pmp) on V,,. We have
ool < 11(o5, 60 lsc < [1(po; porr)llsc - and[(pf, o o) llv < Call(po; porr) v, (5.25)
the second one on account of (5.18).

The discrete problem. By (5.20), we have to look for (1", ut) and (p", pit) given by
(", ) Zu] )¢/, el) and (p", pp)( ij )¢, el)

for some p; € L*(0,T)and p; € H'(0,T). Let us introduce the n-vectors i := (p1;) and p := (p;).
Then, by rewriting the system (5.21)—(5.22) just with (v, vr) = (€', ekL) fori = 1,...,n, we see that
it takes the form

p'(t)=U®)p(t) + Dyfi(t) =0 and Bp'(t) + Dp(t) + F(p(t)) = a(t), (5.26)
where D, := diag(A; + £,..., A\, + 2), D := diag(\y,..., \,), F: R® — R" is Lipschitz
continuous, and the matrices U (ui;) € L*(0, T;R™™) and B = (b;;) € R"*" are given by

w;j(t) ::/eru(t)~Vei fora.a.t € (0,7) and b;; = Té/gejeijtﬁf/e%eir,
r

fori,7 = 1,...,n. By adding the second identity in (5.26) to the first one multiplied by D;l, we
obtain the equivalent system

(D' +B)p'(t) + V() p(t) + F(p(t)) =0 and 7i(t) = Bp'(t) + Dp(t) + F(p(t)),

where V := D — DU belongs to L*(0, T; R™*") and D,;! + B is invertible, as we verify. To this
end, we show that B is positive definite. Indeed, for any vector y = (y1,--.,yn) € R™, by setting
(v,or) =370 y;(€, el.), we have that

(By)-y = wayﬂ/z TQ/ZZ/ Zy]e“rfr/zyzerzygep

1,j=1

=@[}%+ﬁﬂw$2dwmﬂﬁzﬂw@.
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Hence, D;l + B is positive definite as well, thus invertible. On the other hand, (5.23) is equivalent to
an initial condition for p. Therefore, the discrete problem (5.20)—(5.23) has a unique solution.

At this point, our aim is to show that the solutions to the discete problem converge to a solution to the
approximating problem (5.9)—(5.12) as n tends to infinity, at least for a subsequence. To this end, we
start estimating and find bounds that do not depend on n. On the contrary, they can depend on .

An a priori estimate. We test (5.21), written at the time s, by (", uit)(s) and integrate over (0, t)
with respect to s to find that

[ awrw s [ awrus [ 1P [ Vi
t ¢ Qt p

1 2 1 2/
- B rl* = RIEAVTLS
+n/]u|+néym -

Next, we test (5.22) by 0, (p™, pi*)(s), integrate over (0, t) with respect to s, and add the same terms
Jo, " 0™ and [, pi:0:pt: to both sides for convenience. We obtain that

]' ~ ~
0 /Qt 00" [* + 71 /Z Ot + 5 H(p",p?)(t)H%+/Qﬁs(p”(t))+/Fﬁr,s(p?(t))
1 -~ o~
= 16O+ [ B+ oo+ [ o [ o
+ /t(p" _ W(p"))@tp" + /zt (p? — wp(p?))atpg_

At this point, we add these equalities and notice that four terms cancel. Then, the remaining terms on
the left-hand side are nonnegative, so that we can forget about four of them. Moreover, we use (5.1)
and start estimating the right-hand side (also accounting for (5.18), (5.2) and (2.22)). We then arrive
at the estimate

n n n n 1 (0 n
Vil + [ Vel e [P [ 516 01
t )3

Qt Qt

< [l cer s [1a0P 5 1ok e [ 0P [ ke
Q1 Qt Y Qt Xt

On the other hand, the Hélder, Sobolev and Young inequalities yield that

t
g "] Jul [V S/O o™ ()6 [lus)lls [V (s)]]2 ds

1 n ! (0
<5 [ e [Tl 1) ds,

and we notice that the function s — ||u(s)]|3 belongs to L' (0, T'), by (2.21). Therefore, by rearranging
and applying the Gronwall lemma, we can infer that

IV " L2075y + IV rurl 2o,y + (0" P | 1 (0,13300 2 0,13v) < e - (5.27)

Consequence. Just by Lipschitz continuity, we also have that

(B + ) (™) | oo 0,750 + |(Bry e + 70) (P7) || oo 0,755y < Ce -
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On the other hand, if we test (5.22) by (|Q2| + |T'|) (1, 1), then we obtain, for a.a. t € (0,T),

| mean(u", pup) (¢)]
< c{10™ ()l + 11000 ) 1 + 1B+ 7) (0" ()| + 1| (Bre + 71) (PR )11} -
Therefore, we have shown that mean (™, u?t) is bounded in L?(0,T'), so that (5.27) and (2.6) allow

us to conclude that
(1" 1) [ L20,70) < ce (5.28)

Conclusion. We account for (5.27)—(5.28) and use standard weak and weak star compactness re-
sults, as well as the Aubin-Lions lemma (see, e.g., [33, Thm. 5.1, p. 58]). It follows that

(W™, ) — (pf, ) weakly in L*(0, T3 V), (5.29)
(p", 1) — (p%,p%)  weakly starin H(0,T; ) N L>=(0,T;V)
and strongly in L2(0, T'; H), (5.30)

as n tends to infinity, at least for a subsequence. By Lipschitz continuity, we also deduce that (3. +
7)(p™) and (Br.. + ) (p) converge to (B. + 7)(p°) and (Br. - + 7r)(p§) strongly in L2(0,T; H)
andin L%(0,T'; Hy), respectively. Moreover, p"u converges to p°u weakly in L2(0, T'; L*(Q2)), since
u € L?(0,T;L3*()) and p" is bounded in L>(0,T; L°(2)), by the Sobolev inequality. Finally,
(p™, p1t)(0) converges to (p°, pf)(0) at least weakly in I, so that (5.12) is satisfied.

Now, we recall (5.19) for the definition of V., and take an arbitrary V,-valued step function (v, vr).
Since the range of (v, vr) is finite-dimensional, there exists some m such that (v, vr)(t) € V,, for
a.a.t € (0,7). It follows that (v, vr)(t) € V, fora.a.t € (0,7) and every n > m, so that we can
test (5.21) and (5.22), written at the time ¢, by (v, vr)(¢) and integrate over (0, T"). At this point, it is
straightforward to deduce that (1%, §.), (p°, p&.) and the functions ¢° and (£ given by (5.9) satisfy the
integrated version of (5.10)—(5.11) for every such step functions, namely, we have that

/6tp5v+/8tp§vp—/p€u-Vv+/V,ua-Vv+/Vu%-va:0,
Q Y Q Q p)

% [ oot [owtos [ Vo Vor [ Vi Veo
Q z Q b
+/(§€+w(p€))v+/(§§+7rr(p%))vr=/u€v+/u%vr-
Q z Q 2

By density, the same equations hold true for every (v, vr) € L2(0,T; V). This implies that (5.10)—
(5.11) hold a.e. in (0,T") and for every (v, vr) € V, as desired. We notice that (5.10) and (5.11) are
formally equal to (2.28) and (2.29), respectively. Moreover, by accounting for (2.21), we can replace
the term — fﬂ p°u - Vo by the expression fQ Vp® - uwwv in (5.10) and notice that Vp® - u belongs
to L2(0,T; H), since p° € L>(0,T; L%(Q2)) and u € L?(0,T; L3(£2)). This, and what we already
know for the other terms, allow us to apply ) and i) of Theorem 2.1. We then deduce the full regularity
(5.7)—(5.8), by starting from the lower regularity already established. [

6 Existence

This section is devoted to the conclusion of the proof of Theorem 2.3. Namely, we show that the
solutions to the approximating problems converge to a solution to problem (2.28)—(2.31) satisfying
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(2.45). We recall that the constant mean value property (2.32) is also satisfied by the solutions to the
e-approximating problems. In performing our estimates, we avoid the superscript € in the notation of
the solution, for simplicity, writing it only at the end of each step.

Firsta priori estimate. We test (5.10) and (5.11), written at the time s, by (1, pr)(s) and 0 (p, pr)(s),
respectively. Then, we integrate over (0, ¢) and sum up. Moreover, we add the same terms th POy p

and fzt pro:pr to both sides. Since some terms cancel each other, we obtain the identity

|w|2 IVrurl2+Tg |5’tp|2+7r Ié‘tprl

_” ppr) ()1 + /ﬁs /5% pr(t
= 5 W o)+ [ Below)+ [ Brclor)

+/t(p—7r(p))8tp+/2t(pr—WP(PF))@/)P—F/ pu - V.

t

Now, we observe that
! 1 2 ! 2 2
[ [l o)l 19ty lods < 5 [ 190 e [ ol oo 1 ds.

and that the function s — ||u(s)||3 belongsto L'(0,T'), by (2.21). Therefore, also on account of (5.2)
and (2.22), we easily conclude from Gronwall’s lemma that

IVEE|lzo,0m) + IVepellczorme + 11007, o8| L 0,7:)
+ 18-(0) | o (0,321 (2)) + 181, (PE) || Lo (0,521 (1)
+ (16)" 21100 || 12 0.1;H) T (Tr)1/2||5t:0?||L2(0,T;Hp) <c. (6.1)

Consequence. By testing (5.10) with an arbitrary (v, vr) € L%(0,T; V), and owing to the assump-
tions (2.21) on u, we have that

<6t(p7 pF)a (U, UF)>\7
< \IVullzeommllvlizzomvy + [[Vewrllzzo.z;m0 llvr | 20,750

+ 1ol oo o.1:z8@)) Ul z20,75280)) IV 220, 7522(02)) -

Then, the continuous embedding V' C L%(Q) and (6.1) imply that

||3t(p€, plg“)HLQ(O,T;V*) <c. (6.2)

Second a priori estimate. We account for (2.23) and test (5.11) by the V-valued function (p —
mo, pr — Mo) a.e. in (0, T) without integrating with respect to time. Setting o := mean(y, ur) a.e
n (0, 7) for a while, we obtain

/Q B(p)(p — mo) + / Br,<(r) (pr — mo)

DOI 10.20347/WIAS.PREPRINT.2391 Berlin 2017



P. Colli, G. Gilardi, J. Sprekels 20

— i [ lo o) = 5 [ upeton —mo) — [ 190~ [ [Tun P
~ [ o) = m) = [ 7)o = m)

+ [ n=a)p=ma)+ [ (o= a)(or = mo) 63

a.e. in (0,7"). Observe that, in the right-hand side of (6.3) the integrals involving the gradients are
bounded in L>°(0,T"), due to (6.1). Then, by using the inner product in I, the corresponding Schwarz
inequality, and the Lipschitz continuity of m and 7, we deduce that

/Q Bu(p) (p — o) + / < (pr) (pr — o)

< | ((768ep, T20upr), (p — Mo, pr — mo)) 4| + ¢
+ [ ((m(p), mo(pr)), (p = mo, pr — ma)) 4|
+ [ (1 — o, pur — @), (p = mo, pr — mo)ac) |
< {11(7&8:p, T 0spr )llsc + ¢ ||(p, pr)llac + ¢ + | (1 — . pr — @) lsc} x

X [|(p = mo, pr — mao)llsc +c.

Hence, in view of (6.1) and (5.6), we deduce that

/ B.(p)] + / B2 (o)) < ell (b — v, i — )l + 64)
Q I

where 1), is bounded in LQ(O, T') uniformly with respect to €. On the other hand, owing to the definition
(2.8) and recalling that || - ||v, is @ norm on 'V, that is equivalent to the standard one, we have that

(1 =, pr = a)llac < e [l(n = a, pr = a)llvy = c[[(Vi, Vepr) |l -

Since the last term is bounded in L?(0, T') by (6.1), the inequality (6.4) implies that

18 (o)l 20,7521 @)y + 18r, (pr) || 20,121 (0y) < €

At this point, we can test (5.11) by (1, 1) and find a bound for mean (u, pr) in L?(0, T'). Combining it
with (6.1), we conclude that
1%, o) | 20,70y < - (6.5

Third a priori estimate. We test (5.11), written at the time s, with (5.(p), B:(pr))(s) and integrate
over (0, t) with respect to s, obtaining the identity

7'582 Aa 7'15 Aa r é Vol fs r)|Vr F2
/Qmp(tm /Fw 0+ [ Ao +/25,<p>| el
[ P+ / B2 (pr) Bu(pr)
Q¢ 3¢
- / Bulpo) + 7% / Bulpor) + / (10— 7(0)) Bel0) + / (1 — 7e(pr)) - (o).
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All of the terms on the left-hand side are nonnegative but the last one, for which we have, thanks
to (5.5),

Bre(pr) B-(pr) > iﬁ |B-(pr)|> — c.

-2
>y 3t
Since the right-hand side can be easily handled by using the Young inequality, (5.2), (2.22), and the
estimates (6.1) and (6.5), we conclude that

¢ N 20,75 + 1B (PE) | 20,7500y < €. (6.6)

Fourth a priori estimate. We apply the part 7ii) of Theorem 2.1 to the solution to the approximating
problem with the choice v = fr .. As the constant C's does not depend on ¢, inequality (2.41) yields
a bound for (1 in terms of quantities that have already been estimated. Hence, we conclude that

I ¢E Il 220,50y < . (6.7)

At this point, we can apply the part i) of Theorem 2.1. We thus have

(0%, 0l 20, 75w) < C. (6.8)

Conclusion. We account for (6.1)—(6.8) and use standard weak and weak star compactness results
as well as the Aubin-Lions lemma (see, e.g., [33, Thm. 5.1, p. 58]). We have

(%, pf) = () weakly in L2(0, T3 V),
(0%, p%) = (p,pr)  weakly starin H*(0,7;V*) N L>(0,T;V) N L*(0,T; W)
and strongly in L?(0, T'; H),
160:0° — TQOp weakly in L2(0,T; H),
Ty P — O pr weakly in L2(0, T; Hy),
(€5 ¢F) = (¢, ¢r)  weakly in L2(0, T'; 30),

as ¢ tends to zero, at least for a subsequence. Moreover, p°u converges to pu weakly in L2 (0, T'; L*(2)),
since u € L?(0,T; L3(€2)) and p° converges to p at least weakly star in L>(0, T’; L5(2)). At this
point, it is straightforward to deduce that ((x, ir), (p, pr), (¢, (r)) satisfies the integrated version of
(2.28)—(2.29) with time-dependent test function (v, vr) € L?*(0,7;V), and this is equivalent to our
formulation. Furthermore, thanks to the strong convergence of (p°, pf.) to (p, pr) and to well-known
results on maximal monotone operators (see, e.g. [2, Proposition 2.2, p. 38]), we derive (2.30), i.e.,
¢ € B(p) and (r € Pr(pr). Besides, (p°, pf-)(0) converges to (p, pr)(0) at least weakly in V*, so
that (2.31) holds true as well. Finally, the estimate (2.45) follows from lower semicontinuity. O

7 Complements

This section is devoted to the proof of Theorems 2.6, 2.8 and 2.9. Our proofs rely on further a priori
estimates on the solutions to the e-approximating problems. However, in performing them, we proceed
formally, for brevity. Also in this section, we write the superscript ¢ in the notation for the solution only
at the end of each step. From now on, we assume that 7o > 0, 7+ > 0 and that (2.47)—(2.48) hold
true. We can also take ¢ < min{q, 7}, so that 7§ = 7 and 7 = 71 (see (5.1)).
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Fifth a priori estimate. We differentiate both (5.10) and (5.11) with respect to time. By noting that
mean(d(p, pr)) = 0 by (2.32), we test the obtained equations by (£, &r) := N(0;(p, pr)) and
:(p, pr), respectively. We obtain the identities

/ 8tzp§+/ 8t2/JP§P+/ Vatﬂ'vf+/ Vrour - Vrér
t Zt t Zt
/@pu V£+/ p o - VE |

/ Duplt)? + / D (1) + / Vo0l + / V0002
t 3t

+ ; BL(p)|Owp|” + 5r€(pr)|8tpr|

= T?Q/ |at10(0)|2 /|6tp1“
Q

_/ Wl(ﬂ)‘atm _/ W{“(pF>|ath‘2+/ 8t,uatp+/ Oy purOrpr
t p t

3¢

Now, we add these equalities to each other and treat the sum of the first two integrals by accounting
for (2.14). Moreover, we can cancel four terms in the sum due to the definition of N (see (2.9)—(2.10)).
Finally, we recall that 5. and B’E€ are nonnegative, and integrate by parts the integrals involving u by
using (2.21). We then obtain that

1 T T
2 (o, ) (1) + 2 / () + / Do (D] + / Vol + / Ve ?
Q T Qt >t

Slo—/ Voip-ug— | Vp-0ug— W’(p)lﬁtp\Q—/ w0 (pr)|0pr|? (7.1)
t Qt Qt PP

where 1
=5 10 ) O + 3 [ 00OF +F [ 10(O0F. 7.2
I

Now, we estimate the integrals involving u by using the Hélder inequality, the continuous embedding
V C L5(Q), the equivalence on V; of the norms || - ||y and || - ||v,, and the definition (2.11) of || - ||...
We have

Voip- U§</||V5‘t,0 s)l2 [[u(s)lls 1€ (s)lle ds

Qt

<5 | ot +e [ LRI o
1

<3 [ woat +e [IuIB I o, 2
1

<3 [ o+ [Tl 1000 s,

as well as

Vp- 3tU€</||VP e ll0cu(s)lls2 [1€(s)lls ds
Q

¢ / IVp(s)|% ds + ¢ / 10a(3)I 2 1. pr) () 2 ds

DOI 10.20347/WIAS.PREPRINT.2391 Berlin 2017



On a Cahn—Hilliard system with convection and dynamic boundary conditions 23

and we notice that the first term on the right-hand side is already bounded due to (6.8). In addition, the
functions s > [lu(s)[|3 and s + [|9;u(s)||3, belong to L'(0,T'), by (2.21) and (2.47). The last two
terms on the right-hand side of (7.1) can easily be dealt with, by using the boundedness of 7’ and -
and the compactness inequality (2.58) in the following way:

_ / 2 (0)|Onpl? — / (o) By
t 3t

1 1 !
<5 [ 1vook 5 [ 1Viam e [ oo o) o) ds.
t 3t 0

It remains to estimate the terms appearing in (7.2). To do that, we write (5.10)—(5.11) at time ¢t = 0
and account for the initial condition (5.12). We have

/ Dup(0)0 + / Dy (0Yor + / V(0) - Vo + / Viue(0) - Vior = / pou(0) - Vo,
Q T Q I Q
TQ/8tp(0)v+rp/8tpp(0)vp+/Vpo-Vv+/Vpp0|F~vap

Q I Q T

+/Q(5a+7r)(p0)v+/r(ﬁr,e+7TF)(POF)UF Z/M(O)U+/PMF(0)UF>

Q

for every (v, vr) € V. Now, we choose (v,vr) = (§,&r) := N(9:(p, pr)(0)) in the first equality,
(v,ur) = 0y(p, pr)(0) in the second, and add. The terms involving (0) and pr-(0) cancel out by
the definition of N (see (2.9)—(2.10)). Moreover, invoking (2.12), we obtain that

1040, o) ()2 + 70 / Bp(0)* + 1 / By (0) 2
= [ o0u(©)- Ve~ [ Voo 0000) = [ Trone - Trduor )
Q Q T

- / (8. + ) (po) rp(0) — / (Bre + 70) (poyr) Do (0)

and we start estimating the right-hand side. For the first term, we account for the equivalence on 'V
of the norms || - ||y and || - ||v,, and the definition (2.11) of || - || once more. Furthermore, we use
the continuous embedding W = HQ(Q) C Co(ﬁ) and the interpolation property, where p, pg, p1 €
[1,+o00] and 6 € (0, 1) satisfy py # p; and % =120 4 % (see[3, p.8and Thm. 5.3.1 p. 113]),

po ' p1
(LPo(€2), LPI(Q))e,p = (Lpopo (Q), Lp1p1(Q))9,p = Lpp(Q) = L"(Q)
which gives in particular (L?(£2), L3/%())1 /2.2 = L*(£2) and thus the inequality
[u(0)][2 < Hu||Hl(O,T;LS/Q(Q))OL2(0,T;L3(Q)) <c.
Hence, we can do the following computation:

- / pou(0) - VE < Ilpoloc [[u(0) |2 [[VE] 2

< cllpollw 1€, &0)llve < ¢l|0e(p, pr)(0)]]+ < % 19:(p, pr) (O)][3 + c.
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We deal with the next two integrals by integrating by parts and using some of the assumptions (2.48):
~ [ V9000 = [ Fepue - Vedipe(0)
Q r

— [ Bmaun(0)+ [ (Brpue = D)o 0) <3 [ 0O +6 [ uprO)F +cs,
Q T Q r

where 0 > 0 is arbitrary. By invoking (5.3) for 5. and (., and the assumptions (2.48), which also
imply boundedness for py and por-, we find that

- / (8. + ) (o) Bup(0) — / (Bre + 70) (por) Duor (0)
Q T

(115°(po) Iz + €)1 0ep(0) |2 + (1157 (pojr)ll2 + ) [ 91or (0)]]2

<
< 0[10p(0) 13 + dl10epr ()15 + 5 -

Recalling all of the above estimates, and choosing & > 0 small enough, we see that I, < c. At this
point, we come back to (7.1) and apply the Gronwall lemma. We then conclude that

10:(6%, PP )l 07300 L20.0v) < ¢, whence  |[(p%, o) lwre o r90nm 0 1v) < €. (7.3)

Remark 7.1. In connection with Remark 2.7, if 7 and 7 are not supposed to be positive and (2.51)
holds, one modifies the last estimates on the initial values as follows: we have

/Vpo V@t,o /VFPO|F VFath( )
=[G ) p(0) = [ B+ 7)) DO

== /Q(_APO + (B +7)(p0)) 0ip(0) — /F(Arpor — dypo + (Bre + 7r) (poyr)) Bepr (0)

< [I=Ap0 + (B +m)(po), Arpoir = Oupo + (Br.e + ) (poje)[lv [10:(p, pr) (0)|v
< 0[10:(p, pr)(0) |5+ + c5.

This leads to an estimate that is somewhat weaker than (7.3) and yields a weaker result at the end of
the procedure, as announced in the quoted remark.

Sixth a priori estimate. We set « := mean(u, ur) for a while and test (5.10) by the Vy-valued
function (u, ur) — (1, 1). We obtain, for a.e. t € (0,7,

/|W|2+/\Vrur\2=—/&p(u—a)—/&spr(ur—oz)Jr/qu-
Q r Q r Q

Now, we recall that the norm (2.8) is equivalent on 'V, to the natural norm. Thus, by also accounting
for (2.47) and for (7.3), combined with the continuous embedding V' C L%((2), we may estimate the
right-hand side a.e. in (0, 7") as follows:

/@p — ) /&pp pUr — o) /,ouVu
Q

< cll0e(p, pr)llv- 1l (e, pr) — (1, Dllv, + llplle lulls [|Veellz < c(IIVullz + [ Voprlz).

’\7*
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At this point, the Young inequality immediately yields that

||V,U€HL°°(O,T;H) + ||VFM%||L°°(O,T;HF) <c, le,
”(:ueu :u%) - mean(ﬂe7 /’L%) HLOO(O,T;V) <c. (74)

Seventh a priori estimate. We recall the estimate (6.4) already obtained, which holds a.e. in (0, 7")
and also involves o := mean(, pir). From (7.3) and (7.4), we infer that

Hﬁs(ﬂ)HLoo(o,T;Ll(Q)) + Hﬁne(pr)HLoo(o,T;Ll(F)) <ec

We use this bound and (7.3) in the next estimate: we test (5.11) by (1, 1)/(|€2| + |I'|) and obtain, for
aa.te (0,7),

| mean(u, pr)(t)| < c||0:(p, pr)l Lo ©,r:v+)
+ | (B + ) ()| L= 0,7:L1 () + €l (Brye + 7)) (or)|| 20,7521 (r)) < €.

Combining this with (7.4), we conclude that

(1", 1)l zeo,rv) < i whence  ||(1%, up) [ Lo o,m30) < c. (7.5)

Eighth estimate. At this point, we can test (5.11) by (8:(p), B:(pr)) a.e. in (0, 7). By taking ad-
vantage of the above estimates and of (5.5), we immediately deduce that

18 (0 )| oo 0,131y + || B (6T | Low 0,752) < € (7.6)

Ninth a priori estimate. We apply the part vi) of Theorem 2.1 to the solution to the approximating
problem with the choice v = fr .. As the constant Cs does not depend on ¢, inequality (2.44) yields
a bound for (T in terms of quantities that have already been estimated. Hence, we conclude that

el Lo 0,750y < € (7.7)

At this point, we can apply the part v) of Theorem 2.1. We thus have

(0%, PE) || oo (0.7w) < . (7.8)

Proof of Theorem 2.6. We come back to the argument used for the existence part of proof of The-
orem 2.3, recalling that the solution to the approximating problem converges to a solution to problem
(2.28)—(2.31) in a proper topology, at least for a subsequence. In view of the estimates (7.3)—(7.8),
the limiting solution also satisfies the further regularity specified by (2.49), and estimate (2.50) follows
from semicontinuity. U

Proof of Theorem 2.8. We recall that ;1 and pr are bounded by Theorem 2.6. Thus, accounting for
(2.53) and (2.54), we may choose p,, p* € (—1,1) with p, < py < p* such that

(B+7)(r) + |lplloe <0 and (Br + 7r)(r) + ||pr||ee < O forevery r € (=1, p,),
(6+m)(r) = [lpllec = 0 and (B +7r)(r) — [[purlle = 0 foreveryr € (p*,1).
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Then, we test (2.29) by ((p—p*)™, (pr—p*)"), where (- ) stands for the positive part, and integrate
with respect to time. We obtain the identity

- / (o(t) — ") P 4 7 / (oe(t) — )P

o [ 190 [ 9o
¢ Xt

- / (1= (B+m)0)(p— )

t

T / (e — (Br + 70) (or)) (or — 5

Since the right-hand side is nonpositive, we conclude that (p — p*)™ = 0, i.e., p < p*. In the same
way, one proves that (p, — p)* =0, i.e., p > p.. O

Now, we start the proof of Theorem 2.9. Also in this case, we proceed formally. Moreover, in order to
simplify the notation, we perform our estimates on the solutions to problem (2.28)—(2.31), directly, and
avoid the approximating problem. For ¢ = 1,2, we denote, by ;, 1;r, etc., the components of the
solutions corresponding to u;, while u, ur, etc., are the differences, e.g., © = @1 — pe, according to
the notation of the statement. For brevity, we also set u := 1y — u9, as well as

f::B—i—%, fp::B\er%p, whence f'=f3+m and f{=fr+7r.

Moreover, since the result given by Theorem 2.8 holds for both solutions, we can assume that f’, f”,
f{-and f{ are bounded and Lipschitz continuous, the corresponding constants depending only on the
previous assumptions on the structure, the norms of the velocity fields u; related to (2.47), and the
assumptions (2.48) on the initial datum.

First auxiliary estimate. We write (2.28) for both solutions, take the difference and differentiate with
respect to time. Then, we test the obtained equality by (£, &r) = N(0:(p, pr)) a.e. in (0,7) and
integrate over (0, t). With the help of (2.14) and (2.11) we infer that

1
5 19:(p, pr)(®)|? +/ Vo - VE +/ Vrwr - Vrér = / O (prur — paus) - V€.

t 3t t

At the same time, we write (2.29) for both solutions, take the difference and differentiate it with re-
spect to time; then, we test by J;(p, pr) and integrate over (0, t). Finally, we add the same integrals
th (pOyp + Vp - VO,p) and fEt (prowpr + Vrpr - Vrdspr) to both sides, for convenience. We
obtain that

2 [1owP+7 [P+ [ 19007+ | (Vronf
2 Jo 2 Jr Qi >
1 1
+3 o)} + 5 lor(6)|13,
= —/ (f”(pl)atpl - f//(pQ)atPZ)atp - / (fll‘/(plf‘)atplf‘ - f[l‘/(pQF)atPZF)ath
t 3¢

+ / Ot Opp + / Opur Orpr
t 3t

+ / (pOip+ Vp- Vo) + / (proipr + Vrpr - Vidipr) -
t ¢
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At this point, we add these equalities to each other and employ the definition of N (see (2.9)—(2.10))
in order to cancel four terms in the sum. Moreover, we rearrange the right-hand side, account for (2.11)
and the equivalence of (2.8) to the norm in 'V on the subspace V, and use the boundedness and the
Lipschitz continuity of both f” and f{'. We then obtain that

[1osor+ [ v+ [ 1op0F+ [ oo
Q r Q r
s [ Vol + [ 1Vidl + o)1 + IR,
¢ 2t
<c [ 1anlul Vel +e [ 1aplul1V8+c [ ol 98+ e [l loalv¢
Q1 Q1 Q1 oF
s [ loliapl ol +c [ lorl Do oo
¢

Q¢
e / (sl + 1) 100l + ¢ / (lpar| + 1) [Brpr]?
t 3t

t t 10
e / lo()llv 18up(s)llv ds + ¢ / loe(s) e 1800 () v ds < e S,
0 0 j=1

with obvious definitions of I, ..., I19. We now estimate each of these integrals by using the Holder,
Sobolev and Young inequalities as follows. We have, for every 6 > 0,

< [ 1ol a6l 196

<5 [ 1o ds + s [ a3 I9e ds.
< [ 1)l o)l V€060 s

<5 [ Iuts)lzds s [ Iom)E 19 Bds.
o< [t lel0an 61 9ol s

t t
SC/O ||P(5)||%/d5+/0 10 (s)I[511VE ()12 ds

L < [ IVE® P +cllpalls [ 10l
Q¢ Q¢

t
f5§/ ()]s [|0ep1(s)l3 10:p(s) 3 ds
0
t t
Sé/o ||5’t,0(5)||r€d5+05/0 101 ()T [l ()17 ds

t
=5 [ Vool +3 [ 1ol e [ 0ol o) ds.
Qt Qt 0

Moreover, an analogous estimate holds for /5. On the other hand, it is easy to see that

I <e(l+ poll) / D2, Ty < c(1+ Ilparlle) / Buprl?.
P

t
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Finally, Iq and 1o can be treated just with the Young inequality. Now, we observe that the functions
s w3 s= 105, i =12, s [[Gau(s)3, s ([0 (s)]1F;

all belong to L* (0,T"). Hence, we collect all the inequalities we have obtained, choose d small enough,
and apply the Gronwall lemma. We conclude that

1(VE, Vrér)| L= ,r30 + (0, pr)llwreeo,r00nm 0,0v) < €|l mro,rc3@) » (7.9)
where we recall that (£, &) := N(0,(p, pr))- Notice that (7.9) implies a part of (2.56).

Second auxiliary estimate. We write the equation (2.28) for both solutions and test the difference
a.e.in (0,7) by (i, ur). The same we do with (2.29), and test the difference by — (i, iir). Then, we
sum up and have, a.e. in (0,7),

2l + a1
=(1q—1) / op v+ (0 — 1)/8tpr pr + / (prur — paus) - Vi
Q r Q

+/QVp.Vu+/FVFpF.VMF
‘|‘/Q(f,(p1)_f,(pQ))/L‘F/F(fIQ(pH‘)_flﬂ(pzr))ﬂr.

Now, we rearrange the right-hand side and use the boundedness and the Lipschitz continuity of f”
and f{, as well as the Holder and Young inequalities. We obtain a.e. in (0, 7") that

Il + Ml 17

< O llpllzr + esll@rollzy + 0 llpell, + csllOepr . + (lolls llualls + llpzlls lulls) IVl
+0|Vallyy + cs Vol + 6 [1Vrarllse + esll Veorll,
+ 0 |ullzy + csllolli + 0 el + cslloellz, |

where 6 > 0 is arbitrary. By choosing ¢ small enough, using the Sobolev inequality, and recalling that
up € L=(0,T; L3(Q)) and p, € L>(0,T; V), we deduce that

el + lerllir < el + I0epr 1 + Mol + [lorllr + [[ull3)  ae.in (0, 7).
At this point, by accounting for (7.9), we conclude that

[ (s 1) oo 0,79y < cllullmro,rn3@)) - (7.10)

Proof of Theorem 2.9. We recall that (2.21) holds true for both u; and uy and rewrite the transport
terms in (2.28) in the form fﬂ V p; - u; v. Then we take the difference of the equations, written for both
solutions, and apply Lemma 3.1 for a.a. t € (0,7") with v = 0 and the following choice of ¢ and gr:

g=(=0p—Vpr-ur+Vpy-us)(t) = (=0p—Vpi-u+Vp-up)(t) and gr=—pr(t).
We then obtain that

1 1) )b < eIl (1 ) Oy + 10ep@)l2 + (B ls + [V (®)ll6 + 1000 (£)]l2
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where ¢ depends only on € and the norms of Vp; and u, in the spaces L>°(0,7; L5(f2)) and
L>(0,T; L3(2)), respectively. By combining this with (7.9)—(7.10), we deduce that

[ (45 par) || oo 0,0y < € HUHH1(07T;L3(Q)) )

which is a part of (2.56). In order to prove the remaining part of the estimate, we write (2.29) for both
solutions, take the difference, and apply Lemma 3.1 for a.a. t € (0,7") with v = 0 and the choice

9= (=70 = f'(p1) + f'(p2) + ) (1) and gr = (=70dipr = fr(pir) + fr(por) + pr) (2).

We then obtain that

(p, PF)||L°°(0,T;W) < C(||(,0a PF)HLOO(O,T;V) + ||(979F)||L°°(0,T;%)) <c ||U||H1(0,T;L3(Q)) )

where the last inequality follows from (7.9) and (7.10). With this, (2.56) is completely proved. [
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