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Abstract

We prove existence, uniqueness, and regularity for a reaction-diffusion system of coupled bulk-surface equa-
tions on a moving domain modelling receptor-ligand dynamics in cells. The nonlinear coupling between the three
unknowns is through the Robin boundary condition for the bulk quantity and the right hand sides of the two sur-
face equations. Our results are new even in the non-moving setting, and in this case we also show exponential
convergence to a steady state. The primary complications in the analysis are indeed the nonlinear coupling and
the Robin boundary condition. For the well posedness and essential boundedness of solutions we use several
De Giorgi-type arguments, and we also develop some useful estimates to allow us to apply a Steklov averag-
ing technique for time-dependent operators to prove that solutions are strong. Some of these auxiliary results
presented in this paper are of independent interest by themselves.

1 Introduction

In this paper, we are interested in a reaction-diffusion system (motivated by biology) involving an equation on
a moving bulk domain which has a nonlinear coupling to two surface equations on the boundary of the moving
domain. We address the issues of well posedness and regularity as well as convergence of the solution to
a steady state. The precise geometric setting is as follows. For each t € [0,77], let D(t) C R%"! pe a
Lipschitz domain containing a C*%-hypersurface T'(t) which separates D(t) = I(t) U Q(t) into an interior
region (t) and an exterior (Lipschitz) domain €2(t) (see Figure [f). We suppose that the surface I'(t) and

D(#)

Figure 1: A sketch of the geometric set-up.

the outer boundary 9D (t) both evolve in time with normal kinematic velocity fields V and 'V, respectively. In
addition, the points in () and I'(t) are subject to material velocity fields Vo and Vr respectively. These
material velocity fields may arise from physical processes in the regions such as fluid flow. In order for the
material velocity V- to be compatible with the movement of the surface, its normal component must agree with



the evolution: (V' - v)v = V. We propose to study the following reaction-diffusion system of equations

ur + V- (uVq) —doAu =0 in Q(t)
0aVu-v+u(Vr —Vq) -v=r(u,w,z) onI'(t)

Vu-v=0 on 9D(t) (1)
O°w~+wVr-V+Vr: (wVr) —érArw =r(u,w,z)  on[(¢)
8°2 4 2Vr -V +Vr - (2VL) — 6 Arz = —r(u,w,2) on[(¢)

where 9°w = w; + Vw - 'V is the normal time derivative (see [10, [21] and also Appendix E\b Vr stands
for the tangential gradient on I'(¢) and Ar denotes the Laplace—Beltrami operator on I'(¢), understood as the
tangential divergence of the tangential gradient. In (T), ¥ means the unit normal on I'(¢) pointing out of £2(t)
and VT means the tangential component of V. The particular reaction term r we take to be

1
Z — —uw. (2)

The constants dq, dr, dr, 0% and 0, are positive (physically based) parameters and we supplement the system
above with non-negative and bounded initial data:

(u(0), w(0), 2(0)) = (uo,wo, z0) € L=(Q) x L=(To)*> and wuo,wo,zo > 0,

where Qo := (0) and I'g := T'(t). The system (i) is a reaction-diffusion system on an evolving space
and it can be derived using conservation and mass balance laws involving fluxes that reflect the presence of
the different velocity fields in the model we have in mind; details of this derivation can be found in Appendix [A]
Although this paper is mainly focused on the mathematical analysis of (), our motivation for studying the model
(with the particular reaction term, the geometry, range of parameters and initial data) stems from a biological
application to receptor-ligand dynamics that we shall describe in

As we already wrote, we are interested in questions of existence and uniqueness of weak solutions and their
regularity. We will prove that solutions are in fact strong solutions, meaning that the equations hold pointwise
almost everywhere. To achieve this for u (which has a challenging Robin boundary condition) we apply a Steklov
averaging technique for which we develop some tools since the elliptic operators are time-dependent due to
the domain movement. These results have wider applicability: they can be used for showing regularity to other
parabolic equations on moving domains or with time-dependent coefficients. It is also worth highlighting that our
results, which we shall present in are new even in the non-moving case when there is no domain evolution
or material flow. In this case, the system () simplifies to

ur — ooAu =0 in Q
daVu-v=r(u,w,z) onl
Vu-v=0 on 9D (3)
wy — orArw = r(u, w, 2) onT’
zt — oprArz = —r(u,w,z) onT.

Furthermore, we will specialise to this special case later on when we show exponential convergence to an
equilibrium as ¢ — oo.

Apart from the domain evolution and the various velocity fields in the model, another interesting feature of
is that it is a system with cross-diffusion |46l |38 143]. Indeed, setting v := w + z and eliminating for example z,
we see that v solves

0°v + vVr -V +Vr- (’UV;) — o' Arv = (51“ — (SF/)AFU) (4)

and the presence of the extraneous Laplacian of w justifies this classification. This cross term causes consider-
able problems in the existence proof as we shall we see later. Some papers emphasising the nature, difficulties
and peculiarities of systems with cross-diffusion that are somewhat related to ours include [8 (34} [35].

This paper extends the work by Elliott, Ranner and Venkataraman in [22] where the authors considered the
system (1) on a fixed domain with the z variable absent, i.e., they studied the 2 x 2 system involving only « and
w. As we will see later, the inclusion of the z species considerably complicates the analysis. In [33], the authors
consider a two-component coupled bulk-surface system on a moving domain in a similar type of domain as ours.
Some other papers featuring bulk-surface interaction on moving domains are [361 129} [3][35]. The nearest models
to the 3 x 3 system (T) with the nonlinear coupling (2) studied in the literature are all posed on the same domain



with nonlinearities present as right hand side source terms (as opposed to a combination of source terms and
the Robin boundary condition as we have), i.e., systems of the form

us — 01Au = r(u,w, 2) in O
w — 2 Aw = r(u, w, z) in Q (5)

2zt —03Az = —r(u,w,z) inQ

with the reaction term (2) and appropriate boundary conditions and initial data on a stationary bounded domain
). These are used to model chemical reactions [42]. The properties of such systems are well understood and
have a wide literature, eg. see [42| |37| [26] for existence results and [16] for asymptotic behaviour. The main
difficulty of the problem in consideration in the current paper is indeed the presence of the nonlinear coupling
through the boundary condition, which in some aspects requires a rather more delicate analysis.

1.1 Weak formulation of the problem

The system of interest is set in a domain which evolves with time and scalar fields are subject to a material
velocity field. Therefore, we have to make clear the precise functional setting we will work on and what we mean
by a solution to (). One way to consider this problem is to define the evolution as a family of diffeomorphisms
that, for each time, pull back the domain to a fixed reference domain. In other words, the evolution of the domain
Q(t) with boundary I'(¢) can be thought as the transport of a fixed reference domain €2 with boundary T'g.
More precisely, we assume that there exists a flow ®: [0, 7] x R1 — R¥*+1 sych that

1 &y = D(t,-): Qo — Q(t) is a C*-diffeomorphism with &;(T) = T'()

2 &, solves the ODE

d
—®i(-) = Vi (t, P4(-))
dt
by = 1d.

Here, the map V,: [O7 T] x R¥Tt 5 Rt Lisa continuously differentiable velocity field representing a partic-
ular parametrisation of the domain, and it must satisfy

(Vplr-v)r=V and (Vplap -v)r =V,

in order to be compatible with the prescribed evolution of I'(¢) and &D(t) given by the velocity fields V and
V. One may always choose V, to coincide with 'V and V, but for numerical realisations it can be beneficial
to choose V,, differently to avoid mesh degeneration, see [21} [23]. Moreover, this vector field V, is essential in
deriving a useful notion of time derivative in a setting of moving domains. It is well known that for a sufficiently
smooth quantity u defined in £2(t) its (classical or strong) material derivative is given by

O0u(t) = us(t) + Vu(t) - Vi (t) ()

(see [2|13] and references therein). This is equivalent to a total derivative (taking into account that space points
x also depend on time and their trajectory has been parametrized with a velocity given by V).

Under the circumstances given above, the mapping ¢_; defined by ¢_:u := u o ®; defines a linear
homeomorphism between the spaces L” (Q2(t)), H'(Q(t)) and the reference spaces L” (), H'(Q0) [3].
The same is true for the corresponding Sobolev spaces on I []. If we also assume

1 @, := ®(t,-): To — T(t) is a C>-diffeomorphism
2 &) € C*([0,T] x T'p)

then the above property also holds for the fractional Sobolev space H'/?(T'(t)) [3, §5.4.1].

We may then define the Banach spaces Liq(m, L%ﬂ(n)! L’Lyq(r), L?{l(l—‘)y Li]l/Q(F)!

spaces for p = q¢ = 2. Here, the notation Lﬁ( stands for

which are Hilbert

L =S u:[0,T] — | JX(@®) x{t}, tw> (a(t),t)] - a(-) € LP(0,T; Xo)
t€[0,T)

where for each ¢ € [0,T7], the map ¢_;: X (t) — X is a linear homeomorphism; the corresponding norm is

- 1
P
fullg, = ([ T )



(for p = oo we make the obvious modification). These are generalisations of Bochner spaces to handle (suf-
ficiently regular) time-evolving Banach spaces X = {X(t)}te[o,T]. These spaces were first defined in the
(Hilbertian) Sobolev space setting by Vierling in [47] and the theory was subsequently generalised by the first
two of the present authors along with Stinner in [2] to an abstract Hilbertian setting and by the first two present
authors in [1] to a more general Banach space setting. In |2] it is also defined a notion of a weak time derivative
(or weak material derivative), which in the context of this paper is as follows. We say that a function v € L?p ()

has a weak material derivative dgu € L1 gy if

/0T<3s°>u(t)v77(15)>H1(sz(z))*,Hl(sz(m = —/OT /Q<t) u(t)0an(t) — /OT /Q(t> u(®)n()V - Vy

holds for all smooth and compactly supported (in time) functions 7, where 9g7(¢) is the classical material
derivative given by the formula (6). A similar formula with the correct modifications defines the weak material
derivative Ofu € Lirl(r) for a function u € Liﬂ(r) — for this, all the integrals and duality products involving
Q2 are replaced by I' and also the term V - 'V, becomes Vr - V.

Instead of the cumbersome notation 9§, Or, we will just write the weak material derivative as 1; the reader
should bear in mind that this is an abuse of notation since there are two different derivatives on two different
domains.

With these objects at hand, we define the evolving Sobolev—Bochner spaces

1 2 . 2 1 2 . 2
HHl(Q)* :{UELH1(Q) |UELH1(Q)*} and HL2(Q) :{UELLz(Q) "UJELLz(Q)}
and the Sobolev—Bochner spaces on the surfaces in the obvious manner. We do not give the precise technical

details and properties of these spaces here but refer to [2, 13} [1] for the interested reader.

Remark 1.1. Strictly speaking, it is a misnomer to call 1. as defined above the weak material derivative since
the velocity field 'V, associated to it in its very definition is not (in general) the material velocity field but a
parametrised velocity field. We nonetheless persist with this terminology.

In the model () a material derivative does not feature explicitly, so, in order to be able to formulate the problem
in an appropriate functional analysis setting, we add and subtract the term Vu - 'V, to both sides of the first
equation in (1) to obtain (after some manipulation)

u+uV-Vg—0Au+Vu-(Vqg—V,) =0,
and a similar equation can be derived for the surface PDEs. For convenience, we will define the jumps
Ja:=Vq -V, Jr:=Vr-V, and ji=(NVa-=Vr)-v=Jqo|r-v

where j is the jump in the normal velocities on I'. Observe Jr = V. — 'V, has no normal component. Finally,
the problem (1) we consider can be rewritten as

U+ uV -V, —0gAu+ V- (Jou) =0 in Q(¢)
daVu-v —uj =r(u,w, z) onI'(t)
W+ wVr -V, —0rAw + Vr - (Jrw) = r(u, w, 2) onI'(t)
24 2Vr -V, =0 Az+Vr - (Jaz) = —r(u,w,z) onI(t)
and it is this form of the system that we work with in the rest of the paper. Now we define what we mean by a
weak solution to (7).
1

Definition 1.2. A weak solution of [7) is a triple (u,w, z) € Hjp gy- N Ly gy X (Hpapy N L)
withw € L7 1y satisfying

T(u7w’Z)n+/ Jum

(i, m) + / unV - Vp + da VuVn + V- (Jou)n= /
Q(t) r(t)

Q(t) Q(t) I'(t)

(w, ¥) + /F(t) wypVr - Vi, + 0p ViwVry + Vr - (Jrw)y = r(u,w, 2)

r'(t) r'(t) r'(t)

(,6) +/ zEVr -V + 6/ VrzVré + Vr - (Jrz)é = —/ 7(u, w, 2)§
r() I I I

foralln € L} gy and e, € € L p, and for almost every t € [0, T].



Remark 1.3. Our definition of the weak solution is written in terms of the chosen parametrisation V, and the
spaces we look for solutions in depend on 'V, since they depend on ®.y. So a natural and reasonable question
is whether we get a different solution if we pick a different parametrisation of the velocity field and different <I>(.).
Let us see that this is not the case, at least formally. Working in the regime of strong solutions, given two solutions
(ui,w;, 2;) corresponding to parametrisations V'I"7 solving , we know that they also solve the original model
(1), which has no dependence on V;. Taking then the difference of the equations and testing appropriately, we
find then that u1 = u2, w1 = w2 and z1 = 22 by the same uniqueness argument as the one we present below
in the proof of Theorem([7.§

A consequence of one of the formulae in Appendixallows us to rewrite the weak formulation for u given in
Definition[L.2las

(i, m) +/ unV -V, + dq VuVn — / u(Jo - Vn) = / r(u,w,z)n foraln € Lip(m.
Q(t) Q(t) Q I'(t)

By testing with unity the « and z equations and adding the resulting equalities together, and doing the same for
the w and z equations, we find

d ( JARCENE (t)zu)) =0 ao I < JRCCEY z(t)) =0

so that the following quantities are conserved for all ¢ € [0, T'):
[ outy [ o) = ol ey + laolliage,y = M
Q(t) r(t)

/ wlt) + / 2(8) = Jwoll 1 ryy + 200l gy = Mo
T(t) I(t)

Note that these results hold independently of the choice of 7.

1.2 Main results

All of the following results are valid for dimensions in the physically relevant situations where 2 C R for
d + 1 < 3; some results hold even for d + 1 < 4. These constraints on the dimension are due to the various
Sobolev-type functional inequalities that we shall use. We begin with the existence result, which we will prove
in §2] (the restriction on the dimension is a technical one, due only to the De Giorgi result of Lemma [3:7] that is
needed to prove the theorem).

Theorem 1.4 (Global existence). For dimensions d < 3, for every non-negative initial data (uo, wo, 20) €
L (Q0) x L>(T'0)?, there exists a non-negative weak solution (u, w, z) € Hj () nL2, () X (Hiz<F> N
Lf{l(r))2 to the system (7). Furthermore, w satisfies

ol e, .

C 2 +3IVr-Vrlle )T
<a <||wo||Loe<r0> b LT ) (e VB Bl

— ’ 2 . .
where o = eIV Vrllo )T gng A > max (1, So 4 %) for Cy > 0 chosen arbitrarily.
T Top/

One expects not only w to be a bounded function but also w and z, and indeed we show that this is the case
for dimensions d < 2. This restriction on d is again technical in nature due to another De Giorgi method (Lemma
[3-3) we employ. Further details of this, and the proof of the following theorem will be given in §3]

Theorem 1.5 (Boundedness for w and z). For dimensions d < 2, the solutions u and z of the system (7) are
bounded in space and time. In particular,

V-V 5 T s -
lolloge o, < IV VEllp) (HZOHLOO(FO)+Cm1n(1/2,6r,) el |\u||%1(m)

(L1
HUHLE%Q(Q) <p (||uo|\Loo(Qo> + max (1, «C1) (Cs min(1, 6g) (2= 72) 4 04))
ol

IV-Valloo+C165 " (a+ 311711 00)?)

where o = 6, T andk is as in

43.3

g, + 1l 0l e g 8 = €



Remark 1.6. It is important to emphasise that the L°° bounds do not depend on the chosen parametrisation
'V, of the evolution of the spaces but only on the material velocity fields Vq and V.

Remark 1.7. Even in the non-moving setting the proofs of the above L°° bounds do not simplify as the technical
difficulties are mainly due to the nonlinear coupling. We will explain more during the course of this paper.

Using these L°° bounds it is then easy to prove continuous dependence and uniqueness.

Theorem 1.8 (Continuous dependence). Suppose there are two triples of solutions (u;, w;, z;) corresponding
to two triples of initial data (w0, wio, zio) fori = 1, 2. Then for dimensions d < 2, the following continuous
dependence result holds:

[[ua(t) — u2(t)HL2(Q(t)) + [Jwi(t) — w2(t)”L2(I‘(t)) + ||z (t) — Z2(t)|lL2(I‘(t))
<C (Huw — 20|l 120y * lwio — wao(t)ll p2(ry) + 1220 — Zzo(t)HLz(ro)) :
where C' = C'(3k, 07, |7l - IV - Vel » Ve - Vel s luzll e 5 lwnll e )-

Proof. Denote the differences by d“ = u1 — w2 and so on. It is easy to write the weak formulation satisfied
by d*,d™ and d¥; then taking d*, d" and d* as test functions respectively, writing uiwi — uswzs = (u1 —
u2)wi + uz2 (w1 — we2) = wid® + ua2d® and using the L bounds on the right hand side, we obtain

1 d U 1 u U U w z
s [ s [ aPvevassa [ [waPzo [ e
L Jaw Q)

2 Q(t) I(t)
1d w 1 w w u w z
f—/ d |2+f/ d \Zvr-vwar/ Ved P <c [P+ a4 d
2dt Jre 2 Jre N0 )
1 d z 1 z z u w z
s [N g [P Ve [ raP e [ et e
2dt I(t) 2 r(t) '(t) I(t)

Combining these three inequalities and moving the velocity terms onto the right hand side yields

i/ \d“\2+/ Idw\2+/ a2 +2an/ v

dt \ Ja r(t) r(t) )

<a / |2+ 2 + / Cole))d"? + | V" ?
T'(t) Q(t)

using the interpolated trace inequality from Appendix We conclude by choosing € < 2dq and applying
Gronwall’s lemma. |

Note the regularity for w and z given by Theorem they are strong solutions with the corresponding
equations holding pointwise almost everywhere in time. Regularity for v is a much more delicate matter. The
inhomogeneous Robin boundary condition is the source of the problem; surprisingly maximal regularity for such
types of boundary conditions for parabolic problems with time-dependent elliptic operators have only somewhat
recently been comprehensively answered, see the work of Denk, Hieber and Priiss [15]. See also [48] [39].
Unfortunately, it is not clear that the coefficients in our boundary condition have the desired smoothness to apply
the theorems in these papers. Therefore, in we shall argue in a different way, making use of the L°° bound
on u obtained in Theorem[L.5

Theorem 1.9 (Regularity for u). For dimensions d < 2, the time derivative of u satisfies U € LQLQ(Q) (r,T) for
every T > 0. That is, u is a strong solution. In the non-moving case, this means thatu’ € L*(t,T; L*(Q)).

We shall also consider exponential convergence of the solution to equilibrium in the stationary setting (see
system (3)) when the reaction rates are equal and when the diffusivity for the u equation is g = 1. Associated
to (3) one can define the natural entropy functional

Bu,w, ) :z/ﬂu(logu—l)—!—/rw(logw—1)+/z(logz—1) ©)

T

and its non-negative dissipation

2 2 2
D(u,w,z) := —iE(u,w,z):/ ﬂwr/wa/M
dt Q u r w r z

+ /F(uw — z)log (%) . (10)



Let oo, Woo and zoo be the unique non-negative constants determined by the system on page[26] In
following the methodology of Fellner and Laamri [24], we will prove the exponential convergence of solutions of
10 (Uoo, Woo, 200 ) UsiNg entropy methods. The main idea is to relate in a useful way the relative entropy
E(u,w, z) — E(tuco, Woo, 2o ) to the entropy dissipation and then to (prove and) use a lower bound on the
relative entropy in terms of L' distances to the equilibrium (in the sense of the Csiszar—Kullback—Pinsker in-
equality). We refer the reader to [30] for a detailed introduction to entropy methods in PDEs and also the paper
|[16] and references therein for an exposition of entropy methods for reaction-diffusion equations. Equilibrium
convergence for systems of the form (5) where all equations are on the same domain have been studied in the
literature eg. [16, 124], whilst a two-component system with a heat equation on a domain and a surface heat
equation on its boundary coupled through a nonlinear Robin-type boundary condition was analysed in [7].

Theorem 1.10 (Convergence to steady state). For dimensions d < 2 and if §;, = §ir = dq = 1, the solution
(u, w, z) of the system (3) converges t0 (Uoo, Wos, 200 ) @St — 00 in the following sense:

[u(t) = wooll71 () + () = wooll 71 (py + 12(8) = 2ooll71 (1
< CeiKt(E(’u,o,wo,Zo) — E(uoc,woo,zoo))

where C and K are positive constants.

The restriction to dimensions d < 2 above is not because we use L bounds for v and z in the course
of the proof but because we need the u equation to hold pointwise almost everywhere, which is guaranteed by
Theorem[L.9

1.3 Application to biology

Systems of equations of the form arise in the mathematical modelling of biological and chemical processes
in cells (in particular those with interactions between processes on the cell membrane and processes inside or
outside the cell) such as cell motility and chemotaxis |36} [33] and cell signalling processes |40} 41| 27]. The
modelling of ligand-receptor dynamics is particularly pertinent for our model: © may represent the concentration
of ligands in the extracellular volume €2, whilst w and z may be respectively the concentrations of surface
receptors on I" and of ligand-receptor complexes formed by the binding of u with w. This justifies the choice of
the reaction term 7 in (2): we expect non-negative solutions u, w, and z so formally, when u and w combine,
the complex z is increased whilst the receptor w and ligand u are decreased. The non-trivial boundary condition
in (), a combination of a diffusive flux and an advective flux, models the so-called windshield effect well known
in mathematical biology. The idea is that the front of the moving cell I" will come into contact with ligands in 2
and thus there will be a greater binding onto I', whilst at the back of the cell complexes tend to dissociate into
receptors and ligands. This effect was also taken into account in [33] in a similar geometric setting.

With particular choices of the various velocity fields in the model, we end up with special cases that are worth
mentioning.

B We have already mentioned the case Vo = Vr = V = V, = ( where there is no evolution and
no material processes, which results in the system (3). This is the usual geometric setting in which many
related models (referenced in the introduction) are treated.

B Choosing Vo = 0 we end up in the physical setting of [33] where there is only a material velocity on .

B If Vr-v = Vgq-vonl, then there is no windshield effect. This make sense because, referring to the
explanation of the effect given above, if the material points in €2 are also moving with the normal velocity
of I' near the surface I', one clearly cannot expect advection on or off the surface since the ligands are
also moving with the same velocity.

Regarding particular applications already modelled in literature, in [27], the authors consider models similar to

u+uV-Vaog—DrAu=0 on ()
DrVu-v+u(Vr-v—Va - v) = —kopuw + koggz onT
DiVu-v=20 on 0p2 (11)

w~+wVr - Vr — DrArw = —kopuw + kogrz  onT
2+ 2Vr - Vr — Dr/Arz = konuw — kopsz onT’
but with no velocities and on a stationary spherical domain in two and three dimensions. This system describes

ligand-receptor dynamics in cells where the interaction between extracellular ligands « and cell surface receptors
w leads (reversibly) to the creation of ligand-receptor complexes z. Here the various parameters appearing above



are dimensional constants obtain from experimental data relating to a particular application. In Appendix [C]we
will prove that non-dimensionalising gives rise to the system (7) with the parametrisation velocity V, chosen
to coincide with the material velocities.

1.4 Outline of the paper

In §2|we prove existence of solutions (Theorem|[T.4). The proof is divided in several steps which will be dealt with
in separate subsections. We establish in the L bounds on both z and w, in this order (Theorem [1.5) after
proving a lemma that is used to show boundedness for w. The proofs are rather technical and are based on the
De Giorgi L2-L* method. In we prove that the solution u whose existence was established in is actually
a strong solution (Theorem . The proof is divided in several steps, each devoted to bounding a different term
on the weak pulled-back formulation. In we deal with the stationary setting, when all the velocity fields are
zero, and prove the exponential convergence to equilibrium (Theorem [T.70). We conclude in §6]with some open
issues.

Appendix [A] contains the derivation of the system (T). In Appendix [B] we state some classical results in the
form they will be used later on. We prove some auxiliary lemmas regarding interpolation inequalities and we also
establish some basic but useful calculus identities that will be used throughout the paper. Finally, in Appendix [C]
we give the details of the non-dimensionalisation of the system (TT).

2 Existence

In this section we prove existence of solution to problem (7). This will be established by following these steps:

B STEP 1. Prove existence for the doubly truncated problem
ﬂ+uV-Vp—6ngu+V~ (JQU) =0

doVu- v —ju= iTn(z) — iuTm(w+)

s e
) 1 1 4 (12)
W+ wVr -V, —orArw+ Vr - (Jrw) = 5—Tn(z) — yuTm(w )
% k
1 1
24 2zVr -V, —0rArz+ Vr - (Jrz) = 6—uTm(w+) ~5 Tn(2)
k K/

where T}, (z) = min(n, ) + max(—n, ) — x is the usual truncation at height n

B STEP 2. Prove non-negativity of solutions to

B STEP 3. Pass to the limit n — oo in and so removing the truncation on z
B STEP 4. Find an L bound on w so that we can set m := ||w|| _ and remove the truncation on w. This

concludes the existence.

2.1 Existence for the truncated problem

We will now show that the truncated problem (T2) has a solution (u, w, 2) € H 1 gy« N L1 ) X (Hp2 )N
Lifl(F))Q' Before we proceed let us just introduce some notation to ease readability. Define
Wa = Hy1gy- N L3 with ul|Zy = |ull? + ||al|?
H1(Q) H1(Q) H HWQ ” HL?ﬂ(m H HLiﬂ(sz)*
and

1 2 . 2 2 .12
We = Hixey 0 Lingy vt ol = ol +llle,

Letnow f,g € Lig(r) be arbitrary and consider
U+ uV -V, —0gAu+ V- (Jou) =0
SaVu-v = 08,"Ta(g) — 0y "uTn(f1) + ju
u(0) = uo.

This is a linear problem so by [2, Theorem 3.6] it has a unique solution © € Wgq which we will write as uv =
U(f,g), where U: (L2L2(r))2 — Wa. Testing with u, we easily obtain a bound on u in Liﬂ(ﬁ) independent



of f and g. Taking the supremum of the duality pairing of @ with a test function, we also obtain a bound on the
weak time derivative. Combining, we find

U (f.9) s, < Cn (13)

with the constant independent of f and g. Then we define w = w(f, g) and z = z(f, g) as the solutions in
Wr of

w~+wVr - Vp —drArw + Vr - (Jrw) = 5;;/1Tn(9) - 5);1U(f7 g)Tm(f+)
2+ 2Vr -V, =00 Arz+ Ve - (Jrz) = 6, U(f,9)Tn(f7) — 6, Tulg)
(w(0),2(0)) = (wo, 20)

which exist now by [2| Theorem 3.13]. Define a mapping O : (Lig(r))2 — W2 taking the functions f and g
to the solutions by ©(f, g) = (w, z). We seek a fixed point of ©. Firstly, note that testing with w and w and z
and Z in the respective equations and using the bound on U( f, g), we again obtain

lwllwy + 2l < C2

with C independent of f and g. Therefore, defining the set

E:={(f,9) € W& : Ifllyy. + llgll;. < Ca},

we have that ©: E — E. Let us check that © is weakly continuous. For this purpose, let (fx, gx) — (f,9)
in W2 with (fi,gr) € E. Defining (wx, 2zx) = O(fx, gr), we see that (wy, 2 ) lies in E and therefore
(wg, zx) — (w,z) in W§ for some w and z, and we need to show that O(f,g) = (w, ). Define also
ur = U(fx, gr) which again by is bounded independent of k so ur — u in Wq. We need to pass to the
limit in the weak formulation of following system

Uk +urV - Vp —doAuy +V - (JQuk) =0

1 1 .
oVur -v= 7Tn(gk) — *UkTm(f:) + Juk

Opr Ok
. 1 1
Wk +wiVr - Vp — drArwi + Vi - (Jrwg) = TTn(gk) - gukTm(f:)
k/
. 1 1
2+ 2,Vr - Vp — 6 Arz + Vr - (Jrze) = gukTm(f)j—) - TTn(gk)-
k/

It follows that for a subsequence (fk,gx) — (f,g) in (LiQ(F))2 by the compact embedding. By using the

(Lipschitz) continuity of the truncation between L? and the continuity of the trace map, we may send k — oo to
find

U+ uV-Vy —0gAu+ V- (Jou) =0

1 1
oVu-v= 7Tn(g) — *UTm(f_F) +.7u
6k:’ 6k
) 1 1
w4+ wVr - Vp — orArw+ Vrp - (JFU)) = TTn(g) ?UTm(f-F)
K’ k
. 1 1
Z2+42Vr -V, —6mArz+ Vr - (Jrz) = (TUTm(fﬂ - TTR(Q)
k Kk’

and this shows that U(f,g) = w and O(f,g) = (w, z) as required. We have shown that this holds for a
subsequence but it is also true for the full sequence by a standard argument (for example see []). Therefore, ©
has a fixed point and we have a solution of the truncated problem (12).

2.2 Positivity of the truncated problem

In this section we prove that the solution (u, w, z) found in the previous section is non-negative; this is expected
since the initial data are non-negative. Testing the z and u equations with 2~ and u ™~ respectively with the help
of and (47), and adding yields

d _ _ _ _
— / |z |2—|—/ lu™ ? +/ |z |2VF~VF+/ lu” |’V - Vg
dt \ Jre () r(t) N0)

+ 20p / |Vrz > + 259/ [Vu™ > <2 8 uTm (W) 2™ + 60 Tn(2)u™ + l|u7|2.
r() a() @) 2



The first two terms on the right hand side can be estimated as follows by splitting the domain of integration:

8 T (w2 + 6, Tn(2)u™ < / (87 "uTm(wh)2™ + 6, Tz )u™)
{z<0}

< / (65w T (wh)z™ 485 T (27 )u™)
{z<0}
(writingu = u™ +u7)
—n2 —n2
<C (H“ HLQ(F(t)) + HZ HL2(F(t))) :

Moving the terms involving the velocity to the right hand side, via the interpolated trace inequality we estimate

r(t)

- - - . Vr-V _ V-V -
b Ttz + 0 Ta(u + o e o IF e Fale [
2 2 () 2 Q(t)

r()
— 12 12 — 12
SGHV“ HL2(Q(t))+C€Hu HLQ(Q(t))—’_CHZ HL2(r<t))'

This implies that if € is small enough,

d —2 —2 —2 —12
(L ) < U e I )

then Gronwall’s inequality gives z~ and u~ are zero, so that z,u > 0. This easily implies that w > 0 after
testing the equation for w with w ™ and using Gronwall again.

2.3 Passing to the limitin n

Now we wish to drop the truncation in z. To achieve this, test the u, w and z equations with u, w and z
respectively, use on the right hand sides the estimates

_ . 1 . 1
200 T (2)u 4 ju® < —2° + il + u?
Sur S

1
Thzw < = (w? + 2°)

3[\')

uTmwz < 5( 2427

and combine to find

1d
= — / u2+/ w2+/ 22 +5Q/ |Vu|2+5r/ \er\2+6p/ |Vrz|?
2dt \ Jow T(t) r(t) Q) () T(t)
1 Ve - Vr| ) / 2 ( 1 1 m IV - Vi )/ 2
< (o + e w? + 4o o I e z
- (25k’ 2 T(t) 20,1 20,/ 20 2 I(t)

1. 1 m 2 (HVVQHOO)/ 2
+(= 4+ = u? 4 (e u?.
(2 1lloe + 55~ 25k) /m) 2 0

m

Now using the interpolated trace inequality with e = 6o/ (||| ., + i + 5. ), we obtain

el ol 4l IVunliz, 4 IVwnllzs, A+ V2,
< C(éq, 0k, 0, 0r,0r/,m)  (14)
independent of n. We also have, using the trace inequality,
(a,m) < (V- VQHOO + V- JQHOO) ||uHL2(Q(t)) ”nHLQ(Q(t)) + (0a + Cy) HuHHl(Q(t)) ||77||H1(Q(t))
+ 0(5;/1 ”ZHL?(F(t)) + m(sk_l Hu||L2(1"(t)) + 1171l o HUHLZ(r(t))) HUHHI(Q(t))
where C'; is a constant depending on Jq. Integrating and taking the supremum over n € Liﬂ(n)’ we find

lli]| .2 < C(ba, 0k, O, m).
H-1(Q)

10



Testing the w equation with w and using Tn(z) < z, and likewise with the z equation, we obtain, after some
manipulation,
il + 22, < C(0a; 0k, i, m).
L2(T) L2(T)

Using these uniform estimates and Aubin—Lions, we may pass to the limit in n and we shall find existence of

7.’L+UV'VP7($QAU+V'(JQU):O

. 1
0oVu- v —ju= " z— auTm(w)
1 1
w~+wVr - Vp —drArw + Vr - (Jrw) = 6—,2 — yuTm(w)
K’ k
1 1
24 2Vr-Vp =0 Arz+ Vr - (Jrz) = 5—uTm(w) 6—,2
k K/

It remains for us to remove the truncation on w by showing that w is bounded.

2.4 Proof of existence

Before we prove Theorem let us remark that the L°° bounds for w (and z) are easy to obtain if the diffusion
constants are the same for the two surface equations: one simply tests the equation satisfied by v by (v — M)+
for M := |lwol| o (1) + 120l oo (1) @nd One finds a bound on v (and by non-negativity, on w and z) which
depends only on T" and the initial data. In this simple case, we would not have needed to truncate z either earlier.
Clearly, in the general ér # dr+ case a weak maximum principle technique cannot work in trying to procure an
L°° bound on w since we do not yet know if z is bounded or not. However, we know by iteration arguments
that the L°° bound on parabolic equations should depend only on L7 ¢ bounds on the (positive part of the) right
hand side. Indeed, classical results on stationary domains [31} §111.7], [5, 6} [32] lead us to expect an L bound
on solutions to linear parabolic equations with the right hand side f € L£q<r) if the condition

1
7+i<1 (15)
r 2q

is satisfied. In our case, the corresponding right hand side is the variable z. But such bounds on z depend on w
(due to the Ty, (w) term in the z equation) so this leads to a circular argument. However, if we rewrite the w
equation so as to eliminate z by using the substitution v = w + z (see @) we can eventually obtain what we
want. Let us proceed by recalling that v solves

0+ oVr -V, + V- (Jrv) = éprArv + (or — op ) Arw.

Lemma 2.1. The following energy estimate holds independent of §j:

A
v + ||lw + — |[vuw + or ||Vro + Co ||Vrw
ol + ol |+ 5 IVwllz, o+ 60 19rola, |+ CollVrulzs,

L2(1)

S C(T7 61@’7 A(5F7 51_‘/))

-~ 2
where A > max (1, 2%1 + %) and Cy > 0 is chosen arbitrarily.

Proof. Test the equation for v with v itself to find

d
—/ v? —|—/ v’V - Vr + 26 / |Vl < 2|0 — 5F’|/ e[ Vro|? + Cc|Vrw[®.
at Jre r(t) r(t) r(t)

Test also the w equation with w and multiply by a number A > 0 to be determined to obtain

Ai/ w?+ A w2V ~Vr+2A5p/ \er|2 = 24 (v—w)w — % ww?.
dt Jre r(t) r(t) o Jr ok Jr

Now pick € = v /2|6r — dr/| and add the two inequalities together:

4 / (v* + Aw®) + / (v* + Aw®)Vr - Vr + / %uwQ + 60| Vro|® 4 2460 |Viw|?
dt Jre I(t) r) Ok

2A
Sk Jre

< 2‘5{‘ — 5F’| CE|VF’LU|2 + VW.
)

r(t

11



_ 2
Recall that C. = (4¢)™". Now, for any Cp > 0, pick A such that A > max (1, 2%1 %) , then

2A
i/ (v® + Aw®) + —/ uw? + 8p / |Vrol® + C’o/ |Vrw|?
dt Jr O Jr r'®) r'®)

A
< / v2+w2+\|VF.VFHOO/ (v® 4+ Aw?)
Opr r'(t) '(t)
A 2 2 .
<|=—+|Vr-Vr|, (v" + Aw"), (using 1 < A)
6}@’ I(t)

which, with o := (A/8s + || Vr - V| ) vields

||U(t)”i2(r(t)) +A ||w(t)||i2(r(t)) < eaT/F (vh + Awp)

0

and

2A o
Zaw|?, 460 |Veol?2e +CollVrw|?.. < (Tae T+1)/ (02 + Auw?).
Ok L2(T) L2(r) L2(1) r

0

We are ready to conclude the existence.

Proof of Theorem[1.4 The equation for w, with the right hand side written in terms of v reads

W+ wVr -V, —orArw+ Vr - (Jrw) = <iv — iw — iuTm(w)) .
Ok Ops Ok
Lemmabelow guarantees an L bound on w for dimensions d < 3 whose dependence on the right hand
side data is only on the Lzoz(m norm of the positive part of the right hand side. Since we proved in Lemma
that the LZ‘;(F) norm of 6,:,111 is bounded independently of z and w, it follows that if we pick the truncation level
of w to be m := ”wHLi%cm we obtain existence for (). O

Actually, we know from Lemma that v is bounded in the space Q(T"), not just in Lz%(r), S0 one might
expect to profit using this extra information somehow in the existence or boundedness result. We address this
question in Remark[3:2}

3 L°° bounds

In this section, we will prove essential boundedness for z and u, as well as proving a lemma that we used to
prove boundedness of w (and existence for the system) in the previous section. We start with L°° bounds for
solutions of an abstract linear parabolic PDE on an evolving surface with L” right hand side data that we can
apply to the w and z equations. Clearly these results can also be used for many other problems on evolving
surfaces.

De Giorgi method. Since we will be using variations of the De Giorgi L?~L°° scheme to prove the L bounds
and the proofs are rather technical, it is worth emphasising the key steps. This method was introduced by De
Giorgi [12] in his paper regarding the regularity of solutions to nonlinear elliptic problems. His technique allowed
him to obtain boundedness and Hélder regularity of solutions with only L? a priori estimates. This method has
since then been applied to several other problems, including parabolic equations. The starting point is to define
a sequence of positive numbers, say Uy. This is usually related to the L? norm of ug, = (u — ck)+, if u is the
function that we wish to bound. Then one has to establish a nonlinear recurrence estimate of the form

Uy < CB*UTS, where C, 8,5 > 0. (16)

Usual tools to achieve such estimate include Sobolev inequalities, energy estimates and the Chebyshev inequal-
ity. Then, if Ug is small enough, namely if Uy < min(1, (26‘)_1/‘96_1/52)7 then U}, converges to zero as
k tends to infinity. If also cx converges to some number M we can say that u < M in some appropriate set,
depending on the definition of U.

12



There is another formulation to this method, which relies on a different recurrence estimate. We now define a
function U > 0 to be nonincreasing in [Z, c0) and such that, fory > x > 7,

(y — z)?U(y) < CU(z)"™* where C,p,s > 0. (17)
(s+1)
Then U(y) = 0 fory > T + B where B? = CU(O)SQP s . This result is due to Stampacchia [44]. To suit
our purpose U (y) will be related to the measure of the set {u > y}, where again w is the function we wish to
bound.

3.1 Boundedness for parabolic problems on evolving surfaces
We consider the following initial value problem set on I'(t)

d+an-Vp—DApa+Vp-(Jra):g

a(0) = ao (8)

for a given constant D > 0 and data g € Liz(r) and ag € L? (To).

Lemma 3.1 (De Giorgi l). For dimensions d < 3, the weak solution of the equation giveng € LQLQ(F) with
gt e L7% vy and ag € L™ (T'o) satisfies

V-V D)T -1
ol e, < 07T (ol + 0D o, )

Loo(T)
Proof. Let us consider the transformed problem

a+a(Vr-Vy+A) —DAra+ Vr-(Jra) =e Mg =:f
6(0) = aop,
where & = e~ **a. For convenience, we do not write the tildes from now on. Testing with a := (a — l’c)7L for
k = ko := [|ao|| ;o 1, and integrating by parts using {48), we find

1d

1
77/ |ak|2+/ aak(VF-Vr+/\)ff\ak\2vaVp+D|Vpak|2 < f+ak,.
2dt Jrp I 2

Let A= D+ ||Vr - Vr|_.Then Vr - Vr + A > D.Using aar, = aj + kay > aj, and integrating in time
we obtain

1 1 t t
s [P =5 [ JaeP+p [ [ (alswral) < [ e o
I'(t) T'(s) s r(r) s I'(7)

Since the function Iy (t) := fr(t) |ak (t)|? is continuous, it has a maximum, say att = o > 0. Now, let us pick
a sequence 9,, — 0 such that, for o,, := o — Jy, the following hold

1 ||f+(o-")||L2(F(o'”)) < |’f+HL°°

L2(1)

2 on is a Lebesgue point for the function
G(r) = Frax(m) = D (IVrar(r)]* + |ar(r)[?) .
r(r)

(If o is a Lebesgue point for the above function then we can just set §,, = 0; otherwise we know the set
of Lebesgue points is dense and therefore we can choose o,)

3 Ix(on) — Ik(on — €) > 0 (this can be done if §,, and € are small enough, since I}, is continuous, starts
at zero and has a maximum on (0, 7).

Choosing in t = on and s = 0, — €, we obtain

p[" [ (il vra) < [ I
on—e Jr(r) on—e JT(r)

and now divide by € and send € — 0 with the Lebesgue differentiation theorem to find

D Hak”?{l(r(v’n)) S /F( )f+ak. (20)

13



Define Ax(t) := {z € T'(t) | a(t,z) > k} and py := esssupg<,<p |Ax(t)|. Clearly yu > 0is non-
increasing for k > ||ao HLm(FO). Using the Sobolev inequality (57), the above yields

1

N\ P
DCY Hak”ip(r(an)) = (/r( s )|f+p) lakllLo(r oy
On k(On

where p’ is the conjugate to p and p satisfies the constraint in QB_TD Therefore,

2 -,
DCY larll o (ro,y) < [Ar(on)| Her(J")HL"‘,Pl(F(on))

’

1
< 1,

where r > 1 is arbitrary for now. Now we wish to establish a similar inequality for I (an). Using Holder’s
inequality with (p/2, p/(p — 2)) and the previous estimate,

/ |ax|?
T'(on)
p—2 2
p P
</ 1p/(p2)> (/ |ak|p>
Ay (on) T(on)

1 2 4p=2
< e’ T s,

’

Ik(o'n)

IN

Sending 0., — 0 and using continuity of I} we obtain

1 2+t
fk(U)SDTC?#;:p S

2
Lzo,’,/p/ :
Observe that for any h > k,

Ik<t>=/ Jax ? z/ jaxl? > (h — k)| An ()]
A (1) Ap(t)
which implies that

1711
L, 242

< rp P
Hh=D2ct(h — k)2 H'*

which can be written as (h— k) 1y, < C) where C' = Hf+||ioo /(D*C})andy = 2/(rp’)+(p—2)/
Lp/,r/

p. This is the setting of the Stampacchia lemma [44], see . We need v > 1 and this is satisfied if » < p — 1.
Moreover, given the data to the problem we must impose p’r’ < 2. This poses no problem in dimensions
d < 2 since in that case p can be arbitrary as given by the Sobolev embedding. However, for higher dimensions,
p = 2d/(d — 2), hence, in order to satisfy the conditions above we must restrict ourselves to d < 4. Therefore,
pn = Oforall b > [laol| o () + B where

“FHL“’W /=D p|(r=1)/2
B = Dic’lléz’Y vy |F‘ ol
which directly implies that (back to the tilde notation) a < Hao ||LOC (To) + B. Transforming back, we find actually
that VN
o0 1

At Se »’ 2(%;7/+pT72)/(%p/*%)|1—\|%p/*;
I

a(t) <e llaoll o (ry) +

g

Remark 3.2. As we wrote at the end of Q Lemma shows that v is bounded in the space Q(T") and not
just in Lf’z (T)» SO we might expect a less strict restriction on the dimension for Theorem were we to use this
in the De Giorgi method of the previous lemma to bound w (see @ Were we to utilise the embedding QE_ED
instead of the Sobolev inequality on , we would lose the L°° requirement in time on the right hand side
data and instead require a bound in L' q forr,q > 2 (the downside is the increased spatial regularity), with r
and q related through the condition in Lemma However, the condition (T5) for such a right hand side f in
L7, ) again just translates to requiring d < 3, so we do not gain anything by using .
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One might think that we could prove the bound on 2 using the previous lemma just like it was used to prove
the bound on w. The positive part of the right hand side of the z equation is precisely 6,;1uw, which satisfies
. [

L@
—uw <
Ok - Ok

However, u is known only to be in LLZ(Q) whereas we need it bounded in LHl(Q) (by the trace theorem) in
order to apply Lemma Therefore, we need a different stipulation answered by the next lemma (but note the
condition on the dimension d cf. the previous lemma). Again we will employ a De Giorgi iteration scheme of the
type discussed earlier (see (T6)).

Lemma 3.3 (De Giorgi Il). For dimensions d < 2, the weak solution of the equation (T8) given g € Lig(l—\)
with g* € Lia1.ry andao € L™(To) satisfies

lall s, < elVrVrlet T (H%Hmc(ro) +C(T)min(1/2,D) " [|g*]] 2 >
L2+€()
for almost every t € [0, T'), where C' is independent of ¢.

Proof. We will adapt [31} §ll1.7] for our setting of an evolving surface and our specific choice of exponents on
the right hand side data. Let us suppose that ag = 0 for now. Like the proof of Lemma|[3.1] we may transform,
relabel and manipulate the equation so that from (T9), we have for k > ko := ||ao || ;o (1)

(1
mm<2 )H“’“HQ(U 1570z, Nakllzz

L1te

The spaces involved in the a norm on the right hand side do not satisfy the conditions of Lemma@so we will
apply first Hélder's inequality with suitable exponents. If we define Ax(t) = {x € T'(¢) | a(t,x) > k} (as

before),
1
(1+e)
laull,a | (/ Akt |) laullzy,
+e)\

L 1+s L1+e
By Lemma. the norm on the right hand side becomes

where A = 2(1+ 1) — 2+6

laellzzs, < O T laxllgqr -

L 1¥e

Putting it all together we have, denoting m = min(1/2, D)

2(14¢€)
f+|L2 (/‘Ak |2+5)

Set now k, = (2 — 27 ™) N for some large N to be defined later. Note that ko = N and that k, T 2N asn

tends to infinity. Finally, define
1
T 20146 \ X
o= ([ 1015
0

This sequence of positive numbers will play the role of U}, as presented in . From the previous inequality we
obtain

1

HakHQ(F)

Cl(

1570 sz, 20

Now, from the definition of k, we see that if a > Icn then a > kn,l + 27" N and this implies {a > kn} C
{ak,,_, > 27" N} So, using Chebyshev’s inequality for some r to be defined later,

||akHQ(r) =

1
{a > ka}| < [{an, >2‘”N\Si/ fakn 1
{a > ka}| < {an, , NEGomy fo oy 10

and thus
1
. 2(14+e)\ N
_ T 1 272(1:26) | |T 2Fe A
z _— a
n—= o 2-n N re) kn_1
2r (14 2(1+e) %

( 1 ) A(2+s) /T / | |r 2+e
=|—= ak,, _
2-"N 0 I(t) !



2+4e€
1+e

Given our choice of A, if we pick r = A then the norm on the right hand side satisfies the hypothesis of

Lemmal[B.land therefore

22n 2
Zn < ﬁcl(T) l|a., . HQ(F)
22nC1(T)3 + 112 A—1
< N2m?2 I/ |’L2LQ+E Zn—1
= 28"z 15,
3
where C := % Hf*”iz e = Y5 B=4ands = (% - 2ie) and hence we are in the conditions

exposed in if d < 2+ € (needed to ensure s > 0). It remains only to show the bound on zp. It is
straighforward to see that

1 2(1+e)
2o < TX|D|ACF =: Cy
2
and so if we now choose N2 > 2C5C58Y°, then zo < (202)’1/5571/5 and we conclude that z,, con-
verges to zero as m tends to infinity. This implies that a(t) < 2N almost everywhere on I'(¢). O

3.2 The bound on 2

Recalling that the positive part of the right hand side of the z equation is 6,;1uw, we know by that u is
bounded in L7% o) N L?ﬂ(Q) which, since H'/2(I') < L?*¢(T") [14, Theorem 3.81] for all dimensions
(where € depends on the dimension), implies

lull L2+e(0eyy < Crllull ez eeeyy < Collull o) »

so that (the trace of) w is bounded in LQLHE(F). This gain in the spatial regularity for u, combined with the L°
bound for w, allows us to apply the previous lemma and conclude the boundedness of z since z satisfies an
equation of the form (T8) with g+ = 6, ' uw.

3.3 The bound on u

Boundedness for u is more complicated because we are dealing with two domains (£2 and its boundary) due to
the Robin boundary condition. Let us use the notation % = ue ™! so that & = e*“*9* % 4 A, u. The equation
for u is
*U+a(V - Vo + ) — doAt+ V- (Jou) =0
6oV -v =" e 2 — 5 aw + ja
ﬁ(O) = Uug.
Consider the following two problems:
a+ CL(V . Vp + )\u) —doAa+ V- (JQCL) =0
69Va~1/:5,;167’\“tz—5,;1aw +j(a+0b) (21)
a(0)=0
and

b+b(V-Vy+ ) —60Ab+ V- (Jab) =0
6aVb-v = —4; 'bw
b(O) = Uug.

Itis clear that (a + b) is a solution of the problem satisfied by @ above. The L™ bound b(t) < [[uol| e (1)
follows after testing the b equation with (b — Mo)™ where Mo := ol oo (ry). taking Au > IV - Val| .,
using (@6), the interpolated trace inequality and Gronwall's lemma. So it remains for us to show that the solution
of is bounded given b € L7 (q)-

We will again apply a De Giorgi method. Of course there is a lot of similarity to Lemmas [3-1] and [3:3] but we
follow the work of Nittka [39] here, which offers several improvements and corrections over the similar material
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presented in [31] §l11.7-8]. Let B (t) := {z € I'(t) | a(t,z) > k}. Fork > Oletus testwith ar, = (a—k)"
and use (@6) to get

1
f/ |ak(t) / / ba|Var* + (V- Va + Ay )aak77|ak| V-Vq
2 Jaw Q(s)

t
—I—/ / fjai — (0t e Mz — 6 taw)ak — j(a + b)ay, = 0.
0 JI(s) 2

The two terms involving the velocity can be combined if we assume that Ay, > ||V - V| (we shall specify
Au later on) and use @ = (a — k) + k. Now, since (a+b)axr = |ax|* +kax +bay and ax = 1k(a—k)* <
+(k* + |(a — k)T|?), we have

1Bl s
(a+b)ax < 2+[Bllz, lanl® + —— =K + 4

for k > 1. Using this, the last term in the weak formulation above can be manipulated as
K 1.5 1_—X 1
—/ / —jap — (6, e 2 — 5, faw)ay, — j(a + b)ay
0 JI(s) 2

t bl
_ ) 5 2y Pl .
< /1 oo —_ o . TLee@)
—/0 /F(s) O 2l e, o @+ il <(2 +HbIILme)> lax|? + - k2 4k

P A 5 b1l
< L) (1.2 2 . 2 bl 2 L) 12 | 12
<[ TR ) e (5 Wl ) ol R
¢ 5 2 2
- 2+ (ot 3l ) onf + o &

where we defined o := &, [|2]| ;oo ( + 115l oo 11611 100 . Now we use the interpolated trace inequality
Loo(T) Loo(Q
on the (integral of the) second term above with

e ¢ —1 ( D1
e=— 2 __ and C.=—=205"C(a+2jl
2+ 2[4l e TF 2

to find, taking k > 1,

1 0 V-V «@ . ¢
s [ oo <= [ [ wnor+ one T imor+ (Fei) [
t s 0 k(s
t
2005 a4 3 5]l / [ Jar
Q(s)
7L cru) [,
— Vag( -+ k
Q(s)| # (k HJHOO) 0 JBg(s)

where for the last inequality we picked A, = ||V - Vo _ +2C65" (a+ 3 ||j]| . )?- Thisis

1 t ) t
s [ or < [ wmer<t [ e [
2 Jaw Q(s) kJo JB(s o JBy(s)

and now take essential supremums over ¢, setting m = min(1, da):

1 2 a2 . 2 T
gl < (38 + 131 ) [ f 2

By Holder’s inequality,

T
o . « . r
(Eatae) [ < (5 i) T el
0 By (s) ra/(a—1)

< I+ Cullilloo) Ixsellrre—) (23)
ra/(g—1)
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where we have taken k > «|T'|*/9T%/" and set O := |I'|*/2T/™ and also we constrain  and ¢ so that

1 n d < 1 (24)
r 2q 2
Now define K, 7« and g« by
1 d 1 k(d+1) 21+ Kk)r 21+ kK)q
— —_——= = - — = —————, d * — .
r a7 2 2 7 r—1 and 4 g—1
The condition (24) implies that £ > 0. Then (23) can be written like
« T 2(1+k)
(F+tile) [ [ vl e
0 JBy(s) L
So we find that (22) becomes
1 2 2 2(1+k) 2 r / 2 /re
ol < (14 GR35 = cot? ([ 1)
* 0
where we set Cz := 1+ C1 ||j|| - This, as we said before, holds whenever
k > max (1,aC1) . (25)

Now the proof is analogous to what is done in the proof of Lemma@where instead of the inequality of Lemma
we use Lemma Define kp := (2 —27™)N for alarge N and

T 2/r«
- (/ |Bkn(t)|’"*/q*) .
0

-1 1
Zni1 < 2°mT1CLCpA" 2L TR

(here C7 is the constant from Lemma and if we take k such that it satisfies (5), then

Then we in fact find

(N — ];‘)220 S 2m71C’201];:2Co.

Defining C3 := |['|2(1+)/ ¢ p2(+%)/7 anq picking N = I%(\/C32%+%+~%(m’10201)2%+% +1), we
have

Z0 S (26771_10201)_1/&4_1/&2.

By [31] Il, Lemma 5.6], we have 2z, — 0 as n — oo. This suggests, since k, — 2N, that a(t) < 2N almost
everywhere on I'(t). Putting everything together, we find

—1 . 2
u(t) < el T ValaT T 31 (nax (1,aCy) (Cam ™32 + C5) + [luoll o oy ) -

4 Strong solutions for u

In order to show that % is in fact a function and not just an element of a dual space, we would like to test with
2 but obviously this is not possible. We may try a smoothing technique like using the Galerkin approximation for
the u equation and testing with the finite-dimensional time derivative 1,, but this does not help either since we
would actually need a uniform bound in L°° on the u,, which does not necessarily follow from the L bound on
u. Instead we mollify in time the u equation and try to make use of the L°° bound obtained for « in Theorem|[1.5
Essentially we will test the u equation with an approximation of % by Steklov averaging [18}[19][31]. Actually, we
will do this for the equation pulled back onto a reference domain. Before we proceed, let us discuss the Steklov
averaging technique and some properties. For a function v € L?(0,7'; X') where X is a Banach space, we
define its Steklov average vy, by

_ %ftﬂrhv(s)ds 0<t<T—-h
vh(t)—
0 T —h<t<T
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for 0 < h < T.For p # oo, itis well known that for any € € (0,7"), we have v, € LP(0,T — €; X) with
lvrll Lo r—exy < IVllLeor,x) forallh € (0,€), and vy, — vin LP(0,T — €; X) as h — 0. Also, vn
has the (strong) a.e. derivative

v(t+ h) —v(t)
h

Now, to obtain the weak form corresponding to the equation on the reference domain, we introduce some nota-
tion. We have defined in Section[1_1lthe flow ® such that

Oron(t) = =: Dpo(t).

@y : Qo — Q(t) with %dn(-) = Vy(t, @4(-)).

Let D®, be the Jacobian matrix of ®; with inverse M(t) := (D t)’ and let J; = det D®; be its de-
terminant. Define A(t) := doJ:M(#)M(t)” and wy := |M(t)Tvo|, where vp is the outward normal to
Io.

Below, §: Q2 x [0, T] — R denotes the pullback of a function g € L5 by §(£,t) = g(®.(£),t); we use
the same notation for the pullback of functions defined on I'(¢). Pulling back the weak form of the u equation
gives (see [13] Chapter 9, §4.2] for the boundary integral)

z UW

(e, Jo @)+ A(t)vav¢+a¢vojt+Jt3{z~M(t)Tva¢:/ (5 ;
k! k

> @Jiwt + joupJiws,
Qo

where Vp = V/\V/Q is the pullback of V - Vo, and similarly for jo = (Vo — Vr) - 0. Now setting v = J;,
this becomes

(e, v) + A(t)VﬂV(Jt_lw) + apVo + .i) . M(t)TVfu/; = (i - ﬂ) Ywi + Jouhwy.
Qo Ty O Ok

Since A()VaV(J; ') = J7 A VAVYy + YA () VaVJ; ! setting B(t) := J; ' A(t), integrating

by parts in time and relabelling to remove all the tildes from %, we obtain

4 wp+ [ BE)VuVy + YA (VY + upVo + Jo - M(t)T Vug

dt 2 Q2
= / (; — 7) PYwi + Joupws
ry \ Ok

(26)

if 4 is independent of time. To write the weak form associated to the function u, (see [18} Chapter I1]), in (26),
divide by h and integrate over (¢, ¢ + h):

Dpun ()Y + = / / $)VuVy + - / / YA(s)VuV I + = / / uhVo
Qo Qo Qo Qo
t+h w .
h/ /ZOJ” M(s)" Vg = h/F/ (5k, *aJrJou)l/)ws- @)

The idea is to test with O;uy, () and integrate over ¢ and try to find a bound on w}, in L2 (0, T'; L* (o)) indepen-
dent of h. This requires us to handle the various terms in the equality above, which is not at all straightforward
since the coefficients are time-dependent. For example, in the non-moving setting where the elliptic operator
such as the Laplacian is independent of time, we have

(<_Au7 v))h = <_Auh7 U>7

i.e., the Steklov average commutes with elliptic operator. In our case of a moving domain this equality is no
longer true (in fact some extra terms appear) because the coefficients of the operator A depend on time. For this
purpose, we need the following auxiliary results.

4.1 Preliminary results

We begin with the following fundamental lemma, which follows by a simple integration by parts argument.
Lemma 4.1. Lety: [0,T] — R be absolutely continuous and f € L*(0,T). We have

[ ot w0+ Do) [ -1 [ s [0
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Given functions g, ¢ and k defined on [0, '] X o, it is convenient to define a map L}, by the expression

t+h
Lin(g, 0, k)(t) := g(t) (Dhgo(t)K(t) — %/t ’ @'(S)K(s)) where K (t / k(s

Thus the equality of Lemma[-]can be rewritten as

1 t+h
P e = et A + La(1 g 1)),

A form of Lemma@for matrix-vector products is given by the following corollary, which can be proved by writing
the products componentwise and using the formula for Lp,.

Corollary 4.2. Let € H'(Q0), f € L*(0,T; H'(Q)) and let N(t) = [n;(t)] be a matrix with
ni;: [0, T] —  absolutely continuous and nj; € L'(0,T; L*(Q)). Then

// N(s)Vf(s)Vep = /Nt+thh(tvw+Z Lh(Ya;,nij, fo; ) ().
Qo

Qo
Since L, appears a number of times, it is useful to bound it in terms of its arguments. First, define the space
X :={p € Lip(0,T; L (Q0)) | ¢ is differentiable a.e. t € [0,T]}.

This is indeed a proper subset (that is, the constraint is not redundant) because L°°(€2y) does not have the
Radon-Nikodym property [4, Example 1.2.8].

Lemma 4.3. The map Lr,: L?(0,T; L*(Q0)) x X x L*(0,T; L*(Q)) — L'(0,T; L* (%)) and for g,
ke L?(0,T; L*(Q0)) andp € X,

T
/O ; Ln(g,¢,k)(t) < 4Lip(@) VT = kgl 20, 7—nir200)) 1Kl 22(0,7:22(00)) -
0

Proof. By adding and subtracting the same term in the definition of L,

1 t+h

Lalg. 0. R)(t) = 9K (1) (Duplt) — ©'(1)) + a(t) (‘Pl(t)K(t)*g t so’<s>K<s>).

The assumptions on ¢ mean that it is Lipschitz continuous in time with a global Lipschitz constant, and therefore
Dyp(t) < Lip(ip). After integrating the above expression for Ly, in space and over t € (0,7 — h), the first
term on the right hand side is

T—h
/ / ) (Drp() = ¢ (1) < 2Li() 19112 0.1 mer2 60y 1 22 0.1
Q0

and the second term can be dealt with as follows:

[ ] s (doro - [T dene)
<[] ol (ko [ )

~ Lip(y / / WK ®)] + g (K ®))n

< 2Lip(@) 19l L2 (0,72 (00)) 1K L2 (0,7522(020)) -

The claim follows once we note that

T—h
e e A A ]S Ay
0
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4.2 Obtaining the bound

As we mentioned before, we want to establish a bound on u}, in L2 (0, T; L?(€20)) and to do so we will integrate
(27) in time for a specific test function ¢. Let £ € C£°((0,T]) be a smooth function vanishing near ¢ = 0 and
equal to one near t = T'with 0 < & < 1 and pick 1 = &£(t):un(t) in (this cutoff function is necessary to
deal with the Laplacian term: we cannot bound Vuy (0) in LQ(QO) independent of k). Our aim is to prove the
following lemma, which we will do by addressing each term in the next subsections.

Lemma 4.4. Withv) = £(t)Oyun(t), the following lower bound

1 [T-h t+h ,
ﬁ/ /2 / B(s)VuVy > (Ar — (d + 1)p) [[Vun(T — h)[72(q,) — Cp 28)

and the following upper bounds

T—h —
sl [ AT+ T M) T+ wiVe < el VEuh o1z + C
0 Q0 Jt
@9)

1 [T-h t+h
5 / / / (z — uw + jou)Ypws < C (30)
0 ro Jt

hold, where A\ > 0 is as in (1), p, € > 0 can be chosen arbitrarily and all constants on the right hand sides
are independent of h.
4.2.1 The Laplacian term

Clearly, the most troublesome term in is the one involving the gradient of the test function ¥ = &0y up,.
We must manipulate it in such a way as to extract a positive contribution of fﬂo |Vur(T — h)|2 (a term that
we cannot bound from above since it would require pointwise control on the gradient of w). This is trivial when
B is independent of time but in our case the extra terms arising from the time dependency generate unwanted
negative contributions of (the square root of) the above integral, which we will overcome by Young’s inequality.
Let us begin by using Corollary -2]to write

%/ﬂo /tHhB(s)Vqub

E(B(t + h)Vur Vorun(?)

+ 3 [ €0, (2w [wer= 1 [ bt [ n)
2dt/ €(OB(t + h)Vun(£) Vun ()

-3 / (€ (OB + 1) + (0B (¢ -+ 1) Vun (6) T (1)
Q0

+ 3 [ 0@, (2ut® [ [ 060 [ 1)

=:l;;

Above, we wrote the Ly, term out explicitly as Lemmadoes not produce a useful estimate in this instance
and it requires some preparation. Before that, consider the first term on the right hand side. We have, since &
vanishes near zero and equals one near 1" and B(T') is a positive-definite matrix,

/ o d OB+ WVun(t)Vun(t) = 3 [ €T = WBE)Vun(T — h)Tun(T ~ )

Qo

> AT/ |Vun (T — h)|?, (31)
Qo

where the constant At is independent of x. This term, which is a positive contribution of the gradient evaluated
at a point, will be used to absorb negative terms that arise below. Regarding the second term on the right hand
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side, it is straighforward to bound

T—h
3] | €OBCH + OB+ mTuOTu® < O IV - @

This leaves us with the integral I;; which in its current form is not helpful since we cannot bound the term
(8tuh(t))%.. However, we can use the convenient properties of the Steklov averaging allowing us to swap the
order of spatial and temporal derivatives:

(Orun(®)), = (u(t + h})L — u(t)) _ Uy (t+ h})L — g, (1) = (e n (0,

J

thus we may integrate by parts in time to yield

= [ €00 (D) (e = [0 [ o0)
[ w0 (Dutue) / )= 1 [ [(un0)

[ e (o000 [ [T [uaw). e

Expanding the brackets above leaves us with six terms to control. We do this in a few steps.
STEP A (the first, third and fifth term). After expanding the brackets, we see that the sum of the first term and the
third term is

G [ €00 00D 0) [ (o) = [ 005 (Dubs0) [ e )

jt O ODb O [ 0,9

£(t) (ua, )n(t) (Dhb;j(t) /Ot Uz, (8) + Drbij (t)uzi(t)> .

Qo

Let us integrate in time and handle each of these terms on the right hand side.
STEP A.1. Since £ vanishes near zero, we have

T—h t
/ G ey (0)Dabis (1) / e (5)

T—h
E(T — h)(uia, (T — h) Dby (T — h) / iz (5)

Qo

T—h
< il / (s =B [ ()
’ T—h

< O e 0T = W)y [ ez
= C1 [ (e (T = )| 2 gy Nl L1 (0.7 i 22 (20
< g ||(uh)% (T - h)HiZ(QO) + CP Hu% Hil(o,T;Lz(Qo))

since derivatives and the Steklov averaging commute.
STEP A.2. We also have

/0 o 0 )a (Dbl (1) / N ) < 185511, / o / |(uay )n(B)] / [ua: (s)
<o f o / i (0 ()

T—h
< C ||uzi“L1(0,T;L2(szU)) /O ”(uzj)h(t)HLZ’(no)

S 03 ||uIL HLI(O,T;LZ(QO)) Hul'j HLl(O,Tfh;Lz(QO)) .
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The fifth term in (33) can be dealt with in exactly the same manner.
STEP A.3. Finally, we have

/OT_h o €(t) (i, )1 (£) Dibig (B, (£) < [[bis (£) IIL.p/T h/ (e, ) (Ol ()]

<G ||“%‘ HL2(O,T7h;L2(QO)) Hu”iHL"‘(OYT;L"‘mo)) :

STEP B (The second and fourth terms). Now let us handle (the negative of) the second and fourth terms in @
STEP B.1. We have

L5 et (5 [ e [ eo)
(e -n i -n (5 [ e [Ceo)

HbaH /T/ / (12, (T = W)t (7)

C
< 71 [| (ue; )n (T = h) HL2(QO)/T7’L lwa: Nl 10,7522 00))
=0 H(“%‘)h(T - h)HL2(QO) [tz ||L1(0,T;L2(Qg))
< g (| () (T — h)Hiﬂ(Qo) +C

STEP B.2. Since

% (% /tt+h bi; (s) /OS uzi(T)> = % (b;j(t‘F h) /OHh Uz, — by (t) /Ot Uz, (7’)) ’

we find the fourth term to be

[ [ e g (e [ T b0 [ )
- %/T—h QOg(zt)(umj)h(lt) <b§j(t+ h) Uo”h e, — /Ot uzl} + [b5; (¢ + h) — bi;(¢)] /Ot Ug, (r))

= [ e mg [ o)

Qo
T—h
+ E / / % f(t) (uxj)h(t) [bij (t + h) — bij (t)] Us, (7‘)

<ll [ @ sl [ [ 0l 0)

< C1[|(uay h||L2(0,T7h;L2(QD)) 1(uz:)nll L2 0,7—hiL2(00))

+C2 ||(qu)h||L1(o T—h;L2(Q)) [z, HL1(0 T;L2(Q0))

STEP C (The final term). It remains for us to bound the last term in (33):

T—h 1 t+h , s
[ oo (G [ e [ o)
T—h
- / € (8) (e, 0 (D) Vg U Jn (1)
0 Q0
< HSIHOO H(“rj)hHL2<0,T;L2(QO)) ||[b;jUIi]h||L2(0,T;L2(Qo))

<11 Moo 1925l Mt 20 22 200y Nt 20,2200

where we defined Us, (t) = [y Ua,.
CONCLUSION. Comblnmg all of the steps and summing over i and 7, we find

T—h
S [ I < @ DplVun(T = W), + o
0

ij

for a constant C'1 not depending on h. Taking this into account with and (32), we end up with (28).
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4.2.2 The remaining terms on the left hand side

The remaining integrals over € are lower order in J;up, s0 we can be a bit more crude in how we deal with them
but since we already have the more precise machinery of Lemmas@and@let us take more care. Denoting
the components of Jq as ki, using

A(s)VuVJ; ' +J0-M(s) Vu = Za” j%uml—FZkJm”uxq = Z(aij(s)jgcj + kjmij) ua,

ij ij

=in;j

we see that, using Lemma[4.1] and the definition of 1),
1 t+h 1 . T
E/ / PYA(s)Vu(s)VJs ™ +Ja - M(s)” Vu(s)y
Qo Jt

E()0un(t) At + h)Vun (VI + D Lot 0w, mij, i)

Q0 7

< / i{(t)\@tuh(t)F + 06|A(t + h)vuh(t)VJ;rth + Z ,Ch(t; EDrup, Nij, um’)
Qo

TN
[ 00 (ot + w0+ D0 [ w4 [ v [uin)

g/ 25(t)|8tuh(t)|2+C€|Vo(t+h)uh(t)\2 + Ly (t; EDvun, Vo, u).
Qo

and

Integrating both of these and combining, we find with the aid of Lemma[4.3]
1 [T—h t4h N
E/ / / YA(s)Vu(s)VJIS " +Tg - M(s) Vu(s)y 4 u(s)ypVo
0 Qo
T—h
< *||Veou ve [ [ v ral T
0 Qo

|| veam|
+ \/g tUn L2(0,T—h;L2(Q0))

relves

and this leads to after using the boundedness of | A (t + h)” V.J;| and Young's inequality with e.

L2(0,T—h;L2(Q0))

fla, ||L2(0,T;L2(Qo))

L2(0.7— hiL2 () HUHLQ(O,T;LQ(QO))

4.2.3 Dealing with the boundary quantities

We have an issue with J;up, on the boundary, since the trace theorem would insist on gradient control on ;.
The workaround is to integrate by parts and to use a trick involving the chain rule to deal with the uO;uy, term.

First, to ease the notation, let Z = 5,;,1§wz, W = 5;1£ww, Jjo = &wjo and define f = w — jo. The right
hand side of (27) is then

h /FO/ (5k, -5 +Jou) v = [ dun(t)y / ol — )

= Ovun (t)[2n — (uf)n]

To

il = |

= — ZhUp — c’)zhuh—— uf hUR
dt Jr, ro dt FO[ )

+ Ocfuflnun. (34)

To

The final term above still contains explicitly a derivative of u, so let us rewrite it by first using

:u(t+h)—ut flt+h) = f(t)

oufufln L= gy 4+ u() PEEIO  py myoun +ue
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so that

1
ouflnun =5 [ S+ moud) + [ wundis,
To To To
1d 2 1 / 2
==-— ft+h)uy — = f(t—l—h)uh—i—/ wwp O fn-
2dt Jr, 2 Jr, -
(On To by O¢ur, we mean d¢[(u|r,)n] where of course (u|r,)n(t) = + tt+h u|r,-) Plugging this into
above and integrating over ¢t € (0,7 — h), we find the right hand side of (34) to be
T—h
/ (2n(T = RYun(T — h) — 24(0)un (0)) — / Busnun
T'o 0 T'o
1
~ [ (AN = Wyun(T = ) = [ ©)un (0)) + 5 [ (FT)un(T = 1)? = FOun(0)?)
T o

1 ’ T—h T—h
—7/ / f’(t—i—h)ui—&—/ / uupO fn.
2 0 Lo 0 To

We discuss each term in turn. Writing

5 1 s+h 2 1 s+h 5
wer= ([ ) =i

T 2
hence fpo F(Tyun(T—h)* < W Jr_n fpo |f(T)|u? < h I (D) 1 ) 1l 00 0,7 100 (1)) - SO that the
fourth integral is bounded. Similarly to this we may deal with the first integral. The third term we deal with as

oo
[t = [ ([ wnso) (7 )
[ [ s
5 Wiy [ (f )

2 2
| ”f“LOO(O,T;L‘x’(FO)) ||u||Loo(o,T;LOO(F0))

IA

thanks to Jensen'’s inequality. The second and last terms become

T—h
/ / uup O fr, — upOr 2,
0 To

< Null poo (0,750 (00)) 19 S0l L2 (0,7 ns22 00y 14nll L2 (0,7 ni22 1y
+ ”atéh”Lz(O,T—h;Lz(Fo)) ||uh||L2(o,T7h;L2(FO)) :

The time derivatives of f;, and 2, are bounded because the Steklov average commutes with time derivative
and we know that w; and z; are bounded in L?(0,T; L*(T)). The same holds for jo since ® is a C>-
diffeomorphism. Finally, like above,

T—h ) 1 [T—h t+h )
[ [ resmiast [0 [ e[ o
0 To 0 T'o t
2 /
< HUHLOO(O,T;LOG(FO» Hf (-+ h)HLl(O,T—h;Ll(Fo)) :

4.3 Conclusion
Integrating (27) (tested with £, of course) and combining &8), (€9) and (30) from Lemma 4.4} we find

(1- 6)/0 . ; EDIOeun()* + (Ar — (d+ 1)p) [IVun(T — 1) 72(q,) < C

Then if we just pick € and p sufficiently small, we obtain

T—h
/ £(0)|duun(t)2 < C
0 Qo
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independent of . Since & is compactly supported around zero, we have (for a subsequence) that Orun, — v for
some v in L?(7,T; L*(Q)) for every 7. Since uj, — win L2(0,T — &; H'(Qo)) for every §, we conclude
that on (7, T — &), us = v. Therefore it follows for 7 > 0 that u; € L*(7, T; L?(0)) and we have proved
Theorem[L.9]

5 Exponential convergence to equilibrium

In this section we prove that the solution of the system with 6o = dx = dr = 1 (repeated here for
convenience)
ur —Au=0 inQ
Vu-v=z—uw onl
Vu-v=20 on 0D

wi — OrArw =z —uw onl
zt — 0prArz=uw —2z onl
converges to an equilibrium (oo, Weo, 200 ) CONsisting of the non-negative constants uniquely determined by

the well-posed system
|Qtoo + [T'|200 = M

UooWoo = Zoo,

where M1 and M2 were defined in . It is instructive to give the outline for the proof of Theorem|1.10|now and
leave the details to be filled in below.
Proof of Theorem[I10 Recall from §1.2]the definition of the entropy and dissipation functionals E and D given
by () and (T0). Theorem 5.4 gives the differential inequality

d

dt
where K > 0, and Gronwall’s inequality along with the lower bound on the relative entropy from Theorem [5.1
leads to

(E(u,w, 2) — E(Uoo, Weo, 200) = —D(u,w, 2) < —K(E(u,w, 2) — E(thoo, Woo, 200))

O (u(t) — uee (O121 0y + 10(8) — woo ) 210y + 128) — 20 B2 1)
< efKt(E(uo,wo,zo) — E(too, Woeo, Zoo))-
O

Let us now introduce some functional inequalities on M = £ or I" that we will use in proving some of the
steps outlined above. Recall the standard Poincaré inequality:

flu— a||L2(M) < Cp(M) HVMUHL’A’(M) :
We need also the logarithmic Sobolev inequality [45): for w # 0,

/ ulog (g) < 4CL(M)/ |VM\/E\2. (36)
M u M

See [17] where we learn that this is in fact a consequence of the Poincaré inequality and the Sobolev inequality
. Another estimate we require is a lower bound for the entropy called the Csiszar-Kullback—Pinsker inequality

[A1]: for w # 0,
log (%) > -t a2 7
8 () 2 gz I = - )

5.1 The Csiszar—Kullback-Pinsker inequality

The following theorem is a type of Csiszar—Kullback—Pinsker inequality for functions satisfying the conservation
laws (8).

Theorem 5.1. Letu: Q — R andw, z: I' — R be non-negative measurable functions satisfying the conser-
vation laws (8) with M1, Ms > 0. There exists a constant C' depending on M1 and Ma such that

2 2 2
E(u,w, 2) — E(tioc, Woo, 200) > C (Hu = Uo7 10y + [l — weo |71 (py + |2 — ZOOHLl(F)) .
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Proof. We follow the proof of Lemma 2.4 in [25]. Since ulogu — e l0gUss = ulog (u/tues) + (u —
Uoo ) 108 Uso and (USING Zoo = UcoWoo)

/(u—uoo)loguoo—|—/(w—woo)logwoo—|—/(z—zoo)logzoO
Q r

r

= log Uoo (/Q(u—uoo)+/r(z—zoo)>+10gwoo/r(w—woo+z—zoo)

= 07
we find

E(u,w, 2) — E(tiso, Weo, Zo0)
= /Qulog (%) +/leog (%) +/leog (%) +19 (ﬂlog (%) - (H—Uoo)>
+ |T| (ﬁlog <%) — (w— woo)) + |1 (ﬂog (i) - (- Zoo))

(using u/uco = (u/T) X (W/tos))

> L 2 4 = By 2= ) 4 2 @ a?

=3 Ml u u Ll(ﬂ) M2 w w Ll(F) M2 4 z Ll(F) 4M1 u o
T _ 2 TP 2

+4M2( o) +4M2(z Zoo)

(by the Csiszar—Kullback—Pinsker inequality and below)
2 2 —2 — 2 — 2
> (Hu —llp1q) + v =051y + 112 = Zl 700y + 18— tooll71 ) + 10— wooHLl(F))
- 2
+C1 ]z - ZooHL1<r)

where C := min (1/4M, 1/4M>) and we used the inequality

2\ _ s @)
stog (£) - -9z 20 )

with £ = T and y = U and the bounds T, use < M7 /|Q2|. Finally, we obtain the result by using on the right
hand side of the above calculation

_ _ 1 _ _ 2
=T+ 18 = ooy = 5 (=Tl gy + 17 = ol 1)
1 a2 - [a 2 ’
> = V]w =2 + @ — teo|
2 \Ja
1 2
2 §||U—uoo“L1<Q)
(since |u — Uuco|? = |u —T|* + [T — uoo|?). O

5.2 Entropy entropy-dissipation estimate
The aim now is to relate the dissipiation with the relative entropy. More precisely, we want to show that
D(u,w, Z) 2 K(E(’U,,’UJ, Z) - E(u007 Woo, ZOO))

for a positive constant K. This will require some technical results in the form of the next two lemmas. The above
inequality will then be proved in Theorem We denote Uso = +/Uoo and similarly for weo and zoc. The next
lemma is established along the same method as Lemma 3.1 in [24] so we shall omit the proof.

Lemma5.2. Leta,b,c > 0 be constants such that the equalities
Qfa® + |P|e* = My = QU2 + |P| 2%,
IT|(6* + ¢*) = Mo = |T|(WZ, + 22,)

hold. Then
(a—Usx)’ 4 (b= Ww)? 4 (¢ = Zoo)? < C(ab — ¢)°.
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The next lemma is a version of Lemmal5.2]for functions.

Lemma5.3. Let A: Q — Rand B,C: T — R be non-negative measurable functions with A € H*(Q)
satisfying the conservation laws

|Q|A2 +|T|C? = My = |QUZ + 1|22
IT|(B? + C2) = M, = [T|(W, + Z2)).
Then there exist constants L, L? and L* such that
4 = Usell72(0) + 1B = WeollZa () + 1€ = Zeo |72 (ry
< Li||AB - CHLQ(F) + La(p (HA AHL2<Q> + ”B B||L2 + Hc_éHiz(r)) +p”VAHi2(Q)
for p > O arbitrarily small.

Proof. We shall adapt techniques presented in the proofs of [7, Lemma 3.5] and [24, Lemma 3.2]; the latter

paper covers our type of reaction term but all quantities are on a single (bulk) domain, whilst the former has a

rather different reaction term to the one in our case but there is a bulk-surface coupling between the quantities.
The proof is split into two steps. It is important to bear in mind that below all mean values of A or A? are

taken over the domain €2 and never on I

STEP 1. In the first step, we shall prove

1" . . J—
JAB — Cli2a) > AR ~ O — Ko (A=A 22 ) + B~ Bllagey + 10~ Cll2ae)) -

This inequaﬁly establishes a relationship between the L? norm of A on I and the mean value of A on §2. Define
61 = A — Aonand d2 and d3 on I similarly. Define the set

Si=A{z el [|61(2)], |02(2)|, 03 (x)] < K}

which is sensible due to the trace theorem. Since AB = (A + 61)(B + 62) = AB + Ad + Bé1 + 6162
and C = C' + ¢3, we have with the aid of the identity 2ab < a2/2 + 2b? that

1,— _ _
HAB*C”?E(S) = 2 HAB CHL2(S) HA52 + Bo1 + 6102 *53"12(3)
11— M, M.
2§||AB O||L2(S) Qmax(ml' |FT K21 )/S|52|2+|51|2+|53|2. (39)
=:K3

where we used that A° < A2 < M /|9|. Now we work on S = {z € T' | [61(z)| or |62(z)| or |05(z)| >
K}. By Chebyshev’s inequality,

1
5,‘2>K2 §7/|6i2
02> k)| < 37 [ 1o

and therefore [S™| < (3/K?)([. [61]% + |62/> + [3]*). Hence

78~ Ol < (1) 215t o ([ 0 10+ )
where K> = (3Mo/K2|T|) (M1/|Q| + 1). This leads to
4B = Cliasi, 2 [AB - Cl s, — Ko ([ 167 + 10" + 1)
since the right hand side is non-positive, and finally, combining this with (39),
JAB — O30, > /3B - P

K
(m+i)w4Amm+w Blagey +1C = Clage)) - 0

=:Ks
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STEP 2. Define p; by
VA =Uso(1+m), VB2 =We(l+p2), C? = Zoo (14 p3)

and observe that y1; > —1. We see that |Q[67 = || A — ZHQH(Q) = |Q| (A2 — A”) which implies

= 52 52
A=VA - ——— =Ux(l+m) - —=——. (1)
VA2 + A VA2 + A

Thus the terms on the left hand side of the statement to be proved can be written as

2U005
A = Usoll72 () = 192 <U§o(1 +m)? = 2U%(1+ m) + U )

\/A2+A
2U 52
:|Q|<1U + )
VA2 4+ A

which is unbounded for vanishing A? (and A? > Z ). So we consider two subcases:

CASE 1 (A2, B2,C? > €2). Now, observe that the left hand side of the statement to be proved is

2 2 2
1A — Usol220y + 1B = WoolZaqry + 1C = Zool 22y

2062 W 62 27,62
= Q| <u1U + ) + [T < W2+ ) + [T < 375 + >

VA2 44 VB +B Ve 4+ T
< QIRUZ + T2 + T2 + % max (,/Mﬂl 1/%2) (72 +32+3).
=:Ky4

To deal with the right hand side of the statement to be shown, first defining

My

and GuB :=Usx(1+p1)Fp=VU U?Fp < |Q|

Fy = <

1
€

%g

1
<
VA2 +A

note that, with (1),

AB-C = ( (1+ 1) 752FA) (Woo(l + o) ngB) - (Zoo(1+u3) f%Fc)
= Zoo (14 p1)(1 + pi2) — (14 p3)) — 63Gu,B — 63Gw,a + 6263 FaFp + 03 Fo
VEs
> Zo((1 1 — (14 p3)) — 8% + 62 + 62 42
> Zoo((L+ p1) (14 p2) — (1 + p3)) m( i+03+03) (42)

where we used 02 < A2 + A’ < 2M:/|Q| and K5 = Ks(e, M1, M) is defined so that the inequality
holds, and Cs is the upper bound (52 + 52 + 52) < Chr. So the right hand side of the claimed inequality
becomes, recalling (40) and the interpolated trace inequality

L1 ||AB — CHiQ(I‘) + L2 (HA 72”12(9) + HB 7§Hi2(r) + HC 76”12(1“)) +p HVAH2L2(Q)

> LLFH@_@Z

— L1Ks (C ”A AHL2(Q) P HVAHQL"‘(Q) + HB _§H2L2(r) + HC _6Hi2(1“)>

Lo ([|A = Al 70 + 1B - BHLzm 116 = Cllar)) + 21V Al 0

)

& ‘F[% (Zfo((l + ) (L + p2) — (14 ps))® — K5(5?+g+%))
+ (L2 = KoL max(Cy. 1)) (1908 + ITI(5F + 63)) (by @)
> PO (22 (0 ) (14 o) — (14 9))?)

4
. L1 K — = ==
T (<L2 — KaLy max(Cy, 1)) min(2, |T)) — %) (45 +5)

=:Kg
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where when we recalled {#2) we used that if & > b — ¢ for non-negative constants then 2a? > b — 2¢% and
the fact that the 6? are bounded. It suffices to prove that

1QuiU% + [T|usWa + |T|us Z5% < (Z2% (14 pa) (1 + p2) — (1+ p3))?)

+ (Ko — Ka) (E+57§+%)

LT
4

which follows b@mm provided K¢ > K4 and this is the case if L2 is chosen sufficiently large.
CASE2 (A2orB2or(C? < 62). In this case, we bound the L2 norm of A — Uso explicitly in terms of the M;:

A — U00||2L2 o tIB- WOO||2L2(F) +C - ZOO||2L2(F) < 2My + 4Ms.
(@)

Consider the case that A2 < €2. Just like at the start of Step 2, we have 62 =C2— E and thus

—2 My Q] = M1 |9

R R
With this, we may write, using ZQ < A2 < 62,
Iﬁfﬁl%%f%(?w@)fgﬁﬁe (43)
and so if Lo is large enough and € is small enough,
|C — AB|” + L2(63 + 83 + 63) > % - %62 —2BCe + (Lz - '&') 62+ Lo63 + (L2 — 1)53
>C" >0.

From the top, we find

2 2 2
[A = Usellz2(0) + 1B = Wosllp2ry + 1€ = Zeo 721
2My +4Ms /— — - = =
< 2 (IO -ABP + LR+ 5 +5))
The B2 < €2 case can be dealt with similarly. For the Cc? < €2 case, we see that, like above,

o M; T 52 o Mo

> P l(241452)-62 and 77—62-%62)—572

|Q‘ |Q|( 3) 1 |1—\‘ ( 3 2

and so in lieu of {43)

(C - AB)? > (AB)? — 2ABC > (%1' - %(62 +5) —ﬁ) (% (462 —@) — 94Be
and the same argument as before gives the result. O

Finally we are able to state and prove the desired entropy-dissipation estimate.

Theorem 5.4. There exists a constant K > 0 such that
D(’U,, w, Z) 2 K(E(U, w, Z) - E(U’OO7 Woo, ZOO))
Proof. This theorem can be proved like Proposition 3.1 in [24]. Define the continuous function ¢ : (0, oo)2 —R

by
Cwlog(®)-(@-y)  (a

which is increasing in its first argument and satisfies © (T, Uoo ) = go(%, 1) and T/uce < % so that p(u/

Uss, 1) < Car where Cas depends on the conservation law constants and the equilibrium values. Then

7 log <i> — (T — too) < Crr (VT — v/1oo)? (by definition of ¢ and the bound above)
Uoco
= Cr(Uso(1 + p11) — Vtioo)?
= CMU;M%
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where we used @ = U? = Ufo(l + ,u1)2 by definition of the p; in the proof of Lemma Using this and the
log Sobolev inequality (36), we find

E(’LL,'I_U,Z) - E(u007w007200)

U w z
:/ulog:+/wlog:+/zlog:
Q u r w r z

40| (alogui - uoo)> Y (wlogwﬂ —(w— wm)) + 1| (zlogzi (- zm))

< 4max(Cr(Q), Lr) </ |VU|2+/ \VFW\2+/ |VFZ|2)
Q r r
+ |QCMUZ 3 + DI (Wiz + Zoo)-
On the other hand, using (uw — 2)(log(uw) — log 2) > 4(UW — Z)?, we find

D(u,w, z)

24(/ |VU\2+6F/|VFW\2+6F//\VrZ|2> +4/(UW—Z)2
Q N T T

> AJUW — 20y +4Co0min(L 01, 000) (U = T2y + W = W2 + 117 = 72

+4(1 — ) min(1, or, o) (/ |VU|2+/|VFW|2+/|VFZ|2>
Q r T

where in the final inequality we simply wrote 1 = 6 + (1 — ) and employed Poincaré’s inequality on one part
of this separation. To conclude, we need to prove that the right hand side of the above exceeds

4K max(Cr(Q), Lr) (/ |VU|2+/|VFW\2+/|VFZ|2>
Q I T
+ K (|QCnmUpE + IT|Crr (W3 + Zaopi3))

for a positive constant K. If we choose K so that 4(1 — 8) min(1, ér, 6r/) — 4K max(CL(2), Lr) > € for
e sufficiently small (see below), we are left to prove that

4|UW — ZHi?(F) + 4Cp0f min(1, or, orr) (HU 7UH§2(Q) + HW 7WH§,2(F) + HZ 77”12@‘))

+e(/ \VU|2+/|VFW|2+/|VFZ\2)
Q I N

> KCwn (1QUUL Y + ID|(Wips + Z3%p3)) -

Indeed, setting A(e) := min(4,4CpAmin(1, dr, o), €) min(L7*, La(e)™*, e 1), the left hand side of
the above is greater than

Ale) (Ll [ow — Z||i2(1“) + La(e) (HU 7UH12(Q) + HW 7WH§,2(I‘) + HZ 77”12(1“)))
+ A(e)e HVUHiQ(Q)
> A(e) (HU - UOO||2L2(Q) +|W - Wooui%r) +11Z - ZOOHQLZ(F)) (oy Lemmal[53)
> A(e) (Ut + IDIWE s + D1 Z5n3).-
Now, fix € so that

~ _ 4(1 —0)min(1,0r,dr) — €
0 < K= ax(CL(Q), Lr)

then we pick K to satisfy 0 < K < K and A(e) > KCu. O

6 Conclusion

The extension of these results to higher dimensions is an open issue and perhaps the stage where we use the
De Giorgi method can be improved to utilise the fact that the equations are coupled and thus it may make sense
to treat the full 3 x 3 system in a unified approach to derive the L bounds. In terms of the model, we could also
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consider equations on the interior of the surface I'(t), i.e. on I(¢); including such equations may result in more
realistic models for certain applications and there is biological motivation |27] to do so. We did not have time
to consider some fast reaction and diffusion limits for the system. The idea is to send some of the parameters
appearing in (7) to zero and study the resulting problems, which in fact turn out to be free boundary problems.
The rigorous justification of these limits needs the resolvement of some technical issues so we will address this
limiting behaviour in separate paper.

A Derivation of the model

In this section we derive the model system (1) from conservation laws and transport theorems applied to the bulk
and to the surface. We begin by addressing the bulk equation. Let M(t) C Q(t) be a portion of the bulk domain
with boundary & M () moving with a velocity field V, (which has to be such that the normal component of Vo
agrees with V on I" and V, on 9 D). Consider the conservation law

RS
— u=- q-vm
dt S M (1)

where var = vz (t) is the outward normal vector to 9M (t) and no reaction term inside the domain is consid-
ered. Then, by the divergence theorem and Reynolds transport theorem we find that

/ ur + V- (uVy) = — V.q.
M(t) M(t)

Now we choose § = —DVu + u(Vq — V) where the advective term takes into account the fact that points
in Q(t) are subject to a material velocity field Vi, and we use the arbitrariness of M (t) to obtain

us + V- (uVa) — DAu = 0. (44)

We derive now the equations on the surface, along the same lines as in [20]. As before let M (t) C I'(t) be a
portion of the surface with boundary O M (t) which is moving with the normal velocity V. The conservation law
now admits a reaction term inside M in addition to the flux along the boundary O M

d __
— J= / f-= / q-u
at Jaree M(t) aM(t)

where f is the forcing term to be defined later and p is a conormal vector, that is, it is an outward unitary vector
normal to M and tangential to I'. The flux is given by the vector ¢. Now, using the integration by parts formula

[ au=[ (vr-a+qom
M (¢) M(#)

and the transport theorem on surfaces, we may write

/ 0°9 + IV -V 4 V- G+ G vH = f,
M(t) M(t)

where 0°19 = ¥; + V¥ - V is the normal time derivative [10} [21], which is the material derivative with respect
to a velocity field V that is purely normal. Similar to before we choose § = —DyVrd + ¥(Vr — V) which
gives the pointwise equation

9°9 +9IVr -V + Vr - (WVT) — DyArd = f. (45)

Equations and correspond to those on the model problem () by taking f = r and Dy = dr for the
equation for w and f = —r and Dy = Jr- for the equation for z.

B Preliminary results

In this section we collect some technical facts that are used in the paper. Here and below, 2 C Rt is a
sufficiently smooth bounded domain with 02 =: T".
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B.1 Calculus identities

Observe that for sufficiently regular functions a and b defined on §2 and vector fields J,

/Q(J~Va)b+(V-J)ab:/QV-(aJ)b:/QV~(an)—aJ~Vb:/FabJ~1/—/Qa(J-Vb).

From this we can deduce several expressions that will be useful throughout the paper.

Bulk identities.
1 2 1 2
J-Va)a== [ aT-v—= [ (V-Da
Q 2 Jr 2 Ja

/V Ja)ak—/(v J)aak+;/ai(J~y)—%/aiV‘J (46)
Q
/V (Jaa)a /|a+| (V-Ja)+ /j|a |” (47)

Here, we used that Va = Vay in supp{ax} to write V - (Ja)ar, = (V - J)aar + (J - Vai)ax, and we
recalled that 7 is the jump on the velocities defined before. In a similar way we can deduce formulae if a, b and
J are now defined on I'.

Surface identities

/(J~Vra)a:fl/aQHJ-ufl/(VlmJ)aQ
T 2 r 2 T

1 1
/vp -(Ja)ag = /(vF -Daay, — 5 / apH(J -v) — 3 / aiVr-J (48)
r r r r
1
/Vr~(Jra)a+ _ 7/ atPVr - Ir (49)
r 2Jr
Above, we used the divergence theorem fr Vr-J=- fr HJ - v on closed surfaces [21], Theorem 2.10].

The final equalities in the two sets of identities also hold when atis replaced with a ™.

B.2 Useful inequalities

We frequently use the interpolated trace inequality [28, Theorem 1.5.1.10]: given u & Hl(Q), the following

holds for any € > 0:
C
/|u\2 < e/ |Vu|2—|——/ |u\2. (50)
r Q € Ja

We also use the standard Sobolev inequality: for v € H*(T"),

1<p<oo :d<2
Crllvll oy < lIvllgary where {p 2d_ cd>2 (51)
= a2 : ‘

Interpolation inequalities. Let us record some interpolation inequalities related to the quantities

HUHQ(F) = tg%é“;] [Ju(t )H]ﬂ(r(t)) + ||VFUHL2LQ(F)
and
lllo) = max, 1wl 2@y + 1Vullez,

Lemma B.1. Forr. > 2 and q. defined by
1 d—2 r.—2
_

G ryd 2r,

we have
lullyr. < Ca(T) Jull gy (52)

La*(T)

where C1(T) = C1v/T if T > 1, otherwise C1 is independent of T.
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Proof. The Gagliardo—Nirenberg inequality (eg. [9, §1.2]) states

0 1-6
”uHLq*(r) <C Hu”Hl(F) HUHL’Z(F)

where 1/q. = 0(d — 2)/2d + (1 — 6)/2for 6 € (0, 1). This implies that

T = T ~=
_ T * .0 * (1-0)
Hun,;;sz(/o Hunm*(w) sc(/o HunHlW) maJu(8) (5.2, -

For r. > 2, choosing 6 = 2/r., this reads
2

2 1—-2
Il ) < Clluls,  max (Ol 2,

An application of Young’s inequality with exponents (7. /2, (1./2)) implies

2C 2
Il o, < 2 Nl +€ (1= 2 ) max Ju®lage

L4+ (T) T x
and we conclude by using
lllgz, < VT ma [u@ll ey + IVruliz, -
O

The result of the next lemma is similar to the inequality in Lemma [B] but it relates the left hand side to a
norm on the bulk domain. For more details see [39, (A.1)] and references therein.

Lemma B.2. Forr, € [2,00] and g« € [2,2d/(d — 1)] satisfying
1 d  d+1

r*+2q*_ 4 7

we have

lullyr < VG llullg-

@ (1)

C Non-dimensionalisation
In order to non-dimensionalise the system (T1), we use the new variables
T=2z/L t=t/S w=uw/U w=w/W Z=2/Z Vaq=SVa/L

and VT defined similarly, under the notation f (¢, ) = f(t,z)/F. Here L is a length scale, .S is a time scale
and U, W, Z are typical concentration values for u, w, z respectively. Observe by the chain rule that
U_, U

1. — Lo —
Ut = §u Vu = ZVE V- -Vqg= EV'VQ (VF*VQ)'V: E(VF*VQ)J/

_. L=

and hence @t = %8'@. The u equation then reads

%a’a+ gav-VT;— DLUA@: 0,

S L?

which we can multiply through by % to obtain
U +uV - Vq —doAu =0
where we have set 6 := SDy,/L?. The boundary condition becomes

D L-
ZUVE- v+ %jﬁ = Zkossz — UWkonuw

which we can write as (multiplying by S/LU)

6Qvﬂ -V -‘rﬂ] = 7k0ff2_ STWkonW-



In a similar fashion, we derive the equations for w and z:

- — SD /1 _ __
0°w+wVr-Vr — L—;Arw = Wkoffz — USkonuw
o . _ — Dr/S . _ _ Ssuw, __
0°z+2zVr - -Vr — er Arz = —(Skossz — 7k(muw)
Defining
5._D7FS EY ._SDF’ ,_ﬁ d'—i ’_E d ._L
e PET TTw T Wk, T Z YT S Zkasy
so that
v 7 _WuUs Y _ ZSkoysy v
— =USkon — =——kon =— d = Skosy,
dg di Z dis W an dy ff
we can write
5oV - v +uj = di/z— éuw
0°w 4+ wVr - Vr — drArw = 7( L ——uw)
dis dy
o | - . _ o1 1
0°Z+2zVr - Vr —drArz = —'(—2z — —uw).
di dy
Now setw = W/~ and z = Z/7’ and the above then becomes
!
3oVU - v +uj = sz - dlkmu
° X7 o ’Y, Y —
0°w +wVr - Vr —drArw = Z — —uw
dyr d
0%z +2Vr - Vr —dp Arz = —( T, lﬂw)
dy dx,
Finally, set
t_» 1 _
Ok T d 5k’ o dk/
and relabel all variables (and write j := — ) to obtain (recalling the equation for %)
0°u+uV-Vg —doAu=0
6oVu-v—uj= 61/2— %uw
. 1 1
0w+ wVr - Vr —drArw = —2z — —uw
O Ok
. 1 1
0 z+sz-Vp—dF/Apz:—uw— z.
Ok O

This is exactly the model with the parametrisation velocity V,, chosen to be the corresponding material
velocities.
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