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Abstract

In this paper the system of field equations governing the one-dimensional mag-
netoelastic evolution in a ferromagnet, which is immersed in an electromagnetic
field and subjected to mechanical loads at a constant temperature below the Curie
point, is considered. It is assumed that displacement currents are negligible and
that all field quantities depend on one space variable only. The hysteretic relation
between the applied magnetic field and the magnetization in the ferromagnet are
modeled using the notion of hysteresis operators; in particular, hysteresis operators
of Preisach type are included. It is shown that an initial-boundary value problem
for the system admits global solutions for arbitrary initial data, if viscosity present
in the material, and for small initial data, if not. The considered field equations
may be regarded as a model for the effect of magnetostriction in ferromagnets.

1 Introduction

In this paper, we consider the system of PDEs

by — hyy + (bug), = f, (1.1a)
U — Ugg — 1) Uggt + heb= g, (llb)
b=h+m=h+P[h], (1.1¢)

which are to be satisfied in Qp, where Q = (0,1) and, for ¢ > 0, Q; = Q x (0,¢). In
this connection, f, g are given functions, 7 > 0 is a constant, and P denotes a hysteresis
operator whose properties will be specified below. We complement the equations (1.1a -
c) by the initial and boundary conditions

u(z,0) = u'(z), u(z,0)=2%z), h(z,0)=h'(z), z €4, (1.1d)
u(0,t) = u(1,t) = 0= h(0,t) = h(1,t), t € [0,T]. (1.1e)

The system (1.1a - €) may be regarded as a simplified model for the one-dimensional
‘magnetoelastic or magnetostrictive developments in ferromagnets. To confirm this, con-
sider a sample of ferromagnetic material of unit length immersed in an electromagnetic
field which is possibly subjected to mechanical loads. The temperature is maintained
constant below Curie temperature so that the material is ferromagnetic. Let us make the
following simplifying assumptions.

(i) The electric displacement (together with the charge density) is negligible.
(ii) The displacement vector u is parallel to the z-axis,i. e. u = (%,0,0).
(iii) All field quantities depend on the coordinate z and on the time ¢ only.

(iv) The medium is isotropic with constant electric conductivity og > 0, magnetic
permeability pgx > 0, elastic (Lamé) coefficients A., u., and viscosity coefficient
n=0.



Under these assumptions the governing field equations are

1
Byt — — Haze + (B2 ut)s = 0, (1.2a)
oE
1
B3,t - _HS,z:z: -+ (-B3 ut)z = 0’ (12b)
oE
pus — (Ne + 20e)Uzgy — NUggt + BoHop + B3 Hz, = g, (1.2c)

and are to be satisfied in Qp.

The variables have the following physical meaning: p is the mass density; H =
(Hi, Hz, Hs) is the magnetic field; B = (By, By, B3) is the magnetic induction; g are the
distributed volume forces in z-direction.

Let us give a brief derivation of the equations (1.2a - c¢). At first, we recall that under
the assumption (i) the magnetic field H is described by the equations (cf. [5, p. 219])

B; — curl(u; x B) — alcurl (curl H) = 0, (1.3a)
E

divB = 0, (1.3b)

where the term u; X B corresponds to the Lorentz force. Invoking (ii), (iii), we obtain
(1.2a, b).
Next, we consider the equations of motion which under (iv) have the form

pug — (Ae + ue)graddivu — p.Au — nAu; — curlHx B = g, (1.4)

where g is the load vector. Using (ii), (iii), and denoting by g the first component of
g, we arrive at (1.2¢c).
It remains to specify the relation between B and H. We have

where M denotes the magnetization. Since the sample is ferromagnetic, the relation
between M and H has the form of a hysteresis, i. e. it has to be expressed as

M = P[H], (L.6)

where P is a vector-valued hysteresis operator. If we assume that the hysteretic relation
is diagonal, i. e. of the form

M; = PJH), i=1,2,3, (1.7)

then (1.1a - c) can be regarded as the system (1.2a - ¢) if (1.2b) is discarded, b := Bz, h:=
H,, m := M,, and if all physical constants are normalized to unity. Notice that from
the mathematical viewpoint it makes no difference whether (1.2b) is included or not; the
arguments generalize easily.



In our analysis, it will turn out that the cases n > 0 (with viscosity) and = 0
(no viscosity) differ considerably: for n > 0 the system is parabolic, and the existence
of global solutions for large data can be shown, while for 7 = 0 equation (1.1b) is
hyperbolic, and global existence can only be expected for small data that guarantee that
h remains within the convexity domain of the hysteresis operator P (see Fig. 1.). A
similar phenomenon has been observed in the case of a single equation with hysteresis,
where parabolic equations admit global solutions for large data (cf. Visintin [6, 7, 8]),
while hyperbolic equations require the convexity of hysteresis loops (cf. Krejéi [3, 4]).

my

Y

Fig. 1. Hysteresis diagram m = P(h).

The paper is organized as follows. In Section 2, we give a precise statement of the
problem under investigation, in particular, of the properties of the hysteresis operator P .
In addition, the main results of this paper (existence for both 7 > 0 and n = 0) are
formulated. In Section 3, we approximate the system (1.1a- e) using a space discretization,
and we prove a number of a priori estimates for the approximating solutions. In the
concluding Sections 4 and 5 we use compactness arguments and a passage-to-the-limit
procedure to prove the existence results for 7 > 0 (Section 4) and 7 = 0 (Section 5),
respectively.

2 Statement of the Problem

Consider the initial-boundary value problem (1.1a - €). We do not prescribe any specific
form of the operator P, although the properties that are assumed to hold are typical in
particular for the Preisach hysteresis model of one-dimensional ferromagnetism.

We suppose that there exists an operator P : C[0,T] — C[0,T] such that the value
of the operator P for each input function h € C(Qr) and each z € [0,1] is given by the



formula
Plh)(z,t) = Plh(z,-)](z).- (2.1)

We generally assume:

(H1)

(i) The operator P is continuous and has the Volterra property, i. e. if hy, hy € C[0, T
satisfy hy(t) = ho(2) for all ¢ € [0,%], then Plh1](t0) = Plh2](to) -

(i) There exists some Lipschitz continuous function % : R — R such that (0) = 0
and P[h](0) = ¢ (h(0)) for all h € C[0,T].

(iii) There exists a Lipschitz continuous inverse (I + P)>‘1 : C[0,T] — C[0,T], where
I denotes the identity operator.

(iv) P and (I +P)™! map W'P(0,T) into W»(0,T) for every p € [0,00], and there
exists a constant a > 0 such that
o< dh 4P _ a(dh

dt

. _
< & ) , a.e., for every h € W(0,T). (2.2)

(v) There exists an internal energy density operator U : W1(0,T) — W1(0,T) such

that
Uk)t) >0, Vv he WH(0,T), Vte0,T], (2.3)
Je>0: UR)0) < ch?*0), Y he W*(0,T), (2.4)
%L{[h](t) < h(t) ditp[h](t) ae, YV he WH(0,T). (2.5)

(vi) There exists a constant M > 0 (saturation) such that

|P[RI(t)] < M, Y heC0,T], Vte][0,T]. (2.6)

The properties (i)-(vi) of hypothesis (H1) are rather general and do not necessar-
ily imply the occurence of hysteretic effects; for instance, the superposition operator
P[h](t) = v(h(t)) generated by a bounded, Lipschitz continuous and non-decreasing
function % : R — R with 9(0) = 0 satisfies (H1). This is no longer the case for the
following hypothesis which is typical for hysteresis operators having convex increasing and
concave decreasing branches for inputs restricted to the interval [— Hy, Ho] (see Fig. 1).

(H2) There exists a constant Hy > 0 such that the following holds: whenever h €
W1*°(0,T) with maxo<i<r |R(£)| < Hy is given and b := (I + P)[h] € W2'(0,T), then,
for almost every 0 <t <ty < T,

[ b0ha = 266 he) — b)), (27

1



(Here, and throughout this paper, the superimposed dot denotes the time derivative.)

A detailed discussion of the connections between the convexity of hysteresis loops
and higher order energy-type inequalities can be found in [4]. Note also that the Preisach
model of ferromagnetism generated by a regular measure satisfies (H1) and (H2),
see [2, 3, 4].

Next, we state the existence results for the system (1.1a - e) for the cases 7 > 0 and
n > 0, respectively.

Theorem 2.1 Let 1> 0, let P satisfy (H1), and suppose that

RO, v° e WhA(Q), «° € W (Q)n W2(Q), f,g € L*(Qr). (2.8)
Then there ezist functions h,u € C(Qr) satisfying (1.1d, e) and
hz:u:ca:yumt S LOO(O,T; Lz(Q))y ht7uttau=c:ct € L2(QT)a (29)

such that for almost every (z,t) € Qr it holds

/Q[((h + Pl — £)(a:t) w(z) + ho(z,1) w'(z)

~((h + PlR]) ) (z, 1) w’(:z:)] dz =0, Yw E_V[;l’z(Q), (2.10a)

Uy — Ugz — N Uzst -+ h;cb =g, (210b)

where P is the operator defined in (2.1).

In the case 1 > 0, we obtain a weaker result.

Theorem 2.2 Let 7 > 0, and suppose that P satisfies (H1) and (H2). Then there
ezists some & > 0 such that for every

W00 KO € WRA(Q)N WHAQ), f,g € WR0,T; IX(Q)), (2.11)
satisfying the inequalities
|’ lw2z(e) + 1wz + A ||we2ey < 6, (2.12a)
/OT (O + lg@I? + 1L + la@®I) " ¢ < 3, (2.12b)
there exist functions h,u € C(Qr) such that (1.1d, e), (2.10a, b) and
B, Uss, Uze € LP(0, T L3(Q)), R, Baty Uzas NUzat € L2(Q7), (2.13)

hold.



(Here, and throughout the paper, we denote by || - || the L*(Q)-norm.)

We note that both Theorem 2.1 and Theorem 2.2 give existence results for global
solutions to the system (1.1a - e); however, in Theorem 2.2 only small data are admitted.
It should also be noted that even in the hyperbolic case 7 = 0 no shocks can develop for
small data. This fact is a consequence of the hysteresis (see also [1] and [4]). In physical
terms this means that the effect of magnetostriction in a one-dimensional ferromagnet is
a “smooth” effect if either the fields are small or (mechanical) viscosity is present.

3 Space Discretization and A Priori Estimates

Let n € IN be fixed. For k= 1,...,n—1, we consider the system of ordinary differential
equations

i)k — n? (hk+1 — 2h + hk—l) -+ n(bk Up — br—1 ’l:llk._l) = fr, (3.18.)

thy — n_z(uk_H — 2ug + uk_l) — nnz('&k.,.l —2u + ’llk_1) -+ nbk(hk+1- — hk) = g,

(3.1b)
UO=Un=h0=hn=bo=bn=0, (3.1C)

where
bk = hk + P[hk], (31d)

(k+1)/n (k+1)/n
gi(t) == n/k g(z,t)dz, fi(t) == n/k f(z,t)dz, (3.1e)

n /n

together with the initial conditions

(k+1)/n
he(0) = n / (@) dz, b(0) = hu(0) + B(he(0)),

k/n

(k+1)/n (k+1)/n
w(0) = 7 f W(z)dz, w(0) = n / W (z) ds. (3.16)
k

k/n n

Owing to hypothesis (H1), the operator (I + P)™! is Lipschitz continuous on C[0,T];

hence there is some (maximal) T}, € (0,T] such that the initial value problem (3.1a - f)
admits a unique solution (hx,ux) € W42(0,T,) x W22(0,T;,), 1<k<n-—1.

‘ In the sequel, we will derive some a priori estimates for (hz,ux), 1 <k <n—1, that

will ensure that T,, = T and that a passage to the limit as n — oo is possible. To this

end, we will denote by C;, C;, i € IN, constants that may depend on the data but neither

on m noron 7.



Lemma 3.1 There is some C; >0 satisfying

n—1

1
%k (R + 2 + n®(upsr — u) )(t)—}-nZ/ (R4 — Pa)?

+ 7 (g1 — izk)2) (r)dr < Gy, forallte [0,T;] - (3.2)

Proof. We multiply (3.1a) by =h; and (3.1b) by Ly, add the results, and sum over
k. Using the boundary conditions (3.1c), we find that

n—1 n—l
1
;z_;bk hk + nZ(hk_H - hk) + — Zukuk
n~1
+nY (e — @) (ursr — w) + Nliesr — )7
k=0
1 n—1

= ;Z(fk he + gr k)
=1

1n—1 1/2 1n—1 1/2 ln—l 1/2 1n—1 1/2
2 2 2 -2 )
(GER) (84 (R0 (B

<
k=1 k=1
where
1 n—1 : n-—l
1Y 50 < [ Peyds, ng(t) < [ et (3.4
k=1 e
Using (H1), (v) and (2.8), we conclude (3.2) from Gronwall’s lemma. O

(From Lemma 3.1 it follows, in particular, that 7' =T, . To derive further estimates,
we need the following discrete Nirenberg inequality.

Lemma 3.2 Let z,...,2, € R. Then it holds

n—1 1/4
msied < (234) +v3(s5n - ar)

k=1

S|=
]
o
SN————

-

=

N
~~
w
ot
SN’

Proof. For any j € {1,...,n} it holds

Z <z + lefﬂ - 22, ifj >k, (3.6a)
i=1
n—1

2+ |2y — 2, i<k (3.6b)
i=j



Therefore,

i n n—1 1/2 s 1 1/2
z < ;Zzﬁ + (Z(Zm - zz‘)z) (Z(ZHI + Zz')2> ; (3.7)
k=1

=1 =1

whence the assertion easily follows. O

Lemma 3.3 Let 7> 0. Then there ezists some Cy >0 such that

n—1 n—1 t
0> (urr1(t) — 2ur(t) + up—1(2))* + nd Z / (g1 — 2up +up—1)? (1) dr
k=1 k=10
< G (1 + ;17-) , foranyt € [0,T]. (3.8)

Proof. Let t € [0,T] be arbitrary. We multiply (3.1b) by — n(ug41 — 2ur + ux—1) and
sum over k in order to obtain o

n—1
. d
'n3 [(uk+1 — 2u + uk_l)z + ga(uk.ﬂ — 2u + Uk_l)z]
k=1 -
n—1 d n—1
= TI,ZEE[U* ('LLk+1 —_ 2’U,k -+ Uk_l)] -+ RZ('l:bk+1 —_ ak)z
k=1 k=0
n—1 n—1
+12 Y b (higr — hi) (Ueer — 2wk + upo1) — 1 D gk (wrg1 — 2w + Uk-1) -

k=1 k=1
| (3.9)

The initial conditions (3.1f) entail that

n—1 n

n®> (up — 2u + up—1)?(0) = nsi (‘/;k_-tﬂl (u° (z + %) — 24°(z) +
k=1 k=1 n
u® (:z: - %)) dx)z, (3.10)

where we have put 4%(z) =0 for z € R\[0,1]. Hence,

= nol, pEE s el 2
n® Z(uk‘H — 2ug + up1)?(0) = nsz(/; / ) / (u%)"(s) ds d¢ d:z:)
k=1 V= z—n /¢

k=1
iy % k%l' k—jf'z' P) 1
<3 ( / / / " | @) (s)| dsdgz)” < 36 / () (2)Pdz.  (3.11)
k=1 f_i k=l e 0

n n



Integrating (3.9) over [0,t], we obtain

n-—1 n—1l .t
gns D (wesr — 2w + w1)?(t) + 7132_/ (w1 — 2ux + up—)?(7) dr
k=1 k=10
L 1/2 n—1 1/2
< G+ (;&-Zui) (nsz(uk+1 — 2u; + uk—1)2) ®)
k=1 k=1

n—1 + t
. 2 )
+nk§_0A (g1 — wr)*(7) d7’+/0 (M + lsl}lgii_l th[)

;—1 1/2 n—1 1/2
. (nZ(hk_H — hk)2> (n32(uk+1 - 2Uk -+ Uk—1)2>
k=0

k=1

t 1 n—1 1/2 n—1 1/2

+ / (—Zgﬁ) (n3 Z (Ug1 — 2ug + uk_l)z) (1)dr
o \"i= k=1

(1) dr

‘ . ./ ne1 3/4 ne1l ] 1/2
Cy [1+ p -I-/ (nz (he+1 — hk)2> (ns Z (urt1 — 2uz + uk—1)2> }
0

k=0 k=1

n—1 n—-1 .

1

”3Z(uk+1 — 2wk + w)’ (8) + 1 nsZ/ (k1 — 2up + wp—)?(7) dr,
= Jo

k=1 - (3.12)

k=1

where we have used the inequalities (2.6), (3.2) and (3.5). In addition, using Hélder’s and

(r)dr

<

+

|3

Young’s inequalities,

+ n—1 3/4 n—1 1/2
/ ("Z(hkﬂ - hk)z) (n32(uk+1 - 2u + uk—1)2>
0 k=1
1/4

k=0

¢t n—1 3/4 t n—1
(/ n Z (his1 — he)? (7) dT) (/ n® Z(Uk+1 — 2ug + up_1)3(7) d”')
0 k=0 0 k=1

(r)dr

<
n—1 1/4
(w5 o = 20 w0
n n—1
< 5 OrgTa%ct (n kz_;(uk.,.l 2ug + Ug—1) (’l‘))
1 n—1 +
+Zn32/ (ups1 — 2up + up—p)?(7)dr + 73, (3.13)
0

k=1
where (3.2) has been employed. Combining (3.12) and (3.13), and taking the maximum
O

with respect to ¢ on both sides, we obtain (3.8).



Lemma 3.4 Let > 0. Then there exists some Cs > 0 such that, for any t € [0,T],

n—1 n—1 ¢
z . . 1 . . A 1

n [(hk+1 —_ hk)2 -+ T](?.Lk+1 — uk)2] (t) -+ —7; E /(hi -+ Ui)(?’) d’l' S 03 (1 -+ E) .
k=0 k=10

(3.14)

Proof. We multiply (3.1a) by 1h; and (3.1b) by Lliy, add the resulting equations, and
sum over k. It follows

n—1 n—1 n—1
1 - . . 1 .
=D bk + 0 (hra — B — he) + ) i
k=1 k=0 k=1
n—1 n—1
4 nnZ(ak_,_l — ) (g1 — Ur) — nZﬁk (Ups1 — 2ur + Ug—1)
k=0 k=1

1

3
1

n—1
[(hk+1 - ilk) brir — (hr41 — hi) bi Uk] + %Z(f" hi + g iis)
k=1 .

]
= 1M
o

n—1 n—1
s 5 (kz—_—o (hks1 — he) be Uk) — ;‘)(hkﬂ — hy) (b g + 2y iiz)
1 12 1t 1/2 1t 1/2 = 1/2
N (;fo) ('ﬁzh’“) + (gzgi) (;Zﬁi> . (3.15)
k=1 k=1 k=1 E=1

Integrating (3.15) over [0,¢], we obtain from (H1), (iv), Young’s inequality, and (2.11),
that

n—1 n—1 £
n ) ) 1 . .
52 (e = ha)? + mlns — )]0 + 53 [ (b + i) () or
k=0 k=1
n—1 n—=1 .t .
< Cy + Z[(hk"'l — hk) bx Ylk] (t) + Z/ lhk-—l - hkl (Ibk ’llkl + 2|bk uk]) (’1‘) dr
k=0 k=00
+ 1 n—1 1/2 n—1 1/2
+/ (" Zu12c> (n3 D (weyr — 2w + uk—l)z) (r) dr
0 n k=1 k=1
= O]_ + A1 + A2 + A3 . (316)

The expressions on the right-hand side of (3.16) are estimated individually. At first,
we infer from (3.2), (3.5), and Young’s inequality, that

10



| Ay

1
< (M+ max max |h; (T)I) (—
1<j<n-1 0<7<t n

S a2

k=1

1/2 n—1 1/2
) (n > (hrsr — hi)? (t))
k=0

(3.17)

n—1 3/4
2
< Cy (1—!—012112_12( (n kE—O(hk_,_l — hy) ('r)) )
n—1
n
S 5 52 2 (e =m0+ Co.

Next, observe that (3.8) implies that

N\ (1
|43] < Cy4 (1-1-—) —
”7 n k=1

n—1 t
_4n2/uk('r)d7' + Cs

k=1

"Z“l /t iz (1) d’r) "
0

(+3)

(3.18)

We also have, using (2.2), (3.2), (3.5), and Holder’s and Young’s inequalities,

S hk 1= hkl |bk uk](T) d’T i
t =y 1/2 el 1/2
= / 027 Ent [ (;Z bi) (n Z (A1 — h’“)2> () dr
4 k=1 k=1
t n—1 1/4 n—1 1/2
< Ce / (1+ (n > (ak+1—ak)2) ) ( Z h2> .
) k=0
n—1 1/2
(nz (hk+1 - hk)2> (’T) dr
k=0 A
. o 1/4 . - 1/2
< Oy 1+n Upsr — )2 | (7) dT . h2 7) dT .
; . 0 1/4
. ( / (n 3 (b —hk)2> () d’r)
2 k=0
n-1 4 [t n 1/2
1 -5
< Csnt ez, (nz (hrt1 — hk) (T)> (/ ;Z h (1) dT)
< 3 O<a,x i (hrar — h2)?(7) + —/Z h2(T) d’r—i— —. (3.19)

11

k=1



Finally, we have

n—1

> / ks = el I ) dr

0

' 1/2
n—1
2% (M+013% |hi(T) > ( f n Y (hesr — hie)? (7) dr) .
0

<
k=0
o 1/2
/ Z i (1) dr =: A,. (3.20)
k=1
Using (3.2) and (3.5) again, we find that
n—1 1 n—-1 12
2 .2
44 £ Cp (1 + max n;—o (k1 — i) (T)) / - ;uk(T) dr
- 0
1 ¢ 1 n—1 ~1
< 7 / ;;U% (r) dr+ % g 2% Z(hk+1 — h)*(7) + Cu1. - (321)
0 =

Combining (3.16) to (3.21), and taking the maximum with respect to £ on both sides, we
conclude that (3.14) holds. The assertion is proved. O

We now come to the final a priori estimate.

Lemma 3.5 Let n > 0. Then there ezists a constant Cy > 0 such that, for all t € [0,T7,

n—1 n—1

n Z (g — tr)? t) +nd Z (Uk+1 — 2ur + Uk— 1) (t)
k=0 k=1

R= NRRY A 1
+nn Z / (uk+1 — 2u + uk_l) (1) dr < C4 (1 + 55) . (3.22)

Proof. Let t € [0,T]. We multiply (3.1b) by —n(ug41 — 24 + @x—1) and integrate over

12



[0,T]. Summation over k yields

[

n—

3
-

n ) . \2 n? 2
?2- Z (uk+1 — ’lLk) (t) -+ 7 (uk+1 — 2uy, + 'U'k—l) (t) +

k= k=1
+7]’n32/ uk+1—2Uk+Uk 1)()d
k=1 0
; . e t \
< GHgnty / (41— 2t + 1) () dr
9 i 1 n—1 9
12 / 1 Z (Qz +n? b2 (hk+1 — hk) ) (1) dr. (3.23)
n 0 n k=1
Using (3.14), (3.2) and (3.5), we easily obtain (3.22). o

4 Proof of Theorem 2.1

In this section, we will prove Theorem 2.1 using compactness arguments and a passage-
to-the-limit procedure for n — co. To this end, we define for every n € IN the functions
(where the index n is added to the functions considered in the last section in order to
stress the dependence on n) i

n | k n n
Wet) = W00 +n (o - 2) (A0 - 100) (t1a)
E™)(z,t) = B, (4.1b)

1 k
(n) — (n) (n) _ (n) (n)
u™(z,t) : 2( + up” )()—l—n(a: n) (uk - u 1)(t)
2
| +_'rf T — k (u(") — 2u{™ 4 4 ) (t) (4.1c)
9 n k+1 k ’

i™(z,t) = u™(), (4.1d)

for z € [E,81) 0<k<n-1,t€[0,T], where we have put
v (@) = —u{(). (4.1¢)

In terms of these functions, the a priori estimates (3.2), (3.8), (3.14), and (3.22), respec-
tively, take the form

s (JEO@ + K@ + 1521 + 1WOO1)

2

+A(WwwwwwWw)ﬁsa, (4.22)
a ) P ()| 5 1 (4
(12l fn @nasc@+n) (4.2b)
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sup_ (1K + Q1) + / OO + @R + 1501

te (0,T
(n) 2 ~ 1
el @) dr < G5 (14 ) (4.20)
(n) 2 2 T (n) 2 =, 1
sp (WO + WD) + 1 [ WSOIPe < G (1+ %)
tem) 0 T/ (4.2d)

Hence there exist functions h,u € C(Qr) such that, possibly taking subsequences, we
have

™ > oug, u® o ug, AP o h,, all weakly-star in L°(0, T; L3()), (4.3a)

u = we, ul = g, A = by, all weakly in L2(Qr), (4.3b)

and, by compact imbedding, '
u™ =, w5 o, uﬁ") — u, h™ — h, allstrongly in C(Q7). (4.3¢c)
In addition, thanks to (3.14) we have, for all (z,t) € Qr,

n—1 12 -
B®(z,8) — KOz, )] < (Z (hess = 1) (t)) <=0, ()

k=0

e 1/2
i (2,8) — &7 (1)) < ( (s — )’ (t)) < % Ca,  (44b)
so that
i 5w, @ > u, A™ - h, all uniformly. (4.5a)
Therefore, in view of (4.2c), we also have
| 80 = wy, Ry — hy, weakly in L3(Qr). (4.5b)

We will now prove that (h,u) satisfies (1.1d - e) and (2.10a, b), i.e. is a solution to
(1.1a - e) in the sense of Theorem 2.1. To this end, note first that (3.1f) and (4.5a)
imply that the initial conditions (1.1d) are satisfied. Moreover, we have by construction
that h((0,t) = A™(1,t) = 0 for all n € N and ¢ € [0,T], so that (4.3c) yields
h(0,t) = h(1,£) =0 for all ¢ € [0,T]. On the other hand,

WPO,H] + 1) = 2 (O] + luns@))

n—1 1/2
< HEwn-wro) <o (9
k=0

Sl
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and hence u(0,t) = u(1,t) =0 for all ¢ € [0,7].
Next, observe that (3.1b) can be rewritten in terms of the functions defined in (4.1a -
e) as

i — Y — nul + AP (A + P[RO]) = g, (4.7)

where

(k+1)/n
g™ (z,t) = n/ 9(z,t)dz, forz € [g, k1
k/n

) , 0<k<n-1.
n (4.8)
Now observe that g™ — g strongly in L?(Qr) and, owing to (4.5a) and to the continuity
of P (cf. (H1), (i), A™ + P[R™] — h + P[h] strongly in C(Qr). Hence, passing to
the limit as » — oo in (4.7), we find that h,u satisfy (2.10b).

To conclude the proof of Theorem 2.1, it remains to confirm that k,u satisfy (2.10a). To

this end, let w €W*?(Q) be arbitrary. Multiplying (3.1a) by w(£), summing over &,
and using summation by parts and (3.1c), we find after a straightforward computation
that the functions A, A™ 4™ 4™ satisfy for almost every ¢ € (0,T)

/ [((ﬁ(") + P[A™)), — f) (z,t)w(z) + (hg") — ™ (ﬁ(") + ’P[FL(")])) (:c,t)w'(x)] dz

" n-1 | (k+1)/n . (k+1)/n o
=;=0 bi(t) k//n (w(:v)—w (;)) dz + k//n f(z,1) (w (;> —w(:c)) dz| ,

(4.9)
where the right-hand side is bounded from above by
1 / 18
o= W1 [ 17 0ldz+ 2 S buto) ),
vy 2 2 ()

which, by (2.8), (2.2), (3.14) and Holder’s inequality, tends to zero as n — oo for almost
every t € (0,T). Hence it remains to show that

PIR™], — (P[h)]): ,weakly in L*(Qr). (4.10)
By (2.2) and (4.2c), we may without loss of generality assume that (P[h(™]); — g weakly

in L%(Qg) for some g € L?*(Qr). Since ’P[h(”)] — P[h] uniformly, it follows for every
¢ € C5°(Qr) that “

0= lim O/T Q/ (('p[ﬁ(n)])t_q> o dz dt = —O/T Q/(P[h] —z)got dodt,  (411)

where z; = g. Hence ¢ = (P[h]):, and the assertion of Theorem 2.1 is completely proved.
|
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5 Proof of Theorem 2.2

Suppose that P satisfies (H1) and (H2) and that (2.11) holds. Let us assume that
(2.12a, b) hold for some fixed § > 0 (which is yet to be determined). As in the proof of
Theorem 2.1, the functions hg, ..., An, %o, --., 4, Will denote the solutions to the system
(3.1a-f) in [0,7]. We shall denote in the sequel by K;, K;, i € IN, constants that are
independent of n, 7 and §. From (3.3) we immediately get an estimate that is analogous
to (3.2), namely

n—1 n—1 L,
1 .
;Z (hi + ’U:i + 72-2 (Uk+1 — uk)z) (t) + TZZ/ ((hk+1 — hk)2
k=0 k=070
+7 (G — @)°) (1)dr < K162, VY te[0,T]. (5.1)

We further have, by (3.1f),

max |h(0)] < max|(z)| < Ko |Wllwaae) < Kad. (5.2)

Therefore, choosing
5 < Ho (5.3)
2

we can find a maximal T} € (0,T] such that -

oréll?g}szlhk(t)l < Hy, Ytelo0T1;]. (5.4)

Next, we show the following result.

Lemma 5.1 There ezist constants § > 0 ,K3>0, Ks>0 such that for any 6 € (0, 3]
it holds (5.3), T* =T,

ax |he(t)l < Ho, Vte€0T], (5.5)
and

1 n—1 .
=57 (B + i + (e — uk)z) 0
n k=0

n—1 t . . 2 5 R N
+nZ/ ((hk+l - hk) + 1 (g1 — z) ) (1) dr < K38%eX4o ¢,

k=0 Y0
Vi¢eloT]. (5.6)

Proof. The functions hy, by, 4 belongto W(0,T), and since f;, g: € L*(0,T; L*(Q)),
we even have ug,by € W21(0,T). Differentiating (3.1a) and (3.1b) with respect to ¢,
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multiplying by lhk and —uk, respectively, adding the results and summing over k, we
find that a.e. in [0 T it holds

_Z(bk hy + Uy uk) + nz [(hk+1 — hk) + n(uk.H — uk)
=0
-1

+ (g1 — ) (Upr — le)] + Zbk [i'&k (ha+1 — hz) — (hk+1 - hk):‘
k=0
n—l

= "Z(fk hi + gr i) - (5.7)

Using (H1), (iv) and (H2), we see that for all k¥ and almost every 0 < t; <ty < T* it
holds

tfﬂ@@@ﬁzé@ﬁm—%m». (5.8)

31

Hence, owing to the continuity of by,
/mmmmm> (@) -B©), fraetec@L), (59

where (3.1a) entails that | -

n—1
1 .
;Zbi(o) < K 8. (5.10)
Similarly, from (3.1b),
n—1
—Zuk(o ) < Kp82. (5.11)
k=1

Integrating (5.7) over time, we therefore find that for a.e. ¢ € [0, 7]

‘2‘1'7'; ::: (hi + 4F + n (1 — ﬂk)2> (t)
+nkz_0/0 [ Pip1 — hk) + 7 (tgyr — ) ] (1) dr
< (52 + Z/ [P | Ihk+1 — Pl lii] + |Pags — [ukl) (7) dT)

S| EE) (L) (E4) () o om
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Using the discrete Nirenberg inequality (3.5), as well as (5.1), we can infer that

S/Ot (|ﬁk| a1 — hal |ﬁk;) (1) dr

t 1 n—1 1/2 n—1 1/2
; . —_— 2 o 2
< ‘/0 02X | (n ;%) (ngghk+1 hy) ) (r)dr
n— 1/4 n—1 1/4 o1 N\ 1/4
131, : o \2 1t
< -K4‘/0 [(;Zhi) + (n (hk+1 - hk) ) J (;Zhi) .
k=1 k=0 k=1
1 n—1 1/2 n—1 1/2
' (;Zui) (nZ(h’k+1 - hk)2> (r)dr
‘ k=1 k=0
1 n—1 1/4 1 n—1 1/4
hl L2 ol -2 )
< Kjs onsl;(%& [(n ;hk) (n k};;uk) (T)J
. t n—l 1/2 £ nol TN 1/4
(B -wran)” ([150)”
= —1
¢4 n=l 1/4 : n-1 ) 1/4
' (/ _th("') dT) + ( nz (hk+1 - hk) (1) dT)
0 n k=1 0 k=0
1 n—1 n -1 " 0
12 2 . o
< & EE (Z (7 + ) <T>) g2 [ (e = be) e
1 n—1 t
+ K=Y / (hi + i) (r)dr, forae te[0,T]. (5.13)
k=1 0

Similarly, we obtain for a.e. t € [0,T;;] the estimate

n—1 Lt
) / Vel s — o] [i](7)
0

k=0
1 1 =t C\ 1/2 n—1 \ 1/2
(1 " . .
S A OSI}ISa'nX_l IhJI (n ;_1 ’I.Lk) (n 2 (hk+1 hk) ) (T) dr
A= 1/2 n—1 \ 1/2
< K75/ (_th) (nz (hk+1 - hk) )
0 n k=1 k=0
1328, Ve s a1, .\ 2) 34
+ (;Zhi> (nz (hk+1 - hk) ) ] (r)dr
k=1 k=0
n n—1 t . 9 ) 1 n—-1 + .,
s 7 /0 (hk+1 - hk) (r)dr + Ksé EZ/O hi(T) dr. (5.14)

k=0 k=1
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Combining (2.12b), and (5.12) to (5.14), we obtain that for a.e. ¢ € [0, T3]
n—1 .
max (—— (A2 + @ + 72 (s — )’ (r))
t 7 7 2 . w \2
+HZ/ ((hk+1 - hk) + 7 (k1 — i) ) (r) dr
0

1 n—-1 . . )

Gronwall’s lemma, appliéd to (5.15), yields

n—1
1 '2 .9 2 /. . 2
max (n Z (hk + ity + n® (drr — Ur) ) (t)

+n§:—l /0 t ((f‘zkﬂ — he) o (i — ak)z) (r) dr

k=0

< Ko82eK©®t  forae t € [0,T]. - (5.16)

Next, observe that for all j € {0,...,n} and t € [0,T7] it holds, using (3.5) and (5.16),

Ol < IO+ [ hs(r)ldr _

" n—1 1/2 n—1 o\ M2
< Ku (5+/0 {(%th) + (n ) (hk+1 - hk) ) /] (T)df)

< Kippbefu®, : (5.17)
Choosing é > 0 so small that (5.3) holds and that

K S (BKI:,"?2 < H, y (518)
we conclude that 7 = T and that (5.5) and (5.6) are satisfied. This concludes the proof
of the assertion. O

For the conclusion of the proof of Theorem 2.2, we still need another a priori estimate.

Lemma 5.2 Let § > 0 denote the constant deﬁnedAz’n Lemma 5.1. Then there are
constants Ks > 0, K¢ > 0, such that for every § € (0,0] and every t € [0,T] it holds

n—1 .t n—1
n® Z/ (urs1 — 2up + wp—y)’ (1) dr + nne'Z(ukH — 2ug + 1)’ (2)
k=10 k=1

< R56%eRe®T (5.19a)

n-—1 + )
n’ nSZ/ (g1 — 2t + p1)® (1) d7 < K562 56T, (5.19b)
k=10
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Proof. As in the proof of Lemma 3.3, we multiply (3.1b) by — n(ug+1 — 2ur + Ug—1),
sum over k, and integrate over time. Using Young’s inequality, (2.12a, b), (3.11), and
(5.6), we arrive at the estimate

3 n—1 t n-—1
%Z/ (ups1 — 2up + uk_l)z (r)dr + gn3Z(uk+1 — 2uy + uk_1)2 (t)
k=1 0 R k=1
n—1 t
1 . .
S Kl ((52 + ;Zﬂ [ui + g,f + nz bi (hk+1 - hk)z] (7’) d’l’) . (520)
k=0
Owing to (2.12b) and (5.6),
1 .
Hz /0 (i + g7) (r)dr < K250 T, (5.21)
k=0

and (2.6),. (6.1) and (5.5) imply that

n—1l .t 2
nY [ (hess — W) dr < Kad? (M + gax e () )

0<j<n 0<7<¢t
k=0

< K 8 (M + Hp)?.

(5.22)

Combining (5.20) to (5.22), we have confirmed the validity of (5.19a). Finally, using
(5.19a), (5.20) and (5.21), we obtain (5.19b) directly from (3.1b). O

After these preparations, we may now conclude the proof of Theorem 2.2. To this
end, consider the functions (™, A™ 4 4(") defined in (4.1a - €). As in Section 4, we
can infer from the a priori estimates (5.1), (5.6), (5.19a), and (5.19b), that there exist
functions h,u € C(Qr) such that, possibly selecting subsequences, for n — co it holds

B o by ul = g ,ul o ug,  all weakly-star in L®(0, T; L3(R)), (5.23a)
R 5 by, ,h:(c't‘) — Ry, U — ug, ,nug;)t — N Uggt ,all weakly in L?(Qr). (5.23b)
i From this point, we can follow the lines of the proof of Theorem 2.1 to verify that (h,u)

satisfy (2.10a, b). This concludes the proof of the assertion of Theorem 2.2. O

6 Concluding remarks

We conclude our paper by adding some comments.

(i) The question whether the solutions found in the Theorems 2.1, 2.2 are unique is
still open.
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(ii) It seems that the above line of argumentation does not apply if the displacement
current is not discarded.

(iii) The hypothesis of linear elasticity can be relaxed considerably. In fact, if the equa-
tion of motion (1.1b) is replaced by

Ut — (F (uz))m — NUget + hsb = g, (61)

then the result stated in Theorem 2.1 remains valid, provided that F', together
with its inverse F~1, is a Lipschitz continuous increasing function on R (nonlinear
elasticity). In addition, weak solutions are obtained in the context of Theorem 2.2
if Pp:=F~!'—1T, where I is the identity, is a hysteresis operator satisfying (H1)
and (H2). This case corresponds to rate independent elastoplasticity.
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