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Abstract

In this work we deal with the stochastic homogenization of the initial
boundary value problems of monotone type. The models of monotone
type under consideration describe the deformation behaviour of inelas-
tic materials with a microstructure which can be characterised by ran-
dom measures. Based on the Fitzpatrick function concept we reduce the
study of the asymptotic behaviour of monotone operators associated with
our models to the problem of the stochastic homogenization of convex
functionals within an ergodic and stationary setting. The concept of Fitz-
patrick’s function helps us to introduce and show the existence of the weak
solutions for rate-dependent systems. The derivations of the homogeniza-
tion results presented in this work are based on the stochastic two-scale
convergence in Sobolev spaces. For completeness, we also present some
two-scale homogenization results for convex functionals, which are related
to the classical I'-convergence theory.

1 Introduction

In this work we are concerned with the homogenization of the initial boundary
value problem describing the deformation behavior of inelastic materials with a
microstructure which can be characterised by random measures.

While the periodic homogenization theory for elasto/visco-plastic models
is sufficiently well established (see [2, 11, 17, 18, 19, 26, 27, 30, 31] and ref-
erences therein), some improvement in the development of the techniques for
the stochastic homogenization of the quasi-static initial boundary value prob-
lems of monotone type has to be achieved yet. To the best knowledge of the
authors, there are only two works ([13, 14]) available on the market which
are concerned with the homogenization problem of rate-independent systems
in plasticity within an ergodic and stationary setting. In this work we extend
the results obtained in [14] for perfectly elasto-plastic models to rate-dependent
plasticity. Our main ingredient in the construction of the stochastic homoge-
nization theory for rate-dependent models of monotone type is the combination
of the Fitzpatrick function concept and the two-scale convergence technique in
spaces equipped with random measures due to V.V. Zhikov and A.L. Pyatnit-
skii (see [34]). The Fitzpatrick function is used here to reduce the study of
the asymptotic behaviour of monotone operators associated with the models
under consideration to the problem of the stochastic homogenization of convex
functionals defined on Sobolev spaces with random measures.

Setting of the problem. Let @ C R? be an open bounded set, the set of
material points of the solid body, with a Lipschitz boundary 0Q, the number
n > 0 denote the scaling parameter of the microstructure and 7, be some
positive number (time of existence). For 0 < t < T,

Qt = Q X (07t)

Let 83 denote the set of symmetric 3 x 3-matrices, and let up(z,t) € R3 be the
unknown displacement of the material point z at time t, o, (z,t) € S3 be the
unknown Cauchy stress tensor and z,(z,t) € RY denote the unknown vector
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M. Heida, S. Nesenenko 2

of internal variables. The model equations of the problem (the microscopic
problem) are

—divy oh(x,t) = b(x,t), (1)
on(z,t) = Cylz](e(Vauy(z,1)) — Bay(z,1)), (2)
Orzp(z,t) € gy (x,BTJn(x,t) — Ln[x]zn(x,t)), (3)

together with the homogeneous Dirichlet boundary condition
up(wt) =0, (2,t) €9Q x (0,0), (4)
and the initial condition

2n(x,0) = Z1(70) (), x e Q. (5)

In model equations (1) - (5)
(Tt (1)) = 5 (Vo (.8) + (Vg (. 0)7) € °

denotes the strain tensor (the measure of deformation), B : RN — &% is a linear
mapping, which assigns to each vector of internal variables z,(x,t) the plastic
strain tensor €, ,(z,t) € 83, i.e. the following relation e, ,(x,t) = Bz,(z,t)
holds. We recall that the space S® can be isomorphically identified with the
space RS (see [1, p. 31]). Therefore, the linear mapping B : RY — &3 is defined
as a composition of a projector from R" onto R® and the isomorphism between
RS and S3. The transpose BT : 83 — R is given by

BTy = (2,0)"

forve 8% and 2z = (2,2)T e RN, 2 € RS, 2 € RV6,

For every x € Q we denote by C,[z] : S — 8§ a linear symmetric mapping,
the elasticity tensor. It is assumed that the mapping  — C,[z] is measurable.
Further, we suppose that there exist two positive constants 0 < o < (8 such that
the two-sided inequality

ale]? < Cylale-€ < BIE)? for any € € S°.

is satisfied uniformly with respect to z € @ and n > 0. The given function
b:Q x [0,00) — R3 is the volume force. The (N x N)-matrix L,[z] represents
hardening effects. It is assumed to be positive semi-definite, only. For all x € Q
the function z — g, (z,2) : RY — 28" is maximal monotone and satisfies the
following condition

0 € gy(z,0), x € Q.
The mapping z — (Ly[z], g,(x,-)) is measurable.

Remark 1.1. Visco-plasticity is typically included in the former conditions by
choosing the function g, to be in Norton-Hoff form, i.e.

T xT E
gn(x,Z):[|E|—ay(x)]+”( )E, YeS3req,

where oy : Q — (0,00) is the flow stress function and r, : Q — (0,00) is some
material function together with [z]; := max(z,0).
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In order to specify the dependence of the model coefficients in (1) - (5)
on the microstructure scaling parameter n > 0, we introduce the concept of
a spatial dynamical system. Throughout this paper, we follow the setting of
Papanicolaou and Varadhan [22] and make the following assumptions.

Assumption 1.1. Let (2, Fqo,P) be a probability space with countably generated
o-algebra Fq. Further, we assume we are given a family (T, )zern of measurable
bijective mappings 7, : ) — Q, having the properties of a dynamical system on

(Q, Fa,P), i.e. they satisfy (i)-(iii):
(i) T © Ty = Tayy , To = id (Group property)
(ii) P(t_.B) =P(B) VreR" Be Fq (Measure preserving)
(iii) A:R"xQ — Q, (z,w) — 1w is measurable (Measurablility of evaluation)

We finally assume that the system (7.)zcrn 1S ergodic. This means that for
every measurable function f : 2 — R there holds

[f(w) = f(rpw) Vo € R" | a.e. w € Q] = [f(w) = const P-ae.we Q. (6)

For reader’s convenience, we recall the following well-known result (see [9,
Section VI.15]).

Lemma 1.1. Let (A, F,u) be a finite measure space with countably generated
o-algebra F. Then, for all 1 < p < 0o, LP(A;u) contains a countable dense set
of simple functions.

The coefficients in (1) - (5) are defined as follows. First, we define the
stationary random fields through the relations

Clz,w] = Clrpw], Llz,w] = L{rw],
and for every fixed v € RY
g(x7w7v) - g(T$w7v)’

where C, L are measurable functions over Q and w — §(w, -) is measurable in the
sense of Definition 2.2. Then, given the specified assumptions on the random
fields, the coefficients C,[z], L,[z] and the mapping x — g,(x,-) are defined as

and for each fixed v € RY

gn(z,v) =g (gw,v)-

Ui

Furthermore, we assume that
z,(lo) (z) = 20 <I’,T7£]w) , TEQ.

for some ergodic function (%) € L2(Q x Q; L ® ).

From a modelling perspective, this construction is equivalent to the assump-
tion that the coefficients and the given functions in (1) - (5) are statistically
homogeneous (see [7], for example).
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Notation. The symbols |-| and (-, -) will denote a norm and a scalar product
in R”, respectively. Let S be a measurable set in R®. For m € N, ¢ € [1,00],
we denote by W™ 4(S,R¥) the Banach space of Lebesgue integrable functions
having g-integrable weak derivatives up to order m. This space is equipped with
the norm || - ||;m,q,5. If m = 0, we write || - ||4,5; and if (additionally) ¢ = 2, we
also write || - ||s. We set H™(S,R¥) = W™2(S,R¥). We choose the numbers
p, q satisfying 1 < p,q < oo and 1/p+1/q = 1. For such p and g one can define
the bilinear form on the product space LP(S,R¥) x Li(S,R¥) by

(6,0)s = /S (£(s), C(s))ds.

For functions v defined on §2x [0, 00) we denote by v(¢) the mapping = — v(z, 1),
which is defined on Q. The space L9(0,7,; X) denotes the Banach space of
all Bochner-measurable functions u : [0,7.) — X such that ¢ — [Ju(t)|% is
integrable on [0, T¢.). Finally, we frequently use the spaces W"™4(0,T,; X ), which
consist of Bochner measurable functions having ¢-integrable weak derivatives up
to order m.

2 Preliminaries.

In this section we briefly recall some basic facts from convex analysis and non-
linear functional analysis which are needed for further discussions. For more
details see [5, 15, 23, 33|, for example.

Let V be a reflexive Banach space with the norm || - ||, V* be its dual space
with the norm | - ||.. The brackets (-,-) denote the duality pairing between V'
and V*. By V we shall always mean a reflexive Banach space throughout this
section.

For a function ¢ : V — R the sets

dom(9) = {v € V | 6(v) < o}, epi(9) = {(v,1) € V x R | 6(v) < 1}

are called the effective domain and the epigraph of ¢, respectively. One says that
the function ¢ is proper if dom(¢) # () and ¢(v) > —oo for every v € V. The
epigraph is a non-empty closed convex set iff ¢ is a proper lower semi-continuous
convex function or, equivalently, iff ¢ is a proper weakly lower semi-continuous
convex function (see [33, Theorem 2.2.1]).

The Legendre-Fenchel conjugate of a proper convex lower semi-continuous
function ¢ : V' — R is the function ¢* defined for each v* € V* by

¢ (v7) = sup{(v",v) — ¢(v)}.

veV

The Legendre-Fenchel conjugate ¢* is convex, lower semi-continuous and proper
on the dual space V*. Moreover, the Young-Fenchel inequality holds

YoeV, Yo" eV*: ¢"(v")+ o(v) > (v*,v), (7)

and the inequality ¢ < ¢ implies " < ¢* for any two proper convex lower
semi-continuous functions ¢, ¢ : V- — R (see [33, Theorem 2.3.1]).
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Due to Proposition I1.2.5 in [5] a proper convex lower semi-continuous func-
tion ¢ satisfies the following identity

int dom(¢) = int dom(0¢), (8)

where d¢ : V' — 2V denotes the subdifferential of the function ¢. We note that
the equality in (7) holds iff v* € 0¢(v).

Remark 2.1. We recall that the subdifferential of a lower semi-continuous
proper and conver function is mazximal monotone (see [5, Theorem I1.2.1]) in
the sense of Definition 2.1 below.

Convex integrands. Let the numbers p, ¢ satisfy 1 < ¢ <2 < p < o0, 1_/p +
1/q = 1. For a proper convex lower semi-continuous function ¢ : RF — R we
define a functional I on LP(G,R*) by

v(x))dax v 1 k
L) = {IG¢< (2))dz, (v) € L} (G, RF)

400, otherwise

bl

where G is a bounded domain in RY with some N € N. Due to Proposition

I1.8.1 in [28], the functional I, is proper, convex, lower semi-continuous, and
v* € 0ly(v) iff

v* € LY(G,RY), ve LP(G,RF) and v*(z) € 9¢(v(z)), ae.
Due to the result of Rockafellar in [24, Theorem 2], the Legendre-Fenchel con-
jugate of Iy is equal to Iy-, i.e.
(1) = 1o~
where ¢* is the Legendre-Fenchel conjugate of ¢.

Maximal monotone operators. For a multivalued mapping A : V — V"
the sets

DA)={veV]Av#0}, GrA={v,v*] €V xV*|ve D(A), v* € Av}
are called the effective domain and the graph of A, respectively.

Definition 2.1. A mapping A : V — 2" is called monotone if and only if the
following inequality holds

(*—utv—u)y >0 V [v,0],[u,u’] € GrA.

A monotone mapping A : V. — 2V s called maximal monotone iff the
inequality
(' —u"v—u)y >0 V[uu"]eGra

implies [v,v*] € GrA.

It is well known ([23, p. 105]) that if A is a maximal monotone operator,
then for any v € D(A) the image Av is a closed convex subset of V* and the
graph GrA is demi-closed®.

LA set A € V x V* is demi-closed if v, converges strongly to vp in V and v} converges
weakly to v in V* (or v, converges weakly to vo in V' and v}, converges strongly to v in
V*) and [vn,v}] € GrA, then [v,v*] € GrA
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Canonical extensions of maximal monotone operators. In this subsec-
tion we briefly present some facts about measurable multi-valued mappings (see
[4, 6, 15, 21|, for example). We assume that V', and hence V*, is separable and
denote the set of maximal monotone operators from V' to V* by 9MM(V x V*).
Further, let (S, %(S), 1) be a o—finite p—complete measurable space.

Definition 2.2. A mapping A : S — M(V x V*) is measurable iff for every
open set U € V- x V* (respectively closed set, Borel set, open ball, closed ball),

{r eS| Ax)NU £ 0}
1s measurable in S.

The fact that the closed or Borel sets can be equivalently used in Defini-

tion 2.2 follows from the closedness of the values of the mapping A : S —
MV x V*) (see [4, Theorem 8.1.4]).

Remark 2.2. Theorem 8.1.4 in [4] also implies that under the above conditions
the measurability of a mapping A : S — IM(V x V*) is equivalent to the existence
of a countable dense subset consisting of measurable selectors, i.e. there exists
a sequence of measurable functions {vy}tnen @ S — V x V* such that for any
x € S the image A(x) can be represented as follows

A((B) = UnEan(x)'
The following lemma will be used in the sequel (see [32, Lemma 3.1]).

Lemma 2.1. Let a mapping A : S — IMM(V x V*) be measurable. For any L(S)-
measurable function v : S — V, the multivalued mapping A : x — A(x,v(x)) is
then closed-valued and measurable.

Given a mapping A : S — M(V x V*), one can define a monotone graph
from LP(S, V) to LI(S,V*), where 1/p+ 1/q = 1, as follows:

Definition 2.3. Let A: S — M(V x V*). The canonical extension of A from
LP(S,V) to LY(S,V*), where 1/p+1/q =1, is defined by:

GrA, ={[v,v"] € LP(S,V)x LIS, V*) | [v(z),v"(z)] € GrA(x) for a.e. x € S}.

In the following, we will drop the index p for readability. Since we always
work fix p at the beginning of a statement, there cannot occur confusion with
this notation. Monotonicity of A defined in Definition 2.3 is obvious, while its
maximality follows from the next proposition (see [8, Proposition 2.13]).

Proposition 2.1. Let A : S — M(V x V*) be measurable. If GrA # 0, then
A is mazimal monotone.

Remark 2.3. We point out that the mazimality of A(x) for almost every x € S
does not imply the mazimality of A as the latter can be empty (see [8]).

DOI 10.20374/WIAS.PREPRINT.2366 Berlin 2017
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Fitzpatrick’s function. For a proper operator 8 : V — 2" the Fitzpatrick
function is defined as the convex and lower semicontinuous function given by

fa(v,v") = sup{(v*,v9) — (v3,v0 —v) | v5 € B(vo)}, V(v,v") eV xV*. (9)
It is known ([10]) that, whenever f is maximal monotone,

fa(v,0*) > (v*,0), V(v,v*) eV xV*, (10)
fa(v,v*) = (v*v) < v epv). (11)

Any measurable maximal monotone operator A : S — IM(V x V*) can be
represented by its Fitzpatrick function f4 : S x V x V* — R, which is ¥(5) ®
B(V x V*)-measurable. Namely, the graph of a mapping A : S — 9M(V x V*)
can be written in the form (see [32, Proposition 3.2])

for a.e. x € S GrA(z) = {[v,v"] € V x V™| fa(z,v,0") = (v,0™)}.

We note that the measurability of the Fitzpatrick function fa : SxV xV* = R
follows directly from its definition and Remark 2.2.

The graph of the canonical extension of a measurable operator A : S —
M(V x V*) can be equivalently represented in terms of its Fitzpatrick function

Fa, : LP(S,V) x LY(S,V*) > R, i.e.
GrA, = {[v,v*] € LP(S,V) x L1(S, V") | Fa,(v,v") = (v,v*}}.

Again, we omit p if no confusion occurs. Moreover, the following result holds
(see [32, Proposition 3.3])

e the functional F4 is convex and lower semi-continuous;

e for any [v,v*] € LP(S,V) x L4(S,V*), the integral

FA(v,v*):/SfA(x,v(a;),v*(x))d:c

exists either finite or equal to +oo;

e if there exists a pair [v,v*] € LP(S,V) x L9(S,V*) such that Fa(v,v*) <
400, then

Fao' o) = [ fife (@), ofe))ds

holds for all [v*,v] € LY(S,V*) x LP(S, V).

3 Existence of solutions

In this section we introduce and show the existence of weak solutions for the
initial boundary value (1) - (5). To simplify the notations, throughout the whole
section we ignore the fact the coefficients and the given functions in (1) - (5)
depend on w € €). The results proved below hold for a.e. w € €.

DOI 10.20374/WIAS.PREPRINT.2366 Berlin 2017
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Solvability concept. We start this section with the presentation of the intu-
itive ideas which lead to the definition of weak solutions for the initial boundary
value problem (1) - (5). To give a meaning for the solvability of problem (1) -
(5) we are going to use the concept of Fitzpatrick functions defined in (9).

We assume first that a triple of functions (u,, 0y, 2) is given with the follow-
ing properties: for every t € (0,7¢) the function (u,(t), o, (t)) is a weak solution
of the boundary value problem

—divyo,(x,t) = b(x,t), (12)
op(z,t) = Cyla](e(Vouy(z,1)) — Bzy(2,1)), (13)
uy(z,t) = 0, r € 0Q. (14)

This particularly holds for z,(0) = z7(,0 and the corresponding initial values

(uy(0),0,(0)) = (u%o),an ). The equations (3) - (5) are satisfied pointwise for
almost every (z,t), and b as well as (u,,, 0, 2,) are smooth enough. Then, based
on equivalence (11), we can rewrite equation (3) as follows

fgn (CU? BTU??(:E7t> - Lﬂ[x]zn(x> t)> 8,52’77(.1?, t))

= (BTan(a},t) — Ly[x]zy(2,1), 0p2y (2,1))

which holds for almost every (z,t) € Q x (0,7:). Integrating the last equality
over Q) gives

/ fan (:1:, BTU,, — Lz, 8tzn) dr = / (BTO'n — ann,&gzn) dz. (15)
Q Q

Using (1), (2) and (4) the right hand side in (15) becomes (A, := C;!)

/Q (BT, — Lyzy, 0y2y) dz = (BTUnvath)Q 5 dt H Y2, HQ
= (0, €(0Vauy)) g — (Ayoy, o) g — 5@ H 2, H
- o= 35 (Il <=} oo
Integrating relations (15) and (16) with respect to t leads to
L(An[x]an(x,t),an(x,t)) dz + /Q (L (2] (2, 1), 29 (2, 1)) da
- / /Q fo (@, BT oy(@,7) = Lyla)zy(2,7), 0r 2y (2, 7)) dvdr a7

- /Q (Ay[z]oy(x,0), 0, (x,0)) dr + /

L, [2]29(z), 29 (2)) da b, 0-uy
| (Lalal=f? (@), 20 @) ) dar + (0. 0,00)g,

Taking into account the inequality (10), we conclude that the triple of functions
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(uy, 0y, 2y) satisfies equality (17) if and only if the inequality

[l (et ) do [ (Lyfeleg(o0), 2 (o 0) do
Q Q

+/0 /Qfg" (JJ,B onlx,T) — Ln[:c]zn(a:,f),(‘?Tzn(a:,T)) dxdr (18)

g/ (An[x]g§70)(x),g7(70>(x)> d:z;—l—/ (Ln[q:]zgo)(x),zgo)(q;» dx + (b, 0ruy)
Q Q '
holds for all ¢ € (0,7,) and some function 07(70) € L?(Q, 8?) solving the elliptic
boundary value problem (12) - (14).

The above computations suggest the following notion of weak solutions for
the initial boundary value problem (1) - (5).

Definition 3.1. Let the numbers p,q satisfy 1 < ¢ <2 <p<oo,1/p+1/q=1.
A function (u,, oy, 2,) such that

(un; ) € WH(0, Te; Wy (@, RY) x LU(Q, §7)),
zy € WH(0,T.; LYQ,RY)), %, :=B"0,— Lyz, € L*(Qr,,RY)
with
(0, LL/?2,) € L°(0, To; L*(Q, S* x RY))
is called a weak solution of the initial boundary value problem (1) - (5), if for
every t € (0,T¢) the function (u,(t),o,(t)) is a weak solution of the boundary

value problem (1) - (2), (4) for every given Bz,(t) € LY(Q,S?), the initial
condition (5) is satisfied pointwise for almost every (x,t) and the inequality

(18) holds for all t € (0,T¢) and the function 07(70) € L*(Q,S8?) determined by
equations (12) - (14).

Now, we show that the above definition of weak solutions for (1) - (5) is con-
sistent. Namely, we are going to prove that if a triple of functions (u,,, oy, 2,,) is
a weak solution of (1) - (5) in the sense of Definition 3.1 and possesses additional
regularity, then this triple of functions is a solution of the initial boundary value
problem (1) - (5), i.e. the constitutive inclusion (3) is satisfied pointwise for a.e.
(z,t) € Qp, . To this end, we assume that the weak solution (u,, 0y, 2,) has the
following regularity

(Unvan) S Wl’l(OaTe;HOI(Q>R3) X LQ(Q»‘SB)),
zy € WHH0, To; L (Q,RY)).
(0)

Then, it is immediately seen that the function o, € L?*(Q,S3) as a unique

solution of the problem (12) - (14) satisfies the relation 07(70)(33) = oy(x,0) for
a.e. x € Q and the following identity

0
(Agoy(t),04(t) g = (Agoy? o) g = /Q G (Baa(@:7), (2, )) dd

Moreover, we have that
L2282 — || L2/229)|)2 :/t£||L1/2z (7)1 dr.
non Q n “n 1lQ 0 or"m Q

DOI 10.20374/WIAS.PREPRINT.2366 Berlin 2017
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Then, the inequality (18) can be rewritten as follows

/ <(An8707,, on)+(Lyzy, Orzn)+ fq, (¥, BT 0y — Lyzy, 0-2,) )dea: < (b, 07uy)q,-

t

Handling the equations (1) - (2) as above we obtain that the last inequality
takes the following form

/ ((ann, Orzy) + fg, (z, Blo, — Lz, Drzy) >d7’d:1: < (BTJn,(?Tzn)Qt.

t

or, equivalently,

/Q fo, (2, BT oy — Ly2y, 07 2) drda < / (BT, — Ly2y, 0, 2,))dadr.

t

Therefore, by (10) and the standard localization argument we get that
fgn (:L‘, BTU??(Z7 t) - Ln[x]zn(xa t)a 8tZ77(I', t))

= (BTan(x,t) — Ly[z]z,(x, 1), 8tzn(x,t)) ,

which holds for a.e. (z,t) € Q. Now, based on the equivalence result (11) we
conclude that the inclusion (3) is satisfied pointwise from the assumed temporal
regularity of (u,, oy, z,). The pointwise meaning of (5) follows.

Existence result. First, we define a class of maximal monotone functions we
deal with in this work.

Definition 3.2. Let S be a measurable set in R® and m € L'(S,R). For
ar,ay € Ry, M(S,RF ay,as,m) is the set of measurable multi-valued functions
h:S — M(RF xR®) (in the sense of Definition 2.2) such that with the following
inequality

(v,07) = m(x) + ea[v™|? + ag|vf? (19)

holds for a.e. x € S and every v* € h(z,v), where p and q satisfy the relations
2<p<ocandq=p/(p-1).

The main properties of the class M(S, ]Rk,ozl,ag,m) are collected in the
following proposition (see [8, Corollary 2.15]).

Proposition 3.1. Let H be a canonical extension of a function h : S — IM(RF x
R*) in the sense of Definition 2.3, which belongs to M(S,R¥ ay, as,m). Then
H is mazimal monotone, surjective and D(H) = LP(S,R¥).

Now, we can state the main result of this section.

Theorem 3.1. Assume that L, is positive semi-definite, C,, is uniformly posi-
tive definite and C,, € C(Q, L(S3,83)), the mappings g, € M(Q, RN, a1, a2, m)
with a function m from L*(Q,R). Suppose that b € WP (0, T,; W~—1P(Q,R3))
and 27(70) € L*(Q,RM).

Then the initial boundary value problem (1) - (5) has at least one weak
solution (u,, T, z,) in the sense of Definition 3.1.

DOI 10.20374/WIAS.PREPRINT.2366 Berlin 2017



M. Heida, S. Nesenenko 11

Remark 3.1. We point out that the requirement of the continuity of C, is
superfluous and is only made to simplify the proof of Theorem 3.1. The proof
itself works for the measurable function C,, as well. The continuity assumption
allows us to apply the LP-regularity theory for linear elliptic systems in [12]
directly to our problem. In case of C,, € L>=(Q, L(S>,8%)), some extra technical
work has to be done before one can use the LP-reqularity theory for linear elliptic
systems (this strategy is realized in [20]). To avoid the technicalities we assume
the continuity of C,, here.

Proof. To simplify the notations we drop 1. The proof of the theorem is pre-
sented in [19]. Therefore, we only sketch it here. We show this by the Rothe
method (a time-discretization method, see [25] for details). In order to introduce
a time-discretized problem, let us fix any m € N and set

Te 1 nh
h=hp=—, 20 =20 pr .= —/ b(s)ds € W IP(Q,R?), n=1,..,2™.
2m h Jn—-1)n

We are looking for functions u?, € H}(Q,R3), o% € L*(Q,S3) and 27 €
L2(Q,RY) with

1

Ypm = BTol — —a — La, € L*(Q,RY)
solving the following problem
—divg oy, (2) = b (), (20)
opm(@) = Clzl(e(Vaug, (z)) — Bz, (), (21)
(@) =z (@) 9(2, Snm(), (22)

h

together with the boundary conditions
ur(z) = 0, z€0Q. (23)
The proof of the existence of the triple
(s o 2) € Hy(Q,R?) x L*(Q, %) x L*(Q,RY)

satisfying (20) - (23) can be found in [19].
A-priori estimates. Multiplying (20) by (u”, —u”~')/h and then integrating
over Q we get

(o7 €(Va(un, —un ) /h) g = (b, (u, = up ') /h) g - (24)

Applying g~ 1(z) to both sides of (22), multiplying by w?, := (27, —z"=1)/h and
then integrate over @ to obtain

1 1
[ )i = o, But e (shit 2h) g (et L) o
With (24) we get that
1

1/ _
—(C ton o — o™ 1>Q+ .

. (£ = 2220
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11 n—1 _n —1/,,.n n — n n—1
(= ) g ) )= 5 g

Multiplying by A and summing the obtained relation for n = 1, ..., [ for any fixed
[ € [1,2™] we derive the following inequality (A = C~1)

1 - w”
S (1826411 + 12774, + 241 +hZ/ (). wh)da

<O 4 p Z Hn M (25)
> mo h Q7

n=1
where
(0) 1/2 0 (12 1/2_0 |12 L oo2
200) = |AY205, 1% + 1122 13 + — %)%
We estimate now the right hand side of the last inequality. Since ], is a

solution of the linear elliptic problem formed by the equations (20), (21) and
(23), it satisfies (see [12]) the inequality

Il < C(lbmlleq + 2 ll.0)- (26)

where C' is a positive constant independent of n and m. Therefore, using the
linearity of the problem formed by (20), (21) and (23), the inequality (26) and
Young’s inequality with € > 0 we get that

n u;}n_ugjl un~ 1
by =) < llp@ll(ur, — ") /hllig.q < COBLI o
Q
+eC||(byy, — by ) /B2 g + €Cll(zn — 2 D/BIIE o (27)

where C is a positive constant appearing in the Young inequality. Combining
the inequalities (25) and (27), applying (10) and (19) and choosing an appro-
priate value for e > 0 we obtain the following estimate

1
S (1AL 1 + |22 1 + 2, da

< CO 4. Z(ub bt —b%l)/huz,g), (28)

where C’, C. and C’6 are some positive constants. Now, using the definition of
Rothe’s approximation functions (see (68)) we rewrite (28) as follows

— > 1 2.
18725, () + CrILY 22 () + 7 (0] (29)

Te B
+2Ce/0 /Q\atzm(x,t)\qudt <20 4+ 2C bl 00,110 (0 75

From the estimate (29) we get then that

{Zm }m is uniformly bounded in W'4(0,T,; L9(Q,R")), (30)
{LY?%,},, is uniformly bounded in L*>(0,T,; L*(Q,R™M)), (31)
{Gm }m is uniformly bounded in L°°(0,7.; L*(Q, S?)), (32)

1
{ﬁzm}m is uniformly bounded in L>(0,T,; L*(Q,RY)).  (33)
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In particular, the uniform boundness of the sequences in (30) - (33) yields
{im}m is uniformly bounded in L?(0, T,; L?(Q,R™)), (34)
{tm }m is uniformly bounded in W9(0, T,; Wy 4(Q,R?)).  (35)

Employing (69), the estimates (31) - (34) further imply that the sequnces
{om}ms {LY %20} m, {2m//m},, and {%,,}, are also uniformly bounded in
the spaces L=(0, T,; LX(Q,S%)), L(0,T.; LX(Q,RV)), L*(0,T.; L*(Q,RY))
and LP(0,T.; L?(Q,RY)), respectively. Moreover, due to (30) and the following

obvious relation
n—1

! n _
l 0 Fm — Fm
— h Sm T Em
A= Zx: )
we may conclude that {2, },, is uniformly bounded in L9(0,T,; L9(Q,RY)).
In [19] it is shown that the limit functions denoted by u,T,z and ¥ of the
corresponding weakly convergent sequences have the following properties
ue Wh(0,T; Wy (Q,R?)), (0,L'?z) € L=(0,T.; L*(Q, S* x RY)),
and
2 € WH(0,T,; LY(Q,RY)), ©=B"T—Lze LP(Q, ,R").

To prove that the weak limit of (w,, Ty, 21 ) is a weak solution of the problem
(1) - (5), we are going to employ the concept of the Fitzpatrick function again.
To this end, we rewrite (25) as follows

1 1/2 = 2 1/2 2 2 1 5 2
5 (18220l + 1122 (1)1 + — 12m (1)) (36)
t t
—|—/ / F, (:1:, BTG5, — Lz, Gsz) deds < CO) + / (Z_)m,ﬁTum)Q dr.
0 JQ 0

Next, using the lower semi-continuity of convex functionals we get (18) after
passing to the weak limit in (36). This completes the proof of Theorem 3.1. [

4 Stochastic homogenization

Throughout this section, we follow the setting for stochastic homogenization
proposed in [14] for rate-independent systems.

Remark 4.1. In the following, we introduce the concept of Palm measures.
Note that we will need this concept only in the context of the results in Section
5. For the main results proved in Section 6 we will restrict to the case pl = L
which implies pp = P (this follows from the translation invariance and Fubini’s
theorem). In this case, we will omit up and every integral over  is meant with
respect to P. In particular, we will write [, f := [ f(w)dP(w).

4.1 Concept of Palm measures

Let (Q, Fq,P,T) be a probability space with dynamical system satisfying As-
sumption 1.1 and let M(R™) be the set of Radon measures on R™ equipped with
the Vague topology.
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Definition 4.1. Let (2, Fq,P,T) satisfy Assumtion 1.1. A random measure
is a mapping e : 2 — M(R™), w — p, such that w — py,(A) is measurable
for all Borel sets A C R™. A random measure is called stationary, if pir,.,(A) =
tw (A + x) for all Borel sets A C R™. The intensity A(u,,) is defined by:

AMpw) == /Q/[o,1]n dp, () dP(w) . (37)

Theorem 4.1 (Mecke [16, 7]: Existence of Palm measure). Let w — p, be a
stationary random measure. Then there exists a unique measure pp on £ such
that

[ [ s rd@ire = [ [ .0 diptods

for all L x pp-measurable non negative functions and all L X pp- integrable
functions f. Furthermore for all A C Q, u € L*(Q, up) there holds

i) = [ analne)di, (9P () (33)
[ wdur = [ [ gopurwinis)ape (39)

for an arbitrary g € L'(R™, L) with [y, g(x)dx =1 and pp is o-finite.

Remark 4.2. a) Setting g(s) := Xxjo,11»(s), the Palm measure can equally be
defined through (38).

b) For the constant measure w +— L, we simply find up = P, the original
probability measure. This is a direct consequence of (38), Fubini’s theorem and
Assumption 1.1 (ii).

For a random measure p,,, we define

u(A) == n"p,(n 1 A). (40)

Theorem 4.2 (Ergodic Theorem [7]). Let Assumption 1.1 hold for (2, Fo, P, T).
Let p, be a stationary random measure with finite intensity and Palm measure
pp. Then, for all g € L*(Q, up) there holds P almost surely

lim Ag(ﬂw dpgl(x IAI/ w)dpp (w (41)

for all bounded Borel sets A.

The ergodic theorem only holds for functions on 2. Nevertheless, it moti-
vates the following generalization of the concept of ergodicity:

Definition 4.2. Let f € LP(Q x Q; L& pp) for some 1 < p < co. We say that
[ is an ergodic function if it has a B(Q) ® Fo-measurable representative f such

that for a = f and a = |f|P it holds

lim [ a(z, Tew )dup! (x / / a(x, ) dup (@) dx. (42)

Finally, we say f € LP(Q x Q; L ® up) is an ergodic function if (42) holds for
almost all w.
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By Theorem 4.2, we find that every g € L1 (Q, up) is ergodic. In [14, Section
2.5] a larger set of ergodic functions was identified:

Lemma 4.1. Let Assumption 1.1 hold for (Q, Fq,P,7). Let Q C R™ be a
bounded domain and let f € L>®(QxQ; L& up). Then, f is an ergodic function.

4.2 Potentials and Solenoidals

Let BD(R™) denote the set of bounded domains in R™. For every p with 1 <
p < 0o, we introduce the following spaces:

p
Lpot

(R™) :={g € L, .(R"; R") | ¥Q € BD(R™) 3] € Wir(Q) : g =V ] e ,

loc

Lo (R) := {9 € L}, (R R") | vQ € BD(R™)3f € W, 7(Q) : /Qg Vf = 0} :
On €2, we introduce the corresponding spaces
LD () := {f € LP(;R™) | fu € Ly (R™) P —a.s. and /Qf = 0} ,
L? (Q) = {f e LP(;R™) | fo, € LY |(R™) P —a.s. and /Qf = 0} :

Then, there holds the following orthogonal decomposition.

Lemma 4.2 ([21, Theorem 3.1.2]). Let 1 <p < oo and p~ ' +q¢~1 =1 and let
Assumption 1.1 hold for (2, Fq,P,7). Then the following relations hold in the
sense of duality between the spaces LP(Q2,P) and L1(Q,P):

Q)" =Lt

pot

(Lgot (Q))L = Lq

sol

() ®R™, (LP

sol

(Q) e R".
Every Lgot(ﬂ) function can be optained as the ergodic limit of a sequence
of gradients with vanishing potentials. The following result can be proved like
in [13, Section 2.3].

Lemma 4.3. Letv € L} (), 1 < p < co. For almost every w there exists C' >

0 such that the following holds: For every n > 0 there exists a unique V) with
VVy (@) = v(rzw) and (Vi) < Cllvlze (o) for all n > 0. Furthermore,

: y _
Lim, 1V le @) = 0.

Furthermore, we find the following important Korn inequality, which can be
proved like in [13, Section 2.3].

Lemma 4.4. Let Assumption 1.1 hold for (Q, Fq,P,7). For every 1 < p < o0

there exists Cp, > 0 such that for all v € LY (; R™)

HUHLP(Q;R"X”) <GCp ”US”LP(Q;R"X") : (43)
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4.3 Two-scale convergence: time independent case

Let Assumption 1.1 hold for (Q, Fq,P,7) and let w — p, be a stationary
random measure with ! and pp defined through (40) and (38). For the case
W = L we recall Remark 4.1.

Remark 4.3. The product o-algebra Bg ® Fq is countably generated and there-
fore, the space LP(Q x Q) is separable (see [9, Section VI.15, p. 92]) for every
1 <p<oo. In particular, for every 1 < p < oo, there exists a countable dense
subset @, of simple functions in LP(Q x ;L ® up). By Lemma 4.1, every
¢ € ®, is an ergodic function and there exists a set Qg C Q with P(Qg,) = 1
such that all ¢ € @, satisfy (42) (i.e. they admit ergodic realizations) for all
w € Qg,. This corresponds to the setting of [14].

Definition 4.3. Let 1 < p,q < oo with 1/p+1/q = 1. Let ®, be the set of
Remark 4.8 and let w € Qg,. Let u" € LU(Q;pl) for alln > 0. We say that

u" converges (weakly) in two scales to uw € L9(Q; LY(2, up)) and write u" 2y
if sup, ||u"[|La(qiuny < oo and if for all ¢ € @, there holds with ¢y, () =
¢<LL‘,T%W)

lim u”qﬁw,nduZ:/ /U(Z)dup ac .
Q QJ/Q

n—0

Furthermore, we say that u" converges strongly in two scales to u, written u" 2

u, if for all weakly two-scale converging sequences v" € LP(Q; ) with v 22
v e LP(Q; LP(Q, up)) as n — 0 there holds

lim u”v"dugz/ /uvd,up acr .

Lemma 4.5 (Existence of two-scale limits [14]). Let w € Qg,, 1 < p < 00
and u" € LP(Q;pl) be a sequence of functions such that ||u"| 1, q.,m) < C

for some C' > 0 independent of 1. Then there exists a subsequence of u" and
we LP(Q; LP(Q, pp)) such that u" 22w and

(44)

. . 77/
HUHLP(Q;L”(Q,;LP)) < hf,ﬂigf Hu ‘ LP(Qiu?)

Closely connected with the definition of two-scale convergence and Lemma
4.5 is the following result.
Lemma 4.6. Let f € LY(Q, up). For almost all w € Q it holds: for all ¢ €

Co(Q) and u" € LU(Q;u"), n > 0, and u € LI(Q; LU(Q, up)) with u 22X v it
holds

n—0

lim Quw(x)f(m;w) d,uw:/Q/Qu¢fd,U7) dc.

The following Lemma is well known in the periodic case ([3]) but also in the
stochastic setting ([14, 34] for p = 2). The following version can be proofed
along the same lines as Lemma 6.2 in [14].

Lemma 4.7. Let 1 < p < co. Ifu" € Wy P(Q;R") for all n with [VuT||Le(q) <
C for C independent from n > 0 then there exists a subsequence u" and func-
tions u € Wy P(Q;R™) and v € LP(Q; L, (% R™)) such that

pot

/' 2s ’2s
vl =2y and Vu" =2Vu-+wv ase—0.
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We finally collect some usefull results.

Lemma 4.8. Let u € LP(Q; LP(Q; up)). Then, for almost every w € €, there

exists a sequence u" € LP(Q; ul') such that u" 22 as n — 0.

Lemma 4.9. Let N € N and let A € L>(Q; L= (Q; Z (RN, RY))) be symmetric
and assume A is Bg ® Fq -measurable. We furthermore assume the existence
of a constant o > 0 such that

1

a|§|2 < EA(z,w)é < — |§|2 V¢ € R™ and for L X pp-a.e. (x,w) € Q x Q.
«

(45)

Then, for almost allw € Qg there holds: For all sequences u' € L2(Q; u"; RN)

with weak two-scale limit u € L*(Q; L*(; up; RY)) there holds with A, . (z) ==
Az, T2 w)

liminf/ u'l - (Aywou) dp! 2/ /u(Au) dup .
Q QJ/Q

n—0

4.4 Two-scale convergence: time dependent case

We are also interested in the convergence behavior of functions u” : [0,7] —
Lp (Q7 ﬂZ)

Definition 4.4. Let 1 < r,7’,p,q < oo with %—l—% =1 and %—l—% =1. Let ®, be
the set of Remark 4.3 and let w € Qg,. Let u € L"(0,T; LP(Q; p)) for alln >
0. We say that u" converges (weakly) in two scales touw € L"(0,T; LP(Q; LP(Q, up)))

and write u" 22 y if for all continuous and piecewise affine functions ¢ : [0,T] —
®, there holds with ¢, ,(t,x) = qﬁ(t,x,T%w)

T T
lim/ /u”qﬁwmduZdt:/ //uqbd,up dx dt
n—=0Jo Jq 0o JQJa

The following two lemmas where proved in [14].

Lemma 4.10. Asssume that1 <p < oo and 1 <r < oo. Then, every sequence
of functions (u" € L"(0,T; LP(Q; i1}))) .~ Satisfying

HunHL’“(O,T;LT’(Q;MZ)) <C

for some C > 0 independent from n has a weakly two-scale convergent subse-
quence with limit function u € L"(0,T; LP(Q; LP(Q2, up))). Furthermore, if

10wl 020 @suzy) < €
uniformly for 1 < p < oo, then also H@tuHL,«(O7T;LP(Q;LP(Q#P))) < C and dyu" 2%

Owu in the sense of Definition 4.4 as well as u"(t) 2 u(t) for allt € [0,T].

5 Homogenization of convex functionals

Lemma 5.1. Let Assumption 1.1 hold for (0, Fq, P, T) and the random measure
to- Let f: Q x QxRN = R be a conver functional in RY. For almost all
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w € Qg, the following holds: Let u" € Li(Q;RYN) be a sequence such that

S

[u"| pa(qy < C for some 0 < C < oo and such that u" RueLl(Qx UL
up; RY). Then, it holds

//fxwuxw))d,up( )dx<11m1nf/ fI'Tzw u'(x))dp! (z) .

The proof of Lemma 5.1 is literally the same as for Theorem 7.1 in [35].
However, we provide it here for completeness.

Proof. Let w € Q¢ and let f* denote the Fenchel conjugate of f in the third
variable. Without loss of generality, we may assume that

lim/fwxw" ) dp //f (2,3, (2, 0)) dup(@) dz (46)

n—0
for all ¢ € (b]]DV and all w € Qg . We first consider the case

fl@,w,.8) = (¢ (47)

for almost every (z,0) € Q x Q and all £ € RY. We then find for every ¢ € q)i)v
F,y = / fow (@, u'(x)) dpf(x) > /QU"( ) (x)dpl (x / Fowo(@, 0 (x)) dpfl ().
Due to u? 2y and (46) we find

liminf F, >// (@, @) - (2, @) — (@0, 9(@, ) dip(@) de

n—0

for all ¢ € <I):f)v . Since (47) holds, f* is continuous in ¢ and the last inequality
implies

lim inf F, >/Q/Qf(;v,dz,u(x,cb))dup(dj)d:c. (48)

n—0

In the general case, let

- /Q P, (2)) Al () + 8 [ -
Then, 0 < F — F,, < C6 and (48) implies that

hmmfF >/ /f (, 0, u(z,®)) dup (@ )d$+5HU”Lq(QxQ) :

Hence the claim follows. O

Lemma 5.2. Let Assumption 1.1 hold for (0, Fq,P,T) and let p,, be a random
measure. Let f: Q x Q x RN — R be such that for a.e. (x,&) the function
f(x,@,-) is convex in RN . Then, for almost every w € Qg the following holds:
If ul € LYQ;RYN) is a sequence of minimizers of the functionals

P e [ Jla,mse,u@) du@)
Q
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and if sup, o |[ud || a(q.um) < 00, then there exists ug € LY(Q X L& pp; RY)

such that ! 28 ug, along a subsequence and ug,, is a minimizer of
Fo: LYQx %L up;RY) = R

u /Q flz, 0, u(x,®)) dup (@) dx .

Proof. Let uy € L1(Q x ;L ® up) be a minimizer of Fy. By [29, Theorem
IT1-39] we can assume that ug(x,®) minimizes f(x,®) for almost every (z,w).
Then, for almost all w € Q it holds ug(z) := ug(z, Tzw) € LY(Q; RY) and

me(ug) > Fpw(u').

We chose a subsequence uzl and up, € LYQ x %KL ® pp; RY) such that

uf]; 28 ug,w- Since Fy ,(ud) — Fo(up), we find

/ / [z, @, ugw(z,@)) dup (@) de < liminf F, ,(u]) < Fy(uop).
Q Q ’ 77—)0 ’

Hence, g, is a minimizer of Fp. O

Theorem 5.1. Let Assumption 1.1 hold for (0, Fq,P,T) and let u,, be a ran-
dom measure and let 1 < p,q < oo with % + % =1. Let Q C R™ be a bounded
domain and f : Q x Q2 x R? = R be measurable and for all (z,w). Let f(x,w,)
be continuous and convex in R with f(x,w,&) > [£]9. Then, for almost every
w € Qg, it holds: If u" € Wh4(Q) is a sequence of minimizers of the functional

F,: LYQ)—R

UI—>/wa,,,(2:,Vu(:L‘))dx

such that sup, . [|ull|pa(q.um) < 00, then there exist u,, € Wy (Q) and v, €

LYQ; L], (Q)) and a subsequence u" such that u" — w,, strongly in LI(Q)

and Vu" 28 Vuy, + v, asn — 0 and (uy,v,) is a minimizer of the functional
Fy: Wy'(Q) x LUQ; L, () — R

(u,v)»—>/Q/Qf(:z:,w,Vu(x)—l—v(:z:,ab))dp(cb)dx.

Proof. Let ®,o; be a countable dense subset of LI () and let Qc Qg, be
a set of full measure such that Lemma lem:valid-ts-test-function holds for all
w € Q. By span®,,.; we denote finite linear combinations of elements of ®,;.
In what follows we restrict to the case w € Q.

Due to Lemma 4.7 there exist u,, € W4(Q) and v,, € L9(Q; L (2)) such

that Vu" 2% Vu,, + v, and u" — u,, along a subsequence, which we denote u"
for simplicity. Let ug € W, '%(Q) and vy € LY(Q; L],,(22)) be a minimizer of
the functional Fj.
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Now, let 6 > 0. There exists vs € LY(Q;R®po) which is simple and has
compact support in @ such that ||vg — U&HLq(Q;LgOt(Q)) < 6. In particular, we
find sets A; C Q, 1 <@ < K; and functions 0; € span®, such that

= ZXAi(w)@i(w) :

Let (¢c).~o C C5°(B:) be a family of mollifiers. For ¢ > 0 we denote v, 5(-, w) :=
e * U(+,w), where * is the convolution with respect to the Q-coordinate. Then
Ve,5 € C3(Q;span®pot) for € > 0 small enough and ||vz,5 — vs| Le(@.z7_ (@) — 0
as € — 0.

Given z € Q we apply Lemma 4.3 and denote V. s(z,-) € H'(Q) the 7-
potential to ve s(z) and n and V%5(z,-) € HY(Q) the potential to vs(x) and 7.

Further, if Vf’n is the corresponding n-potential to 0;, we find

pot

2= e+ p)@)Vi(x) and Ve, ZXA @)V,

Since the mapping U; — an is linear, we find V;*_ ; € CHQ; HY(Q)) with
\V (V,,;fg,(;(x, x)) V.V e s T) + VZVn“javé(ac, x)
= (Vs () + Vo) (@) + (e % vs(,72) ) (@)

For the first term on the right hand side we obtain

/‘ (- x) * Vo) (2)|* dx</ dx/ dz ||V |2, |Vies(z — z,2)|*

Ks
<Ivecll, [ aryo|V;
Q =1

Since the last expression on the right hand side converges to 0 as n — 0 by
Lemma 4.3, we find that VV,, . s(z, x) 2 Ve 5(z,w).

Hence, we find for € small enough that V;*_ s(x, x) is a valid point of evalu-
tation for F), and

< @)

Fy(up + V,;‘,’E,(;) = /wa,n(x, Vug(z) + (V;f(;(-,x) * Vgos) (x) + <g05 * Vs (- T%UJ)) (x)) dx

— / / f(z,w, Vug(z) + ve s(x,@)) dP(@) dx asn — 0.
QJa
On the other hand, due to Lemma 5.1, we have
rl;ii% Fy(uo + Vo 5) > linm_j(r)lf F,(u") > Fy(uw, vy) > Fo(ug,vo) -

Since f is continuous in &, we obtain from successively passing to the limits
e — 0 and 0 — 0 that

Fo(ug,v0) > Fo(uw, V) > Fo(ug,vo) .

O
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6 Homogenized system of equations

In this section, we are in the setting p,, = £ for all w. Hence, we frequently use
the notations introduced in Remark 4.1.
The model equations of the problem (the microscopic problem) are

—divyoy(z,t) = bz,1), (49)
ooz, t) = @[T w} (e(Vatiy(2,1)) — By (a,1)), (50)
Az t)),  (51)

together with the homogeneous Dirichlet boundary condition

x
n

Orzp(z,t) € G <T%dz, BT o, (x,t) — Ly[r

z
n

up(x,t) =0, (x,t) € 0Q x (0,00), (52)
and the initial condition
2n(,0) = 20 (x, TLW), z € Q. (53)

Now, we state the main result on the stochastic homogenization of the weak
solution (u,, 0y, 2,) of problem (49) - (53).

Theorem 6.1. Suppose that all assumptions of Theorem 3.1 are satisfied. Let
(U, 00, 2y) be a weak solution of the initial-boundary value problem (49) - (53).
Then, there exist

ug € WH(0,To; Wy '(Q,R?)), uy € WH(0, To; LUQ; Lo, (4 R?))),
00 € H'(0,To; L3(Q; L2, (1:8%))), 20 € WH9(0,Te; L9(Q; LU RN)))

such that (up to a subsequence)

2s 2s 2s 2s
Uy = Uy, Vuy, = Vug+ui, o, = oyand z, = 2. (54)

The weak two-scale limit function (ug,u1,00,20) solves the following homoge-
nized problem:

—div, </Q O'g(.fC,Cd,t)dP) = b(x,t), (55)
oo(z,w,t) = @[w](e(ul(x,w,t))—Bzo(x,w,t)

+ e(Vmuo(x,t))>, (56)
which hold for (z,w,t) € Q x Q x [0,T¢], and with the boundary condition
uop(z,t) =0, (x,t) € 0Q x (0,T¢). (57)
Moreover, the following variational inequality holds (A = @_1)

/Q/Q{(A[w]a(x,w,t),a(:z:,w,t)) + (f/[w]z(m,w,t),z(x,w,t))}deg;
+/Ot/Q/Qf§ (w,BTJ(m,w,T)—f}[w]z(x,w,T),@Tz(x,w,T)) dPdxdr
S/Q/Q{<A[w]g(0)(x7w),0(0)(x,w)) + (E[W]E(O)(x,w),2<0)(m,w))}dpdx
+ [ 06, 0cute. ) dod 5
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where (v, v1) € HY(Q,R?) x L*(Q, L%,,(R)) and o9 € L*(Q, L?,(2)) solve
the linear elasticity problem

—div, 0O(z,w) = b(x,0), (59)
o0 (x,w) = A[w] (6(Vv(0)(x) + vy (z,w)) — Bz (x,w)), (60)
v (z) = o0, r €0Q. (61)

The careful reading of the proof of Theorem 3.1 suggests the following result.

Proposition 6.1. Suppose that all assumptions of Theorem 3.1 are satisfied.
Then, the weak solution (u,,o,,z,) of problem (49) - (53) (in the sense of
Definition 3.1) fullfills the uniform estimates

{u,},y is uniformly bounded in W1(0,T,; L1(Q;R?)),
{on}y s uniformly bounded in L*(0,Ty; L*(Q;S?)),
{zn}y is uniformly bounded in Wh(0,T,; LY(Q; RY)),
{LY22,},) is uniformly bounded in L>(0,T.; L*(Q;R™)),
{3}y is uniformly bounded in LP(0,T; LP(Q;RM)).

The result of Proposition 6.1 plays an important role in the proof of Theo-
rem 6.1 below.

Proof of Theorem 6.1

Proof. Proposition 6.1 provides the required uniform estimates for the solution
of the microscopic problem (49) - (53). Therefore, due to Lemma 4.10 there
exist functions ug, u1, 09 and zo with the prescribed regularities in Theorem 6.1
such that the convergence results in (54) hold. We note that (50) gives equation
(56), namely

oo(x,w,t) = Clw] (e(Vauo(z,t) + ur(z,w,t)) — Bzo(z,w, 1)), ae. (62)

Next, we test equation (49) with a function ¢ € C§°(Q,R3). Passing to the
stochastic two-scale limit in the integral identity corresponding to (49) yields

/ / (00(2, 0, 1), £(Va () dzd P (w) = / (b, 1), $(x))da. (63)
QJQ Q

Now, we consider ¢g ,(z,t) = n(b(x,t)Vn‘:’(a:), where ¢ € C3°(Qr ,R) and v €

LY, (€) with potential V%’ given by Lemma 4.3, as another test function in (49)

and obtain

77/0 e/Q(an(x,t),vnﬁ(x)@Vx(b(x’t))dmdt
+ /0 ‘ /Q (0n(,1), (. t)e(Vav(r2 b)) da dt (64)

:/OTE/Q(b(m,t),%(x,t))dxdt.
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The stochastic two-scale limit in equation (64) yields

Te
/0 /Q/Q (o0(z,w,t),e(Vov(w)))d(z, t)dP(w)dzdt = 0. (65)
Equation (65) implies that the integral identity
/Q (ao(m,w,t),e(VwU(w)))dP(w) =0 (66)

holds for ever v € L{  (Q) for a.e. (x,t) € Q x (0,T,). Integral equality (66)
yields that og(z, -, ) G L2,(9;8?) for ae. (z,t) € Q x (0,T,).
To pass to the stochastic two-scale limit in the inequality

/ {<A[T Slon(w,t), oy (2, t)> + (E[T%@]Zn<x7t)7zn($at))}dx

//fg

g/Q(A[ =300 (2), 0 da:+// (,7), Oy (z, 7)) dz dr
+/Q(£[T 32O (@, 72, 2C (x,T%@)) dz,

(@, 7) = E[T%@]zn(x,r),ﬁTzn(x,T)> dxdr

S\H

we use the results of Lemma 4.9 and Lemma 5.1 and obtain
/ / (2,00,1), 0 (@,0,6)) + (Llwl2(w,0,1), 2(,0,1) ) } dP(w)da
+/0 /Q /Q f3 (@, BT o(w,0,7) = Llw]a(w,w,7), Or2(x, w, 7')) AP (w)dwdr
< /Q/Q{<1§k[w]0(0)(x,w),U(O)(av,w)> n (E[w]g(o)(x7w)’5(0)(x,w))}d,P(w)dx

+/Ot/Q(b(x,T),aTu(m,T))dxdT,

where 0(®) € L?(Q, L*(Q)) solves the following linear elasticity problem (59)-
(61), which is obtained by the passage to the stochastic two-scale limit in equa-
tions (12) - (14). Here, v(? € H*(Q,R?) and v; € L*(Q, L2,,(2)).

Therefore, we conclude that the limit function (ug,u1,00,20) satisfies the
homogenized problem (55) - (57) and the variational inequality (58). O

Appendix: Rothe’s approximation functions

Here we recall the definition of Rothe’s approximation functions. For any family
{&" Yn=0.....2m of functions in a reflexive Banach space X and for h = T, /m, we
define the piecewise affine interpolant &,, € C([0,T.], X) by

Emlt) = (% —(n— 1)) oy (n _ %) &1 for (n—1)h <t<nh, (67)
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and the piecewise constant interpolant &,, € L>=(0,T.; X) by

En(t) =" for (n—1)h <t<nh, n=1,...2" and &,(0) :=£°.  (68)

For the further analysis we recall the following property of &, and &,,:

_ _ 1/p
[€mllLe0,7.%) < N&mllLe(—n1x) < (h|‘§2’bH§( + HﬁmHIzp(o,Te;X)) , (69)

where &, is formally extended to ¢t < 0 by £ and 1 < p < oo (see [25]).
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