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Abstract:

In the present paper we advocate the Howland-Evans approach to solution of the abstract
non-autonomous Cauchy problem (non-ACP) in a separable Banach space X. The main
idea is to reformulate this problem as an autonomous Cauchy problem (ACP) in a new
Banach space LP(Z, X)), p € [1,00), consisting of X-valued functions on the time-interval Z.
The fundamental observation is a one-to-one correspondence between solution operators
(propagators) for a non-ACP and the corresponding evolution semigroups for ACP in
LP(Z,X). We show that the latter also allows to apply a full power of the operator-
theoretical methods to scrutinise the non-ACP including the proof of the Trotter product
approximation formulae with operator-norm estimate of the rate of convergence. The
paper extends and improves some recent results in this direction in particular for Hilbert
spaces.
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The theory of evolution equations plays an important role in various areas of pure and applied mathe-
matics, physics and other natural sciences. Since the early 1950s, starting with papers by T.Kato [11]
and R.S.Phillips [20], research in this field became very active and it still enjoys a lot of attention. A
comprehensive introduction to this topic is presented in [7, Chapter VI. 9.] and also in the book by

W.Tanabe [24].
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A general Cauchy problem for linear non-autonomous evolution equations in a Banach space has
the form

(1.1) u(t) = —C(t)u(t), u(s)=use X, 0<s<t<T,

where {C(t) }+cz is a one-parameter (time-dependent) family of closed linear operators in the separable
Banach space X. Here the time-interval Z := [0,7] C R and we also introduce Zy := (0, 7. To solve
the non-autonomous Cauchy problem (non-ACP) means to find a so-called solution operator
(or propagator): {U(t,s)}usen, A = {(t,s) € Iop x Ly : 0 < s <t < T}, with the property that
u(t) =Ul(t, s)us, (t,s) € A, is in a certain sense a solution of the problem for an appropriate set
of initial data wus.

By definition, propagator {U(t, s)}s)ea is supposed to be a strongly continuous operator-valued
function U(-,-) : A — B(X) satisfying the properties:

Ut,t)=1 for tely,
Ut,r)U(r,s) =U(t,s) for t,r,seZy with s<r<t,
1Ullgxy == sup ||U(t,s)]lpx) < oo -

(t,s)eA

For details see Definition [3.5]in

We note that there are essentially two different approaches to solve the abstract linear non-ACP
in the normed vector spaces.

The first method consists of approximation of the operator family {C(¢)}ez by operators
{{Cn(t) }tez }nen, for which the corresponding Cauchy problem

u(t) = —Cr(t)u(t), u(s)=use X, 0<s<t<T

can be easily solved. Often, the family of operators {C(t) }+c7 is approximated by a piecewise constant
operators, see T.Kato [12, I3]. Then one encounters the problem: In which sense the sequence of
approximating propagators {{Uy(t, s)},s)ea fnen converges to the solution operator {U (%, s)}(,s)ca
of the non-ACP (1.1 7

Another approach allows to solve the problem using perturbation, or extension, theory for
linear operators. It does not need any approximation scheme, see for example [7, 15, 17]. This
approach is quite flexible and can be used in very general settings. Its main idea can be described as
follows:

The non-ACP in X can be reformulated as an autonomous Cauchy problem (ACP) in a new Banach
space LP(Z, X), p € [1,00), of p-summable functions on the time-interval Z with values in the Banach
space X.

In the second approach a central notion is the evolution generator K on LP(Z,X). It generates
a semigroup {U(7) = e ™®}.5¢ on LP(Z,X) which is called an evolution semigroup. In turn the
evolution semigroup on LP(Z, X) is entirely defined by propagator {U(t,s)} e in such a way that
the representation

Ut,t —7)f(t—1), if t € (r,71],
0, ifo<t<r,

(1.2) (™)) = U HEL) = {

holds for any f € LP(Z, X). In the following we use the short notation

(e ™)) = U )(E) = Ult,t = )xz(t — 1) f(t —7) .

It turns out that there is a one-to-one correspondence between the set of all evolution generators
and the set of all propagators. Moreover, the important observation is that the set of all evolution
generators in LP(Z, X) can be characterised quite independently from propagators, see Theorem
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Notice that in this paper we use a definition of the generator of a semigroup which differs from the
usual one by the sign, see . It turns out that this choice of definition is more convenient for our
presentation.

The first problem we have to solve is: How to find the evolution generator for a non-ACP (1.1} 7
To this aim we introduce the so-called evolution pre-generator

K=Dy+C, dom(K)=dom(Dy)Ndom(C)C LP(Z,X),

where Dy is the generator of the right-shift semigroup and C is the multiplication operator induced
by the operator family {C(t)}iezr in LP(Z,X). Appropriate assumptions on the family {C(t)}ier
guarantee that operator C is a generator in LP(Z, X). If {U(t,5)}s)ea is the solution operator
of the non-ACP , then it turns out that the generator K of the associated evolution semigroup
{U(7)}+>0 defined by is a closed operator extension of the evolution pre-generator K. Conversely,
if the evolution pre-generator K admits a closed extension, which is an evolution generator, then the
corresponding propagator {U (%, s} s)ea can be regarded as a solution operator of the non-ACP (1.1)).

In general, it is difficult to answer the question: whether an evolution pre-generator admits a closed
extension, which is an evolution generator ? However, the problem simplifies if the pre-generator is
closable and its closure is a generator. In this case one gets that the closure is already an evolution
generator. Then obviously the evolution pre-generator admits only one extension, which is a generator
and, hence, which is an evolution generator. This means, that the non-ACP (|1.1)) is solvable and even
uniquely.

From the point of view of the operator theory the problem formulated above fits into the question:
whether the sum of two generators is in essential a generator, i.e. whether the closure of the sum of
two generators is a generator.

If the sum of two generators A and B of contractions semigroups in some Banach space is in essential
a generator, then the so-called Trotter product formula

eT7¢ =5 —lim (e TA/me B/ .= A+ B,

n—oo

in the strong operator topology, is valid for the closure A + B. This formula goes back to Sophus Lie
(1875) for bounded linear operators. Later it was generalised by H.Trotter to unbounded generators
of contraction semigroups, see [25]. The formula admits a further generalisation to an arbitrary pair
{A, B} of generators of semigroups if their semigroups satisfy a so-called Trotter stability condition,
cf. Proposition

Note that generalisation [25] says nothing about the convergence-rate of the Trotter product formula
and by consequence about the error-bound for approximation by this formula the solution operators.
To this aim one has to consider the convergence of the Trotter product formula in the operator-norm
topology. For the case of Banach spaces see [5]. However, in [5] the operator A was assumed to be
generator of a holomorphic semigroup. In our case, this assumption is not satisfied for a principal
reason: the evolution semigroup can never be a holomorphic semigroup! Nevertheless, some
observations of [5] admit a generalisation to the case of evolution semigroups. We discuss this point
in Remark

Finally, after having determined the convergence rate of the Trotter product formula in the operator-
norm, one has to carry over this result to the propagator approximations. It turns out that the
Trotter product formula yields an approximation of the propagator {U(t,s)}s)ea in the operator
norm, which has (uniformly in A) the same convergence-rate as the Trotter product formula for the
evolution semigroup, see Theorems and

We express a hope that these results might be useful in applications since they give a uniform error
estimate for a discretized approximation of the solution operator {U(t,s)} ea for the non-ACP
, see In particular, it concerns the numerical simulations, where as a palliative approach
one uses some domain-dependent error estimates for operator splitting schemes in the strong operator
topology [3].



Convergence rate estimates for approximations H. Neidhardt, A. Stephan, V. A. Zagrebnov

Now we give an overview of the contents of the paper in more details. Our aim is analysis a linear
non-ACP of the form

(1.3) u(t) = —Au(t) — B(t)u(t), u(s)=use X, 0<s<t<T,

where A is a generator of a bounded holomorphic semigroup and { B(t) }+c7 is a family of the closed (for
any time-interval Z = [0, 7T]) linear operators in X. To proceed we make the following assumptions:

Assumption 1.1. Let o € (0,1) and X be a (separable) Banach space.

(A1) The operator A is a generator of a bounded holomorphic semigroup of class G(M4,0) ([14],
Ch.IX, §1.4) with zero in the resolvent set: 0 € o(A).

(A2) The operators { B(t) }+ez are densely defined and closed for a.e. ¢t € Z and it holds that dom(A) C
dom(B(t)) for a.e. t € Z. Moreover, for all z € dom(A) the function t — B(t)z is strongly measurable.

(A3) For a.e. t € Z and some « € (0,1) we demand that dom(A%) C dom(B(t)) and that
Co := ess sup;ez|| B(t)A™||px) < oo .

(A4) Let {B(t)}tez be a family of generators in X that for all ¢ € Z belong to the same class G(Mp, 3).
The function Z 3 t +— (B(t) + &)~z € X is strongly measurable for any z € X and any & > 3.

(A5) We assume that dom(A*) C dom(B(¢)*) and
Cf == ess supyez || B(t)"(A") ™ p(x) < oo,

where A* and B(t)* denote operators which are adjoint of A and B(t), respectively.
(A6) There exists 8 € (o, 1) and a constant Lg > 0 such that for a.e. t,s € Z one has the estimate:

IA™H(B(t) — B(s))A™||(x) < Lglt —s|” .

We comment here that, the assumptions (A4) and (A3) imply assumption (A2). So, assuming (A4)
and (A3) we can drop the assumption (A2).

Let A and B be the multiplication operators induced by A and {B(t)}iez in LP(Z,X). Further
let Dy be the generator of the right-shift semigroup in LP(Z, X). Note that since A is a semigroup
generator in X, the operator A in the space LP(Z, X) is also a generator. Moreover, the semigroup
{e7™4},>0 commutes with the semigroup {e~ 770}, (. Therefore, the product {e~™4e~7P0}, 5 defines
a semigroup and its generator is denoted by Kg. Note that Ko = Dy + A , i.e. a closure of the operator
sum Do+ A. In general, domain of the generator Ky can be larger than dom(A) Ndom(Dy). A widely
used assumption about the operator A is its mazimal parabolic regularity, see [1, 21, 22] 2]. This means
that the operator sum Dy+ A is already closed, i.e. K9 = D+ A and dom(Kp) = dom(.A) Ndom(Dy).
In this paper the maximal parabolic regularity is not supposed for our purposes.

Now our first of the main results can be formulated as follows:

Theorem 1.2. Let the assumptions (A1), (A2) and (A3) be satisfied. Then, the operator KK := Ko+ B
with dom(K) = dom(Ky) Ndom(B), is an evolution generator in LP(Z,X), p € [1,00), and the non-
autonomous Cauchy problem has a unique solution operator {U(t,s)}sea in the sense of
Definition [3.5]

The proof of this theorem mainly uses a perturbation theory due to J.Voigt [26], see Proposition
Note that the theorem holds without assuming that operators {B(t)};cz are generators.

We comment that if the assumption (A4) is satisfied, then the induced multiplication operator B
becomes a generator that also belongs to G(M, 3). A pair {Kg, B} is called Trotter-stable if it satisfies
the condition

n
sup sup H (e*T’CO/”e*TB/”> < 0.

neN 7>0




Convergence rate estimates for approximations H. Neidhardt, A. Stephan, V. A. Zagrebnov

If the pair {Ko, By} is Trotter-stable, then by the Trotter product formula the evolution semigroup
{e=™®}, >0 admits the representation
(1.4) e"™* =5 —lim (e "B/me=Ro/myn,
n—oo
It turns out that the pair {B, o} is Trotter-stable if the operator family {B(t)}icr is A-stable (see

Definition . Let us mention here that the pair {Ko, B} is Trotter-stable if and only if the pair
{B, Ko} is Trotter-stable, i.e. the estimate:

n
sup sup H (e—TB/ne—TICo/n>
neN 7>0

< o0,

holds. In particular this yields that one can interchange operators Ky and B in formula . Note
that Trotter stability condition is always satisfied for generators of contraction semigroups.

Let {U(t, 5)}(,s)ea be the propagator corresponding to the evolution semigroup {e7™*} 50 via .
Then the Trotter product formula yields an approximation of the propagator {U(t, s)}( e in the
strong operator topology and we prove in this paper the following assertion:

Theorem 1.3. Let the assumptions (A1), (A3) and (A4) be satisfied. If the family {B(t)}ier is
A-stable (see Definition [5.5), then

T—1
(1.5) lim sup/ {Un(s+7,s) —U(s +7,8)}x|ds =0, z¢€ X,
0

n=0 e

for any p € [1,00), where the Trotter product approzimation {{Uy(t, $)}ws)en fnen is defined by

n<—
Un(t,s) == [[ Gilt,s5m), n=1,2,...,
(1.6) j=1
Gj(t,s;n) = e_t_TSB(S'H%S)eJ_TSA, j=0,1,2,...,n,

(t,s) € A, with the increasingly ordered product in j from the right to the left.

Our second main result shows that the convergence in ((1.5)) can be improved from the strong to the
operator-norm topology and that the convergence-rate can be estimated from above.

Theorem 1.4. Let the assumptions (A1), (A3), (A4), (A5), and (A6) be satisfied. If the family of
generators {B(t) }iez is A-stable and B € (a, 1), then there is a constant Cy g > 0 such that
Cap

(1.7) esssup ||Un(t,s) — U(t, s)||px) < e N=2,3,...
n
(t,s)eA

Now few remarks are in order. Recall that in [10] Ichinose and Tamura proved under stronger
assumptions a sharper than convergence rate in the operator norm. Namely, they showed that
the it is of the order O(In(n)/n) if the both A and B(t) are positive self-adjoint operators in a Hilbert
space and {B(t)}+>0 are Kato-infinitesimally-small with respect to A. On the other hand, in [3], /4]
Batkai et al investigated approximations of solution operators for non-autonomous evolution equations
by a different type of so-called operator splittings in the strong operator topology. They include,
as particular, symmetrised /nonsymmetrised time-dependent Trotter product approximations in the
strong operator topology studied by [27, 28], as well as some other Trotter-Kato product formulae, see
e.g. [16]. In the first paper [3], the authors proved the strong operator convergence and established for
the non-autonomous parabolic case an optimal domain-dependent convergence rate for the (sequential)
splitting approximation. The second paper [4] is devoted to a detailed analysis of the case of bounded
perturbations.
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Equation (1.3]) describes various problems related to the linear non-ACP. As an example, we consider
in §§| the diffusion equation perturbed by a time-dependent ¢t — V' (¢, -) scalar potential:

(1.8) u(t) = Au(t) = V(t,x)u(t), u(s)=us € LI(Q), 0<s<t<T, x€qQ,
where Q C R? is a bounded domain with C- boundaries and ¢ € (1, 00). Let
V(t,z):IxQ—C, Re(V(t,z)) >0 fortcZ, ae xcf

be a measurable scalar time-dependent potential. Assuming regularity of the potential V (¢, ), the
conditions (A3), (A5) and (A6) can be satisfied. As an example for the case of d = 3, we have the
following theorem.

Theorem 1.5. Let Q C R? be a bounded domain with C?*—boundary. Let o € (0,1/2) and q €
(3,3/2a). Choose ¢ € [3/(2a),00], B € (a,1) and T € [3/(2a + 2),00]. Let B(t)f = V(t,-)f define
a scalar-valued multiplication operator in X = LI(Q)) with V. € L®(Z,L°(Q)) N C(Z,L7(Q)) and
Re(V(t,x)) > 0. Then, the evolution problem @) has a unique solution operator {U(t,s)} sen,
which admits the approximation

Sup(t,s)eAHUn<t7 S) - U(t, S)HB(L‘I(Q)) = O(n_(ﬂ_a))7

where for (t,s) € A the approzimating propagator Uy, (t, s) is defined by the product formula

Un(tvs) = H G](ta 5)7 n= 1727 )
j=1
Gj(t,s;n) = e_t:zsv(s+jtzs")et;SA, i=12,...,n.

The conditions for other values of the parameters when d > 2, g € (1, 00), are formulated in

This paper is organised as follows. In we summarise some basic facts about the semigroup
theory, the fractional powers of operators and the multiplication operators. In §3] we describe our
approach to solution of the non-ACPs. In §4] the existence of unique solution operator for our case
of the linear non-ACP is proved. presents the basic properties of stability, whereas §6| investigates
convergence of the Trotter-type product approximations in the strong topology. §7] contains the proof
of the lifting of these convergence to the operator-norm topology. An application to a nonstationary
diffusion equation is the subject of Appendix ( completes the presentation by some important
auxiliary statements and formulae.

Finally we point out that the paper is partially based on the master thesis [23] of one of the
authors. There a special case was treated when involved semigroups are contractions. This allows
to avoid stability considerations formulated in In addition, in [23] a similar approach was also
developed for the space Cy(Z, X) instead of LP(Z,X). The Cy(Z,X)-approach allows to prove the
results similar to that for LP(Z, X)), however, under stronger regularity assumptions on the family

{B(t)}tez-
2 Recall from the theory of semigroups

Below we recall some basic facts from the operator and semigroup theory, which are indispensable for
our presentation below.

Throughout this paper we are dealing with a separable Banach space denoted by (X, || - ||x). Let S
and T be two operators in X. If dom(S) C dom(7") and there are constants a,b > 0 such that

1Tz x < allSz]x +bllzllx, =€ dom(S),

then the operator T is called S-bounded with the relative bound a.
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We define the resolvent of operator A by R(\, A) = (A —A)"!: X — dom(A) when A is from the
resolvent set o(A). A family {T'(t)}+>0 of bounded linear operators on the Banach space X is called
a strongly continuous (one-parameter) semigroup if it satisfies the functional equation

TO) =1, T(t+s)=TET(s), t.s>0,

and the orbit maps [0,00) 3 t +— T'(t)x are continuous for every x € X. In the following we simply
call them semigroups.
For a given semigroup its generator is a linear operator defined by the limit

o1
Az = }L{‘no E(ZL‘ —T(h)x)

on domain
.1 .
dom(A) :={re X : }111{‘1% E(x —T(h)x) exists}.

Note that in our definition of the semigroup generator differs from the standard one by the sign minus,
cf. [14].

It is well-known that the generator of a strongly continuous semigroup is a closed and densely
defined linear operator, which uniquely determines the semigroup (see e.g. [7, Theorem 1.1.4]). For a
given generator A we will write {T(t) = e~*1};>, for the corresponding semigroup.

Recall that for any semigroup {7'(¢)}+>0 there are constants M4, ya, such that it holds ||T(¢)] <
Mae¥4t for all t > 0. These semigroups are known as quasi-bounded of class G (Ma,7va4) and following
the Kato book we write that A € G(Ma,7va) for its generator [14, Ch.IX]. If v4 < 0, {T'(¢t)}+>0 is
called a bounded semigroup. For any semigroup we can construct a bounded semigroup by adding
some constant v > 4 to its generator. Then the operator A := A + v generates a bounded semigroup
{T(t)}e>0 with |T(t)|| < Ma. If ||T(t)|| < 1, the semigroup is called a contraction semigroup and
correspondingly a quasi-contraction semigroup, if the property ||T(¢)|| < e¥4? holds.

It is known (see [14, Ch.IX]) that for a generator A € G(M4,~v4) the open half plane {z € C :
Re(z) < —74} is contained in the resolvent set o(A) of A and one has the estimate ||[R(\, A)¥|| <
Ma/(=Re(X) — v4)F for the resolvent R(A, A) = (A — \)~! and the natural k € N. Note that if A €
G(Ma,va), then A = A4+v € G(Ma,ya—v). Therefore, the open half-plane {z € C : Re(z) < v —~4}
is contained in the resolvent set o(A).

Note that the semigroup {T'(t)}+>0 on X is called a bounded holomorphic semigroup if its generator
A satisfies: ran(T'(t)) C dom(A) for all ¢ > 0, and sup,q ||[tAT(t)|| < M < oo. Recall, that in
this case the bounded semigroup {T'(¢)}+>0 has a unique analytic continuation into the open sector
{z € C: |arg(z)| < 6(M)} C C of the angle 6(M) > 0, which is a monotonously decreasing function
of M such that limp;_o §(M) = 0, see e.g. [29, Ch.1.5].

For a short recall from the perturbation theory of semigroups see §]

2.1 Fractional powers

We recall here some facts about the fractional powers of linear operators, see e.g. [19, Chapter 2.6]. To
this end assume that A is a generator of a bounded holomorphic semigroup {e*4};50 and 0 € o(A).
Then the fractional power for o € (0,1) is defined by

1 o
I'(a) Jo

where I' : R, — R is the Bernoulli gamma-function. Moreover, we define A’ = I. Thus, the operator

family {A™%},>0 defines a semigroup of bounded linear operators and the operators A~* for a > 0

are invertible [19, 2.6.5-6]. So, for a > 0 we can define A® := (A~%)~1. With this definition, we get

dom(A%) C dom(A?) for a > B > 0. In particular, we have dom(A) C dom(A®) for every a € (0, 1).
The following facts are also well-known.
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Proposition 2.1. Let A be generator of a bounded holomorphic semigroup.

(i) Then there is a constant Cy such that for all > 0 it holds

A% (A + )1 < Cop® .

(ii) For p >0 and 0 < a < 1 it holds that

dom((A + p)®) = dom(A%)

One of the basic tool for analysis of bounded holomorphic evolution semigroups is summarised by
the following proposition.

Proposition 2.2 ([19, Theorem 2.6.13]). Let A be generator of a bounded holomorphic semigroup
U(z) and 0 € o(A). Then for 0 < a, we get

sup [t*A°U ()| = M2 < oc.
t>0

2.2 Multiplication operators

Let Z = [0, T] be a compact interval. We consider the Banach spaces LP(Z, X), p € [1,00), of Lebesgue
p-summable X-valued functions. The dual space LP(Z, X)* of LP(Z, X) is defined by the sesquilinear
duality relation (-,-), which generates bounded functionals:

LP(Z,X) x IP(Z,X)* 5 (f,T) = (f,T) € C.
Then the following statement characterises the space LP(Z, X)*.
Proposition 2.3 ([6, Theorem 1.5.4]). Let 1 < p < oo, and let p’ be defined by (p')~* + (p)~* = 1.
Then for each T' € LP(Z, X)* there exists a function W : T — X* such that :
(i) ¥ is w*-measurable, i.e. measurable are the functions t — (f(t), U(t)) for all f € LP(Z,X) ,
(i) The function |U(-)||x+ : t — ||¥(t)||x+ is measurable and belongs to L¥' (T),

(i) IF (f,T) = fydt(f(2), W(t) for all | € VT, X), then [T = | [2C)llx- [l

Conversely, each w*-measurable function ¥ : T — X*, for which there is g € Lp/(I) such that
| (t)]|x+ < g(t) for a.e. t € I, induces by (iii) a continuous linear functional I' on LP(Z, X)), whose
norm is less than or equal to ||g|| -

An important role plays in the following the so-called multiplication operators on the Banach space
LP(Z,X), p€[l,00). A function ¢ € L°°(Z) defines a multiplication operator M (¢) on LP(Z, X) by

(M(p)f)(t) :==o(t)f(t) forae. te€Z, dom(M(¢)) = LP(Z,X).

Moreover, let C(Z, X)) be the Banach space of all continuous functions f : Z — X endowed with the
supremum norm. By Cy(Z, X) we denote the subspace of C(Z, X) of all continuous functions, which
vanish at ¢t = 0.

Definition 2.4. We say the set D C LP(Z, X) has a dense cross-section in X if
(i) D c L”(T,X)NC(Z,X) ,
(ii) for any t € Zy the set [D]; := {z € X : 3f € D such that f(t) = z} is dense in X , where f

denotes the unique continuous representative of f € D.

Using definition of the multiplication operator M (¢) and the cross-section density property we find
a condition when a linear set is dense in LP(Z, X). Let us denote by W*P(Z), k € N, p € [1, 00| the
Sobolev space over Z. Then one gets the following statement.
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Proposition 2.5. If a linear set D C LP(Z,X) has a dense cross-section in X and if for every
¢ € WH*(Z) one has : M(¢)D C D, then D is dense in LP(T, X).

Proof. Let I € LP(Z, X)* be a functional on LP(Z, X ) such that
(f,I)=0, feD.

Now we use the characterisation of the dual space LP(Z, X)* given by Proposition Then there is
a w*-measurable function ¥ : Z — X* such that

0= (f,T) = /I<f(t),\11(t)> dt, for f € D.

By virtue of M(¢)D C D for ¢ € W1°(T), it follows that

0= /I (G(t) F(£), (1)) dt = /I o) (F(1), W(t)) dt |

i.e., the function t — (f(t), ¥(t)) is in L'(Z). Since ¢ € W1*°(Z) is arbitrary, we conclude that
0= (f(t),¥(t)), forae. t €T .

Then the condition that D has a dense cross-section implies ¥U(t) = 0 for a.e. ¢t € Z and hence
r=o. O

Now, let {C(t) }1ez be a family of linear operators in the Banach space X. We note that the domains
of operators {C(t)}icz may depend on the parameter ¢. The multiplication operator C in LP(Z, X)
induced by {C(t)}1ez is defined by

(ChH():=C(t)f(t), with domain

f(t) € dom(C(t)) for a.e. t € I}
I3t—C)f(t) e LP(T,X)

21) dom(C) := {f € IL’(T,X) :

Proposition 2.6. If {C(t)}iez is a family of closed linear operators in X, then the induced operator
C s also closed.

Proof. Let the sequence {f,}n>1 C dom(C) be such that limits: lim,_,~ fn = f and lim,, o Cfn, = g,
exist in the LP(Z, X)-topology. This implies that by a diagonal procedure one can find a subsequence
{fn, tk>1 such that limy,, o0 fn, (t) = f(t) and lim,, o0 (Cfp,)(t) = g(t) for a.e. t € Z. Since for
any t € Z the operator C(t) is closed in X, we conclude that f(t) € dom(C(t)) and C(t)f(t) = g(t)
for almost all ¢ € Z. On the other hand, since g € LP(Z, X), it follows that f € dom(C) and that
(Cf)(t) = g(t) almost everywhere in Z. The latter proves that operator C is closed. O

For a family of generators, we have the following theorem.

Theorem 2.7. Let {C(t)}iez be a family of generators in X such that for almost all t € T it holds
that C(t) € G(M, ) for some M > 1 and B € R. If the function T > t — (C(t) + &)t € X is
strongly measurable for & > B, © € X, then the induced multiplication operator C is a generator in
LP(Z,X), p € [1,00), and the corresponding semigroup {e~C},>q is given by

(eTCN) () = e TCDf(t) for ae. t el

In particular, on obtains that C € G(M, f3).
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Proof. Let J C Z be a Borel set with characteristic function x7(-). For £ > § and x € X we define
the mappping

fre=€EC)+& xg()r:T = X.
Then, by definition f7 ¢ is element of LP(Z,X) , f7¢(t) € dom(C(t)) for a.e. t € Z and
Ct)fre(t) =Exg(t)z — € (C(1) + &) xa(t)

is also an element of LP(Z, X). Hence, f7¢ € dom(C). Since for a.e. ¢t € Z the operator C(t) is a
generator in X the Yosida approximation argument yields that

fre(t) = xg(t)x, for £ =00, v € X, ae. t €.

Note that it is valid for any J C Z. Therefore, dom(C) is dense in LP(Z, X).
Now, we estimate the iterated resolvents. Recall that for any ¢ € Z the operators C(t) belong to
the same class G(M, 8). Thus, for any k € N we have

M
@) + X)) < g A7

Hence, for almost every t € Z and any f € LP(Z, X), we obtain

(€ +NH®Ix = 1(CO) + 2T (FO)lx < (A_]V[ﬁ)k!\f(t)llx, A> B

This implies that
- M
1€+ N Fflle < WIU’HLP, A>3,

and therefore, by the Hille-Yosida Theorem (see e.g. [7, Theorem 2.3.8]) it follows that C is a generator
in LP(Z, X). The corresponding semigroup is given by the Euler limit:

e Cf = lim (I—|— Zc)_”f . feLP(T,X) .
n—00 n
For any n > 0, we have
T \N—"N T -n
<(1 + EC) f) (t) = (1 + EC(t)) £(t) .
This yields

(e f)(t) = lim ((H;c)_” f) (t) = lim (1+%c<t))_" f(t)=e 7O f(t)

n—oo n—oo
which coincides with expression claimed in theorem. ]

Remark 2.8. We note that the domain of the generator C does not necessarily have a dense cross-
section in X since its elements might be not continuous.

An operator A in X, that does not depend on the time-parameter ¢, trivially induces a multiplication
operator A in LP(Z, X) given by

(Af)(t) := Af(t) forae. teZ
with

dom(A) := {f cerr@x): ! (t) € dom(A) for a.e. t € I}

I>t— Af(t) e LP(Z,X)
Then Theorem [2.7] immediately yields the following corollary:

10
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Corollary 2.9. Let A be a generator in X. Then the induced multiplication operator A is a generator
in LP(Z, X) and its semigroup is given by

(e AN ) = e TAL(t), ae. tel.

The next lemma describes how domains of two induced multiplication operators in LP(Z, X) can be
described by domains of the corresponding operators in the space X.

Lemma 2.10. Let the assumptions (A1) and (A2) be satisfied. If for each x € dom(A)

(2.2) esssup ||B(t)z|x < Co||Az||x < oo for =z € dom(A),
tel

is valid, then dom(A) C dom(B).

Proof. Let f € dom(A). Then, by definition of dom(.A) one gets f(t) € dom(A) for a.e. t € Z and
hence f(t) € dom(B(t)) for a.e. t € Z. Consequently, by virtue of (2.2)) we obtain

ess sup HB(t)A_1||B(X) <Cpy .
tel

Hence, one gets
IB@)f®)lx = BOAAf(B)]lx < Col Af(B)llx

which yields that the function ¢t — B(t)f(t) is in LP(Z,X). Thus, f € dom(B), i.e. dom(A) C
dom(B). O

Note that a family {F'(¢)}ez of bounded operators is measurable if the map Z > ¢ +— F(t)x € X is
measurable for each z € X. The following proposition is very useful for our purposes.

Proposition 2.11 ([8]). Let {F(t)}iez be a measurable family of bounded linear operators on X.
Then, for the induced multiplication operator F on LP(Z,X) its norm can be expressed as

I FllB(zrz,x)) = esssup [ F(t)]|px) -
teT

3 Non-autonomous Cauchy problems and the evolution semigroups
approach to solve them

Let us consider the non-ACP (1.1]) in the separable Banach space X. We are going to explain an
approach of solving it by using the evolution semigroups.

3.1 Evolution semigroup approach
Crucial for this approach is the notion of the evolution pre-generator.

Definition 3.1. An operator K in LP(Z, X), p € [1,00), is called a evolution pre-generator if

(i) dom(K) C C(Z,X) and M(¢)dom(K) C dom(K) for ¢ € WL(T),

(i) KM(¢)f — M(¢)Kf =M(¢)f, f€dom(K), ¢ W(T), where ¢ =,

(iii) the domain dom(K) has a dense cross-section in X (see Definition [2.4).

If, in addition, the operator K is a generator of a semigroup in LP(Z, X), then K is called an evolution

generator.

Remark 3.2. The domain dom(K) of an evolution pre-generator is dense in the Banach space
LP(Z, X). Indeed, the dense cross-section property (iii) together with (i) and Lemma imply the
density of dom(K) C LP(Z, X).

11
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Now, we can present the main idea concerning the solving of the problem ((1.1). The next theorem
explains why we are interested in such a notion as evolution semigroups.

Theorem 3.3 ([15, Theorem 4.12]). Between the set of all semigroups {e"™ },>q on the Banach space
LP(Z,X)}, p € [1,00), generated by an evolution generator K and the set of all solution operators
(propagators) {U(t, s)}(t.s)ea on the Banach space X exists a one-to-one correspondence such that the
relation

(3.1) (™)) = Ukt —7)xz(t — 1) f (¢ —T),
holds for f € LP(Z,X) and for a.e. t € T.
In other words, there is a one-to-one correspondence between evolution semigroups and the propa-

gators that solve the non-ACP problem ([1.1)
One of the important example of evolution generator is Dy := 0; defined in the space LP(Z, X) by

Dof(t) = 0y f(t), dom(Dp) := {f € W'([0,T], X) : f(0) = 0} .

Then, the operator Dy is a generator of class G(1,0) of the right-shift evolution semigroup {S(7)}r>0
that has the form

(™0 1)) = (S(N(E) = ft = T)xz(t = 7), feLP(T,X), ae tel
The propagator corresponding to the right-shift evolution semigroup is the identity propagator, i.e.
Ul(t,s) =1 for (t,s) € A € Iy x Iy, where Zyp =7 \ {0}.
We note that the generator Dy has empty spectrum since the semigroup {S(7)},>0 is nilpotent and
therefore the integral fooo dr e~ ™ 8(7) f exists for any A € C and for any f € LP(Z, X).

For a given operator family {C(t)}iez in X the induced multiplication operator C in LP(Z, X) is
defined by (2.1). We consider in LP(Z, X) the operator

(3.2) K :=Dy+C, dom(K) := dom(Dg) N dom(C) .
Lemma 3.4. If dom(l%) has a dense cross-section, then the operator K is a evolution pre-generator.

Proof. By we get dom(K) € dom(Dg) C C(Z, X). Since C is an induced multiplication operator,
then by definition it commutes with the operator M(¢) for ¢ € W>°(Z). So, with dom(K) =
dom(Dg) Ndom(C) we get M (¢)dom(K) C dom(K). Then the relation M (¢)f — M(¢)Kf = M(})f
for f € dom(K) (see Definition (ii)) follows by the Leibniz rule for (DoM (¢)f)(t) = d(of)(t). O

Now, we precise the notion of the solution operator of the problem (1.1) versus the propagator
{U(t,5)}(t,s)ea on the Banach space X that we first described in Introduction
Definition 3.5.
(i) The evolution non-ACP (1)) is called correctly posed in Ty = Z \ {0} if K defined by (3.2) is an

evolution pre-generator.

(ii) A propagator {U(t,s)}s)ea is called a solution operator of the correctly posed evolution problem

(T.1)) if the corresponding evolution generator K (Theorem [3.3) is an operator extension of K, i.e.
KCK.

(iii) The evolution problem (T.1)) has a unique solution operator if K admits only one extension that
is an evolution generator.

Remark 3.6.

(i) It is an open problem whether an evolution pre-generator admits several extension which are
evolition generators. However, if this is case then the non-ACP (|1.1) has more than one solution
operator.

12
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(ii) Our Definition (ii) of a correctly posed non-ACP is a weak property. For example, the notion
of well-posedness developed in [18] implies this property.

To find extensions of the evolution pre-generator K which are evolution generators is, in general,
a nontrivial problem. However, there is a special case, that easily guarantees the existence of such
extension and, moreover, it is unique.

Theorem 3.7. Assume that the non-ACP (1.1)) is correctly posed in Zy. If the evolution pre-generator
K is closable in LP(Z, X)) and its closure K is a generator, then the evolution problem (1.1)) has a unique
solution operator.

Proof. Assume that IC belongs to the class G(M, 3). Then by Lemma 2.16 of [I5] the estimate

IF@®llx < (K48 fller . f € dom(K),

M
E— g

holds a.e. in Z for all £ > 3. In particular, one gets for any f € dom(l&):

M -
Iflle < K+ € flleo

(& - Bt
Hence, we conclude for the closure K of K one has dom(K) ¢ C(Z, X).

Now, we show that K is an evolution generator. Let f € dom(K). Then, by the closeness of I, there
is a sequence f, € dom(K) such that f, — f and Kf, — Kf, both in LP(Z, X). Let ¢ € Whee(T).
Since K is an evolution pre-generator, Definition (ii) yields

KM(¢)fn = M()Kfr + M() fo-

Note that the right-hand side converges to M (¢)Kf + M(¢)f. Therefore, we conclude that M (¢)f €
dom(K) and KM (¢)f = M(¢)Kf + M($)f. Hence, K is an evolution generator.

Now let K and K’ be two different extensions of K that are both evolution generators. Since K is
the closure of K and K/ is closed, we get dom(K) C dom(K’) and the restriction: K’ | dom(K) = K.
Recall that e=**(dom(K)) € dom(K), for s > 0. Then for all f € dom(K) and 0 < s < T we obtain

%{e—(T—S)’C/e—SKf} _ 6—(T—s)IC' (IC/ . IC)E_SKf -0.

Hence, the function s — e~ (7~9)Ke¢=5Ky is a constant for each u € dom(K). Thus, the semigroup

generated by K’ must be the same as the one by K, which implies K = K. O

These considerations suggest the following strategy for solving the non-ACP:
To find the unique solution operator of the problem (1.1) it is sufficient to prove that the evolution
pre-generator K, defined by (3.2)), is an essential generator, i.e., the closure of K is a generator.

3.2 A special class of evolution equations

We are interested in the non-ACP of a special form. Setting C(t) := A+ B(t), t € Z, dom(C(t)) =
dom(A) Ndom(B(t)) we see that this problem fits into ([1.1)).

The operator A in X trivially induces a multiplication operator A in the Banach space LP(Z, X).
The operator family {B(t)}:cz induces a multiplication operator B. Our aim is, to show that the
closure of the evolution pre-generator

K :=Dy+ A+ B, dom(K) := dom(Dy) N dom(A) N dom(B)

becomes an evolution generator under appropriate assumptions on the operator A and the operator
family {B(t) }tez.

13
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Firstly, we consider the operator sum Dy + A. Let A be a generator in X with the semigroup
{e7™},50. Then A is a generator in LP(Z, X) with semigroup {e~7*},>0 given by (e ™Af)(t) =
e"TAf(t) for a.e. t € T (cf. Lemma . Since A is time-independent, the operators A4 and Dy
commute. Hence, the product

e—TDoe—TAf = xz(- — T)G_TAf(' —7)

defines a semigroup on LP(Z, X). The generator of this semigroup is denoted by Ky and satisfies the
following properties:

Lemma 3.8. Let A be a generator in X inducing the multiplication operator A in LP(Z,X). Let Dy
be the generator of the right-shift semigroup on LP(Z, X). Then, the following holds:

(i) The set D := dom(Dgy) Ndom(A) is dense in LP(Z,X) and it has a dense cross-section in X. In
particular, dom(Ko) has a dense cross-section in X .

(ii) The restriction Ky | D =: /Zo = Dy + A and the closure (I/Cvo) =K.
(iii) He_T’COHB(Lp(LX)) = He‘TAHB(Lp(LX)) forT € Z. In particular, the generators A, A and Koy belong
to the same class G(M, j3).

Proof. (i) Note that for any ¢ € W1°°(Z) we have M(¢)D C D. Now we prove that D has a dense
cross-section in X. To this aim, let tp € Z\ {0} and xp € X be fixed. Since A is a generator in X, by
the Yosida approximation it follows that

dom(A) 3 z¢ == &(A+ &) tag — x0, as & — oo.

Therefore, for any € > 0 there exists £ > 0 such that ||z¢ — zol|x < €. Let ¢ € C*°(Z) be such that
¥(0) =0 and ¥(tp) = 1. Then, g defined by g(t) = ¥(t)x¢ is in D and ||g(to) — zo x < €.

Assertion (ii) holds by definition and assertion (iii) follows immediately from the fact that dom(Dg)N
dom(.A) is dense in LP(Z, X) and that the operator Dy belongs to the class G(1,0). O

Remark 3.9. In general, the operator IEO = Do + A must not be a closed operator and the domain
of Ky may be larger than dom(Dgy) N dom(.A). Let

Owu(t) = —Au(t), u(0) =up ,

be the evolution problem associated to the densely defined and closed operator A. Let us recall that
if A satisfies the condition of mazimal parabolic reqularity, see e.g. [1l, 21], 22| 2], then A has to be the
generator of a holomorphic semigroup and the operator I%o is closed. Hence, IEO = Ko. However, if
A is the generator of a holomorphic semigroup, then in general it does not follow that A satisfies the
condition of maximal parabolic regularity. This is only true for Hilbert spaces.

4 Existence and uniqueness of the solution operator of the evolution
equation

In this section we want to find the solution operator for the non-ACP (1.3) in the sense of Definition
In particular, we show that the closure K of the operator K= Dy + A+ B is a generator (cf.
Theorem [3.7)). In fact, we are going to prove that K := Ky + B is an evolution generator.

Note that since we deal with many generators, there is a need to investigate the sum of them. To
this aim we recall two results from the perturbation theory for semigroup generators.

Proposition 4.1 ([14, Corollary IX.2.5]). Let A be the generator of a holomorphic semigroups and
let B be A-bounded with relative bound zero. Then A + B is also the generator of a holomorphic
semigroup.

14
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The next result is due to J. Voigt [26]. It allows to treat perturbations with non-zero relative bounds.

Proposition 4.2 ([26, Theorem 1]). Let {T'(t)}+>0 be a semigroup acting on the Banach space X
with generator A € G(Ma,va). Let B be a densely defined linear operator in X and assume there is
a dense subspace D C X such that:

(i) D C dom(A) Ndom(B), T(t)D C D fort > 0 and for all x € D the function t — BT(t)x is
continuous,

(ii) There are constants 1 € (0,00] and By € [0,1) such that for all x € D it holds that

b1
/ dt e~ 14| BT (t)z]| < Bl
0

Then there ezists a unique semigroup {S(t)}+>0 and its generator C is the closure of the restriction
(A+ B) | D, with domain dom(C) = dom(A). Moreover, the operator B | D is A | D-bounded
and can be extended uniquely to an A-bounded operator B with domain dom(B) = dom(A). For this
extension one gets that C = A+B. In particular, if B is closed, then B is A-bounded and C = A+ B.
Moreover, the following estimate holds

My My >t/51 .
S(t vat >0,
sl < 24 (25 ) e

Lemma 4.3. Assume (A1), (A2) and (A3) for the operators A and the operator family {B(t)}tez.
Then, we get |BA™|gr(z,x)) < Ca-

Proof. The claim follows directly using Lemma [2.6] and Lemma [2.10 O

Proposition 4.4. Let the assumptions (A1), (A2) and (A3) be satisfied. Then K = Ko + B is a
generator in LP(Z,X), p € [1,00), with domain dom(K) = dom(Ky).

Proof. We want to apply Proposition Let D = dom(Dg) N dom(.A) Ndom(B). Since dom(A) C
dom(B), we have D = dom(Dp) Ndom(A). Using Lemma we conclude that D is a dense subspace
of LP(Z = [0,T], X), which is invariant under the semigroup {e~™*0}, 0.

From Proposition we get that for a fixed a € (0,1) and for any 7 € (0,7] = Zy there exists a
constant M2 (which depends only on «) such that |A% 74| < MA /72

We prove conditions (i) and (ii) of Proposition Let f € D = dom(Dg) Ndom(A) C Cy(Z, X).
Then for a € (0,1) and 7 > 0 we conclude that

B0, = [ at|Be e Ap ol < [ drlB@A- AT - 161 <

MA M
<essoup [BOA ) e T 11 < ST

Then, we get |Be~ ™0 f||1» < CoMATY/Pr=2||f||Lr. Moreover, for f € D we have

1B(e™ — D)l = | / Be 70 Ko || podor = | / BeAe=oDOK oo <
0 0

<IBA™srz.x) / 1A% A sz Ao f L nz.x) <
CJwA

<Co M /0 L dolKofllozx) = Ko f Lz,

that yields continuity in 7 = 0 and hence, the function Z > 7 ~— Be ™ 0 f € LP(Z, X) is continuous.
Moreover, we get

“ —T “ 1 CO&MS? —«
/ 1Be=™0 f|l oizxydr < Cal2]| 1|11 / Lgr = e Ma .
0 0o T (1-a)

15
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Now, take a < ((1— a)/CaMf)l/(lfa). Hence, all conditions of Proposition are satisfied. So we
conclude that the operator K = Ky + B with domain dom(K) = dom(Ky) is a generator.

Now we can state the main theorem concerning the non-ACP (]1.3)).

Theorem 4.5. Let the assumptions (A1), (A2) and (A3) of Assumption [1.1] be satisfied. Then the
evolution problem (1.3)) has a unique solution operator in the sense of Definition .

Proof. The evolution problem is correctly posed since the set dom(Dgy) N dom(A) has a dense cross-
section in X (cf. Lemma . Using Theorem and Proposition the assertion follows. O

Remark 4.6.

1. The existence result does not require that the operators B(t) are generators.

2. The assumption 0 € p(A) is just for simplicity. Otherwise, the generator A can be shifted by a
constant n > 0. Proposition [2.1] ensures that the domain of the fractional power of A does not
change either.

3. The assumptions (A1), (A2), (A3) imply that for a.e. ¢ € Z the operator B(t) is infinitesimally
small with respect to A. Indeed, fix t € Z, we conclude

dom(A +n) = dom(A) C dom(A%) C dom(B(t))
for n > 0 and so by Proposition [2.1] we have

CoCy
nl—oa '

IBOA+m) " ) < IBOA™5x) - [A%(A +n) " sx) <

And therefore for any x € dom(A) C dom(B(t)), we get

CaCo

nl—a

I1B(H)z]x <

1
A+ mallx < CaCon® (nHAxHX T lelx> .

Since the relative bound can be chosen arbitrarily small by the large shift > 0, the perturbation
Proposition yields that A + B(t) is the generator of a holomorphic semigroup. Hence, the
problem (|1.3)) is a parabolic evolution equation.

5 Stability condition

As we have already mentioned, the existence result holds even if the operators B(t) are not generators.
In the following, we are going to approximate the solution using a Trotter product formula. To this
end, we have to take into account the condition (A4) from Assumption

Remark 5.1.

(i) In (A2) we assumed that the function ¢t — B(t)z for z € dom(A) C dom(B(t)) is strongly
measurable. The assumption (A4) implies this property, which can be easily obtained using the
Yosida approximation. Using (A3), (A4) and dom(A) C dom(A®) C dom(B(t)), assumption (A2) is
not needed anymore.

(ii) Using Theorem assumption (A4) implies that the induced operator B is a generator in
LP(Z,X).

Now, let us consider the operator sums A + B(t) and A + B.

16
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Lemma 5.2. Let the operators A and {B(t) ez satisfy assumptions (A1), (A3) and (A4) and let
A and B be the corresponding induced multiplication operators in LP(Z,X). Then, C(t) := A+ B(t)
is generator of a holomorphic semigroup on X and it induces the multiplication operator C given by
C = A+ B, which is in turn a generator of a holomorphic semigroup on LP(Z,X).

Proof. Using Lemma and Theorem we obtain that C(t) and C generate holomorphic semi-
groups. O

A fundamental tool for approximation the solution operator (propagator) {U(t,s)}q qea of the
evolution equation (|1.3)) is the Trotter product formula. The first step is to establish a general sufficient
condition for existence of this formula in the case of evolution semigroups

Proposition 5.3 ([, Theorem 3.5.8]). Let A and B be two generators in X. If there are constants
M >0 and w € R such that the condition

(5.1) l(e=7/mAe /By gy < M

is satisfied for all T > 0 and n € N and if the closure of the sum: C = A+ B, is in turn a generator,
then the corresponding semigroup is given by the Trotter product formula

(5.2) e Cx = lim (7MY 2z e X
n—oo

with uniform convergence in T for compact intervals.
Remark 5.4. The condition ([5.1)) is called the Trotter stability condition for the pair of operators
{A, B}. Tt turns out that if the Trotter stability condition is satisfied for the pair {A, B}, then the

Trotter stability condition holds also for the pair {B, A}, i.e. there are constants M’ > 0, and w’ € R
such that

H(efT/nBef‘r/nA)nHB(X) < M/ew/T

for all 7 > 0 and n € N. In particular, the operators A and B can be interchanged in formula ([5.2))
without modification of the left-hand side.

In the following, we consider two different splittings of the evolution semigroup generator IC, see

43.2

K=Dy+ (A+B)=Dy+C, and K=Ko+ 5.

For them we want to apply the Trotter product formula ([5.2)). Note that the Trotter stability condition
(5.1) can be expressed in terms of operators A and B(t).

Definition 5.5. Let X be a separable Banach space.

1. Let {C(t)}iez be family of generators in X. The family {C(t)}ez is called stable if there is a
constant M > 0 such that

(5.3) ess sup e~ GO+ (-9) <M
(t,5)eA j=1 BX)

holds for any n € N.

2. Let A be a generator and let {B(t)};c7 be a family of generators in X. The family {B(¢) }+c7 is
called A-stable if there is a constant M > 0 such that

n<—

(5.4) €ss sup H G,(t,s;n) <M

(t,s)EA j=1 BX)

holds for any n € N where G}(t, s;n) is defined by ((1.6).
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In the both cases these products are ordered for index j increasing from the right to the left.

Remark 5.6. There are different types of stability conditions known for the evolution equations.
This is, in particular, a condition of the Kato-stability, which is equivalent to the renormalizability
condition for the underlying Banach space, see [I7, Definition 4.1]. We note that below condition
of the Trotter stability involves only the products , , of valued for equidistant-time steps
(t — s)/n. Therefore, it is weaker than the Kato-stability condition.

Proposition 5.7. Let A be a generator and let {B(t)}+cz be a family of generators in the separable
Banach space X. Let A and B be the multiplication operators in LP(Z, X) induced, respectively, by A
and by B(t). Let Ky := Dy + A.

(i) If the operator family {C(t)}iez is stable (5.3), then the pair {Dy,C} is Trotter-stable (5.1)).
(ii) If the family {B(t)}ez is A-stable (5.4), then the pair {Ko, B} is Trotter-stable (5.1)).

Proof. (i) The right-shift semigroup {S(7)}r>0 (§3.1) is nilpotent, and hence, the product is zero for
7 >T. We have

—n—1

((e"nCewP H e nCU s (t—7)f(t—7), teR,

feLP(Z,X), pe]l0,00), where the product is increasingly ordered in j from the left to the right. Let
us introduce the left-shift semigroup L(7), 7 > 0,

(5.5) (L(r)f)(#) = xz(t+7)f(t+7), tel, [felP(Z,X), pell o0).

Using this semigroup we find that
n<— )
(L) (e i) " p) () = [ [Te 7099 | xat + 1)f (1), teT,
j=1

for f € LP(Z,X), p € [1,00). Therefore, the operator in the left-hand side is a multiplication operator
induced by

n<—
[Te "D xz(t+7)
j=1 teT

Using Proposition and assuming that {C(t) }1ez is Trotter-stable (5.3)), we obtain the estimate

LT(e nCenl ) B(LP(Z,X)) = €SSsup ||en (t+i% < M.
IZ(7) | (LP(Z,X)) O<taT ")
B(X)

Since for 7 € [0,T") one has

(5.6) I (e77%520) oz xy) = I1E7) (77 720)  lsqancr,x
this estimate proves the claim (i). In a similar manner one proves the claim (ii). O
Now, let us introduce the operator family:
T(t)=e Be ™0 7 >0,
Note that if the family {B(t)}tcz is A-stable (5.4), then

(5.7) HT( ) IBrz,x) <M, for n€N and 72> 0.
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Lemma 5.8. If the operator family {B(t)}ie1 is A-stable, then

HT( )m IB(zrz,x)) <M

-
n
for anym € N, n € N and 7 > 0. In particular, we have

1T(T)"™|B(Lr(z,x)) < M
for any m € N and 7 > 0.

Proof. After the change of variables: 7 = on/m, one proves the first statement since it reduces to the
estimate (5.7]):

T m o m
igIO)HT (ﬁ) |B(Lr(z,xy) = sup ||T <%) |B(Lr(z,x)) <M .

on/m>0

Setting n = 1 we get the second statement. O

6 Convergence in the strong topology

Theorem yields the existence and uniqueness of a solution operator U(t,s), (t,s) € A, for the
evolution equation . This solution operator may be approximated by the product-type formulae
in different operator topologies under hypothesis from Assumption [1.1] and stability conditions.

We start by the claim that the classical Trotter formula can be used to prove the strong operator
convergence in LP(Z, X) of the product approximants for the semigroup generated by K.

Theorem 6.1. Let the assumptions (A1), (A3) and (A4) be satisfied. Let A and B be the induced
multiplication operators in LP(Z, X ). Define Ko := Do+ A and let K = Ko + B.

(i) If the operator family {C(t)}iez is stable, then

e ™ =s—lim (e nPoe nATBN? — g _lim (e n!

n—oo n—0o0

A+B)67%D0)n

in the strong operator topology uniformly in T > 0.
(i) If the operator family {B(t)}iez is A-stable, then

eT™F =5 —lim (e n e w8 =5 — lim (e wBe"nko)n
n—00 n—oo

in the strong operator topology uniformly in T > 0.
Proof. The proof follows immediately from Proposition Proposition [5.3] and Proposition O

Theorem provides information about the strong convergence of the Trotter product formula in
LP(Z,X). Notice that two different operator splittings of the operator K yield in Theore two
different product approximations (i) and (ii).

Let {{Un(t,5)}(t,s))ea fnen be the operator family defined by and let {U(7)}->0 be the semi-
group generated by K, i.e., e”™ = ¢=7(B+Ko) — /(7). Then for any f € LP(Z,X) one gets

(e~ FBe=FRON £)(8) = Un(t,t — Txalt — 7)f(t—7),  teT.
Since

(™)) = (7B ) (s) = U(T) f)(s) = U(t,t — T)xz(t — 1) f(s —T) |
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we conclude that
(6.1) ({(e7wBemwkoyr — e TBHOY )(8) = {Un(t,t —7) = Ut t — 7)bxa(t = 7) f(t—7) .
Note that the product formula in a different order yields

({(emw"0ewB)" — eV f) () = {Up(t,t —7) = Ut,t =)} xz(t = 1) f(t = 7)
where the approximating propagator is given by

n—1<+

Ul(t,s) := H G;-(t,s;n), n=12...,
(6.2) j=0

G;(t,s;n) = e*FTSAe*FTSB(S+jt;S), ji=0,1,2,...,n.

Note that for the case of Theorem (i) the Trotter product approximations get the form

n— n—1<
(6.3) Vi(t, s) ;:H(%SC(SH%S) and V)(t,s):= [] e~ FOGEHIE)
Jj=1 j=0

for (t,s) € A, n=1,2,... and C(t) = A+ B(t).
Theorem 6.2. Let the assumptions (A1), (A3) and (A4) be satisfied.
(i) If the family {C(t)}iez is stable, then

T—1
0= lim sup/ ds|{Vp(s +71,5) = U(s+7,s)}z|5
0

n—=0 rcT

T—T1
— lim sup / ds [[{V2((s + 7,5) — U(s + 7 8) | |
0

n—=00 rcT

for any p € [1,00) and x € X, where the families {{V,(t,5)}¢,s)eatnen and {{V,(t,8)}s)catnen are
defined by (6.3)).
(ii) If the family {B(t)}iez is A-stable, then

T—1
0= lim sup/ ds|{Un(s +7,s) = U(s + 7, 5) x|/’
n—=o0 re7 Jo

(64) T—1
= lim sup/ ds|{U} (s +7,8) = U(s+7,8)}z|% ,
0

n—=0 e

for any p € [1,00) and x € X, where the families {{Un(t, s)}1,5)entnen and {{Uy (¢, s)}1,5)ea tnen
are defined, respectively, by (1.6) and (6.2).

Proof. We prove only the statement for {{Up(t,5)}s)ea}nen. The other statements can be proved
similarly.
Take f=¢p®@x € LP(Z)® X 2 LP(Z,X) for z € X and ¢ € LP(Z). Then, we have

T
I (e 8oy = e ) i, = [ s U5 = 7) = Ulss = P)bals = 7hf(s = )l =

T—1 T—1
- /0 ds [{Un(s +7.5) — U(s + 7.8} F(s)|% = /0 05 |S(S)P{Un(s + 7, 8) — U(s + 7, 8)}|

7 € Z, which proves the claim if ¢(¢) =1 a.e. in Z. O

Remark 6.3. We note that the corresponding convergences in Theorem and in Theorem are
equivalent.
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7 Convergence in the operator-norm topology

In §7| we proved the convergence of the product approximants U, (t, s) to solution operator U (t, s) in
the strong operator topology. In applicatons, a convergence in the operator-norm topology is more
useful, especially if the rate of convergence can be estimated. Then in contrast to analysis in [3]
we obtain a vector-independent estimate of accuracy of the solution approximation by the product
formulae.

In this section, we want to estimate the convergence-rate of for sup; e [|U(t, 8) = Un(t, s)||5x) —
0, when n — oo. An important ingredient for that is to estimate the error bound for the
Trotter product formula approximation of the evolution semigroup: sup, s, [|(e~70/me=78/n)n
e_TKHB(Lp(I’X)) — 0, when n — oo. -
7.1 Technical Lemmata

Here we state and we prove all technical lemmata that we need for demonstration of convergence and
for estimate of the error bound for the Trotter product formula approximations in the operator-norm
in LP(Z,X).

Lemma 7.1. Assume (A1), (A2) and (A5). Then, the operator A='B is bounded on LP(Z,X) and
the norm ||A718HB(LP(I,X)) < Cik, pE [1,00)

Proof. Let x € dom(A) C dom(B(t)) and & € X*. Then, it holds that

(AT B(t)a,&)] = [(z, Bt)*(A7)*€)| < Callzll l€ll, ae. t €.
Since dom(A) C X is dense, we conclude that ess sup,e7||A71B(t)|5x) < Cf. Let T € LP(Z; X)*.
By Proposition (iii) we find

P(A-'Bf) = / (A~LB()f (1), U(t))dt,  f € dom(B).

A

Then the estimate ess sup;ez||A~1B(t)[|5x) < Cf implies

1/p
LA = Gl ( [ Iw@N7at)
f €dom(B), ' € LP(Z, X)*, which yields
DATBA)| < Gl @Dl vy f € dom(B)
Hence we get ||A_1Bf“Lp(IVX) < Cillfllzeez,x), f € dom(B), which proves the claim. O

Remark 7.2. By assumption (A1) the operator A generates a holomorphic semigroup. Note that
the operator Ky is not a generator of a holomorphic semigroup. Indeed, we have

(TR0f) () = (e TA ) = e TAf(t - T)xalt — 7). fE DML X).

Since the right-hand side is zero for 7 > t, the semigroup has no analytic extended to the complex
plane C.

We comment that in general, dom(Ky) C dom(.A) does not hold, but we can prove the following
inclusion.

Lemma 7.3. Let the assumption (A1) be satisfied. Then for o € [0,1) one gets that

(7.1) dom(Kp) C dom(A%) .
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Proof. We know that the semigroup, which is generated by Ko, is nilpotent, i.e. e~™ = 0 holds for
7 > T. Hence, generator Ky has empty spectrum. Since the semigroup is nilpotent, one gets

oo T

AL f = A / e Ko fdr = / eTPop e A dr,  f e LP(T,X) .
0 0

For o € [0,1) and 7 > 0, we obtain || A% ™| < M2 /7r® and in addition:

T 11—«
T
/ T %1 = < o00.
0 1— «

So, the integrand A%~ "Poe~"Af for 7 > 0 is integrable on [0,00), that implies the claim. O
Lemma 7.4. Let the assumptions (A1), (A2), and (A3) be satisfied. Then there is a constant Ay > 0
such that

Aq

o T>0.
T

(7.2) 1A% ™| gz (z,x)) <

Proof. Note that the following holds

%e—uwmoewnf (=Ko =K f 4 o~(r=0WKo(_o)e=oK f = _o~(r-0)Koge—0K f
So, we get
/0 Lo (roKage oK g = R0 f TR
and hence

A% —TICf A% —TICof Aa/ (r— U)ICOBe U’Cfdd.
0

Now, we estimate the two terms in the right-hand side. First we find that

_r o —T MA
A% fll oz x) < 1A% F (- = )l o(z.x) < —a IMlzr@.x) -

Now, let f € dom(K). Since dom(K) = dom(Ky) C dom(A*) (see Lemma[7.3), one gets
Aa/ do e~ (T—Koge=oK ¢ :/ do A%~ T-Kog = poe=K f
0 0

There is a constant Cy > 0, such that |[BA™|zr(z,x)) < Ca (cf. Lemma . Then we find the
estimate for the sum of two terms:

| A%e _T’CfHLP(IX) <

MA (0% TU (073 o _—0
2 ooz ++ / A% K0 iz s - IBA™sznz.xy - 1A% fllnz.xdo <

MA Y
< 22 | fllzozx) + Ca / A% f | Loy do

Let || fl|zr(z,x) < 1 and we introduce F(7) := | A% TR £ 1»(z,x)- Then the Gronwall-type inequality

0<F(r)<ar %+ 02/ F(o)(t — o) “do,
0
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is satisfied, where ¢; = M2 and cp = C, M . The Gronwall-type lemma (see Appendix, Lemma [9.1)
states that the estimate F'(7)7® < 2¢; is valid for 7 € [0, 79], where 79 = 04, - min {1/02, (1/c)/ (- O‘)
and o, depends only on «. Hence, we obtain

2M 2
(7.3) |4 f) < =2

for 7 € (0,7g]. Since e"™Xf = 0 for 7 > T it remains to consider the case 0 < 70 < T. If 7 € (79, 7],

then we find
2M 2 My
T ’

0
where |le”™® f|| < My for 7 > 0 and | fllzr(z.2) < 1. Here we have used that any evolution semigroup
is bounded. Hence

AT < AR IR <

T 2MA My _ I 2M 2 My

A% -7 < ’

e T < T TR < T
for 7 € (79,7] and || f[|zr(z,x) < 1. Setting Ay := maX{2M&4,(2M&4 MT*)/7§'} and taking the
supremum over the unit ball we complete the proof. O

Lemma 7.5. Let the assumptions (A1), (A3) and (A4) be satisfied . If the family of generators
{B(t)}1e1 is A-stable, then there exist constants ¢y > 0 and c2 > 0 such that

(7.4) IT(r)* Allsaz,xy < — + kr’ >0, kel

Proof. For kT > T we have T(7)* = 0. Hence, one has to prove the estimate (7.4)) only for k7 < T
By Lemma we get that HT(T)k”B(Lp(Lx)) < M for some positive constant M. Let f € dom(A).
Then

IT(FAF] < (T — 480 Af| + [l 50 Af|
k—1

[ ZT “UHD (7B — [)emUHDTRo A f|| 4 |l FRo A f|

| A

k=1 .r ‘
<MY [ dofe BBA AL O 4 e oA,
—0 /0

where we used I — e ™8 = fOTdUBe*”B. We have ||e” 8| < MpgePs? < MpgePe BT —: Mj,. By
Proposition 2.2] we get
) MA
— IC 1
| AT (G+1)7 of| < WWH 7
_ M2
e p < Moy
T

Therefore, one obtains the estimate:

MMLMA O r =L 1 MA
k B 14+a~o 1
IT(r)*Af|l < eS| .EO G LI+ =117l
J:

- MMM Col(a+1)

Mt
- 171+ <20

where ((a+1) =372, 1/ is the Riemann (-function. Since T'(7)¥ = 0 for 7k > T, we find

MMM Col(a+1) M
T Af) < SR 171+ S H0f0 S € dom(A)
Then estimate (7.4]) follows by taking supremum over the unit ball in dom(.A) . O
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Lemma 7.6. Let the assumptions (A1), (AS3), (A4), and (A5) be satisfied. Then there is a constant
c > 0 such that for 7 > 0 we have inequalities :

(T(r) — e ™) A |lgrzxy < er and [JAHT(1) — e ™) prrz,x) < e -
Proof. (i) Using the representation
T(r)g—e Ng= (e —Ne ™og e ™0 _ Ry g e LP(T,X),
we get
(7.5) I(T(r) = e ™)ATFI < (e = DA™ 0| + || (7™ —eTTR) AT

fort>0,9g=A"%f and f € LP(Z, X). From the representation
(I—e™B)g= / e *BBgds, g € dom(B),
0

we obtain
I(I — e ™P)A || < 7 |[BA*| Mg’ |g| g €dom(B), 7>0.

Then setting g = e X0 f, f € LP(Z, X), and using the estimate ||e"™%0 f|| < M 4ePAT, 7 > 0, one gets
for the first term in the right-hand side of ([7.5)) the estimate

(7.6) (I —e ™ B)YA e ™ of|| < 7Cy Mg My e®5T|f|l, 7>0,

where we also used that e ™0 = 0 for 7 > T. To estimate the second term note that

e*TICg o eleCog — / di{efo‘ICef(TfU)lCo }gd(f — _/ efcrlCBef(Tfo‘)lCogdo, ’
0 @0 0

g € dom(Kp). Let g € A f, f € A*dom(Kp). Then
(efTIC - efTICO)Afaf — _/ efolCBef(Tfo)lCOAfafdo_ ,
0

which leads to the estimate
(7.7) I(e™ — ™™ AT f|| < T CoaMi Mal f, 720,

f € A*dom(Ky). Since A“dom(Ky) is dense in LP(Z,X) the estimate extends to f € LP(Z,X).
Taking into account (|7.5)), (7.6]), and([7.7) we get the first of the claimed in lemma inequalities.
(ii) To prove the second inequality we note that

(7.8) AT e P — e fI S AT e — Dem O f|| + AT e — e £

[ € dom(Kp) = dom(K). Using
AT — e ™ByeRof = / do A"tBe Be~Rof
0

one finds the estimate for the first term in the right-hand side of ([7.8)):

(7.9) AL — e ™B)e ™0 f|| < 7 CfMp Ma s | f]], 720
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For the second term we start with identity

e—TICof - e—TICf _ / i{e—olCe—(T—a)lC}fdo_ _ / do e—alCoBe—(T—J)le ’
o do 0
which leads to
A—l(e—T]CO . e—TIC)f — / do A—lBe—oKoe—(T—o)Kf 7
0

for any f € dom(K) = dom(Kp). Hence, we get the estimate
(7.10) AT e — ™) fll < T CIMA M| £l 720

Summarising now ([7.8)), (7.9), and (7.10]), we obtain the second of the claimed in lemma inequalities.
[

Lemma 7.7. Let the assumptions (A1), (A3), (A4), (A5), and (A6) be satisfied. If 5 € (o, 1), then
there exists a constant Z(3) > 0 such that

(7.11) IA™HT(r) = e ™)V A P |pa(z.x)) < Z(B)7F, 720
Proof. Let f € dom(Kg) = dom(K). Then identity

d d
el —(r—o)Kp _ @
dUT(U)e I do’e

_ e—UBge—O'ICOe—(T—O')’Cf - e—aBe—UICOIcoe—(T—U)ICf + e—O'Be—O'IC()Ke—(T—U)’Cf

—oBe—oKoe—(T—o)Kf

- _ efO'BBefalCoef(‘rfo)le + efa'Befa'lCOBef(Tfa')le

:efaB{efongBf o BefalCo }ef(TfU)IC'ﬂ

yields
(7.12)  T(r)f —e *f= / diT(a)e_(T_U)dea = / e 7 BleRoB — Bem KoL (=K 1 g,
0o ao 0

On the other hand we also have the following identity:

¢~ (=K — Be=oKo) o~ (—o)K
= (778 — I){e= 0B — Be~ "o} (e (T — = (mmK0) p i
+ (7B — {e 0B — Be= 0}~ T=o)Kor
+ {eiU’COB - l’)’(f“’co}(87(77‘7)’C — ef(ng)KO)f + {efg’COB — BefOKO}ef(ng)Kof ,

which yields for f = A Pg

A le B (er’COB — Bef‘ﬂco) ef(ng)KAfﬁg =
_ A—l(e—aB _ I){G_UICOB _ Be—olCo}(e—(T—a)lC _ 6—(T—U)K0)A—ﬂg+
+ A (e B — ) {em 0B — Be Koy AP (mmdKog
+ A YemFoB — Be= Ko} (e~ (7= _ =TIy g=F gy
+ Afl{(e*"lco — e*"DO)B - B((f"’CO — e*”DO)}ef(Tf‘T)’COAfﬁg—i-
+ A (e PoB — Bem7Po) A B (=Ko

(7.13)

In the following, we estimate separately the five terms in the right-hand side of identity (|7.13]).
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To this end we note that A and Ky commute. This implies that
(e~(r=oIK _ o=(r=a)Koy g=B _ /T_U dr e~ (T--TK AP0
0
Thus, for the first term we get
./471(6708 — I){e’*”’cob’ — l’)’(f"’co}(67(77”)1C — ef(ng)Ko)Afﬁg
=— /00' dr A=1Be "B [e=7F0 Bl AP /OT_U dr APe=(T—o-nKB A=Ky
where
[e=7R0 B]f := {e” "B — Be=7®0}f,  f e dom(Ky), T >0.

Then using Lemma [7.4] we obtain the estimate

HA—I(e—UB - I){e—UICoB o Be—aKo}(e—(T—a)K o e—(T—U)ICO)A—BgH

T—0O 1
* 2 2 BT
(7.14) < 0 207C5As MpMye /0 dr (r—o—1)8 gl
_ QCTCQABMBMieﬁBT
<olr—o)' ™ —— lgl

for o0 € [0, 7] and T > 0.
For the second term, one can readily establish the estimate

(7.15) JA™ (e B — I){e " 0B — Bem TR0} A Be~ (= WKog| < 5 207 CsMpM%e™ T g

for 0 € [0, 7] and 7 > 0.
Now note that by virtue of relation

T—0O

e~ (7K _ o=(r=0)Kop / dre= KB oy b e dom(Ky)
0

one obtains for the third term the estimate
(7.16) AT {e 0B — Be R0} (e (TIK — o= (=Ko 4B g|| < (7 — 0) 207 CaMAMic |9l

for o € [0, 7] and 7 > 0.
Moreover, using the equality

ag
e~ _ g=oDop — —/ dr e ™0 ge=(e=m)Dop, ,
0

we get for the fourth term:
A—l{(e—oKo _ e—aDo)B _ B(e—aICO _ e—UDO)}e—(T—a)ICOA—Bg —
<_ /a dr efrlcoef(afr)DoBAfﬁ + Ale /‘7 dr efrlcoAlfﬁe—(afr)D()) e*(T*U)’Cog
0 0

which yields the estimate
HA—l{(e—alCo - e—UD())B - B(e—alCo o e—aDo)}e—(T—U)ICOA—ﬂgH
(7.17)

. 7 1 Cy M Mt
< o CaMallgll +C1MAM1A/3/O dr =5 llgll = <U CgMa + o’ # gl
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for o € [0,7] and T > 0.
To estimate the fifth term, we note that
(e7P0B — BeoP0)f = " B()£() = Bxa(- — a)f(- — 0) =
=xz(- —0)B(- = o) f(- —0) = B(:)xz(- = o) f(- —0) =
=xz(- —o{B(-—0) = B()}f(- —0) ,

and therefore, one gets

A7 (e B — Be 7P0) A Pem(TmKog|| = | A7 e 0B — Be 70} AP ]|

< esssup IATHB(t — ) = BO)}A |ls(x) llgll < Lo ||l
S

(7.18)

for o € [0,7] and 7 > 0.
From identity we deduce the estimate
A~ te B (e_”KOB - Be_”’co) e_(T_”)’C.A_ﬁgH

< A~ (=B — ) {e~ K05 — Be—aKo}(e—(T—a)K B e—(T—a)Ko)A—,BgH
+ AT (e P = D)fe B — Bem 7oA e (ko
+ AT e 0B — Bem R0} (e K —em (R0 4By
+ AT (e — e TP0)B — Ble=7Ko — ¢=7Po) e (70K 4By
+ AT (e B — BemTPo) A B (=Ko

for o € [0, 7] and 7 > 0. Now taking into account (7.14), (7.15)), (7.16)), (7.17), and (7.18) we find the
estimate

HA—le—aB (e—oICoB o Be—UICo) e—(T—U)ICA—agH <
20;02A5M3M31655T
< _ 11—« 6
< {O‘(T o) 15

(1 —0) 207 Cs M3 My + o CgMy + o

+o QCTC/BMBME‘CBBT—I—

Cy Ma ML,

G+ 0" Lajlgl

for 0 € [0, 7] and 7 > 0. Then setting

. 2C7C5A s MpM5elsT
1= 1_ B
Zy = 2C7CsMpM%eP5T 1+ CsM 4
Z3 = 2C7Cs M3 My
Cy Ma M,
Zy = —,3

+ Lg

we obtain

(7.19)
| A e B (em7K0B — Be=oK0) e (TmIK 4By < {Z1 o(r—o)V\ P+ Zyo+Zs(r—0)+ 24 UB}HgH.

Now we remark that (7.12]) gives the representation

ANT(1) —e ™A Pg = / do A te=B{e= 0B — BemoKo}e= Tk 4By
0
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which yields the estimate
JATH(T (1) — e ™) A Fg|| < /0 "o | AT e B e K0 BeoKo}em (0K 4By
The inserting into this estimate and using
/OT o(r—o0) Pdo =737F /01 (1 —2)' Pde =7"PB(2,2 - B),
(where B is the Beta-function), we find for 7 > 0 the estimate

_ _ _ _ Zy+ 2 Z
A7) = VATl < 21822 = B) 7870+ S g LT

and consequently
AT () — Ay < (22 - pr BB ) g
Since T'(7) = 0 and e~™ = 0 for 7 > T we finally obtain
AT — Ay < (zaB@2 - o2+ BLATI )
which proves the lemma. ]

7.2 The Trotter product formula in operator-norm topology

Theorem 7.8. Let the assumptions (A1), (A3), (A4), (A5), and (A6) be satisfied. If the family of
generators { B(t) }ie1 is A-stable and B € (a, 1), then there exists a constant Cy g > 0 such that
Cayp

(7.20) [(e™B/meTRO e gy <

fort>0andn=2,3,...

Proof. Let T(c) := e=?Be=%0 and U(o) := =X, 6 > 0. Then the following identity holds

n—1
T(o)" = U(e)" = > T(o)" ™ (T(0) — U(a))U(0)™
m=0
=T(0)" (T (o) = U(0)) + (T(c) — U(0) )"+ Z T(o)" " T (o) — U(0))U(o)™
=T(o)" TAA N (T(0) = U(0)) + (T(c) = U(0)) A~ %4“ (o) 14
n—2
+ Y T(o)" " AATN T (o) - U(0) AP AU (o)™
m=1

It easily yields the inequality
[T(e)" = Ulo)"[| < HT(U)" T(o)" LAl |A™HT (o) = U(o)l + I(T(0) = U(o) A AU (0)" |+

+ Z IT (o) =m=TA|| | A™H(T (o) = U(0)A™"|| | AT (o)™ -
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From Lemma we get for o € (0,7] and n > 2 the estimates

T \n—1 g €2
(7.21) Ty < S+
Now, from Lemma [7.6] we find that

AT (o) = U(0))l| < co and [(T(c) = U(o)A™*| < co .

This implies that

7@ A AT (0) = U@)] < crco ™ + 25
and A
I(T(0) = U@NA™ AV (@) < =z o'

where we used also Lemma . Since by Lemma

JA T (o) — e VAP |lgezxy) < Z(B) P, T €(0,70) ,
one gets

IT (o) =m=LA|l ||A™H(T (o) = U(0))A™7|| | AT ()™

11—« 1
§C1Z(B)Aﬁam,3 +CQZ(6)A5(n—1—m)m5 '

From Lemma of Appendix ( we obtain inequalities

ZHT )= LA| ATHT (o) = U(0) AP AT (o)™

n—2 n—2

1 1
<c1 Z(B)Agol™* Yy — Z(B) A
c1Z(B)Ag 1.5 1- 2c0 Z(B) Ag 1 In(n —1)
< ——F(n-1 @ Z(B)Ag———=.
< 1-3 (n ) Vo + 1-3 (n_1)5+62 (B) B(n—l)ﬁ
Summarising all these ingredients one gets the estimate
IT(0)" = U(o)"|
A
< 1-a c2C CAq 1-a
<cco +n—1+(n—1)aa
c1 Z(B)Ag 1-6 _1— 2c0 Z(B) A 1 In(n —1)
——="(n—-1 @ Z(B)Ag———% .
+ 1—,3 (n ) (o + 1_6 (n_l)ﬁ‘f‘CQ (5) ﬁ(n—l)ﬁ
If we set 0 := 7/n, then
1 T(7/n)" = U(r/n)"||
cre T . cy e cA, T
“(n=-1m n-1 (n—1)
caZB)AgT> 1 200 Z(B)Ag 1 In(n — 1)
Z(B) Ag———=.
=8 -Dfa ' 1-5 (m-np 2P p
for 7> 0 and n = 2,3,.... Hence, there exists a constant C, g > 0 such that ((7.20)) holds. O

Remark 7.9.
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(i) If in condition (A6) we put 5 = 1, then for each v € («, 1) there exists a constant Cy, 5 > 0 such
that

—7B/n_—1 n\n -7 1
(7.22) [(e7™B/memRo/myn ¢ K||B(LP(I,X))§Ca,7m7_a,

forr>0and n=2,3,....
(ii) It is worth to note that our result depends only on domains of the operators A and B(t).

(iii) Until now, error estimates in operator-norm for the Trotter product formula on Banach spaces
for the time-independent case is proven only under the assumption that at least one of the involved
operators is generator of a holomorphic contraction semigroup, see [5]. Therefore, although motivated
by [0], the Theorem is the first result, where this assumption is dropped.

(iv) If the family of generators is independent of ¢t € Z, i.e. B(t) = B, then condition (A6) is
automatically satisfied for any # > 0. In particular, we can set § = 1. Since A and B commute with
Dy we get

(7_23) <e—TB/n€—TIC()/n)n _ (e—TB/’I’Le—TA/n)ne—TD()’ >0, neN.

Now we comment that if one of the operators: A or B, is generator of a holomorphic contraction
semigroup and another one of a contraction semigroup on a Banach space X, then from Theorem 3.6
of [5] we get the existence of constants by > 0, by > 0 and 1 > 0 such that the estimate

In(n)

H(e—‘rB/ne—TA/n)n - e_TCHB(X) < (bl + bQTl_a)eTn nli_a

)

holds for 7 > 0 and n € N. Applying this result to (7.23) we immediately obtain the existence of a
constant R > 0 such that

H (e—TB/ne—TICo/n)n

— e NMprxy <R

is valid for 7 > 0 and n € N. Note that this estimate is sharper than the estimate in ((7.22]).

7.3 Norm convergence for propagators

We investigate here the consequences of Theorem for convergence of the approximants,
{Un(t,8)}t,5)ea> m € N, (L.6)), to the propagator {U(t, s)},s)ea, Which solves the non-ACP (L.3)).
Recall that by (6.1)) one gets the relation

(7.24) ({(emnBemnhoyr—e T BRI} )(8) = {Unlt,t = 7) = U(t,t = 7)hxz(t = 7) f(t = 7)

for (t,t — 1) € A and f € LP(Z, X), where the Trotter product approximation for propagator U (t, s)

has the form
—n

Un(t,s) ::H, ) e~ Blat(n—it)0) o~ A (t,s) e A.
J:

is increasingly ordered from the left to the right.

Theorem 7.10. Let the assumptions (A1), (A3), (A4), (A5), and (A6) be satisfied. If the family of
generators {B(t) }1ez is A-stable and B € (a, 1), then there exists a constant Co g > 0 such that

Cop
np—a’

(7.25) esssup ||Un(t,s) — U(t, s)|[gx) <
(t,s)eA

n=223,....

The constant Cy g coincides with that in the estimate (7.20) of Theorem .
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Proof. We set
Sn(t,s) :=Un(t,s) —U(t,s), (t,s) €A, neN,

and

Su(7) := L(T){(e nBe~nkoyr — ¢=7(B+Ko)y . [P(T X)) — LP(T,X) ,
for 7>0and n=2,3,.... Here L(7), 7 > 0, is the left-shift semigroup (5.5). Then by we get
(7.26) (Sn(m)g)(t) = Sp(t+ 7, t)xz(t +71)g(t), te€ly, ¢gelLlP(Z,X).

Hence, for any 7 € Z and n € N, the operator S; is a multiplication operator on LP(Z, X) induced by
the family {S, (- + 7, )xz(- + 7) }rez of bounded operators. Applying first ((5.6)) and then Proposition

for ((7.26)), one gets for 7 > 0 the equality

[(e™wBem Koy — e BHRO g 10z vy = | L(){ (e nBem ko) — e "B 5 7 1)
= [|Sn(T)lIB(Lr(z,x)) = ess sup [Sn(t + 7,t)xz(t + 7)|I3(x)
€1o
(7.27)
= esssup |[{Un(t +7,t) = Ut +7,8)}xz(t + 7)ll3x) = esssup [|Un(t+7,t) = U(t +7,1)|5x)-

teLy tE(O,TfT]

Now taking into account Theorem [7.8] we find

C,
esssup [|Un(t +7,t) = U(t + 7,1)[|px) < ﬁa—’i’ T>0, ne23, ...,
te(0,7—7] n
which yields (7.25]). O
Remark 7.11.

(i) The equality (7.27)) shows that estimates (7.20)) and (7.25]) are equivalent.

(i) We note that a priori for a fixed n € N the operator family {Un(%,5)}sea do not define a
propagator since the co-cycle equation is, in general, not satisfied. But one can check that

Upn(t,s) = Up—k <t,s + %(t - s)) Uk (s + S(t — s),s) ,

is satisfied for 0 < s <t < T, n € Nand any k € {0,1,...,n}.

8 Example: Diffusion equation perturbed by a time-dependent potential

Here we investigate a non-autonomous problem when diffusion equation is perturbed by a time-
dependent potential. To this aim consider the Banach space X = L%(Q), where Q C R%, d > 2,
is a bounded domain with C2-boundary and ¢ € (1,00). Then the equation for the non-ACP reads as

(8.1) a(t) = Au(t) — Btu(t), u(s) =us € LUQ), t,seTy,

where A denotes the Laplace operator in L4(2) with Dirichlet boundary conditions defined by the
mapping

Az dom(A) = H2(Q) N HH(Q) — LI(9).

Then operator —A is generator of a holomorphic contraction semigroup on L4(2), [19, Theorem
7.3.5/6], and 0 € p(A). Let B(t) denote a time-dependent scalar-valued multiplication operator given
by

(B()f)(x) = V(t,z)f(x), dom(B(t)) ={f e LI (Q):V(t,z)f(x) € LY D)},
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where
ViIxQ—=C, V(t,-)eL?Q).
For a € (0,1), the fractional power of —A are defined on the domain H 22(Q) by
(—A)* : H2*(Q) — LY(Q).

Note, that for 2a < 1/g, it holds that Hga(Q) = H2*(). The operator A* is dual to A and it is
defined on domain )
dom(A*) = H2(Q) N Hy () € LY(Q) ,

where 1/q 4+ 1/¢' = 1. Since operators B(t) are scalar-valued, one gets that the dual B(t)* = B(t) :
dom(B(t)) € L (Q) — LI (Q).

Remark 8.1. Note that the operator A = —A in LP(Q), p € (1, 00) with Dirichlet boundary conditions
verify that maximal parabolic reqularity condition, see [2]. In particular this means that o = Dy + A
is closed and hence coincides with its closure: Ky = K.

To prove the existence and uniqueness of solution of the non-ACP (8.1]) and in order to construct the
product approximants for this solution, we have to verify the assumptions (A1) - (A6). In particular,
we have to determine the required regularity of V'(¢,-) € L2(2) to ensure that ([3, Corollary 3.7])

dom((—A)*) C dom(B(t)) and dom(A*) C dom(B(t)*
or in other words:
(8.2) HZ*(Q),H(Q) C dom(B(t)) .
Using Sobolev embeddings, one obtains general description of the embedding

Y2 € [n, 72, i € (1,d/s)

Y2 € [y1,00), if 91 € [d/s,0)

(8.3) HS,(Q) C L»(Q) for {

For our case (8.2), we obtain H2*(2) C L"(€2) and HQQ,(Q) C L*(Q), for some constants r, p € (1, 00].
Hence, it suffices to ensure L"(Q2), L2(2) C dom(B(t)). The parameters r, p define 7, p via
1 1 1 1 1 1
(84) 7+T:77 7+T:7/7
r-r. q p p g
and since the operator B(t) is a multiplication operator defined by V (¢, -), the regularity of V (¢, -) has
to be at least as

o0 = max{r, p} .
We distinguish these cases collecting them in the Table 1:

1. For d > 4, or for d = 3 and a € (0, 3):

q€ | 7 e o€ | g€ |7e | oe
(1’(1d7d2g] [%’ OO] (({JI’ OO] (ctlideON ﬁ} [%7 OO} (%, OO]
(d72’ %) [%,OO] [%,OO] [%’oo) (q’ OO] (q’ OO]

2. Ford=3 and a € [3, 2):

E[eY]
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ge | 7€ | o€ | q€ | 7€ | o€
(1733_32@] [%700] ((13’700] (3,3_32a72] 55 00] | (¢',00]
<2’ ﬂ) [ﬁ’ OO] [ﬁ7 OO] [ﬁ: OO) (qv OO] (qv OO]
3. Ford=3and a € [3,1):
g€ |Fe |oc€

5. Ford=2and a € (3,1):

g |fe Joe | qe |Fe |oe |qe |7e |oce
(L 3) | [3yool [ [d0e] | H
The Existence Theorem yields the following theorem

Theorem 8.2. Let Q C RY be a bounded domain with C2- boundary, let ¢ € (1,00) and let o € (0,1).
Let B(t)f = V(t,-)f define a scalar valued multiplication operator on L4(Q) with V € L>®(Z, L7 (1)).
Let 7 € (1,00) be chosen from the above tables. Then, the non-ACP has a unique solution
operator (propagator).

Proof. Using relation (8.4) and the Sobolev embeddings (8.3, it is easy to see that dom((—A)%) C
dom(B(t)) holds. Hence, the assumptions of Theorem are satisfied. O

Remark 8.3. In [22], the existence of a solution operator for equation (8.1]) is shown assuming weaker
regularity in space and time for the potential. We assumed uniform boundedness of || B(t)(—A)%||5x),
which is indeed too strong, but important for the further considerations.

Now, we study the convergence of the Trotter product approximants of the solution operator. We
assume that the real part of potential V (¢, z) is positive:

Re(V(t,xz)) > 0, for a.e. (t,x) €Z x Q.

Then, for any t € Z the operator V (¢, z) is a generator of a contraction semigroup on X = L(Q) ([7,
Theorem 1.4.11-12]). Moreover, assumption (A4) is satisfied.
Now let

F(t) = (—A) ' B(t)(=A) ™ : LYQ) — H2(Q) N HX(Q) € LY(Q).

Assuming V' € L*>(Z,L2(Q2)), where p is chosen from the Table 1, we find that dom((—A)%) C
dom(B(t)) and dom(A*) C dom(B(t)*). Hence, the operator F'(¢) is uniformly bounded. It rests only
to prove the Holder-continuity of the operator-valued function t — F(t).

Let f € L9(Q) and g € LY'(Q). Define f = A=*f € H2*(Q) C L"(Q) and § = (A~!)*g = (A*)"lg €
Hg,(ﬂ) N qu,(Q) C LP(Q). Then, we get fort € T

(F()f,9) = {(=A) ' B(t)(=A)""f.9) = ((=A)"*[, B{t)"(=A")"'g) = (f. B(1)"7) -

The boundedness of (f, B(t)*§) can be ensured by V(¢t,-) € L™(Q), where 7 € (1,00) is defined via

1 1 1
(8.5) 44 =1

T T P

The following Table 2 for parameters turns out:
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1. For d >4, or for d = 3 and a € (0, 3):

2
q€ \red | g€ | T € | g€ \Ted
L) | (b | e &) | o || (.o | Ly o)
2. Ford =3 and a € [3,1):
ge | 7€ | q€ Te |gqe 7€
(1,41 | (atm o | 18,31 | (ool || 6,0l | 2% oc]
3. Ford =2 and a € (0,1):
g | e
(1,00)‘(1,00]

Since r > ¢, it holds that 7 < p and hence, 7 < p = max{r, p} . We are now able to estimate the
product approximation of the non-ACP solution of ({8.1J).

Theorem 8.4. Let Q C R? be a bounded domain with C%- boundary, let ¢ € (1,00), a € (0,1)
and B € (a,1). Choose o,7 € (1,00) from the above Table 1 and 2. Let B(t)f = V(t,-)f define a
scalar-valued multiplication operator in LI(2) with

V e L®(Z,L2(Q)) N CP(T, L7(Q)).

Moreover, let Re(V (t,z)) > 0 fort € I and for a.e. x € Q.
Then, the solution operator U(t,s) of (8.1)) can be approzimated in the operator-norm topology with
the error bound

sup(g,yeallUn(t,8) = U(t, 9)|ls(ro() = O(n~ =),

by the Trotter product approximants:
—n

] e e
(8.6) Un(t,s) —szl e e .

Proof. One can easily verify that the operator (—A)~*B(t)(—A)~%is bounded. The stability condition
is satisfied, since we deal with generators of contraction semigroups. The esssup becomes indeed a

sup since we have continuous time-dependence for propagator’s approximants. Then the claim follows
by virtue of Theorem [7.10] m

We conclude this section by some number of remarks.
Remark 8.5.

(i) We focused on domains, which are compact and have C2?-boundaries. Our arguments can be
extended to a more general domains.

(ii) Although the propagator approximants {U,(t,s)}sea defined in looks elaborate, they
have a simple structure. The semigroup in L9(R%) generated by the Laplace operator is given by the
Gauss-Weierstrass semigroup (see for example [7, Chapter 2.13]) defined via

le—yl|?

(etAU)(fv)Z(T(t)U)($)=(47Tt)_d/2/ dye™ " u(y) -

R4

The factors e~V (%), j = 1,2,...,n, in the product approximant are scalar valued and can be
easily computed.

(iii) In [3], see Theorem 5.2 , the authors proved for the same approximation (called there the se-
quential splitting procedure) a wvector-dependent convergence rate on a subspace in Lq(Rd), where
the potential V' is bounded and its commutator with Laplacian verifies a supplementary commutator
condition.
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9 Appendix

The next Gronwall-type lemma is useful. It can be proved by iterating the Volterra-integral equation
[9, Theorem 2.25].

Lemma 9.1. Let F' be a real function satisfying
¢
0< F(t) < ert— + cz/ F(s)(t— s)=Cds, t>0,
0

for some positive constants c1,co > 0 and o € (0,1). Then there is a constant C = 2¢; and a time
value ty = oq - {1/02, (1/62)1/(1_0‘)} (where o, depends only on o € (0,1)) such that F(t)t* < C for
small t € (0,tp).

Further we prove the following lemma.
Lemma 9.2. Let § € [0,1). Then the estimates

n—1 1 77,1 B

< Y
T 1-5

(9.1)

—_

mbB
m=1

and

— 1 2 1 In(n)
(9-2) Z (n—m )mﬁ_l—ﬂn5+ nf 7

are valid forn =2,3,...

Proof. The function f(x) = =%, 2 > 0, is decreasing. Hence

1 /nl (’I’l . 1)1—ﬁ nl—,@
— dr — < < )
mP — xﬁ 1-3 1-3

-1

3

m=1

for n = 2,3,... which proves (9.1)).
Further, we have

= 1 1= 18321 18 mls
mzl(n—m)mﬂ_nmzl(n— nmzm—i_nmln—m'

Since Y271 1/mf < n'=F/(1 — ) we get the estimate

= 1 1 1 m?

_ _BnB — ’
mln lﬁn n A= n—m

(9.3)

Note that the function f(z) := 2'=?/(n — z), x € [0,n), is increasing. Hence for n > 2,

1 _ -8 1
1 1
/ < nl_ﬁ/ ds (Gl < nl_ﬁ/ ds = =n'"Pln(n).
p—- 1 s 1 s
n n

Consequently we obtain the estimate

- —2
1y e A |
—(n-1)F<
n < mzln—m+n(n )= np 1—38nP’

which together with (9.3]) proves (9.2). O
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