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Abstract

The electrical properties of the circuits are described in terms of
their scattering matrix using Maxwellian equations. Using a finite-
volume scheme a three-dimensional boundary value problem for the
Maxwellian equations in the frequency domain can be solved. This
results in a two-step procedure: a time and memory consuming eigen-
value problem for nonsymmetric matrices and the solution of a large-
scale system of linear equations with indefinite symmetric matrices.
Improved numerical solutions for these two linear algebraic problems,
the computation of the scattering matrix and of the used orthogonal-
ity relation are treated in this paper. The numerical effort could be
reduced considerably.
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1 Introduction

The model for the simulation of monolithic microwave integrated circuits,
and the finite-volume method for the solution of the corresponding three-
dimensional boundary value problem for the Maxwellian equations [4], [5],
[2] are in detail treated in [10]. We refer in this paper to [10].

The essential points of the method are :

e Microwave devices can be described by an interconnection of infinitely
long homogeneous transmission lines which are attached to a structure.
The waveguides and the structure are shielded by electric or magnetic
walls. The waveguides and the enclosures are cut at cross-sectional
planes. The tangential electric or the tangential magnetic field is known
on the whole surface. Figure 1 illustrates the principal structure under
investigation.

e The electrical properties of the circuits are described in terms of their
scattering matrix using Maxwellian equations.

e The scattering matrix can be computed if an orthogonal decomposi-
tion of the electric field can be calculated at a pair of two neighboring
cross-sectional planes on each transmission line for a number of linear
independent excitations of the transmission lines.

e The boundary region is divided into elementary rectangular paral-
lelepipeds by using a three-dimensional nonequidistant Cartesian grid.
The application of the finite-volume method to the three-dimensional
boundary value problem for the Maxwellian equations in the frequency
domain results in an eigenvalue problem for nonsymmetric matrices and
the solution of a system of linear equations with indefinite symmetric
matrices.

We introduce in this paper improved numerical methods for the time and
memory consuming eigenvalue problem and the solution of the system of
linear equations of the program package F3D (Finite Differenzen dreidimen-
sional) [5], [2]. We represent the computation of the scattering matrix and
of the orthogonality relation used in F3D.

The program package F3D allows to simulate the electromagnetic field of
nearly arbitrary shaped structures.
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Figure 1: Structure under investigation

Improving the eigenvalue procedure increased efficiency by factors of 25 until
40 in typical medium-sized examples compared to the original version of this
part of the package F3D. The storage requirements could be reduced by a
factor of 20 in the example used for demonstration in this paper, since the
sparse storage technique is applied.

Furthermore, the execution time for the solution of the linear algebraic equa-
tions was reduced by a factor of 5.

The improvements in the computing times and the storage requirements in-
crease essentially with the dimension of the problem. Especially the reduc-
tion of the storage requirements permits the solution of problems of higher
dimensions because the size of the memory of the workstations is restricted.

2 The Numerical Solution of the Eigenvalue
Problem

(1) and (2) form an eigenvalue problem for the transverse electric field on the
transmission line region (see Figure 1). The cross-sectional plane is located
on the (z,y)-plane of the enclosure.

If the cross-sectional plane is located on the (z, z)-plane or on the (y, 2)-plane
of the enclosure, one can derive similar equations which correspond to (1)
and (2).

The eigenvalue problem is derived in [10].

(h) are the eigenvalues. E,,, Ey, ;,, k = const, are the components of the
eigenfunctions (transverse electric field).
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with (k, is the propagation constant.)

y(h) = e"=2h 4 gtaka2h _ 9 — _45in(k,h) (3)
and with
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(', 7', k') are the indices of the elementary cell which is located in s-direction
in front of the cell (z,7, k):

s=z: v=1-1, 3'=3 K=k ,
s=y: =1, j=7-1, K=k

Because we use a Cartesian grid, we have

mi:jzk = mirj"l:k = mi:j'{'l,k b]
yi!jrk = y7'+1s.7)k = yi_17.71k *

There are the following relations between the quantities (complex permittiv-
ity €, permeability p, conductivity &, circular frequency w, wavenumber in
vacuo 3r) (see [10])
K - -

E=€+ J—;, €= €€y, [ = Mo, 39 = Wy/Eolp . (6)
The quantities € and f can be different from cell to cell.
The cross-sectional planes can be located on the 6 different planes of the
rectangular parallelepiped.

Let be
€= (E8)" » &= (Co & ran,) » &, = By (7)
Ey = (_e.y1 ? §y27 A 7§yn=y) bl gy‘ = Ey-,‘,j.k
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with

L=(G—-1Dng+1, t1=11)ng 7=1(1)n,,

Ngy =NgNy, and k=1 or k=n, .

(8)

The assumption k& = 1 corresponds to the case, in which the cross-sectional
plane (see Figure 1) is located on the left-handed (z,y)-plane of the enclo-
sure.

On the transmission line wall, the tangential component ﬁtang or the tangen-
tial component ﬁtang must vanish. Because we reduced the wave propagation
on the transmission line to a two-dimensional problem (see [10]), we have to
take into account boundary conditions on the port of the structure only (see
Figure 2). We consider the boundary condition

Eiang =0, (9)
on the left-hand side and at the bottom of the port as an example, that is,

gﬂ'-’l = Ezi,l,l = OJ l = 7:7 i = 1(1)77':1:; (10)
and
gyz = Eyl..'i.l = O, ! = (] —_ l)nm + 1, _7 = 1(1)ny . (11)

Let be M = (mpg), p,9 = 1(1)2n4y, the matrix of the eigenvalue problem
(1, 2). Because of the boundary conditions (10) and (11) we get from the
eigenvalue problem (1, 2) for ¢ = 1(1)n, and for j = 1(1)n,:

my2Bz,,, +Min.11Bz ,,+
ml,n=y+1Ey1,1,1 + ml,nzy+2Eyz,1,1 = 0’

mi,i—lEmi—1,1,1 + mi,i+1E$i+1,1,1 + mi,ﬂ-=+iExi,z,1 +
mi,n=y+‘iEy£,1,1 + mi,nsy+i+1Eyi+1,1,1 = 07 (12)
1=2(1)n, — 1,

Mnyng—1 E¢n¢—1,1,1 + Mpzmz+ne Ezn.: 2,1 -+
mﬂz:ﬂcy‘l‘ﬂz E‘!hz:,l,l = 0

and



mn=y+1,1E$1,1,1 + mﬂ-zy'f'l,n:n'*'lExl,z,l +
mnzy+1:"=y+2Eyz,1,l + mﬂzy+1,n=y+n=+1E‘y1,z,1 = 05

Myt (j=1)ne+1,(~1)ne+1Ea; j, +
mn=y+(.‘i—1)nz+1,jn=+1Emz,j+1,1 +
Mnzy+(i-1)ne+1ney+(i—2)n=+1 Ey1,5—1.1 +
Mrpy+(3—1)ne+1,ney+(i—1)ne+2 E‘yz,j,l +

Moy +(§=1)ne+1meytine+1 By jyay =0, 7 =2(1)ny — 1,

(13)

m""cy+(ﬂy'1)n=+1r(ny—1)"z+1Eftl,ny 1 +

Mgy +(ny—1)ne+1nzy+(ny—2)nz+1 ny,ny gt

mﬂ-::y'*‘("fy—1)n=+1:n=y+(n‘y_1)nc+2E'yz,'ny,l =0.
That means, the Equations (12) and (13) have not to be taken into account.
The corresponding components of the eigenvectors are known (see (10) and
(11)). Thus, the dimension of the eigenvalue problem is reduced to 274, —ny,
Ty = Nz + Ny, in this case. We denote the matrix of the reduced eigenvalue
problem with M.
We have to remark that we generally have to take into account also boundary
conditions at interior boundaries, which are to be treated in the same manner.
The ng, components of the vector €, are the first ng, components of €;, and
the ng, components of the vector €, are the first 7., components of &,
both defined in ( [10], Equation (36)). After solving the eigenvalue problem
these 2n,, components are used as boundary values for the three-dimensional
boundary value problem described in [10] which results in the large scale
system of linear equations with the 3ngyn, unknowns €, €, €,.
If the cross-sectional plane is located on the right-handed (z,y)-plane of the
enclosure, we have k = n,. In this case, the n,, components of €, are the
last ngy components of €, and the ng, components of g, are the last ngy
components of &,.
If the cross-sectional planes are located on the (z, z)- or (y, z)- planes of the
enclosure, we can find easily in a similar way the appropriate components of
€ and €. v
If the cross-sectional plane is located on the (z, z)-plane, the y-direction is
the longitudinal direction of the corresponding transmission line, and we have

§= (Emagz)T b] gx;(gzﬂgmz)"‘?gvnu) ? Q‘clexi,J‘,k’ (14)
—
€ = (€18 18a,) 0 & = Bayy

with
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Figure 2: Boundary conditions on the port of the structure
L=(k—1n+1, i=11)n,, k=11)n,, (15)

Nz = Ny,

and j=1 or j=mn, .

If the cross-sectional plane is located on the (y, z)-plane, the z-direction is
the longitudinal direction of the corresponding transmission line, and we have

§= (§y7§z)T ) _e_:y
Jiy
[

=z

with

= (le,gyz, ctT ’g‘yw_,,.-_) » &y, = Eyi.j,k’ (16)
= (§z1:§z27 L :Qz,,yz) ] .sz = Ezi,j,k



L= (k=Lny+j, j=11)ny, k=1()n,,

Nyz =NyN,, and 21=1 or 2=n, .

(17)

We refer to the case (7) in the discussion to follow.
The matrix M of the reduced eigenvalue problem (1), (2), (12), (13) depends
on h? (see (4), (5)):

M(R*)e=y(h)E , dim(M) = (2ngy — 1, 2nay — 7). (18)

The size of n, depends on the boundary conditions.

The dependence of M on h can be used in numerical solution methods to
scale the set of eigenvalues v of (18).

The sparse matrix M is nonsymmetric. There are 2n,, eigenvalues v = u+ v
and corresponding propagation constants-k, = £ — ja:

vy, = —4sin?(hk,) = u, + v, ks, =F —ja, t=1(1)2ng .  (19)

The propagation constants k, can be computed from ~y after the solution of
the eigenvalue problem (1), (2), (12), (13).
We get from (3)

Ll sinlomy = L (2 [ (e )
kzb-—harcsm(zﬁ)—zhln(z+1+ 2(2—{-2) : (20)

A propagation constant k, and its corresponding eigenfunction are called a
mode. ’

In the discussion to follow we denote sets of propagation constants k, with
an indicated p and the corresponding eigenvalues in accordance with (19)
with indicated p.

Le be p, the set of all propagation constants k, and go the set of the corre-
sponding eigenvalues v of M.

The energy of the complex and evanescent modes decreases exponentially
with the distance from the structure. Thus, most of the modes can be ne-
glected within the limit of accuracy. Only some modes (see [10], section
2) are taken into account. The other modes are assumed to vanish within
a given distance d between the cross-sectional plane and the discontinuity.
Generally speaking, the larger the magnitude of the imaginary part of k, the
stronger the decay. Therefore, the propagation constants k.,, ¢ = 1(1)2n4y,



of the set p_ are sorted in ascending order of | ¢, |. In the case if some | o, |
have the same value the constants k,, are sorted in descending order of | £, |.
Let be mz the number of propagation constants which are able to propagate.
These my propagation constants are then the first of the sorted list p  and
have to be taken into account.

In the former version of the program package F3D the set p_ of all propaga-
tion constants was computed and sorted in order to select the set p y of the
first myz propagation constants of [ This way is very time-consuming. The
sparse matrix is stored as a dense matrix.

In order to avoid the time-consuming computation of all eigenvalues v we
use an iterative method now, which is carried out twice to find the mz prop-
agation constants.

Using the iterative method the computation of the needed propagation con-
stants in a typical example is 40-fold faster than in the old version. The re-
duction of the memory consumption amounts the 20-fold in the represented
example, since the sparse storage technique is applied. |

We use the nonsymmetric version of the implicitly restarted Arnoldi iteration
[17], [15], [13], [18], [11].

The Arnoldi iteration produces a partial orthogonal factorization of a ma-
trix A of order m into an upper Hessenberg matrix H, of order r, r < m.
Using the eigenvalues of this small matrix an approximation of a subset of
the eigenvalues of the matrix A can be obtained. The approximation of the
eigenvalues of H, to those of A is improved if r increases. But for higher r the
algorithm needs more time and storage. To avoid the higher cost and stor-
age requirements the Arnoldi iteration is used with an implicitly re-starting
technique. The implicitly re-started Arnoldi iteration can be considered as a
truncation of the implicitly shifted QR algorithm.

We can compute a set of eigenvalues of largest or smallest magnitude, real
part or imaginary part in different modes with the help of the Arnoldi iter-
ation. The standard eigenvalue problem Az = Az can be solved using the
regular mode Az = Az or the inverse mode A~'z = 3z [18]. The Arnoldi al-
gorithm is called iteratively to solve one of these problems generating Arnoldi
vectors. Using the regular mode most of the cost in generating each Arnoldi
vector is in the matrix-vector product. Using the inverse mode we have to
solve a system of linear algebraic equations on each iteration.

The method does not converge in the regular mode for our eigenvalue prob-
lem. Thus, the Arnoldi algorithm is called iteratively to solve the standard

10



eigenvalue problem using the inverse mode A™'z = $z with the more time-

consuming solution of linear algebraic equations.

The process of solving the systems of linear algebraic equations consists of
the factorization of the coefficient matrix and the subsequent forward and
backward substitution. Because the matrix A does not change using the
Arnoldi iteration, we have to factorize A only once at the beginning of the
method. The forward and backward substitution is done on each iteration
step.

The coeflicient matrix of the system of linear algebraic equations is sparse.
We use a direct method, a Gaussian elimination for sparse matrices, [16],
[3], [9] to solve the ill-conditioned system of linear equations. The Gaus-
sian elimination is carried out with a special pivoting (Markowitz criterion,
[12]) which permits a compromise between a minimum fill-in (increase of
the number of non-zero elements during elimination) and numerical stabil-
ity (connection of topological and numerical pivoting). We use the maximal
numerical stability in this criterion.

Thus, using iterative methods we are able to find a subset of the eigenval-
ues - of the high-dimensional problem. That is, first we need an estimation
ny > my of the number of propagation constants mz which have to be taken
into account. The engineer is able to give a good estimation of n;. Then we
compute a subset gp; of n; eigenvalues « of smallest magnitude.

The real propagation constants are of course the propagation constants with
the smallest magnitude of imaginary part. In most applications one has at
least one propagation constant with zero imaginary part. These propagation
constants have to be taken into account anyway. It is important, however,
to know also some propagation constants of the sorted list which have the
property | a |> 0 (see (19)), in order to decide whether the eigenfunctions
decrease strong enough in a given distance d. If we find real propagation
constants only, we have to choice a greater n; for a new computation. If we
also find propagation constants with imaginary parts which do not vanish,
we can decide whether the eigenfunctions decrease strong enough in a given
distance d between the cross-sectional plane and the discontinuity. If neces-
sary, we have to change the distance d in our model.

In generally, we have p PAYA # 0, but p P € p,- The relation between v and

k. is nonlinear. Because of (3) and (19) we have

11



’)’(h) — e+_7k;2h + e—-gk;Zh —9 = (e-l-szh _ e—]kzh)Z
= (egto2h 4 e=a2h)(1 — 25in® (Fh)) — 2+ (21)
27(et*?h — e=22*) sin (£h) cos (Fh) .
We consider special values of vy = u+ v and &k, = £ — jo.
Because of (21) we have

a = 0: v=—4sin?(Fh), ©u<0, v=0,
F = 0: y=etoth pgo2h_9o ©u>0, v=0, (22)
Fh = Z: y=—(et*®h4e®) -2, 4<0, v=0.

We will come back to this special values in the discussion to follow.

How we can find the first mz propagation constants of the sorted list of ©,
and the appropriate value of the distance d?

We compute the set p; of eigenvalues v of smallest magnitude using the
Arnoldi method in inverse mode looking for eigenvalues of largest magnitude.
If we choose h small enough, we have (see (3))

v = |—4sin?(hk)| < |—4(hk.)? ] (23)
y = sin®? z and y = z are monotonically increasing functions in the intervals
considered. Thus, the corresponding set of propagation constants g, is also
a set of propagation constants of smallest magnitude.
However, we have to find a set of propagation constants with the smallest
possible magnitude of the imaginary part.
We consider separately the subset p_ ) of imaginary, the subset [ of real
and the subset £, of complex propagation constants of the set [

£, Ve, Up, =p,

4103105361:@. (24)
Imaginary propagation constants (£ = 0)

Because of (23) there cannot exist imaginary propagation constants in p_ .
with a smaller magnitude than we find in the set p -

Because of (22) the corresponding eigenvalues in o, are positive real numbers.
Complex propagation constants

Let be p_ . the subset of complex propagation constants which we find in
p,- Let be k,, the complex propagation constant of p_ 1 with the smallest

magnitude of the imaginary part. The question in this case is:

12



Is there a su.bset L. 0. N, = 0 and ©., C By of other complex propagation
constants with

kzg = ﬁe — JCp with I Qo |Sl ax I: e = 1(1)72'62 ? (25)

But, we have not to decide this question in the lossless case (u, € real, kK =
0, c0), since always evanescent modes exist in this case, and it is sufficient to
use the evanescent modes to judge the distance d between the cross-sectional
plane and the discontinuity.

Real propagation constants (a = 0)

The set g, of real propagation constants of smallest magnitude belong to g )

(see (24)). The corresponding set g,, of eigenvalues consists of negative real
numbers (see (22)):
Now let be g,, the subset

Vo =Up+ IV, With u, <0, v,=0, p=1(1)n,, (26)

of negative eigenvalues of the set gp;, which is computed.

We note that also complex propagation constants can correspond to negative
eigenvalues (see third row of (22)). We have p,, C pr, C p1. We separate
for, from p; and compute the corresponding set £, of propagation constants

k., = ilb—arcsin (—;—\/u_g), 1, <0, o=11)n,, . 27

We are interested in the subset [ of real propagation constants of the set
g only (see remark after (26)).

Let be k., = [, the propagation constant of smallest magnitude of g_o:z.

The question is:

Is there another set e, of propagation constants with g, N Q:z = 0 and

., Ngp, = 0 with

k. =Fc—j0, with og=0 and |[f[>] /?g , s=11)n? (28)

We use the matrix (— /) rather than M to decide this question.

The corresponding set g, of n,, eigenvalues consists of negative real numbers
(see (22)). The set gor, U pr, of negative eigenvalues of M corresponds one to
one with a set of positive eigenvalues of the same modulus of (—M).

The matrix (—M) is extended by some, for example a set A; of positive

13



elements fy.,(-]\fﬂ), 7 = 1(1)ns, , adding np, rows and ns, columns such that the
elements 77(-M ) are diagonal elements of the extended matrix M*. The other

elements of the new rows and columns are chosen to be zero:

[ A | A

M *
77("&1 )

i = (29)

\ /
The spectrum of M* consists of the spectrum of — M extended by the added
np, eigenvalues 'y,(-M‘).

How should one choose the ny, additional eigenvalues?

We can give an upper bound | 7" | for the smallest element of the set
hy of the ny, additional eigenvalues fy.,(.M') such that all interesting positive
eigenvalues of /{* are smaller than the bound | F¥°) |.

Because of (6) we have

k, < wy/eh = /Eio. (30)
The quantities € and [ can be different from cell to cell. We select the maxima
of this quantities (see Eqn. (16) in [10] for the indices):

g(mam) — nba‘lic {Ei,j,k}7 /’l(in.a:v) — Ifla']Z{ {ﬂ'i,j,k} . (31)

3 R

From (23), (6), (31) and (30) and with

€ = ,fei#o’ o = lof, w = 2rf (32)

we obtain the following estimation
(I =(maz) ~(maz ~(maz) ~(mazx 2m ’
|7 [ 4ememe) (seoh)? = delmes) plomes) (Th> ;- (3)
with
- ¢o [2] velocity of light in vacuo,

14



- Ao [m] wavelength of light in vacuo,
- f [3] frequency.

We use the following set &; of additional eigenvalues

) S| ) (14 D) 7= 1(1)m, (34)

107

to build M* and compute a set A, of np, = np, + n,, eigenvalues of largest
real part of M* using the Arnoldi method in inverse mode. Eigenvalues
which fulfill the condition (28) belong to A, rather than the eigenvalues of
ki, and we can separate the ny, new eigenvalues from the set hy,. Now we
have n,, + ny, negative eigenvalues of M, and we have to select the corre-
sponding propagation constants which are real.
If we find np, < ng, new eigenvalues, we need not change ny, . Otherwise we
have to increase ny, for a new computation because we do not know whether
more than ns new negative eigenvalues of M exist. If we demand more
eigenvalues of largest real part of M* than positive eigenvalues of M* exist,
the Arnoldi method does not converge for our problem.

Factorization of M*

The factorization of the sparse matrix M* (see (29)) is obviously a modifica-
tion of the factorization of M, i.e., we can avoid a second matrix factorization.
We have to change the chain lists representing the sparse structure and to
reorder the non-zeros of the matrix only.

3 The Numerical Solution of the System of
Linear Algebraic Equations

In [10] we explained that the application of the finite-volume method to the
three-dimensional boundary value problem for the Maxwellian equations in
the frequency domain results in a system of linear equations with indefinite
symmetric matrices. We remember the essential points.

The matrix representations of the first and of the second Maxwellian equation
are:
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oy

Z . d5= / (wéeopoE) -d =  ATD,zb = jweopoDae ,  (35)
an M Q

]{ E.ds= / (—wB)-dl = AD,&=—jwDjsb . (36)
on Q

€ and b are the vectors of the electric and the magnetic fleld components,

respectively. The matrices are defined in [10], section 6.

Using the representation of 3¢ (see (6)) we get from (35) and (36) the matrix

representation of the system of linear equations (see [10], Eqns. (30)-(34))
@:1€=0, Q1=A"D,;D;*AD, -3¢ Dy: . (37)

Taking into account the boundary conditions we get from (37) a partitioning
of the matrix @, into the sum of two matrices:

Qle = (Ql A+ Ql,r) =V, (38)

where @ € is known.
That means we have to solve the following system of linear algebraic equa-
tions

Guaf=—0:,8= —DFQ,,D;*Die=7 (39)
with

1
7=DIFf | 7=—Q.,¢. | (40)

As mentioned in [10], we do not solve the linear algebraic system of equations
(39), but we substract the gradient of the electric-field divergence (see [10],
section 6), which vanishes in our problems,

j[ B -dl=0 = BD4ue=0 (41)
Q

from (39). Thus, we get the system of linear equations (see (39), (40) and
[10], Eqns. (63) and (64))

hup—#
®y
{

D;*GuD (42)
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The motivation for the addition of the gradient of the electric-field divergence
is given in the discussion to follow (see also [2], [19], [20]).

Let for simplicity be € and p constant in contrast to our assumption men-
tioned after (6). Applying the curl operator to the differential form of the
second Maxwellian equation (see [10], Eqn. (13)) gives:

Vx(VxE)=—-wVxEB (43)

Substituting the first Maxwellian equation (see [10], Eqn. (13)) into (43)
yields '

V x (V x E) —PE=0, »x= wA/ Efl€opto. (44)
Using the vector identity

Vx(VxE‘)=V(V-E’)—(V:V)E_*=V(V-E’)—AE (45)

we get from (44) the following form of the wave equation

V(V-E)—AE — »*E =0. (46)
Combining the two Equations (44) and (46) yields

V(V-E)+ (V x (V x E) = 52E) = AE + »*E. (47)

The solution of (44) will also fulfill (47).

The first term of the left-hand side of this equation contains the derivative
of the third equation V - E = 0 (¢ = const. 1) in ( [10], Eqn. (13)), that
is, this term vanishes. The second term of the left-hand side of (47) can be
interpreted as an analogy of the system of linear algebraic equations (37) if
we neglect that ¢ and g may differ from cell to cell in (37).

The Maxwellian equations also could be solved using a discretization of the
wave equation (47) with the restriction that € and p have to be constant.
Thus, an addition of the derivative of the equation V - eF = 0 to the grid
equations (37) refers to the wave equation (47).

We use the equation V - gE = (0 in the form

gV(el—zv eB) =0 . (48)

The linear system of equations (42) can be solved numerically much faster
than the original system (39) [2].
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Another physical interpretation of this method is described in [2], [20] taking
into consideration the eigenvalues of the characteristic equation

det(F — M) =0, F=DztATD,zD;*AD, , (49)
which is derived multiplying equation (37) with Dzé,

D ATD,;z;D7 AD, — 521 =0 (50)

and taking into account that the term —3¢2I, I identity matrix, causes only
a shift. .
Let us consider how to compute eV(4V - eE) =0 .

We denote the divergence of eF with U:
U(E.,E,, E.) =‘:12—v B, (51)
that is, we have to compute the gradient o_f U:
VU = gV(el—ZV . ¢B). (52)
The gradient of a scalar can be’deﬁned—a,s

$U d
— 13 Q
VU = lim 7 , (53)

V-0

where € is the closed surface of the volume V.
Using Cartesian coordinates the surface integral from (53) can be computed
as follow:

fUdﬁ: /Udydzi;+/Udzda:i’y-i—/Uda:dyi; : (54)
Q Qyz Q2 Qzy

iz, 7y and 7, are the unit vectors in z-, y- and z-direction, respectively.
We consider the surface integral at the point (z, 7, k) (see Figure 3):
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{§Udfz‘] ~ ( § Udydz ~ | § Udydz T+
(i’jak) (i+1,.‘iyk)

o 95 AN I .
( fUdzd:z; — fUdZd:c )’Z;-{-
=2 i) 0= 1 Gi+L)

( § Udzdy — | § Udzdy )i‘z
ey Lk e 1 (igk+1)

The directional derivative of a scalar function W with respect to the distance
L along an unit tangent 7 of a curve is

aw ,
= (VW) 7 (56)

(55)

Thus, we get with W = U and 7 = (dz;, dy;, dz)T from (53) and (55)

" ¢ UdydzT [ § UdydzT]
Qyz Qyz -
(VU )(i,j,k) = dalc,- 7 ol R e
- = (7'1.7!k) - - (i+1:.7)k)
[ § Udzdz| | § Udzdz]
Qzez Qze -
w | |V |V n+ (57
i 4 (4,5,k) L 4 (G,54+1,k)
(' § Udzdy § Udzdy
L 2y _ [ﬂzy :l 7
dz;, 14 vV z -
- -~ (11j:k) (isjyk'l'l)

The volume V; ;x consists of 8 partial volumes (see Figure 3), and we have
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Figure 3: The dual elementary cell used for the computation of V(V - e&)
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Using the denotations (26), (27) and (28) from [10] we obtain for U

L Wz T,z _
Uik = GipBoijp — 90 i1 Briijn T 95 in By i

(59)
z,z z,y T,y
gi,j—l,kEyi,j—l,k +gi,j,kEzi,j,k - gi,;.,k—lEzi,j,k—l .

Thus, for the components of VU along the unit vectors i, 4, and 7, one has

~ Ui i w92y Uit1,5,k9%%
(EVU)z-;,:i,k= : (” L el

Tijk Viiik Vittik
Uiz Uz Y2 Y, Z Yz Y, 2
1 %9k + 95,9550 ) 9i5,k9%5, _
i3k Vi Fi-l.jk Vigk Vig1,5k Thik
Y,z Y,z 2,z Y,z z,z Y,z
9ii1,5, k955 k S a9k + 9it1,5-1.9% 5k 4
Vit1,4k Tit1,5,k Viik Yi,j—1,k Vig1,5.k Yitl,5—1,k
T,z Y,z T,z Uz =Y Y.z
95,1955,k _ 9it1,5,k95 5k _ Gigk—19i5k +
Vije = Yhik Vitrje © YiHLak Ve gk
=,y ¥,z T,y Y,z =,y Y,z
9i11,5,k—193 5k + 9,5k 955.k _ i1k k
Vit1,5,k Ftldik-1 Vigge ~—Fhaik Vigrgp LIk ) 0

<,z . z,z
(EVU) 1 Uijegiie  Uigt1.k8:5%
Yiik T ik Vi Vijti.k

Yz =,z Y,z 2,z
_ 1 9159k 9; 5 ki 5k +
Yk Viik Fimligk Vige T Thik
Y,z z,z Y,z z,2
9iZ1,541,69: 5,k 95541905, _
Vijt1,k Fi-litlk Vig+ie  Thitlk
x,z T,z T,z T,z T,z T2
9:,5—1,k93,5.0 + k95 | 9i5 k95K E _ (61)
Vijk Yhi—1.k Vijk Vijt1,k Yijk
z,z z,z z,y z,z
9i511,.9: 5,k _ 9ijk—19i5k +
Vijti,e  Yhitlk Vi Zgik—1
=,y z,z Yy 2,z z,Y T,z
9: 541 ,.—19 7,k + 9,5,19%,3,k _ 9ii41,k9,5,k
Vijt1k Zkiik- Vi = ik Vijere T EILE ]
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(VU).,;

. . Y . . Y
1 (Ut.:.kgi,j,k _ U‘,Jyk+1gi,j.k)

23,5,k - zi,j,k ‘,i,j,k V";J‘.k-l-l
1 a¥ 1 kg k
SRLAATLLE [ ._m.___m._ E
zz"j'k ( VlJlk Fi-1 ik + J, 1.5, k+
Uz =Y 9,z 2y
Vigiktt Tkt Vigetr = Tidk+l
E,z z,y = z :,y
9iyj—1,k9i 4k ﬂz.z,k_g'-n&E 4 iy k419500 _ (62)
Vi, Yii—1.k Vige Yk Vi k1 Yii—1,k41
i M ¥ z,Y
Vijktr = Yidk+l Viin 24 4.t

Yy &Y Y Ty ¥ T, Y
ai gl + 9inkdin E _ Gijeniik g
Vi Vit Hidik Vijhsr T Chdkil

The Equations (60, 61, 62) describe the matrix @, (see [10], Eqn. (56)).

We give
(42).

now a short summary of the solution of the system of linear equations

Some symbols:

A(N,

B(N,

N) matrix containing the entries of the first and second
Maxwellian equation (see [10], Eqn. (13)), 4 = Q1.4 (39).
N) matrix containing the entries of the third equation
in (see [10], Eqn. (13)), B = Q2,4 (see [10], Eqn. (63)).

M(N,N) preconditioner for the matrix A.

z(N)

b(N)

N

vector containing the electric field of the elementary
cells,z =& = D2 € (see [10] Eqn. (49))

right-hand side, b = 7= D"’ F=—Q1.€

(see [10], Eqn. (51)).

number of equations, N = 3n4y,.

We consider the solution of the non-singular system of N linear algebraic
equations

Az =b . (63)

Iterative methods for solving system (63) are attractive because their com-
plexity is O(N?), provided the number of iterations required for convergence
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is small compared to N, whilst direct methods like LU and Cholesky decom-
positions are O(N?), which is prohibitive for very large N.

The convergence rate of iterative methods depends on spectral properties of
the coefficient matrix A of (63). Hence one may attempt to transform the
linear system (63) into one that is equivalent in the sense that it has the
same solution but more favorable spectral properties. A preconditioner is a
matrix that performs such a transformation.

For instance, if a matrix M approximates the coefficient matrix A (63) in
some way, the transformed system

M*Az =M (64)

has the same solution as the original system (63), but the spectral properties
of its coefficient matrix M~'A may be more favorable.

In devising a preconditioner, we are faced with the choice between finding
a matrix M that approximates A, and for which solving a system is easier
than solving one with A, or finding a matrix M that approximates A™2, so
that only multiplication by M is needed. The majority of preconditioners
falls in the first category.

The above transformation of the linear system (63) to (64) is not what is used
in practice. A more correct way of introducing the preconditioner would be
to split the preconditioner as M = M; M, and to transform the system as

M{TAM (Mayz) = M™% . (65)

The matrices M; and M, are called the left- and right-hand preconditioners,

respectively. )
Using the linear system Bz = 0 (B = @ 4, see [10], Eqn. (63)) we construct
a preconditioner M for the original system (63):

M*=I+BAY , M=({I+BA"". (66)
M™! is a symmetric matrix. Equations (64) and (66) can be combined to
(67) by substituting the matrix M~1:

(I+ BA YAz = (I4+ BA™),
Az + BA™'Az = b+ BA™b, (67)
(A+ B)z b+Bz=1b.

We get the system of linear equations:

Az =} (68)
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with

A=A+B, i==z, b=b. (69)
The Equation (69) has more favorable spectral properties as the original
system (63).
We transform Equation (69) into Equation (80) and into Equation (83),
respectively.

1. Let be .

v, D; = diag(4) (70)
the diagonal matrix of A (69), then we set

- .1 - .1
My=D% , M,=D3 (71)
and combine (71) and (70) with the Equations (65) and (69):
D;*?AD;*D3iz2=D;%b . (72)
We obtain the system of linear equations:
Az =b (73)
With A ~ 1l a1 ~ 1 ~ ~ 1
A=D;*AD;* , &=D3z , b=D;b. (74)

We construct a preconditioner for the matrix A (73) with (74). The
SSOR preconditioner can be derived from the coefficient matrix without
any additional effort. If the original, symmetric, matrix (73) with (74)
is decomposed as

A=T+L+1I7 (75)

in its diagonal, strict lower, and strict upper triangular part, the SSOR
matrix [1] is defined as

M=(I+L)(I+L%) , (76)
or, parameterized by w

M, = (I +wL)(I +wL7) (77)

24



with 0 <w < 2.

The optimal value of the w parameter will reduce the number of itera-
tions to a lower order.

The SSOR matrix is given in factorized form, so this preconditioner
shares many properties of other factorization-based methods. For in-
stance, its suitability for vector processors or parallel architectures de-
pends strongly on the ordering of the variables. On the other hand,
since this factorization is given a priori, there is no possibility of break-
down as in the constrpction phase of incomplete factorization methods.
The preconditioner M,, (77) is a symmetric matrix:

ME = ((I+wl)(I+wIlT) =(I+wl)(I+wlF)=M, , (78)

and positive definite:

(May,y) = (([+wL)(I+wll)y,y)
= (I +wLfy, (I +wLM)y) -
= (zvz)
> 0
with z = (I + wLT)y.
We have to solve the system of linear equations
M;*Az = M . (80)

. A commonly used approach for solving large sparse linear systems is
to resort to the general multi-color orderings. The simplest form of the
general multi-color orderings is the red-black ordering. One may use a
coloring scheme for reordering the unknowns, so that unknowns with
the same color are not explicitly coupled.

We first multi-color the matrix A (68), and then we permute the matrix
according to the multicolor ordering to get a matrix in the form

sisr_ (D F
parr= (3 1) (81

where D is a diagonal matrix and F = ET. Tt is clear that the num-
bering of the colors is arbitrary. We can select the color yielding the
largest color set to be first color. Finally, we reduce the system by
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eliminating the unknowns of the first color, to get the reduced matrix
via the formula. \ '
A=H-EDE" . (82)
The transformation used in the elimination process, i.e., the &, need
not be saved but the upper ET matrix must be since it will be used
to solve for the remaining equation. Regarding the reordering, we can
either permute the matrix or simply keep a permutation array. The
process can be continued recursively a few times.
One of the advantages of this approach comes from the fact that the
last matrix for which we must solve a linear system (82) is usually
much smaller than the original matrix (68). This, supported by the
fact that it also usually takes fewer steps for the higher-level iterations
to converge makes the scheme quite attractive. The drawbacks are its
complexity and the fact that the reduced matrices may become quite
dense.
We permute the system (68) according to the multicolor ordering (81)
into the form

= s =ry D ET 30\ Zl ,
= (3 % ) (5)= (% &)

v 5. [ % v =x (b
m_P$_<5'32) , b—Pb—(EZ> . (84)

Using (82) we have to solve the system of linear equations

¥p = (H — ED'ET)#, = by — ED™b, (85)

with

for 5}2 (84)
Thus, we get o )
. %1 = D71 (by — ET%,) . (86)

Then we have to permute the solution vector Z (85, 86) back to the
original ordering & (68).
The Equation (85) are to be transformed (see (80)) into equation

M;*A%, = M7 (b, — ED7'6,) . (87)

The Equations (80) and (87) are to be solved with algorithms described in
[14], 8], [7].
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4 The Computation of the Scattering Matrix

The transverse mode fields Et,z = E"t,z(z) satisfy the orthogonality relation

[6]

f (Byy X Hypm) - dQ = nmbim, (88)
Q

where 6, is the Kronecker symbol. The mode fields Et,l and ﬁt,m are gener-
ally complex. The amplitudes of the transverse electric fields are normalized
such that

| |= W], m=1(1)m®), p=1(1)p . (89)

We will see that we can calculate the séattering matrix by means of the
orthogonality relation (88).
Let be

Et(Z) = alﬁt,le_Jk’lz (90)

any excited mode which propagates in the positive z-direction. g is the am-
plitude at z = 0. k,, is the propagation constant (see [10], section 8, and
section 2 of this paper).

In the discussion to follow we consider all modes (exciting modes with am-
plitudes a; in positive z-direction and outgoing modes with amplitudes 4; in
negative z-direction). The transverse electric field for a fixed cross-sectional
plane at 2 is '

E}(z) = Z azEt,ze_Jk‘lz - Z bzﬁt,ze+’k‘lz = Zwl(z)Et,z (91)
=1 =1

=1
with
wy(z) = are” 2% 4 petikaz = a(z) + Bl(z). (92)

For z = 2, we get from (91) with Ey(z,) = EP, m = m®, k, = kP,
Et,z = E}? and wi(zp,) = w,(p ) the boundary condition ( [10], Eqn. (14)).
Using the orthogonality relation (88) for (91) gives
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/ (Ey(2) X Hypm) - dG = Zm:wl(z) / (Et,, X Hypm) - d = W (2)7m.  (93)

The application of (93) with (92) at a pair of two neighboring cross-sectional
planes p and p+ Ap which cut the axis at z = z, and at z = z,+ Az, = Zp1ap,
respectively, gives

L [(BP x 7)) b = &® 45 = w®,
Q
) ] ] ~ (94)
L [(EPD) « GEon) . df = R 4 BErAn o )
] .
with
M9 = M(z),  Me{B,Hmn),
) (95)
d9 = d(z,), d € {Gm,bm, Tm}, g € {p,p + Ap}.

Because the transmission lines are assumed to be longitudinally homoge-
‘neous, we have

Fgten = 7 56
Thus, from the second equation of (94) ‘one obtains

- f (BE*S?) x HT)) - d = o9 4 bE+an) = wpta?) - (97)
T '
Q

What is known in the first equation of (94)?
(»)

The values of the weighted mode amplitude sums ws’ are given (see the dis-

cussion to follow). E’,fp ) is known solving the eigenvalue problem. Ht(f,)L can
be computed from the known electric field of mode m (see section 5). The
numerical calculation of the orthogonality relation is treated in section 5.
Thus, the normalization constant 7,, can be computed by using the first
equation of (94).
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The weighted mode amplitude sums w4 are computed solving the bound-
ary value problem ( [10], Eqns. (13), (14) and (15)) evaluating the orthogo-
nality relation (97) (see section 5).

The scattering matrix is defined with &%) and 5% (see [10], section 2).

~ Because the weighted mode amplitude sums w¥® and wE**? are known now,

the amplitudes &%) and B% can be determined by means of Equations (94)
and (97). Because of (92) we have

&,(,,If“"Ap) — &571:) e-—gkf—,f)Azp’
(98)
e L g an,
Using (98) we eliminate aZ™?) and 555+Af_” ) in (94) and obtain
() @ etnlazp_ (prar)
Gm - e+_1kg')t' Azp —g"k@n Azp ?
| (99)
E(p) wFTAr) _,,(P) -szmAzp
P o
With a2 and 5% reflection coefficients are defined:
(7) b
m
Using (99) the reflection coefficients are written as
—Jk(P) A.’? _ wg'l'AP)
o= s 101
wETAP) : ( 0 )

( — — e-l-]k(zfz_Azp

The reflection coefficients are computed for all modes p = 1(1)msz (see [10],
Eqn. (3)) and all excitations v = 1(1)ms. The linear independent excitations
are given and can be described by the vectors

’&—;V = (ﬁjlyy) AR 3@57:”) et ’wm?ﬂ’)T’ v= 1(1)m§’ (102)

with, for example

wg,f) = 10; m= 1(1)m(p), b= 1(1)?7 (103)
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D = w -1

- | 55)| for 1<p<mz+1—-v P @

’ —|w. m ) =m+ m\¥. (104
P { l 1(7€)| for §+2 VSp<m_s_ P ; v ( )

This choice of 0, guarantees that the excitations are linearly independent.

With this choice of @,, the vectors ﬁ,, @, and b, are built up analogously
(see (99), (100) and (101)):

Py = (FraseerTomreee s Fmaw)Ts Tow = 78,
5;, = (&1,1/3 ey a’p,va s a'm-;,v)T, ap,u = &1(5), (105)
E,, = (B]_,,,, ceey Zp’y, [ ; Em?’y)T’ Bp,u = 5&:),
with ’
p—1
p=m+> ml, (106)
g=1

That means, we have to solve myz boundary value problems ( [10], Eqns. (13),
(15)) with the boundary condition (see [10], Eqn. (14))

my p—1
By =Y @,E, p=1+Y m®, p=11)p, v=11)ms (107)

=1 g=1

- A =
in order to compute 'w,(f+ ?) and 7,.

The scattering matrix S (see [10], Eqn. (1)) is defined by

=

b, = Sa,, v=1(1)ms (108)
or
EP:V = Z SP:O’ "oy, PV = 1(1)m3' (109)
o=1

Because of (94), (100) we have for p,v = 1(1)ms

Wopy = GQpp +bp,V_»

0 = Tpulpy — bpy

(110)
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or

@p,u(l + T—p,ll) = u_)pry7
bou(L4Tpp) = Tppilp,. (111)
We multiply Equation (109) with the product [T}, (1 +7,,) and get
Bop [ +702) =D Soclon [[L+7s), prv=11)ms.  (112)
p=1 o=1 p=1
Substitution of (111) into the relation (112) gives
FouBpw | JA+Tuw) = Y Soolow [[ (1 +7un),  pv=1(1)ms, (113)
o o=t o
or
Row= SpcWou (114)
o=1
with
Wp,v = Wp,y H(l + fuw)a Rp,v = 'Fp,va,v- (115)
e
We can write (115) as matrix equation:
R = SW. (116)

To compute the coefficients of the scattering matrix S we have to solve a
system of complex linear algebraic equations for each row of S:

WT(S,1s s Spms)T = (Rops---y Roms)¥s  p=1(1)ms. (117)

That means, we have to solve only my linear algebraic equations rather than
(m3)? in order to compute the (ms)? coeficients of S.
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5 The Orthogonality Relation

In order to normalize the transverse electric mode fields we have to evaluate
numerically the integral

S = f (B X Hyp)-dQ = / (ExHym — EyHym)dQ) (118)
0 Y]

for the mode m at a cross-sectional plane p. {2 is the area of the cross-sectional
plane p. Because of ( [10], Eqn. (7) and (11)) it follows from (118)

1 1
%:/Emﬂ,m—EHz,m dQ:/Eh—B m — By=——DBym)dQ . (119
(E-H, yHam) Q( o B v Bem) (119)

Q

Because the components of the electric field E; are defined on the centers of
the edges of the elementary cells and the components of the magnetic field
Hy m are normal to the face centers (see [10], section 4), both are located on
different grid planes.

Let be Q the grid plane which corresponds to the cross-sectional plane p.
Let be Eg,;, and By ,, 11 <1 < 43, 51 <7 < j2, k = const. the
transverse electric field components on the grid plane Q.

Let be By, ,m and By, ,m, i1 < i <42, j1 <j <2 k = const. the
transverse magnetic flux density on the same grid plane Q (see Figure 4).
We use the lowest order integration formula ( [10], Eqn. (18)) to approximate
the integral & (see (119)). Because the material constants can be different
between two different elementary cells of the primary grid, we have to divide
the integration domain (see also [10], section 4, and Figure 4 in this paper).
Thus, the grid plane Q consists of (i, — 43 + 1)(j2 — 71 + 1) partial planes,
and we get the following approximation of the integral:

<~ L ¥Yii-1k 1 >, L Yigk 1 >,
5 = Z . Esi,j,k (mw,k 2 oBij-ik Byi,j,k,m + ik Hofii ik Byi,j,k:m)
1'1 Siszz , 1 W
J1Li<d2
_ Ticl gk, . 1 », Tijk,, . 1 >,
3 Z . Eyi,j,k( 2 yl:]:k Hofti—1 ik Bxi'j'k,m + 2 y”‘)]yk 1o 25 ik Bmi,j,k:m)
i1 Silip " "
J1£3<d2

(120)
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G — Tijk(Yij-1k ‘yz',j,k) »,
Tigeo™ T 2po \fij_ak Bi g/ YT 2
(122)
_ Yigk (Ticlgk | Tigk
G’y":ivk’m 2p0 \fio1,jk + ﬁi,j.k) T ke T
or
- -
= B,-Gn (123)
with
— — - T
Gm = (Ga:,m7 Gy,m) : (124)

If the boundary is considered to be electrically perfectly conducting, we have
to take into account that E;,, = 0 or Ey;'j,k = 0 on the boundary.

If the boundary is cons1dered to be magnetically perfectly conducting, we
have to take into account that z;;; = 0 or z;_1 % = 0, and ;% = 0 or
Yij—1k = 0, respectively, that means, the areas which are located outside of
the domain are not to be taken into consideration.

The orthogonality relation (88) is applied at two neighboring planes cutting
the longitudinal transmission line axis at 2, and 2, + Az,. With (89) the

transverse mode fields ng}l are normalized, and we get from (121)

ER) .G® =g, (125)
with
(P) | Alp)
Etf-:n " G'g;:) - Z Ea(:z:l Ry :(':1:)] k2 + Z 'gf_)q k,m g‘:i L L (126)
1.1 <i<in 11 <LiLis
J1<i<iz2 7153%a2

We get from (97, 123, 125)

wlpn = — (B x B afi = B0 .69 . ()

The components G, ;, m and Gy, , m contain the unknown quantities
Bwu .m and By, . sxm- We will see, they can be computed using the known
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electric field.
Because of ( [10], Eqn. (21)) we have for the mode m

L
Yigik

[
<

1
Bzg,j,k,m - ( Eﬂ?i,j,k:m - Ewi,j+1,k,m+

WANYigk

1 1
Tk Ey£+1,j,k,m - Tk Eyi,j,k,m) )
(128)
_ g_( 1 .
wNY; 1k

Bzi,j—l.k»m Ti,j—1,k M + T i1,k Eyi+1.5—1,k m

Bovovm— =By ) .
Yii—1,k 1,3,k 9 Tii-1,k Yi -1,k

Because of the longitudinal homogeneity of the transmission lines we assume
similar to ( [10], section 8, Eqn. (87), see also Figure 4 in this paper)

— —7kz bk
Byi,i.k’m yi,j,k,‘m-e Pzm )
(129)
R +.7kzmh
B‘yi,j,k-l ;m By;,,-, 1€
with
z'v -yk Z', ‘:k"l
h=—=p==—=0—. (130)

2 2

Using ( [10], Eqns. (86) and (87)), and substituting B.;;,m, Bz ;_, . m»
By, ;.m and By, ., m from (128, 129) into the first Maxwellian equation
( [10], Eqn. (21)) gives

3 _4h 1 1 1 _ _

w ﬁi,j,k (yi,j,k T4,k Uik Exi,j+1,k s + i 5k 'Ey‘i+1,j,k m 5 ik Eyi,j,k 1m)
Yijk Yij-Lk\B e~ tkzmh _ 3 __4h 1 B

(ﬁi,j.k Bij—1,k ) Yigkes w 51,k (‘yi,j—l,k i1,

E 1_g L B, )
Ti 51,k Yit1,5-1,k Yig—1,k  Thdkm Tij-1,k Yi,j—1,k T +

+3kzm b

Yii—1,k-1 + Yi,5,k—1 )

= = By, ;uime
Hi,j—-1,k—1 Higk—1

= Zyweopogz’;kExi’j’k,m . (131)

Using ( [10], Eqns. (35), (86), (88) and (100)) after transformation from
(131) yields

35



21 (1 — 1 -
w {ﬁi,j,k [zi,j,k (Eyi-l-l,j,k;m Eyi,j,k:m) + Yi ik (Ezi,j,kym Exi,j-l-l,k’m):l +

1 1 1
Bii—1,k [zi'j_i’k (Eyi,j—1,k,m - Eyi+1,j—1,k,m) + Yiio1k (Ezi,j,k,m - Ewi,j—1,k,m)] } -

1 ~ ~
3Iweopto(Yi 5 k€ ik + Yij-1,4€i5-1%) Ba; ; m

L Yisk | Yig-1hky | 1 . ks x
B _5(/1{;'1: ﬁi;—lk) %(Eﬂk e mh)] Bussm (132)
Because of
1 _ sin(k,,. k)
L (tkemh _ —kanhy _ 2m
2h(e € ) sz'm kzmh b} (133)
and
_sin(k..B) |
v e (134)

and using the definition of 3¢ (see (6)), we have after multiplication of equa-
tion (132) with (—2k-) (see (122) for the definition of Gy, m):

szm#o
G _ Tigk (Yiik yi.j—l.k) B —
Ti,j. k™ 20 “Bijk | Bigei/ YhdkTm

Tijk 1 1 _ 1 —
—wkz,,,po {ﬁi,j,k [mi,j,k (Eyi+1.j,k7m Eyi,j,kym) _I— Yi ik (Ezi,j,k:m Ezi,j-}l,k:"”)]

1 1 1
+ﬁ£,.-i—1.k [mi.j—-l.k (Ey”ﬂ'-l"”m - Eyf-l'lri—l:k’m) + Yi,j—1k (E“"'-J""’m B Exi’j‘l""m):l

— 336 (Yijkik + yi,j-1,k€i,j—1,k)Ez;,,-,k,m} . (135)

The corresponding formula for Gy, ; . m can be derived in a similar way.

G — _ Yihk(Tijk Tim1,4,k ) B —
Yi, 5k 20 NBige 0 Bio1,5k /T Thdk™

Uik 1 1 _ 1 _
{ [ (Emi,j-{-l,krm Ezi,j,k’m) + Ti gk (Eyi,j,ksm Eyi+1,j,k1m)]

Wkzpmpto | Bijk | ¥igk

1 1 1
+,1,-_1,J-'k [y;_l,j'k (E‘”i—l,j,k:m - Ezi-1,j+1,k,m) + Ti1 ik (Eyi,j,k,m - Eys-1,_—;,k,m)]
1 ~ -
_E}fg(mi’j’kq’j’k + a:i_lszkei—lsj:k)Eyi,j,k:m} ° (136)

By using (135) and (136) we can compute the integral & (see (121)).
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6 Numerical Results

Comparisons between the original version of the program package F3D and

the new version are presented.
The reduction of the computing times are demonstrated for the via hole

represented in Figure b.

783

150

Figure 5: Via hole with a nonequidistant grid of rectangular parallelepipeds
(dimensions in pm)

The structure represented in Figure 5 is symmetric along the z-direction.
Using appropriate boundary conditions it will do to discretize the right-hand
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Figure 6: Discretization of the right-hand side of the structure via hole
(dimensions in pm)
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side of the structure only. This right-hand side of the structure is divided
Into Ngy. = ngnyn, (n, = 33,1, = 28,n, = 66) elementary cells (see Figure
6).

The eigenvalue problem
The examples were computed on a SUN SPARC Server 630 with 128 MBytes

mermory.

—= OLD 9 modes
NEW
15000 -
6-modes
4 modes
i)
&
—10000-
o
.§ 1
<
-]
=
o
5000+
N
(=)
N
[e2}
0 .

Figure 7: Comparisons of computing times for the eigenvalue problem
between the original and the new version of F3D

The dimension of the eigenvalue problem amounts to 2n;n, — ny = 1668. ny
is caused by the boundary conditions (see section 2).

The algorithm of the original version of the program package F3D requires a
storage of 2(2n,n, —ns)? elements for the eigenvalue matrix since the matrix
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has to be stored twice.

The total storage requirements is reduced by a factor of 20 in the new version
for this example, since the sparse storage technique is applied.

The maximum number of non-zeros in a row of the matrix is 9. The total
number of non-zero elements of the matrix amounts to 11598 for the example
via hole. The number of non-zeros of the matrix after the LU-decomposition
(see section 2) is 89947 for this example.

The reduction of the computing time depends essentially on the number of
required eigenvalues and eigenvectors. The reduction of the computing time
is represented in Figure 7 for the calculation of 4, 6 and 9 eigenvectors. The
time measurements involve matrix generation, solving the eigenvalue problem
and computation of the mode fields.

The system of linear algebraic equations

The examples were computed on a SUN SPARCstation 2 with 128 MBytes
memory.

The order of the system of linear algebraic equations is 3ng,, = 182952 (see
section 3). The maximum number of non-zeros in a row of the matrix is 15.
The total number of non-zero elements of the matrix amounts to 1328690 for
the example via hole.

The reduction of the computing time is represented in Figure 8.
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3000

j = OLD
= NEW (see (80),[14])
] === NEW (see (80),[8])
2000 eza NEW (see (80),[7])
’g" ] === NEW (see (87),[7])
o ,
-3}
B
[] o @ i
5 s 8
O ] d g o
1000+ ¢ N
" 2
Q
. |

Figure 8: Comparisons of computing times for the system of linear
algebraic equations
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